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NECESSARY CONDITIONS OF EXTERNALITY OF INITIAL MOMENT
FOR ONE CLASS VARIATION PROBLEM WITH DELAY ARGUMENT

L. Alkhazishvili, T. Tadumadze
Control Theory Chair

Abstract. Necessary conditions of extremality are obtained in the form of Euler’s cquation, the condition of
Wierstrass-Erdmann and transversality condition. The condition in the initial moment unike the early known
condition, contains a new member.

Let J=/ab] be a finite interval-and O c R" be an open set; the function
f(1,%,,%,,X,,) is defined on JXOXOXR" and satisfies the following conditions: for almost
all 7€ J, the function f is continuously differentiable with respect to (xl ,xz,x3) for each fixed
(x,,x,,%,) € O*XR", the functions f.f,,i=123 are measurable on J; for arbitrary

compacts K <O, ¥ C R" there exists the summable function 7, (¢), t € J, such that

|6, %5, %)

Further, let @ be a set of absolutely continuous functions x(t)e O,te J, satisfying the

Sy, (1), V(t,x,,%,,%; )€ IX K XV.

condition |J'c( t )I <const. (t)>0,teJ is absolutely continuous function satisfying the
conditions T(1)<t, t(t)>0; o(t)€ O, te [‘t(a),b] is piecewise continuous function with a
finite number of discontinuity points, satisfying the conditon cl{g(t):te [t(a).bltc O;
a,, a, < O are fixed points. %

Let us consider the variational problem
I(z)= If(t X(L), % (4(0)5()dt > min, 2= (1,1, %(-))e A=J*XO.

x(’o)—aOv x(t)=a, @

where,
) {qm te [(a)ty),
x(t)te [t,,b].
DEFINITION1. The element z€ 4 is said to be admissible, if the condition holds. The set of
admissible elements will be denoted by 4.

LOIYAUI0E, INHE
4 D
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DEFINITION2, The element Z =(7,,%,%(-))€ 4, is said to be locally extremal, if there
exists anumber 8> 0 such that for an arbitrary element z € 4, satisfying
[%o = to|+[7 = t,|+ max|%(1) - x(1) < 8
eJ
the inequality J(Z)<I(z) holds. Variational problem consists in finding locally extremal

clement.
THEOREMI. Let Z € A, be a locally extremal element,

Le(ab) fe(ab] y,=T)e[F,T}
And there exists the finite limits: X(T," ), (%), 9(%, ), fo (8] [ [ ]
Im J(0)=1;, 0c R;x0" i=12 o, =(5a0, 06l )) Ry =} 7}
lim J(0)= £, 0 R x 0%, ; = ([.%(1,).%(x(1,)))

Then the following conditions are fulfilled:
1) for almost all te [7(;7,']

Fo ] =7, 105 1+ J [T+ 20X DT, [(5)7(5)) s,
where (1) is characteristic function of interval [Ty, T} y(1) is the function inverse 10 (t),
Fll= 7o %00). %, (w(1)).%(1))
2) ifat poin t€ (T, % )the function f, [t] has the one-side limits, then
Sl

3)

T (B TR(55)S f3 + f7(0 ),

{7‘, [ T5(57)2 1y
THEOREM?2. Let Z€ A, be alocally extremal elemens, Ty [a,), 7 € (a,6), v, € [5.7,);
and there exist the finite limits %(%," ), ¥(%* ), (%), fo (5] Fu [T ]

mlirﬁf((o)=ﬂ,*, 0e R x0%,i=12 o} =(%,a,, 9(UT; )));
(%1%_&:)[7(@ J=F(w,)]= 1%, 0,6 Rt x 0%, i=12; &% =10, %Yo)W )}
dm F(@)= 17, 0 R} x0*, o = 7(E) ({1 )k

Then the conditions 1), 2) are ﬁllfilled and, moreover,
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4)
T[T JR(5 )2 15 + F4(57),
T T IHE)S S
THEOREMS3. Let Z € A, be a locally extremal element, T € (a,b), Te(ab) y,€(t.1)

and the assumptions of theorems 1,2 are fulfilled. Let, besides:

HRUG )=+ WG )=h, fi=f=h,

X )=%1)=%. ¥4 )=%T*)=%.
Then the conditions 1) ,2) are fulfilled, and
)

G TFa =0

REMARK.  Assume that the function () is continuous at point I, the function @(r) is

{Z,['f;]fo:flv

continuous on /T(a),b] ;the function f(t,x.x3,x3 ) is continuous at points

(a0 (%)) Wo%(000)) (o E(¥0).0(%))  (G3(E)E((E )

%(1) is continuous at points &, 7, . Then it is clear that in Theorem 3
et (1) M= (1)
£ = TR 1+ (1040, %6 )80, Y0)) = (10,26 JO( T )XY YT )
H=FI8] TR I=F.06] F,(5]=1,04]:

These theorems have been provcc'i in standard way [1], and are based on necessary conditions
of optimality [2].

REFERENCES
1. L. S. Pontriagin, V. G. Boltyanski, R. V. Gamkrelidze, and E. F. Mishchenko. The
mathematical theory of Optimal Processes. 1983, Moscow, Nauka, 268p.

2. T. Tadumadze. On new necessary condition of optimality of initial moment in control
problems with delay. Mem. Differential Equations Math. Phys. 17 (1999 ) p.p.157-159.
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DECOMPOSITION SEQUENTIAL-PARALLEL SCHEME OF HIGH
DEGREE PRECISION FOR NON-HOMOGENOUS EVOLUTION
EQUATION

Z. Gegechkori, J. Rogava, M. Tsiklauri

Computer Software and Informational Technologies chair

Abstract. The Cauchy abstract problem for non-homogenous evolution equations is considered in Banach space in
casc of limited operator. Is constructed sequential-parallel decomposition scheme with third degree precision. For the
approximation of solution explicit prior estimations are obtained.

As is well known, decomposition method is sufficiently general for obtaining the economical
schemes for the solution of the multidimensional problems of mathematical physics. They can be
divided in two groups: the schemes of sequential account (N. N. Ianenko [1], A. A. Samarskii [2],
E. G. Diakenov [3], Marchuk G. I. [4], D.G. Gordeziani [5], Temam R. [6], Gegechkori Z. G. and
Demidov G. V. [7]) and the schemes of parallel account (D. G. Gordeziani and H. V. Meladze
[8], [9], D. G. Gordeziani and A. A. Samarskii [10]).

In the above-stated works the considered schemes are of the first or second precision order. As
far as we know, the high degree precision decomposition formulas in case of two addands
(4= A+ A, ) for the first time were obtained in the work [11].

In the present work, therc a symmetrized sequential-parallel method of the third degree
precision is offered for the solution of Cauchy abstract problem in case of bounded operator.

The present scheme may be generalized for any finite number of addends
(A=A +4,+..+4,, m=22).

Let us consider Cauchy abstract problem in Banach space X:

d"(’) B ogutty= f(1), £50, u(0)=q. )
Here A is bounded linear operator, @ is a given element from X, f(?)€ C([0,%0); X ).

The solution of the problem (1) is given by the following formula:
u(t)=Ult, A)o+ lU(r — s, A)f(s)ds, @
where
UL A) = exp(-tA) = 31y 4t
k=0 k!

Let A=A, +A,, where A;, (i=1,2) are bounded linear operators in X.

Let us introduce difference net domain:
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®,={t, =kt:1>0k=12.}
Along with problem (1) on each [f,_,,, ] interval we consider two sequences of the following

problems:

d";’(’) +OoA4 V()= %f(:k )=26,(t, —t)f (1. )

Ve(tin )=t (1),
P 2 (1)=2 1(1,)-20,(1 -1 (00),

V) =)
dv;(’)*"wivi(f)——f('k) 20,(1, —t)f" (IA)+( f"(I

Wity )= Vit );

dwé(') +odwy (1) =2 (1,)=20,(1, =)' (1)

Wi(tes )= Uy (1),

P g3 1) =2 ft)=20(1, =1 (),

Wi (1,,) = Wi(1,),

dw(') Hill) | Gawin)= fm) 20,01, -1 (1 )+ L= ey

wk(tk_,)z wk(t,,).

Here @, G,,0,,0, are numerical complex parameters, which will be defined later, u,(0)=¢.
The function u,(?) on each [I,,_, ,tk], (£ =12,...) interval is defined as follows:
1
u = Vi) +w ).

We declare the function ¥, (%) as the approached solution of the problem (1).

Above-stated scheme in case of homogenous equation is considered in [12].

THEOREM. If a=%ii—l— G=ﬁ) f(t)e C3([0,20); X ), and the parameters

23

0, 0,0, satisfy the following relations:
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2-0 2+0 l+o  3-20.
Gy, 0, = F O,
2(4+0) 4+o

T 4+a 4+

Oo

where O, is any complex number,then

fuct, )= (1, )] < ce™ lkt3(|[(p“ +1, s/;:p]“f(r N+
3)
+ sup [P+ sup |7+ sup |7 )||)
€[00 ] €04 ] tef08 ]

where C,® are positive constants.
SCHEME OF THE PROOF:

According to the property of semigroup the formula (2) we can transform as follows:
x X ki )
u(t,)=U*(tA)o+ XU " (v A)F}", @)
i=1
where

FY = fut, —s. 4)f (s )ds .

b

u, (t,) can be written in the following expression:
uk(tk)zV"(t)(p+§V""'('c)F;m, 5)
where
V(1) = 1E[U(z, @A, JU(5, 4, JU(,04, )+ U(T,04, JU(5, 4 JU(T, 04, )}

4

Fo) = ]Vo(t,t,.—S)(%f(ti)_zo'o(ti"t)f'({i) s+

LB

i IijfT:'.- —S)Bf(f,)—zclffi -Uf’(h)]dﬁ

SACE S)[%f(t,) ~20,(t,~t)f(1) +QCZ—”—f"(n)]ds

LB

and

ANN
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V.(t1)= %[U(‘r, O, JU(T, 4, JU(1,04, )+ U (1,04, JU(T, 4 JU(1, 04, )
Vi(tt)= %[U(‘c, A, U1, 4, )+ U, 04, JU(1, 4, )

Vo(t)= %[U(I,ELA, )+U(1,04,)|
From the equalities (4) and (5) we have:
u(ty)=uy(1,)=U* (1.4)-V*(0)ko+ A
+3[0r (v ) -y (R v ED - F))
It is proved that, (see[12]):
[t (v 4)-V*(x)| < cet, 2.
Also the following estimation takes place:

|7 -F2) < ce'“'rkr“[llf(zk NebrcwA+|r e+ s,gplllf"’(t)llj.

According to this estimations and formula (6) we obtain estimation (3).

Scheme of the proof is finished.
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1. HH. Suenxo. O6 o0HOoM pasnocmHoM Memode cuema MHO20MepHO20 ypaGheHus
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ON ONE COMMON GENERALIZATION OF SOME WELL-KNOWN
ANALYTICAL CONSTRUCTIONS

K. Gelashvili

Control Theory Chair

Abstract. The function, the private cases of which are Ricmannian integral, the functions of type of multiplicative
integral, the directional derivative, the total variation of function and some others, are defined.

1.THE BASIC DEFINITIONS

The present paper describes one situation of such a type, when some mathematical
constructions are the private cases of other, more complicate construction, owing to selection of
values of parameters. So, it can be useful for young mathematicians. Moreover, independently
important is observation of relations of different mathematical constructions.

Let us define function K(a,b, f(t,dt)* Step,Ord) and its arguments. In what follows,
we shall assume that: a,b€ R; {(t,s) > f(t,5)}:V — M ,where V. R?, and the limiting

structure in M is determined by means of directednesses, as in [1]. M is an abstract monoid
whose algebraic structure is defined by a binary associative and continuous operation * and by

the unity e. The admissible values of parameter Step are: ZeroStep =0, FullStep=1 and
PndStep-the rundom number from [0,1] (note that RndStep+RndStep can be equal to
%+%). % denotes the set of all partitions of the form 6 ={0=s5,<::-<s, =1} and
As,=s,-s.,, |o]=max{As; |i=1,...n}.
Now, Ord € {NormOrd, InscrOrd} and is the relation on the X :
0,(NormOrd)o, & IO',| < '0'._,] g
6,(InscrOrd ), < (0, is inscribed in 0, ).
Preliminarily define K(a,b, f(t,dt),*,Step,0), where o ={0=s, <::-<s, =1}. Take
g = e. If the following loop
for i:=1t0 n do
g=g*f(a+(s. +Step-As,)(b-a)As,(b-a)),
will be performed correctly, then we shall denote
K(a,b, f(t,dt)x Step,G)=g.
DEFINITION . Let there exist 0,€2 and g€ M such that the
directedness
{K(a'b'f (t’dt) ,*,Step 4 6) }cﬁ(}:.o'd ).6(0rd)g, ?

converges to g .Then we denote

N\
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K(a,b, f(t,dt)x Step,Ord) = 3.
(Z,0rd) is the directed set, and for every 0,,0, there exists their majorant. Therefore in
Definition 1 the values of K(a,b, f(t,dt),*,Step,Ord) do not depend on the choice of G .

The order of co-factors in the right-hand side of (1) is important in the non-commutative case.

2. SOME EXAMPLES

2.1. Reimannian integral in monoid. Let #,,f, € R, {(t,s)H f (t,s)}:V — M , where

1

V cR? and (M,%) is monoid, endowed by a limiting structure. Then "’j f(t.dt),

1
h

determined in [2], is the same as K(t,,t,, f(t,dt),*, RndStep, NormOrd), determined by

h

Definition 1. Thus, private cases of "’J‘ f(t,dt) are also private cases of Definition 1 (see

h
examples 2.2, 2.3, 2.4).
2.2. Riemannian integral. Let f :[a,b] > X, where [a,b]€ R and X is the Banach space
and ¢, 1, € R. Obviously, {¢t,s)> s f@®}:[a,b]XR — X. It is easily to seen, that
K(a,b, f (t)dt,+, RndStep, NormOrd), determined by Definition 1, is the same as

L]

Riemannian integral J f(@)dt, i. e. K(,,t,, f(t)dt,+, RndStep, NormOrd) exists then and
h

n n

only then, when exists [ £(t)dt and [ f(®)dt=K(t,,t,, f(t)dt+ RndStep, NormOrd).

h
This fact and some others bellow (examples 2.3, 2.4) can be proved in the standard way (see [1]

and [2]).

2.3. T-expoment. Let A(f), t€[a,b], be a piecewise-continuous mapping in a
noncommutative Banakh algebra. Then K (a,b,exp(A(¢)dt,,UpStep, NormOrd) is the same,

b :
as T-exponent Exp | A(t)dt ; they exist simultaneously and are equal.
p P
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2.4, The multiplicative integral. Let A() be a continuous mapping from [a,b] to B(X)
(B(X)-the set of bounded linear operators in the Banach space X). Then
K(a,b,exp(A(t)dt,e,UpStep, NormOrd) is the same as the multiplicative integral.

2.5. The total variation of function. Let f :[a,b] = X, where X is a Banach space. Taking

into account the simple equality

supS|f(sm)=FsN=_tim _ S|f(sa)=1(s)|
cek i=0 oe(Z(a,b),InscOrd )i=0
Vo={0=s,<::<s,=b}eX(ab)

we see that

K(a,b, " f(t+dt)—f (t)|[,+, DownStep, InscOrd)
is the same as total variation of fon [a,b],ie. Vi[ f].

2.6. The directional derivative. Let X and ¥ be Banakh spaces, O is open subset in X,
f:0-5Y, x€0, heX and there exist f'(x; h) (f’(x;h) denotes the derivative of
f in x with direction /). Then there exists
K(O,1, f(x+dt - h)— f(x),+,Step, NormOrd)

and

K(O,1, f(x +dt - h) — f(x),+,Step, NormOrd) = f’(x; h),
VStep € {DownStep,UpStep, RndStep}. The inverse result is also valid in certain assumptions
(see [ 2]).

2.7. Representation of c,-semigroups of operators. In [1] is proved’ an interesting result,
which in terms of Definition 1 takes the following face:
THEOREM 1. Let a linear operator A in the Banach space X generate the strongly

continuous semigroup {U(s)},5o. Then for sufficiently small s is determined
(I, - sA)" € B(X)
and for each s 20 takes place:
U(s)=K(0,s,(I, —dt-A)™ o,Step, NormOrd ),
VStep e {DownStep,UpStep, RndStep}, where B(X)is considered to have the: unity Iy,
operation of composition and strongly convergence.

2.8. The integral representation of Cauchy’s problem solution (see [4]). Consider the
Cauchy’s problem:

x= f:(x)$ x(‘o) =X

L33 @ Mg,
i L A &
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and suppose that the field f,(x) has the following properties: (#,x) = f,(x) maps [a,b]x R’
into R, —oo<a<b<+oo, f,(x) is continuous with ¢ for each x&€ R" and there exists

k 20 such that
|f.(0) = f.(x5,)|Sk|x, —x,,  Viela,bl, Vx,x,eR"

Cpp(R") denotes the set of Lipschitz’s mappings g:R " = R". The identical mapping
I:R" — R’ and the operation of composition o create a structure of monoid on C;,(R").
C,, (R") is endowed by a limiting structure too, and the composition is continuous.
Under these constraints,

{(t,) > (I +5f,)}:[a,b]IXR" = Cp, (R")
and in terms of Definition 1 the proved in [4] result takes the form:
THEOREM 2. Let (ty,1,X) € (a,b)> XR" be given arbitrarily . Then there exists

K(t,,t,(I +dif, )0, RndStep, NormOrd)

and
o(t) = K(ty,t,(I +dtf,),o, RndStep, NormOrd)(x,)

is the solution of X = f,(x) with initial conditions @(ty) = X, .
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NECESSARY CONDITIONS OF OPTIMALITY FOR ONE CLASS
NEUTRAL TYPE PROBLEMS OF OPTIMAL CONTROL

N. Gorgodze
Control Theory Chair

Abstract. For the quasi-linear neutral type problem of optimal control, necessary conditions of optimality in the form
of an integral maximum principle and the transversality conditions are obtained.

Let J =[a,b] be a finite interval; O < R" be a open set; M < O be a convex bounded set;
U c R" be a compact set; V € R” be a convex bounded set; 7: R' — R', 7n:R' 5 R' are

an absolutely continuous and continuously differentiable functions, respectively, and satisfying

the conditions:
(1) <6,3(t)>0, M(t)<t,0(t)>0;

y(t)=17(t), a(t)=n""(1); qi:J2X02—->R1,i=0,...,I. are  continuously
differentiable functions; A=A(J;,M) is a set of continuously differentiable functions
@:J, oM, J =[pa).bl, pt)=min{n@),7®)}, teJ, |l = sup{exa) +|e)|:2€ 4, };
Q, is a set of measurable functions u:J > U; Q, is a set of measurable functions
v:J >V; A(t,v) is a nXn dimensional matrix function, continuous on J XV and
continuously differentiable with respectto ve V5

Next, the function f :J X 0*xU — R" satisfies the following conditions:

1) for a ﬁxed te J the function f(t X,X,,u) is continuous with respect 0
(x,,%,,u)€ O* XU and continuously differentiable with respect to (x,,xz)é 0%;

2) for a fixed (x;,X,,U)€ 0*xU the functions f, fn,i=l, 2, are measurable with

respect to t; for an arbitrary compact K c O there exist m, = const> 0, Ly(t)e Li(J,Ry):
2

Ry =[0,0)  such  tht  |f(x,%,u)|<Smy, D\ f x| S Ly (0,
i=1

V(t,x;,X,,4) € JXK*XU.

To every clement 4= (fy,t;, %0, P:4,V) € B= JEXOxAXQ, XQ,, f, <1, comresponds
the differential equation

#(t)= AL VRN + Fex()x(x(u(e)). telon] )

\\‘\\
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with initial condition
x(t)=oft), te(p(to)to). *(to)=%,. @

DEFINITION 1. The function x(#) = x(t, &) € O,t € [p(t,),1,).%, € [a,1,) , is said to be solution
corresponding to the element x € B, if on [p(to). to] it satisfies the condition (2), while on the
interval [Io, 4 ] is absolutely continuous and satisfies the equation (1) almost everywhere.
DEFNITION 2. The element g€ B is said to be admissible, if the corresponding solution x(z)
satisfies the conditions g’ (tg,?,, %o, x(t,))=0, i =1...1.

The set of admissible elements will denoted by B,,.
DEFINITION 3. The element [ = ('t;,?,',ft'o,ii ,\'7)6 B, is said to be locally optimal, if there exist

anumber & >0 and compact set X c O such that for an arbitrary element fL€ B, satisfying
|7 — o]+ [ — 1| +|% — x| + [P —<p||+||f - f"x +suFIV(r) —v(t)| < 8 , the inequality
re

@°(F, 7, %) < °(to, 1,5 %o, X(2)) is holds.
Here

|7 -l =120 1 x e,

H(t; f, X)=sup{ lf(t,xl,xz) - ft.x ,xz)l +§;|74 (-)— fx, (.)I (xnx2)€ X°);

Fx.5) = F@x,2, 80, f(t%,%,) = f@x,%,u0), @) =x.H).
The problem of optimal control consists in finding a locally optimal element.
THEQREM 1. Let ji€ By, %e(ab), i=0,1, be a locally optimal element;
=y()e (5,8), 0o =0(F)€ (&,1), there exist integer numbers m; 20, i=1,2, such
that Y, € o™ @),m &), o, ™" (&), 71 (8)); the function £(t). is continuous at point Ty;
the  function flw)= Ft,x,x,) is continuous at points @ = @5 ﬁ(?(fo))),_
0, =W XHo)%o): @ =0 X (1) P(K)), @3 = (5, 3@, Z@(@));  the fwwtian
A(t) A(2,9(2)) is continuous at pomts 5, 5,0 (7o) i=1L ..,m,, (o2 ((To), l"Q A

functwn x(ﬂ(t)) is continuous at pamt tl Then there exists a non-zero vectar = (ﬂo,.. ,7t,)

o : oandsgluuons ‘I[_I(t)f (t):ofthesy;tem : S

44
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{x(r) = —y(1)F., [t] =W )T, [WOT(1),
V(1) = (1) +W(o(t)A(S(1))5(1), te [l 5], w(t)=0, t>T,

such that following conditions are fulfilled:

(}i VO, (NI + ;f;)v(o(r))i(cm)cm F(0yds >
Tl n

A g % 3
> | w7, (i sa Jy@AGOoQ e, Vo< a:
(%

i)

() f(LE(1),%((t)), u(t))dt 2 jw(f)f(t.f(f),f(‘t(t)). u(t))dt, VueQ;
b

pra——

[vA,0%@@) T0di 2 [yOAOX0@) viydr,  Fve Qy;
% %

70, = 2() [AG)PM(E)) + F (@o)] +
+Y(00)A(0,) [AG)PMG)) + F (@) = N6 () W) f (@)= F@)liE).
70, =-wEIAGZ0E)+ f @),
0, =-x(1%). 0, =x(%).
Here Q=(¢°:+,q')", O means that the corresponding gradient is calculated at the point
(.5, %0, (1 ); fo [t] =T, (0L%(0).%(2(1))).
Finally we note that the theorem formulated above are an analogue of theorem given [1]. This

theorem is proved, using formula of the differential of solutions with respect to the initial data

and the right-hand side [2], by the scheme described in [3]. The case, when V(t) is the

piecewise continuous function, is considered in [4].

\\\\ \
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CONTRARY PAIRS IN PSEUDO-BOOLEAN ALGEBRA

G. Kashmadze
Chair of Cybernetics

Abstract. The lattice operations for split subsets are considered when the values of membership function belong to the
pseudo-boolean algebra.

Let us consider a set of pairs of kind (uIA,(l—p)IA), where A< Q, Q is universal

domain, A - his fixed subset, [ - any mapping of Q into [0,1] and / ,- characteristic function or
indicator of 4 /1/.

Introduce A (greatest lower bound) and v (least upper bound) operations traditionally

componentwise:
(x.¥Y)v(Z.T)=(XvZ,YVvT)
(X.Y)A(Z.T)=(X AZ,Y AT)
Take arbitrarily two pairs (W ,,(1— 1)L ,) , (VI ,.(1=v)I,) , Wve [01] and consider
their l.u.b. and g.l.b:
(02, VL)) ((1=w)I, v =V )(x))=

(00) if xe A
={(v(x) 1-p(x)) if xe 4, p(x)sv(x)
(1(x) 1-v(x)) if xe 4, ux)>v(x)
(1, Avi,)x), (=R, AQ=V)L )=
(0,0) if xe A
=1 (u(x), 1-v(x)) if xe 4, p(x)<v(x)
(v(x), 1-p()) if xe A4, p(x)>v(x)

Thus the set of kind (u/,,(1-p)I,) is not closed with respect to operations A and v. If we
want to keep closety, then operations will be defined as follows: (X,Y)v(Z,T)=(X vZ,Y AT)
In this case, we have:
((ry vvr )=, (@-pr, AQ=v, )x))=
(0,0) if x¢ A
={v(x) 1-v(x)) if xe 4, plx)<v(x)
(1), 1-p() if xe 4, p(x)>v(x)

AR\



24 G. Kashinadze

(s Avr ), (-p) v (A-V)L )=

(00) if xe A
={(u(x) 1-p(x) if xe 4, p(x)<v(x)
(v(x), 1-v(x)) if xed, u(x)>v(x)

A and Vv operations induce a following partial ordering relation between the pairs
x. 7)<z 7)o X Y)v(Z.1T)=(Z2,T) =
o X, Y)AEZT)=(X.Y) & (X(u) < Z(u)) & (¥ (u)2T(u))
X,Y,Z,Te [01]" uec A.
The complement (X,¥)’ of pair (X,¥) is defined in this way: (X.¥)=(/,\X,1,\Y)

Denote by a symbol L the lattice of fuzzy subsets of € and by symbols L' the lattice of

same subsets with reverse order. It is fairly straitforward to show that the following theorem
holds:

THEOREM 1. Pairs of kind (W ,,(1—w)I,) for fixed ACQ and any pe [01]% form
complemented distributive lattice, which is a sublattice of LXL', satisfying de Morgan’s law;

the complement is involutory and order reversing.

Now suppose, that the values of membership function [ belong to the pseudo-boolean
algebra B=(B,S> /2/. As intuitionistic negation is not, in general, involutory, the unique
splitting into contrary pair is impossible /3/. In this case, the construction defined below perhaps

proved to be useful.
We introduce the “= “ relation between elements of B and between their pairs as follows:

DEFINITION 1. (a=b) ;( a'=b"),a,be B. Here( ) denotes pseudo-complement.
2. ((a.b)=(c,d));-}((a ~c)and(b=d)), ab,c.deB.

3. (a,b) ;(a'.b'), a,be B.

Itis evident that “= *“is an equivalence relation.
THEOREM 2. If @, =a,, b, =b, then
((a.a;)v (6,57 ))=((ay a3 ) v (8,,83)). (a1, )" =(a,a3)°
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PROOF .
(a,,a;)v(b,b )=(a,vb.a  rb)=(a, vb,a;Ab;)

(a,,a;)v (by.b;)=(a,vb,,a; rb;), (a,vb ) =a Ab'=a;nb;=(ayvb,) .
2. follows immediately from definitions.

Let B c B be the set of clements satisfying the following condition:

(anb) =a’ vb’
THEOREM 3. If a,b,c,d€ B',a,~a,, b, =b, then
(a.ai ) n (8,8 )= ((a;.a3) A (,,5))

Proof by analogy with case 1. of theorem given above. Thus, we can consider the factor set

B'xBZ.
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ON AN APPROXIMATELY SOLUTION OF SAINT-VENANT’S PROBLEMS
FOR A BEAMS WITH A PERTURBED LATERAL SURFACES

G. Khatiashvili

Computer Software and Information of Technologies

Abstract. First works on an indicated problems for an isotropic beams were given by Panov D.I.,Riz P.M., Rukhadze
AK and various authors. These results were generalized on a composed bodics and anisotrpic medium by various
authors. In thesc works indicated problems were studied with help of a transformation of a system of coordinates and
differential operators and boundary conditions were approximated with accuracy up to first power of a small
parameter v. As this takes place it is impossible to estimate a power of an approximation and give proof of this
method for anisotropic medium is difficult, because a coefficients of elasticity in this method are varying. In this paper
a solution of Saint-Ven ant’s problems in a domain, occupying by a body similar to prismatic (cylindrical), with
perturbed cylindrical surface, is represented as a serics with respect of a small parameter v, characterized a
perturbation of a cylindrical surface. For each terms of a series arc obtained the recurrent boundary problems of
elasticity of Almansi-Michel’ type for a cylindrical body. A class of surface is indicated, for which later on may be
studied a question of a convergence of a double serics with respect of a small parameters. Also this way gives a
possibility of a solution of a problem with a required exactness. A first results on this direction were given by author
of this article in papers [5,6] used methods considered in articles of A.N.Guz (1962) and 1.N.Nemish (1976), where a
method of a perturbation of a cross section of a surfaces of a canonical form was considercd. This way as a base was
used in another direction for a construction of algorithms for a solution of some problems of an elasticity, for a bodies
similar to cylindrical by an arbitrary cross section. These results are given in the book (7). A.N. Guz, L.N. Nemish and
N.M. Bloshko created the methods of a perturbation of bodies boundary’s form by its further gencralization (see
[2,3.4)).

1. BASIC EQUATIONS
Let us consider a system of a cartesian coordinates Ox,X,X; and an elastic body occupying a
domain Q. , bounded by planes
x,=0, x,=1 (1>0) (1
and by lateral surface I, given in a parametric form
Xy = [;()+VP,(2)q,(1), (j=12), x; =z, (2
where V is a small parameter, P;('z) are a given polynomials with respect of a variable x; and
t is a given parameter. We consider a particular case of an equations (2), when ¢ J.( t)=1 and
P;(z)=—x{(pml® )7'. Thus, it will be considered a body bounded by planes (1) and by
lateral surface
I () RVR () RS =12) =2, 3
where 0 <V <1 is a small parameter and 7 and p are integer numbers, which must be chosen

so that it can be |z #l(mi* )"| <1I; t is a natural coordinate taken on a curve 7y of a boundary of



a domain @, wich is obtained by normal crossection of a cylindrical body, bounded by planes (1)
and a surface

x =f00), x,=L(1) (4
It is obvious that surface is obtained from surface (3) for v =0 (or x; =0). It must be remember
that 0<x; =z</.

A cosinus of a normal 7°(n°,n3,nY ) of the surface (4) will be given as

n=n fy(1), nS=-n' £ (1), n°=0, w3=(FV+(f. ©
As is known, a cosinus of a normal n(n,,n,,n; ) to the surface (2) will be given by equalities
n;=B,B” (j=123); B, =(x;)i(%;), (%, ).(%; );,
B, =(x5 (% ), =(% )i(x3 )0 By=(x (%), ~(% )(%3 )i (6)
B =B} +B.+B}>0.
According to equations (3), we get
.Y g Y . I .Y .Y
(xj)l =f,(t) (xj): =—wx?f l(mI") (j=12); (x3 ), =0, (xj): =il @
Substitute these values in the expressions (6), we get
ny'B, =n, n3'B, =ng, ny'By =v(n +n3 )z (ml? )™
B=[n§ +v2(n,°+n§)2z“‘2(ml”)‘:T/2, (8
where ngy >0 is given by equality (5).

Thus, we consider Saint-Venant’s problems for a body similar to a prismatic (cylindrical),
bounded by planes (1) and by a lateral pertrubed cylindrical surface (3). The components of the
stresses T; must satisfy in a domain Q. the equations of an equilibrium of an elasticity and a
Hook’s law (for an isotropic or an anisotropic mediums) and also must be satisfaid an “"ends
conditions” (for a lower end, when x; =0)

ffoms,do=F; (j=123); [ xTdo =M, [[xtdo=M,, ..
[la (s = %,Ts A0 =M,

where F; ‘and M ; are the given numbers.

(9)
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On an "upper” end a resultant force and a resultant moment of an exterior forces, in general,

must be equal to F; and M ; respectively, but with opposite sign.

On each points of a lateral surface (3) the components T, must satisfy the following
boundary conditions:

TR T, M+ T =0, (j=123), 10

where a cosines 7; of a normal # are given by equalities (6).

Divide equalities (10) on 7, and substitute values 7, after a multiplication on B/, by using of
the equations (6), boundary conditions (10) takes the form

T + T =i (W + 1)P'(2) = 0 (k=123) (10v

About of a fullfilment of an "ends conditions” (9) will be shown below.

2. AN APPROXIMATELY SOLUTION
The solutions of the considered problems we seek as the series with respect of a small
paramete V
_Zb_ov 't’“(x,,x,,x;) )
Substitute these values in the condition (1.10v), taking x; (see(1.3)) instead of x;. Therefore, in
expression (1) each term will be expanded on surface (1.3) in a Teylor’s serie
v (x, +VP(z),x, +VP(2),x,) = (x ””) + Z [vP(z)]“(D“'rﬁ,"”)o +
(2)
N+ (N4, () s s =z
2 U/[vP(z)] (Dt )g,, E,(0)=x, +OvP(z) (j=12), % =2,
where N is some integer positive number,
P(z)=-z"(mpl* )", D* =(D, +D, )%, 0<0<1, (3%’ ), =(*%’ )o- (3
Using these expressions, the conponents (1) in points of a surface (1.3) may be expressed by

the values in points of a cylindrical surface (1.4), with accuracy up to v¥*! | in a form
(% +VP(2), %, + VP(2),%;) = ): 2 ——v [vP(z)] (D22, (ik=123).

For present purposes this expressions may be written in the form

\ \\:\
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Tu(X, +VP(z),x, + vP(::)..\’3)=(‘t”.” )u +§IV°|: U ST (1’(")) D“t‘,f'} i

i
o

i \:Ni ass | (P( )" (D“'r”"’) (4

b1 o= * [

Substituting these ecxpressions into the boundary conditions (1.10v), in each point of a

cylindrical surface (1.4) for the values <}’ the following boundary conditions are obtained:

0

(@(©n +tPn), —v(n® +n2)P'(2)(x’), + {Ev [ i L,(P(z))"D“t’yf‘} +
o/ '

+bz" z vu+b l (P(Z)) (Du {b)) }nf e
=1 a=1

(5

-P’(z)(nf’+rr§){2v“"[r§:’+ (P(z))" D"‘rgf)] +

0

N-IN=-b-1
a5 5y vu+b+lL(P(z))a(Du,tgz))o} =0, (k=123).
5=1 a=l o/

In these expressions equating to zero the multipliers of the same power of a parameer V, for

the unknown components (";:) > in each points of a cylindrical surface (1.4) are obtained

following boundary conditions:

(i ent), =0, (s + i), =D +rD )+
+ (P (Wm0 ), == S eI D+

+n2D* ™) +(k—m)(nl +n3 )P'(z )P (z) (D) | (k=23,..1),
From these recurrent exprssions is seen that components (’t{,p) )0 must be a solution of Saint-

Venant’s (SV) problems for a cylindrical body “G” with a lateral surface (1.4). Therefore, the

“ends conditions” (1.9) will be satisfied. In this case, as is well-known, for a homogeneous beam,

only the components (1:{;” (‘C(B‘” ) and (‘tﬁ‘,’) )0 are not equal to zero, i.e. it must be taken
(1:{:’) =‘rg’ =1:,"2” =0). Therefore, in conditions (6) it will be taken only

(®9), =0, (j=123).
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e

It must be noted that thc problems of exstension by longitudinal force and bending due
couples of forces only (‘tgg) )" # 0 and the expressions (6) greatly simplified.

In general an clementary analysis of the boundary conditions (6) shows that beginning from
k =2 the components (T,S“ )0 must be the solutions of Almansi’s and Michell’s (AM)y problems
studying in the book [8].

A solution of these three-dimensional problems are reduced to two-dimensional boundary
problems in a plane Ox,x, for the elliptic equations of a two, four and sixth powers, a solution of
which may be estimated (include on a boundary of domain) in the way given in [1]. From the
solutions of (A-M), problems for body “G” on the end x; =0 may be araised a resultant forces
F™ and a resultant moments (") of a couple-forces, for neutralized of which to the
cimponents (’t,(]“ )0 must be added a solution (T;j )k of (SV)r problems, corresponding to the

given resultant forces - 1';”‘) and resultant moments - MJ”‘) :

It will be remarked that this algorithm may be used not only in an elasticity, but in another
problems of mathematical physics. For example, it may be used also in an heat conduction
problems (see [6,7]), for which on (6) must be taken only conditions for j =3 and everywhere
only (T,(;]) )0 #0 and (’tgg} )0 #0.

In practice functions P(z) are a linear, second or a third power polynomials of x,. For
instance, P(z) = v—x32( 41)7 (a slightly curved beam) and for a small parameter vV we may take
number (tana)xﬁll'z, where o is a corner in a plane x,0x; composed between Ox; axis and a
tangent to a curve obtained by crossing of indicated plane and surface (1.3). This algorithm give
in our disposal two small paraeter v and V' = IP( 1Z )| <1, what give a possibility to investigate
a question of a double series, what will araise when N — eo .

It must be remarked, although an algorithm of the small parameter method for bodies similar
to cylindrical has been constructed about 15 years ago [5,6], the idea of finding a perturbation

function to estimate the remander of series with respect to he small parameter, made us come

back to the issue.
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INSUFFICIENT DATA AND WEIGHTED FUZZY EXPECTED INTERVAL OF
POPULATION

G. Sirbiladze
Chair of the Random Processes Theory

Abstract. In the present work two new versions of Most Typical Value (MTV) are introduced — Generalized
Weighted Means. The first WFEV g is generalized version of Weighted Fuzzy Expected Value (WFEY) (4] for any
fuzzy measure g and, of course it coincides with WFEV in case of uniform probability distribution. Most Interesting

is the second one — Weighted Fuzzy Expected Interval (WFEI) — which is the generalization of WFEV g , when

Fuzzy Expected Value (FEV) [1-2] doesn’t exist, but Fuzzy Expected Interval (FEI) [3] does. It is based on Friedman-
Schneider-Kandel (FSK) principle (4] and using the interval analysis of FEI constructs new MTV, called WFEL
Corresponding converging iteration process is constructed also, which in this case is the interval version of Newton’s
iteration process and for convergence Moor’s MV-Extensions of function are used taking into account gencralized
interval arithmetic [5].

Let X be finite set, (X,B,g) — space of fuzzy measure, ) ,— membership function of A
fuzzy subset: % , - X — [0;1]. Let X sct be divided into k groups so that:
X, ={x,.%, }, Xy ={X, . X} Xy =Xy 0o X, }.

k
On sets (X=| | X,) x4 membership function is constant: X ,(x)=Y, for Vxe X,. Le. the
i X«A X.

i=1
fuzzy subset separates groups of population on X. For example, if X is n-dimensional sampling,
from it we can get k < # dimensional variational sampling. If we take uniform discrimination in

place of g, then fuzzy measure of group will equal to its frequency

(@(X)=" i=12...k).
On the set X={X,...,X, }there exist n! permutations. Denote any perrutations as

G=(0(1),0(2)....o(n)). The set of all possible permutations by - S, .

DEFINITION 1 [6]: If ce S, is any arrangement, then following probability distribution:
Pol Xg1) )= 8((X51) 1) Py(Xge2))= 8 Xsq1)» Xo2y = g X0y ¥

(1)
Py(Xgny)=1= 8 Xoys--rXo(n) ¥

is called associated probability distribution with fuzzy measure g .

{P, Joes, ={ Pa((Xqn)1Pol¥ofn) Joes, is called the class of associated probabilities.
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I's known, that for VX, cX set, 31, €S, arrangement such, that class of associated
probabilities uniquely determines fuzzy measure g(X;)=P, (X;) on finitc set [9]. Practically
this is probability interpretation of fuzzy measure, which is essential in probability representation
of fuzzy means.

DEFINITION 2: Suppose W is nonncgative, strictly decreasing function and A>1 is real

number, then the solution of following equation:

k
Y wix, —=SU-P. (X, 1,
S =21 (2)

dwix, —SV-P,(X,)

is called Weighted Fuzzy Expected Value of order A with the attached weight function w.
(MTV=WEEV g (A, w)).
Lets recall two postulates of building WFEV[4], which we’ll later call Friedman- Schneider -
Kandel principle (FSK principle):
ESK PRINCIPLE: Mathematical expectation: Ef,(’,,) is invariant to the most typical value
of population - MTV.
E%, (%, MIV ) =MTV . 3
The estimation of FSK principle is called the solution of equation (3) and as we mentioned is
called WFEV g By analogy with [4] we create iteration process for WFEL
S, =E5(%aSia) )
where Se=FEV. If data on population groups isn’t enough and FEV cannot be calculated, and
values of membership compatibility are intervals, also it’s possible interval representation of
values of fuzzy measure g(X;) and this is more realistic. From statistic interval estimation of
probabilities g( X, )=F; (X,) we can estimate FEI and clearly (4) iteration process cannot

work, because there doesn’t exist So=FEV. In such conditions parameters in (2) are taken from

intervals X, € [L,‘Q_(,-]. Py, )e [ff;};}]. Also we can assume that solution of equation

(2) s from interval FEI=/ fei, fei ] . (MTV<FED
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DEFINITION 3: If X, € [l. ,')_(,.],P"(x,)e [}_’:‘,'1_’.1]. Suppose W is nonnegative, strictly
decreasing function and A >1 is real number, and if exists unique solution of (2) in FEL its called
Weighted Fuzzy Expected Interval of order A with the attached weight function w. Its denoted
by WFEIg (A, W).

Evidently this principle takes into account FSK principle and for its estimation we’ll use

interval analysis [S]. Let’s denote the right side function of equation (2) by fol(s). Well
introduce some interval extension of fo(s), where from analytical judgment |X; —s| will be

changed by Iy, — s I*.

Sowiifx, %] s LB Pe ] [%,:%:]

Fy(s)== (5)
o ; R
S wlx, %] -5 )[P%; P ]
where s C FEI:[E.E] is any interval.
Clearly WFEI is null of function
F(s)=s—fo(s) (6)

Then interval extension of f(s) will be: F(s)=s—F,(s) Vs cFEL
Consider function:
k
Zw(l Xi—S |3 )P:Xn

fls)=s-B———
ZW(]X1 i SIS)P:

=
MV-Extension [5] of which F('S)=F,. (S) is:
Fi (5) = f(m(FEL))+ F(5)(s =m(FEL)). @

where F’; is interval extension of:

k aw k
232 [y, -5, =23, 2 [, =sTP P
fi(s)=1-—1= o

I3 . ®)
(X wilx, = s )P J*

i=l

where po and p; are known numbers.

ANN
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Clearly with interval extension its better to use generalized interval arithmetic. After
everything develops according to Newton’s method in [5,§5} with following denotions:
S =S;NN(S,), £imé(S;)=0 and &im S, = WFEIg(\w) 9)
=)o

Clearly So€ FEI. There exist sufficient conditions for convergence of (9).

Here we will state theorems without proofs, which is essential and unites all known and
presented here weighted means, which retains correctness of generalization of statistical notions.
THEOREM 1: If FEI=FEV, intervals of membership X, and associated probabilities 1’,}‘ are
intervals of one point then:

WFEV g (Aw)= WFEl g (Aw)

Note, that for convergence of iteration process (9) the property of compression of f. on FEI

is enough, which can be easily verified. E.g. when W(t)= e A>1.

THEOREM 2: If fuzzy measure g coincides with frequency distribution of population groups,
then WFEl g (A, W)= WFEI (A, W) and for one-point intervals WFEIl g (A, W )= WFEV g (A W)=
WFEV (A, w).

Can be stated, that in cases of insufficient data on population groups, process of fuzzy
statistical estimation is distinguished by two "stages: From little information follows
generalization of fuzzy weighted estimator, which is formally formed by interval analysis, creates
entropy growth of information, but mobile FSK principle enables entropy decrease of
information, which is condensed in generalized fuzzy statistic, in new MTV of population, which
is called Weighted Fuzzy Expected Interval (WFEI).

REFERENCES
1. Kandel A. Fuzzy Statistics and Forecast Evaluation. IEEE Trans. on Systems, Man and
Cybernetics, SMG-8, No 5 (1978), 396-401.
2. Kandel A. On the Control and Evaluation of Uncertain Processes. IEEE Trans. on
Automatic Control , vol AC-25, No.6 (1980), 1182-1187.




INSUFFICIENT DATA AND WEIGHTED FUzzY EXPECTED INTERVAL OF POPULATION 374l

3. Schneider M., Kandel A. Properties of the Fuzzy Expected Value and the Fuzzy Expected
Interval in Fuzzy Environment. Fussy Sets and Systems 28 (1988) 55-68.

4. M. Friedman, M. Schneider, A. Kandel. The use of Weighted Fuzzy Expected Value
(WFEV) in Fuzzy Expert Systems. Fussy Sets and Systems 31 (1989) 37-45.

5. C.A. Kalmikov, U.N. Shokin, ZKh. Yulgashev. Methods of Integral Analysis. Nauka,
Novosibirsk, Russia 1986.

6. 1. Campos, C. Bolanos, Representation of Fuzzy Measures Through Probabilities. Fussy
Sets and Systems 31 (1989) 23-36.

AR



A o 3w G Sirbitadze

3&ALIANGML0 AMESBIFIB0 RS 3MI VLGN FITCIENTO bdIIS(
360336IM>

3. boddognsdy
Wdnbaggon demgbos ool poxods

6536m830  FodBmmy ooy ImIgmszoal ygamsby Godogho 860ghgmmdol (MTV)
ofo sbymo  gs@sbGo — asbbmgdemdgme gfmbome  LaBygsmmmgdo. Joggmo  sBals
WFEV g, Godgmog Bgfmbogmo 3638 jgom  LsBygsgme  8b0Bgbganmdels (WFEV [4])
336bmydomgdes BgdaliBagho g 3B pggem dmBol BoBshm m3mmeszasby. oge Pobgage
WFEV-U, Gogs g onbsdstho smdsorgio gobofamados. aobsbgmonagdac bayatoemadms
Bgmtig, o™ pgom  LaBgsgmm  abGgrigsgmo, Godgmag  ongel  dbag WEFEV ¢ b
Baﬁ‘lmaaggab», tﬁm;galmg 36 SALFOMOL 3638 pdgom b3 Begomem 860Bgbgamds (FEV [1-2]),
85358 >ALGoMBL 333 g3gam LaTgagme abGHgoama (FEI [3]). ogo ogqdbgdymos FSK
3@ab3adby > FEI-30 obghgsmmagio sbomobol (5] 3°8mygbgdoor sl Sbsgm MTV-b,
WFELb bsbgamPaggdeon. gjdbagmos BgbadsBobo odg@sgogmo j@goswe 3tmagbe FEI-
B0, Godgmoz 38 FgBobgggsBo Bog@mbol adgHsgegma  Idmzglel  obdghgEmygo
35A03680s 3 Ldd3 gHgdsmdabogal gs8mayghgds G630l dgthol MV-asgstiomgds
3°6bmgsomgd o abGgigogmado saodgdagol g38mygbgdem 51
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INTERPRETATION OF A-ADDITIVE FUZZY DISCRETE MEASURES
IN THE PROBLEMS OF FUZZY MEASURE RESTORATION FROM
CORRESPONDING INSUFFICIENT DATA

G. Sirbiladze, N. Zaporozhets

Chair of Random Processes Theory

Abstract. In this paper we consider problems of fuzzy measure restoration from corresponding insufficient data on the
finite set. An approach is located in the class of Choquet’s second order capacities (11,[5]-[6] with nearest distance
from A -additive fuzzy measures (2], when the singleton’s “fuzzy weights” are known. This essentially concerns
certain frequency distributions, where the feature of additivity is doubtful. This follows from the fuzzy nature of data

distribution, when the expert “appoints” data. This fact is an indisputable condition of fuzzy measure introduction, but
insufficient for its construction.

Fuzzy measure of the optimal approximation is constructed in the class of Choquet’s second order capacities.
Measures of specificity, indices of uncertainty and estimations of approximations are calculated.

Some properties of the correctness of the approximation are proved.
INTRODUCTION

There are two classical approaches to data analysis. If experimental data is “sufficiently” exact
then for their processing and estimation of general characteristics probabilistic-statistical methods
can be used. If data is presented with sufficient “inaccuracy”, then for their study the methods of
theory of errors will be used. But there are cases when both methods of statistics and the theory
of errors do not give satisfactory results.

When data is presented by intervals and their description is “vague” and characterized by
overlapping and the receipt of data the expert is and in the intervened, it is clear that the nature of
data are combined: parallel to probabilistic-statistical uncertainty there exists the possibilistic
uncertainty, guarantees more or less adequate results.

Fuzzy statistics play an essential part in probability-possibility analysis and they:are used
very effectively in fuzzy expert decision-making systems. Non-additive but monotone measures
(fuzzy measures) were first used in fuzzy statistics in 80S by M. Sugeno [3].

We consider problems of fuzzy measure restoration from corresponding insufficient data (the
third section).

In [4] there is presented a problem of construction of the distance on fuzzy measures, which is
reduced to the distance between probabilistic measures in the class of associated probabilities.
This is the problem, considered in the second section. There are considered basic definitions with
needed commentaries in the second section.

In the fourth section there is constructed the concrete example and its table interpretation.

Y T i did
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1. PRELIMINARY CONCEPTS
Let X ={X,,X,,...,X, } is the finite reference set, B(X)-algebra of all subsets of X, g-fuzzy

measure ‘B(X)in Sugeno’s sense and (X, B(X),g) -fuzzy measure space [3]
1°. Fuzzy measure g, € [01]2®(A>~1) is A-additive fuzzy measure [2] if for
VA,Be B(X),AnB =0,

8\(AUB)=g,(A4)+g.(B)+2g,(4) g.(B) (1
It is easy to verify that VA € B(X):

gx(A)=%{n(1+>~é.-)—1}.
xed (2)

where 0< g, = g{x; }<1; A > -1 is a parameter with the following normalization condifibn:

%{I‘[(H?\.é,.)—l}:l.

xeX
Note that g, is probabilistic measure if 3.g, =1.
xeX

2°. Dual fuzzy measures g,g € [0]1] B® are called respectively lower and upper Choquet’s
second order capacities [1], [6] if V4, Be B(X):

g(AnB)+g(AUB)2g(A)+g(B),
g (ANB)+g (AUB)<g (A4)+g (B),

(3)

where g (4)=1—g( A) (duality): Choquet’s second order capacities are enough broad class

of fuzzy measures. For example, A-additive fuzzy measure g, is- Choquet’s second order

capacity. It is easy verifiable that €5 = &_y/4a)- Let {g,} and {g;},i=12,..n denote
“fuzzy weights” of singletons for g, g' dual fuzzy measures respectively.
3°.  For each 6=(0(1),0(2),...0(n))€ S, permutation of the finite set {1,2,....n} the

probability functions [1], [8]:
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Py(x50)) =8 %) V)
Po(Xy0)) = 8({ Xs01)1 X(2) }) — 8({ o) )
Py Xogiy) = 8({ X011 Xagiy ¥ = 8 Xop1yr--¥agi-vy W):
Py(xg0,y)=1- 8({ Xg)rc»Xogna1) )

are called the associated probabilities to the fuzzy measure g, where S, is the permutations group

(4)

of all natural number from 1 to n. It is proved [1] that if g.g €[01] 3% are dual fuzzy
measures then they have common associated probabilities class:
{Po(-)}ses, ={Psl)}ues, and YOE S, : Po(-)=F.(),
where G is dual permutation of G(0(i) = o (n—i+1)i=12,..,n).
By (2) and (4) we may writec down associated probabilities class for A -additive fuzzy

measure g, . VOE S,

Pg(xq,,-))=g;.({xa(.‘)})ﬁ(l"';‘-g).({xa(i)}))- (5)
more suitable
i(g)-1
Py(Xa0iy) = 8 Xogiy H) H(1+ Agi({ xsy M) (s

where i=12,..,n; 6€ §,;i(G) is the location of X; in G permutation. (If i(G)=1 than

0
[1=1).

Jel
4°. Introduce the following notations. H(X)c [01] B0 fuzzy measures  on
B(X); Ms(X)-Choquet’s second order capacities on B(X); Mu(X)—\additive fuzzy
measures on B(X); R(X) -probability measures on B (X)'; It is clear
R (X) c M(X) € (X)) < M(X). We know [1] that if g € T1(X) then VAcX
g(4)=mink,(4), g (4) =maxP,(4)

5° Let T™ ={( V1, V2 Ym)E R /¥, 20,i=12,..,m} . Let f be a function f : T™ - R™.

fis called a function generatrix of distance, if the following five propertiés are satisfied:
(1) f(yI'yZ""'ym)=0¢=> W=V = =ym =0-

NN
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@) ¥, <z, Vi= f(¥., Y20 Yn) S f(2,2,,...,2,,) - fis monotone non-decreasing,

B) (N +2,Y2+ 20Vt Z0) S (D Vorn YV )+ [(2,25,..02,,) .  is sub
additive,

@ f(y.y,-...y)=y.f is idempotent,

) S( Yoy Yor2yr-rYoimy )» YOE S, . f is symmetric.

We rank the n!=m permutations of S, with some criterion to number them, and thus to
represent the class {P,()}.s as an n!-tuple (B,P,,....P,). Let d be sorﬁe distance on
R(X) [4]. 1t is proved [4] that the function D : 7#(X)X (X ) => R"* defined as

D(g.g')=f(d(P,P ).d(P,P,),...d(P,,P,))
is distance on 71(X). The examples of function f:

Sa(P1 Y20V ) =max( y, },
fq(y]’yZ ----- }’,,, (1 Zy, ] , g2l

d (P,P)= mﬂp(x, )-P(x,)|

] - 1/q
d,(P,P')E[,/; (%)= P, l] . g2l

ds(P.P")=madP(x,) - P'(x,)}

The examples of distance d:

Let D, = D,, denotes the distance (¢ =2)

Dzz(g.g’)=\/ ZZ(P (x,)=Py(x;))?

aes i=1

D, (2.8)= max{,[f’(x,) P ]

6°. Given ge M(X). The probabxhty measure P, € K(X) is called nearest from fuzzy

and

measure g if
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D(g,P,)= Psmxig“D( &P) (6)

It is known [1] that if Pe R(X ) then associated probabilities class contains single
probability distribution P=P_,6€ S, . So the problem of minimizing may be reduced to the

problem of minimizing the function D with respect to P:

Dy(8.P) =\ 3 (P (x,)=P(x, )} = min

! oeS, i=1

Pe R(X ). Applied well-known tools of analysis we receive the solution
1 :
P,(x;)==Y P,(x,) 10
n! g,

i=12,.,n.1fin(7) gis A-additive fuzzy measure- g, and we’ll foresee (5) then

A
o)1

< il A
P, (x)=50 3 [T (1 hg,,)), ®

! oeS, Jj=l

i=12,.,n;if in (8) i(6)=1 then addend is equal to 1. Here g, = g, ({x; }). The minimum
distance D, between fuzzy measure g, and R(X) is

Dy(8,. R(X))=Dy(8,.P, )=

1 n ~2[i(a)1 A 1 i)l A 2 ©
== Yg| II {1+?»8°(,;}——Z IT {1+7g.,}
j=l n! zes, k=1

n! ges, i=1

i=1

: : n
If A=0, (when Zg,- =1) g, is probability measure then D, =0. This distance is called a

degree of unspecific [4].
7°. For given g € M(X)
C(g)=min{D(g,Bel,),D(g",Pl,)} (10)
is called an induce of specificity [4], where Bel, and Pl; are dual fuzzy measures of the beliefe
and plausibility of whole ignorance. VA ¢ X

0 if A#X
1 if A=X'

0 if A#Q

BeIO(A)={ PIO(A)={1 L



If C(g,) =0 then g, is nearto Bel, or Pl, and g, hasn’t the specificity. If ¢ >>0 then

g, has a high degree of specificity. The associated probabilities class of Bel, is:

1 if i=n
PB:I, ; = 2
[ (xo(:)) {0 !f i%n
i=12,..,n; 6€S,. Then

1 : 1 1
I2(2)) =W§‘,P"B ez =;17(n—1)!=;

and we receive the uniform probability distribution. Hence

1 n A 2[i(e)1 A Thi
C(g)= Eog.ggi }:[l{l*‘}"ga(j)}_; . an

2. THE PROBLEM OF FUZZY MEASURE RESTORING
In practice the subjective expert data is often performed only for singleton factors, because
any measurements of multifactorial variants practically don’t exist. For example: if four
Xy X,,X3,X4 factors (symptoms) act on the illness y then by some expert (doctor) may be
performed frequency distribution table (tablel), where some ‘“weights” are subjectively
“appointed” but pair “fuzzy weights” almost don’t exists. S
Here we offer the method which restores dual fuzzy measures dual fuzzy measures (g, g")
with best approach to 7&(X) from B(X) -in the sense of distance D, though with
oqmplimented condition. Let it is only known “fuzzy weights” of singletons:
0<§, =g(fx })<l,i=12,..n. ()
Let ]
NG B n A
MUK, 8,.858,) ={8EMUX)/ g((x, )=8; i=12..n}

" is the class of fuzzy measures of 711(X) with coinciding values of measures on singletons.
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TABLE 1

AcX={x,X,,X;,X,} &

{x} 0.2
{x,}” 0.3subj
{x5} 0.4
{x4} 0.2subj
{x;,%x,} ?

{x;, %5} Y
{x;,x,} ?
{x;,%x5} ?
{x2,%4} ?
{x3,%4} Y

{x1, %5, %4} Y
{X2:%3,X4} ?
{x;,X5,X5} ?
{x,,X5,X4) ?

(X1, X0 X3, X g } 1

TABLEL: insufficient cxpert frequency distribution of some illness with respect only to 4
symptoms in terms of the fuzzy measure g

*) Data with notion “subj” is appointed by the expert.

Analogously

M(X;8,,85r-:8,)=Me(X)NTUX:8,,85.--+8,)
is the class of second order Choquet’s capacities with the same property and

711A(X;g,,gz,...,g,,)=7m(X)nm(X;g.,g2.....g,,)

is the same class for A -additive measures. It is clear that

(X, 8,,82+8,) CTUX8\,82.-.184)

N
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A>-1 is a free parameter of the distribution of A -additive fuzzy measure
gem(X;g,,8,,..&,) with normalization condition (3). If 3.g, =1, then A, =0 value is
=

assumed (g, is probability measure), otherwise A is the root of the following polinom:

H(x)=(§é,}"‘ [2 g g ék}’» (Zg g; }Hgé.—‘ - (13)

Let L={A,A,,....A,} is the set of real roots of the polinom (13) (A > —1).

Let L # @ . Introduce the following short notations:

ME(X)={g, € M(X; 8,88,/ M€ Li=12,.1}

A
It is clear, that g; values are not “freedom” (for VA€ L):

5 SR )NS5
A= J
J#I

andif A >0 lhené,.Sg,-, i=1..n if —1<A<Gthen g;2g;,, i=1..n.

5 5 5 A
Analogously, we may  construct ., L ={X >-1/A =——m, Ae L} and

m* (e m(x B it ] o
The classes
REX0)=(P, e RXO/AeL), R K)=(P e RX)/Nel'}
are probability measures classes. We calculate the distances:

D,(R " (X),1*(X)) = min Dy(P,, .8 ) =minD, (P, ,8:) =

Na%eL

(14)

n/ GeS, i=l

i(0)-1 A 1 i(t)-1 A 3
_mm ZZg {1‘11 {1+chm}-;‘72§, H {1+Agu) b >
J= ! 1eS, k=]
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D,(RY (X),1m (X)) = minD(g5: P, )=

Vel \| n! ges, i1 / s,

- - — (4
—mm\} s e, {'(f}""mx Zop}=p T T (14K gx(w} :

Let these distances are reached on the fuzzy measures g, and g;. g

D,(R*(X). 11" (X)=Dy(g,,B, ), Dy(R (M XN=D, (&, F,o).
DEFINITION 1: ( gi, g;) pair fuzzy measures are called A-additive fuzzy approximation to

g, i=1..,n insufficient expert data.

DEFINITION 2: (PEA ,Ps. ) pair probability measures are called probability approximation to
NS

A

g, i=1,...,n insufficient expert data.

Notice that if €, =1 and the problem of restoring of measure doesn’t exist. If we know
=l

that g, is not probability measure then suppose A#0, R LX)ynm*X) =@ .1tis

easily checked that (g,) =g———

o . A : . :
+7"Egl., A =—m;When A—0inLthen A’ >0 in

L' and minima in (14), (14') are respectively reached on A, H = r{lﬁl{lm and on A . because

i\’ | = min—— H |7\.| We receive (7») —7\.' (g) =g.=g8

AeL 1+7\. l+ A Y

. Given result
A’e

may be represented as a proposition:

PROPOSITION 1: Probability approximation corresponds to dual fuzzy approximation measures
and D,(1", R *)=Dy(m" R ")

PROPOSITION 2: The probability approximation pair is equal probability measures.

PROOE: Itisclearthat g, <g,, if A, S, (A,A,€L)and
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&,
A

NP PIR<Ioi

8; % 3 gi

A -fuzzy mcasure gi, g:. arc nearest to probability measures in the sense of distance D, . Thus
i §

only probability distribution  comresponds to  the  case N=I0RWPIE=TP}

D,(m* R*)=D,(m" R ).
In reality insufficient (similar to table 1) Data of dual fuzzy measures may be not single, but
given by some experts Ey ={I,,1,,....Ig}.

DEFINITION 3: Data g,,i=1,..,n; &€ E, (defined as (12)) are called insufficient expert data

of the fuzzy measure g given by experts Ey .

Insufficient expert data produce {mL“,mL".KL",.'R‘L"'},ae E, classes from where

we’ll build probability approximations class {Pa/0t€ Ey} and  A-additive fuzzy
approximations class {(g,.8,)/0.€ Ex}.

DEEINITION 4:  Dual fuzzy measures defined VA c X :

Z(4)=minPa(4), & (4)=maxP.(4
g(4)=minPa(4), & (4)=maxPa(4) .

are called zero approach optimal approximation.
DEFINITION 5: Pair fuzzy measures defined as VA X :
g(A)=ming,(A), g(A)=maxg,(A) (16)
acEy aeEy
are called first approach optimal approximation.
DEFINITION 6: Pair fuzzy measures definedas VA€ X :
Z(A)=maxg,(A), 3'(A)=ming (4) &0
acEy acEy f
are called second approach optimal approximation.

PROPOSITION 3: Pairs measures first and second approach optimal approximations are

respectively dual fuzzy measures.

PROOF: VACX: E/(A)=maxgy(A)=max(l~E,(A) =1-ming,(A) =1 —5A). ie.
e ae 3

g =g . Analogously we'll receive ' =8 .
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PROPOSITION 4: Between zero, first and second approach optimal approximations exists the
following inequalities YAc X :

1.8(A)<8A): & (A)<E A,
2.8(A)<B((A): & (A)<E (4).
3EA)SE (A); BA)<E (A).
PROOF: Consider VA < X. Then
1.8(4) = ming,(A4) Smaxg,(4) =E(4);
Z(4)=ming,(4)Smaxg.(4)= (4),
2. §(A)=méngu(A)SMé’nPgu(A)=§(A);
g(4)= {,nﬁgfl’i; (4)= maxks, (4)< gggfga(A) =g (4)
3.8(A)=maxg,(A)SminP; (4)=maxP.(A)=g (A),
0eEy acE, e 0cE, Za
Fod = ] £, = ] < ing. = o
8(4) = minF, (4)=mink (A)sminex (USEHE
DEFINITION _7:  Distances  D,(g.8)=D,(g",8" ). D,(g.8)=D,(g",g ) and
D,( ¢",2 )=D,(g g) are respectively called first and second approach optimal approximation
€ITor's.
There variants of optimal approximations, which are received from insufficient data of
unknown fuzzy measure g, perform their “restored” faces. For comparison we consider the

example where fuzzy measure g, will be known, We'll restore them their “fuzzy weights™ of

single sets (insufficient data) and estimate errors.

3. THE EXAMPLE

Consider one example when fuzzy dual measures (g, g") are known (case for one expert). Let

X ={xX,,X,,X;} and dual fuzzy measure g<g are “almost” uniform probability measures
(table2),

AR



e /// |
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TABLE2
Ac X ={x,,X;,X3)} g g
2] 0 0

{x;} 1/4 1/3
{x,} 1/3 1/3
(x5} 1/3 1/3
{x,.%,} 2/3 2/3
{(X1,%5) 2/3 2/3
{x,,%,} 2/3 1/4
(3 OF SR FiE0

but their associated probabilities class are given in table 2’

TABLE 2’
o ;

o | Po(Xon) Py (Xom)) Po(Xo) Po(Xom Pi(Xe) PalXorn)

TRERE AT ) B B 0P I3

2R 4 5/12 13 B3 1/3

BB P B 13 /3o )3

231 13 13 13 3 512 1/4

3,12 1/3 1/3 1/3 1/3 /GRS 1/3

321 13 130 il /3RS 1O R4

The equation (13) has the following face:
0.02(7)A? +0.27(7)A —0.008334 = 0
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from where A =A=0.029928. Then A = -5\\/(1 + i) =-0.0290583. & = 8ooa99e

8 = 0000008 the associated probabilitics class of g is performed in table 3:

TABLE 3
c Py (Xoy) Py (Xo02)) Ps (X))
1233 0.25 0.3360771 0.4139229
15352 0.25 0.3360771 0.4139229
213 0.3333333 0.2527458 0.4139229
2,351 0.3333333 0.3366473 0.3300194
35152 0.3333333 0.2527438 0.4139229
321 | 03333333 | 03366473 | 03300194

We'll set distribution table of fuzzy measures g,g ,g,g Wwith errors (table 4): (here

=% 2 F)

oal

TABLE 4
ACX={XX3%;) | B=Eoowooss | ' = Boamsosm|E(A) —E(A) '_ Ig'(A) —'g'(A)'
x,) /4 03300185 0.0000185
) 03333333 | 0.4139569-0 ~0.0806
x3) 03333333 | 0.4139569-0 { 00806
(X%, OSS077T | 0eGeoe7s 00805 00000078
X151 05960771 | 0.6666678 00805 | 0.00000078 J
%) 0.6699806 | 0.7500764 0.003319 ' 0.0000764 J
{x,,x,,%X;} =1 =0 ‘ =0 E
|

AN

“edididid 4 S
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The first approach optimal approximation error is
D,(g,8)=D,(g".E") = 0.0108278.
For setting §,8° we have one expert, therefore § and g~ are probability measures and

g=P, =P. =% =P, of which distribution is (tabie 5):
2 iy

TABLE 5:
o/P P(x,) P(x,) ‘ Bra )
02775876 03612063 | 03612061

but the distribution table with errors is (table 6):

TABLE 6:
28 i g=g =P | [sA-EA)] |[g'@)-EA)
|
) 025 0 0.08
(x,) 031 oen || o
| (x,) R 0.09 SR SR0I00 T
%) 0.56 0.1 0.1
(x5} 0.67 0.01 0.01
S 073 0.07 0.07
x,, xz,,(}}i 1 0 0
I

The zero approach optimal approximation error is
D,(g,8) = D,(g",g") =0.0046453
As calculations shows (tables 2-6) estimations given by the approximations are enough

“high”’, maintain precisions of approaches. The zero approach optimal approximation is more
exact than first one, because here fuzzy measures (g,g") are “near” or “‘similar” with-probability

measure and given by one expert.
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BBIYMCJIIEHUE OCOBOI'O ONITUMAJILHOI'O YIIPABJIEHUSA B
KBA3SWIMHEWHBIX YIIPABISIEMBIX CHCTEMAX CO
CMEIIAHHBIMHA OTPAHUYEHUAMHU

3. Huuyaoze

Kagpeopa meaopuu ynpaenenus

AGcTpakT. Paccmorpena xxa:smmucunax 3ajlaya ONTHMAILHOTO YIIPARJICHHS CO CKAMSPHBIM YNPaBJICHUCM TIpH
HATHUHH X Orf Tlp HEoGXOZMMBIC YCIIOBMA ONTHMATBLHOCTH B (OpME aHajnora
TIPHHLIHNA MAKCHMYyMa.

HUccnenoan ocobbiff  ciyuaif, xoraa ¢yHKUHA YNpaBjCHUS HC OMNp (3] {HO H3 np
MakcuMyma. [locrpoena npoueaypa BbIYHC/ICHHS OJHOMEPHOTO ocoboro ymp M cnp ITOH
MpOLEAYPbI pelicHa KOHKPCTHAsA 3aaya.

B HCKOTOpPHIX 3a7a4ax OMNTHMAJIBHOTO YMpABIEHHA HCIOIb30BAHHE NMPHHLMIA MAaKCHMyMa
TMouTpsrusa (cM.[1]) cOMPKEHO ¢ HEOGXOAMMOCTBIO MCCIENOBATE OCOORIC yrpaBieHus (cu.[2]).

JIns pOCTOTHI PaCCMOTPHM CIEAYIOILYIO 3aAauy CO CKATPHBIM YITPaBICHHEM

:jih(x(t Nt — min | o)
NPH Or PAHHYCHHAX

L _ [ ) ®

g(x,u)<0, 3)

x(ty)=Xo, X(t,) =X, , 4)

roe xe E", f,eE", ffeE", ge E", ueR.

B cmyuae, koraa U = u(f) -KyCOYHO HEMPEPHIBHAA (YHKLHAL, X = X(t)-KyCO4HO IJamKas
pektTop-QyHKImsA, a Bekrop-Qymawm  fy,fi,g M cxamipuan Qymams  h aBAmOTCA
HEMPEPHIBHBIMUM M [OCTATOMHOE YHMCIO Pa3 HEMpEPHIBHO Mu()()EPEHIHPYEMEIMH OTHOCHTENBHO
CBOMX apryMEHTOB, MPOLEAYPA ONPEACNEHHI ONTHMATLHOTO 0CO0Oro yNpaBCHMS MPEJIOKEHA
B pabore [3]. Ortoi npouexypok MOXHO TIOMB30BaThCA H B  Ciyyae, Koraa

u(t)e Ly [to,t, ], x(1)e W [ 1,8, ], fo(X)-BEnyKnas BEeKTOP-QYHKIMA CBOCTO apryMeHTa,

f,(x) -mocTOAHHEL HEHyneBOH BekTOp, h(X)-CKanspHas BiMyxnas (yHKUMA apryMeHTa X, a
BEKTOp-QYHKUMA g JMHEHHA MO U M BHNYKIA MO X. JIGHCTBMTENBHO, NP CHCTAHHBIX

NPEATONIONKEHHAX MOXKHO BOCTIONBE30BaThCA TeopeMoil m3 [4], oTkyna cnenyeT cnpaBeLTHBOCTh
CleAYOmpX He0GXOMMMBIX YCIOBHH ONTHMAILHOCTH:

BN
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CCIH (x(t),u(z)) onTuManbHoe pemeHue 3azadH (1)-(4), TO CYmIECTBYIOT TakHE aGCOMOTHO
HeTpEpHBHEE Ha mETepBane [f,,7,] dymxwm W'(1),..,y"(t), mocrosmmas Y’ <0

bymanm 1 (1) € L_[t,.1,] a=f,—n—1, KOTOpBIC MOYTH BCIOAY Ha [f,,f] ynxoBmetBopstoT

YCIIOBHAM:
dy_ dif (5)
dr dx
ne(t)=0, (©)
RO (M )u(1)=0 , a=1m; (7)
t t)=
y(t)fiu(t) ue{uh'ﬁ‘(’fi..)so}“'(')ﬁ” i ®
oH
—=0, (&)
ou
(W, w(1))=(00), 10)
rac

V(1) =(y'(1)..y" (1)),

H =y h+ () fox) +uf})-(1)g =W+ Sy ()5 (x)+ur)- Eut(0)g"

B ciyuae, xoraa

pE®)=0,y(1)f, =01, <t <t, an
yenosns (7)-(9) He HAIOT BO3MOXHOCT OMPEHC/ICHHs U(f), T.e. BOHMKAET 0COB0E YNpaB/ICHHC.
Cremys [3], obosmawmm  Ho(x,y)=woh(x)+w()f,(x), H,(w)=v()f,. Torm
H =H,(x,y)+H, (y)u—pg . Tax, xax (2) MOXHO nepemmcaTs B BHIE
de_oH,

d oy’
TO B CHITy CBOHCTB CK0OOK ITyaccona ¢ yuérom (11) umeeM:

%Hn(')=(H1.H)=<H1,Ho)+u(HpH1)-gu"(Hl-g”) =0,

TIOYTH BCIOAY Ha [, St < f, . Takum e 06pa3oM nomyyaeM:
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dz

d
FHI =_E(H0,H1)=_<<H0,H|)1H>=<Ho,(anH|»+

(12)
+“(f)<Hv(Ho,H.)—gu“(l)(g“,(Ho-Hl)=0-
nouytH Bcroxy Ha f, <t <t 3mece Koadduumenr npr u(t) , BoOOmE roBopsA, HE PaBCH
uymo.[losomMy mms Touek f, o <t<t,, rae OH OTMM4EH OT Hym, yuurusas (11), MoxHO
ONpenenTh 0coboe yIpasIeHue U (¢) no dopmyse:

u(1)=_<Hon(HovH1))' (13)
(H\,(H,,H,\))

Ecmi k03(()HIUKMEHT NPH YNPaBICHUH u(t) B (12) paBeH HymO Ha OTPE3KE T C [to,t,], TO A
NONy4eHHs 0COGOrO YMPAaBNEHHA HA OTPe3KE T TMPOJOIDKAEM BBIMHMCIATH IOCIENOBATENHHEIC
MOJIHBIE MPOM3BOAHKIE N0 ¢ OT (iyHKim /. Bce OHM NODKHBI PABHATECA HYJIO HA OTPE3KE T.
SIcHO, 4TO yrpaBiICHME U (£) sBHO MOXKeET TOSBHTECA MMIB B BHIPAXXEHMH NPOM3BOMHOH YETHOrO

TOPAIKA, B CHITY YEro 0Co00e YTPABJIEHHE HEOGX0AMMO PaBHO:

u(’)z_<H0'<Hon--~r<HovH|»~~~) as
(Hy (Ho oo (H o H D))

am ms.tefr,,t,] B oropex smpaxene H, =(H,.(H,,. .., (H,,H,))...) moacuuTaHxoe
BIOJH OCOOBIX TPAEKTOPHIH [x(t ), u(l) , OTJIMHO OT HyJIAA.

Jlns BhIYMCICHHA OCOOOTO YNpPaBJEHHA HA MHOXECTBE Hyned QyHxuwpm Hy, 3aMETHM. 4TO
(opmyna (14) monmyyeHa LA Ciyyas, KOrAa B BBHIPAXKCHHH H=H o +Hu ko3 {uimeHT npH
U Ha oTpe3ke T DABEH HYJO, YTO HE MO3BOJHAIO CPasy BEMHMCIHTE 0COGOE YIIpaBJICHHE. Temneps

AHANOTHYHAs CHTYaLHA BOSHHMK/IA C BEIDDKCHUEM

dZm
05d12m

VI3 KOTOPOTO HEJb3s HANTH YNPABNICHHC HA MHOXECTBE HyeH ) yHKIMK H,.

H, =(Ho,(H oy (H o, Hy o)+ w(OKH (H g oo (H o H D))

VB3NOXEHHYIO BBULE A H,:O TIPOLECAYPY BHIYHCICHHA 0co00ro yIpaBNEHHA MOXHO

NPHMEHUTh M K H3yMeHHIO 3TOro ciyvas. Crefylommid mpuMep wumocTpupyer adihexTHBHOCTD

N



5% 3 Humyagse:

o
ONMHCAHHOH  BBILC  MPOLCAYPHI: nycTb TpeOyeTCs  MMHMMH3HDPOBAThL fx=dr  upu
0

orpamwermax: % =u,  |u<v1-x?, <1, x(0)=x,>0, x(I)=x>0 T-
¢uxcupoBano, X = x(! ) abCOMIOTHO HempephiBHAs , a U = u(l ) HMHTErpHpyeMas Ha [0,'[']

yHKIHH.

Heobxoaxele YCIOBHS ONTHMAIBHOCTH HMEIOT BHA:

Yo =-1,

y=x+ SR e
p'l -\/]-—x: uz-\/]—xz,

pl@—«/l—xz)=0,
pz(—u—dl—xz ):0 , M;20,i=1.2,

tult)= max th,
WO, e vl

V=H1 —H,,
rie Y= \y(t)— abCOMOTHO HEmpephIBHAA, a [, = H; (1 ),i =1,2, CymeCTBEHHO OTPaHHYEHHbIC
ua [0,7] dyroapm.
Tockomsky H =—%x2 +yu—p, Gz —V1-x? )—uz(—u —1-x? ) , To Ha ocobom

y4acTke TC [O,T] u3 (13) mmeeM:

CHED o
i) = o2t Ui Lo
() 1
Jlerko BHWAETh, YTO C TNOMOMBI0 HAMIEHHOrO OCOOOro ONTHMAILHOTO YNpasjcHua Ge3
NPUHUMIHATGHBIX  3aTPYNHCHHH HAaXOJMTCH ONTHMANLHOE pEICHHE B DPacCMaTPHBAEMOM

TIPUMEpE, ECIH TONBKO X, X, H T mnojoGpaHs! TakuM 00pa3oM, YTO 33ja4a MMEET ZONyCTHMOE

peIICHHUE.
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SPECIFIC OPTIMAL CONTROL CCMPUTATION IN QUASI-LINEAR
CONTROL SYSTEMS WITH MIXED LIMITATIONS

Z. Tsintsadze
Control Theory Chair

The linear optimal control problem with scalar control and mixed restrictions is considered.
The necessary conditions of optimality with the form of the maximum principle are given.

The special case, when the control function is not defined uniquely from the maximum
principle is researched. The procedure of specific control finding is constructed and by using this
procedure the concrete problem is solved.
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HEKOTOPBLIE BOITPOCHI SJIEMEHTAPHBIX YACTHI C TOYKHA
3PEHWS TEOPUH TPEXMEPHBIX MHOTOOBPA3HTI

. Bawarkmaose
Kagpedpa Teop xoit Duzuru O Daxy

1. OCHOBHBIE ONPE/JEJEHHST)

B COBpEMEHHOl TCOMETPHM M TONMOJOTMH Y3Nbl MIparT (YHIaMEHTalIbHYI0 PONb —
HAaIpPHMEP, B M3y4EHHH TPEXMEPHBIX MHOrooGpasmi.

Vcxona M3 oONpesencHMA y3na, Kak OONacTH BETBJICHHSA HEKOTOPOrO TPEXMEPHOro
MHOI‘OOGDZBHH M 13 TIpH pasnc'mneimou HaKpBITHH MHOFOOGP&SH’I M 8 9 OGOSIKHM OnpeACICHHE
YAaCTHIBI — y3Na, PaccMaTpHBas MNOCICHHMH KAK TOMONOTHYECKYI) OCOGEHHOCTh, @ HMEHHO,
06nacTh  BETBICHMA (DM3MYECKOro NpoCTpaHcTea. Ilomaras rio6ambHyl0 — IEOMETPHIO
NpocTpaHcTBa roMeoMop(HOi 3- MepHOMy rumepGomryeckoMy mpocTpaxcTsy H3, paccMOTpHM
JcHCTBHE Ha HeM BBeNEHHOH B paborax ([3,4,7]) VrmsepcansHo# rpyrmer U: J{ns BCAKOro
3aMKHYTOrO M OPHEHTHDYEMOr0 MHOrooGpasus M3 CymiecTByeT KOHCYHOMICKCHAA IOATpYTna G
< U, Taxasn, uto M3 romeomopdHo daxrop — npdcrpaucmy H3/G.

DyHIAMEHTATHHEIM MHOTOTPAHHHMKOM, COOTBETCTBYIOIMM OTOH YHMBCPCANbHOH rpYIHIC.
SABAETCA NpABMWILHBIH THMNEpPOOIMICCKHit ONEKASAp, MMCIOLMH ABYTPAHHBIE YIIIEI, PaBHEIE
900, rAe OTOXKICCTBICHME TPOMCXOZMT MO Hekotopod rpyme Gclsom E3, a
(aKTOPIPOCTPAHCTBO €CTh S3 C CHHIYJIAPHBIM MHOXKCECTBOM 2., COCTOSIUMM M3 3alICTUICHHBIX
okpyxrocTelt — Bopomeeshix koneu. Torsa, Kamzoe 3aMKHYTOE 3-X MEPHOE MHOroobpasue
AB/AETCA DA3BETBIECHHBIM HAKphITHEM cepst S3 Han BopoMeeBbIMH KOMBLAMH C HHIEKCaMH
petnenusa 1, 2, u 4, Vumeepcamshas rpyrma U IOPONIAeTCS NMOBOPOTAMH Ha U2 BOKDYL
CKPEILMBAIOLMXCA pebep AOACKAIAPA.

[eneparopst rpyrsl U HMEIOT CIICAYIOLIEE NPEACTABICHHE:

J2[1-iR+iR? —iR—iR*-iR?
2 |1-2iR+iR®>  1+iR-iR*
J2[{1-R+R? 1- R+ R?
2 |-R-R*+R®>  1+R-R?

t) HacTosuast pn60’m aBnsercy TTROJIOINKCHUHCM U Pacumperren Crarbu \8‘

\ N\

\
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J2 |1+ R-iR? —i—2iR-iR®

2 [-1-R+R*>  1-R+iR?

OmeuM M3 BaXHBEIX CBOHCTB rpymmsi U sBaserca TOT (akr, 4TO i CeMCHCTBA
M7I0CKOCTEH,  06pasyeMBIX  JICBOMHBADHAHTHBIMK  OTHOCHTENbHO ackictBus U rpamsmu
JIOACKAIAPOB, THOOBIC ABC IUTOCKOCTH HJIH HC NEPECEKAIOTCSA, HIH MEPECEKAIOTCA MO MPAMBIMH
YIIaMH.

B namememem, non U - kBaHTH3amMeH mnpoctpaHcTBa Oynem mnoapasymcBaTte

(paxTopm3aumo H3/U.

2. OCHOBHBIE COOTBETCTBUS
Hroke - MOCTYJMDYIOTCS HEKOTOPHIE COOTBETCTCTBHA, KOTOpHIC B aCTHOCTH 6ymyT
HCIIONb30BAHEI B JaJIbHEHIIIEM.

(1) PacmpoCTPaHeHHMIO JJEKTPOMATHMTHOH BOMHBI B  BAaKyyME COOTBETCTBYET
Tornojoruueckas U — KBaHTH3aLMs JAHHOM 0ONacTH NMPOCTPAHCTBa.

VymMTHIBaA CymMECTBOBAHME T.H. HMCKMOYHTENBHOro msomopduama (M [5))
¥:PSL(2,C) o>PSOI(R,q)=PSO(1,3), rme ql(x0x1,x2,x3)=x}-x7-x3-x}, ypasHeHm:
MakBe/ia, HMHBAPHAHTHSIE OTHOCHTENPHO aBTOMOP(QH3MOB 4-MEDHOrO ICEBAOEBIUIHAOBOTO
NPOCTPAHCTBA, MOXHO DacCMaTPHBaTh KAK YPABHCHW! HHBADHAHTHLIE OTHOCHTCIBHO
asToMopdusmoB QCPSL(2,C) rumep6osmieckoro 3-MepHOro MPOCTPaHCTBA.

Torma (1) nozpasyMeBaeT, 4TO HANOKEHME YCNOBHA WHBAPHAHTHOCTH OTHOCHTENBHO
nckicTeus rpyrmmsl U NPHBEAET K OZHOBPEMEHHOMY KBAHTOBAHHMIO 3JIEKTPOMATHHTHOTO MO H
MPOCTPAHCTBA.

Tlepeuncium HexkoTOpEIE CiieacTBHA (1):

I Cornaceo ompemenermio rpymmst U, (OTOHBI MOTyT Haxogures yummb Ha U -
nHBapuaHTHOM EBXimHIOBOM noanpocTpancTee H3;

1I IlpucyTcTBHE BO BCEM MPOCTPAHCTBE PEIMKTOBOrO M3IyMECHHS MOXKHO HHTEPIPETHPOBATh
KaK CeACTBHE IJI0OANEHOIO TONOIOrHYECKOro KBaHToBaHHs H3, MMEBIIEro MECTO B HEKOTOPHIH
MOMEHT CyIICCTBOBaHH:A HEKBaHTOBaHHOro H3;

[I BrmuucimM 00BEM CIMHMYHOrO “KBaHTa” TWpPOCIPAHCTBA — TIHNEPGONHHECKOro
AOAeXadpa, -npnﬁmm(euno cumTan monexasnp cdiepoil ¢ PamMycoM I = O, TAE O — TIONMYOCh

nozxexaszpa, R / o.=1.27 cm. [4]
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r(l+r*) 1, 1+r
i (=T

Cpasrusas Vhyp ¢ ofbemom cootserctByromei cepsi B E3, momyuum Vhyp/Veuc=44.
D10 O3HauaeT, uTO 00BEM “HAabMOAaEMOro” EBKIHAOBOrO IPOCTPAaHCTBA Ha CaMOM JIcne
cocTasiseT okono 3% Beero runepbonnueckoro np-sa H3.

Kak W3BECTHO, IIA JOCTYIKCHHMA KPHUTHYECKOW IUIOTHOCTH, HEOOXOMMMOM 1 OOBICHEHHS
HAGMIONAEMOM CBIITHIOBOCTH BCencHHoM, CTano HeoOXOMMMEIM, NOMMMO “TEMHOH MacChl’.
BBCOCHME TAKOKC “TCMHOM 9Hepruu~  Bakyyma (KBaHTOBOrO  MOJA,  Ha3BaHHOTO
“KBHHTICCEHUMEN ), OHM BMECTE OOCCIEYHBAOT HEAOCTAlOMIHE ~95% BceH Macchl BCENeHHOMH.
Omuaxo, cornacko (1), “Habmomaemas” BceneHnas Oyzer Bceraa EBxmaoBa, HEHyJeBasd ke
SHEprus BakyyMma, (MO3BOJAIONIAS TIPHITMCATh BCEMY IPOCTPAHCTBY CBKIHIOBY METPHKY), B
reOMETPUYECKOH HHIIPETALMM COOTBETCTBYET TONOJOrHYECKH KBAaHTOBAHHOH I'HMIEpGOTHUCCKOK
CTIPYKType CaMOro 3-X MEPHOTO NpPOCTPaHCTBA. TpaeKTOpHs (oTOHA, JIOKAMM3OBAHHOTO B
MPOCTPAHCTBE, HANpHMEp, B aTOMe, MpHHMMaeT (opMy 3-X 3aLEIUICHHBIX MEKIY cobox
B3aMMHOODTOTOHANBHEIX BOPOMEEBBIX KOIELl, TAaK KAK EBKIMIOBBI MPAMBIE, COOTBETCTBYIOIIHE
OCAM BpAIUEHHMA 3-X IEHCPATOPOB YHHBEPCANBHOW IPYMIEI, MPH HAKPRIBAIOIIEM OTOGpakeHHH
H3/U —S3/B GCCKOHEUHOE KONMYECTBO pa3 OOMATHIBAlOTCA BOKPYr BopomeeBeix Komen
(061aCTH BETBIICHHS).

(2) 3a Maccy YacTHUBI TNPHHHMAeTCA THIEPGONMYECKHH OOBEM COOTBETCTBYIOLICIO
rHNepGOTHIECKOr0  MHOroobpasus, SBIMIONMHCA BO3PACTAIOMEH (DYHKUMEH  CIIOKHOCTH
MHOroo6pasus (cM[2]).

(3) IepeHocuukam cnabbix B3aumopeicTBui — vacTHuam Wi , Z0, B OTIMYME OT He-
TNOJIEBEIX YaCTHL, COOTBETCTBYIOT Y HUBEPCANbHEIE Y3IIBI.

Cnabrie pacnamst Buaa A—BF  (uanpumep n0—p+W-) MOXHO ONPENCIHTE KAk
nepectparparue Muoroobpasua M() = $3\k, B MrorooGpasie M{*) = §°\kp, mponcxopsmee
GRArOAAPA CYIIECTEOBAHMIO PETYNAPHOTO PASBETBICHHOrO HAKPEITHA MHOrooGpasuaMu M) u
M$? wzorooSpasus MY = S \kyy, , W JHBANERTHO:

H3/TA—H3/TB+ H3/TF, TA<TA<If.

IlocTysmpys B OOmEM TpYNIIOBOH XapakTep ONMCAHWA B3AaMMOJCHCTBHE MEKMIY
OT/JICTBHEIMH YaCTULAMY, OCHOBBIBAACH HA MHTEDHNETALMH YACTHI B TEPMHMHAX HAKDLIBAIOIIX
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MPOCTPAHCTB, PAacCMOTPHM JIEMTOHE! H MPOMCHKYTOUHBIE GAa30HBI KAK 3MEMEHTHI HEKOTOPOH
TpyTuh!

lefevoev.my, oz, w w20},
Torma cooTHOmEHHS BHIA [g( i )Ig( k)( -1)]=K. rae K momrpymma G, pasobeer G Ha

Kacch! axBuBaneHTHocTH {0}, {B} u {g}, orHocHTenEHO noarpymmsr F={Z0,W-,W+}

o =Cy,
BiBj' =Ci»
13 =Cy,

oz {as)={ent), (Bil=(i, Vi) (W)=(%, v}, C; =[Z°_ b J
w Z,

Cornacho Teopeme D. Herep, maHHoe pasOHEHHE HHAYUMPYET HAaTypalbHEIH roMopusm
rpymmst G* Ha rpymmy I'= G*/F, rae aapo romomop(asMa €CTh MOATPYITA TOJIEH, B TO BPEMS
KAK HCCNWHHMYHEIC 3JIEMEHTHI Ipymmsl [ SBISOTCA roMOoMOpGHEIMHM 00pasaMH NOKOJIEHHH
JICITTOHOB.

ClefoBaTebHO, COXPAHEHHME JIENTOHHOTO 4MCA MOXKHO 3ammMcaTh KaK —[DYNIOBOH
romoMoppusm I'= G*/F, rme rpymma I' Moker GbiTs, HAmpuMep, IPYIMOH roMONOrMH Ui
HEKOTOPOTO Pa3BETBIEHHOrO MHOr00Gpa3ui ¢ OMOJNOTHYECKHMH KIACCAMH, IMPEACTABICHHBIMH
anemenTamy m3 {G*}.

(4) Bo3MymeHue HaKpBIBAIOMIEH IPYTIEI H NIEPHOX NOJTypacnaza.

TIpenmonox¥M, YTO MPOTOH H HEHTPOH SBJIIOTCA PAa3HBIMH HAKPBIBAIOLIHMH OJHOIO H TOr0
e M{)”, OAHAKO B HAKPHIBAIOMEH rpyrme Hex“n_poua umeeTca Bo3mymeHue (cM. [1]), T.e. B
MPUCYTCTBHM n>1 HEHTPOHOB €IMHHYHOC BCTBIICHHE YHMBEDCAIBHOK HaKpHIBAOIEH (yHKLHM

HetpoHa Haxn MO 3axBaTBIBaET C/IOM OT PasHBIX 3K3EMIULIDOB s3\k("0), YTO MOXXHO

TPOMIUTIOCTPHpOBaTH aHanorued ¢ ukuM Yanom Kantoposckoro Buja (CM. Hamp. [6])-Torxna,
ans N>>1, 3 niepsstif nepox © (T-BpeMA XH3HH HEATPORa) pacmaz 3axpaTiT 2° HEHTPOHOB H
MO0 OcTaBMIMXCA YacTHm Gyzer 1+2+...251 =2%-1=2*.

3aveTum, uto eme B 1957 rogy mis OOBACHEHWA BEPOATHOCTH NPHPOXBI pacrand

3JIEMEHTADHEIX YaCTHI, Xbi0 BEPEIT HCHONb30BAN NOHATHE Pa3BETBICHHOM BOJIHOBOH
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(DYHKUMH YacCTHLBI, BBCAA ‘MHOIOMHDOBYIO” HHTEPNPETALMIO KBAHTOBOW MCXAHMKH, THE Ui
BCEX MOMEHTOB BpPCMCHH, Koraa Hei‘n'pon JIOO/DKEH pacnacThCA, cymcc-mye'r 1 xorms
BceneHHO}H, rze 3T0 peaibHO MPOHUCXOAMT.
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DynnaMen TUILHLIT C )
JIoieKavIp SIS ’ (

Puc. 1. Jleiicrue rpynmst U Ha
npoctpancte H(3)

Puc. 2. [epexox CKpemeHHbIX pebep B
BopoMeeBbI KOJbLIA IIPH OTOXIECTBICHAN
rpasei OpsMOYTOJLHOTO XOAEeKaeapa.

Puc. 4. N-uacTHHas BOJHOBasi (pyHKIIMS

Puc. 3. BerB/ieHne BOIHOBOM QYHKIIMM HEHTPOHA
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SOME PROBLEMS OF PARTICLE PHYSICS ACCORDING TO THE
TOPOLOGICAL MODEL OF THREE-DIMENSIONAL MANIFOLDS

D. Vashakmadze
Chairof Theoretical Physics, Department of Physics

Topological singularity model for elementary particles is proposed. A particle is identified
with a branching set of the 3-space, which is ingeneral a knotted S1-sphere. Thus a particle is
charachterized by group properties of S3\k, while universal covering space H3 modulo
Uuniversal group) is identified with the quantized physical space, where photon-subspace G *
corresponds to U (left)-invariant euclidean singularity submanifold.

Weak decays are considered in terms of branched covering over universal knots, while for the
interpretation of the half-decay period, Kantor Wild Knot -type branching is introduced for the

N-particle wave function.
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THE OPTIMAL CONTROL PROBLEM FOR THE SECOND ORDER
ORDINARY DIFFERENTIAL EQUATION WITH INTEGRAL
BOUNDARY CONDITION AND QUADRATIC FUNCTIONAL

M. Zangaladze

Computer Software and Informational Technologies Chair

Abstract. In this paper the optimal control problem for the second order ordinary differential equation with non-local
boundary conditions is corsidered. The necessary and sufficient condition for optimality has been obtained.

INTRODUCTION

Many processes in practice are controlled and it is important to find the optimal resolution
for their realization. Besides, while mathematical modeling physical, biological and ecological
processes we obtain non-local boundary problems.

Creado, Meladze and Odischlidze considered the optimal control problem [1] for Helmholtz
equation with Bitsadze-Samarski's type non-local boundary conditions [2] and quadratic
functional. In the present paper is considered the optimal control problem for the second order
ordinary differential equation with another type of non-locality — integral boundary conditions
(3}

1. STATEMENT OF THE PROBLEM
Let V be an open subset of R and Q be a set of control functions:
v:[01] > V,ve L, ([01]),V is called domain of controls.

Let us consider following problem for each fixedve Q in [0,]] interval:

2 (x
LU0 qua) = 100+ (),

u(0)=a, )
1

[uodx=p,

0

where x€ [0,1],t, B€ R,ae L_([0,1)), f € L,([0,1])0< g=const. It is known, that the
solution of problem (1) exists, is unique and belongs to space W2 ([0.11) [6]-

Let I(v) be the following quadratic functional:
1
Iv)= j[b, WU (D) +b, W @, ()
o

where b,,b, € L_([0,1]) are given functions.
Now let’s state the following optimal control problem: find the function v, € Q, whose

corresponding solution of problem (1) together with Vo results in the minimal functional value.

2. ADJOINT EQUATION
To obtain conditions of optimality we follow the scheme developed in the works [4](5].

N
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Assume, that v, € Q is an optimal control, v, € Q is arbitrary admissible control and
Uy, U, are corresponding solutions of problem (1). Let’s take the following notations:

V=v, —v,, U=u, —ug. 3)

If we’ll consider problem (1) correspondingly to (uy,v,) and (,.v,).then we come to the

following problem for # :

-
% —qii(x) =a(x)¥(x), xe(0)),

#(0)=0,

| @
j #(x)dx =0.

0

For a certain v, and v, let us consider the following difference:
1 1
T =1(v,)~I(vo) = [y (xuZdx+ [ b, (x)v2 (x)dx
0 0
1 . 1 2 (5)
[,oug () — [ b, (x)v3 (x)dx =
0 0

1 1
[l @2 @)+ b, @7 @+ 2[ b, )y (0 () + b, (v ()T ()
0

o
Let we W2([0,1]) and y#0. If we multiply (4) on y, then integrate obtained expression on
the interval [0,1] and take into account (5) equality, we shall have:

2 1 2~ 1
= Jw(x)[ix—': - qﬁ]dx - [¥@aFCde +
0 0
©)
1 1
[y (o (W (6) + 25, (5)ve @) bx +| b, ()72 () + b, (07 2 () .
0 o

Let us make the folowing transformation for constructing the adjoint equétion: two times
using partially integration formula and fact that #(0) =0, the first member of equation (6) will

transform into following:
1 4% 1 Sy g2 = i 2
[y sde= [E L ety OFO-YOF O -y GFD. D
0 0
Integrating (4) _equation in [0,1] interval we obtain:

1 1 1
T()=(0) + g @(x)dx +[ a@F (e =70+ [ a7 ()dx. ®
0 0 0

Placing (8) equation in (7) expression, we shall have:
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Jw(x) 42 4= I "’dx+(w<1) YO)F'© -y DD +
©)
+ y/(l)j a(x)¥ (x)dx.
0
Replacing (6) into (9) we shall see, that if ¥, is the solution of the following problem:
d2
_IWEX—) +qu(x) = —2b,(Nue(x), x€ (O),
w(©O) =y (),
y')=0, (10)

then functional T expressed in (6) will be as follows:

1
T = [y -y 0)a) + 26, (v @F s+ 7> () + 5 @7 ok D
0

THEOREM 1: Let ¢ =const>0 and bj(x)e L.([01]), u(x)e W22 ([O1]) are given

functions, then the solution of the problem (10) exisis, is unique, belongs to space sz ([0,1])
and could be written as follows:

1

2/q

e‘/;—e"ﬁ (c -ce X‘/— Q 2

7 Jax _ =27 ax
J(c P ——coe’ﬁ("” )f(t)dt+ke———e——e—+
1
0

v(x)= ce‘/"—'+ce e G

+| k

2e‘/7’+e"/; 2 e‘/_—e ‘E+e“ﬁ
a_ ) ax 4x
__\g J_e L J‘f(t)dt Tf—,[—_’
24/q\e¥? —e T _e?

where

£ (x)==2b,(x)u(x),

afege™ + e - 1)+ % [ e )j ey — %00 f o)t
q

— 0 —
£ 2(l+e‘ﬁ +c"ﬁ)— o1 Zg 28

2q +e—2,/a —5) :
25 2(\/;(] + :‘[‘; + e'\ﬁ)_ o 2Va _ e;ﬁ)!f(l)dt,

And c, and c, are defined as follows:

AN
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¢y =—C,
C= ! _I[(e‘m'_') - e“m"'))f(t)dh
2 qie‘/'7 —ela io

3. NECESSARY AND SIFFICIENT CONDISION FOR OPTIMALITY OF SOLUTION
THEOREM 2. Let functional be given by the formula (2), b,(x)>0 and y,is solution of the
problem (10), then the couple (u,,v,)is optimal if, and only if, the following condition is
satisfied:

(Wo (D =¥, (0)a(x) +2b, (X)vy (x) =0
almost everywhere in the [0,1] interval.

The confirmation of this theorem is the same as in [1] ,where the confirmation of necessary
and sufficient condition for optimal control problem with another type of non-locality is
presented.

4.CONCEQUENCE
Let’s consider the following optimal control problem:
d’u(x
LD () = 1004 a0,

u(0)=¢, (12)
1

[audx= B,

0

where xe [0,1],, B€ R,ae L_([0,1]), f € L,([0,1]),0< ge L_([0;1]). It is known, that the
solution of problem (1) exists, is unique and belongs to space W;:([0,1]) [6].

Let I(v) be the following quadratic functional:
1
10v) =[x () +b, (x A (x)lix, (13)
0

where b;,b, € L_([0,1]) are given functions and (u,v) searched couple, satisfy (12) and will

assign minimal value to (12) functional.
Above considered problem will transform to the following system:

2 2
% —g(xXu(x)= f(x)+ ZT%(W(J:) —y(@), xe @),
2
u(0) =¢, (14)

1
[aGoudx=p;
0
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d—d%’(—x) + (W (x) = =2b,(Du(x), xe (O)),
w(0) = w(),

w'(1) =0.

The adjoint problem of (12)-(13) problem is corrected and also the already received
necessary and sufficient condition of optimality is truthful for it.
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MATEMATHYECKHE BOIIPOCHI KOHIENTYAJIBHO-
OPAKTAJILHOI'O AHAJIM3A

I. Becuawwsunu
1y, pamopus Gu3

A6cTpakT. B crarhe pPaccMOTPeH METOA KOHUEMTYaslbHO-(paKTalbHOTO aHATH3a B PacrostaBanuH opasos.
OnpeNie/ieHbl NOHSTHS PaCCTOAHHS, MOZOGHS, HHBAPHAHTHOCTH W ()paKTanbHas Mcpa MONOGHsA B NPOCTpaHCTBE

Xaycnopda.

BBEJIEHUE

Ha CHrHATBHBIX MOIAX OGPassl (M30GDAKEHHMS, PEHEBLIC) PEANM3YIOTCA OTOOpaxeHHeM f
S—R" ; ¥ OHH HMEIOT KOHLENTyaNbHO-(pakTambHyto mpupoay [1,5].
MHOMECTBO ~ peamMsauui  06pa3oB  (M300D@XCHHS, PEYEBBIX  CHTHAIIOB)  COCTAaBIIOT
I0C/IeI0BATEMBHOCTH B R, Mpeie/bHbIe H306paeHus (KOHUENTH) BOCHPHHHMAIOT a3, yxo [1,
2,3,4].

KoHuentyansHo-(pakTaIbHEIH aHATM3 B CBOMX METOJAX M1 aHAIM3a, KJaccuHKaImH,
PAcriO3HABAHHMA W TOHMMAHMA OOPa30B TONB3YETCHA HZBECTHBIMHM ONDECTEHMAMH DPACCTOAHMA,

1101061151, HHBAPHAHTHOCTH H CaMONOA00Hs B IPOCTPAHCTBE Xaycnopda [4, 5].

1. METPHKA XAYC/IOP®A [4, 6]
Jonycruy, xe€X, ACX, TOra pacCTOSHHE MEXIY X H A ONPe/CIIeTCH KaxK
d(x,A)=inf{d(x,a):a€A}.
Ecmu ACX, >0, Torpa am A 0603Ha4MM E-OKPECTHOCTD
A={ xeXd(x,A)< g}, AcA.
Tonycrine I : X—X, Toraa Lip F onpenenieTcs xak
LipF:% d(F‘g;),F(y))'
xy)
Ecmn Lip F=2, torma d(F(x), FO))SA d(xy)) ana mobeix x, yeX. Korpa Lip F<1, F -

CIKHMAIOIIEE.
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Jlonyctan, B - COBOKYMHOCTH 3AMKHYTBIX, OFPAHHMCHHBIN HEMYCTBIX MOAMHOMXECTB B X, a b
- HCITYCTBIX KOMMAKTHBIX NOAMHOXCCTB.
J-0603HaumM Xaycaop(hosyio MCTPHKY Ha B.
6 (A,B)=sup{d(a,B), d(b,A).ac A; be B}.
O (A,B)<€ ccnu ACBe u BcAe.
J-MeTpHka Ha B.
HekoTopsie 3/1eMEHTapHbIE CBOHCTBA O :

8 (F(A), FB)<Lip (F) &A,B),
8 U 4i U Bi |<supd(4i.Bi)-
el iel

Ecnn (B, 6) nommoe Merpuyeckoe mpoctpactBo KX kommaktHo, toraa bN{A: AcK}
KOMMAKTHO.

Mepa m Ha X MHOXECTBE €CTh OTOOpaXKEHHE

m: P(xX)={A: AcX} — [0, ],
Takoe m (2)=0
00 oo
m UE, |< 3 mlE,) E cX,
('=1 . ] i=1 '

ecmu AcB, Torna m (4) < m (B).

JlonycTHM K > 0 HEKOTOPOE AEHCTBUTENBHOE (PMKCHPOBAHHOC YHCIIO, 1A TOGOro S>0uEC

X obozHaymM

H§(E)=inf{°)§ o, 27 diamee ; )¥ B < U E;, dimE ; ss}m
=1 =1
k Zai ok k
E)= ] E)=supHS(E).
H*(E) S-Z)nOHS( ) &Ié 5(

H "( E) naseBaercs XaycnopoBas k-pasmepHas mepa E, 0y-COOTBETCTBYIOIIAS KOHCTAaHTa
HODMHPOBKH [4].

DpaxTabHas Mepa ONPEEIIETCA TIOKPBITHEM (hpakTana CETKOM M3 KBAAPAaTOB MM CiepaMu.
Tax YTO KOMITAKTHEIE MHOXECTBA YAOBIIETBOPSIOT 3THM TPEOOBAHHMAM.

Tonobue [4, 6], momycTsM S={S),... Si} COBOKYIHOCTh KOHEMHBIX 00pasoB S : X — X
sABIACTCA moAoOueM, ecmu d(S(x), S(y))=rd(x,y) ma mOOEIX X, Y H HEKOTOPBIX ()HKCHPOBAHHBEIX

r.
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4:R"—R"  romotetHueckuit f(x)=r(x) r20, 5:R"'—R"nepeson &(x)=x-b, ccnu S:R"'— R"
nojobue, Toraa uMeer Mecto  S=4, °5, 0
JIns HEKOTOPBIX L, -TOMOTETHH, &-NIcpeBOza H O-OPTOHOPMANTbHBIX MPE0OPa3OBaHMH.

JlonycTHM Iyt MPOM3BONIBHOr0 A CX (MHBapHaHTHOCTS (4, 6]),
S(4)={S,A.
il

BLITIONHAIOTCA yonoBHa S°(A)=A, S'(A)=S(4), SP(A)=S(S"'(A)) ans Beex p = 2. Ecmu A=S(A),
Toraa A-HHBapHaHTHO.

diam A,.l \ <ire T diam(A)—0,

KOTAQ p—»ce MPH YCIOBHH, 4TO A OrPaHHYCHO.

Ecimu K-3aMKHYTO€E, OTPAHHYCHHOE H HHBADHAHTHOE HA S H

K =UK,,

i=1

torma  K-xkomnaktHo. Ecmu A Hemycroe — OrpaHHYEGHHOE — MHOXECTBO,  TOrza

Ecmd B COBOKYIHOCTh 3aMKHYTBIX, OTPaHWYEHHBEIX TIOAMHOMECTB B X, b-COBOKYIHOCTB

KOMIAKTHBIX TIOAMHOMXECTB S: B —B M g:b—b (mpHHLHI CKMMAIOIIMX oToOpakerHmii [6])

&(S(A),S(B))=¥\)S;i(4)\S;(B))<
1 1

1<i<n

< max s(S(A),Si(B))S[ max r; ]B(A,B).
1<i<n

B Xaycmop(oBoit MeTpuke S-CokuMaiomiee OToOpaxeHMe Ha B (COOTBEICTBEHHO Ha b).
HenozpmKHas TOYKA — arTpakrop B (usudeckoM cmbicne. Ecm (X;d) nomioe MeTpHiecKkoe
npocTpascTBO, S={S},...Sn} COBOKYIHOCTH CHXKMMAIOLIHX OTOOp@KEHHH, JONONHHUTEIBHO MBI
TIPE/MONATaeM CYMIECTBOBAHHME MHOXKECTBA P={ 01, Pu}, TAKHX Pi€(0,1) 1

n

2p; =1

=1
st S; NoRo6HBIX LipSi=r; .
D - TaKoe TOJNOKUTENLHOE YHCIIO, LA KOTOPOTO BBIOIHACTCT

pi=r : ir P =1

i

D - pa3MepHOCTS ToR06us Ha S o Manpem-6pory.

AN\
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H3-3a OrpaHMuCHHsA pasMcpa CTaThH HEBO3MOXKHO DPaccMOTPETh BOMPOCH! CaMonoAaoGHs

KOHLIENTYaJIbHO-(DPaKTabHLIX CTIPYKTYp B MPOCTPaHCTBE Xaycaopda.
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THE MATHEMATICS QUESTIONS OF CONCEPTUAL FRACTAL ANALYSIS

G. Besiashvili :
Problem Laboratory of Physical Cybernetics
This paper describes the method of conceptual fractal analysis in pattern recognition.

Definition distance, similarity, invariant and fractal similarity dimension in Hausdorff space.
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MHOTOILIAHOBASI I MHOT OAJIbTEPHATUBHA 5l TUHENHA S
PEI''PECCHOHHAS MOJAEJIb SKCOEPUMEHTA

H. Bokyuaea

TpoGremnas naGopamopus ghusuueckoil kubepnemuxku

A6Gcrpakr. IMpencrasienHyio paboTy MOXHO paccuanunan. KAK MOMBITKY yHHHUKALHH HMCIOUMXCA IOCTIKEHHUH B

HayyHOM HAMpaBleHHH [0 I p Ta ¥ ¢opmup 0606ImCHHO!  NTMHEHHOH
HHPOPMALIHOHHO-CTATHCTHYECKOH MHoronJlaHonoﬁ H MHoro:uwrcpHa‘msHou perp: i T Ta.
BBEJEHHUE

B HAayyHEIX MCCIENOBAHMAX OCHOBHOH 3ajayed IKCNICPDHMCHTATOpAa SBIACTCA OTBICKAHHMC
(OTpe/IeeHHE) HAMTYMIIErO MIAHA JKCIIPHMEHTA, MO3BOJLIOMEro ¢ HAMMCHBIUMMH  yCHIHAMHU
H 3aTpaTaMH (BDEMEHHBIMM, TEXHMMCCKMMH, (HHAHCOBEIMM H Jp.) TNOIy<HMTb HAHOOTBIIYIO
yrdopmawmo 06 HccreayeMoM ofbexte. B mponecce MouCKa TAaKoro ONTHMANBHOIO IUIaHa
IKCNICPHMEHTATOPY ~ NDHXOMTCA  PaccMaTpHBaTe  HECKONBKO  BAapHAHTOB (Moneneit)
[UIAHMPOBAHHS JKCTIEPMMCHTA C MOCEXYIOMMM ONPCACICHHEM HEKOTOPOrO KOJHYCCTBEHHOrO

KPHTEDHS MPEANOYTHTCTBHOCTH BHIG0pa HAWTYIIEr0 M3 HHX.

1. OBOBINEHHASI IMHEHHASI PETPECCHOHHASI MOJIEJIb 9KCIIEPUMEHTA

O6osnaumm uepes X; (j=1K) umcno BEIGPAHHBIX 3KCTICDHMEHTAaTOPOM Ga3HCHBIX
MATPHIl C X, HE3aBHCHMBIMH JJICMEHTAMHU (i=LN,r=1m;m; <N;) wu uepes Y
COOTBETCTBYIOIIMC MM MATPMUBI CTONOLE! HAOMIONEHHH C )); IMCMCHTaMH Habonenui. Toraa,
creaya [1], MHHeiHBIE PErpecCHM I KaN(IOH KOHKDETHOM GasuCHON MaTpHUBI Xj MOTYT GBITE
3aIHCaHbI CIEAYIOMIHM 00pa3oM

Y, =X, +e, (1)

rae

T T

ST TN LIS [P g0 I S U 7 £ TR e e
s T
p;=[Bj1'Bj2""'Bjml]T - BEKTOp HEHIBECTHBIX NApaMcTpos, €,=[€;.€,5...Ey |

BEKTOp HEHAO/MOAaEMBIX OMIMOOK . *)
CriefyeT OTMETHTH, WTO OOBIMHO BEKTOD HEHaGMOZACMBIX OMMOOK MPEACTABAACT COGOH

KOMOHHAIIMIO “MOZENBHEIX” H “H3MEPHTENbHEIX ommOok. Beozs Teneps 0Go3HaueHus,

*) 3arI2BHBIMH H CTPOHHBIMH XHPHBIMH OyKBaMH 0003HAYEHb MATPHLIB! H BEKTOPHL COOTBETCTBEHHO

NN

cididdid 4
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Xe= 2% o y® Y, 0
0 : o
Xy Y,
B, g,
B = B, o A0 = €, 0
0 i : o
Bx €k

MbI MOXKEM 3aIHCaTh J =1k creren ypaBHeHuit perpeccuu (1) B BHAEC OQHOrO OGBEAMHEHHOTO
YPaBHEHHA
Y=XB+e. @
EcmM mnpu 3TOM M1 KDKIOH KOHKDETHOM Oa3MCHOH MarpHubl Xj cymecTByeT
HY (1 =1M ) anbTCDHATMBHEIX THTIOTE3 NMOAGOPA HEM3BCCTHEIX MapaMmeTpoB P, To, crenys
(2), MHOTOAIbTEPHATHBHYIO PErPECCHOHHYI0 MOZEIbL MOXKEM 3aITHCATD B creayromeH gopme
Y@ = XBV +¢® 3)
HMcxoad M3 MHOTOIUIAHOBOrO H MHOTOAJLTEPHATHBHOrO PErPeCCHOHHOTO ypasHeHHs (3)
creayer, uTo BexTop ommbok &) 3amucut oT Bektopa mapaverpa B!, u ciezosarensHo, oT
YARYHOTO BEIGOpA KOTOPOro M GY/ET 3aBHCETh KAa4ECTBO JMHEHHOH PErpecCHOHHOM MozemH. B
KauecTBe KpHTEpHA Hawmyumeif ouerky napamerpa B’ Bocromesyemca ouenkoit MHK. Toraa,

A1)
06o3Hayad 3Ty OueHKy yepe3 § , npu ycnopun E (s(” )= 0, Gyaem uMeTh

Al)

B = min (e(’)ra('))= min [Y‘”—XB“W[Y"’-XB(”].
VB‘,”’ER"

Vﬂ(l')r eR™

OTKY/IA C YHETOM YCIOBHA
B("( [ro - x0T fr - xp¢] ) @)

U NpaBuia m¢¢epemmpommm MPOM3BEACHHA MaTPHLI [2]
(U]

9_(430)3a0))= aA(ﬂw ) B(E)+ A(B“’)a—géﬁm—)- ®)

R
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(D)
Ins B momyumm

all)

Bl = (i ©
3. OnpencieHne HAUIYYIIEH (YHKLHH PErpeccHH.

A1) N
Iocne TOro, KAK OMpeAeNeHbl oueHkd [ (CnesoBatenbHO H B ), Bcraer Bompoc

onpeneieHus Hawyymeii pyHxuum perpeccun. O6osHaunm uepes

n® =ncx,p”) = xp" @
(yHKuuH perpeccun ypaBHerus (3), rae
"
n(l) 0
Wi S . =G G, I
ny’
Al
¥ pasnoxuM ee B psix Teitnopa o napamerpam BS.” B OKkpecTHoCTH P, , orpamMBaiCh
TePBEIMH NPOM3BOIHBIMH, TOrAA
- a.n W all) ()
(X B )= ﬂ(Xﬁ )+a[3(,) oy .m(ﬁ B] )+ BB”’ o= A(U(Bz _B )+
( A Al k (8)
ag(,, o By y=nrx ) 3. A"
rae
N (1)
(1) _p) on™”
Aﬁj —Bj _BJ ? aB(l) =X, .
OTKyZa
©)

NG 13
an® =n(x,BY)-n(X,p )=;_Z=lX,-A[5S-”-

Vcnosue An(’) <3, rae O Hamepen 3aJAHHOE CKOMb YTOAHO MAloe TONOXMIENEHOE KCIO,
GyeM WMEHOBATh YCNOBMEM OTCEBA TeX (DYHKIIM DEIPECCHHM, KOTOPEIC HE Y/IOBICTBOPAIOT
JTOMy HEPABEHCTBY; IOCTENEHHBIM NOGABIICHHEM B DasNOXCHUH (8) NMPOM3BOAHBIX BHICIIMX
NOPAIKOB OTCEB GyAeM NpOAODKATh N0 TEX MOp, IOKAa He Oyner BHIABIICHA HAMIYYIUAS
(eZMHECTBEHHAS) (DyHKIA PErpECCHH.
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Ecmu mocne xoGasnenus B (8) 4iGHOB BBICIUMX MPOH3BOMHBLIX BOMPOC OJHO3HAYHOIO
ONpCICICHAA HAWIYYINEH (YHKUMH pPCrpeccHH, C YYETOM KPHTEpHA OTCCBA, OCTAacTci He
PELICHHEIM, TO SKCIIEPHMEHTATOPY ClIEAYET:

a) NPOIOIDKHT HAKOIUIGHHE HH(ODMALMH OTHOCHTCIBHO H3MEPACMEIX (HabmonaeMeIx)
MEPEMCHHBIX, HE MEHAA yKe H3GPaHHOro IUIaHa SKCHIEPHMEHTA, MyTeM MPOBEICHHSA MOBTOPHBIX
HaGJr0 ACHMIT,

6) M3MEHMTh IUMH OKCMEPHMEHTAa C IIOMOIBIO YBENHMMEHMA WIH YMCHBIICHHA ‘[MCIA
J7EMEHTOB Ga3HCHOH MATDHLEI, TEM CAMBIM M3MEHAA COOTBETCTBCHHO M DPasMEpPHOCTh
napaMeTpraeckoro npoctpanctsa B!/, MpoBecTH AOMONHHTENS HEIE M3MEpEHKA.

PaccMOTpHM NOAPOGHO KaXKIblH H3 ITHX BAPHAHTOB.

Bapuaut a. BcaeacTBMM TOro, MTO HA KAXUIOC MOBTOPHOE M3MEPEHHE OyayT BAMATb T.H.
“CKDBITHIC NApaMeTphl”, CBA3AHHEIE C “MOAEILHBIMH® H “M3MEPUTEIBHBIMH OIMOKAMH,
HEJOCTYIHEIE KOHTPOMIO CO CTOPOHBI JKCTIGDHMEHTATODAa M MEHAIOIMECH CO BPCMCHCM
(HAnpHMep: M3HOC YCTAHOBKH, ICHXOMNOTHYECKMI HACTPOH HCC/ICOBATENs, H3MCHCHHE BHEIIHEH
CpemBl H Ap.), U MCKIIOYEHH: GONMBIION PaspO3HEHHOCTH PE3YNTATOB MOBTOPHBIX H3MCPEHMH

ClieyeT, HACKOIBKO 3TO BO3MOXKHO:
1) BHECTH ONpEJENEHHbIEC KOPPEKTHBEI B MPOCTPAHCTBO NAapaMeTPOB B, 2) orpammumTsca

PAsyMHEIM YHCIOM IOBTOPHEIX H3MEPEHHH.

OGo3HaumM  vepe3 pf‘ﬁ)—[u:’g. a.,"'ll(m] H f“”(n"’ s nj,v)

\"
COOTBETCTBCHHO CPEAHHME 3HAYCHMS M [IUIOTHOCTH DacnpefeneHus BEKTOPOB (n(})) npu
TIOBTOPHBIX M3MEPEHHAX (P =1c - pasyMHOe 4HCIIO NOBTOPHBIX M3Mepenwi). Toraa, nexoas 3
M3BECTHOrO (hakTa TEOPMM perpeccuy [2] o HOpMANBHOM pacnpeneneHWd NapaMeTpos B u

BEKTOpa e u NPHHLUMIA  MaKCHMyMa HH(pOPMALMOHHON 3HTpONMKM  [3] IUIOTHOCTH

i () (n(’) (I) ‘n(') ) MOTYT GBIT MPEACTABIEHE! B CIEAYIOIIEM BHAE *):

T
7o @oy el A w0 [ ag] 0y ] o

1/2
(ZR)N‘/Z A(:(})

rae

*) Al “(), n A i COOTBETCTBEHHO OOpaTHbIE MaTPHUIIbl MATPHL A( ,n A% J,.
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7%
[nﬂ”—u‘"@’) } [(nﬁ’,’—u"’)(ﬂ"’—uf{(}}) (nﬂ’j —n) ﬂ
T
A}:‘(/,, ___Cov{[ nl ‘l»l(f:) :' [ n(!) P«(’) :] }

HUcxoms n3 (10), BeiOupad mia BapHaHTa a B KauyCCTBE KPHTEpHs BBIOOpa HaHIIyILEH

@ymamm perpeccun mepy pasmuyaromeit uadopmarmm [3]

(p) n(_l)’
J
ay () / ST
J(P sy ) If”( ’)1’1 o (p,s—l,c,p#s). (an
f(» ( (1)’ ]
KOTOpas, C Y4YeTOM M3BECTHOrO COOTHOIUCHHA M3 MATPHU4YHOH  anreOphl 4]

bTAb=Sp (AbbT ),me Ae M,,,, be R", npuramaer cneayrompit BUA:

(p sn} )_. ln——

1 3
+Lspfae (g —ae e

(12)
1 -1
L b5 -up) b -upf |
GyneM OTAaBaTs MNPEMNIOYTCHHE TOH (yHKiwmm perpeccun, mna kotopod  (12) mpummMaer
MAaKCHMAJIBHOE 3Ha4eHHe. ECIIM TaKOBBIMH OKaXyTCSl HECKOJNBKO T (;) , TO B 3TOM CIIy4ae CEZyeT

OCNEOBATCIBHO YBEIMYMBATL KOJMYECTBO NOBTOPHBIX H3MEDEHMH (B pasyMHOM 00beme) 10
TOJIYMEHHs OTHO3HAYHOTO OTBETA, B MPOTHBHOM CITy4ae Ha/O MIEPEXOAUTH Ha BAPHAHT 6.
BapuauT 6. B 3TOM BapuaHTC BO3MOXKHO:

1) He M3MEHAA 4MCNA CTONOLOB B HCXONHEIX GajMCHEIX MaTpuuax X ;, TOCTEMEHHO

yBemuumBats umcno crpok ot N; 10 N; -*-n"I (n; =1 n 1, SN, ), B pesymrate 3TOro

Pa3MEPHOCTH BEKTOPOB [3; OCTAHYICA NMEXHHMMH, @ Pa3MEPHOCTH BEKTOPOB T](') YBEJIMYATCH HA

TO € CaMO€ YHMCJIO n;-l, npeaocTaB/id TEM CaMBIM JOINOIHUTE/LHYIO m{(bopmaumo (Y

(e
(YHKIWMSIX PETPECCHH;
2) He M3MEHAf YHCNA CTPOK B MCXONHBIX GajMCHEIX Matpuuax X j+ TIOCTENEHHO

YBCIHMHBATS YHCHO CTONOLOB OT M, IO m;+n, (n, =ln oMy, $m; ), xota B 3TOM

N
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Cayvac pasMCpHOCTH BCKTOPOB l](”) OCTAKOTCH MPEIKHHMH (T.C. }ICHSMCHHMMH), HMCCJICA0BATCIIL

IOJIYHaET JONOJHHTCILHYIO HHd)OpMaLlHIO (o] (])_vmculmx PCrpecCHH 3a CYCT MNOABJCHHS

JOMOJIHHTCNILHBIX CJIAracMbIX B KayKIOM H3 T]‘(,” .

ITpoBOAsi MOBTOPHBIC HAGMOAEHHS, MOMCK HAWTyqweH (YHKUMH PCTPECCHH MpEeKpaluacM Ha
TOM Cnyuac Bapuanta 6, U KOTOPOro HH(OpMALWOMHbI xpurepmii  maxJ(p:s),

cooTHomeHus (12), ZaeT e THHCTBEHHOC PCILEHHE IS 1‘1{}') g
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A MUTI-PLAN AND MULTI-ALTERNATIVE LINEAR REGRESSION
MODEL OF AN EXPERIMENT

N.Bokuchava
The problem laboratory of Physical Cybernetics

Proceeding from extreme principles of entropy and informational measures, the informatienal
criteria are formulated for estimating the parameters and choosing the best linear regression
function for a multi-plan and multi-alternative generalized linear regression model of an

experiment.
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CHUHTE3 KPUIITOT'PA®GUYECKOT'O METOJA INIOCPEACTBOM
MATPUL] HAJX KOHEYHBIMH ITOJIIMUA

P. IT. Mezpenumeunu, /1. 3. Bynaspuweunu, T.B. T'nonudze, M. T. Maxamadse, B. A.

Tozonuoze, I. K. Xyyuweunu
I/, usuqeckoit kubepnenuru

P (4 P

AGcTpakT. Hccnenyercs OTaHUHbIH OT MeToa Brkenepa [1] MaTpuuHblii MOAXOA K NMOCTPOCHHIO CHMMCTPHHUHBIX
KpHITOrpagHUECKHX CHCTCM 3aUIHThI HH(POPMaLHH.

BBEJAEHHE

Kpunirorpadsieckue METOHmbI, OCHOBAHHBIC HA CIELMANBbHBIX MATPHYHBIX CTPYKTypaX.
06pasyloT OTMYHYK OT MCTOJOB BioKeHepa CHCTEMy, KOTOpad MCHEC DacnpoCTpaHeHa
myuyena [1,2]. OGbr4eo, B OOeHX CHCTEMax, CJOBA, TNOIUIENKAIME 1 poBaHMIO,
NpEACTaBIAIOTCA B BHAC BEKTOPOB A€V, - n-MEPHOTO BEKTOPHOIO NPOCTPAHCTBA HAl IIOJCM
GF(2) w4 MHOTOWJIEHOM a(x) M3 aare6Gpsl KIacCOB BRYETOB MHOTOYJICHOB A, o Moxymo f(x)
HaJ TEM K€ KOHCUHBIM ITOJIEM.

KpuntorpaMma noJy4acTCss YMHOMKEHHEM BEKTOPa @ Ha CIELMAIbHYIO MAaTpHLY A nopsamxa
n, a nemmmppauma 3aMPPOBAHHOH HH(OPMALMHU b OCYINECTBIACTCA YMHOKEHHEM BEKTOPA b Ha
A" - obpatHyio ANt A MaTpHLy, T.C.

aA=b; bA'=a. M

Ilp¥ TAaKOM MNOAXOZE, KaK M COGCTBEHHO MUl JIOGBIX CHMMETDHYHEIX CHCTEM, OCHOBHYIO
npo6ieMy COCTABIIOT BOMPOCH! (JOPMHUPOBAHHA MHOMKECTBA KIIOYEH — MHOXKECTBA MaTpHLl (HE
TOAAAIOMMXCA NepeGopy B PEATbHOM MacmTaGe BPEMEHH, YTO ONPEAENET KPHITTOCTOHKOCTh
CHCTEMBI), A TAloKE — CKOPOCTb OCYIIECTBIIEHHA k() paLyy-Iemu(paLH H p.

OCHOBHas LieTb HACTOAIIEH PabOTEl — CHHTE3 METOAOB, OCYMIECTBILTIOIIMX AJIrOPUTMHYECKH
HECIOKHOE ()OPMMPOBAHME M MPEACTABJICHHE KJIACCOB CNCLMATBHBIX HEBLIPOYKACHHBIX MAaTpHLL

TOpAIKA 71 (¥ OGPATHBIX /TA HUX MATPHLL), YAOBIETBODAIOLIMX TPEGOBAHHAM KPHITOCTOHKOCTH.

1. OBIIUE METOABI ®OPMHPOBAHHS KPUIITOIPAG®UYECKHX MATPHYHBIX KJIIOYEH
HI3BECTHbI METOME! HAXO)KIECHUSA OGPATHBIX UL A MaTPHI| A’ .[3]. TlocTpoerme 0GpaTHOH st
A=(a;;)i" (ecri OHA HECHHTY/IAPHA) MATPHLIGI A" BO3MOXHO, HamPUMED B BHAE:

NN
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Ay A Ay
4] |4] 14|
= ﬁ. Azz An2
A7 =114 |4] |A|p
Aln A2n ¥ Ann
4] 141 7 |4]

rae Ajj - amrebpaHyecKoe JOMOTHEHHE 3JIEMEHTA aij MATPHIRE! A.

HecMOTpS Ha OTHOCHTENBHYIO NPOCTOTY IPOBEACHHA onepaumii Hax nomsmu GF(2), meton,
CBA3AHHBIN C peamuzaumeil (2), HE MOXCT OKAa3aThCA MPHEMIEMBIM Ui KPHOTOrpauieckoro
TOMB30BATE/A TNIABHEIM 00pa3’oM H3-32 HEBO3MOXXHOCTH NpEACTABJCHHMS OOpAaTHBIX MaTpui B
SIBHOM BH/IE 6€3 BBITOJHEHMA AOCTATOYHO CJIOMHBIX BBIYHMCIICHHH.

Heo6xommMoe pereHte He JaeTCs H NOCPEeCTBOM NMPOM3BEACHHA MATPHIL
E.E.,; ...E A=
5 3)
Ek Ek-l El =A »
rae A - nesas obpatHas Matprua min matpvupbl A; E,...Ei - 9NIEMCHTapHEIE MATpHLbL, C
TIOMOIIBI0 KOTOPBIX MaTPHUY A MOXXHO MPHBECTH K KAHOHMYECKOMY BHIY H, CIICOBATE/BHO, K
€MMHHIHOMY BHIY.
JInA BBIYMCIICHHA 3JIEMEHTOB X| , ... , Xn i-TO CTONOLA MATPHLBI A", ncxona w3 pasencTsa A

A’ = I, HCrOMB3yI0T TakoKe PEIEHUE CACTEMBI YDABHEHHIA:

0, ecau k#i;
X + QX+ + A X, = ©
1, ecnu k=i;

rae k= I, ...,n, u, kKak 1 npexae, Al # 0.
W3 anreGpareckoi TeOpHH KOJHPOBAHHA H3BECTHO [4], uTo B anreOpe A, MHOTOWJIEHOB HaX

noneM GF(g) no MOAyT0 MHOTOWICHA f{x) MOTYT OBITh 3afaHEI KIACChl 6asucHeIx MatpHl G
(pasmepuocTH (kX n)) u H (pasMepHocTy ((n-k) X 1)), KOTOPHIE YAOBIETBOPAIOT YCHOBHIO:
GH' =0,

()

rne H' - TpaCTIoHMpOBaHHas MaTpuua H.
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[IpocTparcTBa cTpok MaTpHu G M H sBIAIOTCA HaeanaMH B A,. [ TaKUX MaTpHL( 3aAar0TCH
NPOM3BOAAIME MHOTOWICHBI COOTBETCTBEHHO g(x) Hu  h(x) (g(x)-h(x)=f(x)), .xoTOpHIE
(opMHPYIOT CTPOKH MaTpHu G 1 H.

AHaNOTHYHO BBHIICCKA3AHHOMY, KBAaADATHBIE MATPHLGI NOPANKAa n (W OOpaTHBIE I HHX)

BO3MO>KHO 3arycaTh B BHAC!:

n-1 n
02 ay a, ' ar iax)
e 0+ H0F a ST a ©)
0O 0 O .. aq a
©O0 0 . © a

rae crpokd Martpuy (6), aHanOrMYHO MZIEamaM MHOTIO'JICHOB, 00pa3yloT KOMITOHEHTHI
HEKOTOPOrO BEKTOpa a€V,, T.c. NPEATIONAracTcs, YT0 Matpuua A npeobpasyercss BEKTOpPOM
a=(ay,...,a,), a MaTpHLA A cocTaBIIETCS OTIHYHEIM OT a ONPEAEAEHHBIM BeKTOPOM b=(b,....bx)-

Jlns (PUKCHPOBAHHOrO BEKTOPA d M MAaTpHuBI (6) C MOMOIIBIO M3BECTHOrO (HAampHMEp @)
METOZia HETPY/THO ONPEAEHTD 3HAUYEHHS KOMIOHCHTOB BEKTOPA b Il MPOM3BONLHOIO 3HAEHIS
n. Hampumep, mpuberas K MaTcMaTHYCCKOH HHAYKLUMM MOXHO TIIOKa3aTh, TO IPH

NpOM3BONBHOM 7> 1 MaTpHuA BHIA

ol @ 0 0
® 5 (U1}
A=001 00’ @

@ @ O o il
000 .. 0

—

¢ MPOM3BOIIIMM BEKTOPOM a=(aj,...,an) (PAE ai=1, ecmu i<2 u a;=1, ecnu >2) B Ka4ECTBE CBOCH

00paTHOH HMEET MaTpHULYy:
Tl L
1 1 1
§ L ®
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rae b=(by,....bs), bi=1 (1 <i < n).
AHaJIOPHYHO A IPOH3BOJANIHX BCKTOPOB G=(a1,az,...,an) (@i=1, i<3; ai=0, i>3) v b=(b;,bz,....by)

(ai=1, i=3k+1, i=3k+2; a;=0, i=3k), COOTBCTCTBCHHO MONY4ACM:

[N SO RSO SO}
® - n o0 0 0
O @ 41 0 0
A=/0 0 0 1 0 0]
0 0 0 0 1964
[0 0 0 © 1| ©
Mm 1 0 1 1 .0 11O
® 1 1 @ N0 @
© @ 0 3l @i @]
/2 S 0 (0 SR [ ) 1 1 0
0 0 00 0 0 -+ 0 1 1
0 00 0 0 0 « 0 0 1|

(3ameTHM, 4TO B 3amHcH (9) ;1=3k, u k 2 0- uenoe 4ucio).

InaBHOH 3amaued NpM MocTpocHMM Matpuy Buaa (8), (9) ABIAETCA HE CO3MAHHE METOJA
TOCTPOCHHS OOpATHOM MATPHILBI, OCHOBAHHOH HA ONEDALMAX BBIYMCICHHA, a BBUIBJICHHC
IPOCTOr0 MeTofa (WM (DYHKLWMH) COOTBETCTBHA MIL HAXOXKICHWA MATPHUBI, OGpaTHOH s
MaTpuupl (6).

BBhICOKasA KDHITTOCTOMKOCTh TPEGYET NMOCTPOCHHA MHOXECTBA KIIOYEH BBHICOKOH MOLUHOCTH
(mampuMep, N=10’°) M3 KOTOPOrO BHIOGHPAETCA KOHKDETHBIH KIOY, T.€. - KOHKPETHAas MaTpHLA.
Ecmi B MaTpuue (6) MPEACTABHTL CTPOKH B ONpC/ENEHHOM MODAKE, TO M B OGPaTHOA A Hee
MATpHIC HEOGXOIUMO B TOM K€ TIOPAAKE NEPECTABIATh CTONOLBL, T.C. M3 3aJAHHOH MATPHLBI
MOKEM TIONYMHTh n! KIHOYEBEIX MATpHL. AHAJIOTMYHO MOXHO B MATpMLle A NeEpECTaBiTh
CTONOLB!, UTO B LIEIOM I OJHOM MEPBUYHOM MAaTPHLEL (TIPH (PHKCHPOBAHHBIX NMPOM3BOJAIIX 4
H b) COCTaBATH MHOXKECTBO KIOYCH nmopsaxa (n! )2,

UneamsHele KpHITTOrpa)HHuECKHe CHCTEMBI, K COXQJEHHIO, IOCTPOMTE HEBO3MOMHO.
BEIMTpHII B KDMIITOCTOMKOCTM 4alle BCEIO NPHBOZMT K TOTepe OBICTPOZCHCTBHA MM

MOHIKCHAIO  3HAYMMOCTH  IPYTHX  XapaKTCPHCTHK, XOTA  M3BECTHBIC  pasmayui B
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KPHITTOCHCTEMAX,  HECOMHCHHO,  ONpaBJBIBAIOTCA  HCOAHHAKOBBIMH  YCJNOBHSAMH  HX
NPAKTHYECKOrO MPHMEHEHHSA.

TpeHMyIECTBO MAaTPHYHBIX METOZOB NEpel METoAaMH BrvkeHepa B MpHHLMNE MPOSBIAECTCS
B TOM, YTO Pa30BOE BCKPBITHE KPHITTOrPaMMbI HE BBI3LIBACT BCKPBITHS CAMOrO KIIHOYA CHCTEMBI.
DT0 JOCTHraeTcs 3a CYCT TOHWKEHMA ObicTposeiicTBua. ONHAKO MMECHHO MNOTEPH B
GLICTPOACHCTBHH OKYNAKOTCH KAYCCTBEHHO OTJIMYHOM M TMOBBILEHHOH KDHTITOCTOHKOCTBIO

JAHHBIX CHCTEM.

2. CUHTE3 KPUIITOTPA®HYECKHX MATPUIl HA OCHOBE AJITEBPAMMECKHX CTPYKTYP
KOJIHPOBAHUS

TTOCTpPOEHHE BHILIEPACCMOTPEHHBIX MaTPHLl PHMHUMACT GOllee LEICHANPaBIICHHBIH XapakTep
C NPHBICYCHHEM K DEIICHHIO 3aJau¥ HEKOTOPBIX CIEUHMANBHEIX CTPYKTYp anrebGpauieckoi
Teopuu KoaupoBanms [4]. Kak yske 65110 yKa3aHO, 3NEMEHTEL a=(al,...,dn) € Va K

a(x)= %a,.x' €A,
i

T0/Pa3yMEBAIOTCA IKBHBAJICHTHBIMH OOBbEKTaMH. M3BECTHO Takke, YTO B amrebpe A, mu
moGoro mueana I CYMECTBYET €AMHCTBEHHBIH HOPMHDOBAHHBIH MHOTOYJIEH g(X) HaUMEHBIICH
CTCNCHH, TAKOM, YTO KIACC BBIYETOB {g(X)} MpUHAANCKHT mueany | W, HaoGOpOT, KaXmsud
HODMHDOBAHHBIH MHOTOWIEH g(X), KOTOpbIA AemdT f{x), obpasyeT ompeaencHHEId Hpean /. B
KOTOPOM g(X) €CTh HOPMHMPOBAHHBEIX MHOTOYJIEH MHHHMMAIBHOH CTEMEHHM TAaKOH, YTO KIacc
BBIYETOB {g(x)}€ I.

WssectHa creayroman Teopema.
TEOPEMA 1. ITycms, f{x) - MHo20uneH cmenenu n, f(x)=g(x)h(x), a h(x) - mrozowiex cmenenu
k. Toz0a 6 anzeGpe MHO2041eH06 O MOOYNIO f{x) KIdcC 8bi4emos {g(x)} umeem pasmepHocms k.
Crnedoeamensio, cmenenb MHO20WIEHa g(%) pasHa

=n-k. (10)

CrpaseayvBa Taroke cieayroman TeopeMa.

TEOPEMA 2. IIpeononookcus, 4mo f{x), g(x) u h(x) HopmupoGanHvie MHO2OUNEHbI U

fix)=g(x)h(x). Toz0a xnacc evivemos {a(x)} npuraonelcum HyneeoMy npPOCMPAHCMEY,

5y

nopoaicoensomy h(x) U MonbKo mo20a, K020a OH NPUHAONENCUM 10eany, NOPOJACOEHHOMY
MHO204NEHOM Z(X).

W3 BBIICITPMBEACHHOIO CICAYET.
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CHEOCTBHE 1. ITycme, f{x)=g(x)h(x), 20¢e f(x) - cmenenu n, a g(x) - cmeneHu r MHO204NCHbI,
mozoa
GH =0,

20e G u H nopooicoatomces ¢ MHO20U. g(x) uh(x).

LlMkmryeckuit CABUI KOMIIOHEHTOB BEKTOPa g(X) Ha I MO3MLMif IMPEACTaBIACT COOOH BEKTOp
g)=(gi,-g,,), Te i-mii cmpmr Muorownema g(x)=I+ xgi+...+x"'g.1 mpuBOmMT K
MHorouneny g(xX”)=xg(x) mod (x"-1).

ITpeanonoxmum, uto g(x)h(x)=x"-1, a g(x) K h(X) NOPOKIAOT COOTBETCTBEHHO Haeamst [ 1 [’

Torm
SRR £ QRS O S )
i O Sl o SECRT R OIETY O : an
0 00w
A his sh 2 0aps 000
go|® & - RERER RS G 0 210 : (12)
O O w O Ol & h;

¥ 1 mpon3BoMBHEIX g(x”) 1 A(X") cripaBe B0 paseHCTEO:
e(X”) h(x*?) =0 mod (x'-1), (d2)
rae i j € {I,..,n}. C yuetom Toro, yro Hax moieM GF(2) npoM3BeAEHHs MHOTOWICHOB K
BEKTOPOB HE COBMAJAIOT, I M06oro gel
H' =0, (14)
rae H wmatpuma oGpasyercd BEKTODOM k', conépxcanum KOMIIOHEHTHI h, 3alHCaHHBIE B
00paTHOM NOPSAMIKE CNICOBAHHA. : :

Crienyer MOMYEPKHYTh (YTO BAXHO JUIA NOCHEAYIOIIMX BHIBOJOB) CrpasefmBocTs (13) u
(14), mcxopAmeH M3 3aMKHYTOCTH MueanoB [ M [’ OTHOCHTENBHO BEKTOPHBIX LIKIHYECKHX
C/IBHTOB.

PaccMOTpHM COOTBETCTBYIOIMME MaTpHuc (6) KBanparTHEIC (TIOPAAKA 1) MAaTPMIBI, KOTODEIC
TIOPOXIAIOTCA MHOrO4JICHAaMH g(x) B h(x) (T.e. MHOTOYJIEHAMH, C NOMOIBIO K03 (hdHuMenTOB
KOTOPEIX oOpasyrotcs matpuum! (11) 1 (12)):
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A e O O
4 OSPeofit AN RO
0 0 0 O 2
(15)
Dl ey ® e @
s o 0 hy o My B o O
QRO IS S I ) IR X

rze j-biit cTonfen MaTpHuE! A; NMPeACTaBIAeT COGOH BEkTOp A'(j) B anrebpe MHOIOWIEHOB IO
Mogymo X" —1, i-Thle KOMTIOHCHTEI KOTOPOTO CyTh KOMIOHEHTH Bektopa A'(x) X, mpu i <j
uh’;=0,ccmm i > j.
Hcxons U3 BRICH3IOKEHHOrO (yuuThBas yenosue (10)) cneayer, uto
0, ecru i# J;

a2 / (16)

gl (j) =
1, ecau i=j;

rae h' T - BekTop-cToNGew, T.€. TPAHCTIOHHPOBAHHDIH BEKTOP /',
CrenoBaTeIbHO 0KA3aHa TeOpeMa:
TEQPEMA 3. ITycme g(x) u h(x) - MHo2041eHbl €OC c r u k Hao nonem

GF(2) 6 anze6pe MHozounenos no mooynio x"-1 maxue, umo g(x)h(x) =x"-1, a A; u A; - mampuyel

nopAdKka n, Komopsle nopodkoaiomcs MHozounenamu g(x) u h(x) (15), mozda A, u A,
83aumoobpamueie, m.e.
AlA=l, AAI=]
20e I - eQuHu4Has Mampuya.
3ameruM, YTO pa3paGoTaHbl M H3BCCTHBI  KOHCTPYKTHMBHBIC METOZBI  MOCTPOSHHL
MHOTOWIEHOB g(x) U h(x) B anre6pe MHOTOJICHOB 1O MOZYIIO X'-1 ¢ ycnosuem g(x)h(x)=x"-1.
KOTOPBIE CO3JAIOT HEOGXOMMMBIC NPEINIOCHUIKH ALl KOHCTPYKTHBHOH pEAHM3alMH METOZA.

HCXOIALIETO M3 TEOPEMBI 3.

O\
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SYNTHESIS OF A CRYPTOGRAPHIC METHOD WITH MATRICES DEFINED OVER
THE FINITE FIELDS
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An information security matrix method for symmetrical systems is developed based on
algebraic structures of coding theory. The synthesis of matrices opposite to n-dimensional

matrices defined over finite fields.
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Abstract. The technology of design of two-point boundary value problems for ordinary differential equations,
containing also boundary layer effects is elaborated, using [19,23,25,26]. The proposed methods essentially rcfine
and enlarge a class of algorithms for solving aforesaid problems. From these methods there follow also classical
methods, including methods of Collatz, Henrici, Marchuk, Schrider, Tikhonov-Samarskii, finite elements and
exponential fitted methods. Then the program part is realized in the form of package of applied programs consisting
of control program and modules. For fulfilling this work we followed the manual [2.12] with its software that was
kindly given to us by Gilbert. Some parts of this technology are s ically inculcated in hing pr and
not only in the basic courses and also in student’s course and diploma works at Iv. Javakhishvili Tbilisi State
University, Vekua Institute of Applied Mathematics, University of Delaware. Is created the program package on
Turbo Pascal7.0 for solving the boundary value problems for the second order ordinary linear differential equations
(fourth issue), [25].

The contents of the report besides the scientific side present an effective manual, realizing purposes, which are
stipulated in teaching processes for high school and in practice.

INTRODUCTION

A purpose of the present paper is to suggest a new technology of design of a class of
boundary value problems (BVPs) for the second order ordinary differential equations, introduced
in educational processes of a number of universities. We will present here also the manuscript-
manual as the enlarged version of this report, using essentially the structure of the books
[2,6,12].

We note also, that a class of studied BVPs, presented below is chosen for an illustration of the
methodology, however, a more general case is considered in [22,24,25].

Let us consider BVPs for the second order non-linear ordinary differential equations

(k(x)y'(x)) = f(x.y(x),y'(x)), k(x)>0, 0<x<1, 0
with the boundary conditions
¥0)-ky(0)=a, k 20,
y)+k,y'(1)=B, k,20.

The problems connected with our technology of design are studied for the following
subclasses of BVPs (1)-(2):

1.Picard-Banach type conditions are satisfied; 2.The maximum pronciple is fulfilled.

These subclasses of BVPs, having uniqueness solutions, are important for practice also. This
problem of solvability is studied, in particular, in [3,16,17,19,20] and [1,3,5,6,10,11]
correspondingly.

We note, that for constructiong Tikhonov-Samarskii schemes [18] it is necessary to compute
multiply integrals while by the works of Volkov [28] for getting p-th order (p>2) of

2)

exactness with respect to 4 of three-point schemes it is necessary to compute the derivatives of
P —2 order from the given data of BVP (1)-(2).
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1. BVPS OF THE PICARD-BANACH TYPE

For this class the numerical methods, presented, for instance, in the works [3,17], are usually
supported on a construction of a difference analogue of the Green function and the solution is
found using the fixed-point theorem. The corresponding iterative scheme has the form:

) _ o flm1) - 3)
Y glg*f, +1(0,B) i=12,.,N,

where #=1/N is a step of the mesh, g, are values of the discrete Green function, /,(o.,B)

are corresponding functionals, satisfying the boundary conditions (2), y{™’

i are values of te
unknown function y in X;-mesh point on the m-th iteration. An exactness if schemes
according to [3,17] have second order, if the iteration process (3) is convergent and of

y€ C*[0]1]. From the expression (3) it evidently follows that for constucting approximate

solution it is necessary to do = N?/nN arithmetical operations (as is well known that
= Jn N operations is the number of iterations).

In the works of Vashakmadze [19,20] there are considered problems of numerical solutions
of the Picard-Banach type subclasses of BVPs. The remainder terms of the corresponding
schemes are O(N~"*?), if ye CP[0]1],(p=4). For =4 the result with respect to an
order of convergence is similar to those of classical methods [3,17], but the order of an
arithmetic operations is minimal = N In N . This order for an estimate of arithmetical formulac
are presented in details in [19,20,23] or in the aforesaid manuscript.

2. BVPS SATISFYING THE MAXIMUM PRINCIPLE

The constructions of an approximate solution of this subclass By ‘the finite-difference or
varational-difference (i.e., Finite Elemet) methods represents classical part of numerical analysis
and are studied, for example, in [1,3,5,6,7,10,11,13,14,16,28, etc]. If for the most of these works
the coresspondingly schemes have the second order of accuracy, in the monographs having the
fourth order of approximation are also investigated.

We remind that for this subclass satisfying the maximum principle the following conditions
are true: the function f is independent of y' and f, =df /dy 2 0 are fulfiled.
In the most well known manuals referenced above this case is investigated, when the left hand
side is approximated by the three-point scheme or the veriational difference method, giving,the
three point template. As is known these schemes have the second order of exactness on /., if

ye C*(01)or the fourth order with respect to A, if the unknown function Wx) is
continuously differentiable up to the sixth order. For the lincar BVPs, when k(x)=1, are
investigated in [18,28] the three-point schemes of the high degree of exactness for this subclass.
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In the works of Vashakmadze [19-21,22], when initial BVPs are lincar and the weight &(x)
is a positive differcntiable function on (0,1), the corresponding schemes are constructed by the
special class of spline-finctions named as (P) and (Q) formulae, different from the
correspoinding systems of the coordinate functions constructed in [4,9,13,15,etc]. (P) and Q)
formulae have also an arbitrary order of exactness depending on the smoothness of y(x) and
requiring neither calculating the multiply integrals, nor computing derivatives from the given
data of initial BVPs (1)-(2) unlike works [18,28]. For non-linear problems in case fy <n’-¢
the Belman-Kalaba iterative scheme [1,25] is applied. The suggested schemes for p=2
coincide with the results of Henrichi [10].

In [26], when BVPs (1)-(2) is linear with k = const small positive parameter, using (P) and
(Q) formulae, we investigated this problem. At first we considered this problem with a view of
the theory of differential equations, according to the work of Viskik and Lusternik [27]. Then we
constructed high accuracy multi-point schemes, created the corresponding software and did the
numerical experiments. The process of comparision with methods from the monograph of
Doolan, Miller and Schilders [7] had been done. The scheme of [26] is also true in a more
general case, when k7 (x) non-negative function is integrable with (2) boundary conditions.

using data of [21,25].

3. DESCRIPTION OF PROGRAMM COMPLEXES

There is created the programm package, written in the programming language Turbo Pascal
7.0 for the resolution of the second order ordinary differential equations.

The programm modules are written on the base of new, high accuracy algorithms developed
in [19], [21], [23] or [25] and are intended to solve the following problems:

Y'(x)= f(x9(%)) 2
V'(x)-q(x)y(x)=f(x), 0<x<l, ®)
Y'(x)=f(x.y(x),y'(x)), 0<x<L, (@
&)"(x)—q(x)y(x)=f(x), 0<x<l @
with boundary comditions (2) when K, =0, . ;
Y'(x)=q(x)y(x)= f(x), 0<x<l, (@)

with  boundary conditions  (2), where y( x). is unknown function and
q(x), f(x), f(x.y(x)), f(x y(x),y'(x))satisfy conditiones given in [25]), € is a small

positive parameter.

N\

N

iddiddd
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Package consists of five units, cach of them separately solving (), (b), (¢), (d) and (e)
problems and onc main program, called MAIN.PAS, which enables choice of which problem is
to be solved.

Each module uses the program, written by T. Zarqua, for reading the function from screen
and counting its value in requested value of arguments. Thus, it is possible to enter the
prescribed q(x), f(x), f(x,¥(x)), and f(x,y(x),y (x)) functionsfrom the screen using the
keyboard. The unit is caleed GAMOTVLA.TPU.

The first module PROGRAMI.TPU is soving problem (a) usinf (P) formulae from [25].
Procedure PROI is executing its numerical resolution.

The second module is PROGRAM2.TPU. It is counting approximate solution of the problem
(b) by means of algorithms claborated in [25]. The main procedure is PRO2.

The third one is solving problem (c), PROGRAM3.TPU, containing procedure PRO3.

The fourth is for the resolution (d) is named PROGRAM4.TPU, procedure is PRO4.

All these units require input data: boundary conditions y0 and yl1 values; s numbers for the
calculation of boundary knots, & ,7 - number of points, # number of knots for the calculation of
approximate value of integrals in formula for b,;, and ¢, coefficients ([25]); Output is value of
approximate solution y/i], i =12,..2ks.

The fifth program module PROGRAMS.TPU is solving (e) problem, the main procedure is
MP_MET MP-Met calls the procedures L1, BIJ, FUN_Q_F, AlJ, SOLSYST, GRAPHIC. LIJ
computes the Lagrange polynomials. BIJ computes coefficients by as b[i,j]. FUN.QF
computes g(x) and f(x). Al forms the matrice of coefficients @, of the multi-point method
from [25] which has a tape structure. The matrix a;, i, j=2..n, is written to memory of the
computer in the rectangle form as afi]*[ j], j=2,..25+3,i=2,..,n. Beginning with row
$+3 the elements of the matrix are stored in memory of the computer beginning with the first
column, ie. @,;,, i=5+3,.,n=5+1and @, ,,,, i=n—S+ 2,..,n will be stored it the first
column, SOLSYS solves the obtained algebraic system by the Gauss exception method. As a
consequence values f0/i],i=2,.n are obtained. GRAPHIC constructs graphics of the
obtained solution y/i],i = 2..n with the boundary conditions 0 and 1.

The corresponding programm package represents complete, independent product ready for
users.
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'AIMS AND SCOPE

The Journal Proceedings of Javakhishvili Tbilisi State University publishes original
articles on Applied Mathematics, Computer Sciences, Linguistics and their application to scie
Subject areas are very vast and include initial-boundary value problems for ordinary and pa
differential equations and integral equations, appearing in applied mathematics and mathemati
physics, theoretical contributions, numerical algorithms and computer simulations etc. all the
concerning applied mathematics, computer sciences and linguistic theme. The journal will
concentrate on the interaction between different fields of mentioned disciplines. In this connection
journal will appreciate survey papers for publication. Ak ;

NOTES FOR CONTRIBUTORS

Manuscripts, as Word files, may be sent to the Editor-in-Chief by e
vasha@viam.hepi.edu.ge. Besides the electronic version of the manuscript, one hard copy
signature of one author should be submitted to the Editor-in-Chief: I. Vekua Institute of A
Mathematics, University St. #2, Thilisi, Georgia. :

Submission of manuscript is welcome provided that: :

® this manuscript, or any translation of it, has not been copyrighted or previously
and is not under consideration for publication elsewhere

Manuscripts should be written in English, Georgian, German, French, Italian, Russ
languages. Each article should have abstracts in Georgian and English languages. ‘The ler
is normally limited to 10 standard Word pages (format: A4, font size: 11pt,
4.25cm, Inside: 3.3cm, Outside: 2.7cm). Publication of the papers that exceed
on a special decision of the Editors. R
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