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winasityvaoba 

Teoriuli meqanika aris mecnierebis dargi, romelic 
swavlobs nivTieri sxeulebis meqanikur moZraobas da ad-
gens am moZraobis zogad kanonebs. 

Teoriuli meqanika Tavisi safuZvlebidanve mWidrod 
aris dakavSirebuli teqnikasTan. igi iqmneboda da viTar-
deboda teqnikis ganviTarebasTan erTad. teqnikis ganviTa-
reba sul axal-axal amocanebs ayenebda meqanikis winaSe, 
rac xels uwyobda TviT meqanikis GganviTarebas. Tavis 
mxriv, meqanikac did zegavlenas axdenda da xels uwyobda 
teqnikur progress.  

Teoriuli meqanika aris erT-erTi is fundamenturi 
sagani, romelzec dafuZnebulia Tanamedrove teqnikis yve-
la dargi. 

Teoriul meqanikas erT-erTi wamyvani adgili ukavia 
da warmoadgens Teoriul bazas iseTi teqnikuri sagnebi-
saTvis, roforicaa masalaTa gamZleoba, meqanizmebisa da 
manqanebis Teoria, drekadobisa da plastikurobis Teoria, 
samSeneblo meqanika, hidroaeromeqanika da mravali sxv. 

rogorc yovel mecnerebas, Teoriul meqanikasac kvle-
vis safuZvlad udevs dakvirveba, cda, praqtika. Teoriul 
meqanikaSi farTod gamoiyeneba maTematikuri meTodebi, ab-
straqtuli (ganyenebuli) cnebebi, movlenaTa modelebi, 
logikis kanonebi. 

Teoriul meqanikaSi SemoRebuli TiTqmis yvela saw-
yisi cneba arsebiTad warmoadgens garkveul abstraqcias 
an models. maTi SemoRebisas gaTvaliswinebulia is Ziri-
Tadi, ganmsazRvreli, rac arsebiTia gansaxilvel meqani-
kur moZraobaSi. Aase, magaliTad, realuri nivTieri sxeu-
lis magivrad meqanikaSi ganixilaven mis iseT abstraqtul 
models, rogoricaa nivTieri wertili, absoluturad mya-
ri sxeuli da sxv. Mmxolod aseT modelebze agebuli meqa-
nikisaTvis SeiZleba SemuSavdes is meTodebi, romlebic sa-
Sualebas iZlevian SeviswavloT realuri obieqtebis moZ-
raoba. Semdeg miRebuli Teoriuli Sedegebi mowmdeba cdiT, 
praqtikiT.  
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Teoriuli meqanikis sakiTxebi cnobilia uZvelesi 
droidan. 

jer kidev aristotele (ΙV s. Cv. er-de) icnobda Teo-
riuli meqanikis zogierT kanons. masve ekuTvnis sagnis sa-
xelwodebis - ,,meqanikis” – SemoRebac. Mmeqanikis kanonebis 
dasadgenad maTematikuri kanonebis gamoyenebas yvelaze ad-

re berZenma arqimedem (287-212 Cv. er-de) mimarTa. Mmeqanikis 
swrafi ganviTareba iwyeba aRorZinebis xanaSi. igi dakavSi-

rebulia italiel leonardo da vinCis (1452-1519), polone-

li nikoloz kopernikis (1473-1543), germaneli iohan keple-
ris (1571-1630) da sxvaTa saxelebTan. am mecnierebis mier 
miRebulma Sedegebma moamzades safuZveli meqanikis, ro-
gorc mecnierebis, Semdgomi winsvlisaTvis. dinamikis, ro-
gorc mecnierebis, SeqmnaSi didi wvlili miuZRvis itali-
el mecniers Ggalileo galileis (1564-1642). klasikuri me-
qanikis safuZvlebi Camoayaliba da sistematurad daamuSava 
ingliselma mecnierma isaak niutonma (1643-1727), romelmac 
Tavis wignSi ,,naturaluri filosofiis maTematikuri saw-
yisebi” mogvca klasikuri meqanikis ZiriTadi kanonebi. 

XVΙΙΙ s-is Teoriuli meqanikis ganviTareba xasiaTdeba 
ori ZiriTadi TvisebiT: pirvelia misi maTematizacia: meqa-
nikis yvela kanoni da ZiriTadi debuleba gamohyavdaT ma-
Tematikuri analizis meTodiT. Jozef-lui lagranJi (1736-
1813) imasac ki amTkicebda, rom misi meqanika warmoadgens 
maTematikuri analizis axal Tavs. Mmeorec, ZiriTadi de-
bulebebi fizikurad ar zustdeboda: ra aris Zala – ganu-
sazRvreli rCeboda, gars uvlidnen am cnebas;Bbmebi CaT-
vlili iyo idealurad; sayrdeni zedapirebi – xaxunis ga-
reSe; Rero da Toki – uwonadi. 

meqanikis sakiTxebis Seswavla analizuri meTodebis 
gamoyenebiT daiwyo Sveicarielma Lleonard eilerma (1707-
1783). meqanikis Semdgom ganviTarebaSi didi mniSvneloba 
hqonda frangi mecnierebis Jan leon dalamberis (1717-1783) 
naSroms ,,traqtati dinamikaSi” da lui lagranJis naSroms 
,,analizuri meqnika”. 

gansakuTrebiT aRsaniSnavia lagranJis naSromi gad-
mocemis originalobiTa da meTodebis erTianobiT. am naS-
romis SesavalSi lagranJi wers: ,,ukve arsebobs mravali 
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traqtati meqanikaSi, magram Cemi traqtati sruliad axalia. 
me miznad davisaxe meqanikis Teoria da masTan dkavSirebu-
li amocanebis amoxsnis meTodebi miviyvano saerTo formu-
lebze, romlis martivi gafarToeba iZleva yvela im for-
mulas, romelic saWiroa TiToeuli amocanis amosaxsne-
lad”. lagranJma Seqmna analizuri meqanikis mwyobri sis-
tema. 

umaRles teqnikur saswavleblebSi Teoriuli meqanika 
teqnikuri sagnebis uSualo dasayrdenia. Aamave dros cno-
bilia, rom Tavisi specifikurobis da sirTuleebis gamo 
zogadad Teoriuli meqanikis, gansakuTrebiT ki misi praq-
tikuli nawilis Seswavla sakmaod rTulia; ramdenadac am 
sagnis Teoremebis dazepireba SesaZlebelia, imdenad Zne-
lia maTi gamoyeneba praqtikuli amocanebis gadasawyvetad. 

amas emateba umaRles saswavleblebSi saswavlo kur-
sisaTvis gamoyofili saaTebis raodenobis simcire. Aam siZ-
neleTa gadalaxva Sesalebelia, Tu Seiqmneba meqanikaSi 
amoxsnili amocanebiT iseTi tipis saxelmZRvanelo, rome-
lic Sualeduri da damakavSirebeli iqneba sagnis Teori-
ul kurssa da amocanaTa krebuls Soris da romelic da-
exmareba  dainteresebul pirebs Teoriuli meqanikis amo-
canebis amoxsnis meTodebis gamomuSavebaSi. 

aqve unda aRiniSnos, rom winamdebare krebulSi dina-
mikis amocanebis amoxsnebis procesSi intensiuradaa gamo-
yenebuli umaRlesi maTematikis iseTi fundamenturi sakiT-
xebi, rogoricaa diferencialuri da integraluri aRric-
xva, erTgvarovani da araerTgvarovani wrfivi diferen- ci-
aluri gantolebebi da sxv. umaRlesi maTematikidan am sa-
kiTxebis codnis gareSe SeuZlebelia amocanebis amoxsne-
bis procesis srulyofilad gacnobiereba. 

Teoriuli meqanikis Sesaswavlad didi mniSvneloba 
aqvs studentebis mier Teoriis sakiTxebTan erTad praqti-
kuli amocanebis damoukideblad amoxsnis  dauflebas. 
swored am amocanas emsaxureba am krebulSi Setanili me-
Toduri miTiTebebi. 

winamdebare krebulSi warmodgenilia amocanebi, rom-
lebic sakmaod asaxaven umaRles teqnikur saswavleblebSi 
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Tanamedrove saswavlo programebiT gaTvaliswinebuil Te-
matikas. Yyovel Temaze krebulSi moyvanilia amocanis daw-
vrilebiTi amoxsna saWiro meToduri miTiTebebiT. 

yoveli Temis dasawyisSi mokled Camoyalibebulia Te-
oriis ZiriTadi sakiTxebi da mocemulia Sesabamisi formu-
lebi. Amocanis garCevamde da amoxsnis dawyebamde saWiroa 
studentma aucileblad Seiswavlos Teoriuli kursis Se-
sabamisi sakiTxebi, vinaidan am krebulSi moyvanili mokle 
Teoriuli cnobebi ver Secvlian Teoriul saxelmZRvane-
los. sasurvelia amocanebis amoxsna warmoebdes rekomen-
debuli mimdevrobiT da gaTvaliwinebuli iqnes Sesabamisi 
meToduri miTiTebebi. 

ukanasknel aTwleulebSi  mniSvnelovnad  gaizarda 
amoxsnili amocanebis krebulebis gamocemaTa raodenoba 
fizikaSi, maTematikaSi da meqanikaSi umaRlesi teqnikuri 
saswavleblebis studentebisaTvis. es ganpirobebulia ba-
zis Seqmnis aucileblobaze damoukidebeli muSaobisas 
grafikuli gaangariSebisa da sakontrolo samuSaoebisaT-
vis drois Semcirebis gamo. meqanikis mravali dargis amo-
cana, romelTa amoxsna moiTxovs didi drois daxarjvas, 
ar SeiZleba detaluri ganxilvis gareSe saWiro xarisxiT 
damuSavdes praqtikul mecadineobaze, ris Sedegadac SeuZ-
lebeli xdeba  Teoriuli meqanikisa da mTlianad misi cal-
keuli ganyofilebebis rTuli masalis aTviseba  

dinamika warmoadgens Teoriuli meqanikis yvelaze uf-
ro rTul nawils. nivTieri wertilis dinamikas aqvs pir-
velsawyisi mniSvneloba niutonis veqtoruli dinamikis ga-
sagebad, vinaidan masSi TvalsaCinod ganixileba meqanikis 
ZiriTadi Teoremebis gamoyeneba. Mmyari sxeulis meqanika, 
misi modelebi, principebi, kanonebi warmoadgenen yvela mi-
marTulebis inJinrebis momzadebis fundaments, gansakuT-

rebiT manqanaTmSeneblobis, xelsawyoTmSe-neblobis, samSe-
neblo da energetikis specialistebisaTvis. Mmocemuli gan-
yofilebis amocanebi umeteswilad Seesabamebian im amoca-
nebs, romlebis amoxsnac uxdebaT inJinrebs maTi praqtiku-
li moRvaweobisas. saswavlo masalis aTvisebis xarisxi 
uSualod damokidebulia amoxsnili amocanebis raodeno-
baze da mravalsaxeobaze. 
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i.v. meSCerskis amocanaTa krebuli warmoadgens sakma-
od cnobil damxmare saswavlo saxelmZRvnelos Teoriul 
meqanikaSi, romelmac gauZlo aTeulobiT gamocemas msof-
lios mraval qveyanaSi, romlebic dResac farTod gamoi-
yeneba teqnikuri ganxris umaRles saswavlo dawesebule-
bebSi. Aam krebulisPpirveli damxmare saxelmZRvanelo 
amoxsnili amocanebiT gamocemuli iqna 1963 wels germani-

aSi (H. Neuber, Losungen  zur  Aufgabensammlung  Mestscherski, 1963, 
DVW, 465 S.). Tumca Semdgom krebuli mravaljer xelaxla 
gamoica, amasTanave is swordeboda da ivseboda. 

SemoTavazebul damxmare saxelmZRvaneloSi mocemu-
lia yvela amocanis amoxsna i. v. meSCerskis krebulis ,,di-

namikis” ganyofilebidan (Мещерский И. В.  Сборник задач по 
теоретической механике/ И. В. Мещерский, 36-е изд., испр. М.: Наука, 
1986). agreTve qarTul enaze Targmnili: i.v. meSCerski, ,,Te-
oriuli meqanikis amocanaTa krebuli”, Tbilisi, 1963.  

winamdebare damxmare saxelmZRvanelos pirveli nawi-

li Seicavs ,,nivTieri wertilis dinamikis” IX Tavis amoca-
nebs ($ 26-33). amocanebis amoxsna moyvanilia dawvrilebiTi 
axsna-ganmartebiT, rac gansakuTrebiT mniSvnelovania da-
moukidebeli muSaobisaTvis. Yyoveli paragrafis dasawyis-
Si mocemulia ZiriTadi Teoriuli debulebebi da meTodu-
ri miTiTebebi dawvrilebiTi axsna-ganmartebiT. Orogorc 
wesi, amoxsnas Tan sdevs naxazi, romelzec miTiTebulia 
moqmedi Zala, siCqare, aCqareba. 

aRsaniSnavia, avtorTa jgufis sxvadasxva universite-
tebSi `Teoriuli meqanikis” kursis swavlebis didi gamoc-
dileba. iv. javaxiSvilis saxelobis Tbilisis saxelmwifo 
universitetSi, saqarTvelos teqnikur universitetSi, n. 
musxeliSvilis saxelobis quTaisis politeqnikur insti-
tutSi, a. wereTlis saxelobis quTaisis saxelmwifo uni-
versitetSi, i. gogebaSvili saxelobis Telavis saxelmwi-
fo universitetSi, saqarTvelos saaviacio universitetSi, 
daviT aRmaSeneblis saxelobis saqarTvelos erovnuli 
Tavdacvis akademiaSi, saqarTvelos agrarul univesritet-
Si, baTumis saxelmwifo sazRvao akademiaSi, m. Llomonoso-
vis saxelobis moskovis saxelmwifo universitetSi, lenin-
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gradis samSeneblo sainJinro institutSi, n. baumanis saxe-
lobis moskovis saxelmwifo teqnikur universitetSi, 
sankt-peterburgis saxelmwifo arqiteqturul-samSeneblo 
universitetSi, vladimiris saxlmwifo universitetSi.  

avtorebi madlierebis grZnobiT arian gamsWvalulni 
recenzentebis: iv. javaxiSvilis saxelobis Tbilisis sa-
xelmwifo universitetis meqanikis kaTedris gamges, i. veku-
as saxelobis gamoyenebiTi maTematikis direqtors, fizika-
maTematikis mecnierebaTa doqtors, profesor giorgi ja-
ins, saqarTvelos teqnikuri universitetis sainJinro meqa-
nikisa da mSeneblobis teqnikuri eqspertizis departamen-
tis ufross, pedagogikis mecnierebaTa doqtors, teqnikis 
mecnierebaTa doqtors profesor tariel kvicians, a. we-
reTlis saxelobis quTaisis saxelmwifo universitetis ga-
moyenebiTi meqanikis departamentis ufross, teqnikis mecni-
erebaTa doqtors, profrsor omar kikviZes, saqarTvelos 
erovnuli universitetis profesors  teqnikis mecniereba-
Ta doqtors, Tamaz obgaZes. romelTa saqmianma SeniSvnebma 
da miTiTebebma srulyo wigni.  

avtorebi agreTve madlierni arian qalbaton TinaTin 
maRraZis, gamomcemloba `universali~-s direqtoris baton 
goCa xarebavas xelmZRvanelobiT, romelTa Tavdauzogavi 
Sromis Sedegad srulyofil iqna saxelmZRvanelo.  Semo-
Tavazebuli damxmare saxelmZRvanelo dagexmarebaT praq-
tikuli mecadineobis Catarebis meTodikis srulyofaSi. 
profesors SeuZlia SesTavazos studentebs garkveul Te-
maze praqtikuli mecadineobisaTvis mzadebisas damoukideb-
lad gaecnos zogierTi amocanis amoxsnas, xolo Semdeg 
mecadineobis procesSi amoxsnas analogiuri amocanebi. 

winamdebare saxelmZRvanelo krebuli avtorTa pirve-
li mokrZalebuli cdaa. Aamitom, mkiTxvelis yoveli safuZ-
vliani SeniSvna da winadadeba madlierebiT iqneba gaTva-
liswinebuli avtorebisagan. 
 
redaqtori profesori gela yifiani  

E-Mail: gelakip@gmail.com; g.kipiani@gtu.ge  
 599106263, 591801188 
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X. Mmeqanikuri sistemis dinamika 
 

 

$34. masaTa geometria. meqanikuri sistemis 

masaTa centri. sxeulebis inerciis momentebi. 

 
 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 

  meqanikuri sistema an materialur wertilTa  sistema ewodeba maT 
iseT erTobliobas, romlis drosac TiToeulis mdebareoba da mo-
Zraoba damokidebulia danarCeni wertilebis mdebareobasa da mo-
Zraobaze. amitom  materialuri sxeuli, maT Soris absoluturad mya-
ri sxeulic, SegviZlia ganvixiloT rogorc materialuri nawilakebis 
sistema, romlebisaganac Sedgeba es sxeuli. Tavis mxriv, erTmaneTTan 
dakavSirebuli absoluturad myari sxeulebis erTobliobac aris 
meqanikuri sistema. 

meqanikuri sistemis moZraobis gamokvlevisas unda gaviTvalis-
winoT  sistemis yvela wertilis masebis ganawilebis xasiaTi.  
     masebis ganawilebis dasaxasiaTeblad gamoiyeneba iseTi cnebebi, 
rogorebicaa meqanikuri sistemis masaTa centri, polaruli, RerZuli, 
sibrtyiTi da centridanuli momentebi. 
       Tu meqanikuri sistemis moZraoba Seiswavleba dekartes koor-
dinatTa sistemis mimarT, maSin am meqanikuri sistemis masaTa centri  
warmoadgens geometriul wertils koordinatebiT: 
 

                    

{
 
 

 
 𝑥𝑐 =

∑𝑚𝑘𝑥𝑘

∑𝑚𝑘

𝑦𝑐 =
∑𝑚𝑘𝑦𝑘

∑𝑚𝑘

𝑧𝑐 =
∑𝑚𝑘

∑𝑚𝑘

,              (34.1)    

sadac 𝑚𝑘- 𝑘-uri wertilis (an sxeulis) masaa, xolo 𝑥𝑘, 𝑦𝑘 , 𝑧𝑘-uri 

wertilis   an meqanikur sistemaSi Semavali 𝑘-uri sxeulis simZimis 
centris koordinatebi. 
  meqanikuri sistemis yvela wertilis an sxeulis masebis jami aris 

meqanikuri sistemis masa  𝑀, e.i.   

𝑀=∑𝑚𝑘 . 
   Tu meqanikuri sistema warmoadgens uwyvet sxeuls, maSin 

   
                    𝑀 = 𝜌𝑉,                     (34.2) 
sadac  𝜌-sxeulis moculobiTi simkvrivea, 𝑉-misi moculoba. 
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  Tu masa ganawilebulia zedapirze (farTobze), maSin SemoaqvT 
zedapiruli simkvrivis cneba:  
                      𝜌 = 𝑀

𝑆
,                  (34.3) 

sadac   𝑆 -zedapiris farTobia. 
     grZeli Txeli sxeulebisaTvis (ReroebisaTvis) SemoaqvT wrfivi 

simkvrivis cneba: 
                       𝜌 = 𝑀

ℓ
,                 (34.4) 

sadac ℓ  - 𝑀 masis Reros sigrZea. 
    es sidideebi gamoiyenebian  inerciis momentebis gamoTvlisas. 
  myari sxeulis inerciis momenti raime  RerZis mimarT ewodeba 
sxeulis wertilebis masebisa da am RerZamde Sesabamisi manZilebis 

kvadratebis namravlTa jams. magaliTad, 𝑧 RerZis mimarT inerciis 
momenti  ase aRiniSneba: 

                     𝐼𝑧 = ∑𝑚𝑘ℎ𝑘
2.               (34.5) 

    (34.5) formulaSi ℎ𝑘 SeiZleba gamoisaxos  𝑘-uri wertilis 
koordinatebiT, maSin sxeulis inerciis momentebi dekartes 
sakoordinato RerZebis mimarT miiRebs saxes: 

                  {
𝐼𝑥 = ∑𝑚𝑘(𝑦𝑘

2 + 𝑧𝑘
2),

𝐼𝑦 = ∑𝑚𝑘(𝑥𝑘
2 + 𝑧𝑘

2),

𝐼𝑧 = ∑𝑚𝑘(𝑥𝑘
2 + 𝑦𝑘

2).

           (34.6) 

 (34.5) da (34.6) formulebi samarTliania rogorc myari 
sxeulebisaTvis, aseve nebismieri nivTier wertilTa sistemisaTvis. 
  Uuwyveti sxeulis SemTxvevaSi mas yofen elementarul nawilebad, 
xolo (34.6) formulebSi jamebis gamoTvla zRvarSi daiyvaneba 
gansazRvruli integralis gamoTvlaze. amasTan, imis mixedviT, Tu 
geometriis TvalsazrisiT ras warmoadgenen sxeulis elementaruli 
nawilebi SeiZleba iyos Semdegi saxis jeradi-samjeradi, orjeradi an 
Cveulebrivi erTjeradi integralebi: 

                                                    𝐼𝑧   = ∫ ℎ2

(𝑉),(𝑆),(ℓ)

𝑑𝑚,                             (34.7)  

 

romlebic gamoiTvleba mTels 𝑉  moculobaze, mTels 𝑆 farTeulze  

an sxeulis mTel ℓ sigrZeze..  maSin sxeulis elementaruli nawilis  
masa Sesabamisad gamoiTvleba tolobebiT: 

𝑑𝑚 = 𝜌𝑑𝑉, 
𝑑𝑚 = 𝜌𝑑𝑆, 
𝑑𝑚 = 𝜌𝑑ℓ. 

Mmyari sxeulis inerciis momenti  𝑧 RerZis mimarT gamoiTvleba 
formuliT: 
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                                𝐼𝑧 = 𝑀𝑖𝑧
2,                           (34.8) 

sadac  𝑖𝑍 an 𝜌𝑍  sxeulis inerciis radiusia RerZis mimarT. 
  sxeulis inerciis radiusi RerZis mimarT warmoadgens manZils am 
RerZidan sxeulis im wertilamde, romelSic unda movaTavsoT 
sxeulis masa imisaTvis, rom am erTi wertilis inerciis momenti 
toli iyos mTeli sxeulis inerciis momentisa. 
  Ddaskvnis saxiT aRvniSnoT, rom RerZuli inerciis momenti 
warmoadgens myari sxeulis inertulobis sazoms misi brunviTi 
moZraobisas. 
  sibrtyiTi inerciis momentebi- es aris skalaruli sidideebi, 
romlebic tolia sxeulis yvela wertilis masisa da am 
wertilebidan Sesabamis sibrtyeebamde manZilebis kvadratebis 
namravlTa jamis. 
   dekartes koordinatTa sistemis SemTxvevaSi sibrtyiTi inerciis 
momentebi  ganisazRvrebian formulebiT: 
 

                               {

𝐼0𝑥𝑦 = ∑𝑚𝑘𝑧𝑘
2,

𝐼0𝑦𝑧 = ∑𝑚𝑘𝑥𝑘
2,

𝐼0𝑧𝑥 = ∑𝑚𝑘𝑦𝑘
2.

                    (34.9) 

  
 inerciis  polaruli momenti- sxeulis inerciis momentia 
koordinatTa saTavis mimarT   

                   𝐼𝑜 = ∑𝑚𝑘(𝑥𝑘
2 + 𝑦𝑘

2 + 𝑧𝑘
2),           (34.10)                          

(34.6) da (34.10) formulebidan gamomdinareobs, rom                                                    

                        2𝐼𝑜 = 𝐼𝑥 + 𝐼𝑦 + 𝐼𝑧.                         (34.11) 

Tu myari sxeuli simetriulia sakoordinato RerZebis mimarT da 

                𝐼𝑥 = 𝐼𝑦 = 𝐼𝑧 = 𝐼𝑜𝑐,                
rasac adgili aqvs sferuli sxeulebisaTvis, maSin                 

                 2𝐼𝑂 = 3𝐼𝑜𝑐,                    
saidanac 

                 𝐼𝑜𝑐 =
2

3
 𝐼𝑂,                   (34.12)               

sadac  𝐼𝑜𝑐-inerciis RerZuli momentia. 
    moviyvanoT formulebi zogierTi erTgvarovani sxeulebisaTvis: 

𝑀   masis  და  𝑅 radiusis Txeli  disko (nax.34.1) 

𝐼𝑥 = 𝐼𝑦 =
𝑀𝑅2

4
, 
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𝐼𝑧 = 𝐼𝑥 + 𝐼𝑦 =
𝑀𝑅2

2
 

 

 
 
 
 
                                                 
 
 
 
 
 
 
 
 
         Nnax. 34.1 
 
 
                                              nax.34.2 
 

𝑀   masis   wriuli cilindri, romlis  fuZis radiusia 𝑅 da 
simaRle   (nax.34.2) 

𝐼𝐶𝑧 =
𝑀𝑅2

2
, 

𝐼𝐶𝑥 = 𝐼𝐶𝑦 =
𝑀𝑅2

4
+
𝑀ℎ2

12
. 

 

    𝑀 masis  da   ℓ sigrZis Txeli Rero (nax. 34.3). Reros inerciis 

momenti mis erT-erT bolo wertilis ( an  𝐴,  an 𝐵 ) mimarT: 

 𝐼𝐴 = 𝐼𝐵 =
𝑀ℓ2

3
, xolo masaTa centrze gamavali sakoordinato 

RerZebis mimarT: 

  𝐼𝑧 = 𝐼𝑥 =
𝑀ℓ2

12
, 

 

       𝐼𝑦 = 0. 
 
 
 
   
 
                                           nax. 34.3 
 
 

 

 

 

 

 
𝑧 

𝐂 • 

𝑥 

𝑦 

𝑅 

ℎ/2 

ℎ/2 

𝑧 

𝐂 • 

𝑥 

𝑦 

ℓ/2 ℓ/2 
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  𝑀 masis    wriuli konusi, romlis fuZis radiusia 𝑅  (nax.34.4) 
 
 
 
 
 
 
 
 
 
 
 
 
 
         nax.34.4                              nax.34.5 
 

𝐼𝐶𝑧 =
3

10
𝑀𝑅2 

 
sfero(nax.34.5) 

 𝐼𝑂𝐶 = 𝐼𝑥 = 𝐼𝑦 = 𝐼𝑧 =
2

5
𝑀𝑅2,    

𝐼𝑂 =
3

2
𝐼𝑜𝐶 = 

3

5
𝑀𝑅2. 

                                                 
marTkuTxa Txeli firfita( nax.34.6) 
 

              𝐼𝐶𝑥 = 
𝑀𝑏2

12
, 

 

             𝐼𝐶𝑦 = 
𝑀𝑎2

12
, 

 
 
                                            
                                      
                                                 nax.34.6 
 

 𝐼𝐶𝑧 = 𝐼𝐶𝑥 + 𝐼𝐶𝑦 =
𝑀(𝑎2 + 𝑏2)

12
. 

                                                
  sxeulis inerciis momenti RerZis mimarT, iseve rogorc masaTa 
centri, srulad ver axasiaTeben  masebis ganawilebas. kerZod, masebis  
ganawilebis es maxasiaTeblebi ver iTvaliswineben asimetrias mis 
ganawilebaSi. amitom damatebiT maxasiaTeblebad, romlebic 

 

 

 

C • 

 

𝑂 • 

𝑅 

𝑥 

𝑦 

𝑧 

• 

𝑏/2 𝑥 

𝑦 

𝑧 

𝑎/2 

𝑎/2 

𝑏/2 

𝐶 
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iTvaliswineben masebis ganawilebaSi asimetrias, SemoaqvT inerciis 
centridanuli momentebis cnebebi. 
   inerciis centridanuli momentebi  ganisazRvrebian sakoordinato 
RerZebis wyvilebis mimarT formulebiT: 

                                  {

𝐼𝑥𝑦 = ∑𝑚𝑘𝑥𝑘𝑦𝑘 ,

𝐼𝑦𝑧 = ∑𝑚𝑘𝑦𝑘𝑧𝑘,

𝐼𝑧𝑥 = ∑𝑚𝑘𝑥𝑘𝑧𝑘

                (34.13)                                      

an (34.7)  formulebis analogiurad uwyveti sxeulebisaTvis 
                             

𝐼𝑥𝑦 = ∫ 𝑥𝑦𝑑𝑚,   

(𝑉),(𝑆),(ℓ)

𝐼𝑦𝑧 =

= ∫ 𝑦𝑧𝑑𝑚,   𝐼𝑧𝑥 = ∫ 𝑧𝑥𝑑𝑚,              (34.14)

(𝑉),(𝑆),(ℓ)(𝑉),(𝑆),(ℓ)

 

 
    inerciis centridanuli momentebi RerZuli momentebisagan 
gansxvavebiT, SeiZleba iyos dadebiTi, uaryofiTi an nuli. es 
damokidebulia sakoordinato sistemis saTavis  da RerZebis 
mimarTulebis arCevaze. 
  RerZs, romlis mimarTac inerciis centridanuli momentebi, 
romelTa indeqsebi  Seicaven am RerZebis aRniSvnebs, udris nuls, 
inerciis mTavari RerZi ewodeba. 
   sxeulis  masaTa centrze gamaval inereciis mTavar RerZs, 
inerciis mTavari centraluri RerZi ewodeba.  
   Tu cnobilia sxeulis RerZuli da centridanuli inerciis 
momentebi, SeiZleba ganvsazRvroT sxeulis inerciis momenetebi  
koordinatTa saTaveze gamavali nebismieri RerZis mimarT, romelic 
𝑥, 𝑦, 𝑧  RerZebTan Sesabamisad adgens 𝛼, 𝛽, 𝛾  kuTxeebs: 

              𝐼1 = 𝐼𝑥𝑐𝑜𝑠
2𝛼 + 𝐼𝑦𝑐𝑜𝑠

2𝛽 + 𝐼𝑧𝑐𝑜𝑠
2𝛾 − 2𝐼𝑥𝑦𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝛽 −                         

           −2𝐼𝑦𝑧𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 − 2𝐼𝑧𝑥𝑐𝑜𝑠𝛾𝑐𝑜𝑠𝛼.                (34.15) 
 
   Tu sakorrdinato RerZebi warmoadgenen inerciis mTavar RerZebs, 
maSin 

𝐼𝑥𝑦 = 𝐼𝑦𝑧 = 𝐼𝑧𝑥 = 0, 
 
amitom 

                 𝐼1 = 𝐼𝑥𝑐𝑜𝑠
2𝛼 + 𝐼𝑦𝑐𝑜𝑠

2𝛽 + 𝐼𝑧𝑐𝑜𝑠
2𝛾.       (34.16) 

   vTqvaT, myari sxeulis romeliRac 𝑂 wertilSi arCeulia 𝑂𝑥𝑦𝑧  
koordinatTa sistemis saTave.  Tu am wertilSi  cnobilia inereciis 

mTavari momentebi  𝑂𝑥ʹ𝑦ʹ𝑧ʹ inerciis mTavari RerZebis mimarT da 

𝑂𝑥𝑦𝑧 RerZebis orientacia mTavari RerZebis mimarT, maSin 
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centridanuli inerciis momentebis gamosaTvlelad SesaZlebelia 
sami SemTxveva. 

1. 𝑂𝑥 RerZi emTxveva inerciis mTavar 𝑂𝑥ʹ  RerZs(nax.34.7-a), maSin 
𝐼𝑥𝑦 = 𝐼𝑥ʹ𝑦 = 0, 

𝐼𝑧𝑥 = 𝐼𝑧𝑥ʹ = 0, 
xolo inerciis centridanuli momentebi 𝑂𝑦𝑧 RerZebis 𝑂𝑥 RerZis 

irgvliv saaTis isris brunvis sawinaaRmdego mimarTulebiT 𝛼 < 900 
kuTxiT mobrunebisas 𝑂𝑦ʹ𝑧ʹ RerZebTan SeTavsebamde 𝑂𝑦 RerZidan 𝑂𝑧 
RerZamde  

                                𝐼𝑦𝑧 =
𝐼𝑧ʹ−𝐼𝑦ʹ

2
𝑠𝑖𝑛2𝛼,                  (34.17)     

saaTis isris brunvis mimarTulebiT 
 

                         𝐼𝑦𝑧 =
𝐼𝑦ʹ−𝐼𝑧ʹ
2

𝑠𝑖𝑛2𝛼.                 (34.18)     
 
 
a)                                  b) 
 
 
 
 
 
 
 
 
 
g) 
 
 
 
 
 
 
 
 
                                Nnax.34.7 
 

2. 𝑂𝑦 RerZi emTxveva inerciis mTavar 𝑂𝑦ʹ RerZs (nax.34.7-b) da 𝑂𝑦 
RerZis irgvliv saaTis isris brunvis sawinaaRmdego mimarTulebiT 

𝛽 < 900 kuTxiT mobrunebisas 𝑂𝑥ʹ𝑧ʹ RerZebTan SeTavsebamde 𝑂𝑧 
RerZidan 𝑂𝑥 RerZamde  

𝐼𝑥𝑦 = 𝐼𝑥𝑦ʹ = 0, 

                        𝐼𝑦𝑧 = 𝐼𝑦ʹ𝑧 = 0,                   (34.19) 

𝑦 

𝑥 𝑥 

𝑧 𝑦 
𝑧 

𝑂 
𝛼 

𝛼 

𝛼 

𝑦 𝑥 

𝑥 

𝑧 

𝑦 

𝑧 

𝑂 
𝛽 

𝛽 

𝛽 

𝑦 𝑥 

𝑥 

𝑦 

𝑧 

𝑂 
𝛾 

𝛾 

𝛾 
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                        𝐼𝑧𝑥 =
𝐼𝑥ʹ−𝐼𝑧ʹ
2

𝑠𝑖𝑛2𝛽.                    

3. 𝑂𝑧 RerZi emTxveva inerciis mTavar 𝑂𝑧ʹ  RerZs (nax.34.7-g) da am 𝑂𝑧 
RerZis irgvliv saaTis isris brunvis sawinaaRmdego mimarTulebiT 

𝛾 < 900 kuTxiT mobrunebisas 𝑂𝑥ʹ𝑧ʹ RerZebTan SeTavsebamde 𝑂𝑥 
RerZidan 𝑂𝑦 RerZamde  
            

𝐼𝑥𝑧 = 𝐼𝑥𝑧ʹ = 0, 
𝐼𝑦𝑧 = 𝐼𝑦𝑧ʹ = 0, 

                        𝐼𝑥𝑦 =
𝐼𝑦ʹ−𝐼𝑥ʹ
2

𝑠𝑖𝑛2𝛾.                    (34.20) 
 
  sxeulis masaTa centrze gamavali RerZis paraleluri RerZebis 
mimarT inerciis momentebis gamoTvlisas gamoiyeneba hiugens-
Steineris Teorema: 
    myari sxeulis inerciis momenti romelime RerZis mimarT tolia 
sxeulis masaTa centrze gamavali am RerZis paraleluri RerZis 
mimarT inerciis momentisa da sxeulis masisa da RerZebs Soris 
manZilis kvadratis namravlTa jamis. 

  vTqvaT, 𝑂𝑧 RerZi paraleluria 𝐶𝑧ʹ  RerZis, romelic gadis  
sxeulis masaTa centrze, maSin 

                                     𝐼𝑂𝑧 = 𝐼𝐶𝑧ʹ +𝑀𝑑
2,          (34.21) 

sadac 𝑑 –RerZebs Soris manZilia. 
    centridanuli inerciis momentebisaTvis damokidebuleba 
paraleluri RerZebis mimarT inerciis momentebs Soris ganisazRvreba 
formulebiT: 
 

               {

𝐼𝑥𝑦 = 𝐼𝑥ʹ𝑦ʹ +𝑀𝑥𝐶𝑦𝐶 ,

𝐼𝑦𝑧 = 𝐼𝑦ʹ𝑧ʹ +𝑀𝑦𝐶𝑧𝐶 ,

𝐼𝑧𝑥 = 𝐼𝑧ʹ𝑥ʹ +𝑀𝑥𝐶𝑧𝐶 ,

                         (34.22)                            

                                                                                  

sadac   𝑥ʹ, 𝑦ʹ, 𝑧ʹ −sxeulis masaTa centrze gamavali RerZebia;   

𝑥, 𝑦, 𝑧 −   am RerZebis paraleluri RerZebia;  𝑥𝐶,𝑦𝐶 , 𝑧𝐶 − sxeulis 

masaTa centris koordinatebia 𝑂𝑥𝑦𝑧  koordinatTa sistemis mimarT.                              
  Aam paragrafis  amocanebis amoxsnisas zemoT moyvanili yvela 
formula gamoyenebuli iqneba miTiTebuli saxiT, Tumca zogierT 
SemTxvevaSi ar gamoiricxeba sxva midgomac. 
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amocanebi da amoxsnebi 
 

amocana  34. 1 

 

  naxazze naCvenebi samcilindriani Zravas muxla lilvi Sedgeba 
erTmaneTTan  1200 kuTxiT daxrili sami muxlisagan. gansazRvreT 
muxla lilvis masaTa centris mdebareoba, Tu miviRebT, rom 

muxlebis masebi Tavmoyrilia 𝐴, 𝐵   da 𝐷  wertilebSi, masTan  

𝑚𝐴 = 𝑚𝐵 = 𝑚𝐷 = 𝑚.  lilvis danarCeni nawilebis masa 
ugulebelyofilia. zomebi naCvenebia naxazze. 

 
  a) 
 
 
 
 
 
 
 
 
 
 
     b) 
 
 
 
 
 
       
 
 
 
a m o x s n a.    ganvsazRvroT  sistemis masaTa centri (34.1) 
formuliT. vipovoT sistemaSi Semavali sxeulebis simZimis centrebis 
koordinatebi (ix. amocanis pirobis naxazi  a) da b)): 

 

1200 

 

 

 

 

 

 

 

1200 

x 

y 

• B • 

• 

A 

D 

O 

d d 

d 

 

 

 
 

O 

 

 

 

 
 

b/2 

 

 • 

 

 

 
 

 

B 

D 

 

b/2 

b/2 

 

b/2 
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𝑥𝐴 = 𝑑𝑐𝑜𝑠60
0=

1

2
𝑑,   𝑥𝐵 = 𝑑𝑐𝑜𝑠600=

1

2
𝑑,  𝑥𝐷 = −𝑑 𝑦𝐴 =

𝑑𝑐𝑜𝑠300=
√3

2
𝑑, 

  𝑦𝐵 = −𝑑𝑐𝑜𝑠30
0=-

√3

2
𝑑, 𝑦𝐷 = 0,  𝑧𝐴 = −(

𝑏

2
+ 𝑎 +

𝑏

2
) =

−(𝑏 + 𝑎),   𝑧𝐵 = 0, 

  𝑧𝐷 = (
𝑏

2
+ 𝑎 +

𝑏

2
) = 𝑏 + 𝑎. 

maSin 

𝑥𝐶 =
𝑚(𝑥𝐴 + 𝑥𝐵 + 𝑥𝐷)

3𝑚
=
𝑚(

𝑑
2 +

𝑑
2 − 𝑑)

3𝑚
= 0, 

𝑦𝐶 =
𝑚(𝑦𝐴 + 𝑦𝐵 + 𝑦𝐷)

3𝑚
=

𝑚(
√3𝑑
2 −

√3𝑑
2 + 0)

3𝑚
= 0, 

𝑧𝐶 =
𝑚(𝑧𝐴 + 𝑧𝐵 + 𝑧𝐷)

3𝑚
=
𝑚(−𝑏 − 𝑎 + 0 + 𝑏 + 𝑎)

3𝑚
= 0. 

p a s u x i: masaTa centri emTxveva koordinatTa saTaves. 

 
amocana  34 2 

ipoveT 𝑂𝐴𝐵𝑂1  samsaxsrovani paralelogramis masaTa centris 
moZraobis gantoleba da 
agreTve,  misi  masaTa  centris 

traeqtoria, roca 𝑂𝐴 mrudmxara 

brunavs  mudmivi   𝜔  kuTxuri 
siCqariT.       paralelogramis 
wevrebi erTgvarovani  Reroebia,  

masTan   𝑂𝐴 = 𝑂1𝐵 =
𝐴𝐵

2
= 𝑎. 

  a m o x s n a. ganvsazRvroT  
meqanizmis     masaTa    centris  
koordinatebi: 

     

                   𝑥𝑐 =
∑𝑚𝑘𝑥𝑘

∑𝑚𝑘
,   𝑦𝑐 =

∑𝑚𝑘𝑦𝑘

∑𝑚𝑘
            (1) 

  𝑂𝐴, 𝐴𝐵, 𝑂1𝐵  Reroebis masaTa centrebi emTxveva maT 

Suawertilebs, e.i. Sesabamisad 𝐶1, 𝐶2, 𝐶3wertilebs (ix. naxazi). 
vipovoT am wertilebis koordinatebi: 
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   𝑥𝐶1 =
𝑎

2
𝑐𝑜𝑠𝜔𝑡, 𝑦𝐶1 =

𝑎

2
𝑠𝑖𝑛𝜔𝑡 , 

        𝑥𝐶2 = 𝑎 + 𝑎𝑐𝑜𝑠𝜔𝑡,  

 𝑦𝐶2 = 𝑎𝑠𝑖𝑛𝜔𝑡 , 

                𝑥𝐶3 = 2𝑎 +
𝑎

2
𝑐𝑜𝑠𝜔𝑡,  

                      𝑦𝐶3 =
𝑎

2
𝑠𝑖𝑛𝜔𝑡 . 

   Ees  formulebi  SevitanoT (1) 
tolobaSi. gaviTvaliswinoT, rom  

𝑚1 = 𝑚3 = 𝑚𝑂𝐴 = 𝑚𝑂1𝐵 = 𝜌 ∙ 𝑎, 

             𝑚2 = 𝑚𝐴𝐵 = 2𝜌 ∙ 𝑎 

(ρ 𝜌 -Reroebis masalis simkvrivea), miviRebT: 

𝑥𝐶 =
𝜌 ∙ 𝑎(𝑥𝐶1 + 2𝑥𝐶2 + 𝑥𝐶3)

𝜌 ∙ 𝑎 + 𝜌 ∙ 𝑎 + 2𝜌 ∙ 𝑎
= 

=

𝑎
2 𝑐𝑜𝑠𝜔𝑡 + 2

(𝑎 + 𝑎𝑐𝑜𝑠𝜔𝑡) + 2𝑎 +
𝑎
2 𝑐𝑜𝑠𝜔𝑡

1 + 1 + 2
= 

 

𝑦𝐶 =
𝜌 ∙ 𝑎(𝑦𝐶1 + 2𝑦𝐶2 + 𝑥𝑦)

𝜌 ∙ 𝑎 + 𝜌 ∙ 𝑎 + 2𝜌 ∙ 𝑎
=

𝑎
2 𝑠𝑖𝑛𝜔𝑡 + 2𝑎𝑠𝑖𝑛𝜔𝑡 +

𝑎
2 𝑠𝑖𝑛𝜔𝑡

4

=
3

4
𝑎 ∙ 𝑠𝑖𝑛𝜔𝑡. 

 𝑥𝐶 da 𝑦𝐶 gamosaxulebebidan drois gamoricxviT vipoviT  
sistemis masaTa centris moZraobis traeqtoriis  gantolebas. radgan 

𝑥𝐶 − 𝑎 =
3

4
𝑎 ∙ 𝑐𝑜𝑠𝜔𝑡, 

𝑦𝐶 =
3

4
𝑎 ∙ 𝑠𝑖𝑛𝜔𝑡, 

maSin am tolobebis orive mxaris kvadratSi ayvaniT da miRebuli  
tolobebis Sekrebis Sedegad  miviRebT: 

(𝑥𝐶 − 𝑎)
2 + 𝑦𝐶

2 =
9

16
𝑎2𝑐𝑜𝑠2𝜔𝑡 +

9

16
𝑎2𝑠𝑖𝑛2𝜔𝑡 =

9

16
𝑎2 = (

3

4
𝑎)

2

. 

  Aamgvarad, 

  (𝑥𝐶 − 𝑎)
2 + 𝑦𝐶

2 =
9

16
𝑎2 

 es aris wrეwiris gantoleba, romlis centria 𝐾(𝑎, 0) wertili, 

radiusi ki− 3

4
𝑎. 

𝑦 

𝑂 

𝐴 𝐵 

𝑂1 
𝑥 𝐾 

𝜔𝑡 

𝐶3 
𝐶1 

𝐶2 
• 

• • 
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p a s u x i:    𝑥𝐶 = 𝑎 +
3

4
𝑎 ∙ 𝑐𝑜𝑠𝜔𝑡,    𝑦𝐶 =

3

4
𝑎 ∙ 𝑠𝑖𝑛𝜔𝑡 ;             

traeqtoriis  gantoleba   (𝑥𝐶 − 𝑎)2 + 𝑦𝐶
2 =

9

16
𝑎2        

wrewiri   centriT 𝐾(𝑎, 0)  wertilSi, radiusi ki−
3

4
𝑎. 

 
amocana  34. 3 

 

  𝑀1  masis  𝐼  cociaze   wvrili 
uwoni Zafis saSualebiT mimagrebulia 

𝑀2  masis  𝐼𝐼   tvirTi.   tvirTis   
𝜑 = 𝜑0𝑠𝑖𝑛𝜔𝑡 kanoniT rxevisas cocia 
srialebs uZrav  horizontalur gluv 
sibrtyeze. ipoveT  cocias  moZraobis 

gantoleba 𝑥1 = 𝑓(𝑡),   Tu sawyis 

momentSi   (𝑡=0) cocia 𝑥 RerZis 

aTvlis  𝑂 wertilSi imyofeboda. Zafis sigrZe ℓ-is tolia. 
     a m o x s n a.   CavweroT sistemis  

masaTa centris moZraobis Teorema 𝑥 
RerZze gegmilebSi (ix. naxazi): 

𝑀�̈�𝐶 =∑𝐹𝑘𝑥
𝑒 = 0, 

radgan gare Zalebi 𝑥 RerZis მarTobu-

lia. maSasadame,  �̈�𝐶 = 0, saidanac �̇�𝐶 =
𝑐𝑜𝑛𝑠𝑡.   
amocanis pirobis Tanaxmad  𝑡 = 0, �̇�𝐶0 = 0, 
e.i. 𝑥𝐶 = 𝑐𝑜𝑛𝑠𝑡.      maSasadame, 𝑥𝐶0 =

𝑥𝐶1 ,  sadac 𝑥𝐶0  da 𝑥𝐶1 sistemis masaTa 

centris koordinatebia  Sesabamisad roca 𝑡 = 0, da   roca  𝑡 > 0.  
      vipovoT 𝑥𝐶0 da 𝑥𝐶1 : 

𝑥𝐶0 = 0, (Zafi tvirTiT vertikalur mdebareobaSia), 

𝑥𝐶1 =
∑𝑚𝑘𝑥𝑘
∑𝑚𝑘

=
𝑀1𝑥1 +𝑀2𝑥2
𝑀1 +𝑀2

=
𝑀1𝑥1 +𝑀2(𝑥1 + ℓ𝑠𝑖𝑛𝜑)

𝑀1 +𝑀2
 ,  

sadac 𝑥1 − cocias gadaadgilebaa, xolo 𝑥2 = 𝑥1 + ℓ𝑠𝑖𝑛𝜑 − 
tvirTis cociasTan erTad horizontaluri gadaadgileba. maSin 

𝑥𝐶0 = 𝑥𝐶1 = 0 =
𝑀1𝑥1 +𝑀2(𝑥1 + ℓ𝑠𝑖𝑛𝜑)

𝑀1 +𝑀2
⟹ 

⟹𝑀1𝑥1 +𝑀2𝑥1 +𝑀2ℓ𝑠𝑖𝑛𝜑 = 0 ⟹ 

ℓ 

 
 

𝜑 

𝐼 

𝐼𝐼 
 
 

 
 

𝑂 
𝑥 

• 

• 
ℓ 

 
 

𝜑 

𝐼 

𝐼𝐼 
 
 

𝑂 
𝑥 

𝑀2�⃗� 

�⃗⃗⃗� 

𝑀1�⃗� 
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⟹ 𝑥1 = −
𝑀2ℓ𝑠𝑖𝑛𝜑

𝑀1 +𝑀2
. 

CavsvaT 𝜑-s mniSvneloba, miviRebT: 

𝑥1 = −
𝑀2ℓ𝑠𝑖𝑛(𝜑0𝑠𝑖𝑛𝜔𝑡)

𝑀1 +𝑀2
. 

p a s u x i:    𝑥1 = −
𝑀2ℓ𝑠𝑖𝑛(𝜑0𝑠𝑖𝑛𝜔𝑡)

𝑀1+𝑀2
. 

 
amocana  34. 4. 

   ipoveT  nax.1 -ze    gamosaxuli  centridanuli regulatoris 
masaTa centris mdebareoba, Tu TiToeuli burTulas  masa udris, 
quros wona udris,     burTulebi    CaTvaleT wertilovan masebad, 
Reroebis wona ugulebelyofilia. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

            nax.1                               nax.2 
   a m o x s n a. CavweroT sistemis masaTa   centris koordinatebis 

gamosaTvleli  formulebi: 

                                           𝑥𝑐 =
∑𝑚𝑘𝑥𝑘
∑𝑚𝑘

,   𝑦𝑐 =
∑𝑚𝑘𝑦𝑘
∑𝑚𝑘

. 

nax. 2-dan Cans, rom 

   𝑥𝐵 = ℓ𝑠𝑖𝑛𝜑;  𝑥𝐷 = 0;   𝑦𝐵 = 𝑦𝐴 = ℓ𝑐𝑜𝑠𝜑; 
                                      𝑦𝐷 = 2ℓ𝑐𝑜𝑠;  𝑥𝐴 = −ℓ𝑠𝑖𝑛𝜑. 

maSin 

𝑥𝐶 =
𝑀1𝑥𝐴+𝑀1𝑥𝐵+𝑀2𝑥𝐷

𝑀1+𝑀1+𝑀2
=

𝑀1(−ℓ𝑠𝑖𝑛𝜑)+𝑀1ℓ𝑠𝑖𝑛𝜑+0

2𝑀1+𝑀2
= 0; 

𝐷 

𝑂 
𝑥 

𝑦 

ℓ ℓ 

ℓ ℓ 

𝐴 𝐵 

𝜑 𝜑 

𝐷 

𝑂 

𝑥 

𝑦 

ℓ 
ℓ 

ℓ ℓ 

𝐴 𝐵 

𝜑 𝜑 

𝑀1�⃗� 

𝑀2�⃗� 

𝑀1�⃗� 
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𝑦𝐶 =
𝑀1𝑦𝐴+𝑀1𝑦𝐵+𝑀2𝑦𝐷

𝑀1+𝑀1+𝑀2
= 

=
𝑀1ℓ𝑐𝑜𝑠𝜑 +𝑀1ℓ𝑐𝑜𝑠𝜑 +𝑀2 ∙ 2ℓ𝑐𝑜𝑠𝜑

2𝑀1 +𝑀2
= 

=
2(𝑀1 +𝑀2)

2𝑀1 +𝑀2
ℓ𝑐𝑜𝑠𝜑. 

  p a s u x i:    𝑥𝐶 = 0;  𝑦𝐶 =
2(𝑀1+𝑀2)

2𝑀1+𝑀2
ℓ𝑐𝑜𝑠𝜑. 

 
 
 

amocana  34.5. 
 
   gansazRvreT    elifsografis  
meqanizmis       masaTa     centris 
traeqtoria;  elifsografi Sedgeba 

𝑀1  masis   𝐴  da 𝐵 quroebis, 𝑀2  

masis 𝑂𝐶 mrudmxarasa da 2𝑀2 masis  
𝐴𝐵  saxazavisagan; mocemulia:  
𝑂𝐶 = 𝐴𝐶 = 𝐶𝐵 = ℓ. vgulisxmobT, 

rom     saxazavi    da    mrudmxara 
erTgvarovani    Reroebia,    xolo 
quroebi ganixileba, rogorc  materialuri wertilebi. 
   a m o x s n a      CavweroT 
meqanizmis   masaTa       centris 
koordinatebis    gamosaTvleli 

 formulebi: 

       𝑥𝑐1 =
∑𝑚𝑘𝑥𝑘
∑𝑚𝑘

,   𝑦𝑐1 =
∑𝑚𝑘𝑦𝑘
∑𝑚𝑘

 
naxazidan Cans, rom 

𝑥𝐴 = 0,    𝑦𝐴 = 2ℓ𝑠𝑖𝑛𝜑; 
𝑥𝐵 = 2ℓ𝑐𝑜𝑠𝜑, 𝑦𝐵 = 0; 
𝑥𝐶 = ℓ𝑐𝑜𝑠𝜑, 𝑦𝐶 = ℓ𝑠𝑖𝑛𝜑; 

𝑥𝐾 =
ℓ

2
𝑐𝑜𝑠𝜑, 𝑦𝐶 =

ℓ

2
𝑠𝑖𝑛𝜑 

(  𝐾 − 𝑂𝐶    Reros   simZimis 
Zalis modebis wertilia). 

 

𝑂 

ℓ 
𝐵 

𝐶 

𝐴 

ℓ 

ℓ 

𝜑 

𝑥 

𝑦 

𝑂 

ℓ 
𝐵 

𝐶 

𝐴 

𝐾 

ℓ 

𝜑 • 

𝑀1�⃗� 

𝑀1�⃗⃗⃗� 

𝑀2�⃗⃗⃗� 2𝑀2�⃗� 
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𝑥𝐶1 =
𝑀1 ∙ 0 + 2𝑀1ℓ𝑐𝑜𝑠𝜑 + 2𝑀2ℓ𝑐𝑜𝑠𝜑 +𝑀2

ℓ
2 𝑐𝑜𝑠𝜑

2𝑀1 + 3𝑀2

=
ℓ(4𝑀1 + 5𝑀2)

2(2𝑀1 + 3𝑀2)
𝑐𝑜𝑠𝜑, 

 

𝑦𝐶1 =
2𝑀1ℓ𝑠𝑖𝑛𝜑 +𝑀1 ∙ 0 + 2𝑀2ℓ𝑠𝑖𝑛𝜑 +𝑀2

ℓ
2 𝑠𝑖𝑛𝜑

2𝑀1 + 3𝑀2

=
ℓ(4𝑀1 + 5𝑀2)

2(2𝑀1 + 3𝑀2)
𝑠𝑖𝑛𝜑. 

masaTa centris moZraobis gantolebebidan gamovricxoT 𝜑, miviRebT: 

𝑥𝐶1
2 + 𝑦𝐶1

2 = [
ℓ(4𝑀1 + 5𝑀2)

2(2𝑀1 + 3𝑀2)
]
2

(𝑐𝑜𝑠2𝜑 + 𝑠𝑖𝑛2𝜑) =

= [
ℓ(4𝑀1 + 5𝑀2)

2(2𝑀1 + 3𝑀2)
]
2

 

p a s u x i:  wrewiri centriT 𝑂  wertilSi  da  ℓ(4𝑀1+5𝑀2)
2(2𝑀1+3𝑀2)

   
radiusiT. 

 
amocana  34. 6. 

  vertikalur 𝐴𝐵 lilvze mimagrebulia ori erTnairi 𝐸 da 𝐷  

tvirTi.  𝐴𝐵 lilvis marTobulad da amave dros 

urTierTmarTobuli  𝑂𝐸 = 𝑂𝐷 = 𝑟  RerZebis saSualebiT.  RerZebis da 
lilvis  masebi  ugulebelvyoT.  tvirTebi  CavTvaloT  wertilovan  

masebad. vipovoT  sistemis 𝐶   masaTa  centris   mdebareoba,  agreTve  

inerciis centridanuli momentebi 𝐼𝑥𝑦 , 𝐼𝑦𝑧 , 𝐼𝑧𝑥 . 
 
 
 
 
 
 
 
 
 
 
 
                nax.1                            nax.2 

𝐵 

𝐷 𝐸 𝑦 

𝑥 

𝑧 

𝑂 

𝐴 
𝑀�⃗� 

𝑀�⃗� 

𝐵 

𝐷 𝐸 𝑦 

𝑥 

𝑧 

𝑂 

𝐴 
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   a m o x s n a.  masaTa centris  koordinatebi ganvsazRvroT (34.1)  
formulebiT. 

  CavweroT 𝐸 da 𝐷  wertilebis koordinatebi  (ix. Nnaxazi) 
𝑥𝐸 = 𝑟, 𝑦𝐸 = 0, 𝑧𝐸 = 0;   

𝑥𝐷 = 0, 𝑦𝐷 = 𝑟, 𝑧𝐷 = 0. 
maSin 

𝑥𝐶 =
𝑀𝑥𝐸 +𝑀𝑥𝐷

2𝑀
=
𝑀 ∙ 𝑟 +𝑀 ∙ 0

2𝑀
=
𝑟

2
, 

 

𝑦𝐶 =
𝑀𝑦𝐸 +𝑀𝑦𝐷

2𝑀
=
𝑀 ∙ 0 +𝑀 ∙ 𝑟

2𝑀
=
𝑟

2
, 

𝑥𝐶 =
𝑀𝑥𝐸 +𝑀𝑥𝐷

2𝑀
= 0. 

centridanuli inerciis momentebi ganvsazRvroT formulebiT 
𝐼𝑥𝑦 = ∑𝑚𝑘𝑥𝑘𝑦𝑘,   𝐼𝑦𝑧 = ∑𝑚𝑘𝑦𝑘𝑧𝑘,  𝐼𝑧𝑥 = ∑𝑚𝑘𝑥𝑘𝑧𝑘. 

miviRebT 

𝐼𝑥𝑦 = 𝑀𝑥𝐸𝑦𝐸 +𝑀𝑥𝐷𝑦𝐷 = 0, 
𝐼𝑦𝑧 = 𝑀𝑧𝐸𝑦𝐸+𝑀𝑧𝐷𝑦𝐷 = 0, 
𝐼𝑧𝑥 = 𝑀𝑥𝐸𝑧𝐸+𝑀𝑥𝐷𝑧𝐷 = 0. 

p a s u x i:  𝐶 (
1

2
𝑟,
1

2
𝑟, 0) ; 𝐼𝑥𝑦 = 𝐼𝑦𝑧 = 𝐼𝑧𝑥 = 0. 

 
 

 amocana  34. 7. 

 
  gamoTvaleT  100kg masis da 5sm radiusis mqone 
foladis lilvis inerciis momenti misi msaxvelis 
mimarT.  lilvi  CaTvaleT  mTlian  erTgvarovan  
cilindrad. 

Aa m o x s n a.   𝑧1  R erZis   mimarT   lilvis  
inerciis momentis  gamosaTvlelad visargebloT  
hiugens- Steineris TeoremiT, romlis mixedviTac 

                        𝐼𝑧1 = 𝐼𝑧 +𝑀𝑑
2,          

sadac  𝑑 _ 𝑧 da 𝑧1  RerZebs Soris manZilia. 

    radgan 𝑑 = 𝑟, amitom 

  𝐼𝑧1 = 𝐼𝑧 +𝑀𝑟
2 =

1

2
𝑀𝑟2 +𝑀𝑟2 =

3

2
𝑀𝑟2 =

3∙100∙25

2
= 3750kg∙sm2. 

𝑧 

𝑟 

• 

• 

𝑧1 

𝑀�⃗� 
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p a s u x i:  3750kg∙sm2. 
 
 

 
amocana  34. 8. 

 

  gamoTvaleT  𝑀 masis da 𝑅  radiusis Txeli 
 erTgvarovani naxevardiskos  inerciis  
momenti 
 misi  SemomsazRvreli   diametrze    gamavali  
RerZis mimarT. 

a m o x s n a.  vTqvaT,  naxevardiskos   masaa, 
maSin misi  zedapiruli simkvrive 
 

𝜌 =
𝑀

1/2𝜋𝑅2
=

𝑀

𝜋𝑅2
. 

ganvixiloT  𝑧  RerZidan 𝑟  manZilze mdebare 

𝑑𝑟 siganis  zoli. Nnaxazidan  gamomdinareobs, 
rom 

𝐴𝐷 = 2𝐴𝐵 = 2√𝑅2 − 𝑟2, 
sadac 𝑅 − naxevardiskos radiusi. 
  maSin sxeulis RerZis mimarT  inerciis momentis  ganmartebis 
Tanaxmad 

𝐼𝑧 =∑∆𝑚𝑘𝑑𝑘
2, 

sadac 𝑑𝑘 = 𝑟. 
   ganvixiloT disko, rogorc 𝐴𝐷 sigrZis  da 𝑑𝑟 siganis nivTieri 

zolebis sistema, romlebic mdebareoben  𝑧  RerZidan 𝑟  manZilze 

da gaaCniaT masa  ∆𝑚𝑘 = 𝜌 ∙ 𝐴𝐷 ∙ 𝑑𝑟.  amitom 

𝐼𝑧 = ∫𝜌 ∙ 𝐴𝐷 ∙ 𝑑𝑟 ∙ 𝑟
2 = ∫𝜌2√𝑅2 − 𝑟2 ∙ 𝑟2𝑑𝑟 = 2𝜌∫ 𝑟2√𝑅2 − 𝑟2𝑑𝑟 =

𝑅

0

𝑅

0

𝑅

0

 

= 2𝜌 {−
𝑟

4
√(𝑅2 − 𝑟2)3 +

𝑅2

8
(𝑟√𝑅2 − 𝑟2 + 𝑅2𝑎𝑟𝑐𝑠𝑖𝑛

𝑟

𝑅
)}|

𝑟=0

𝑟=𝑅

= 

 

= 2𝜌 {
𝑅4

8
𝑎𝑟𝑐𝑠𝑖𝑛1} =

2𝜌𝑅4

8
∙
𝜋

2
=
2𝑀𝑅4𝜋

8𝜋𝑅2
=
𝑀𝑅2

4
. 

 

• 

• 

• 

• 

𝑑𝑟 

𝑧 

𝐴 

𝑂 

𝑅 

𝑟 

𝐷 

𝑩 
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p a s u x i:  
𝑀𝑅2

4
. 

 
 

amocana  34. 9. 

 

  gamovTvaloT naxazze gamosaxuli 𝑀 
masis       erTgvarovani    marTkuTxa  

firfitis RerZuli 𝐼𝑥 da 𝐼𝑦 momentebi 

𝑥  da 𝑦  RerZebis mimarT. 
a m o x s n a.    sistemis   inerciis 

momenti  𝑦  RerZis mimarT 
 

                 𝐼𝑦 =∑∆𝑚𝑘𝑑𝑘
2. 

 
   ganvixiloT firfita 
rogorc 

 𝑑𝑥       siganis  da 2𝑎  
sigrZis 
Reroebis  sistema. (ix. Nnaxazi).  
firfitis  zedapiruli 
simkvrive 

𝜌 =
𝑀

𝑆
=

𝑀

2𝑎 ∙ 2𝑏
=

𝑀

4𝑎𝑏
. 

maSin Reros zolis masa  

∆𝑚𝑘 = 2𝑎𝜌𝑑𝑥. 
roca 𝑑𝑘 = 𝑥  miviRebT: 
 

𝐼𝑦 =∑∆𝑚𝑘𝑑𝑘
2

𝑛

𝑘=1

= ∫ 2𝑎𝜌𝑥2𝑑𝑥

2𝑏

0

= 2𝑎𝜌
𝑥3

3
|0
2𝑏 =

2𝑎𝜌 ∙ 8𝑏3

3
=
4

3
𝑀𝑏2. 

 

  𝐼𝑥  inerciis moments  gamovTvliT analogiurad, Tu SevcvliT 𝑥 →
𝑦, 𝑎 → 𝑏 → 𝑎: 

𝐼𝑥 =
4

3
𝑀𝑎2. 

 

p a s u x i:  𝐼𝑥 =
4

3
𝑀𝑎2;  𝐼𝑦 =

4

3
𝑀𝑏2. 

 
 
 

𝑦 

𝑥 

2𝑏 

2𝑎 

• 

𝑥 

𝑦 

𝑂 

𝑑𝑥 ∆𝑚 = 2𝑎 ∙ 𝜌𝑑𝑥 

𝑑𝑘 = 𝑥
= 𝑥 
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amocana  34. 10. 

      
  gamoTvaleT   naxazze gamosaxuli  

𝑀  masis   erTgvarovani  marTkuTxa 
paralelepipedis inerciis momentebi  

𝑥, 𝑦   da 𝑧  RerZebis  mimarT.  
   a m o x s n a.     erTgvarovani 
marTkuTxa          paralelepipedis 
moculobiTi simkvrive ganvsazRvroT 
(34.2) formuliT: 

      𝜌 =
𝑀

𝑉
=

𝑀

2𝑎 ∙ 2𝑏 ∙ 2𝑐
=

𝑀

8𝑎𝑏𝑐
. 

   Tu  marTkuTxa parallelepipeds 
ganvixilavT  rogorc 

      ∆𝑚𝑘 = 𝜌 ∙ 𝑑𝑥 ∙ 𝑑𝑦 ∙ 𝑑𝑧, 
 
Mmasis  nivTier wertilTa sistemas,  

Romlebic  𝑧  RerZidan mdebareoben 

 𝑑𝑘 = √𝑥𝑘
2 + 𝑦𝑘

2  manZilze (ix. 

naxazi),  vipoviT am  RerZis mimarT  
paralelepipedis inerciis  moments: 

           𝐼𝑧 = ∑∆𝑚𝑘 𝑑𝑘
2.             

 𝐼𝑧 − is    gamoTvla     daiyvaneba 
samjeradi  integralis gamoTvlaze: 
 

∫ ∫∫ 𝜌(𝑥2 + 𝑦2)𝑑𝑥𝑑𝑦𝑑𝑧 =

2𝑐

0

𝑏

−𝑏

𝑎

−𝑎

 

 

= 𝜌 ∫ ∫(𝑥2 + 𝑦2)𝑧|0
2𝑐𝑑𝑥𝑑𝑦 =

𝑏

−𝑏

𝑎

−𝑎

 

= 2𝑐𝜌 ∫(𝑥2𝑦 +
𝑦3

3
)|
𝑦=−𝑎

𝑦=𝑎𝑏

−𝑏

𝑑𝑥 = 2𝑐𝜌 ∫(𝑎𝑥2 +
2𝑎3

3
)

𝑏

−𝑏

𝑑𝑥 = 

ᵒ 

ᵒ 

2𝑐 

O 

𝑥 

𝑦 

𝑧 

𝑎 𝑎 

𝑏 

𝑏 

ᵒ 

ᵒ 

2𝑐 

O 

𝑥 

𝑦 

𝑧 

𝑎 𝑎 

𝑏 

𝑏 

𝑧 

𝑑𝑧 
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= 2𝑐𝜌 (
2𝑎𝑥3

3
+
2𝑎3

3
𝑥)|

𝑥=−𝑏

𝑥=𝑏

= 2𝑐𝜌 (
2𝑏3

3
∙ 2𝑎 +

2𝑎3

3
2𝑏) = 

 

=
𝑀

3
(𝑎2 + 𝑏2). 

Aanalogiurad gamovTvliT  𝐼𝑥 − s: 
 

           𝐼𝑥 =∑∆𝑚𝑘 𝑑𝑘
2,             

sadac 

𝑑𝑘 = √𝑧𝑘
2 + 𝑦𝑘.

2 
amitom 

∫ ∫∫ 𝜌(𝑦2 + 𝑧2)𝑑𝑥𝑑𝑦𝑑𝑧.

2𝑐

0

𝑏

−𝑏

𝑎

−𝑎

 

Tu CavatarebT analogiur gamoTvlebs, miviRebT: 

           𝐼𝑥 =
𝑀

3
(𝑎2 + 4𝑐2). 

Tu  𝐼𝑥 − is gamosaxulebaSi movaxdenT  Secvlas, vipoviT 𝐼𝑦 − s: 

           𝐼𝑦 =
𝑀

3
(𝑏2 + 4𝑐2). 

p a s u x i:    

           𝐼𝑥 =
𝑀

3
(𝑎2 + 4𝑐2),  𝐼𝑦 =

𝑀

3
(𝑏2 + 4𝑐2), 𝐼𝑧 =

𝑀

3
(𝑎2 + 𝑏2). 

 

 
 

amocana  34. 11. 

   𝑅 radiusis Txel  erTgvarovan wriul  
diskoSi amoWrilia 𝑟 radiusis koncentruli  

xvreli.   gamovTvaloT  am 𝑀 masis   diskos  
inerciis momenti mis masaTa centrze gamavali 
 diskos sibrtyis perpendikularuli 𝑧 RerZis 
 mimarT. 
   a m o x s n a.   𝑧 RerZis  mimarT diskos 
inerciis momenti 

𝑧 
𝑅 

𝑟 
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              𝐼𝑧 = ∫𝜌
2𝑑𝑚,

𝑅

𝑟

 

sadac - 𝑑𝑚 − 𝑑𝜌   sisqis   Txeli  rgolis  

masaa   (ix. Nnaxazi),    sigrZiT   2𝜋𝜌    da 

zedapiruli  simkvriviT 
𝑀

𝜋(𝑅2−𝑟2)
   . amitom 

𝐼𝑧 = ∫𝜌
2𝑑𝑚 = ∫ 𝜌2

𝑀

𝜋(𝑅2 − 𝑟2)
∙ 2𝜋𝜌𝑑𝜌 =

𝑅

𝑟

𝑅

𝑟

 

= ∫
2𝑀

𝑅2 − 𝑟2
∙ 𝜌3𝑑𝜌 =

2𝑀

𝑅2 − 𝑟2
𝜌4

4
|
𝑟

𝑅

=
2𝑀

𝑅2 − 𝑟2
𝑅4 − 𝑟4

4

𝑅

𝑟

=
𝑀

2
(𝑅2 + 𝑟2). 

 

 p a s u x i:   𝐼𝑧 =
𝑀

2
(𝑅2 + 𝑟2). 

 
 

amocana  34. 12. 

   gamovTvaloT  𝑀  masis  da  ℎ  
simaRlis     mqone     tolferda 
samkuTxedis      formis    Txeli 
erTgvarovani  firfitis  inerciis 
momenti  misi fuZis paralelurad 
masaTa 𝐶 centrze gamavali RerZis 
mimarT. 
    a m o x s n a.    tolferda 
samkuTxedis     masaTa    centri 

mdebareobs   mis   simaRleze  𝐶 
wertilSi  𝐵𝐷  fuZidan   1/3ℎ  
manZilze (ix.naxazi).  

  ∆𝐴𝐵𝐷 da ∆𝐴𝑀𝑁 samkuTxedebis  
msgavsebidan gamomdinareobs, rom 

𝐴𝐾

𝐴𝐸
=
𝑀𝑁

𝐵𝐷
, 

radgan 

      𝐴𝐾 = 𝐴𝐶 + 𝐶𝐾 =
2

3
ℎ + 𝑦, 

amitom 

      𝑀𝑁 =
𝐴𝐾∙𝐵𝐷

𝐴𝐸
=

2

3
ℎ+𝑦

ℎ
∙ 𝐵𝐷. 

𝑧 
𝑅 

𝑟 

𝑑𝜌 

ℎ 

𝐴 

𝐵 𝐷 

𝑥 
𝐶 

ℎ 

𝐴 

𝐵 

𝐾 𝑦 

𝐶 

𝐷 

𝑦 

𝐸 𝐷 

𝑥 

𝑑𝑦 

𝑁 𝑀 
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  ganvixiloT firfita rogorc   𝑑𝑚 = 𝑀𝑁 ∙ 𝑑𝑦 ∙ 𝜌   masis nivTier 

wertilTa sistema, sadac  𝜌 − firfitis zedapiruli simkvrivea: 

𝜌 =
𝑀

1
2ℎ ∙ 𝐵𝐷

. 

maSin firfitis inerciis momenti 

𝐼𝑥 = ∫ 𝑦2𝑑𝑚 = ∫ 𝑦2
𝑀 ∙ 𝑀𝑁 ∙ 𝑑𝑦

1
2ℎ ∙ 𝐵𝐷

= ∫
𝑦2𝑀(

2
3ℎ + 𝑦)𝑑𝑦

1
2ℎ

2
=

1
3
ℎ

−
2
3
ℎ

1
3
ℎ

−
2
3
ℎ

1
3
ℎ

−
2
3
ℎ

 

 

=
2𝑀

ℎ2
(
2

9
𝑦3ℎ +

𝑦4

4
)|
−
2
3
ℎ

1
3
ℎ

=
𝑀ℎ2

18
. 

p a s u x i:  
1

18
𝑀ℎ2. 

 
 

amocana  34. 13. 
    
    erTgvarovan metalis firfitas 
aqvs  tolgverda samkuTxedis forma.  

firfitis    masaa   𝑀,    ℓ −  misi 
gverdis    sigrZea.     gamovTvaloT 
firfitis   inerciis   momenti   mis 
wveroze     fuZis     paralelurad  
gamavali RerZis mimarT 
   a m o x s n a.   ganvixiloT 

firfita rogorc  𝑑𝑚 = 𝑀𝑁 ∙ 𝑑𝑦 ∙ 𝜌   
masis   nivTier  wertilTa  sistema, 

sadac        𝜌 =
𝑀
1

2
ℓℎ
−     firfitis 

zedapiruli  simkvrivea, 

ℎ = ℓ𝑐𝑜𝑠300 =
ℓ√3

2
; 

   𝑀𝑁 = 2𝑦𝑡𝑔300 =
2𝑦

√3
, 

amitom 

600 600 

𝑧 

𝑧 𝐵 

𝐴 𝐷 

𝑦 

𝐾 

𝑦 

𝑑𝑦 

𝑀 𝑁 
h 
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𝜌 =
𝑀

1
2ℓ

2 √3
2

=
4𝑀

√3ℓ2
. 

maSin 

𝑑𝑚 = 𝜌 ∙
2𝑦

√3
∙ dy =

4𝑀

√3ℓ2
 ∙
2𝑦

√3
∙ dy =

8Mydy

3ℓ2
.   

Gganmartebis Tanaxmad 

𝐼𝑧 = ∫𝑦
2𝑑𝑚 = ∫ 𝑦2

8𝑀 ∙ 𝑦𝑑𝑦

3ℓ2
=
8𝑀

3ℓ2
∫ 𝑦3𝑑𝑦 =

ℓ√3
2

0

ℓ√3
2

0

ℎ

0

 

=
8𝑀

3ℓ2
(
𝑦4

4
)|
0

ℓ√3
2

=
8𝑀

3ℓ2
∙
9ℓ4

64
=
3𝑀ℓ2

8
. 

 

p a s u x i:  
3

8
𝑀ℓ2. 

 
amocana  34. 14. 

 
   erTgvarovan tolgverda samkuTxa 

firfitas masaa 𝑀 da ℓ misi gverdis   
sigrZea.     gamovTvaloT    inerciis 
momenti   mis    wveroze     gamavali 
firfitis   marTobi  RerZis   mimarT 
    a m o x s n a.   RerZis   mimarT 
inerciis     momentis     ganmartebis 
Tanaxmad 

𝐼𝑧 = ∬ (𝑥2 + 𝑦2)𝑑𝑚,
𝑆

 

Sadac   𝑆 −  firfitis   farTobia 

(tolgverda ∆𝐴𝐵𝐷). 
   (34.3)    formulis      mixedviT 
ganvsazRvroT zedapiruli simkvrive: 
  

𝜌 =
𝑀

𝑆
=

𝑀

ℓ2
√3
4

=
4𝑀

√3ℓ2
. 

maSin 

𝑑𝑚 = 𝜌 ∙ 𝑑𝑥 ∙ 𝑑𝑦. 
 𝐵𝐷 Ggverdis gantoleba: 

600 600 

𝑧 

𝐵 
𝑦 

𝐾 (
ℓ√3

2
. 0) 

𝑥 

𝐷 𝐴 

𝑧 
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𝑦 = 𝑘𝑥, 

sadac 𝑘 = 𝑡𝑔300 =
1

√3
, amitom 

𝑦 =
𝑥

√3
 

𝐴𝐵 Ggverdis gantoleba: 
𝑦 = −

𝑥

√3
 

maSin 

      

𝐼𝑧 = ∫ 𝜌𝑑𝑥 ∫ (𝑥2 + 𝑦2)𝑑𝑥 = ∫ 𝜌𝑑𝑥 (𝑥2𝑦 +
𝑦3

3
)|
−
𝑥

√3

𝑥

√3
=

ℓ√3
2

0

𝑥

√3

−
𝑥

√3

ℓ√3
2

0

 

 

= 𝜌∫ (
𝑥3

√3
+

𝑥3

3 ∙ 3√3
+
𝑥3

√3
+

𝑥3

3 ∙ 3√3
)𝑑𝑥 =

ℓ√3
2

0

 

= 𝜌∫
20

9√3
𝑥3𝑑𝑥 =

ℓ√3
2

0

20𝜌

9√3

𝑥4

4
|
0

ℓ√3
2

=
20𝜌

9√3

9ℓ4

4 ∙ 16
=
5𝑀ℓ2

12
. 

p a s u x i:  
5

12
𝑀ℓ2. 

 
 

 

amocana  34. 15.  

    

  gamoTvaleT             
𝑥2

𝑎2
+
𝑦2

𝑏2
= 1     

konturiT SemosazRvruli 𝑀 masis  
Txeli  erTgvarovani    elifsuri  
firfitis inerciis momentebi  sami 

urTierTmarTobuli  𝑥, 𝑦   da  𝑧  
RerZebis  mimarT. 
.  
   a m o x s n a.   

𝑂 

𝑎 

𝑏 

𝑥 

𝑦 
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 (34.3) formulis mixedviT  ganvsazRvroT zedapiruli simkvrive: 

𝜌 =
𝑀

𝑆
=

𝑀

𝜋𝑎𝑏
. 

   gamovTvaloT firfitis  inerciis momenti  𝑧   RerZis  mimarT: 
 

𝐼𝑧 =∬(𝑥2 + 𝑦2)𝑑𝑚 =∬(𝑥2 + 𝑦2)𝜌𝑑𝑆 =

𝑆𝑆

 

= 𝜌 ∫𝑑𝑥 ∫(𝑥2 + 𝑦2)𝑑𝑦

𝑦

−𝑏

𝑎

−𝑎

= |𝑦 = 𝑏√1 −
𝑥2

𝑎2
| = 

 

= 𝜌 ∫𝑑𝑥 (𝑥2𝑦 +
𝑦3

3
)|
−𝑏√1−

𝑥2

𝑎2

𝑏√1−
𝑥2

𝑎2

=

𝑎

−𝑎

 

 

= 2𝜌 ∫ [𝑥2𝑏√1 −
𝑥2

𝑎2
+
𝑏3

3
(1 −

𝑥2

𝑎2
)

3
2

]

𝑎

−𝑎

𝑑𝑥 = 

= 2𝜌𝑏 ∫ [𝑥2 +
𝑏2

3
(1 −

𝑥2

𝑎2
)]

𝑎

−𝑎

√1 −
𝑥2

𝑎2
𝑑𝑥 = 

 

𝑂 

𝑎 

𝑏 

𝑥 

𝑦 

• 

• 

• • 
𝐵(𝑎, 0) 𝐴(−𝑎, 0) 

𝐶(0, 𝑏) 

𝐷(0,−𝑏) 

𝑦 = 𝑏√1 −
𝑥2

𝑎2
 

𝑦 = −𝑏√1 −
𝑥2

𝑎2
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= 4𝜌𝑏∫ [𝑥2 +
𝑏2

3
(1 −

𝑥2

𝑎2
)]

𝑎

0

√1 −
𝑥2

𝑎2
𝑑𝑥. 

  integralis gamosaTvlelad movaxdinoT Casma:  

𝑥 = 𝑎 ∙ 𝑠𝑖𝑛𝑡, 𝑑𝑥 = 𝑎 ∙ 𝑐𝑜𝑠𝑡𝑑𝑡. 
maSin       

𝐼𝑧 = 4𝜌𝑏∫ [𝑎
2𝑠𝑖𝑛2𝑡 +

𝑏2

3
(1 − 𝑠𝑖𝑛2𝑡)]

𝜋
2

0

√1 − 𝑠𝑖𝑛2𝑡 ∙ 𝑎 ∙ 𝑐𝑜𝑠𝑡𝑑𝑡 = 

= 4𝜌𝑎𝑏∫ [𝑎2𝑠𝑖𝑛2𝑡 +
𝑏2

3
𝑐𝑜𝑠2𝑡]

𝜋
2

0

𝑐𝑜𝑠2𝑡𝑑𝑡 =

= 4𝑎𝑏𝜌∫ [
𝑎2

4
𝑠𝑖𝑛22𝑡 +

𝑏2

3
𝑐𝑜𝑠4𝑡]

𝜋
2

0

𝑑𝑡 = 

=
|

|
𝑠𝑖𝑛22𝑡 =

1 − 𝑐𝑜𝑠4𝑡

2
;

𝑐𝑜𝑠4𝑡 =
1 + 2𝑐𝑜𝑠2𝑡 + 𝑐𝑜𝑠22𝑡

4
=
1

4
(1 + 2𝑐𝑜𝑠2𝑡 +

1 + 𝑐𝑜𝑠4𝑡

2
)

𝑐𝑜𝑠2𝑡 =
1 + 𝑐𝑜𝑠4𝑡

2

|

|
= 

 

= 4𝜌𝑎𝑏 {
𝑎2

8
(𝑡 −

𝑠𝑖𝑛4𝑡

4
) +

𝑏2

12
[𝑡 + 𝑠𝑖𝑛2𝑡 +

1

2
(𝑡 +

𝑠𝑖𝑛4𝑡

4
)]}|

𝑡=0

𝑡=
𝜋
2

= 

 

= 4𝜌𝑎𝑏 {
𝑎2

8
∙
𝜋

2
+
𝑏2

12
(
𝜋

2
+
1

2
∙
𝜋

2
)} = |𝜌 =

𝑀

𝜋𝑎𝑏
| == 4𝑀(

𝑎2

16
+
𝑏2

12
∙
3

4
) =

=
𝑀

4
(𝑎2 + 𝑏2). 

gamovTvaloT firfitis  inerciis momenti da 𝑥 RerZis  mimarT: 

𝐼𝑥 =∬(𝑦2 + 𝑧2)𝑑𝑚|𝑧=0 =∬𝑦2𝜌𝑑𝑥𝑑𝑦 = 𝜌 ∫𝑑𝑥 ∫𝑦2𝑑𝑦

𝑦

−𝑦

𝑎

−𝑎𝑆𝑆

= 
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= |𝑦 = 𝑏√1 −
𝑥2

𝑎2
| = 𝜌 ∫

𝑦3

3
|
−𝑏√1−

𝑥2

𝑎2

𝑏√1−
𝑥2

𝑎2

𝑑𝑥 =

𝑎

−𝑎

 

= 2𝜌 ∫
𝑏3

3
(1 −

𝑥2

𝑎2
)

3
2

𝑑𝑥 = 4𝜌∫
𝑏3

3
(1 −

𝑥2

𝑎2
)

3
2

𝑑𝑥.

𝑎

0

𝑎

−𝑎

 

 integralis gamosaTvlelad movaxdinoT Casma: 

𝑥 = 𝑎 ∙ 𝑠𝑖𝑛𝑡, 𝑑𝑥 = 𝑎 ∙ 𝑐𝑜𝑠𝑡𝑑𝑡. 
 maSin  

𝐼𝑥 = 4𝜌𝑎
𝑏3

3
∫ 𝑐𝑜𝑠3𝑡 ∙ 𝑐𝑜𝑠𝑡𝑑𝑡 =

𝜋
2

0

4𝜌𝑎
𝑏3

3
[
3

8
𝑡 +

1

4
𝑠𝑖𝑛2𝑡 +

1

32
𝑠𝑖𝑛4𝑡]|

0

𝜋
2
= 

 

= 4𝜌𝑎
𝑏3

3
[
3𝜋

16
+ 0 + 0] = 4

𝑀

𝜋𝑎𝑏
∙
𝑎 ∙ 𝑏3

3
∙
3𝜋

16
=
𝑀𝑏2

4
. 

𝐼𝑥 −is analogiurad gamovTvliT 𝐼𝑦 : 

𝐼𝑦 =
𝑀𝑎2

4
. 

p a s u x i:  𝐼𝑥 =
𝑀𝑏2

4
, 𝐼𝑦 =

𝑀𝑎2

4
, 𝐼𝑧 =

𝑀

4
(𝑎2 + 𝑏2). 

  
 
 

amocana  34. 16.  

 
    gansazRvreT 𝑀 masis erTgvarovani Rru  sferos inerciis 
momenti mis masaTa centrze gamavali RerZis mimarT. sferos gare da 

Siga radiusebi Sesabamisad tolia 𝑅 da 𝑟. 
   a m o x s n a.   Rru sferos masaTa centri mdebareobs 
koordinatTa sistemis saTaveSi. RerZis mimarT ineciis momentis 
ganmartebis Tanaxmad: 

𝐼𝑧 =∭(𝑥2 + 𝑦2)𝑑𝑚,

𝑉

 

sadac  𝑉 − sxeulis moculobaa. 

   gamovsaxoT  𝑑𝑚 moculobiTi simkvriviT:  

𝑑𝑚 = 𝜌𝑑𝑉, 
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sadac   

𝜌 =
𝑀

𝑉
=

𝑀

4
3𝜋
(𝑅2 − 𝑟2)

. 

 maSin 

𝐼𝑧 =∭ 𝜌(𝑥2 + 𝑦2)𝑑𝑉.

𝑉

 

gadavideT sferul koordinatebze  (ix. Nnaxazi) 
 

      𝑥 = 𝑡𝑐𝑜𝑠𝜑𝑐𝑜𝑠𝜓, 
      𝑦 = 𝑡𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜓, 
      𝑧 = 𝑡𝑠𝑖𝑛𝜓, 
sadac 

  𝑟 < 𝑡 < 𝑅;    0 < 𝜑 < 2𝜋;  −
𝜋

2
< 𝜓 <

𝜋

2
. 

maSin 

                      𝑑𝑉 = 𝑡2𝑐𝑜𝑠𝜓 𝑑𝑡𝑑𝜑𝑑𝜓, 
 

𝐼𝑧 = 𝜌∫ 𝑑𝜑 ∫𝑑𝜓

𝜋
2

−
𝜋
2

2𝜋

0

∫(𝑡2𝑐𝑜𝑠2𝜑𝑐𝑜𝑠2𝜓 + 𝑡2𝑠𝑖𝑛2𝜑𝑐𝑜𝑠2𝜓)𝑡2𝑐𝑜𝑠𝜓𝑑

𝑅

𝑟

𝑡 = 

= 𝜌𝜑|0
2𝜋 ∙ ∫ 𝑑𝜓∫(𝑡2𝑐𝑜𝑠2𝜓)(𝑡2𝑐𝑜𝑠𝜓)𝑑𝑡 =

𝑅

𝑟

𝜋
2

−
𝜋
2

 

= 2𝜌𝜋 ∫ 𝑐𝑜𝑠3𝜓𝑑𝜓∫ 𝑡4𝑑𝑡 =

𝑅

𝑟

𝜋
2

−
𝜋
2

 

= 2𝜌𝜋
𝑡5

5
|
𝑟

𝑅

∙ (𝑠𝑖𝑛𝜓 −
1

3
𝑠𝑖𝑛3𝜓)|

𝜓=−
𝜋
2

𝜓=
𝜋
2
= 

= 𝜌
2𝜋

5
(𝑅5 − 𝑟5) ∙

4

3
=
8𝜋

15
(𝑅5 − 𝑟5) ∙

3𝑀

4𝜋(𝑅3 − 𝑟3)
=
2𝑀(𝑅5 − 𝑟5)

5(𝑅3 − 𝑟3)
. 

 

p a s u x i:  𝐼𝑧 =
2𝑀(𝑅5−𝑟5)

5(𝑅3−𝑟3)
. 

 

𝑂 
𝑦 

𝜓 
𝜑 

𝑡 

𝑥 

𝑧 

• 
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 S e n i S v n a.  SeiZleba aseve Tavidan ganvsazRvroT polaruli 
inerciis momenti 
 

𝐼0 = ∫ 𝑡
2𝑑𝑚,

𝑅

𝑟

 

xolo Semdeg RerZuli 

𝐼𝑧 =
2

3
𝐼0, 

sadac 

𝑑𝑚 = 4𝜋𝑡2𝜌𝑑𝑡. 
 
 
 
      

amocana  34. 17. 

 
  gansazRvreT  𝑅 radiusis naxevarsferos  
formis Txeli erTgvarovani garsis inerciis  
momenti im RerZis  mimarT,  romelic  gadis  
naxevarsferos   centrSi   SemomsazRvreli  
sibrtyis    marTobulad.     Ggarsis   masa  
Tanabradaa ganawilebulia mis zedapirze. 
   a m o x s n a.   ganvixiloT  naxevar-

sfero rogorc    𝑑𝑚 = 𝜌𝑑𝑆  masis nivTier 
wertilTa  sistema,  romlebic  mdebareoben 
zedapirze  (ix. Nnaxazi) 

𝑧 = √𝑅2 − 𝑥2 − 𝑦2. 
Mmasis zedapiruli simkvrivea 

𝜌 =
𝑀

2𝜋𝑅2
. 

maSin RerZis mimarT inerciis  momentis 
ganmartebis Tanaxmad 

𝐼𝑧 =∬(𝑥2 + 𝑦2)𝑑𝑚 =

𝑆

 

= 𝜌∬(𝑥2 + 𝑦2)𝑑𝑆,

𝑆

 

𝑧 

𝑅 

𝑧 

𝑅 

𝑦 

𝑥 

𝑂 

𝑑𝑚 = 𝜌𝑑𝑆 

𝜑 

𝜓 
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sadac 𝑑𝑆 −naxevarsferos farTobis elementia. 
gadavideT sferul koordinatebze 

𝑥 = 𝑅𝑐𝑜𝑠𝜑𝑐𝑜𝑠𝜓, 
𝑦 = 𝑅𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜓, 
𝑧 = 𝑅𝑠𝑖𝑛𝜓 

sadac 

0 < 𝜑 < 2𝜋,     0 < 𝜓 <
𝜋

2
. 

maSin 

𝑑𝑆 = 𝑅2𝑐𝑜𝑠𝜓𝑑𝜑𝑑𝜓. 
 
amitom 

𝐼𝑧 = 𝜌∫ 𝑑𝜑∫(𝑅2𝑐𝑜𝑠2𝜑𝑐𝑜𝑠2𝜓 + 𝑅2𝑠𝑖𝑛2𝜑𝑐𝑜𝑠2𝜓)𝑅2𝑐𝑜𝑠𝜓𝑑𝜓

𝜋
2

0

2𝜋

0

= 

= 𝜌𝑅4∫ 𝑑𝜑∫ 𝑐𝑜𝑠3𝜓𝑑𝜓

𝜋
2

0

2𝜋

0

= 2𝜋𝜌𝑅4 (𝑠𝑖𝑛𝜓 −
1

3
𝑠𝑖𝑛3𝜓) |

0

𝜋
2

=
4𝜋𝜌𝑅4

3
= 

=
4

3
𝜋𝑅4

𝑀

2𝜋𝑅2
=
2

3
𝑀𝑅2. 

p a s u x i:  𝐼𝑧 =
2

3
𝑀𝑅2. 

 
 

 

 

amocana  34. 18.  
 

  gamoTvaleT mTliani erTgvarovani  cilindris inerciis momenti  𝑧  
 RerZis  mimarT, romelic marTobia  cilindris RerZisa da misi 

simZimis  𝐶 centridan daSorebulia 10sm  manZiliT. cilindris 
radiusi udris 4sm, xolo simaRle-40sm (nax.1). 
a m o x s n a.     (34.8) formulis mixedviT 

𝐼𝑧 = 𝑀𝜚𝑧
2, 

saidanac ganvsazRvroT inerciis radiusi 

𝜚𝑧 = √
𝐼𝑧
𝑀

 

sadac 𝑀  cilindris masaa.  
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                 nax.1                           nax.2 
moculobiTi simkvrive 

𝜌 =
𝑀

𝜋𝑅2ℎ
, 

sadac 𝑅 radiusia, ℎ -simaRle, 𝑀 -cilindris masa (nax.2). 

 cilindris inerciis  momenti  𝑧  RerZis  mimarT 

𝐼𝑧 =∭(𝑥2 + 𝑦2)𝑑𝑚

𝑉

=∭(𝑥2 + 𝑦2)𝜌𝑑𝑉

𝑉

= 

= 𝜌 ∫ 𝑑𝑦 ∫𝑑𝑥

𝑅

−𝑅

𝑦2

𝑦1

∫(𝑥2 + 𝑦2)𝑑𝑧 = |𝑧 = √𝑅2 − 𝑥2| =

𝑧

−𝑧

 

 

= 𝜌 ∫ 𝑑𝑦 ∫(𝑥2 + 𝑦2)2√𝑅2 − 𝑥2𝑑𝑥 =

𝑅

−𝑅

𝑦2

𝑦1

 

= 4𝜌 ∫ {−
𝑥

4
√(𝑅2 − 𝑥2)3 +

𝑅2

8
(𝑥√𝑅2 − 𝑥2  + 𝑅2𝑎𝑟𝑐𝑠𝑖𝑛

𝑥

𝑅
) +

𝑦2

𝑦1

 

+
1

2
𝑦2 (𝑥√𝑅2 − 𝑥2  + 𝑅2𝑎𝑟𝑐𝑠𝑖𝑛

𝑥

𝑅
)}|

𝑥=0

𝑥=𝑅

𝑑𝑦 = 

= 4𝜌 ∫ (
𝑅4

8
∙
𝜋

2
+
𝑦2

2
𝑅2 ∙

𝜋

2
)𝑑𝑦

𝑦2

𝑦1

= 𝜌𝜋𝑅2 (
(𝑦2 − 𝑦1)𝑅

2

4
+ 

𝑧 

𝑦 

𝐶 

• 

• 

𝐴(0, 𝑦2, 0) 

𝑂 

𝐵(0, 𝑦1, 0) 

𝑧 = −√𝑅2 − 𝑥2 

𝑧 = √𝑅2 − 𝑥2 

𝑥 10სმ 

𝑧 

𝑦 

𝑥 

𝐶 

4სმ 

40სმ 
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+
(𝑦2

3 − 𝑦1
3)

3
) =

𝜌𝜋𝑅2(𝑦2 − 𝑦1)

12
[3𝑅2 + 4(𝑦1

2 + 𝑦2
2 + 𝑦1𝑦2)]. 

ramdenadac 𝑦2 − 𝑦1 = ℎ, 𝜌 =
𝑀

𝜋𝑅2ℎ
, maSin 

 

𝐼𝑧 =
𝑀[3𝑅2 + 4(𝑦1

2 + 𝑦2
2 + 𝑦1𝑦2)]

12
. 

roca 𝑦1 = −30,  𝑦2 = 10, 𝑅 = 4,  miviRebT: 
 

𝐼𝑧 =
𝑀

12
[3 ∙ 16 + 4(100 + 900 − 300)] = 237,33𝑀 

maSin 

𝜚𝑧 = √
𝐼𝑧

𝑀
= √237,33 = 15,4sm 

p a s u x i:  15.4sm. 
 
SeniSvna: SeiZleboda gamogveyenebina hiugens-Steineris Teorema da 
formula 

𝐼𝐶𝑧′ = 𝑀(
𝑅2

4
+
ℎ2

12
). 

maSin 

𝐼𝑂𝑧 = 𝐼𝐶𝑧′ +𝑀𝑑
2, 

 

sadac  𝑑 = 𝑂𝐶,  meore mxriv, 𝐼0𝑧 = 𝑀𝜚𝑧
2. 

maSasadame 

𝑀𝜚𝑧
2 = 𝐼𝐶𝑧′ +𝑀𝑑

2, 
 
saidanac 

𝜚𝑧
2 =

𝐼𝐶𝑧′ +𝑀𝑑
2

𝑀
= 𝑑2 +

𝐼𝐶𝑧′
𝑀

= 𝑑2 +
𝑅2

4
+
ℎ2

12
= 102 +

42

4
+
402

12
=

= 237,33; 
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amocana  34. 19.  
   

   Qqanqara Sedgeba wvrili erTgvarovani  𝑀1  
masis   𝐴𝐵   Rerosagan,    romlis   boloze  

mimagrebulia  𝑀2 masis   erTgvarovani    𝐶   
disko. Reros  sigrZe  4𝑟 −is tolia,  sadac 

𝑟 − diskos  radiusia. gamovTvaloT Qqanqaras 

inerciis  momenti  misi dakidebis  𝑂 RerZis 
mimarT, romelic qanqaras sibrtyis marTobia 

da Reros bolodan daSorebulia 𝑟 manZiliT. 
  a m o x s n a.   qanqaras inerciis momenti 

tolia Reros 𝐼𝑧1 inerciis  momentis  da 𝐼𝑧2 

diskos inerciis momentis jamis: 

                𝐼𝑧 = 𝐼𝑧1 + 𝐼𝑧2 

 Reros  inerciis momenti (ix. Nnaxazi) 

𝐼𝑧1 = ∫ 𝑥2𝑑𝑚.

ℓ

 

radgan 𝐴𝐵 Rero  erTgvarovania,  amitom  

        𝑑𝑚 = 𝜚𝑑𝑥, 
sadac 

          𝜚1 =
𝑀1

4𝑟
. 

maSin  

𝐼𝑧1 = ∫ 𝑥2𝑑𝑚 =

3𝑟

−𝑟

 

=
𝑀1
4𝑟

∫ 𝑥2𝑑𝑥 =

3𝑟

−𝑟

𝑀1
4𝑟

𝑥3

3
|
−𝑟

3𝑟

=
𝑀1
4𝑟

27𝑟3 + 𝑟3

3
=
7𝑀1𝑟

2

3
. 

  diskos inerciis moments  vipoviT hiugens-Steineris Teoremis 
gamoyenebiT 

𝐼𝑧2 = 𝐼𝐶𝑧 +𝑀2(4𝑟)
2 =

𝑀2𝑟
2

2
+ 16𝑀2𝑟

2 = 16,5𝑀2𝑟
2 

maSasadame    
               𝐼𝑧 =

7

3
𝑀1𝑟

2 +
32

2
𝑀2𝑟

2 =
4𝑀1+99𝑀2

6
𝑟2. 

p a s u x i:   𝐼𝑧 =
4𝑀1+99𝑀2

6
𝑟2. 

3𝑟 

𝐴 

𝑂 

𝐵 

𝐶 

𝑟 

𝑟 

3𝑟 

𝐴 

𝑂 

𝐵 

𝐶 

𝑟 

𝑟 

𝑧 

𝑥 

• 
𝑀1�⃗� 

𝑀2�⃗� 
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amocana  34. 20.  
     
   wvrili 𝑀  masis da  2ℓ sigrZis  
erTgvarovani 𝐴𝐵 Rero 

mimagrebulia vertikalur RerZze 𝑂 
centriT, ise  rom igi RerZTan 

adgens 𝛼 kuTxes. gamovTvaloT 

Reros  𝐼𝑥 da 𝐼𝑦 inerciis momentebi 

da centridanuli 𝐼𝑥𝑦inerciis 

momenti.  koordinatTa RerZebi 
naCvenebia  naxazze. 
  a m o x s n a.   (34.4)  formulis 
Tanaxmad Reros  xazovani simkvrive 

𝜌 =
𝑀

2ℓ
,  maSin 

          𝑑𝑚 = 𝜌𝑑ℓ = 𝜌√𝑑𝑥2 + 𝑑𝑦2. 
 𝐴𝐵 wrfis gantolebaa (ix. Nnaxazi):  

                      𝑦 = 𝑥𝑡𝑔𝛼. 
A  amitom 

   𝑑ℓ = √1 + 𝑐𝑡𝑔2𝛼𝑑𝑥 = 𝑑𝑥

𝑠𝑖𝑛𝛼
 

   gamovTvaloT Reros inerciis 
momentebi: 

𝐼𝑥 = ∫ 𝑦2𝑑𝑚 = 𝜌 ∫ 𝑥2𝑐𝑡𝑔2𝛼 
𝑑𝑥

𝑠𝑖𝑛𝛼
=

ℓ𝑠𝑖𝑛𝛼

−ℓ𝑠𝑖𝑛𝛼

ℓ𝑠𝑖𝑛𝛼

−ℓ𝑠𝑖𝑛𝛼

  

 

= 
𝜌𝑐𝑡𝑔2𝛼

𝑠𝑖𝑛𝛼
∙
𝑥3

3
|
−ℓ𝑠𝑖𝑛𝛼

ℓ𝑠𝑖𝑛𝛼

=
2𝜌𝑐𝑡𝑔2𝛼

3𝑠𝑖𝑛𝛼
∙ ℓ3 ∙ 𝑠𝑖𝑛3𝛼 = 

 

=
2𝜌ℓ3𝑐𝑜𝑠2𝛼

3
=
2𝑀ℓ3𝑐𝑜𝑠2𝛼

3 ∙ 2ℓ
=
𝑀ℓ2𝑐𝑜𝑠2𝛼

3
; 

 

𝐼𝑦 = ∫ 𝑥2𝑑𝑚 = 𝜌 ∫ 𝑥2  
𝑑𝑥

𝑠𝑖𝑛𝛼
=  

𝜌

𝑠𝑖𝑛𝛼
∙
𝑥3

3
|
−ℓ𝑠𝑖𝑛𝛼

ℓ𝑠𝑖𝑛𝛼ℓ𝑠𝑖𝑛𝛼

−ℓ𝑠𝑖𝑛𝛼

ℓ𝑠𝑖𝑛𝛼

−ℓ𝑠𝑖𝑛𝛼

= 

 

𝛼 
−ℓ𝑠𝑖𝑛𝛼 • 

𝑥 

𝑦 

𝑂 

𝑥 

ℓ𝑠𝑖𝑛𝛼 

𝑀 

𝑦 

𝐴 

𝐵 

𝛼 
ℓ 

ℓ 

𝑥 

𝑦 

𝑂 

𝐴 

𝐵 
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=
2𝜌ℓ3 ∙ 𝑠𝑖𝑛3𝛼

3𝑠𝑖𝑛𝛼
=
2𝑀ℓ3 ∙ 𝑠𝑖𝑛3𝛼

3𝑠𝑖𝑛𝛼 ∙ 2ℓ
=
𝑀ℓ2𝑠𝑖𝑛2𝛼

3
. 

 
centridanuli inerciis momenti 

𝐼𝑥𝑦 = ∫ 𝑥𝑦𝑑𝑚 = ∫ 𝑥2𝑐𝑡𝑔𝛼 
𝑑𝑥

𝑠𝑖𝑛𝛼
=

ℓ𝑠𝑖𝑛𝛼

−ℓ𝑠𝑖𝑛𝛼

ℓ𝑠𝑖𝑛𝛼

−ℓ𝑠𝑖𝑛𝛼

 

 

=
𝜌𝑐𝑡𝑔𝛼

𝑠𝑖𝑛𝛼
∫ 𝑥2𝑑𝑥

ℓ𝑠𝑖𝑛𝛼

−ℓ𝑠𝑖𝑛𝛼

= 
𝜌𝑐𝑡𝑔𝛼

𝑠𝑖𝑛𝛼
∙
𝑥3

3
|

−ℓ𝑠𝑖𝑛𝛼

ℓ𝑠𝑖𝑛𝛼

=
2𝜌ℓ3𝑐𝑡𝑔𝛼 ∙ 𝑠𝑖𝑛3𝛼

3𝑠𝑖𝑛𝛼
= 

 

=
2𝑀ℓ2 ∙ 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼

3
=
𝑀ℓ2

6
𝑠𝑖𝑛2𝛼. 

   

p a s u x i:   𝐼𝑥 =
𝑀ℓ2

3
𝑐𝑜𝑠2𝛼; 𝐼𝑦 =

𝑀ℓ2

3
𝑠𝑖𝑛2𝛼; 𝐼𝑥𝑦 =

𝑀ℓ2

6
𝑠𝑖𝑛2𝛼. 

 
 

amocana  34. 21  

 
  𝑀  masis  da  𝑅   radiusis 
erTgvarovani   wriuli   disko 

mimagrebulia   𝐴𝐵  RerosTan, 

romlis   masaTa 𝐶  centridan 

daSorebulia      𝑂𝐶 = 𝑅/2  
manZiliT. gamovTvaloT diskos 
RerZuli  da   centridanuli 
inerciis momentebi. 
a m o x s n a.     RerZis mimarT 
inerciis  momentis ganmartebis 
Tanaxmad 

𝐼𝑦 = 𝐼𝑦′ =∬[(𝑥′)2 + (𝑧′)2]𝑑𝑚,

𝑆

 

sadac  𝑆 − 𝑥 = 0 sibrtyeze mdebare wrea. Aamitom 

𝑥 

𝑧 

𝑂 

𝐴 

𝐵 

𝑦 𝑂 𝐶 
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𝐼𝑦 = 𝜌∬(𝑧′)2𝑑𝑆 = 𝜌∫ 𝑑𝜑∫(𝑧′)2𝑅𝑑𝑅|𝑧ʹ=𝑅𝑠𝑖𝑛𝜑 =

𝑅

0

2𝜋

0

           

𝑆

 

= 𝜌∫ 𝑅3𝑑𝑅∫ 𝑠𝑖𝑛2𝜑𝑑𝜑 = 𝜌
𝑅4

4
(
1

2
𝜑 −

1

4
𝑠𝑖𝑛2𝜑)|

0

2𝜋

=
2𝜋

0
𝜌
𝑅4

4
(𝜋 −

𝑅

0

0) = 𝜌
𝑅4

4
𝜋, 

sadac  𝜌 −diskos zedapiruli  

simkvrivea  𝜌 =
𝑀

𝜋𝑅2 
.  maSin  

      𝐼𝑦 =
𝑀

𝜋𝑅2 
∙
𝑅4

4
𝜋 =

𝑀𝑅2 

4
. 

    𝐼𝑥 −is gamosaTvlelad 
visargebloT       hiugens-
Steineris  TeoremiT: 

       𝐼𝑥 = 𝐼𝑥ʹ +𝑀𝑑
2, 

sadac    
 

𝐼𝑥ʹ = 𝜌∬[(𝑦′)2 + (𝑧′)2]𝑑𝑆 =
𝑀𝑅2 

2
𝑆

  ,      

  radgan  𝑑 = 𝑅/2  (pirobis Tanaxmad). 
maSasadame, 

      𝐼𝑦 =
𝑀𝑅2 

2
+𝑀 (

𝑅

2
)
2

=
3𝑀𝑅2 

4
 

 

    Aanalogiurad gamovTvalOT  𝐼𝑧: 

𝐼𝑧 = 𝐼𝑧ʹ +𝑀𝑑
2 = 𝜌∬[(𝑥′)2 + (𝑦′)2]𝑥ʹ=0𝑑𝑆 +𝑀(

𝑅

2
)
2

𝑆

= 

= 𝜌∫∫ 𝑅2𝑐𝑜𝑠2𝜑𝑅𝑑𝑅𝑑𝜑 +
𝑀𝑅2 

4
= 𝜌

𝑅4

4
(
1

2
𝜑 +

1

4
𝑠𝑖𝑛2𝜑)|

0

2𝜋

=

2𝜋

0

𝑅

0

 

 

= 𝜌
𝑅4

4
𝜋 +

𝑀𝑅2 

4
=
𝑀𝑅2 

4
+
𝑀𝑅2 

4
=
𝑀𝑅2

2
 

centridanuli inerciis momentis ganmartebis Tanaxmad: 

𝑥 

𝑧 

𝑂 

𝐴 

𝐵 

𝑦 
𝜑 

𝑂 𝐶 

𝑥′ 

𝑦
= 𝑦′ 

𝑧′ 

𝐷(𝑥′, 𝑦′, 𝑧′) 
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𝐼𝑥𝑦 =∬𝑥𝑦𝑑𝑚|𝑥=0 = 0,

𝑆

 

radgan  𝑆 devs  𝑂𝑦𝑧 sibrtyeze,  amitom 𝑥 = 0.  analogiurad 

𝐼𝑥𝑧 =∬𝑥𝑦𝑑𝑚|𝑥=0 = 0.

𝑆

 

 𝐼𝑦𝑧 − is gamosaTvlelad visargebloT hiugens-Steineris TeoremiT: 

𝐼𝑦𝑧 = 𝐼𝑦ʹ𝑧ʹ +𝑀𝑧𝐶𝑦𝐶|𝑧𝐶=0
= 𝐼𝑦ʹ𝑧ʹ = 𝜌∬𝑦ʹ𝑧ʹ𝑑𝑆 =

𝑆

 

= 𝜌∫∫ 𝑅𝑐𝑜𝑠𝜑 ∙ 𝑅𝑠𝑖𝑛𝜑 ∙ 𝑅𝑑𝑅𝑑𝜑 == 𝜌∫𝑅3𝑑𝑅∫
1

2
𝑠𝑖𝑛2𝜑𝑑𝜑 =

2𝜋

0

𝑅

0

2𝜋

0

𝑅

0

 

= 𝜌
𝑅4

4
(−

1

4
𝑐𝑜𝑠2𝜑)|

0

2𝜋

= 0. 

p a s u x i:   

𝐼𝑥 =
3

4
𝑀𝑟2;  𝐼𝑦 =

1

4
𝑀𝑟2; 𝐼𝑧 =

1

2
𝑀𝑟2; 𝐼𝑥𝑦 = 𝐼𝑥𝑧 = 𝐼𝑦𝑧 = 0. 

 
 

 

amocana  34. 22  
    gansazRvreT    𝑀   masis 

erTgvarovani  𝐴𝐵𝐶ABsamkuTxa 

firfitis inerciis momenti 𝐴 
wveroze    gamavali  RerZis mimarT 

D da 𝑥 mis sibrtyeSi  mdebare  𝑥  
RerZis  mimarT, Tu  cnobilia     

𝐵  da   𝐶 wveroebidan    manZili   

𝑥  RerZamde: 𝐵𝑀 = ℎ𝐵 , 𝐶𝑁 = ℎ𝑐 . 
 a m o x s n a. myari sxeulis 
RerZis mimarT inerciis 
momentis ganmartebis Tanaxmad: 

𝐼𝑥 = 𝜌∬(𝑦2 + 𝑧2)𝑑𝑆|𝑧=0 =

𝑆

 

𝐵 

𝐴 

𝐶 

𝑥 𝑁 𝑀 

ℎ𝐶  ℎ𝐵 

𝐵(𝑥𝐵, ℎ𝐵) 

𝐴(0,0) 

𝐶(𝑥𝐶 , ℎ𝐶) 

𝑥 𝑁(𝑥𝐶 , 0) 𝑀(𝑥𝐵, 0) 

ℎ𝐶  ℎ𝐵 

 

𝑦 

𝐷
• 
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= 𝜌∬𝑦2𝑑𝑥𝑑𝑦 = 𝜌

𝑆

{ ∬ 𝑦2𝑑𝑥𝑑𝑦 + ∬ 𝑦2𝑑𝑥𝑑𝑦

∆𝐷𝐵𝐶∆𝐴𝐵𝐷

} = 𝜌𝐴       

 

firfitis 𝐴𝐵 gverdis gantolebaa (ix. Nnaxazi):  

𝑦 =
ℎ𝐵
𝑥𝐵
𝑥, 

𝐴𝐶 gverdis:  

𝑦 =
ℎ𝐶
𝑥𝐶
𝑥, 

𝐵𝐶 gverdis:  

𝑦 − ℎ𝐵 =
ℎ𝐶 − ℎ𝐵
𝑥𝐶 − 𝑥𝐵

(𝑥 − 𝑥𝐵). 

amitom 

∬ 𝑦2𝑑𝑥𝑑𝑦 = ∫ 𝑑𝑥 ∫ 𝑦2𝑑𝑦

ℎ𝐵
𝑥𝐵
𝑥

ℎ𝐶
𝑥𝐶
𝑥

= ∫ 𝑑𝑥 (
𝑦3

3
)|
ℎ𝐶
𝑥𝐶
𝑥

ℎ𝐵
𝑥𝐵
𝑥

=

𝑥𝐵

0

𝑥𝐵

0∆𝐴𝐵𝐷

 

=
1

3
∫ [(

ℎ𝐵
𝑥𝐵
)
3

− (
ℎ𝐶
𝑥𝐶
)
3

] 𝑥3𝑑𝑥 =
1

3
[(
ℎ𝐵
𝑥𝐵
)
3

− (
ℎ𝐶
𝑥𝐶
)
3

]

𝑥𝐵

0

∙
𝑥4

4
|
𝑥=0

𝑥𝐵

= 

=
1

12
[(
ℎ𝐵

𝑥𝐵
)
3

− (
ℎ𝐶

𝑥𝐶
)
3

] 𝑥𝐵
4 ; 

 

∬ 𝑦2𝑑𝑥𝑑𝑦 = ∫ 𝑑𝑥 ∫ 𝑦2𝑑𝑦

𝑦1

𝑦2

= ||
𝑦1 = ℎ𝐵 +

ℎ𝐶 − ℎ𝐵
𝑥𝐶 − 𝑥𝐵

(𝑥 − 𝑥𝐵);

𝑦2 =
ℎ𝐶
𝑥𝐶
𝑥,

||

𝑥𝐶

𝑥𝐵∆𝐷𝐵𝐶

 

 

= ∫ 𝑑𝑥 (
𝑦3

3
)|
ℎ𝐶
𝑥𝐶
𝑥

ℎ𝐵+
ℎ𝐶−ℎ𝐵
𝑥𝐶−𝑥𝐵

(𝑥−𝑥𝐵)

=

𝑥𝐶

𝑥𝐵
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=
1

3
∫ {[ℎ𝐵 +

ℎ𝐶 − ℎ𝐵
𝑥𝐶 − 𝑥𝐵

(𝑥 − 𝑥𝐵)]
3

− (
ℎ𝐶
𝑥𝐶
𝑥)

3

}𝑑𝑥 =

𝑥𝐶

𝑥𝐵

 

 

=
1

3
∫ {ℎ𝐵

3 + 3ℎ𝐵
2
ℎ𝐶 − ℎ𝐵
𝑥𝐶 − 𝑥𝐵

(𝑥 − 𝑥𝐵) + 3ℎ𝐵 (
ℎ𝐶 − ℎ𝐵
𝑥𝐶 − 𝑥𝐵

)
2

(𝑥 − 𝑥𝐵)
2

𝑥𝐶

𝑥𝐵

+ 

+(
ℎ𝐶 − ℎ𝐵
𝑥𝐶 − 𝑥𝐵

(𝑥 − 𝑥𝐵))

3

− (
ℎ𝐶
𝑥𝐶
𝑥)

3

}𝑑𝑥 =

=
1

3
[ℎ𝐵
3𝑥 + 3ℎ𝐵

2
ℎ𝐶 − ℎ𝐵
𝑥𝐶 − 𝑥𝐵

(𝑥 − 𝑥𝐵)
2

2
+

+ 3ℎ𝐵 (
ℎ𝐶 − ℎ𝐵
𝑥𝐶 − 𝑥𝐵

)
2 (𝑥 − 𝑥𝐵)

3

3
+ (

ℎ𝐶 − ℎ𝐵
𝑥𝐶 − 𝑥𝐵

)
3 (𝑥 − 𝑥𝐵)

4

4
− 

  
 

−(
ℎ𝐶
𝑥𝐶
)

3
𝑥4

4
]|

𝑥𝐵

𝑥𝐶

=
1
3
[ℎ𝐵
3
(𝑥𝐶−𝑥𝐵)+3ℎ𝐵

2 ℎ𝐶−ℎ𝐵
𝑥𝐶−𝑥𝐵

(𝑥𝐶−𝑥𝐵)2

2
+ 

 
 

+3ℎ𝐵 (
ℎ𝐶−ℎ𝐵
𝑥𝐶−𝑥𝐵

)

2
(𝑥𝐶−𝑥𝐵)3

3
+ (

ℎ𝐶−ℎ𝐵
𝑥𝐶−𝑥𝐵

)

3
(𝑥𝐶−𝑥𝐵)4

4
− (

ℎ𝐶
𝑥𝐶
)

3
𝑥𝐶
4 −𝑥𝐵

4

4
]= 

 

=
1
3
(𝑥𝐶−𝑥𝐵) [ℎ𝐵

3
+3ℎ𝐵

2
(ℎ𝐶−ℎ𝐵)+ℎ𝐵(ℎ𝐶−ℎ𝐵)

2
+
1
4
(ℎ𝐶−ℎ𝐵)

3
− 

 

−(
ℎ𝐶
𝑥𝐶
)

3 (𝑥𝐶+𝑥𝐵) (𝑥𝐶
2 +𝑥𝐵

2)

4
]. 

maSin 
 

𝐴 =∬𝑦2𝑑𝑆 =
1
12

[(
ℎ𝐵
𝑥𝐵

)

3

− (
ℎ𝐶
𝑥𝐶
)

3

]𝑥𝐵
4 +

1
3
(𝑥𝐶−𝑥𝐵) [ℎ𝐵

3
+3ℎ𝐵

2 (ℎ𝐶−ℎ𝐵)
2

𝑆

 

 

+
1
4
(ℎ𝐶−ℎ𝐵)

3
− (

ℎ𝐶
𝑥𝐶
)

3 (𝑥𝐶+𝑥𝐵) (𝑥𝐶
2 +𝑥𝐵

2)

4
]= 
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=
1
12

[ℎ𝐵
3
𝑥𝐵− (

ℎ𝐶
𝑥𝐶
)

3

𝑥𝐵
4 − (

ℎ𝐶
𝑥𝐶
)

3

(𝑥𝐶
4 −𝑥𝐵

4)]+ 

+
1
3
(𝑥𝐶−𝑥𝐵) [ℎ𝐵

3
+
3ℎ𝐵

2

2
(ℎ𝐶−ℎ𝐵)+ℎ𝐵(ℎ𝐶−ℎ𝐵)

2
+
1
4
(ℎ𝐶−ℎ𝐵)

3
]= 

 

=
1
12

(ℎ𝐵
3
𝑥𝐵−ℎ𝐶

3
𝑥𝐶)+ 

 

+
1

3
(𝑥𝐶 − 𝑥𝐵) [ℎ𝐵

3 +
3ℎ𝐵

2

2
(ℎ𝐶 − ℎ𝐵) + ℎ𝐵(ℎ𝐶 − ℎ𝐵)

2 +
1

4
(ℎ𝐶 − ℎ𝐵)

3] 

 

=
1
12

(ℎ𝐵
3
𝑥𝐵−ℎ𝐶

3
𝑥𝐶)+

1
12

(𝑥𝐶−𝑥𝐵) [4ℎ𝐵
2
+6ℎ𝐵

2
ℎ𝐶−6ℎ𝐵

3
+ 

 
 

+4(ℎ𝐵ℎ𝐶
2 − 2ℎ𝐶ℎ𝐵

2 + ℎ𝐵
3) + ℎ𝐶

3 − 3ℎ𝐵ℎ𝐶
2 + 3ℎ𝐶ℎ𝐵

2 − ℎ𝐶
3] = 

 
 

=
1
12

(ℎ𝐵
3
𝑥𝐵−ℎ𝐶

3
𝑥𝐶)+

1
12

(𝑥𝐶−𝑥𝐵) (ℎ𝐵
3
+ℎ𝐵

2
ℎ𝐶+ℎ𝐵ℎ𝐶

2
+ℎ𝐶

3
)= 

=
1
12
𝑥𝐵 (ℎ𝐵

3
−ℎ𝐵

3
−ℎ𝐵

2
ℎ𝐶−ℎ𝐵ℎ𝐶

2
−ℎ𝐶

3
)+ 

 

+
1
12
𝑥𝐶 (ℎ𝐵

3
+ℎ𝐵

2
ℎ𝐶+ℎ𝐵ℎ𝐶

2
+ℎ𝐶

3
−ℎ𝐶

3
) = 

 

=
1
12
𝑥𝐶ℎ𝐵 (ℎ𝐵

2
+ℎ𝐵ℎ𝐶+ℎ𝐶

2
)−

1
12
𝑥𝐵ℎ𝐶 (ℎ𝐵

2
+ℎ𝐵ℎ𝐶+ℎ𝐶

2
) = 

 

=
ℎ𝐵
2 + ℎ𝐵ℎ𝐶 + ℎ𝐶

2

6
∙ 𝑆, 

sadac   𝑆 =
1

2
(𝑥𝐶ℎ𝐵 − 𝑥𝐵ℎ𝐶) −  ∆𝐴𝐵𝐶 farTobia, romlis 

wveroebia  𝐴(0; 0), 𝐵(𝑥𝐵, ℎ𝐵), 𝐶(𝑥𝐶 , ℎ𝐶): 
          

𝑆 =
1

2
|

0 0 1
𝑥𝐶 ℎ𝐶 1
𝑥𝐵 ℎ𝐵 1

|. 

 
maSin   
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    𝐼𝑥 = 𝜌𝐴 = 𝜌𝑆 ∙
1

6
(ℎ𝐵
2 + ℎ𝐵ℎ𝐶 + ℎ𝐶

2) =
1

6
𝑀(ℎ𝐵

2 + ℎ𝐵ℎ𝐶 + ℎ𝐶
2), 

sadac        𝑀 = 𝜌𝑆. 
 

p a s u x i:  𝐼𝑥 =
𝑀

6
(ℎ𝐵

2 + ℎ𝐵ℎ𝐶 + ℎ𝐶
2). 

 

 

 

amocana  34. 23  
 

      34.1 amocanis monacemebiT gamoTvaleT muxla lilvis 𝐼𝑥𝑧, 𝐼𝑦𝑧, 𝐼𝑥𝑦 
centridanuli inerciis momentebi 

a m o x s n a. amovweroT 𝐴, 𝐵 da 𝐷 wertilebis koordinatebi: 

𝐴 [
𝑑

2
;  
√3

2
𝑑; −(𝑎 + 𝑏)] , 𝐵 [

𝑑

2
; − 

√3

2
𝑑;  0],   𝐷[−𝑑;  0;  (𝑎 + 𝑏)]. 

 
centridanuli inerciis momentebis ganmartebis Tanaxmad 
 

𝐼𝑥𝑧 =∑𝑚𝑘𝑥𝑘𝑧𝑘 = 𝑚 {−(𝑎 + 𝑏)
𝑑

2
+ 0 + (−𝑑)(𝑎 + 𝑏)} =

3

𝑘=1

 

= −𝑚(
3

2
𝑑) (𝑎 + 𝑏) =

−3𝑚𝑑(𝑎 + 𝑏)

2
, 

 

𝐼𝑦𝑧 =∑𝑚𝑘𝑦𝑘𝑧𝑘 = 𝑚{− 
√3

2
𝑑(𝑎 + 𝑏) + 0 + 0} =

3

𝑘=1

= − 
√3

2
𝑚𝑑(𝑎 + 𝑏), 

 

𝐼𝑥𝑦 =∑𝑚𝑘𝑥𝑘𝑦𝑘 = 𝑚{
√3

2
∙ 𝑑 ∙ (

𝑑

2
) −

𝑑 ∙ √3𝑑

2 ∙ 2
+ 0} = 0.

3

𝑘=1

 

 

p a s u x i:  𝐼𝑥𝑧 =
−3𝑚𝑑(𝑎+𝑏)

2
; 𝐼𝑦𝑧 = − 

√3

2
𝑚𝑑(𝑎 + 𝑏); 𝐼𝑥𝑦 = 0. 
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amocana  34. 24  
 

    𝑀  masis   erTgvarovani  
wriuli disko eqscentrulad 
Camocmulia   misi   sibrtyis 

marTob  𝑧  RerZze.  diskos  
radiusi      udris    𝑅 −s,  

eqscentrisiteti    𝑂𝐶 = 𝑎,  
sadac 𝐶-aris diskos  masaTa  

centri. gamoTvaleT 𝐼𝑥 , 𝐼𝑦, 𝐼𝑧    
RerZuli    da   𝐼𝑥𝑧,  𝐼𝑦𝑧,  𝐼𝑥𝑦  
cCentridanu li     inerciis 
momentebi.  RerZebi  naxazzea 
naCvenebi. 
a m o x s n a.  34.21 amocanis 
amoxsnis analogiurad (ix.naxazi) 
CavweroT: 

𝐼𝑧 = 𝐼𝑧ʹ +𝑀(𝑂𝐶)
2 = 

 

=
𝑀𝑅2

2
+𝑀𝑎2 =

𝑀

2
(𝑅2 + 2𝑎2), 

𝐼𝑥 = 𝐼𝑥ʹ +𝑀 ∙ 0 = 𝐼𝑥ʹ = 𝜌∬[(𝑦′)2 + (𝑧′)2]𝑑𝑆|𝑧′=0 =

𝑆

 

 

= 𝜌∫ ∫(𝑦′)2𝑟𝑑𝑟𝑑𝜑 =

𝑅

0

2𝜋

0

= 𝜌∫ ∫ 𝑟3𝑠𝑖𝑛2𝜑𝑑𝑟𝑑𝜑 = 𝜌
𝑅4

4
(
1

2
𝜑 −

1

4
𝑠𝑖𝑛2𝜑)|

0

2𝜋

=

𝑅

0

2𝜋

0

=𝜌
𝜋𝑅4

4
|𝜌 =

𝑀

𝜋𝑅2 
| =

𝑀𝑅2 

4
, 

𝐼𝑦 = 𝐼𝑦ʹ +𝑀(𝑂𝐶)
2 = 𝜌∬[(𝑥′)2 + (𝑧′)2]𝑑𝑆|𝑧′=0 +𝑀𝑎

2 =

𝑆

 

 

= 𝜌∫ ∫ 𝑟3𝑐𝑜𝑠2𝜑𝑑𝑟𝑑𝜑 +𝑀𝑎2 = 𝜌
𝜋𝑅4

4
(
1

2
𝜑 +

1

4
𝑠𝑖𝑛2𝜑)|

0

2𝜋

+𝑀𝑎2 =

𝑅

0

2𝜋

0

 

𝑦 

𝑥 

𝑧 
𝐶 

𝑂 

𝑦 

𝑥 

𝑧 
𝐶 

𝑂 

𝑧′ 

𝑦′ 

𝑥′ 
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= 𝜌
𝜋𝑅4

4
+𝑀𝑎2 =

𝑀𝑅2

4
+𝑀𝑎2 =

𝑀

4
(𝑅2 + 4𝑎2). 

 
ganvsazRvroT diskos centridanuli momenetebi: 
 

𝐼𝑥𝑧 =∬𝑥𝑧𝑑𝑚|𝑧=0

𝑆

= 0; 

𝐼𝑦𝑧 =∬𝑦𝑧𝑑𝑚|𝑧=0

𝑆

= 0; 

𝐼𝑥𝑦 = 𝐼𝑥′𝑦ʹ +𝑀𝑥𝐶𝑦𝐶|𝑥𝐶=−𝑎
𝑦𝐶=0 = 𝐼𝑥′𝑦ʹ =∬𝑥ʹ𝑦ʹ𝑑𝑆 =

𝑆

 

= 𝜌∫∫ 𝑟𝑐𝑜𝑠𝜑 ∙ 𝑟𝑠𝑖𝑛𝜑 ∙ 𝑟𝑑𝑟𝑑𝜑 = 𝜌∫ 𝑟3𝑑𝑟∫
1

2
𝑠𝑖𝑛2𝜑𝑑𝜑 =

2𝜋

0

𝑅

0

2𝜋

0

𝑅

0

 

 

= 𝜌
𝑅4

4
(−

1

4
𝑐𝑜𝑠2𝜑)|

𝜑=0

𝜑=2𝜋

= 0. 

 
S e n i S v n a: amocanis amoxsna mniSvnelovnad martivdeba, Tu 
visargeblebT cnobaris monacemebiT da  hiugens-Steineris  TeoremiT: 

𝐼𝑥 =
1

4
𝑀𝑅2,   

𝐼𝑦 = 𝐼𝐶𝑦ʹ +𝑀 ∙ (𝑂𝐶)2 =
𝑀𝑅2

4
+𝑀𝑎2 =

𝑀

4
(𝑅2 + 4𝑎2); 

𝐼𝑧 = 𝐼𝐶𝑧ʹ +𝑀(𝑂𝐶)
2 =

𝑀

2
(𝑅2 + 2𝑎2). 

 

p a s u x i:  𝐼𝑥 =
1

4
𝑀𝑅2, 𝐼𝑦 =

𝑀

4
(𝑅2 + 4𝑎2); 𝐼𝑧 =

𝑀

2
(𝑅2 + 2𝑎2); 

 
𝐼𝑥𝑧 = 𝐼𝑦𝑧 = 𝐼𝑥𝑦 = 0. 
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amocana  34. 25  
 
    34.24 amocanis monacemebis 
mixedviT  gamoTvaleT  diskos 
inerciis momentebi  vertikalur 

𝑥𝑧  sibrtyeSi mdebare 𝑧1 

RerZis mimarT, romelic   𝑧  
RerZTan  𝜑 adgens kuTxes.. 
  a m o x s n a.  visargebloT 
(34.15) formuliT, romelic 
gansazRvravs sxeulis inerciis 
moments koordinatTa saTaveze gamavali nebismieri RerZis mimarT: 

          𝐼ℓ = 𝐼𝑥𝑐𝑜𝑠
2𝛼 + 𝐼𝑦𝑐𝑜𝑠

2𝛽 + 𝐼𝑧𝑐𝑜𝑠
2𝛾 − 2𝐼𝑥𝑦𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝛽 −                                                  

              −2𝐼𝑦𝑧𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 − 2𝐼𝑧𝑥𝑐𝑜𝑠𝛾𝑐𝑜𝑠𝛼.                 (1) 
sadac   𝑐𝑜𝑠𝛼, 𝑐𝑜𝑠𝛽, 𝑐𝑜𝑠𝛾 − ℓ RerZis mimarTulebis ganmsazRvreli 

erTeulovani  𝑒 veqtoris koordinatebia (anu  𝑧1  RerZis).  
  radgan 

𝛾 = 𝜑, 𝛼 =
𝜋

2
− 𝜑  da 𝛽 =

𝜋

2
, 

amitom 

            𝑐𝑜𝑠𝛼 = 𝑠𝑖𝑛𝜑, 𝑐𝑜𝑠𝛽 = 0, 𝑐𝑜𝑠𝛾 = 𝑐𝑜𝑠𝜑, 
 
maSin 

𝐼ℓ = 𝐼𝑥𝑠𝑖𝑛
2𝜑 + 𝐼𝑧𝑐𝑜𝑠

2𝜑 − 2𝐼𝑥𝑧𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝜑. 
 
mocemul SemTxvevaSi 
 

𝐼𝑥 =
1

4
𝑀𝑅2, 𝐼𝑧 =

𝑀

2
(𝑅2 + 2𝑎2), 𝐼𝑥𝑧 = 0 

(ix. 34.24. amocanis amoxsna). maSin 
 

𝐼ℓ =
𝑀𝑅2

4
𝑠𝑖𝑛2𝜑 +𝑀(

𝑅2

2
+ 2𝑎2)𝑐𝑜𝑠2𝜑 = 𝐼𝑧1. 

 

p a s u x i:    𝐼ℓ =
𝑀𝑅2

4
𝑠𝑖𝑛2𝜑 +𝑀(

𝑅2

2
+ 2𝑎2) 𝑐𝑜𝑠2𝜑. 

 
 
 
 
 
 
 
 

𝑦 

𝑥 

𝑧1 

𝐶 

𝑂 

𝜑 

𝑧 
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amocana  34. 26  
 

   𝑀 masis  erTgvarovani  wriuli 

disko  Camocmulia misi  𝐶 masaTa   

centrze gamaval 𝑧 RerZze. diskos 
simetriis 𝑧1  RerZiZevs simetriis 
vertikalur 𝑥𝑜𝑧  sibrtyeSi da 𝑧  

RerZTan adgens  𝛼 kuTxes. diskos  

radiusi        𝑅 −is,       tolia       

     .gamoTvaleT   𝐼𝑥𝑧, 𝐼𝑦𝑧, 𝐼𝑥𝑦  
centridanuli inerciis momentebi. (koordinatTa RerZebi naxazzea 
naCvenebi). 
a m o x s n a.  CavweroT 𝑥1, 𝑦1, 𝑧1 koordinatebidan  𝑥, 𝑦, 𝑧  
koordinatebze gadasvlis formulebi: 

𝑥 = 𝑥1𝑐𝑜𝑠𝛼 − 𝑧1𝑠𝑖𝑛𝛼, 𝑦 = 𝑦1, 𝑧 = 𝑥1𝑠𝑖𝑛𝛼 − 𝑧1𝑐𝑜𝑠𝛼.  
    
maSin 

𝐼𝑥𝑦 =∬𝑥𝑦𝑑𝑚 =∬(𝑥1𝑐𝑜𝑠𝛼 − 𝑧1𝑠𝑖𝑛𝛼)𝑦1𝑑𝑚 =

𝑆𝑆

 

= 𝑐𝑜𝑠𝛼∬𝑥1𝑦1𝑑𝑚 − 𝑠𝑖𝑛𝛼∬𝑦1𝑧1𝑑𝑚 = 𝐼𝑥1𝑦1𝑐𝑜𝑠𝛼

𝑆𝑆

− 𝐼𝑦1𝑧1𝑠𝑖𝑛𝛼. 

gamovTvaloT  𝐼𝑥1𝑦1  da 𝐼𝑦1𝑧1 

𝐼𝑥1𝑦1 = 𝜌∬𝑥1𝑦1𝑑𝑆 =

𝑆

 𝜌∫∫ 𝑟𝑐𝑜𝑠𝜑 ∙ 𝑟𝑠𝑖𝑛𝜑 ∙ 𝑟𝑑𝑟𝑑𝜑

2𝜋

0

𝑅

0

 

= 𝜌∫ 𝑟3𝑑𝑟∫
1

2
𝑠𝑖𝑛2𝜑𝑑𝜑 =

2𝜋

0

𝑅

0

𝜌
𝑅4

4
(−

1

4
𝑐𝑜𝑠2𝜑)|

𝜑=0

𝜑=2𝜋

= 0, 

𝐼𝑦1𝑧1 =∬𝑦1𝑧1𝑑𝑚|𝑧1=0

𝑆

= 0, 

radgan  𝑆 mdebareobs 𝑧1 = 0  sibrtyeze. 
    maSasadame, 

𝐼𝑥𝑦 = 0 ∙ 𝑐𝑜𝑠𝛼 − 0 ∙ 𝑠𝑖𝑛𝛼 = 0. 
Aanalogiurad, 
 

𝑦 

𝑥 

𝑧 𝐶 

𝑧1 

𝑥1 

𝑦1 

𝛼 
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𝐼𝑧𝑦 =∬𝑧𝑦𝑑𝑚 =∬(𝑥1𝑠𝑖𝑛𝛼 + 𝑧1𝑐𝑜𝑠𝛼)𝑦1𝑑𝑚 =

𝑆𝑆

 

= 𝑠𝑖𝑛𝛼∬𝑥1𝑦1𝑑𝑚 + 𝑐𝑜𝑠𝛼∬𝑦1𝑧1𝑑𝑚 = 𝐼𝑥1𝑦1𝑠𝑖𝑛𝛼

𝑆𝑆

+ 𝐼𝑦1𝑧1𝑐𝑜𝑠𝛼. 

ramdenadac  𝐼𝑥1𝑦1 = 0  da 𝐼𝑦1𝑧1 = 0,  amitom  𝐼𝑧𝑦 = 0. 
 

  gamovTvaloT 𝐼𝑥𝑧: 
 

𝐼𝑥𝑧 =∬𝑥𝑧𝑑𝑚 =∬(𝑥1𝑐𝑜𝑠𝛼 − 𝑧1𝑠𝑖𝑛𝛼)(𝑥1𝑠𝑖𝑛𝛼 + 𝑧1𝑐𝑜𝑠𝛼)𝑑𝑚 =

𝑆𝑆

 

       

=∬(𝑥1
2𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼 + 𝑥1𝑧1𝑐𝑜𝑠

2𝛼 − 𝑥1𝑧1𝑠𝑖𝑛
2𝛼 − 𝑧1

2𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼)𝑑𝑚 =

𝑆

 

 

= 𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼∬(𝑥1
2 − 𝑧1

2)𝑑𝑚 + (𝑐𝑜𝑠2𝛼 − 𝑠𝑖𝑛2𝛼)∬𝑥1𝑧1𝑑𝑚.

𝑆𝑆

 

radgan  𝑆 mdebareobs 𝑧1 = 0  sibrtyeze, amitom 
  

𝐼𝑥𝑧 = 𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼∬𝑥1
2𝑑𝑚 = 𝜌𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼∬𝑥1

2𝑑𝑆 =

𝑆𝑆

 

 

=
1

2
𝜌𝑠𝑖𝑛2𝛼∫∫ 𝑟2𝑐𝑜𝑠2𝜑 ∙ 𝑟𝑑𝑟𝑑𝜑 =

2𝜋

0

𝑅

0

 

 

=
1

2
𝜌𝑠𝑖𝑛2𝛼

𝜋𝑅4

4
(
1

2
𝜑 +

1

4
𝑠𝑖𝑛2𝜑)|

0

2𝜋

= (
1

8
𝜌
2𝜋𝑅4

2
𝑠𝑖𝑛2𝛼)|

𝜌=
𝑀
𝜋𝑅2 

 

 

=
1

8

𝑀𝜋𝑅4

𝜋𝑅2 
 𝑠𝑖𝑛2𝛼 =

1

8
𝑀𝑅2 𝑠𝑖𝑛2𝛼. 

 

p a s u x i:    𝐼𝑥𝑧 =
1

8
𝑀𝑅2 𝑠𝑖𝑛2𝛼;   𝐼𝑥𝑦 = 𝐼𝑥𝑧 = 0. 
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amocana  34. 27  
 
  amoxseniT wina amocana im 
SemTxvevaSi, roca disko 
eqscentrulad  Camocmulia 𝑧 
RerZze, amasTan 
eqscentrisiteti 
 𝑂𝐶 = 𝑎. 

  a m o x s n a.  𝐶 wertilis 
 koordinatebi: 

          𝑥𝐶 = −𝑎𝑐𝑜𝑠𝛼,   𝑦𝐶 = 0,   
𝑧𝐶 = −𝑎𝑠𝑖𝑛𝛼. 

A amitom  koordinatebi  𝑥, 𝑦, 𝑧  
da  𝑥1, 𝑦1, 𝑧1 dakavSirebulia Semdegi formulebiT: 
 

{

𝑥 = 𝑥1𝑐𝑜𝑠𝛼 − 𝑧1𝑠𝑖𝑛𝛼 − 𝑎𝑐𝑜𝑠𝛼 = (𝑥1 − 𝑎)𝑐𝑜𝑠𝛼 − 𝑧1𝑠𝑖𝑛𝛼,
𝑦 = 𝑦1,

𝑧 = 𝑥1𝑠𝑖𝑛𝛼 + 𝑧1𝑐𝑜𝑠𝛼 − 𝑎𝑠𝑖𝑛𝛼 = (𝑥1 − 𝑎)𝑠𝑖𝑛𝛼 − 𝑧1𝑐𝑜𝑠𝛼.
 

 
Aaqedan   

𝐼𝑥𝑦 =∬𝑥𝑦𝑑𝑚 =∬𝑦1(𝑥1𝑐𝑜𝑠𝛼 − 𝑧1𝑠𝑖𝑛𝛼 − 𝑎𝑐𝑜𝑠𝛼)𝑑𝑚|𝑧1=0 =

𝑆𝑆

 

= 𝐼𝑥1𝑦1𝑐𝑜𝑠𝛼 − 𝑎𝑐𝑜𝑠𝛼∬𝑦1𝑑𝑚 = 𝑎𝑐𝑜𝑠𝛼 ∙ 𝑀

𝑆

𝑦1𝐶 = 0, 

 radgan 𝐶 wertili  emTxveva 𝑥1, 𝑦1, 𝑧1  koordinatTa sistemis  

saTaves da 𝑦1𝐶 = 0, xolo 𝐼𝑥1𝑦1 = 0  (ix. Aamocana 34.26). 
     analogiurad 

𝐼𝑦𝑧 =∬𝑦𝑧𝑑𝑚|𝑧1=0 =

𝑆

 

=∬𝑦1(𝑥1 − 𝑎)𝑠𝑖𝑛𝛼𝑑𝑚 −𝑀𝑦1𝐶𝑎𝑠𝑖𝑛𝛼 = 0,

𝑆

 

𝐼𝑥𝑧 =∬𝑥𝑧𝑑𝑚 =

𝑆

 

𝑦 

𝑥 𝑥1 

𝐶 

𝑂 

𝛼 

𝑧 

𝑧1 
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=∬(𝑥1𝑐𝑜𝑠𝛼 − 𝑧1𝑠𝑖𝑛𝛼 − 𝑎𝑐𝑜𝑠𝛼)(𝑥1𝑠𝑖𝑛𝛼 + 𝑧1𝑐𝑜𝑠𝛼 − 𝑎𝑠𝑖𝑛𝛼)𝑑𝑚|𝑧1=0

𝑆

 

=∬(𝑥1
2 + 𝑎2 − 2𝑎𝑥1)𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼𝑑𝑚 =

𝑆

 

= 𝑎2𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼∬𝑑𝑚 − 𝑎𝑠𝑖𝑛2𝛼∬𝑥1𝑑𝑚 + 𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼∬𝑥1
2

𝑆

𝑑𝑚 =

𝑆𝑆

 

=
1

2
𝑀𝑎2𝑠𝑖𝑛2𝛼 − 𝑎𝑠𝑖𝑛2𝛼 ∙ 𝑀𝑥1𝐶 +

𝑠𝑖𝑛2𝛼

2
∙ 𝑀

𝑅2

4
= 

=
1

2
𝑀(

𝑅2

4
+ 𝑎2) 𝑠𝑖𝑛2𝛼. 

(ix. 34.26Aamocanis amoxsna). 

p a s u x i:   𝐼𝑥𝑧 =
1

2
𝑀(

𝑅2

4
+ 𝑎2) 𝑠𝑖𝑛2𝛼; 𝐼𝑥𝑦 = 𝐼𝑧𝑦 = 0.  

 
 
 

amocana  34. 28  
  

  erTgvarovani    𝑅  radiusis 
wriuli    disko   Camocmulia 

brunvis  𝑧  RerZze,  romelic 

gadis 𝑂 wertilze da   diskos 

simetriis 𝐶𝑧1 RerZTan   qmnis 𝛼 
kuTxes. diskos  masa udris 𝑀.  

gansazRvreT   𝐼𝑧    diskos 

inerciis   momenti   brunvis  𝑧 
RerZis mimarT    da   inerciis 

centridanuli    𝐼𝑥𝑧  da    𝐼𝑥𝑧 
momentebi, Tu 𝑂𝐿 aris 𝑧 RerZis gegmili diskos sibrtyeze, 𝑂𝐸 =

𝑎 , 𝑂𝐾 = 𝑏. 
a m o x s n a. vipovoT  damokidebuleba wertilis 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 

koordinatebs Soris  𝑂𝑥𝑦𝑧  da 𝐶𝑥ʹ𝑦ʹ𝑧ʹ  sakoordinato  sistemebSi: 

𝑦′ 

𝑥 
𝑥′ 

𝐶 

𝑂 

𝑧 

𝑧′ 

𝑦 
𝛼 

𝐿 
𝐸 

𝐾 
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{
 
 
 

 
 
 

𝑥𝑖 = 𝑥𝑖𝑐𝑜𝑠𝛼 − 𝑧𝑖𝑠𝑖𝑛𝛼,

𝑦𝑖 = 𝑦𝑖 ,

𝑧𝑖 = 𝑥𝑖𝑠𝑖𝑛𝛼 + 𝑧𝑖𝑐𝑜𝑠𝛼,

𝑥𝑖 = 𝑥𝐶 + 𝑥𝑖𝐶
ʹ ,

𝑦𝑖 = 𝑦𝐶 + 𝑦𝑖𝐶
ʹ ,

𝑧𝑖 = 𝑧𝐶 + 𝑧𝑖𝐶
ʹ ,

𝑥𝐶 = 𝑂𝐸 = 𝑎, 𝑦𝐶 = 𝑂𝐾 = 𝑏, 𝑧𝐶 = 0.

         (1) 

 
   (1)Fformulebi miRebulia 

𝐶𝑥ʹ𝑦ʹ𝑧ʹ      sakoordinato  

sistemis     RerZebis    𝑂 
wertilSi     paraleluri 

gadataniT  da  Semdeg    𝛼  
kuTxiT          mobrunebiT. 
  gamovTvaloT centridanuli  
inerciis momentebi: 

𝐼𝑦𝑧 =∑𝑚𝑖𝑦𝑖𝑧𝑖 =∑𝑚𝑖𝑦𝑖(𝑥𝑖𝑠𝑖𝑛𝛼 + 𝑧𝑖𝑐𝑜𝑠𝛼) = 

= 𝑠𝑖𝑛𝛼∑𝑚𝑖𝑦𝑖 𝑥𝑖 + 𝑐𝑜𝑠𝛼∑𝑚𝑖𝑦𝑖 𝑧𝑖 = 

= 𝑠𝑖𝑛𝛼∑𝑚𝑖(𝑦𝐶 + 𝑦𝑖𝐶
ʹ ) (𝑥𝐶 + 𝑥𝑖𝐶

ʹ ) + 

+𝑐𝑜𝑠𝛼∑𝑚𝑖(𝑦𝐶 + 𝑦𝑖𝐶
ʹ ) (𝑧𝐶 + 𝑧𝑖𝐶

ʹ ) = 𝑠𝑖𝑛𝛼∑𝑚𝑖𝑦𝐶𝑥𝐶 = = 𝑀𝑎𝑏𝑠𝑖𝑛𝛼. 

 Aam formulis gamoyvanisas gaTvaliswinebuli iyo is, rom 𝑧ʹ aris 
diskos inerciis mTavari centraluri RerZi, amitom  

          𝐼𝑥ʹ𝑧ʹ = 𝐼𝑦ʹ𝑧ʹ = 0, ∑𝑚𝑖𝑥𝑖
ʹ = 𝑀𝑥𝐶

ʹ = 0,∑𝑚𝑖𝑦𝑖
ʹ = 𝑀𝑦𝐶

ʹ = 0,     (2) 

𝐼𝑥𝑧 =∑𝑚𝑖𝑥𝑖𝑧𝑖 =∑𝑚𝑖(𝑥𝑖𝑐𝑜𝑠𝛼 − 𝑧𝑖𝑠𝑖𝑛𝛼)(𝑥𝑖𝑠𝑖𝑛𝛼 + 𝑧𝑖𝑐𝑜𝑠𝛼) = 

= 𝑠𝑖𝑛2𝛼∑𝑚𝑖 𝑥𝑖𝑧𝐶 + 𝑐𝑜𝑠
2𝛼∑𝑚𝑖𝑥𝑖 𝑧𝐶 + 𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼∑𝑚𝑖(𝑥𝑖

2
− 𝑧𝑖

2
) 

 = (𝑐𝑜𝑠2𝛼 − 𝑠𝑖𝑛2𝛼)∑𝑚𝑖(𝑥𝐶 + 𝑥𝑖
ʹ)(𝑧𝐶 + 𝑧𝐶

ʹ ) + 

+𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼∑𝑚𝑖 [((𝑥𝐶+𝑥𝑖
ʹ))

2
− (𝑧𝐶+𝑧𝐶

ʹ )
2
]= 

 

= (𝑐𝑜𝑠2𝛼− 𝑠𝑖𝑛2𝛼) (∑𝑚𝑖𝑥𝐶𝑧𝐶+∑𝑚𝑖𝑥𝑖𝑧𝑖+∑𝑚𝑖𝑧𝑖
ʹ 𝑧𝐶+ 

𝑦′ 

𝑥 
𝑥′ 

𝐶 

𝑂 

𝑧 

𝑧′ 

𝑦 
𝛼 

𝐿 𝐸 

𝐾 
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+∑𝑚𝑖𝑥𝑖
ʹ 𝑧𝑖
ʹ) + 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼 (∑𝑚𝑖 (𝑥𝐶

2 +𝑥𝑖
2+2𝑥𝐶𝑥𝑖−𝑧𝑖))= 

= 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼 (𝑀𝑥𝐶
2 +∑𝑚𝑖 (𝑥𝑖

ʹ2 − 𝑧𝑖
ʹ2)) = 

= (𝑀𝑎2 +
1

4
𝑀𝑅2) 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼 = 𝑀(𝑎2 +

1

4
𝑅2) 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼. 

 

radgan 𝑥𝑖
′, 𝑦𝑖

′, 𝑧𝑖
′ diskoze  mdebare wertilis koordinatebia da 

diskos gantolebaa   𝑧′  ( 𝐶𝑥ʹ𝑦ʹ𝑧ʹ  koordinatTa sistemaSi), amitom 

𝑧𝑖
′ = 0 𝑖-s yvela mniSvnelobisaTvis. 

   Aaseve gamovTvaloT 𝐼𝑧; 

𝐼𝑧 =∑𝑚𝑖(𝑥𝑖
2 + 𝑦𝑖

2) =∑𝑚𝑖[(𝑥𝑖𝑐𝑜𝑠𝛼 − 𝑧𝑖𝑠𝑖𝑛𝛼)
2 + �̅�𝑖

2] = 

 

=∑𝑚𝑖[�̅�𝑖
2𝑐𝑜𝑠2𝛼 − 2�̅�𝑖𝑧�̅�𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼 + 𝑧�̅�

2𝑠𝑖𝑛2𝛼 + �̅�𝑖
2] = 

= 𝑐𝑜𝑠2𝛼∑𝑚𝑖(𝑥𝐶
2 + 𝑥𝑖

2 + 2𝑥𝐶𝑥𝑖
′) + 𝑠𝑖𝑛2𝛼 (∑𝑚𝑖 𝑧𝐶

2)
2

− 

 

−2𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼∑𝑚𝑖𝑥𝑖𝐶
′ 𝑥𝐶 +∑𝑚𝑖(𝑦𝐶

2 + 𝑦𝑖
′2 + 2𝑦𝐶𝑦𝑖

′) = 

 

= 𝑐𝑜𝑠2𝛼 (𝑀𝑥𝐶
2 + 2𝑥𝐶∑𝑚𝑖𝑥𝑖

′ +∑𝑚𝑖𝑥𝐶
′ 2) + 𝑠𝑖𝑛2𝛼 ∙ 𝑀𝑧𝐶

2 − 

−2𝑥𝐶𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼∑𝑚𝑖𝑥𝑖𝐶
′ + (∑𝑚𝑖𝑥𝑖

′2 + 2∑𝑚𝑖𝑦𝑖𝐶
′2 +∑𝑚𝑖𝑦𝑖

′2) = 

 

= 𝑐𝑜𝑠2𝛼𝑀 (𝑎2 +
1

4
𝑅2) +  𝑠𝑖𝑛2𝛼 ∙ 𝑀𝑧𝐶

2 +𝑀𝑦𝐶
2 +∑𝑚𝑖𝑦𝑖

′2 = 

= 𝑀(𝑎2 +
1

4
𝑅2) 𝑐𝑜𝑠2𝛼 +

1

4
𝑀𝑅2 +𝑀𝑏2 = 

= 𝑀 [(𝑎2 +
1

2
𝑅2) 𝑐𝑜𝑠2𝛼 +

1

4
𝑅2𝑠𝑖𝑛2𝛼 + 𝑏2] 

 
Ggamartivebisas gaTvaliswinebuli iyo, rom wriuli diskosaTvis 

∑𝑚𝑖𝑦𝑖
′2 =

1

4
𝑀𝑅2, 

 

∑𝑚𝑖𝑥𝐶
′2 =

1

4
𝑀𝑅2. 

 
Aaseve (2) formulebi. 
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   S e n i S v n a. am amocanis amoxsna SesaZlebelia Catardes 
hiugens-Steineris Teoremis gamoyenebiT: 

𝐼𝑂𝑧 = 𝐼𝐶𝑧′ +𝑀𝑑
2, 

𝐼𝑥𝑦 = 𝐼𝑥′𝑦′ +𝑀𝑥𝐶𝑦𝐶 . 

p a s u x i:     
 

𝐼𝑧 = 𝑀 [(𝑎2 +
1

2
𝑅2) 𝑐𝑜𝑠2𝛼 +

1

4
𝑅2𝑠𝑖𝑛2𝛼 + 𝑏2] ; 

 

𝐼𝑥𝑧 = 𝑀 (𝑎2 +
1

4
𝑅2) 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼;   𝐼𝑦𝑧 =  𝑀𝑎𝑏𝑠𝑖𝑛𝛼. 

 
 
 

amocana  34. 29  
 

   𝑀   masis  𝑎  da 𝑏  gverdebis  mqone 
erTgvarovani marTkuTxa 𝑂𝐴𝐵𝐷  firfita  

𝑂𝐴  gverdiT mimagrebulia   𝑂𝐸E RerZze. 
gamoTvaleT   firfitis   centridanuli 

momentebi  𝐼𝑥𝑦, 𝐼𝑦𝑧, 𝐼𝑥𝑧. 

   a m o x s n a.  𝑂𝐴𝐵𝐷 firfita devs 

 𝑥 = 0 sibrtyeze. amitom 
 

𝐼𝑥𝑧 =∬𝑥𝑧𝑑𝑚|𝑥=0 = 0,

𝑆

    

𝐼𝑥𝑦 =∬𝑥𝑦𝑑𝑚|𝑥=0 = 0.

𝑆

 

gamovTvaloT: 
 

𝐼𝑦𝑧 =∬𝑦𝑧𝑑𝑚 = 𝜌∫(∫𝑧𝑑𝑧

𝑎

0

)𝑦𝑑𝑦 = 𝜌
𝑏2

2

𝑎2

2
=
1

4
𝑀𝑎𝑏

𝑏

0

,

𝑆

 

sadac 

𝑑𝑚 = 𝜌𝑑𝑦𝑑𝑧, 𝜌 =
𝑀

𝑎𝑏
. 

 
 

p a s u x i:    𝐼𝑥𝑦 = 𝐼𝑥𝑧 = 0, 𝐼𝑦𝑧 =
1

4
𝑀𝑎𝑏.  

𝑧 

𝑦 
𝑥 

𝐴 

𝐷 
𝑂 

𝐸 

𝐵 

𝑎 
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amocana  34. 30  
  𝑀  masis 𝑎  da 𝑏  gverdebis mqone 
erTgvarovani   marTkuTxa  firfita  

mimagrebulia  𝑧E RerZze,   romelic  
gadis   mis   erT-erT   diagonalze. 
gamoTvaleT firfitis centridanuli 

momenti 𝐼𝑦𝑧 , 𝑦 da 𝑧 RerZebis mimarT 

mdebare  firfitasTan erTad  naxazis 
sibrtyeSi.  koordinatTa      saTave  
emTxveva forfitis masaTa centrs. 
a m o x s n a.  SemoviRoT 

koordinatebi 𝑥′, 𝑦′, 𝑧′ Semdegi 
formulebis Tanaxmad (ix. naxazi):  

      𝑥 = 𝑥′,   𝑦 = 𝑦′𝑐𝑜𝑠𝛼 + 𝑧′𝑠𝑖𝑛𝛼, 
           𝑧 = −𝑦′𝑠𝑖𝑛𝛼 + 𝑧′𝑐𝑜𝑠𝛼, 
sadac 

    𝑡𝑔𝛼 =
𝑏

𝑎
; −

𝑏

2
< 𝑦′ <

𝑏

2
;  −

𝑎

2

< 𝑧′ <
𝑎

𝑎
. 

 
vTqvaT, forfitis zedapiruli somkvrivea 

𝜌 =
𝑀

𝑆
=
𝑀

𝑎𝑏
. 

maSin firfitis centridanuli inerciis momentebi 

𝐼𝑦𝑧 =∬𝑦𝑧𝑑𝑚 =

𝑆

 

= 𝜌∬(𝑦′𝑐𝑜𝑠𝛼 + 𝑧′𝑠𝑖𝑛𝛼)(−𝑦′𝑠𝑖𝑛𝛼 + 𝑧′𝑐𝑜𝑠𝛼)𝑑𝑦′𝑑𝑧′

𝑆

= 

= 𝜌 ∫ ∫{[(𝑧′)2 − (𝑦′)2]𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼 + 𝑧′(𝑐𝑜𝑠2𝛼 − 𝑠𝑖𝑛2𝛼)}

𝑏
2

−
𝑏
2

𝑎
2

−
𝑎
2

𝑑𝑦′𝑑𝑧′ = 

=
1

2
𝜌𝑠𝑖𝑛2𝛼 ∫{[

(𝑧′)3

3
− 𝑧′(𝑦′)2]|

𝑧′=−
𝑎
2

𝑧′=
𝑎
2

}𝑑

𝑏
2

−
𝑏
2

𝑦′ + 

 

𝑂 

𝑎 𝑏 

𝑧 

𝑥 

𝑦 

𝑂 

𝑎 𝑏 

𝑧 

𝑥 

𝑦 
𝑦′ 

𝛼 𝛼 

𝑧′ 

𝑥′ 
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+𝜌𝑐𝑜𝑠2𝛼 [
(𝑦′)2

2
|
𝑦′=−−

𝑏
2

𝑦′=−
𝑏
2

] [
(𝑧′)2

2
|
𝑧′=−−

𝑎
2

𝑧′=
𝑎
2

] =

=
𝜌𝑠𝑖𝑛2𝛼

2
∫ [

𝑎3

12
− 𝑎(𝑦′)2] 𝑑

𝑏
2

−
𝑏
2

𝑦′ + 

 

+𝜌𝑐𝑜𝑠2𝛼 ∙ 0 ∙ 0 =
1

2
𝜌𝑠𝑖𝑛2𝛼 [

𝑎3

12
𝑦′ − 𝑎

(𝑦′)3

3
]
𝑦′=−−

𝑏
2

𝑦′=−
𝑏
2

= 

 

=
1

2
𝜌𝑠𝑖𝑛2𝛼 (

𝑎3

12
𝑏 − 𝑎

𝑏3

12
) =

1

12
𝜌𝑎𝑏(𝑎2 − 𝑏2)

𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼

𝑐𝑜𝑠2𝛼 + 𝑠𝑖𝑛2𝛼
= 

=
𝑀(𝑎2 − 𝑏2)

12

𝑡𝑔𝛼

1 + 𝑡𝑔2𝛼
=
𝑀(𝑎2 − 𝑏2)

12

𝑏/𝑎

1 + (
𝑏
𝑎
)2
=
𝑀𝑎𝑏(𝑎2 − 𝑏2)

12(𝑎2 + 𝑏2)
. 

 

p a s u x i:    𝐼𝑦𝑧 =
𝑀𝑎𝑏(𝑎2−𝑏2)

12(𝑎2+𝑏2)
.            

 

 

 

 

 

 

 

amocana  34. 31  
 

   amwis mbrunavi nawili Sedgeba 𝐿 sigrZisa da 𝑀1 masis 𝐶𝐷 isris,  
𝑀2 masis 𝐸  sapirwonisa da 𝑀3 masis  𝐾  tvirTisagan . ganixileT 

isari, rogorc wvrili erTgvarovani koWi, xolo 𝐸 sapirwone da 𝐾 
tvirTi-wertilovan masebad. gansazRrveT amwes inerciis momenti 

misi brunvis vertikaluri 𝑧 RerZis mimarT da centridanuli 

inerciis momentebi  sakoordinato 𝑥, 𝑦 da 𝑧  RerZebis mimarT, 
romlebic dakavSirebulia amwesTan. mTeli sistemis masaTa centri 

imyofeba 𝑧 RerZze.  𝐶𝐷 isari mdebareobs  𝑦𝑧 sibrteSi. 
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a m o x s n a    CavweroT amwes maxasiaTebeli wertilebis 
koordinatebi (ix. Nnaxazi): 

 
 
 
 
 
 
 
 
 
 
 
 

𝐸(0,−𝑎, ℎ);  𝐶(0,0, ℎ); 
𝐷(0, 𝐿𝑠𝑖𝑛𝛼, ℎ + 𝐿𝑐𝑜𝑠𝛼); 

𝐾(0, 𝐿𝑠𝑖𝑛𝛼, ℎ + 𝐿𝑐𝑜𝑠𝛼 − ℓ) 
RerZis mimarT inerciismomentis ganmartebisTanaxmad 
 

𝐼𝑧 = 𝑀2𝑎
2 + ∫ 𝑦2𝑑𝑚 +𝑀3(𝐿𝑠𝑖𝑛𝛼)

2

𝐿𝑠𝑖𝑛𝛼

0

. 

magram 

𝑑𝑚 = 𝜌𝑑ℓ = 𝜌√𝑑𝑥2 + 𝑑𝑧2 = 𝜌√1 + (
𝑑𝑧

𝑑𝑦
)
2

𝑑𝑦, 

𝑧 

𝑦 
𝑥 

𝐴 

𝐷 

ℓ 

𝐸 

𝐵 

𝑎 
𝐾 

ℎ 

𝛼 

𝐿 

• 

• 
• 𝐶 

𝑀2�⃗� 

𝑀1�⃗� 

𝑀3�⃗� 

𝑧 

𝑦 
𝑥 

𝐴 

𝐷 

ℓ 

𝐸 

𝐵 

𝑎 
𝐾 

ℎ 

𝛼 

𝐿 

𝐶 
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sadac     𝜌 =
𝑀1

𝐿
;   𝑧 = ℎ + 𝑦𝑐𝑡𝑔𝛼. 

amitom 

                   𝑑𝑚 =
𝑀1

𝐿
√1 + (𝑐𝑡𝑔𝛼)2𝑑𝑦 =

𝑀1

𝐿𝑠𝑖𝑛𝛼
𝑑𝑦. 

maSin 
            

𝐼𝑧 = 𝑀2𝑎
2 +

𝑀1
𝐿𝑠𝑖𝑛𝛼

∫ 𝑦2𝑑𝑦 +𝑀3(𝐿𝑠𝑖𝑛𝛼)
2

𝐿𝑠𝑖𝑛𝛼

0

= 𝑀2𝑎
2 + 

 

+
𝑀1
𝐿𝑠𝑖𝑛𝛼

∙
𝑦3

3
|
0

𝐿𝑠𝑖𝑛𝛼

+𝑀3(𝐿𝑠𝑖𝑛𝛼)
2 = 𝑀2𝑎

2 + (𝑀3 +
𝑀1
3
)𝐿2𝑠𝑖𝑛2𝛼; 

 

𝐼𝑥𝑦 = 𝑀2 ∙ 0 ∙ (−𝑎) + ∫ 𝑥𝑦𝑑𝑚|𝑥=0 +𝑀3 ∙ 0 ∙ 𝐿𝑠𝑖𝑛𝛼 = 0;

𝐿𝑠𝑖𝑛𝛼

0

 

 

𝐼𝑥𝑧 = 𝑀2 ∙ 0 ∙ ℎ + ∫ 𝑥𝑧𝑑𝑚|𝑥=0 +𝑀3 ∙ 0 ∙ (ℎ − ℓ + 𝐿𝑐𝑜𝑠𝛼) = 0;

𝐿𝑠𝑖𝑛𝛼

0

 

𝐼𝑦𝑧 = 𝑀2 ∙ (−𝑎)ℎ + ∫ 𝑦𝑧𝑑𝑚 +𝑀3 ∙ 𝐿 ∙ (ℎ − ℓ + 𝐿𝑐𝑜𝑠𝛼)𝑠𝑖𝑛𝛼 =

𝐿𝑠𝑖𝑛𝛼

0

 

 
= 𝑀3𝐿(ℎ − ℓ + 𝐿𝑐𝑜𝑠𝛼)𝑠𝑖𝑛𝛼 −𝑀2𝑎ℎ + 

+
𝑀1
𝐿𝑠𝑖𝑛𝛼

∫ 𝑦(ℎ + 𝑦𝑐𝑡𝑔𝛼)𝑑𝑦

𝐿𝑠𝑖𝑛𝛼

0

= 𝑀3𝐿(ℎ − ℓ + 𝐿𝑐𝑜𝑠𝛼)𝑠𝑖𝑛𝛼 − 

 

−𝑀2𝑎ℎ +
𝑀1
𝐿𝑠𝑖𝑛𝛼

(ℎ
𝑦2

2
+
𝑦3

3
𝑐𝑡𝑔𝛼)|

0

𝐿𝑠𝑖𝑛𝛼

= 

 
= 𝑀3𝐿(ℎ − ℓ + 𝐿𝑐𝑜𝑠𝛼)𝑠𝑖𝑛𝛼 −𝑀2𝑎ℎ +𝑀1𝐿𝑠𝑖𝑛𝛼 ∙ 

 

∙ (
ℎ

2
+
𝐿𝑠𝑖𝑛𝛼𝑐𝑡𝑔𝛼

3
) =

𝑀3 +
1
3𝑀1

2
𝐿2𝑠𝑖𝑛2𝛼 + 
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+[𝑀3(ℎ − ℓ) +
1

2
𝑀1ℎ]  𝐿𝑠𝑖𝑛𝛼 −𝑀2𝑎ℎ. 

 
 

p a s u x i:    𝐼𝑧 = 𝑀2𝑎
2 + (𝑀3 +

𝑀1

3
) 𝐿2𝑠𝑖𝑛2𝛼; 

 

𝐼𝑦𝑧 =
𝑀3 +

1
3
𝑀1

2
𝐿2𝑠𝑖𝑛2𝛼 + [𝑀3(ℎ − ℓ) +

1

2
𝑀1ℎ]  𝐿𝑠𝑖𝑛𝛼 −𝑀2𝑎ℎ; 

 
𝐼𝑥𝑦 = 𝐼𝑥𝑧 = 0. 

 
 
S e n i S v n a. moyvanil krebulSi pasuxSi daSvebulia uzustobebi. 
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$35.  Teorema nivTier wertilTa sistemis 

masaTa centris moZraobis Sesaxeb. 

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 

   nivTier wertilTa sistemis masaTa centris ganmarteba da 
fizikuri arsi moyvanilia wina paragrafSi. Tumca aqve marTebulia 
SegaxsenoT, rom  nivTier wertilTa sistemis masaTa centri 
geometriuli wertilia, romlis koordinatebi dekartes marTkuTxa 
koordinatTa sistemaSi ganisazRvrebian koordinatebiT: 

 

                                     

{
 
 

 
 𝑥𝑐 =

∑𝑚𝑘𝑥𝑘

∑𝑚𝑘

𝑦𝑐 =
∑𝑚𝑘𝑦𝑘

∑𝑚𝑘

𝑧𝑐 =
∑𝑚𝑘

∑𝑚𝑘

,                                   (35.1) 

 
  Mmeqanikuri sistemis moZraobisas nivTier wertilebis an sistemaSi 

Semavali sxeulebis simZimis centris koordinatebi- 𝑥𝑘 , 𝑦𝑘 da   𝑧𝑘 
icvlebian drois mixedviT. Aamitom (35.1) formulebi  SeiZleba 
ganxiluli iqnas rogorc masaTa centris moZraobis gantolebebi: 

𝑥𝐶 = 𝑓1(𝑡), 𝑦𝐶 = 𝑓2(𝑡), 𝑧𝐶 = 𝑓3(𝑡). 

   viciT,ra moZraobis gantolebebi, diferencirebis gziT SeiZleba 
ganvsazRvroT dekartes koordinatTa sistemis RerZebze masaTa 

centris siCqaris da aCqarebis gegmilebi: �̇�𝐶 , �̇�𝐶 , �̇�𝐶 ,   �̈�𝐶 , �̈�𝐶 , �̈�𝐶                
Semdeg ki gamovTvaloT misi siCqare da aCqareba: 

𝑣𝐶 = √�̇�𝐶
2 + �̇�𝐶

2 + �̇�𝐶
2 

                                                 (35.2)                                        

𝑎𝐶 = √�̈�𝐶
2 + �̈�𝐶

2 + �̈�𝐶
2 

 
   Tu romeliRac meqanikur sistemaSi masaTa centri aRmoCndeba 
erT-erT rgolze, romelic asrulebs brunviT moZraobas uZravi 

RerZis garSemo, maSin masaTa centris siCqare 𝑣𝐶 da aCqareba 𝑎𝐶  
SeiZleba ganisazRvros rogorc sxeulis wertilebis siCqare da 
aCqareba brunviTi moZraobisas. amisaTvis saWiroa vicodeT manZili 
masaTa centridan brunvis rerZamde, sxeulis brunvis kuTxuri 
siCqare da aCqareba. 
    Teorema meqanikuri sistemis masaTa centris moZraobis Sesaxeb-
es aris dinamikis meore kanonis gamosaxuleba nivTier wertilTa 
sistemisaTvis misi gadataniTi moZraobisas: 
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   meqanikuri sistemis masaTa centri moZraobs rogorc nebismieri 
nivTieri wertili, romlis masa tolia meqanikuri sistemis masis da 
masze moqmedebs Zala, romelic sistemaze moqmedi gare Zalebis 
nakrebi veqtoris tolia, e.i. 

                                          𝑀�⃗�𝐶 = �⃗⃗�
(𝑒),                                     (35.3) 

sadac   𝑀 = ∑𝑚𝑘 -mTeli sistemis masaa, �⃗⃗�(𝑒) = ∑ �⃗�𝑘
(𝑒)

 -       
meqanikur sistemaSi Semavali nivTier wertilebze an sxeulebze 
moqmedi  gare Zalebis nakrebi veqtoria. 
    (35.3) gantoleba SeiZleba Cawerili iqnas skalaruli saxiT 
dekartes koordinatTa RerZebze an  bunebriv koordinatTa RerZebze 
gegmilebSi. Ddekartes koordinatTa sistemaSi (35.3) gamosaxuleba 
miiRebs saxes: 

                                       𝑀�̈�𝐶 = 𝑅𝑥
(𝑒)
= ∑𝐹𝑘𝑥

(𝑒)
,                         

                                        𝑀�̈�𝐶 = 𝑅𝑦
(𝑒)
= ∑𝐹𝑘𝑦

(𝑒)
,                               (35.4)      

  𝑀�̈�𝐶 = 𝑅𝑧
(𝑒)
= ∑𝐹𝑘𝑧

(𝑒)
.   

 
   rogorc (35.3) da (35.4) formulebidan gamomdinareobs, meqanikuri 
sistemis masaTa centris moZraobaze gavlenas axdens mxolod gare 
Zalebi. Mmeqanikur sistemaSi Siaga Zalebi masaTa centris 
moZraobaze pirdapir gavlenas ver axdens, Tumca maT irib 
moqmedebas adgili aqvs im SemTxvevaSi, rodesac isini warmoadgenen 
gare Zalebis warmoqmnis gaCenis) wyaros. (35.4) gantolebebi 
saSualebas iZleva amovxsnaT ori amocana analogiuri nivTieri 
wertilis dinamikis ori ZiriTadi amocanisa; 

    • pirveli amocana- sistemis mocemuli masisa da misi masaTa 
centris moZraobis kanonis mixedviT saWiroa ganisazRvros 
sistemaze moqmedi gare Zalebis nakrebi veqtori, an am Zalebidan 
erT-erTi, roca cnobilia sxva Zalebi. 

    • Mmeore amocana- sistemis mocemuli masis, sistemaze moqmedi 
gare Zalebis da masaTa centris  moZraobis sawyisi pirobebis 
mixedviT saWiroa ganisazRvros masaTa centris moZraobis kanoni. 
   masaTa centris moZraobis Teoremidan gamomdinareobs ori 
Sedegi: 
  1. Tu sistemaze moqmedi gare Zalebis nakrebi veqtori nulis 
tolia, maSin meqanikuri sistemis masaTa centri uZravia an moZraobs 
wrfivad da Tanabrad. 
     2.  Tu sistemaze moqmedi gare Zalebis nakrebi veqtoris   
  Ggegmili romelime RerZze nulis tolia, maSin sistemis masaTa 
centris siCqaris gegmili am RerZze mudmivi sididea. Tu, 

magaliTad,  𝑅𝑥
(𝑒)

=0 , maSin  �̈�𝑂𝐶 = 0⟹ �̇�𝐶 = 𝑐𝑜𝑛𝑠𝑡. 
   Tu sawyis momentSi sistema uZravia, maSin 

�̇�𝑂𝐶 = 0 = �̇�𝐶 ⟹ 𝑥𝑐 = 𝑐𝑜𝑛𝑠𝑡, 
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e.i. am SemTxvevaSi sistemis masaTa centri am RerZis gaswvriv ar 

gadaadgildeba. roca  �̇�0𝐶 ≠ 0, maSin  masaTa centri am RerZis 
gaswvriv moZraobs mudmivi siCqariT. 
   Ees Sedegebi gamosaxaven meqanikuri sistemis masaTa centris 
moZraobis Senaxvis kanons. Tu mTeli moZraobis procesSi sistemis 
masaTa centris koordinatebi rCeba ucvleli, maSin SesaZlebelia 
ganisazRvros sistemis romeliRac wertilTa an sxeulTa  
gadaadgileba, SevadgenT ra Semdegi saxis algebrul gantolebebs:. 
 

                                            ∑𝑚𝑘∆𝑥𝑘 = 0,                                 (35.5)                                
sadac ∆𝑥𝑘 - meqanikur sistemaSi sxeulebis mdebareobis 

cvlilebebisas 𝑘 –uri sxeulis masaTa centris koordinatis 
nazrdia. 
     
    am paragrafis amocanebis amoxsnis Tanmimdevroba: 

   1)  gamovsaxoT meqanikuri sistema, vaCvenoT yvela gare Zala, Tu        
       sistema araTavisufalia vaCvenoT bmebis Sesabamisi reaqciis  
       Zalebi; 

2) mocemuli saangariSo sqemisaTvis CavweroT masaTa centris   
   moZraobis Teorema raime formiT (formula (35.3)); 
3) avarCioT uZravi koordinatTa sistemis RerZebi; 
4) CavweroT masaTa centris moZraobis Teorma gegmilebSi am  
    RerZebidan erT-erTZe (ix.  Formula (35.4)); 
5) romelime gare Zalis gansazRvris  aucileblobis SemTxvevaSi   
    gamovsaxoT igi me-4 punqtSi miRebuli gantolebebidan; 
6) (25.1) formulebis gamoyenebiT ganvsazRvroT masaTa centris  
   koordinatebi an moZraobis gantoleba. masaTa centris siCqaris  
   an aCqarebis gansazRvrisas, saWiroa am gantolebebis   
   diferencireba; 
7) masaTa centris moZraobis kanonis gansasazRvravad  SevadginoT    
  (35.4) saxis diferencialuri gantolebebi, Semdeg  vaintegroT  
  isini winaswar ganvsazRvravT ra masaTa centris moZraobisaTvis  
  sawyis pirobebs: 

   roca  𝑡 = 0: 𝑥0𝐶 , 𝑦0𝐶 , 𝑧0𝐶 , �̇�0𝐶 , �̇�0𝐶 , �̇�0𝐶 . 
8) masaTa centris moZraobis kanonze amocanebis amoxsnisas  
  aucilebelia SevasruloT 1-4 punqtebis miTiTebebi; davasabuToT  
  masaTa centri iqneba uZravi Tu imoZravebs Tanabrad; vaCvenoT  
  sistemis sawyis mdebareobaSi sxeulebis simZimis  centris  
  koordinatebi, ganvsazRvroT maTi nazrdebi, Semdeg SevadginoT  
  (35.5) saxis gantolebebi da ganvsazRvroT romeliRac sxeulis  
  gadaadgileba im pirobiT, rom sistemis masaTa centri uZravia; 
9) amocanis amoxsna aucilebelia warmovadginoT zogadi saxiT,  
   xolo aucileblobis SemTxvevaSi saZiebeli sidideebis  
   gamosaxulebebSi CavsvaT ricxviTi mniSvnelobebi.   
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amocanebi da amoxsnebi 
 

amocana  35.1 

    

   gansazRvreT  AB AB Rer-
Zis  garSemo   mbrunav  M  
mqnevaraze moqmedi gare 
Zalebis nakrebi veqtori. 
wriul CarCoSi Camagrebuli 

AB RerZi, Tavis mxriv, 

brunavs  DE  RerZis 
garSemo. mqnevaras masaTa 

centri C  mdebareobs  AB  
da DE RerZebis gadakveTis 
wertilSi. 
   a m o x s n a. CavweroT Teoremameqanikuri sistemis masaTa 
centris moZraobis  Sesaxeb: 

𝑀𝑟𝐶 =∑�⃗�𝑘
(𝑒)
. 

 
meqanikuri sistemis masaTa centris radius-veqtori ganisazRvreba 
formuliT: 

𝑟𝐶 =
∑𝑚𝑘𝑟𝑘.

∑𝑚𝑘
 

 
radgan moZraobis procesSi mqnevaras  masaTa centris mdebareoba 

ar icvleba (es aris  C  wertili), amitom  𝑟𝐶 =0, Sesabamisad 

∑�⃗�𝑘
(𝑒)
= 0, 

 
e.i. gare Zalebis nakrebi veqtori nulis tolia. 
  
 p a s u x i:    gare Zalebis nakrebi veqtori nulis tolia. 
 
 
 
  

𝐴 

 

𝐵 

 

𝐸 
 

𝐷 

 

𝐶 

 



 
69 

amocana  35.2 

 
  gansazRvreT naxazze gamosaxuli 

elifsografis   AB       saxazavze 
 modebuli  gare  Zalebis nakrebi  

veqtori.   OC Mmrudmxara brunavs  

mudmivi   kuTxuri siCqariT,  AB 

saxazavis masaa M , OC=AC=BC= l . 
  a m o x s n a. CavweroT   
Teorema meqanikuri sistemis masaTa 
centris moZraobis Sesaxeb: 

                                           𝑀𝑟𝐶 = ∑ �⃗�𝑘
(𝑒)
.                                 (1) 

   radius-veqtoris gegmilebs sakoordinato RerZebze (ix. Nnaxazi) 
vipoviT Semdegi formulebiT: 

                                         𝑥𝑐 =
∑𝑚𝑘𝑥𝑘

∑𝑚𝑘
,                                    (2) 

                                        𝑦𝑐 =
∑𝑚𝑘𝑦𝑘

∑𝑚𝑘
,                                     (3)  

                                             𝜑 = 𝜔𝑡.                                       (4)                
 

radgan mocemulia mxolod AB 
saxazavis masa, amitom 
 

𝑥𝐶 =
𝑀 ∙ 𝑂𝐶 ∙ 𝑐𝑜𝑠𝜔𝑡

𝑀
= ℓ𝑐𝑜𝑠𝜔𝑡, 

𝑦𝐶 = ℓ𝑠𝑖𝑛𝜔𝑡. 
     Tu vipoviT 𝑥𝑐 da 𝑦𝐶 
gamosaxulebebis meore rigis 
warmoebulebs, miviRebT masaTa 
centris  aCqarebis gegmilebs 
 

�̈�𝐶 = −ℓ𝜔
2𝑐𝑜𝑠𝜔𝑡, 

�̈�𝐶 = −ℓ𝜔
2𝑠𝑖𝑛𝜔𝑡. 

 
    maSin gare Zalebis nakrebi veqtoris gegmilebi sakoordinato 
RerZebze  iqneba 

𝑅𝑥
(𝑒)
= 𝑀�̈�𝐶 = −𝑀ℓ𝜔

2𝑐𝑜𝑠𝜔𝑡, 

𝑅𝑦
(𝑒)
= 𝑀�̈�𝐶 = −𝑀ℓ𝜔

2𝑠𝑖𝑛𝜔𝑡, 
xolo gare Zalebis nakrebi veqtoris modulia:   

𝑅(𝑒) = √(𝑅𝑥
(𝑒)
)
2
+ (𝑅𝑦

(𝑒)
)
2
=  𝑀ℓ𝜔2√𝑐𝑜𝑠2𝜔𝑡 + 𝑠𝑖𝑛2𝜔𝑡 = 𝑀ℓ𝜔2. 

𝑂 
𝑥 

𝑦 

𝐴 

𝐵 

𝐶 

𝑂 
𝑥 

𝑦 

𝐴 

𝐵 

𝐶 

𝜔 
𝜑 

�⃗⃗�(𝑒) 

𝑦𝐶 

𝑥𝐶 
𝑀�⃗� 
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mimarTulebis kosinusia 

𝑐𝑜𝑠𝛼 =
𝑅𝑥
(𝑒)

𝑅(𝑒)
= −𝑐𝑜𝑠𝜔𝑡, 

e.i.   =1800-, sadac =ωt. 

 es niSnavs, rom gare Zalebis nakrebi veqtori mimarTulia OC-s 
gaswvriv 

p a s u x i:    gare Zalebis nakrebi veqtori mimarTulia OC-s 

gaswvriv da moduliT tolia  𝑀ℓ𝜔2. 
 
 

amocana  35.3 

 
  gansazRvreT daxril sibrtyeze qveviT 

mgoravi M  masis borbalze moqmedi gare 
Zalebis nakrebi veqtori, Tu misi masaTa    

C centri moZraobs kanoniT  𝑥𝐶 = 𝑎𝑡
2/2. 

  a m o x s n a.   CavweroT   Teorema  
meqanikuri   sistemis   masaTa    centris  

moZraobis Sesaxeb  OOx  RerZze 
gegmilebSi: 

          𝑀�̈�𝐶 = ∑𝐹𝑘𝑥
(𝑒)
. 

   radgan masaTa centris moZraobis 

traeqtoria OOx  RerZis  paraleluri 
wrfea (ix. Nnaxazi), amitom 
 

          ∑𝐹𝑘𝑥
(𝑒)
= 𝑅(𝑒), 

 
e.i. gare Zalebis nakrebi veqtoris tolia. 
gamovTvaloT masaTa centris moZraobis  
gantolebis meore rigis warmoebuli 

droiT:   �̈�𝐶 = 𝑎. CavsvaT es mniSvneloba (1) gantolebaSi, maSin 

miviRebT, rom gare Zalebis nakrebi veqtori tolia  𝑀𝑎.. 

        masaTa centris aCqareba  mimarTulia OOx  RerZis   
paralelurad, ramdenadac gare Zalebis nakreb veqtors aqvs 

aCqarebis mimarTuleba, amdenad isic mimarTulia OOx  RerZis  
gaswvriv. 

p a s u x i:    gare Zalebis nakrebi veqtori OOx  RerZis  

paraleluria da moduliT udris 𝑀𝑎..  
 
 
 
 

𝐶 

𝑥 

𝐶 

𝑥 

�⃗⃗⃗�ხახ. 
�⃗⃗⃗⃗� 

𝑀�⃗� 

�⃗⃗⃗�𝐶 

𝑂 
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amocana  35.4 

    
   naxazze gamosaxuli borbali srialiT 
migoravs horizontaluri wrfis gaswvriv    
Zalis  moqmedebiT.   vipovoT   borblis 

masaTa  C centris  moZraobis kanoni, Tu 

srialis   xaxunis koeficientai , xolo 

 F=5P, sadac  P -borblis wonaa. sawyis 
momentSi   borbali   imyofeboda  uZrav 
mdgomareobaSi. 

 a m o x s n a. vaCvenoT  naxazze 

borbalz emoqmedi Zalebi: 𝑚�⃗�-

borblis simZimis Zala, �⃗⃗⃗� –

normaluri  reaqcia,  �⃗�ხახ.- srialis 
xaxunis Zala. 
    CavweroT   Teorema   meqanikuri  

sistemis masaTa  centris moZraobis 

Sesaxeb OOx daOOy RerZze 
gegmilebSi: 

              𝑀�̈�𝐶 = ∑𝐹𝑘𝑥
(𝑒)
= 𝐹 − 𝐹ხახ,                   (1) 

                             𝑀�̈�𝐶 = ∑𝐹𝑘𝑦
(𝑒)
= 𝑁 −𝑚𝑔.                                   (2) 

 

radgan   𝑦𝐶 = 𝑟 = 𝑐𝑜𝑛𝑠𝑡, amitom  �̈�𝐶 = 0,  e.i 

𝑁 = 𝑚𝑔, 
𝐹ხახ = 𝑓𝑁 = 𝑓𝑚𝑔 = 𝑓𝑃. 

 
xaxunis Zalis mniSvneloba  CavsvaT (1) gantolebaSi da 

ganvsazRvroT �̈�𝐶 : 
 

𝑚�̈�𝐶 = 𝐹 − 𝐹ხახ = 5𝑓𝑃 − 𝑓𝑃 = 4𝑓𝑃,    

                                      �̈�𝐶 =
4𝑓𝑃

𝑚
= 4𝑓𝑔.                                      (3) 

 
(3) gamosaxuleba vaintegroT orjer. davweroT 
 

𝑑�̇�𝐶
𝑑𝑡

= 4𝑓𝑔, 
 

Aan 

                                𝑑�̇�𝐶 = 4𝑓𝑔𝑑𝑡,                       (4) 

𝐶 �⃗� 

𝑥 

𝐶 �⃗� 

𝑥 

�⃗⃗⃗�ხახ. 
 

 𝑚�⃗� 

 

�⃗⃗⃗⃗� 
 

𝑦 
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saidanac miviRebT; 

.                           �̇�𝐶 = 4𝑓𝑔𝑡 + 𝐶1.                  (5) 
 

integrebis 𝐶1 mudmivs ganvsazRvravT sawyisi pirobidan: 

𝑡 = 0, �̇�0𝐶 = 0,𝐶1 = 0. 
   
   Tu analogiuri wesiT vaintegrebT (5) gamosaxulebas da 
gaviTvaliswinebT, rom   

𝐶1 = 0, 
 miviRebT: 

𝑑𝑥𝐶
𝑑𝑡

= 4𝑓𝑔𝑡 

Aan 
𝑑𝑥𝐶 = 4𝑓𝑔𝑡𝑑𝑡,   

 

𝑥𝐶 =
4𝑓𝑔𝑡2

2
+ 𝐶2 = 2𝑓𝑔𝑡

2 + 𝐶2.    

 

integrebis  𝐶2 mudmivs vipoviT sawyisi pirobidan 
 

𝑡 = 0, 𝑥0𝐶=0;  𝐶2 = 0. 
 
Sesabamisad, masaTa centris moZraobis kanons eqneba Semdegi saxe 
 

𝑥𝐶 = 2𝑓𝑔𝑡
2. 

p a s u x i:    𝑥𝐶 = 2𝑓𝑔𝑡2. 
 
 
 
 
 

amocana  35.5 
 
   borbali srialiT migoravs 
horizontaluri wrfis gaswvriv   masze 
modebuli mabrunebeli momentiss 

moqmedebiT. vipovoT borblis masaTa  C  
centris moZraobis kanoni, Tu srialis 

 xaxunis koeficientai , sawyis momentSi 
borbali imyofeboda uZrav 
mdgomareobaSi. 

𝐶 

𝑥 
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a m o x s n a.    vaCvenoT naxazze  

borbalze    moqmedi      Zalebi:   𝑚�⃗� −   

borblis simZimis Zala, �⃗⃗⃗⃗�− normaluri 

reaqcia, �⃗⃗⃗�ხახ. – srialis   xaxunis Zala. 

borblis masaTa C centri moZraobs  
wrfivad. 
   CavweroT   Teorema meqanikuri sistemis 

masaTa centris moZraobis Sesaxeb  OOx da  

OOy RerZebze gegmilebSi: 
 

                                        𝑀�̈�𝐶 = ∑𝐹𝑘𝑥
(𝑒)
= �⃗⃗⃗�ხახ.,                             (1) 

                                       𝑀�̈�𝐶 = ∑𝐹𝑘𝑦
(𝑒)
= 𝑁 −𝑚𝑔.                         (2) 

 

   radgan 𝑦𝐶 = 𝑅 = 𝑐𝑜𝑛𝑠𝑡  (𝑅 -borblis radiusia), amitom   . (2) 
gantolebidan gamomdinareobs rom 

                           𝑁 = 𝑚𝑔, . 
 maSin 

                                       𝐹ხახ = 𝑓𝑁 = 𝑓𝑚𝑔.                                      
 

CavsvaT (3) gamosaxuleba (1) gantolebaSi, miviRebT 

𝑚�̈�𝐶 = 𝑓𝑚𝑔 
an 

�̈�𝐶 = 𝑓𝑔. 
 
 miRebuli gantoleba vaintegroT orjer. integrebis 

mudmivebi vipovoT sawyisi pirobebidan:    

𝑡 = 0, 𝑥𝐶0 = 0, �̇�𝐶0 = 0.   
miviRebT: 

�̇�𝐶 = 𝑓𝑔𝑡 + 𝐶1,      𝐶1 = 0.       
maSasadame 

�̇�𝐶 =
𝑑𝑥𝐶
𝑑𝑡

= 𝑓𝑔𝑡 
Aan 

𝑑𝑥𝐶 = 𝑓𝑔𝑡𝑑𝑡. 
 
integrebis Semdeg 

𝑥𝐶 =
𝑓𝑔𝑡2

2
+ 𝐶2. 

 

sawyisi pirobebis gamoyenebiT miviRebT, rom  𝐶2 = 0.. 
Sesabamisad, borblis masaTa C centris moZraobis kanons aqvs saxe 
 

𝐶 

𝑥 

�⃗⃗⃗�ხახ. 
 

 𝑚�⃗� 

 

�⃗⃗⃗⃗� 
 

𝑦 
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𝑥𝐶 =
𝑓𝑔𝑡2

2
. 

p a s u x i:     𝑥𝐶 =
𝑓𝑔𝑡2

2
.          

 
 
 
 

amocana  35.6 
 
  tramvais vagoni asrulebs resorebze vertikalur harmoniul 

rxevas 2,5sm amplitudiT da T =0,5wm periodiT. vagonis Zara 
tvirTiT iwonis  10t.-s, urika TvlebTan erTad  1t.-s. gansazRveT 
vagonis wneva relsebze. 
  a m o x s n a.  gamoviyenoT Teorema meqanikuri sistemis masaTa 
centris moZraobis Sesaxeb 

𝑀�⃗�𝐶 = (𝑚1 +𝑚2)�⃗� + �⃗⃗⃗�1 + �⃗⃗⃗�2, 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
sadac  

𝑀 = 𝑚1 +𝑚2 
CavweroT es Teorema OOx RerZze gegmilebSi (ix. naxazi) 
 

(𝑚1 +𝑚2)�̈�𝐶 = −(𝑚1 +𝑚2)𝑔 + 𝑁, 
sadac 
 

𝑁 = 𝑁1 + 𝑁2.. 

Aaqedan miviRebT, rom  

𝑁 = (𝑚1 +𝑚2)(𝑔 + �̈�𝐶) 
 
vipovoT mTeli sistemis masaTa centris moZraobis gantoleba 

𝑚�⃗⃗⃗�2 

�⃗⃗⃗⃗�1 �⃗⃗⃗⃗�2 𝑚�⃗⃗⃗�1 

𝑥 

𝑂 

• 

• 

• 
𝑥1 

𝑥2 

𝑏 
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𝑥𝐶 =
𝑥1𝑚1 + 𝑥2𝑚2

𝑚1 +𝑚2
 

sadac 

𝑥1 = 𝑐𝑜𝑛𝑠𝑡;   𝑥2 = 𝑎 ∙ 𝑠𝑖𝑛𝜔𝑡 + 𝑏. 

     radgan vagoni asrulebs vertikalur harmoniul rxevebs, amitom 

𝑏 = 𝑐𝑜𝑛𝑠𝑡. 
 rxevis sixSirea  

𝜔 =
2𝜋

𝑇
=
2𝜋

0.5
= 4𝜋 

amplituda- 

𝑎 = 2,5სმ = 0.025მ. 

    vipovoT sistemis masaTa centris aCqareba 

 �̈�𝐶 =
�̈�2𝑚2

𝑚1 +𝑚2
= −

𝑚2

𝑚1 +𝑚2
𝑎𝜔2𝑠𝑖𝑛𝜔𝑡. 

radgan 
|𝑠𝑖𝑛𝜔𝑡| ≤ 1, 

amitom 

�̈�𝐶𝑚𝑎𝑥 = ±
𝑚2𝑎𝜔

2

𝑚1 +𝑚2
 

masaTa centris aCqarebis niSnis mixedviT wnevis mniSvneloba iqneba 
minimaluri an maqsimaluri: 

𝑁𝑚𝑖𝑛 = (𝑚1 +𝑚2)𝑔 − 𝑚2𝑎𝜔
2 = 107,8 ∙ 103 − 39,5 ∙ 103 = 68,3 (კნ) 

𝑁𝑚𝑎𝑥 = (𝑚1 +𝑚2)𝑔 +𝑚2𝑎𝜔
2

= (1 + 10)9,8 ∙ 103 + 10 ∙ 103 ∙ 0,025 ∙ 16𝜋2

= 147,3 (კნ) 
p a s u x i:    68,3-dan 147,3kn-mde. 
 

amocana  35.7 
 
  gansazRvreT gruntze wylis tumbos  

wneva misi uqmi muSaobisas, Tu D 

korpusis uZravi nawilebisa da E 

saZirkvelis masa aris M1, OA=a  

mrudmxaras masa – M2, B kulisas da C  

dguSis masa ki- M3.  OA mrudmxara, 

romelic brunavs Tanabrad  ω   kuTxuri 
siCqariT, CaTvaleT erTgvarovan Rerod. 
 a m o x s n a.   vaCvenoT naxazze 

tumboze moqmedi Zalebi: 𝑀1�⃗� - D 

𝐶 
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korpusis da E saZirkvelis simZimis Zala,  𝑀2�⃗� -OA mrudmxaras 

simZimis Zala, 𝑀3�⃗�- B  kulisisa da C  dguSis simZimis Zala, �⃗⃗⃗�-
saZirkvelis reaqciis Zala. 
   CavweroT Teorema meqanikuri sistemis masaTa centris moZraobis 
Sesaxeb 

                               𝑀�⃗�𝐶 = (𝑀1 +𝑀2 +𝑀3)�⃗� + �⃗⃗⃗�.                          (1) 
 

OOx RerZze dagegmilebiT, miviRebT: 
 

                                    𝑀�̈�𝐶 = (𝑀1 +𝑀2 +𝑀3)𝑔 + 𝑁,                     (2) 
Aaqedan saZirkvelis reaqciis Zala 
 

                               𝑁 = (𝑀1 +𝑀2 +𝑀3)𝑔 −𝑀�̈�𝐶 ,                        (3) 
sadac 

         𝑀 = 𝑀1 +𝑀2 +𝑀3. 
   vipovoT sistemis masaTa centris  

moZraobis gantoleba: 

  𝑥𝑐 =
∑𝑚𝑘𝑥𝑘

∑𝑚𝑘
=

𝑀1𝑥1+𝑀2𝑥2+𝑀3𝑥3

𝑀1+𝑀2+𝑀3
,   (4) 

sadac  

                       𝑥1 = ℓ = 𝑐𝑜𝑛𝑠𝑡- 
 

   D korpusis da E saZirkvelis 
masaTa centris koordinatia,  

    𝑥2 =
𝑎

2
𝑐𝑜𝑠𝜑 =

𝑎

2
𝑐𝑜𝑠𝜔𝑡 − 

OA mrudmxaras masaTa centris 
koordinatia, 
 

  𝑥3 = 𝑎𝑐𝑜𝑠𝜔𝑡 + 𝑏   (𝑏 − მუდმივია) − 

კულისის და დგუშის masaTa centris koordinatia. 

       თუ გამოვთვლით (4) ტოლობის მეორე რიგის წარმოებულს, მივიღებთ: 
 

            �̈�𝑐 =
𝑀1�̈�1+𝑀2�̈�2+𝑀3�̈�3

𝑀1+𝑀2+𝑀3
= −

(𝑀2+2𝑀3)𝑎𝜔
2

2(𝑀1+𝑀2+𝑀3)
𝑐𝑜𝑠𝜔𝑡.            (5) 

 

(5) ფორმულის გათვალისწინებით  (3) ფორმულიდან 

 

𝑁 = (𝑀1 +𝑀2 +𝑀3)𝑔 − (𝑀1 +𝑀2 +𝑀3)�̈�𝑐 = 

= (𝑀1 +𝑀2 +𝑀3)𝑔 +
𝑎𝜔2

2
(𝑀2 + 2𝑀3)𝑐𝑜𝑠𝜔𝑡. 

𝐷 

𝐸 

𝐶 

𝑂 𝐴 

𝜑 𝑏 

𝐵 

𝑥 

𝑦 
𝑥3 

𝑀3�⃗� 

𝑀1�⃗� 

𝑀2�⃗� 

�⃗⃗⃗� 

𝑥2 
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p a s u x i:               

      𝑁 = (𝑀1 +𝑀2 +𝑀3)𝑔 +
𝑎𝜔2

2
(𝑀2 + 2𝑀3)𝑐𝑜𝑠𝜔𝑡. 

 
 

 

amocana  35.8 

 
   isargebleT wina amocanis pirobebiT da CaTvaleT, rom tumbo 

dadgmulia 𝑐 sixistis mqone drekad saZirkvelze. ipoveT OA 
mrudmxaras  O   RerZis  vertikalze moZraobis  kanoni,  Tu sawyis 

momentSi O RerZi statikuri wonasworobis mdgomareobaSia da mas 

mianiWes  𝑣0   sawyisi siCqare  vertikalurad qvemoT. 𝑥 .RerZi 
mimarTulia vertikalurad qvemoT,  saTave emTxveva statikuri 
wonasworobis mdgomareobas. winaaRmdegobis Zalebi 
ugulebelyofilia. 
a m o x s n a CavweroT   Teorema meqanikuri sistemis masaTa 

centris moZraobis Sesaxeb  OOx  RerZze gegmilebSi: 
 

                              𝑀�̈�𝐶 = (𝑀1 +𝑀2 +𝑀3)𝑔 − 𝐹დრ  ,                 (1) 

sadac  �⃗�დრ = 𝑐(𝑥 + 𝑓სტ). 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝐷𝐷 

𝐸𝐸 

𝑏 

𝑂𝑂 
𝐴𝐴 

𝜑𝜑 

𝐵𝐵 

• 𝐶 

• 

• 

𝑀3�⃗� 

 

𝑀2�⃗� 

 

𝑀1�⃗� 

 𝑥 

 

• 

 𝑥 

 

y 

 

𝑥3 
 𝑥1 

 

𝑥2 
 

�⃗�დრ 
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�⃗�დრ − is mniSvneloba  CavsvaT (1) gantolebaSi da gaviTvaliswinoT, 

rom 

𝑓სტ =
(𝑀1+𝑀2+𝑀3)𝑔

𝑐
, 

maSin miviRebT  diferencialur gantolebas: 

                        𝑀�̈�𝐶 = −𝑐𝑥.                   (2)     
ganvsazRvroT  meqanikur sistemaSi Semavali sxeulebis masaTa 
centris koordinatebi: 

𝑥1 = ℓ + 𝑥,    ℓ = 𝑐𝑜𝑛𝑠𝑡; 

𝑥2 =
𝑎

2
𝑐𝑜𝑠𝜔𝑡 + 𝑥; 

𝑥3 = 𝑏 + 𝑎𝑐𝑜𝑠𝜔𝑡 + 𝑥. 
 

   CavweroT masaTa centris moZraobis gantoleba OOx  RerZis 
gaswvriv: 
 

𝑥𝑐 =
∑𝑚𝑘𝑥𝑘
∑𝑚𝑘

=
𝑀1𝑥1 +𝑀2𝑥2 +𝑀3𝑥3

𝑀1 +𝑀2 +𝑀3
= 

                                                    (3)    

𝑀1(ℓ + 𝑥) +𝑀2 (
𝑎
2
𝑐𝑜𝑠𝜔𝑡 + 𝑥) +𝑀3(𝑥3 = 𝑏 + 𝑎𝑐𝑜𝑠𝜔𝑡 + 𝑥)

𝑀1 +𝑀2 +𝑀3
. 

 
  Tu gamovTvliT (3) gamosaxulebis meore rigis  warmoebuls 

droiT, vipoviT masaTa centris aCqarebis gegmils OOx  RerZze- 

 

�̈�𝑐 =
𝑀1�̈�1 +𝑀2�̈�2 +𝑀3�̈�3

𝑀1 +𝑀2 +𝑀3
= 

                                                                                                                                            (4)       

= −
(𝑀2 + 2𝑀3)𝑎𝜔

2

2(𝑀1 +𝑀2 +𝑀3)
𝑐𝑜𝑠𝜔𝑡 +

𝑀1 +𝑀2 +𝑀3
𝑀1 +𝑀2 +𝑀3

𝑥.̈  

CavsvaT (4) gamosaxuleba (2) gantolebaSi, miviRebT: 

                  �̈� +
𝑐

𝑀1 +𝑀2 +𝑀3
𝑥 =

(𝑀2 + 2𝑀3)𝑎𝜔
2

2(𝑀1 +𝑀2 +𝑀3)
𝑐𝑜𝑠𝜔𝑡.                (5) 

 
SemoviRoT aRniSvnebi: 

𝑘2 =
𝑐

𝑀1 +𝑀2 +𝑀3
, 
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𝒉 =
(𝑀2 + 2𝑀3)

𝑀1 +𝑀2 +𝑀3

𝑎𝜔2

2
. 

 

CavsvaT es aRniSvnebi (5) gantolebaSi, miviRebT OO  RerZis 

moZraobis gantolebas OOx  RerZis gaswvriv: 

                   �̈� + 𝑘2𝑥 = ℎ𝑐𝑜𝑠𝜔𝑡.                     (5•) 

     Ees aris araerTgvarovani diferencialuri gantoleba, romlis 
amonaxsni veZeboT Semdegi saxiT: 

𝑥 = �̅� + 𝑥•, 

sadac  �̅� - erTgvarovani diferencialuri gantolebis zogadi 

amonaxsni;  𝑥•  -araerTgvarovani diferencialuri gantoleba. 
   ganvixiloT ori SemTxveva: 

1)   roca 𝑘 ≠ 𝜔, maSin 

    𝑥 = 𝐶1𝑐𝑜𝑠𝑘𝑡 + 𝐶2𝑠𝑖𝑛𝑘𝑡,  𝑥
∗ = 𝐴𝑐𝑜𝑠𝜔𝑡,   �̈�∗ = −𝐴𝜔2𝑐𝑜𝑠𝜔𝑡. 

  CavsvaT �̈�∗-is mniSvneloba (5•)  gantolebaSi: 

−𝐴𝜔2𝑐𝑜𝑠𝜔𝑡 + 𝑘2𝐴𝑐𝑜𝑠𝜔𝑡 = ℎ𝑐𝑜𝑠𝜔𝑡 
Dda miRebuli gamosaxulebidan vipovoT 𝐴: 
 

𝐴 =
ℎ

𝑘2 − 𝜔2
. 

maSasadame,   

  𝑥∗ =
ℎ

𝑘2 −𝜔2
𝑐𝑜𝑠𝜔𝑡. 

maSin 

         𝑥 = 𝑥 + 𝑥∗ = 𝐶1𝑐𝑜𝑠𝑘𝑡 + 𝐶2𝑠𝑖𝑛𝑘𝑡 +
ℎ

𝑘2−𝜔2
𝑐𝑜𝑠𝜔𝑡,    (6)   

        �̇� = −𝐶1𝑘𝑠𝑖𝑛𝑘𝑡 + 𝐶2𝑘𝑐𝑜𝑠𝑘𝑡 −
ℎ𝜔

𝑘2−𝜔2
𝑠𝑖𝑛𝜔𝑡.         (7)   

𝐶1 da 𝐶2 integrebis mudmivebs vipoviT sawyisi pirobebiT: 

𝑡 = 0, 𝑥0 = 0,   �̇�0 = 𝑣0. 
(6)-dan gantolebidan 

𝑥 = 𝑥0 = 𝐶1 +
ℎ

𝑘2 −𝜔2
= 0⟹ 𝐶1 = −

ℎ

𝑘2 −𝜔2
. 

(7)-dan gantolebidan 

�̇� = �̇�0 = 𝑣0 = 𝐶2𝑘 ⟹ 𝐶2 =
𝑣0
𝑘
, 

maSin 

𝑥 = −
ℎ

𝑘2 −𝜔2
𝑐𝑜𝑠𝑘𝑡 +

𝑣0
𝑘
𝑠𝑖𝑛𝑘𝑡 +

ℎ

𝑘2 −𝜔2
𝑐𝑜𝑠𝜔𝑡. 
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2)  roca 𝑘 = 𝜔. maSin  rogorc diferencialur gantolebaTa zogadi 
Teoriidan aris cnobili, (5•) amonaxsni unda veZeboT saxiT: 

 

              𝑥 = (𝐴𝑡 + 𝐵)𝑐𝑜𝑠𝑘𝑡 + (𝐶𝑡 + 𝐷)𝑠𝑖𝑛𝑘𝑡.              (8) 
 

vipovoT 𝑥-is pirveli da meore rigis warmoebulebi droiT: 
 

  �̇� = 𝐴𝑐𝑜𝑠𝑘𝑡 − 𝑘(𝐴𝑡 + 𝐵)𝑠𝑖𝑛𝑘𝑡 + 𝐶𝑠𝑖𝑛𝑘𝑡 + (𝐶𝑡 + 𝐷)𝑘 𝑐𝑜𝑠𝑘𝑡,    (9)   
�̈� = −𝐴𝑘𝑠𝑖𝑛𝑘𝑡 − 𝑘2(𝐴𝑡 + 𝐵)𝑐𝑜𝑠𝑘𝑡 − 𝑘𝐴𝑠𝑖𝑛𝑘𝑡 + 𝐶𝑘 𝑐𝑜𝑠𝑘𝑡 − 

−(𝐶𝑡 + 𝐷)𝑘2𝑠𝑖𝑛𝑘𝑡 + 𝐶𝑘 𝑐𝑜𝑠𝑘𝑡. 
Ees gamosaxulebebi CavsvaT (5•) gantolebaSi:  

−𝐴𝑘𝑠𝑖𝑛𝑘𝑡 − 𝑘2(𝐴𝑡 + 𝐵)𝑐𝑜𝑠𝑘𝑡 − 𝑘𝐴𝑠𝑖𝑛𝑘𝑡 + 𝐶𝑘 𝑐𝑜𝑠𝑘𝑡 − 
+𝐶𝑘 𝑐𝑜𝑠𝑘𝑡 − (𝐶𝑡 + 𝐷)𝑘2𝑠𝑖𝑛𝑘𝑡 + 𝐶𝑘 𝑐𝑜𝑠𝑘𝑡 + 𝑘2(𝐴𝑡 + 𝐵)𝑐𝑜𝑠𝑘𝑡

+ (𝐶𝑡 + 𝐷)𝑘2𝑠𝑖𝑛𝑘𝑡 = ℎ𝑐𝑜𝑠𝑘𝑡, 
−2𝐴𝑘𝑠𝑖𝑛𝑘𝑡 + 2𝐶𝑘 𝑐𝑜𝑠𝑘𝑡 = ℎ𝑐𝑜𝑠𝑘𝑡. 

radgan 𝑠𝑖𝑛𝑘𝑡 da 𝑐𝑜𝑠𝑘𝑡 sidideebTan mdgomi koeficientebi 
tolobis sxvadsxva mxares unda iyos toli, amitom 

2𝐶𝑘 = ℎ ⟹ 𝐶 =
ℎ

2𝑘
, 

−2𝐴𝑘 = 0 ⟹ 𝐴 = 0. 
 𝐵 da 𝐷 mudmivebs vipoviT (8) da (9) gantolebebidan Semdegi sawyisi 

pirobebis gaTvaliswinebiT: 𝑡 = 0, 𝑥0 = 0,   �̇�0 = 𝑣0. 
𝑥0 = 𝐵 = 0⟹ 𝐵 = 0, 

�̇�0 = 𝑣0 = 𝐴 + 𝐷𝑘 ⟹ 𝐶 =
𝑣0 − 𝐴

𝑘
=
𝑣0
𝑘
. 

   CavsvaT 𝐴, 𝐵, 𝐶 da 𝐷 mudmivebi (8) formulaSi da CavweroT 
amonaxsni Semdegi saxiT: 

𝑥 = (
ℎ

2𝑘
𝑡 +

𝑣0
𝑘
) 𝑠𝑖𝑛𝑘𝑡 

Aan viciT ra, rom   𝑘 = 𝜔, maSin 

𝑥 =
𝑣0
𝜔
𝑠𝑖𝑛𝜔𝑡 +

ℎ

2𝜔
𝑡𝑠𝑖𝑛𝜔𝑡. 

p a s u x i:    1) roca  
 

𝑐

𝑀1 +𝑀2 +𝑀3
≠ 𝜔2, 

 

𝑥 = −
ℎ

𝑘2 −𝜔2
𝑐𝑜𝑠𝑘𝑡 +

𝑣0
𝑘
𝑠𝑖𝑛𝑘𝑡 +

ℎ

𝑘2 −𝜔2
𝑐𝑜𝑠𝜔𝑡. 

2) roca  
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𝑐

𝑀1 +𝑀2 +𝑀3
= 𝜔2, 

𝑥 =
𝑣0
𝜔
𝑠𝑖𝑛𝜔𝑡 +

ℎ

2𝜔
𝑡𝑠𝑖𝑛𝜔𝑡. 

 

 

 

 

amocana  35.9 

 
     liTonis saWreli  makrateli Sedgeba 

mrudmxara-barbaca   OAB meqanizmisagan, 
romlis B cociaze mimagrebulia moZravi  

dana.   uZravi   dana   damagrebulia   C 
saZirkvelze.  ipoveT  saZirkvelis  wneva 

gruntze, Tu  mrudmxaras  sigrZe aris r   
 da masa M1, barbacas sigrZea , B cocias 

 masa  moZrav danasTan erTad aris M2, C 

saZirkvelis da  D korpusis masa aris M3,   

OA mrudmxara, romelic Tanabrad brunavs 

Ω  kuTxuri siCqariT, CaTvaleT 
erTgvarovan Rerod. Bbarbacas 
masaugulebelyofilia. 
m i T i T e b a.  gamosaxuleba  

√1 − (
𝑟

ℓ
𝑠𝑖𝑛𝜔𝑡)

2

 

   unda daiSalos mwkrivad da 

ugulebelvyoT 
𝑟

ℓ
  Sefardebis 

Semcveli yvela wevri, romlis 
xarisxi orze metia.  

  a m o x s n a.   vaCvenoT 
naxazze moqmedi aqtiuri 
Zalebi: manqanis yvela nawilis  

simZimis Zala- 𝑀1�⃗�, 𝑀2�⃗�, 𝑀3�⃗� ,  
 da Sesabamisad  maTi  modebis  

wertilebi  𝐶1 ,   𝐶2,   𝐶3,  aseve 

 saZirkvelis  �⃗⃗⃗� reaqciis Zala. 
     CavweroT   Teorema 
meqanikuri  sistemis masaTa 
centris moZraobis  Sesaxeb  

𝐶 

𝐷 
𝑂 
𝜑 

ℓ 

𝐵 

A 

𝐶 

𝐷 
𝑂 

𝜑 

ℓ 

𝐵 

𝐴 

𝑀2�⃗⃗⃗� 

𝑥 

• 

�⃗⃗⃗⃗� 

𝐶1 

𝐶2 
• 

• 

𝑀1�⃗⃗⃗� 

𝑀3�⃗⃗⃗� 
𝜓 

𝑥1 

𝑥2 

𝑥3 
𝐶3 
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OOx  RerZze gegmilebSi: 

           𝑀�̈�𝐶 = ∑𝐹𝑘𝑥
(𝑒)
= (𝑀1 +𝑀2 +𝑀3)𝑔 − 𝑁.               (1) 

G(1) gantolebidan ganvsazRvroT 𝑁    : 

                           𝑁 = (𝑀1 +𝑀2 +𝑀3)𝑔 −𝑀�̈�𝐶 .                       (2) 

N − ის განსასაზღვრავათ აუცილებელია ვიცოდეთ  მასათა ცენტრის  აჩქარების  

გეგმილები OOx  RerZze. განვიხილოთ მრუდმხარა-ბარბაცა მექანიზმი.  

  რადგან  𝜔 = 𝑐𝑜𝑛𝑠𝑡, amitom   𝜑 = 𝜔𝑡  da 𝐶1 , 𝐶2, 𝐶3, masaTa centris 
koordinatebia (ix. Nnaxazi): 

                                      𝑥1 =
𝑂𝐴

2
𝑐𝑜𝑠𝜔𝑡 =

𝑟

2
𝑐𝑜𝑠𝜔𝑡,                           (3) 

                   𝑥2 = 𝑂𝐴 ∙ 𝑐𝑜𝑠𝜔𝑡 + 𝐴𝐵 ∙ 𝑐𝑜𝑠𝜓 + 𝐵𝐶2  (𝐵𝐶2  = 𝑐𝑜𝑛𝑠𝑡),       (4) 
                                   𝑥3 = 𝑂𝐶3 = 𝑐𝑜𝑛𝑠𝑡.                                  (5) 

 

-dan sinusebis TeoremiT ganvsazRvroT damokidebuleba  da 

 kuTxeebs Soris: 
𝑠𝑖𝑛𝜓

𝑠𝑖𝑛𝜔𝑡
=

𝑟

ℓ
, 

an 

𝑠𝑖𝑛𝜓 =
𝑟

ℓ
 𝑠𝑖𝑛𝜔𝑡  

maSin 

                        𝑐𝑜𝑠𝜓 = √1 − 𝑠𝑖𝑛2𝜓 = √1 − (
𝑟

ℓ
 𝑠𝑖𝑛𝜔𝑡)

2
.         (6) 

CavsvaT (6) gamosaxuleba (4) formulaSi, miviRebT; 

𝑥2 = 𝑟𝑐𝑜𝑠𝜔𝑡 + ℓ𝑐𝑜𝑠𝜓 + 𝐵𝐶2 = 𝑟𝑐𝑜𝑠𝜔𝑡 + √1 − (
𝑟

ℓ
 𝑠𝑖𝑛𝜔𝑡)

2

+𝐵𝐶2. 

Ggamosaxuleba  

√1 − (
𝑟

ℓ
𝑠𝑖𝑛𝜔𝑡)

2

 

      gavSaloT mwkrivad. gaviTvaliswinoT, rom 
𝑟

ℓ
  wesieri wiladia da 

ugulebelvyoT wevrebi, romlebic Seicaven 
𝑟

ℓ
 -s 2-ze maRali 

xarisxebs, maSin 

√1 − (
𝑟

ℓ
 𝑠𝑖𝑛𝜔𝑡)

2

= [1 − (
𝑟

ℓ
 𝑠𝑖𝑛𝜔𝑡)

2

]

1
2
= 1 −

1

2

𝑟2

ℓ2
𝑠𝑖𝑛2𝜔𝑡. 

maSasadame, 
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𝑥2 = 𝑟𝑐𝑜𝑠𝜔𝑡 + ℓ(1 −
1

2

𝑟2

ℓ2
𝑠𝑖𝑛2𝜔𝑡) +  𝐵𝐶2, 

viciT, ra rom 

𝑠𝑖𝑛2𝜔𝑡 =
1−𝑐𝑜𝑠2𝜔𝑡

2
, 

miviRebT Semdeg gamosaxulebas: 

           𝑥2 = ℓ +
𝑟2

4
ℓ + 𝑟 (𝑐𝑜𝑠𝜔𝑡 +

1

4

𝑟

ℓ
𝑐𝑜𝑠2𝜔𝑡) + 𝐵𝐶2.           (7) 

gamovTvaloT (3),(5) da (7) gamosaxulebebis meore rigis warmoebulebi: 

�̈�1 = −
𝑟𝜔2

2
𝑐𝑜𝑠𝜔𝑡, 

�̈�2 = 𝑟𝜔
2 (𝑐𝑜𝑠𝜔𝑡 +

1

4

𝑟

ℓ
𝑐𝑜𝑠2𝜔𝑡), 

�̈�3 = 0. 
radgan 

𝑥𝑐 =
∑𝑚𝑘𝑥𝑘
∑𝑚𝑘

=
𝑀1𝑥1 +𝑀2𝑥2 +𝑀3𝑥3

𝑀1 +𝑀2 +𝑀3
, 

Aamitom 

�̈�𝑐 =
𝑀1�̈�1 +𝑀2�̈�2 +𝑀3�̈�3

𝑀1 +𝑀2 +𝑀3
= 

=
−𝑀1

𝑟𝜔2

2
𝑐𝑜𝑠𝜔𝑡 −𝑀2𝑟𝜔

2 (𝑐𝑜𝑠𝜔𝑡 +
𝑟
ℓ
𝑐𝑜𝑠2𝜔𝑡)

𝑀1 +𝑀2 +𝑀3
= 

=
−
𝑟𝜔2

2 [(𝑀1 + 2𝑀2)𝑐𝑜𝑠𝜔𝑡 + 2𝑀2
𝑟
ℓ
𝑐𝑜𝑠2𝜔𝑡]

𝑀1 +𝑀2 +𝑀3
. 

Tu �̈�𝑐-is mniSvnelobas CavsvamT (2) gantolebaSi, vipoviT: 

𝑁 = (𝑀1 +𝑀2 +𝑀3)𝑔 + 

+
𝑟𝜔2

2
[(𝑀1 + 2𝑀2)𝑐𝑜𝑠𝜔𝑡 + 2𝑀2

𝑟

ℓ
𝑐𝑜𝑠2𝜔𝑡]. 

 

p a s u x i:   𝑁 = (𝑀1 +𝑀2 +𝑀3)𝑔 + 

+
𝑟𝜔2

2
[(𝑀1 + 2𝑀2)𝑐𝑜𝑠𝜔𝑡 + +2𝑀2

𝑟

ℓ
𝑐𝑜𝑠2𝜔𝑡]. 
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amocana  35.10 

 

       𝑀1 masis eleqtroZravi damag-
rebis gareSe dgas horizontalur 
saZirkvelze. Zravis lilvze marTi 

kuTxiT mimagrebulia 2ℓ sigrZis 

da
  
𝑀2 masis erTgvarovani Reros 

erTi bolo, xolo meore boloze  

Camocmulia  𝑀3 masis  wertilovani 
tvirTi. Tvlis kuTxuri siCqare aris 

ω. gansazRvreT: 1) Zravis  
horizontaluri moZraoba;  2) 

udidesi horizontaluri 𝑅 Zalva, romelic moqmedebs WanWikebze, 
Tu maTi saSualebiT Zravis garsacmi damagrebuli iqneba 
saZirkvelze. 

  a m o x s n a.    vaCvenoT nax.1-
ze Zravis TiToeulinawilis 

simZimis Zala-𝑀1�⃗�, 𝑀2�⃗� , 𝑀3�⃗�  da  

saZirkvelis jamuri  �⃗⃗⃗� reaqciis 
Zala.   1)  Tu Zravi ar aris 
damagrebuli saZirkvelze,  maSin 
Reros (wertilovani  masiT) 
moZraobisas  
eleqtroZravis korpusi  daiwyebs 
moZraobas. aRvniSnoT misi 

gadaadgileba  𝑥 -iT da davweroT 
masaTa       centris      abscisas 
gamosaTvleli formula:                                       

     

𝑥𝐶1 =
∑𝑚𝑘𝑥𝑘
∑𝑚𝑘

= 

          =
𝑀1(−𝑥) +𝑀2(ℓ𝑐𝑜𝑠𝜔𝑡 − 𝑥) + 𝑀3(2ℓ𝑐𝑜𝑠𝜔𝑡 − 𝑥)

𝑀1 +𝑀2 +𝑀3
.                 (1) 

   Tu Rero wertilovani masiT daikavebs vertikalur mdebareobas, 

maSin masaTa centris koordinati  𝑥 RerZis gaswvriv 𝑥𝐶2 = 0. 
   radgan gare Zalebis nakrebi veqtoris gegmili 𝑥 RerZze nulis 
tolia, amitom masaTa centris moZraobis Teoremis Tanaxmad 

SeiZleba davweroT 𝑥𝐶1 = 𝑥𝐶2 = 0.  Tu gavutolebT (1) 

gamosaxulebas  nuls, vipoviT 𝑥 -s(Zravis horizontalur 
moZraobas): 

𝜔𝑡 

𝑦 

𝑥 

𝑀1�⃗⃗⃗� 
𝑀2�⃗⃗⃗� 

𝑀3�⃗⃗⃗� 

�⃗⃗⃗⃗� 𝑂 

𝐴 

𝑥 

nax.1 

 

 

2ℓ 

𝜔𝑡 
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𝑀1(−𝑥) + 𝑀2(ℓ𝑐𝑜𝑠𝜔𝑡 − 𝑥) +𝑀3(2ℓ𝑐𝑜𝑠𝜔𝑡 − 𝑥)

𝑀1 +𝑀2 +𝑀3
= 0 

Aanu 

ℓ𝑐𝑜𝑠𝜔𝑡(𝑀2 + 2𝑀3) = 𝑥(𝑀1 +𝑀2 +𝑀3).  
saidanac 

𝑥 =
ℓ𝑐𝑜𝑠𝜔𝑡(𝑀2 + 2𝑀3)

𝑀1 +𝑀2 +𝑀3
 

Ae.i. Zravi asrulebs harmoniul rxevebs 
 

ℓ(𝑀2 + 2𝑀3)

𝑀1 +𝑀2 +𝑀3
 

amplitudiT da 

𝑇 =
2𝜋

𝜔
 

periodiT. 
2) Tu Zravi damagrebulia saZirkvelze, maSin  WanWikebze moqmedebs 

Zala �⃗⃗� = �⃗⃗�1 + �⃗⃗�2   (ix. Nnax..2). 
  vipovoT masaTa centris koordinati: 

𝑥𝐶 =
∑𝑚𝑘𝑥𝑘
∑𝑚𝑘

=
𝑀1 ∙ 0 + 𝑀2 ∙ ℓ𝑐𝑜𝑠𝜔𝑡 + 𝑀3 ∙ 2ℓ𝑐𝑜𝑠𝜔𝑡

𝑀1 +𝑀2 +𝑀3
=

=
ℓ𝑐𝑜𝑠𝜔𝑡(𝑀2 + 2𝑀3)

𝑀1 +𝑀2 +𝑀3
 

da masaTa centris aCqarebis gegmili 𝑥 RerZze 
 

  �̈�𝐶 =
−(𝑀2+2𝑀3)ℓ𝜔

2𝑐𝑜𝑠𝜔𝑡

𝑀1+𝑀2+𝑀3
.    (2) 

 CavweroT meqanikuri sistemis 
masaTa centris moZraobis  

Teorema 𝑥 RerZze gegmilebSi: 

(𝑀1 +𝑀2 +𝑀3)�̈�𝐶 = 

        = ∑𝐹𝑘𝑥
(𝑒)
= 𝑅.         (3) 

  CavsvaT   (2)  gamosaxuleba  (3)   
formulaSi. miviRebT: 

    −(𝑀2 + 2𝑀3)ℓ𝜔
2𝑐𝑜𝑠𝜔𝑡 = 𝑅. 

 

𝑅 -is mniSvneloba iqneba 

udidesi,   roca 𝑐𝑜𝑠𝜔𝑡 = 1 , e.i. 

𝜔𝑡 

𝑦 

𝑀1�⃗⃗⃗�2ℓ 
𝑀2�⃗⃗⃗� 

𝑀3�⃗⃗⃗� 

�⃗⃗⃗⃗�1 

𝑂 

𝑥2 

𝑥 
�⃗⃗⃗�2 �⃗⃗⃗�1 

�⃗⃗⃗⃗�2 

𝑥3 
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𝑅 = (𝑀2 + 2𝑀3)ℓ𝜔
2 

 
pasuxi: 1) harmoniuli rxeva  
 

ℓ(𝑀2 + 2𝑀3)

𝑀1 +𝑀2 +𝑀3
 

   amplitudiT da N                           

 

                            𝑇 =
2𝜋

𝜔
                                           

periodiT;                                        nax..2 
2)  

𝑅 = (𝑀2 + 2𝑀3)ℓ𝜔
2 

 
 
 
 
     

amocana  35.11 
 

    wina amocanis pirobebis mixedviT gamoTvaleT is ω kuTxuri 
siCqare, romelic unda hqondes eleqtroZravas lilvs, rom 
eleqtroZrava, saZirkvelze WanWikebiT daumagreblad, iwyebdes masze  
xtomas. 
a m o x s n a. vipovoT 
mTeli sistemis masa: 

    𝑀 = 𝑀1 +𝑀2 +𝑀3. 
𝑦 RerZis gaswvriv masaTa 
centris koordinatebia (ix. 
Nnaxazi): 

      𝑦𝐶1 = 𝐻, 

𝑦𝐶2 = 𝐻 + ℓ𝑠𝑖𝑛𝜔𝑡, 

𝑦𝐶3 = 𝐻 + 2ℓ𝑠𝑖𝑛𝜔𝑡, 
maSin 

                       

{

�̈�𝐶1 = 0,

�̈�𝐶2 = −ℓ𝜔
2𝑠𝑖𝑛𝜔𝑡

�̈�𝐶3 = −2ℓ𝜔
2𝑠𝑖𝑛𝜔𝑡.

,  (1)               

 
(35.1) formulebidan erT-erTis Tanaxmad 

 

𝑦 

𝑀1�⃗⃗⃗� 
𝑀2�⃗⃗⃗� 

𝑀3�⃗⃗⃗� 

�⃗⃗⃗⃗� 

2ℓ 

 

𝐻 

𝜔𝑡 
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𝑦𝐶 =
∑𝑚𝑘𝑦𝑘
∑𝑚𝑘

=      

=
𝑀1𝐻 +𝑀2(ℓ𝑠𝑖𝑛𝜔𝑡 + 𝐻) +𝑀3(2ℓ𝑐𝑜𝑠𝜔𝑡 + 𝐻)

𝑀1 +𝑀2 +𝑀3
.   

  
 CavweroT meqanikuri sistemis masaTa centris moZraobis Teorema 𝑦 
RerZze gegmilebSi: 

𝑀�̈�𝐶 =∑𝐹𝑘𝑦
(𝑒)
. 

 (1)  gamosaxulebebis gaTvaliswinebiT CavwerT 

            𝑀�̈�𝐶 = −𝑀2ℓ𝜔
2𝑠𝑖𝑛𝜔𝑡 − 2𝑀3ℓ𝜔

2𝑠𝑖𝑛𝜔𝑡 = −𝑀𝑔 + 𝑁. 
saidanac 

𝑁 = (𝑀1 +𝑀2 +𝑀3)𝑔 −  ℓ𝜔
2(𝑀2 + 2𝑀3)𝑠𝑖𝑛𝜔𝑡. 

wnevis Zala umciresi iqneba im SemTxvevaSi, roca 𝑠𝑖𝑛𝜔𝑡 = 1,  e.i. 
 

𝑁𝑚𝑖𝑛 = (𝑀1 +𝑀2 +𝑀3)𝑔 −  ℓ𝜔
2(𝑀2 + 2𝑀3). 

eleqtroZravi ixtunavebs maSin, roca 𝑁𝑚𝑖𝑛 < 0: 
(𝑀1 +𝑀2 +𝑀3)𝑔 −  ℓ𝜔

2(𝑀2 + 2𝑀3) < 0, 
e.i. roca 

𝜔 > √
(𝑀1+𝑀2+𝑀3)𝑔

ℓ(𝑀2+2𝑀3)
. 

pasuxi:    𝜔 > √
(𝑀1+𝑀2+𝑀3)𝑔

ℓ(𝑀2+2𝑀3)
. 

 
 
 

amocana  35.12 
 

   eleqtroZravis awyobisas misi   rotori eqscentrulad 
dacmuli iyo  𝐶1 brunvis RerZze 𝐶1𝐶2 = 𝑎   manZiliT, sadac  𝐶1 − 𝐴   
statoris simZimis centria, xolo 

𝐶2 -   rotoris simZimis centri. 

rotori Tanabrad brunavs ω  
kuTxuri siCqariT. eleqtroZrava 
dadgmulia drekadi koWis SuaSi, 
romlis CaRunva udris ∆; 𝑀1 aris 
statoris, xolo 𝑀2 −rotoris masa. 
ipoveT 𝐶1 wertilis  vertikalze 
moZraobis gantoleba, Tu sawyis 
momentSi igi imyofeboda uZravad 
statikuri wonasworobis 𝒙 

𝑨 

𝑩 

𝑪𝟏 

𝑪𝟐 

𝝎𝒕 
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mdebareobaSi. winaRobis Zalebi ugulebelyofilia. 𝑥 −is aTvlis 
saTaved miiReT statikuri wonasworobis 𝐶1  mdebareoba. 
a m o x s n a CavweroT masaTa centris moZraobis Teorema: 

                  𝑀�⃗�𝐶 = (𝑀1 +𝑀2)𝑔 − 𝐹დრ.,                 (1) 
sadac  

     𝐹დრ. = −𝑐(𝑥 + 𝑓სტ) = 
= −𝑐(𝑥 + ∆), 

Aamocanis pirobis Tanaxmad  

𝑓სტ = ∆.  

    𝑥 RerZze gegmilebSi (ix. Nnax.): 

                     𝑀�̈�𝐶 = 𝑀1�̈�1 +𝑀2�̈�2. 
  radgan  

𝑥1 = 𝑥;   ,  𝑥2 = 𝑥 + 𝑎𝑠𝑖𝑛𝜔𝑡, 
amitom 

         �̈�1 = �̈�;   �̈�2 = �̈� − 𝑎𝜔
2𝑠𝑖𝑛𝜔𝑡,. 

   radgan 

                    𝑓სტ = ∆=
(𝑀1+𝑀2)𝑔

𝑐
, 

 
Aamitom (1) gamosaxuleba miiRebs saxes: 

𝑀1�̈�1 +𝑀2(�̈�2 − 𝑎𝜔
2𝑠𝑖𝑛𝜔𝑡) = (𝑀1 +𝑀2)𝑔 − 𝑐 [𝑥 +

(𝑀1+𝑀2)𝑔

𝑐
], 

Aanu 

(𝑀1 +𝑀2)�̈� − 𝑀2𝑎𝜔
2𝑠𝑖𝑛𝜔𝑡 = −𝑐𝑥, 

�̈� +
𝑐

𝑀1 +𝑀2
𝑥 =

𝑀2𝑎𝜔
2

𝑀1 +𝑀2
𝑠𝑖𝑛𝜔𝑡. 

SemoviRoT aRniSvnebi: 

𝑘2 =
𝑐

𝑀1 +𝑀2
, 

 

ℎ =
𝑀2𝑎𝜔

2

𝑀1 +𝑀2
. 

 
Tu maT CavsvamT (2) gantolebaSi, miviRebT 

                        �̈� + 𝑘2𝑥 = ℎ𝑠𝑖𝑛𝜔𝑡.                       (3) 
     ganvixiloT ori SemTxveva. 

 1)   roca 𝑘 ≠ 𝜔, sadac   𝑘 = √
𝑔

∆
. 

     radgan (3) gantoleba araerTgvarovani diferencialuri 
gantolebaa, amitom misi amonaxsni unda veZeboT Semdegi saxiT: 

𝑥 = 𝑥 + 𝑥∗, 

�⃗�დრ 

𝑨 

𝑩 

𝑪𝟏 

𝑪𝟐 
𝝎𝒕 

𝒙 

𝑀1�⃗� 𝑀2�⃗� 

• 
∆ 
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sadac  𝑥 = 𝐶1𝑐𝑜𝑠𝑘𝑡 + 𝐶2𝑠𝑖𝑛𝑘𝑡;   𝑥
∗ = 𝐴𝑠𝑖𝑛𝜔𝑡. 

  integrebis mudmivis sapovnelad vipovoT 𝑥∗- is meore 
rigis warmoebuli droiT: 

�̈�∗ = −𝐴𝜔2𝑠𝑖𝑛𝜔𝑡. 
CavsvaT �̈�∗-is mniSvneloba (3)  gantolebaSi: 

−𝐴𝜔2𝑠𝑖𝑛𝜔𝑡 + 𝑘2𝐴𝑠𝑖𝑛𝜔𝑡 = ℎ𝑠𝑖𝑛𝜔𝑡 
Dda miRebuli gamosaxulebidan vipovoT 𝐴: 

𝐴 =
ℎ

𝑘2 − 𝜔2
. 

maSin 

         𝑥 = 𝑥 + 𝑥∗ = 𝐶1𝑐𝑜𝑠𝑘𝑡 + 𝐶2𝑠𝑖𝑛𝑘𝑡 +
ℎ

𝑘2−𝜔2
𝑠𝑖𝑛𝜔𝑡,        (4)   

           �̇� = −𝐶1𝑘𝑠𝑖𝑛𝑘𝑡 + 𝐶2𝑘𝑐𝑜𝑠𝑘𝑡 +
ℎ𝜔

𝑘2−𝜔2
𝑐𝑜𝑠𝜔𝑡,         (5)   

CavweroT sawyisi pirobebi: 

𝑡 = 0, 𝑥0 = 0,   �̇�0 = 0, 
da maTi  gaTvaliswinebiT vipovoT integrebis mudmivebi: 
(4) formulidan 

𝑥0 = 0 = 𝐶1; 
(5)  formulidan  

�̇�0 = 0 = 𝑘 +
ℎ𝜔

𝑘2 −𝜔2
⟹ 𝐶2 = −

ℎ𝜔

𝑘(𝑘2 −𝜔2)
. 

CavsvaT 𝐶1  da  𝐶2 –is  mniSvnelobebi (4) formulaSi, miviRebT: 

𝑥 =
𝜔

𝑘

ℎ

𝑘2 −𝜔2
𝑠𝑖𝑛𝑘𝑡 +

ℎ

𝑘2 −𝜔2
𝑠𝑖𝑛𝜔𝑡 

 2)   roca 𝑘 = 𝜔.  erTgvarovani diferencialuri gantolebis 
amonaxsni veZeboT saxiT: 

            𝑥 = (𝐴𝑡 + 𝐵)𝑐𝑜𝑠𝑘𝑡 + (𝐶𝑡 + 𝐷)𝑠𝑖𝑛𝑘𝑡.             (6) 
vipovoT 𝑥-is pirveli da meore rigis warmoebulebi droiT: 

�̇� = 𝐴𝑐𝑜𝑠𝑘𝑡 − 𝑘(𝐴𝑡 + 𝐵)𝑠𝑖𝑛𝑘𝑡 + 𝐶𝑠𝑖𝑛𝑘𝑡 + (𝐶𝑡 + 𝐷)𝑘 𝑐𝑜𝑠𝑘𝑡, (7)       
 

�̈� = −𝐴𝑘𝑠𝑖𝑛𝑘𝑡 − 𝑘2(𝐴𝑡 + 𝐵)𝑐𝑜𝑠𝑘𝑡 − 𝑘𝐴𝑠𝑖𝑛𝑘𝑡 + 𝐶𝑘 𝑐𝑜𝑠𝑘𝑡 − 
−(𝐶𝑡 + 𝐷)𝑘2𝑠𝑖𝑛𝑘𝑡 + 𝐶𝑘 𝑐𝑜𝑠𝑘𝑡. 

Ees gamosaxulebebi CavsvaT (3) gantolebaSi, martivi gardaqmnebis 
Semdeg miviRebT: 

−2𝐴𝑘𝑠𝑖𝑛𝑘𝑡 + 2𝐶𝑘 𝑐𝑜𝑠𝑘𝑡 = ℎ𝑠𝑖𝑛𝑘𝑡. 
radgan 𝑠𝑖𝑛𝑘𝑡 da 𝑐𝑜𝑠𝑘𝑡 sidideebTan mdgomi koeficientebi 
tolobis sxvadsxva mxares unda iyos toli, amitom 

−2𝐴𝑘 = ℎ ⟹ 𝐴 = −
ℎ

2𝑘
, 

2𝐶𝑘 = 0 ⟹ 𝐶 = 0. 
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integrebis 𝐵 da 𝐷 mudmivebi vipovoT  sawyisi pirobebis 
gaTvaliswinebiT: 

𝑡 = 0, 𝑥0 = 0,   �̇�0 = 0, 
 
(6) da (7) formulebidan Sesabamisad miviRebT: 

𝑥0 = 0 = 𝐵 ⟹ 𝐵 = 0, 

�̇�0 = 0 = 𝐴 + 𝐷𝑘 ⟹ 𝐷 = −
𝐴

𝑘
=

ℎ

2𝑘2
. 

   integrebis mudmivebis napovni mniSvnelobebi SevitanoT (6) 
formulas, miviRebT; 

𝑥 = −
ℎ𝑡

2𝑘
𝑐𝑜𝑠𝑘𝑡 +

ℎ

2𝑘2
𝑠𝑖𝑛𝑘𝑡. 

 radgan 𝑘 = 𝜔,  

𝑥 =
ℎ

2𝜔2
𝑠𝑖𝑛𝜔𝑡 −

ℎ

2𝜔
𝑐𝑜𝑠𝜔𝑡. 

pasuxi:   1)  roca √
𝑔

∆
≠ 𝜔,   

𝑥 =
𝜔

𝑘

ℎ

𝑘2 −𝜔2
𝑠𝑖𝑛𝑘𝑡 +

ℎ

𝑘2 −𝜔2
𝑠𝑖𝑛𝜔𝑡 

 sadac 

                     𝑘 = √
𝑔

∆
, ℎ =

𝑀2

𝑀1+𝑀2
 𝑎𝜔2;    

  2)  roca √
𝑔

∆
= 𝜔,   

         

𝑥 =
ℎ

2𝜔2
𝑠𝑖𝑛𝜔𝑡 −

ℎ

2𝜔
𝑐𝑜𝑠𝜔𝑡. 
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amocana  35.13 

 

       𝑀1   masis     eleqtroZrava 

დadgmulia    𝑐  sixistis    mqone 
koWze, Zravis  lilvze lilvidan 

ℓ      manZilze    Camocmulia   𝑀2 
masis   tvirTi;    Zravis     brunvis 

kuTxuri   siCqarea    𝜔 = 𝑐𝑜𝑛𝑠𝑡; 
gansazRvreT  Zravas    iZulebiTi 
rxevis amplituda da misi brunTa 
ricxvis kritikuli  mniSvneloba, 
Tu koWis masa  da moZraobisadmi 
winaaRmdegoba  ugulebelyofilia. 

a m o x s n a.   CavweroT 

meqanikuri sistemis masaTa centris moZraobis Teorema 𝑥 RerZze 
gegmilebSi: 

      𝑀�̈�𝐶 = ∑𝐹𝑘𝑥
(𝑒)
= (𝑀1 +𝑀2)𝑔 − 𝐹დრ.,                   (1) 

sadac 

𝑀 = 𝑀1 +𝑀2, 

𝐹დრ. =  𝑐(𝑥 + 𝑓სტ); 

                 𝑀�̈�𝐶 = 𝑀1�̈�1 +𝑀2�̈�2. 
radgan 

           𝑥1 = 𝑥+𝑏 (𝑏 = 𝑐𝑜𝑛𝑠𝑡),  
           𝑥2 = ℓ𝑐𝑜𝑠𝜔𝑡 + 𝑥, 
Aamitom 

                         �̈�1 = �̈�, 
             �̈�2 = −ℓ𝜔

2𝑐𝑜𝑠𝜔𝑡 + 𝑥.̈  
maSin 
 

𝑀�̈�𝐶 = 𝑀1�̈�1 +𝑀2�̈�2 −𝑀2ℓ𝜔
2𝑐𝑜𝑠𝜔𝑡. 

  Ees gamosaxuleba CavsvaT (1) gantolebaSi: 

(𝑀1 +𝑀2)�̈� − 𝑀2ℓ𝜔
2𝑐𝑜𝑠𝜔𝑡 = −𝑐𝑥 

Dda miviRebT araerTgvarovan diferencialur gantolebas   𝑥 -is 
mimarT: 

�̈� +
𝑐

𝑀1 +𝑀2
𝑥 =

𝑀2ℓ𝜔
2

𝑀1 +𝑀2
𝑐𝑜𝑠𝜔𝑡, 

anu 

                   �̈� + 𝑘2𝑥 = ℎ𝑠𝑖𝑛𝜔𝑡.                           (2) 
sadac 

● 

● 
ℓ 

�⃗�დრ 

𝑥 

y 𝜑 

𝑀1�⃗� 

𝑀2�⃗� 
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𝑘2 =
𝑐

𝑀1 +𝑀2
, 

 

ℎ =
𝑀2ℓ𝜔

2

𝑀1 +𝑀2
. 

 
(2) diferencialuri gantoleba warmoadgens iZulebiTi rxevebis 
diferencialur gantolebas winaaRmdegobis gareSe. Mmisi zogadi 

amonaxsnia  𝑥 = 𝑥 + 𝑥∗, roca  𝑘 ≠ 𝜔, 𝑥∗ = 𝐴𝑐𝑜𝑠𝜔𝑡. 
  vipovoT iZulebiTi rxevebis amplituda. amisaTvis vipovoT  𝑥∗-is 
meore rigis warmoebuli droiT: 

�̈�∗ = −𝐴𝜔2𝑐𝑜𝑠𝜔𝑡. 
  𝑥∗-is Dda  �̈�∗-is  mniSvnelobebi CavsvaT (2) gantolebaSi: 

−𝐴𝜔2𝑐𝑜𝑠𝜔𝑡 + 𝑘2𝐴𝑐𝑜𝑠𝜔𝑡 = ℎ𝑐𝑜𝑠𝜔𝑡, 
miviRebT 

𝑎 = 𝐴 =
ℎ

𝑘2 −𝜔2
=

𝑀2ℓ𝜔
2

(𝑀1 +𝑀2) (
𝑐

𝑀1 +𝑀2
−𝜔2)

=
𝑀2ℓ𝜔

2

𝑐 − (𝑀1 +𝑀2)𝜔
2
. 

Zravis kritikul brunvaTa ricxvi 𝑛კრ ganvsazRvroT rezonasis 

pirobidan, roca  𝑘 = 𝜔: 

𝜔კრ =
𝜋𝑛კრ

30
=𝑘 = √

𝑐

𝑀1+𝑀2
. 

aqedan 
 

𝑛კრ =
30

𝜋
√

𝑐

𝑀1 +𝑀2
. 

 

pasuxi: 𝑎 =
𝑀2ℓ𝜔

2

𝑐−(𝑀1+𝑀2)𝜔2
; 𝑛კრ =

30

𝜋
√

𝑐

𝑀1+𝑀2
. 
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amocana  35.14 
 

  naxazze  gamosaxulia  𝑀1  
masis   𝐴  urika,     romelic  

damuxruWebulia  𝐵𝐷 koWis  

SuaSi. U  urikis    masaTa  𝐶1 
centrze    mimagrebulia  𝑀2  
masis    da   ℓ   s igrZis     𝐶2   
tvirTi. Ggvarli   tvirTTan 
erTad vertikalur 
sibrtyeSi asrulebs 
harmoniul rxevas.    

gansazRvreT:  1) 𝐵𝐷  koWis  jamuri vertikaluri reaqcia,  Tu  koWi 

xistia;   2) 𝐶1  wertilis   moZraobis kanoni      vertikaluri       

mimarTulebiT,  Tu       koWis      sixistis   𝑐 koeficientis    mqone   
drekadi      sxeulia.   Sawyis   momentSi  ar  aris deformirebuli da 
statikuri wonasworobis mdebareobaSi iyo. Ggvarlisrxeva miiReT 

imdenad  mcired,   rom  CaTvaleT 𝑠𝑖𝑛𝜑 ≈ 𝜑,                 𝑐𝑜𝑠𝜑 ≈ 1.  
𝑦 RerZis ,aTvlis saTaved statikuri wonasworobis 𝐶1 mdebareoba. 
Ggvarlis masa da urikis zomebi, koWis sigrZesTan SedarebiT, 
ugulebelyofilia. 
a m o x s n a.  

1)  ganvsazRvroT 𝐵𝐷  koWis  
jamuri vertikaluri reaqcia, 
vTvliT ra mas xistad.  

  𝐴 urikiTa da  𝐶2 
tvirTiT Sedgenil meqanikr 
sistemaze moqmedebs urikas 

simZimis Zala  𝑀1�⃗⃗⃗⃗�, tvirTis 

simZimis Zala 𝑀2�⃗�, jamuri 

vertikaluri  �⃗⃗�𝑦 reaqcia 

(nax.1). 
   CavweroT meqanikuri 

სistemis masaTa centris 
moZraobis Teorema:                                       
                                                                                                                       nax.1. 

                𝑀�⃗�𝐶 = 𝑀1�⃗� + 𝑀2�⃗�+�⃗⃗�𝑦.                 (1) 

(1) Ggantolebas 𝑦 RerZze gegmilebSi   aqvs saxe: 

                  𝑀�̈�𝐶 = (𝑀1 +𝑀2)𝑔 − 𝑅𝑦,           (2) 
   Aaqedan 

ℓ 𝜑 𝑥 

𝑦 

𝐶1 

𝐶2 

𝐴 

𝐵 𝐷 

ℓ 𝜑 𝑥 

𝑦 

𝐶1 

𝐶2 

𝐴 

𝐵 𝐷 

 

𝑀1�⃗� 

𝑀2�⃗� 

�⃗⃗�𝑦 

𝑦2 
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                               𝑅𝑦 = (𝑀1 +𝑀2)𝑔 −𝑀�̈�𝐶 ,           (3)              
   vipovoT sistemis MmasaTa centris aCqarebis 𝑦 RerZze gegmili. 
MmasaTa centris Mkoordinati 

𝑦𝐶 =
𝑀1𝑦1+𝑀2𝑦2

𝑀1+𝑀2
AMMMMMAMA 

sadac  𝑦1 = 0;  𝑦2 =  ℓ𝑐𝑜𝑠𝜑, ℓ − 𝐶1𝐶2  gvarlis sigrZea. 
  maSin 

                  𝑦𝐶 =
𝑀2ℓ𝑐𝑜𝑠𝜑

𝑀
,                     (4)                  

sadac  𝑀 = 𝑀1 +𝑀2 -sistemis jamuri masaa. 

  CavTvaloT, rom 𝜑 = 𝑓(𝑡)  da vipovoT  𝑦𝐶 -s meore rigis 
warmoebuli droiT: 
 

                                           𝑦̇ 𝐶 =
𝑑𝑦𝐶

𝑑𝑡
= −

𝑀2ℓ

𝑀
𝑠𝑖𝑛𝜑 ∙ �̇�,                             (5)                                       

�̈�𝐶 =
𝑑2𝑦𝐶
𝑑𝑡2

== −
𝑀2ℓ

𝑀
𝑠𝑖𝑛𝜑 ∙ �̈� −

𝑀2ℓ

𝑀
𝑐𝑜𝑠𝜑 ∙ �̇�2. 

 
      (5) formulis gaTvaliswinebiT (3) gamosaxuleba miiRebs saxes: 

              𝑅𝑦 = (𝑀1 +𝑀2)𝑔 +𝑀2ℓ(𝑠𝑖𝑛𝜑 ∙ �̈� + 𝑐𝑜𝑠𝜑 ∙ �̇�
2).   (6)              

vertikaluri reaqciis mniSvneloba udidesia, roca 𝜑 = 0.  amitom 
 

                𝑅𝑦 = (𝑀1 +𝑀2)𝑔 +𝑀2ℓ�̇�
2.             (7) 

 

  S e n i S v n a:  pasuxi   𝑅𝑦 = (𝑀1 +𝑀2)𝑔 arasworia, radgan 𝑀2 
masa   (𝐶2  tvirTi)   vertikalur sibrtyeSi asrulebs harmoniul 
rxevas da amotom warmoiqmneba damatebiTi wneva, romelic 

ganpirobebulia sididiT 𝑀2ℓ�̇�
2 -is toli centridanuli inerciis 

Zalis arsebobiT, rac miRebulia warmodgenil amonaxsnSi. Aam Zalis 
sididis gansasazRvravad amocanis pirobaSi damatebiT miTiTebuli 

unda iyos 𝐶2  tvirTis moZraobis sawyisi pirobebi, e.i. roca 𝑡 = 0,   
mocemuli unda iyos 𝜑0  da �̇�0. 

    vTqvaT, moceemulia aseTi sawyisi pirobebi: 𝑡 = 0, 𝜑0 = 0, �̇� =
= �̇�0  ≠ 0. 
  SevadginoT maTematikuri qanqaras  rxevebis diferencialuri 

 gantoleba. CavweroT dinamikis meore kanoni 𝜏 RerZze gegmilebSi 
(nax.2): 

𝑀2𝑎𝜏 = −𝑀2𝑔𝑠𝑖𝑛𝜑, 
sadac 𝑎𝜏   -mxebi aCqarebaa 

:      𝑎𝜏 =
𝑑𝑣

𝑑𝑡
=

𝑑(ℓ�̇�)

𝑑𝑡
= ℓ𝜑.̈  
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maSin   

       ℓ�̇� = −𝑔𝑠𝑖𝑛𝜑.     
  Tu CavTvliT, rom rxevebi 

mcirea da 𝑠𝑖𝑛𝜑 ≈ 𝜑 , maSin 
maTematikuri qanqaras  
rxevebis diferencialuri  
gantolebaa 

�̈� +
𝑔

ℓ
𝜑 = 0, 

anu 

�̈� + 𝑘2𝜑 = 0, 
sadac   

𝑘2 = √
𝑔

ℓ
−rxevis cikluri 

sixSirea. 

Aam gantolebis amonaxsnia: 

𝜑 = 𝐶1𝑐𝑜𝑠𝑘𝑡 + 𝐶2𝑠𝑖𝑛𝑘𝑡, 

Aam gamosaxulebis gawarmoebiT vRebulobT: 

�̇� = −𝐶1𝑘𝑠𝑖𝑛𝑘𝑡 + 𝐶2𝑘𝑐𝑜𝑠𝑘𝑡. 
 
  miTiTebuli sawyisi pirobebis gaTvaliswinebiT: 

 𝐶1 = 𝜑0 = 0,  𝐶2 =
�̇�0

𝑘
 . 

 
maSin qanqaras moZraobis gantoleba  

𝜑 =
�̇�0
𝑘
𝑠𝑖𝑛𝑘𝑡. 

Aam tolobis gawarmoebiT vipoviT: 
 

�̇� =
�̇�0
𝑘
𝑘𝑐𝑜𝑠𝑘𝑡 = �̇�0𝑐𝑜𝑠𝑘𝑡. 

 

  (7) gamosaxulebaSi 𝑀2ℓ�̇�
2  Sesakrebs eqneba maqsimaluri 

mniSvneloba, roca �̇� = �̇�𝑚𝑎𝑥, anu roca 𝑡 = 0.  Aaqedan 

gamomdinareobs, rom  �̇� = �̇�𝑚𝑎𝑥 = �̇�0. maSin  
 

  𝑅𝑦 = (𝑀1 +𝑀2)𝑔 +𝑀2ℓ�̇�0
2. 

 

  2)  vertikaluri mimarTulebiT 𝐶1 wertilis moZraobis kanonis 

gansazRvra, roca koWi drekadia drekadobis 𝑐  koeficientiT. 
   radgan  koWi drekadia, amitom   urikisa  da    tvirTis  simZimis 
Zalebis moqmedebiT  

𝑀1�⃗� 

�⃗⃗� 
𝜏 

𝜑 

nax.2
. 
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  koWi CaiRuneba da 𝐶1 
wertili  (nax.3) wainacvlebs 

qveviT   raRac 𝜑სტ.  sididiT 

(statikuri      deformacia).   
am    SemTxvevaSi meqanikur 

sistemaze moqmedebs 𝐴 

urikisa    da  𝐶2 tvirTis 

simZimis Zalebi: 𝑀1�⃗�  da 
𝑀2�⃗�,  aseve koWis 
drekadobis Zala: 

     𝐹დრ. = − 𝑐(𝑦1 + 𝑓სტ); (8)                  
    CavweroT meqanikuri 
sistemis masaTa centris 

moZraobis Teorema 𝑦 RerZze 
gegmilebSi: 

         𝑀�̈�
𝐶
= ∑ 𝐹𝑘𝑦

(𝑒)
= (𝑀1 + 𝑀2)𝑔 − 𝐹დრ.,             (9) 

 
     ramdenadac koordinatTa sistemis saTave arCeulia statikuri 

wonasworobis mdebareobaSi (𝑂  wertilSi) amitom 

𝑦1 = 𝑦1, 𝑦2 = 𝑦1 +  ℓ𝑐𝑜𝑠𝜑, 
maSin 𝑦 RerZis gaswvriv sistemis masaTa centris moZraobis 
gantoleba iqneba: 
                                                                                

                                         𝑦𝐶 =
𝑀1𝑦1+𝑀2𝑦2

𝑀1+𝑀2
=

𝑀1𝑦1+𝑀2ℓ𝑐𝑜𝑠𝜑

𝑀
,          (10) 

 

sadac  𝑀 = 𝑀1 +𝑀2 -sistemis jamuri masaa. 

Aam gantolebis orjer gawarmoebiT miviRebT: 

                            �̈�𝐶 = �̈�1 −
𝑀2ℓ

𝑀
(𝑠𝑖𝑛𝜑 ∙ �̈� + 𝑐𝑜𝑠𝜑 ∙ �̇�2).                      (11)   

 
(8) da (11) formulebis gaTvaliswinebiT (9) gamosaxuleba miiRebs 
saxes: 

 𝑀�̈�1 = 𝑀2ℓ(𝑠𝑖𝑛𝜑 ∙ �̈� + 𝑐𝑜𝑠𝜑 ∙ �̇�
2) = (𝑀1 +𝑀2)𝑔 − 𝑐(𝑦1 + 𝑓სტ)   (12) 
      

  gaviTvaliswinoT, rom statikuri wonasworobis mdebareobaSi 
drekadobis Zala simZimis Zalis tolia, e.i.  

(𝑀1 +𝑀2)𝑔 = 𝑐𝑓სტ, 
maSin (12) gantoleba Semdeg saxes miiRebs: 
 

𝜑 

𝑦 

𝐶1 

𝐶2 

�⃗�დრ. 

𝐵 𝐷 

𝑂 

𝑀2�⃗� 

𝑀1�⃗� 

𝑓სტ 

𝑦1 

nax.3. 
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        �̈�1 +
𝑐

𝑀1 +𝑀2
𝑦1 =

𝑀2ℓ

𝑀
(𝑠𝑖𝑛𝜑 ∙ �̈� + 𝑐𝑜𝑠𝜑 ∙ �̇�2).             (13)   

 
(13) gantoleba iZulebiTi rxevis diferencialuri gantolebaa, e.i. 

𝐶1 masaTa  centri asrulebs    iZulebiTi rxevas da ara 
Tavisufals, rogorc es miTiTebulia krebulSi moyvanil pasuxSi. 
     imisaTvis, rom  amovxsnaT (13) gantoleba, mocemuli unda iyos 

𝐶2 tvirTis rxevisaTvis sawyisi pirobebi. Tu gaviTvaliswinebT   

𝑅𝑦-is gansazRvrisaTvis moyvanil sawyis pirobebs, qanqaras rxevis 

gantoleba iqneba Semdegi saxis: 

𝜑 =
�̇�0
𝑘
𝑠𝑖𝑛𝑘𝑡, 

maSin 

�̇� =
�̇�0
𝑘
𝑘𝑐𝑜𝑠𝑘𝑡 = �̇�0𝑐𝑜𝑠𝑘𝑡, 

�̈� = −𝑘�̇�0𝑠𝑖𝑛𝑘𝑡. 
 
gardaqmnis Semdeg (13) gantoleba miiRebs saxes: 
 

                                      �̈�1 +
𝑐

𝑀1+𝑀2
𝑦1 =

𝑀2ℓ�̇�0
2

𝑀1+𝑀2
𝑐𝑜𝑠2𝑘𝑡.                  (14) 

  SemoviRoT aRniSvnebi: 
 

𝑐

𝑀1 +𝑀2
= 𝑘1

2 ,   
𝑀2ℓ�̇�0

2

𝑀1 +𝑀2
= ℎ, 2𝑘 = 𝑝.  

 

maSin 𝐶1 wertilis moZraobis diferencialuri gantoleba iqneba: 
 

                                           �̈�1 + 𝑘1
2 𝑦1 = ℎ𝑐𝑜𝑠 𝑝𝑡.                      (15) 

 
     (15)  araerTgvarovani diferencialuri gantolebis amonaxsni 
warmovadginoT saxiT: 

𝑦1 = 𝑦1 + 𝑦1
∗, 

sadac  𝑦1 = 𝐴𝑐𝑜𝑠𝑘1𝑡 + 𝐵𝑠𝑖𝑛𝑘1𝑡- erTgvarovani diferencialuri 

gantolebis zogadi amonaxsnia. 
     araerTgvarovani diferencialuri gantolebis amonaxsni 
veZeboT saxiT: 

𝑦1
∗ = 𝐴1𝑠𝑖𝑛𝑝𝑡 + 𝐵1𝑐𝑜𝑠𝑝𝑡. 

 
vipovoT meore rigis warmoebuli droiT: 

�̈�1
∗ = −𝐴1𝑝

2𝑠𝑖𝑛𝑝𝑡 − 𝐵1𝑝
2𝑐𝑜𝑠𝑝𝑡 

 
Dda CavsvaT (15) gantolebaSi: 
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−𝐴1𝑝
2𝑠𝑖𝑛𝑝𝑡 − 𝐵1𝑝

2𝑐𝑜𝑠𝑝𝑡 + 𝐴1𝑘1
2𝑠𝑖𝑛𝑝𝑡 + 𝐵1𝑘1

2𝑐𝑜𝑠𝑝𝑡 = ℎ𝑐𝑜𝑠 𝑝𝑡. 
Kkoeficientebi 𝑠𝑖𝑛𝑝𝑡  da  𝑐𝑜𝑠 𝑝𝑡 sidideebTan unda iyos toli. 
Sesabamisad miviRebT or gantolebas. Pirveli gantoleba 
 

𝐴1(𝑘1
2 − 𝑝2) = 0 

 

(gavutoleT   𝑠𝑖𝑛𝑝𝑡 -s koeficientebi). 

   radgan  𝑝2 = 4𝑘2 = 4
𝑔

ℓ
,  xolo 

𝑐

𝑀1+𝑀2
= 𝑘1

2   da ricxviTi 

mniSvnelobebi ar aris mocemuli, amitom CavTvaloT, rom 𝑝 ≠ 𝑘1.  
 

maSin roca 𝑠𝑖𝑛𝑝𝑡 ≠ 0, 𝐴1 = 0. 
  Mmeore gantolebidan 

𝐵1(𝑘1
2 − 𝑝2) = ℎ 

(gavutoleT   𝑐𝑜𝑠 𝑝𝑡  -s koeficientebi) vipoviT: 
 

𝐵1 =
ℎ

𝑘1
2 − 𝑝2

. 

maSasadame 

                 𝑦1
∗ =

ℎ

𝑘1
2−𝑝2

𝑐𝑜𝑠 𝑝𝑡, 

               𝑦1 = 𝐴𝑐𝑜𝑠𝑘1𝑡 + 𝐵𝑠𝑖𝑛𝑘1𝑡 +
ℎ

𝑘1
2−𝑝2

𝑐𝑜𝑠 𝑝𝑡.              (16) 

vipovoT 𝑦1–is warmoebuli droiT: 

�̇�1 = −𝐴𝑡𝑠𝑖𝑛𝑘1𝑡 + 𝐵𝑘1𝑐𝑜𝑠𝑘1𝑡 −
ℎ𝑝

𝑘1
2 − 𝑝2

𝑠𝑖𝑛 𝑝𝑡. 

moZraobis sawyisi pirobebis gaTvaliswinebiT 𝑡 = 0, 𝑦1(0) = −𝑓სტ. 

vipoviT 𝐴: 

−𝑓სტ. = 𝐴 +
ℎ

𝑘1
2 − 𝑝2

, 

𝐴 = −
ℎ

𝑘1
2 − 𝑝2

− 𝑓სტ. = −[
ℎ

𝑘1
2 − 𝑝2

+
(𝑀1 +𝑀2)𝑔

𝑐
] ; 

 
�̇�1(0) = 0 gantolebidan ganvsazRvroT 𝐵: 
 

0 = 𝐵𝑘1 ⟹ 𝐵 = 0. 
 

  𝐴 Dda  𝐵 integrebis  mudmivebis  napovni mniSvnelobebi  

SevitanoT (16) formulaSi da CavweroT 𝐶1 wertilis moZraobis 
gantoleba 
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𝑦1 = −[
ℎ

𝑘1
2 − 𝑝2

+
(𝑀1 +𝑀2)𝑔

𝑐
]  𝑐𝑜𝑠𝑘1𝑡 +

ℎ

𝑘1
2 − 𝑝2

𝑐𝑜𝑠 𝑝𝑡. 

 
   SemoRebuli aRniSvnebis gaTvaliswinebiT  

 

𝑘1 = √
𝑐

𝑀1 +𝑀2
, 

ℎ =
𝑀2ℓ�̇�0

2

𝑀1 +𝑀2
, 

𝑝 = 2𝑘 = 2√
𝑔

ℓ
, 

Aam gantolebas eqneba saxe: 

𝑦1 = −
(𝑀1 +𝑀2)𝑔

𝑐
 𝑐𝑜𝑠√

𝑐

𝑀1 +𝑀2
𝑡 +

ℎ

𝑘1
2 − 𝑝2

(𝑐𝑜𝑠 𝑝𝑡 −  𝑐𝑜𝑠𝑘1𝑡). 

pasuxi:       1)  𝑅𝑦 = (𝑀1 +𝑀2)𝑔 +𝑀2ℓ�̇�0
2. 

 

    2) 𝐶1 wertili asrulebs    iZulebiTi rxevas 
 

𝑦1 = −
(𝑀1 +𝑀2)𝑔

𝑐
 𝑐𝑜𝑠√

𝑐

𝑀1 +𝑀2
𝑡 +

ℎ

𝑘1
2 − 𝑝2

(𝑐𝑜𝑠 𝑝𝑡 −  𝑐𝑜𝑠𝑘1𝑡) 

kanoniT. 

SeniSvna:  krebulSi moyvanili pasuxi arasworia, radgan 𝐶1 
wertili asrulebs    iZulebiTi da ara Tavisufal rxevas, e.i. 
pasuxSi ar aris Sesakrebi 

ℎ

𝑘1
2 − 𝑝2

(𝑐𝑜𝑠 𝑝𝑡 −  𝑐𝑜𝑠𝑘1𝑡). 

 
 
 
 
 

amocana  35.15 
 

  SeinarCuneT wina amocanis pirobebi da 𝐵𝐷  koWi CaTvaleT 
xistad; gansazRvreT: 1) relsebis jamuri horizontaluri reaqcia. 

 2)miiReT, rom urika ar aris damuxruWebuli da gansazRvreT 𝐴 
urikas 𝐶1 masaTa  centris moZraobis kanoni 𝑥 RerZis gaswvriv. 
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   sawyis momentSi 𝐶1 wertili wonasworobaSia 𝑥 RerZis aTvlis 

sawyis wertilSi.  Ggvarli asrulebs rxevebs 𝜑 = 𝜑0𝑐𝑜𝑠𝜔𝑡       
kanoniT.       
   a m o x s n a.        1) 
relsebis  jamuri  
horizontaluri reaqciis     
gansazRvra. meqanikur 
sistemaze   moqmedebs (ix. 

Nnaxazi).  urikas simZimis 

Zala  𝑀1𝑔,⃗⃗⃗⃗  tvirTis     

simZimis   Zala 𝑀2�⃗�,  
jamuri horizontaluri  

�⃗⃗�𝑥  da vertikaluri  �⃗⃗�𝑦 
reaqciis Zalebi. 
    CavweroT        meqanikuri 
sistemis masaTa  centris 
moZraobis Teorema: 

                         𝑀�⃗�𝐶 = 𝑀1�⃗� + 𝑀2�⃗�+�⃗⃗�𝑥 + �⃗⃗�𝑦.              (1) 

                 𝑀�̈�𝐶 = 𝑅𝑥,                      (2) 
sistemis MmasaTa centris koordinati gamoiTvleba formuliT: 

𝑥𝐶 =
𝑀1𝑥1 +𝑀2𝑥2
𝑀1 +𝑀2

 

sadac  𝑥1 = 0;  𝑥2 =  ℓ𝑠𝑖𝑛𝜑. 
  maSin 

                 𝑥𝐶 =
𝑀2ℓ𝑠𝑖𝑛𝜑

𝑀1+𝑀2
=

𝑀2

𝑀
ℓ𝑠𝑖𝑛𝜑.                (3)                  

  
  (3)    gamosaxuleba gavawarmooT droiT orjer:  
 

�̇�𝐶 =
𝑀2
𝑀
ℓ𝑐𝑜𝑠𝜑 ∙ �̇�, 

                     �̈�𝐶 =
𝑀2

𝑀
ℓ𝑐𝑜𝑠𝜑 ∙ �̈� −

𝑀2

𝑀
ℓ

̈
𝑠𝑖𝑛𝜑 ∙ �̇�2.         (4) 

 
(4) formulis gaTvaliswinebiT (2) gamosaxuleba miiRebs saxes: 

             𝑅𝑥 = 𝑀�̈�𝐶 = 𝑀2ℓ(𝑐𝑜𝑠𝜑 ∙ �̈� − 𝑠𝑖𝑛𝜑 ∙ �̇�
2).           (5) 

   Ggvarli masze dakidebuli M𝑀 tvirTiT asrulebs harmoniul 

rxevebs 𝜑 = 𝜑0𝑐𝑜𝑠𝜔𝑡 kanoniT.  Tu gavawarmoebT droiT am 
gamosaxulebis miviRebT: 

                    �̇� = −𝜑0𝜔𝑠𝑖𝑛𝜔𝑡,                    (6) 
                    �̈� = −𝜑0𝜔

2𝑐𝑜𝑠𝜔𝑡.                   (7)  
 

ℓ 𝜑 𝑥 

𝑦 

𝐶1 

𝐶2 

𝐴 

𝐵 𝐷 

 

𝑀1�⃗� 

𝑀2�⃗� 

�⃗⃗�𝑦 

�⃗⃗�𝑥 
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(6) da (7) formulebis gaTvaliswinebiT (5) miiRebs saxes: 

𝑅𝑥 = 𝑀2ℓ[𝑐𝑜𝑠𝜑 ∙ (−𝜑0𝜔
2𝑐𝑜𝑠𝜔𝑡) − 𝑠𝑖𝑛𝜑 ∙ 𝜑0

2𝜔2𝑠𝑖𝑛2𝜔𝑡] =   
       = −𝑀2ℓ𝜑0𝜔

2(𝑐𝑜𝑠𝜑𝑐𝑜𝑠𝜔𝑡 + 𝜑0𝑠𝑖𝑛𝜑𝑠𝑖𝑛
2𝜔𝑡).           (8) 

    (8) gamosaxulebidan gamomdinareobs, rom relsebis reaqciis  

Zalis horizontaluri mdgeneli damokidebulia 𝜑 kuTxeze. vipovoT  

𝑅𝑥  mniSvnelobebi  𝜑 kuTxis ori mniSvnelobisaTvis; 

   1) gvarls ukavia vertikaluri mdebareoba. Aam SemTxvevaSi 𝜑 = 0. 
maSin 

                   𝑅𝑥 = −𝑀2ℓ𝜑0𝜔
2𝑐𝑜𝑠𝜔𝑡.                  (9) 

  
  S e n i S v n a. aseTi pasuxi moyvanilia krebulSi. Tumca kuTxis 

mniSvnelobas  𝜑 = 0, rogorc es gamomdinareobs tvirTis rxevis 

gantolebidan, Seesabameba  𝑐𝑜𝑠𝜔𝑡 = 0, radgan  𝜑0 ≠ 0. 
Sesabamisad, gvarlis am mdebareobaSi   𝑅𝑥 = 0. 
   2) gvarli gadaxrilia maqsimaluri 𝜑 = 𝜑0  kuTxiT. Aam 

SemTxvevaSi  𝑐𝑜𝑠𝜔𝑡 =1, saidanac gamomdinareobs, rom 𝜔𝑡 = 0 
anu 𝑡 = 0,    radgan  𝜔 ≠ 0.         
  Aamis gaTvaliswinebiT (8) gamosaxulebis Tanaxmad 
 

                                 𝑅𝑥 = −𝑀2ℓ𝜑0𝜔
2𝑐𝑜𝑠𝜑0.                  (10) 

 2. 𝐴 urikas 𝐶1 masaTa  centris moZraobis kanonis gansazRvra 𝑥 
RerZis gaswvriv  im daSvebiT, rom urika ar aris damuxruWebuli. 

   Aam SemTxvevaSi   𝑅𝑥 = 0, Sesabamisad, (2) gamosaxuleba miiRebs 
saxes: 

𝑀�̈�𝐶 = 0, 
Aaqedan �̈�𝐶 = 0, �̇�𝐶 = 𝑐𝑜𝑛𝑠𝑡. 
   radgan sawyis momentSi  sistema uZravia, amitom �̇�𝐶0 = 0 = �̇�𝐶   

an 𝑥𝐶 = 𝑐𝑜𝑛𝑠𝑡,  e.i. sistemis masaTa centri  wonasworobaSia. 

  𝑥 RerZis saTave avarCioT urikis 𝐶1 masaTa centri mdebareobaSi. 
vipovoT sistemis masaTa centris moZraobis gantoleba: 

𝑥𝐶 =
𝑀1𝑥1 +𝑀2𝑥2
𝑀1 +𝑀2

. 

sadac  𝑥1 = 𝑥1;   𝑥2 = 𝑥1 +  ℓ𝑠𝑖𝑛𝜑, 𝑀 = 𝑀1 +𝑀2.  
maSin  

𝑥𝐶 =
(𝑀1 +𝑀2)𝑥1 +𝑀2ℓ𝑠𝑖𝑛𝜑

𝑀1 +𝑀2
, 

Aanu 

                              𝑥𝐶 = 𝑥1 +
𝑀2ℓ

𝑀1+𝑀2
𝑠𝑖𝑛𝜑.                 (11) 

 Tu gavawarmoebT (11) gantolebas, miviRebT gamosaxulebas 𝑥 RerZis 
gaswvriv masaTa centris moZraobis siCqarisaTvis: 
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                     �̇�𝐶 = �̇�1 +
𝑀2ℓ

𝑀1+𝑀2
𝑐𝑜𝑠𝜑. �̇�             (12) 

 viciT ra, rom 𝑥𝐶 = 𝑐𝑜𝑛𝑠𝑡, xolo �̇�𝐶0 = 0    , 𝐶1 masaTa  centris 
moZraobis kanoni SeiZleba vipovoT ori xerxiT. 

  Ppirveli xerxi. vipovoT 𝑥𝐶0 , anu masaTa centris koordinatebi 

sawyis momentSi: 

𝑥𝐶0 =
𝑀1𝑥01 +𝑀2𝑥02
𝑀1 +𝑀2

=
𝑀1 ∙ 0 +𝑀2ℓ𝑠𝑖𝑛𝜑0

𝑀1 +𝑀2
=
𝑀2ℓ𝑠𝑖𝑛𝜑0
𝑀1 +𝑀2

.  (13) 

   sistemis masaTa centris koordinats, rodesac gvarli 

vertikalTan adgens raime  𝜑 kuTxes, ganvsazRvroT (11) formuliT. 
Tu gavutolebT (13) da (11) gamosaxulebebs erTmaneTs, miviRebT: 
 

𝑀2ℓ

𝑀1 +𝑀2
𝑠𝑖𝑛𝜑0 = 𝑥1 +

𝑀2ℓ

𝑀1 +𝑀2
𝑠𝑖𝑛𝜑. 

Aaqedan  

                    𝑥1 =
𝑀2ℓ

𝑀1+𝑀2
(𝑠𝑖𝑛𝜑0 − 𝑠𝑖𝑛𝜑).                             (14) 

Ggadaxris mcire kuTxeebisaTvis .sin,sin 00   maSin  

          𝑥1 =
𝑀2ℓ

𝑀1+𝑀2
(𝜑0 − 𝜑0𝑐𝑜𝑠𝜔𝑡) =

𝑀2ℓ𝜑0

𝑀1+𝑀2
(1 − 𝑐𝑜𝑠𝜔𝑡).       (15) 

Mmeore xerxi.  radgan �̇�𝐶 = 0 amitom 
    

�̇�1 +
𝑀2ℓ

𝑀1 +𝑀2
𝑐𝑜𝑠𝜑 ∙ �̇� = 0 

 

xolo gadaxris kuTxis simwiris gaTvaliswinebiT, roca ,1cos   

�̇�1-Tvis gamosaxuleba miiRebs saxes: 

�̇�1 = −
𝑀2ℓ

𝑀1 +𝑀2
�̇� 

 
Aan (6) gamosaxulebis gaTvaliswinebiT 

                          �̇�1 =
𝑑𝑥1

𝑑𝑡
= −

𝑀2ℓ𝜑0𝜔

𝑀1+𝑀2
𝑠𝑖𝑛𝜔𝑡.            (16)   

 
ganvacaloT cvladebi da vaintegroT (16) gamosaxuleba: 
 

∫ 𝑑𝑥1

𝑥1

0

=
𝑀2ℓ𝜑0𝜔

𝑀1 +𝑀2
∫ 𝑠𝑖𝑛𝜔𝑡

𝑡

0

𝑑𝑡 

 
saidanac miviRebT: 
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𝑥1 =
𝑀2ℓ𝜑0𝜔

𝑀1 +𝑀2
∙
1

𝜔
(−𝑐𝑜𝑠𝜔𝑡)|

0

𝑡

=
𝑀2ℓ𝜑0𝜔

𝑀1 +𝑀2

(1 − 𝑐𝑜𝑠𝜔𝑡). 

 

p a s u x i:  𝑅𝑥 = −𝑀2ℓ𝜑0𝜔
2(𝑐𝑜𝑠𝜑𝑐𝑜𝑠𝜔𝑡 + 𝜑0𝑠𝑖𝑛𝜑𝑠𝑖𝑛

2𝜔𝑡), 
𝑅𝑥 = 0,  roca  𝜑 = 0,   𝑅𝑥 = −𝑀2ℓ𝜑0𝜔

2𝑐𝑜𝑠𝜑0, roca  𝜑 =

𝜑0; 𝐶1 masaTa  centri asrulebs rxevebs 
𝑀2ℓ𝜑0

𝑀1+𝑀2
  amplitudiT da  

wriuli sixSiriT  𝑥1 =
𝑀2ℓ𝜑0

𝑀1+𝑀2
(1 − 𝑐𝑜𝑠𝜔𝑡) kanoniT. 

 
 
 
 

amocana  35.16 
 
    wonasworobis mdgomareobaSi navis Sua skamze ijda ori kaci. 

erTi maTgani, romlis masaa 𝑀1 =50kg, gadaadgilda marjvniv navis 
cxvrisaken. Ra mimarTulebiT da ra manZilze unda gadaadgildes 

meore kaci, romlis masaa 𝑀2 =70kg, rom navi darCes 
wonasworobaSi. Nnavis sigrZe aris 4 m.  navis wylis winaRoba 
ugulebelyofilia. 
 a m o x s n a.  mocemul meqanikur sistemaze moqmedebs gare 

Zalebi: 𝑀1�⃗�, 𝑀2�⃗�, 𝑀3�⃗� −    tvirTis simZimis  Zalebi, wylis 

amomgdebi Zala �⃗�𝐴. (ix. Nnaxazi) . 
  CavweroT meqanikuri sistemis masaTa centris moZraobis Teorema: 

𝑀�⃗�𝐶 = 𝑀1�⃗� + 𝑀2�⃗�+𝑀3�⃗� + �⃗�𝐴, 

𝑀�̈�𝐶 =∑𝐹𝑘𝑥
(𝑒)
= 0. 

maSin 

�̈�𝐶 =
𝑑�̇�𝐶
𝑑𝑡

= 0, 

 

�̇�𝐶 = 𝐶1 = 𝑐𝑜𝑛𝑠𝑡. 
 

 sawyis momentSi sistema  
wonasworobaSi iyo, amitom 

    

�̇�0𝐶 = 0,   𝐶1 = 0. 
maSasadame,  

�̇�𝐶 =
𝑑𝑥𝐶
𝑑𝑡

= 0⟹  𝑥𝐶 = 𝑐𝑜𝑛𝑠𝑡. 

 

0 

• 

• • 

𝑥 • 

• 

(𝑀1 +𝑀2)�⃗� 

4მ

. 

. 𝑀1�⃗� . 𝑀2�⃗� 
. 𝑀3�⃗� 

. �⃗�𝐴 

. �⃗�𝐴 

. 𝑀3�⃗� 
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 CavweroT sistemis masaTa centris koordinati pirvel da meore  
mdebareobaSi: 

   1)   2
1
=Cx  (orive adamiani zis navis SuaSi skamze);  

    

 

2)

 321

321 2)2(4
2 MMM

MMxM
xC

++

+−+
=  

radgan 

,
21 CC xx =  

miviRebT 

321

321 2)2(4
2

MMM

MMxM

++

+−+
=  

anu 
 

( ) .2242 3221321 MxMMMMMM +−+=++  

 
saidanac 
 

43,1
70

100
.

2222224

2

1

2

331221 ===
−+−−+

=
M

M

M

MMMMMM
x  

  
 
p a s u x i:   marcxniv navis bolosaken 1,43m manZilze. 
 
 
 
 
 

amocana  35.17 
 

   erTgvarovan  𝐴 prizmaze, 
romelic moTavsebulia 
horizontalur sibrtyeze, Zevs 

erTgvarovani  𝐵 prizma; prizmis 
ganivkveTebi marTkuTxa 

samkuTxedebia, 𝐴 prizmis masa 3-

jer metia  𝐵 prizmis masaze. 

gansazRvreT, ra ℓ manZilze 

gadainacvlebs  𝐴 prizma, roca 𝐵 

prizma 𝐴 prizmis zedapirze eSveba qveviT da miaRwevs  

𝑎 

𝑏 

𝐵 

𝐴 



 
105 

horizontalur sibrtyemde, Tu prizmebi da horizontaluri sibrtye 
absoluturad gluvia. 

  a m o x s n a  meqanikur sistemaze moqmedebs gare Zalebi: 𝑀1�⃗�, 

𝑀2�⃗� simZimis  Zalebi  da sayrdeni zedapiris reaqciis Zala �⃗⃗⃗� (ix. 
Nnaxazi) . 

   CavweroT meqanikuri sistemis masaTa centris Cx  koordinati 

prizmis or mdebareobaSi. sawyisi mdebareobisaTvis 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

BA

BA

C
MM

bMaM

x
+

+

= 3

2

3

1

2
 

Aan, radgan BA MM 3= , 

.
12

23

4

3

2

3

1
3

2

ba

M

bMaM

x
B

BB

C

+
=

+

=  

  saboloo mdebareobisaTvis, roca 𝐵 prizma miaRwevs 
horizontalur sibrtyes, gveqneba: 

1/3𝑎 

• 

• 

• • 

2/3𝑏 

𝐴 

𝑥 

1/3𝑏 

𝐴 

𝐵 

𝐵 

ℓ ℓ 

�⃗⃗⃗� 

�⃗⃗⃗� 𝑀𝐴�⃗� 

𝑀𝐴�⃗� 

𝑀𝐵�⃗� 

𝑀𝐵�⃗� 
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.
12

126

4

3

1

3

1
3

2




−−
=









−−+








−

=
ba

M

baMaM

x
B

BB

C  

radgan  constxC = ,   amitom  ,
21 CC xx =  anu 

,
12

126

12

23 −−
=

+ baba
 

saidanac 

4

ba −
= . 

p a s u x i:   
4

ba −
= . 

 
 
 
 
 
 

amocana  35.18 

   6m sigrZis da 2700kg masis horizontalur sabargo baqanze, 
romelic sawyis momentSi iyo wonasworobaSi, ori muSa miagorebs 
mZime foladis nadnobs baqanis marcxena bolodan marjvena boloSi. 
Romel mxares da ra manzilze gadaadgildeba am dros baqani, Tu 
tvirTisa da muSaTa saerTo masa udris 1800kg? baqnis moZraobisadmi 
winaRobis Zalebi ugukebelyofilia. 
 a m o x s n a  vaCvenoT naxazze sistemaze moqmedi Zalebi: baqanis 

simZimisA Zala −𝑀1�⃗⃗⃗⃗�, muSebisa 

da tvirTis simZimisAZala −𝑀2�⃗⃗⃗⃗� 
da sayrdeni zedapiris reaqciis 

Zala �⃗⃗⃗�. 
  CavweroT meqanikuri sistemis 
masaTa centris moZraobis 
Teorema  veqtoruli formiT: 

 𝑀�⃗�𝐶 =  𝑀1�⃗� + 𝑀2�⃗�+𝑀3�⃗� + �⃗⃗⃗� 

da  𝑥 RerZze  gegmilebSi:        

        𝑀�̈�𝐶 = ∑𝐹𝑘𝑥
(𝑒)
= 0         

 
(ix. 35.6 amocanis amoxsna), 

.constxC = . 

𝑀1�⃗�
,   

• 

• 

𝑥 

𝑥 𝑀1�⃗�
,   �⃗⃗⃗�

,   

𝑀2�⃗�
,   

�⃗⃗⃗�
,   

𝑥 
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   ganvsazRvroT Cx  koordinati   sawyis momentSi, rodesac baqani 

uZravia: 

.
303

21

1

21

31

1 MM

M

MM

MM
xC

+
=

+

+
=  

  saboloo mdebareobisaTvis, rodesac muSebi gadaagoreben nadnobs 
baqanis marjvena boloSi:  

.
)6()3(

21

21

2 MM

MxMx
xC

+

−+−
=  

radgan    ,
21 CC xx =     amitom 

 

21

21

21

1 )6()3(3

MM

MxMx

MM

M

+

−+−
=

+
 

anu 

,)6()3(3 211 MxMxM −+−=  
 

saidanac 

4,2
4500

180066

21

2 =


=
+

=
MM

M
x m. 

baqani gadaadgildeba marcxniv.    
 
p a s u x i:      marcxniv 2,4m-ze.    
 
 
 
 

amocana  35.19 

      𝑀1  da 𝑀2 masis mqone ori tvirTi SeerTebulia uWimari 
Zafis saSualebiT, romelic 
gadakidebulia  𝐴 blokze da 
srialebs marTkuTxa solis gluv 
gverdebze. soli  𝐵𝐶   fuZiT  
eyrdnoba gluv horizontalur 
sibrtyes. gansazRvreT solis 
gadaadgileba horizontalur 

sibrtyeze 𝑀1 tvirTis   ℎ =10sm 
simaRleze daSvebisas. solis masa 

𝑀 = 4𝑀1 = 16𝑀2.  blokis da Zafis masebi ugulebelyofilia. 
 a m o x s n a.  

• 

300 C 𝐵 

𝐴 

900 

𝑀1 

𝑀2 
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   meqanikur  sistemaze   moqmedebs   𝑀1�⃗�,    𝑀2�⃗�   da  𝑀�⃗�  simZimis 

Zalebi  da sayrdeni zedapiris reaqciis Zala �⃗⃗⃗� (ix. Nnax.) . 
      Tu vimsjelebT ise, rogorc  35.16 amocanaSi, miviRebT: 

constxC = , e.i. ,
21 CC xx =

 
   CavweroT sistemis masaTa centris koordinati:

 

𝑥𝑐 =
∑𝑚𝑘𝑥𝑘

∑𝑚𝑘
=

𝑀1𝑥1+𝑀2𝑥2+𝑀3𝑥3

𝑀1+𝑀2+𝑀3
, 

 
maSin sistemis sawyis mdebareobaSi misi masaTa centris  

koordinati 
1Cx iqneba: 

.
21

164

1614

164

16

1

4

1
16

1

4

1

321321
321

2

xxxxxx

MMM

MxMxMx

xC

++
=

++

++
=

++

++

=

masaTa centris koordinati  saboloo mdebareobaSi, rodesac 

tvirTi daeSveba 10sm-iT, aris 

 

( ) ( )
=

++

−++++−+

=

MMM

xx
M

xMxx
M

xC

16

1

4

1
16

)(
4

53241

2


 

 

.
21

41616421

21

1616444

321

53241

h
tg

h
xxx

xxxxx

−−++++

=

=
−++++−+

=






 

sadac  ( ) .90cos
sin

,
3

1
30, 0

5

0

4 h
h

xtg
tg

h
x =−=== 


 

radgan    ,
21 CC xx =     amitom 














+−+++=++ 1

1

34
1016421164 321321 xxxxxx   
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anu 

             77,32,7921 ==  sm. 
 
soli gadaadgildeba marjvniv. 
 
p a s u x i:      soli gadaadgildeba marjvniv  3,77sm-iT. 
 
 
 
 
 
 

• 

300 

• 

300 
• 

• 
• 

• 

• 

• 

• 

• 

0 
𝑀1�⃗�,   

𝑀�⃗�  

𝑥1   
𝑥2  

𝑥3 

𝑀�⃗�  

ℎ 

𝑥3  

𝑥2  

𝑥1  ℓ 

𝑀2�⃗�,   

𝑀1�⃗�,   

𝑀2�⃗�,   

𝑥  

𝑥  

𝑥4  

𝑥5  

�⃗⃗⃗�  
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amocana  35.20 

  𝑀1=20kg, 𝑀2 = 15kg 
da 𝑀3=10kg masis mqone 
sami  tvirTi  erTmaneTTan  
SeerTebulia uwoni da 
uWimari ZafiT, romelic 

gadakidebulia  uZrav 𝐿 da 
𝑁  blokebze.  𝑀1  
tvirTis qveviT daSvebisas  

𝑀2 tvirTi moZraobs 

oTkuTxa wakveTili 𝐴𝐵𝐶𝐷 
  piramidis zeda fuZeze marjvniv, xolo 𝑀3 tvirTi  adis zeviT 
𝐴𝐵 gverdiT waxnagze. Ppiramidis masaa 𝑀 = 100kg.  gansazRvreT 

𝐴𝐵𝐶𝐷 wakveTili piramidis gadaadgileba iatakis gaswvriv, roca 

𝑀1 tvirTi Camova qveviT 1m manZilze. Ppiramidasa da iataks Soris 
xaxuni ugulebelyofilia. 

 
    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝐴 

𝐵 𝐶 

𝐷 

𝑀1 

𝑀2 

𝑀3 

𝐿 
𝑁 

600 900 

• 

• 

• • 

• 

• 

𝑂 

• 

𝑀1�⃗� 

𝑀2�⃗� 

𝑀3�⃗� 𝑀�⃗� 

�⃗⃗⃗�∗ 

𝑀�⃗� 

𝑀1�⃗� 

�⃗⃗⃗�∗ 𝑀2�⃗� 

𝑀3�⃗� 
ℎ 

ℎ 

𝑥1 

𝑥0 

𝑥2 

𝑥2 

𝑥3 

𝑥3 

𝑥1 

𝑥0 

ℓ 

ℎ 
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a m o x s n a.   meqanikur sistemaze, romelic  Sedgeba 𝑀 masis 

piramidisa da 𝑀1, 𝑀2, 𝑀3   masis mqone sami  tvirTisagan, 

moqmedebs gare Zalebi (ix. Nnaxazi): 𝑀1�⃗�, 𝑀2�⃗� da 𝑀3�⃗�  

simZimisZalebi  da sayrdeni zedapiris reaqciis Zala �⃗⃗⃗�∗ (ix. Nnax.) 
.Tu vimsjelebT ise, rogorc 35.16 amocanaSi, miviRebT: 

constxC = , e.i. ,
21 CC xx =  

   CavweroT sistemis masaTa centris koordinati: sawyisi da 
sabolooo mdebareobaSi:

 

𝑥𝐶1 =
∑𝑚𝑘𝑥𝑘
∑𝑚𝑘

=
𝑀1𝑥1 +𝑀2𝑥2 +𝑀3𝑥3

𝑀1 +𝑀3 +𝑀3
, 

𝑥𝐶2 =

=
𝑀1(𝑥1 − ℓ) +𝑀2(𝑥2 + ℎ − ℓ) +𝑀3(𝑥3 + ℎ𝑐𝑜𝑠60

0 − ℓ) +𝑀(𝑥0 − ℓ)

𝑀1 +𝑀2 +𝑀3 +𝑀
 

 

radgan    ,
21 CC xx =     amitom 

𝑀1𝑥1 +𝑀2𝑥2 +𝑀3𝑥3 +𝑀𝑥0 = 
 

 = 𝑀1(𝑥1 − ℓ) +𝑀2(𝑥2 + ℎ − ℓ) +𝑀3(𝑥3 + ℎ𝑐𝑜𝑠60
0 − ℓ) +𝑀(𝑥0 

−ℓ) 
Aaqedan  

              

( ).()60cos 321

0

32 MMMMMMh +++=+   

 
saidanac 

( )
MMMM

MMh
14,0

60cos

321

0

32 =
+++

+
=  

 
pasuxi: marcxniv 0,14m=14sm-ze. 
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amocana  35.21 

 
  quCis eleqtrogayvanilobis SesakeTeblad gankuTvnili moZravi 
mbrunavi amwe damontaJebulia 
1 tona masis mqone 

avtomanqanaze. 𝐿 Reroze 

mimagrebuli amwis  𝐾K 
kalaTas SeuZlia Semobruneba 
naxazis sibrtyis 
perpendikularuli 

horizontaluri  𝑂 RerZis 
garSemo. Sawyis momentSi 
horizontalur debareobaSi 
myofi amwe da avtomobili 
imyofebodnen wonasworobaSi. 
gansazRvreT daumuxruWebeli 
avtomanqanis gadaadgileba, 

Tu amwe Semobrunda 600-iT. 3m sigrZis erTgvarovani  𝐿 Reros masa 

100 kg-ia, xolo 𝐾K kalaTis-200kg. 𝐾K kalaTis 𝐶 masaTa centri 𝑂 

RerZidan daSorebulia  𝑂𝐶 =3,5 m-iT.  moZraobisadmi 
winaaaRmdegoba ugulebelyofilia. 
a m o x s n a.    meqanikur sistemaze moqmedebs gare Zalebi: 

avtomanqanis simZimis Zala-𝑀1�⃗�,  Reros simZimis Zala-  𝑀2�⃗�; 
kalaTis simZimis Zala- 𝑀3�⃗�  da sayrdeni zedapiris reaqciis Zala 

−�⃗⃗⃗⃗⃗�. 
    CavweroT meqanikuri sistemis masaTa centris moZraobis 
Teorema  veqtoruli formiT: 

𝑀�⃗�𝐶 = 𝑀1�⃗� + 𝑀2�⃗�+𝑀3�⃗� + �⃗⃗⃗�, 

da  𝑥 RerZze  gegmilebSi:        

𝑀�̈�𝐶 = ∑𝐹𝑘𝑥
(𝑒)
= 0          

maSin 

�̈�𝐶 =
𝑑�̇�𝐶
𝑑𝑡

= 0, 

 

�̇�𝐶 = 𝐶1 = 𝑐𝑜𝑛𝑠𝑡. 
 

 sawyis momentSi sistema  wonasworobaSi iyo, amitom 

�̇�0𝐶 = 0,   𝐶1 = 0. 
maSasadame,  

�̇�𝐶 =
𝑑𝑥𝐶
𝑑𝑡

= 0⟹  𝑥𝐶 = 𝑐𝑜𝑛𝑠𝑡. 

 

𝑂 

𝐶 𝐾 

• 

3მ 

3,5მ 
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   ganvsazRvroT sistemis masaTa centris koordinati or 
mdebareobaSi: sawyis mdebareobaSi, rodesac amwes ukavia 
horizontaluri mdebareoba da drois im momentSi, roca  amwe 

Semobrunda 600-iT da avtomanqana gadaadgilda  𝑥 RerZis gaswvriv 
ℓ manZilze: 

𝑥𝐶1 =
∑𝑚𝑘𝑥𝑘
∑𝑚𝑘

=
𝑀1𝑥1 +𝑀2𝑥2 +𝑀3𝑥3

𝑀1 +𝑀2 +𝑀3
, 

 

𝑥𝐶2 =
𝑀1(𝑥1 + ∆𝑥1) + 𝑀2(𝑥2 + ∆𝑥2) + 𝑀3(𝑥3 + ∆𝑥3)

𝑀1 +𝑀2 +𝑀3
 

radgan  constxC = , amitom   ,
21 CC xx =  anu 

    

              𝑀1∆𝑥1 +𝑀2∆𝑥2 +𝑀3∆𝑥3 = 0.           (1) 
 

aRvniSnoT  ∆𝑥1 = ℓ -daumuxruWebeli avtomanqanis gadaadgileba, 
maSin 

∆𝑥2 = ℓ − (1,5 − 1,5𝑐𝑜𝑠60
0), 

600 

• 

3მ 

• 

3,5მ 

• 

�⃗⃗⃗� 

𝑥 

𝑦 

𝑥1 

𝑥2 

𝑥3 

𝑀2�⃗� 

𝑀1�⃗� 𝑀3�⃗� 
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∆𝑥3 = ℓ − (3,5 − 3,5𝑐𝑜𝑠60
0). 

 
CavsvaT es mniSvnelobebi (1) tolobaSi, miviRebT: 
 

𝑀1ℓ +𝑀2[ℓ − (1,5 − 1,5𝑐𝑜𝑠60
0)] + 𝑀3[ℓ − (3,5 − 3,5𝑐𝑜𝑠60

0)] = 0, 
 
Aaqedan  
 

ℓ =
(1 − 𝑐𝑜𝑠600)(1,5𝑀2 + 3,5𝑀3)

𝑀1 +𝑀2 +𝑀3
=
(1 − 0,5)(1,5 ∙ 100 + 3,5 ∙ 200)

100 + 100 + 200
= 0,327 

 
 
p a s u x i:   marjvniv 0,327m=32,7sm-ze. 
 
 
 
 
 

$36.  Teorema nivTier wertilTa sistemis 

moZraobis raodenobis nakrebi veqtoris 

cvlilebis Sesaxeb.  

Ggamoyeneba uwyvet garemoze. 

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 

   nivTier wertilTa sistemis moZraobis raodenobis nakrebi 
veqtori (an ubralod sistemis moZraobis raodenoba) ewodeba 
sistemaSi Semavali yvela wertilis moZraobis raodenobis 
geometriul jams: 

                      �⃗⃗� = ∑𝑚𝑘�⃗�𝑘.                   (36.1) 
 
sistemis moZraobis raodenobis nakrebi veqtori SeiZleba 
ganisazRvros masaTa centris  siCqaris saSualebiT: 

                             �⃗⃗� = 𝑀�⃗�𝐶.                     (36.2)     
 
   (36.1) da (36.2) gamoiyeneba ara mxolod myari sxeulebis saxiT 
warmodgenili nivTier wertilTa sistemisaTvis, aramed myari 
sxeulebisagan Semdgari meqanikuri sistemisTvisac.  Aam SemTxvevaSi 

𝑚𝑘–s qveS  igulisxmeba  𝑘 -uri sxeulis  masa, �⃗�𝐶𝑘. -am sxeulis 

masaTa centris siCqare,   𝑀 - yvela sxeulis masaTa jami. maSin 𝑘 -
uri sxeulis  moZraobis raodenoba 
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�⃗⃗�𝑘 =∑𝑚𝑘�⃗�𝐶𝑘, 

xolo sistemis moZraobis raodenobis nakrebi veqtori 
 

                                    �⃗⃗� = ∑ �⃗⃗�𝑘 =∑𝑚𝑘�⃗�𝐶𝑘 = 𝑀�⃗�𝐶..                   (36.3) 
 
M meqanikuri sistemis moZraobis raodenobis nakrebi veqtoris 
sidide ganisazRvreba am veqtoris dekartes koordinatTa sistemis 
RerZebze gegmilebis saSualebiT: 
 

                             {

𝑄𝑥 = ∑𝑄𝑘𝑥 = 𝑀�̈�𝐶 ,

𝑄𝑦 = ∑𝑄𝑘𝑦 = 𝑀�̈�𝐶 ,

𝑄𝑧 = ∑𝑄𝑘𝑧 = 𝑀�̈�𝐶 ,

                                 (36.4) 

 

𝑄 = √𝑄𝑥
2 + 𝑄𝑦

2 + 𝑄𝑧
2. 

   Ffizikur sidides, romelic axasiatebs meqanikur sistemaze 
modebuli gare Zalebis moqmedebas drois raime SualedSi, ewodeba  
gare Zalebis nakrebi veqtoris impulsian sruli impulsi da 
ganisazRvreba formuliT: 

                                                  𝑆(𝑒) = ∫ �⃗⃗�(𝑒)𝑑𝑡

𝑡2

𝑡1

.                              (36.5) 

   (36.5)  veqtorul tolobas Seesabameba skalaruli tolobebi: 

                                          

{
 
 
 
 
 

 
 
 
 
 
𝑆𝑥
(𝑒)
= ∫ 𝑅𝑥

(𝑒)
𝑑𝑡,

𝑡2

𝑡1

𝑆𝑦
(𝑒)
= ∫ 𝑅𝑦

(𝑒)
𝑑𝑡,

𝑡2

𝑡1

𝑆𝑧
(𝑒)
= ∫ 𝑅𝑧𝑥

(𝑒)
𝑑𝑡,

𝑡2

𝑡1

                                   (36.6) 

 

 sadac  𝑅𝑥
(𝑒)
= ∑𝐹𝑘𝑥

(𝑒)
, 𝑅𝑦

(𝑒)
= ∑𝐹𝑘𝑦

(𝑒)
,    𝑅𝑧

(𝑒)
= ∑𝐹𝑘𝑧

(𝑒)
     -gare  

Zalebis nakrebi veqtoris gegmilebia dekartes koordinatTa 
RerZebze. 
   gare  Zalebis nakrebi veqtoris  impulsis moduli ganisazRvreba 
tolobiT: 
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                 𝑆(𝑒) = √(𝑆𝑥
(𝑒)
)
2
+ (𝑆𝑦

(𝑒)
)
2
+ (𝑆𝑧

(𝑒)
)
2
.       (36.7)   

   Tu gare Zalebi ar arian droze damokidebuli, maSin  𝑆(𝑒) 

tolia   �⃗⃗�(𝑒) -s namravlis Zalebis moqmedebis droze. 
 
Teorema meqanikuri sistemis moZraobis raodenobis nakrebi veqtoris 
cvlilebis Sesaxeb SeiZleba CamovayaliboT diferencialuri da 
integraluri formiT. 
    Ddiferencialuri forma- meqanikuri sistemis moZraobis 
raodenobis warmoebuli droiT udris gre Zalebis nakreb veqtors: 
 

                                    
𝑑�⃗⃗�

𝑑𝑡
= �⃗⃗�(𝑒)                     (36.8)                                  

 
   integraluri anu sasruli forma: meqanikuri sistemis moZraobis 
raodenobis cvlileba drois raaime SualedSi geometriulad 
tolia gare Zalebis nakrebi veqtoris impulsisa drois imave 
SualedSi: 

                               �⃗⃗�2 − �⃗⃗�1 = 𝑆
(𝑒).               (36.9) 

   Aamocanebis amoxsnisas (36.8) da (36.9) formulebs warmoadgenen 
xolme skalaruli saxiT (dekartes koordinatTa RerZebze 
gegmilebSi): 
    

                                

{
 
 

 
 
𝑑𝑄𝑥

𝑑𝑡
= 𝑅𝑥

(𝑒)
,

𝑑𝑄𝑦

𝑑𝑡
= 𝑅𝑦

(𝑒)
,

𝑑𝑄𝑧

𝑑𝑡
= 𝑅𝑥

(𝑒)
;

                (36.8) 

 

                         {

𝑄2𝑥 − 𝑄1𝑥 = 𝑆𝑥
(𝑒)
,

𝑄2𝑦 − 𝑄1𝑦 = 𝑆𝑦
(𝑒)
,

𝑄2𝑧 − 𝑄1𝑧 = 𝑆𝑧
(𝑒)
.

           (36.9) 

 
  meqanikuri sistemis moZraobis raodenobis nakrebi veqtoris 
cvlilebis Teoremidan gamomdinare Sedegebi: 
 
 1) Tu meqanikuri sistemaze moqmedi gare Zalebis nakrebi veqtori 
nulis tolia, maSin meqanikuri sistemis moZraobis raodenoba 
mudmivi sididea. 
2) Tu gare Zalebis nakrebi veqtoris gegmili romelime RerZze 
nulis tolia, maSin meqanikuri sistemis moZraobis raodenobis 
gegmili amave RerZze mudmivia. 

  (36.9)  da (36.9) formulebidan gamomdinareobs: 
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 • Tu gare Zalebis  sruli impulsi nulis tolia, maSin sistemis 
moZraobis raodenoba mudmivia. 

 • Tu gare Zalebis  sruli impulsis gegmili romelime RerZze 
mulis tolia, maSin meqanikuri sistemis moZraobis raodenobis 

gegmili amave RerZze mudmivia. (Tu 𝑅𝑥
(𝑒)
= 0  an  𝑆𝑥

(𝑒)
 , maSin  𝑄𝑥 =

𝑐𝑜𝑛𝑠𝑡.  
   meqanikuri sistemis moZraobis raodenobis cvlilebis 
Teoremebidan gamomdinare Sedegebi gamosaxaven moZraobis 
raodenobis    Senaxvis kanons. 

   (36.8), (36.9) da (36.8), (36.9) formulebidan, agreTve,  
gamomdinareobs, rom meqanikuri sistemis Siga zalebi ver axdenen 
pirdapir gavlenas   meqanikuri sistemis moZraobis raodenobis 
cvlilebaze.  Tumca, roca  Siga Zalebi iwveven  gare Zalebis 
gaCenas bmebis Sesabamisi reaqciis Zalebis saxiT, maSin amiT isini 
iribad axdenen gavlenas meqanikuri sistemis moZraobis raodenobis 
cvlilebaze.  
meqanikuri sistemis moZraobis raodenobis cvlilebis Teorema da 
Teorema sistemis masaTa centris moZraobis sesaxeb faqtiurad 
warmoadgenen erTi da igive   Teoremis or sxvadsxva formas, rac 

gamomdinareobs (36.8) formulidan, Tu masSi  �⃗⃗�-s  nacvlad CavsvamT 
(36.2) tolobas. 
    Aamitom, im SemTxvevebSi, rodesac Seiswavleba myari sxeulis an 
sxeulTa sistemis moZraoba, tolfasovnad SeiZleba visargeblod am 
ori formidan erT-erTiT.                          
     Uuwyveti garemos moZraobis Seswavlisas, magaliTad, siTxis an 
airis, mTeli sistemis masaTa centris cneba kargavs azrs. Aam 
SemTxvevebSi amocanebis amoxsnisas sargebloben moZraobis 
raodenobis cvlilebis TeoremiT, amasTan integraluri formiT. 
     magaliTad, milebSi an mrudwirul arxebSi siTxis moZraobisas 

(36.9) formulebSi 𝑄1 da 𝑄2 -is qveS igulisxmeba siTxis im masis 
moZraobis raodenoba, romelic gaedineba nebismier or kveTSi, 
magaliTad, am arxis SesasvlelSi da gamosasvlelSi, raime drois 
ganmavlobaSi. Nnakadis uwyvetobis ZaliT es moZraobis raodenobebi 
iqneba erTi da igive da am kveTebis farTobebis tolobisas maTSi 
siTxis nakadis  siCqareebi aseve iqneba erTi da igive. Tu kveTebis 
farTobebi  gansxvavebulia, maSin gamdinare siTxis masa iqneba 
erTnairi, xolo maTi siCqareebi gansxvavebuli. 

   Tu gamoviyenebT (36.9) formulebs, SeiZleba ganvsazRvroT arxis 
mrudwirul ubanze siTxis moZraobisas masze moqmedi arxis 
kedlebis reaqciebis mdgenelebi. QSedebisa da ukuqmedebis kanonis 
Tanaxmad siTxe aseTive AZaliT imoqmedebs arxis an milis kedelze, 
rac gamoiwvevs milis muxlis wnevas sayrdenze, an sayrdenis ar 
arsebobis SemTxvevaSi, muxli Seecdeba milis gamosasvlelSi 
siTxis moZraobis sawinaaRmdegod Semobrunebas. Aarxis ganiv 
kveTebSi gadinebadi siTxis masaa 

                   𝑀 = 𝜌𝑊 = 𝜌𝜎𝑡,                 (36.10)              
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sadac 𝜌–siTxis simkvrivea, 𝑊 - 𝑡 droSi gadinebadi siTxis 

moculobaa, 𝜎- muxlis(milis) ganivi kveTis farTobia, 𝑣-siTxis 
gadinebis siCqarea. 
    aseTi tipis amocanebi SeiZleba amovxsnaT, Tu gamoviyenebT 
eileris Teoremas moZraobis raodenobis Sesaxeb, romelic 
gamoiyeneba uwyveti garemosaTvis: moculobiTi da zedapiruli 

Zalebis nakrebi veqtorebi- �⃗⃗�მოც. , �⃗⃗�ზედ.  da drois  erTeulSi or 

romelime kveTSi Semavali da gamomavali siTxis masis moZraobis 
raodenobis veqtorebi, romlebic mimarTulia gamoyofili 
moculobis SigniT, qmnian Caketil mravalkuTxeds., e.i. 

                          �⃗⃗�მოც. + �⃗⃗�ზედ. +𝑀�⃗�1 −𝑀�⃗�2 = 0      (36.11)          

Aan sakoordinato RerZebze gegmilebSi: 
 
 

                    {

𝑋მოც + 𝑋ზედ +𝑀(𝑣1𝑥 − 𝑣2𝑥) = 0,

𝑌მოც + 𝑌ზედ +𝑀(𝑣1𝑦 − 𝑣2𝑦) = 0,

𝑍მოც + 𝑍ზედ +𝑀(𝑣1𝑧 − 𝑣2𝑧) = 0.

       (36.12) 

 

  amasTan, moculobiTi (anu masuri) Zalebis qveS igulisxmeba 𝑊  
moculobis yvela im nawilakze moqmedi Zalebi, romlebic 
imyofebian rogorc am moculobis SigniT, aseve mis zedapirze, 
magaliTad, nawilakebis simZimis Zalebi. 
  zedapiruli Zalebi- es aris Zalebi, romlebic moqmedeben mxolod 
im nawilakebze, romlebic mdebareoben moculobis gare zedapirze. 
magaliTad, im myari sxeulebis reaqciebi, romlis SigniTac 
moZraobs siTxe. 
  Aam paragrafis amocanebis amoxsnis Tanmimdevroba: 
  1) gamovsaxoT meqanikuri sistema da vaCvenoT masze moqmedi yvela 
gare Zala  aucilebeli reaqciis Zalebis CaTvliT, Tu sistema 
araTavisufalia; 
 2) mocemuli saangariSo sqemisaTvis CavweroT  Teorema sistemis 
moZraobis raodenobis Sesaxeb diferencialuri (formula (36.8) an 
integraluri (formula (36.9)) formiT; 
 3) avirCioT uZravi koordinatTa sistema; 

 4) gamovTvaloT gare Zalebis �⃗⃗�(𝑒)- nakrebi veqtoris gegmili an 

𝑆(𝑒) -impulsis gegmili sakoordinato RerZebze (an romelime erT 
RerZze). Aam dros SesaZlebelia ori SemTxveva: 

  a) gare Zalebis �⃗⃗�(𝑒)- nakrebi veqtoris an 𝑆(𝑒) -impulsis gegmili 

romelime sakoordinato RerZze (magaliTad,  𝑂𝑥  RerZze) , nulis 

tolia (𝑅𝑥
(𝑒)
= 0, an 𝑆𝑥

(𝑒)
= 0), maSin  𝑄𝑥 = 𝑐𝑜𝑛𝑠𝑡. am SemTxvevaSi 

aucilebelia ganisazRvros  moZraobis raodenobis gegmili 𝑂𝑥  
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RerZze sistemis sawyis da saboloo mdebareobebSi da gavutoloT 

isini erTmaneTs, e.i. 𝑄1𝑥 = 𝑄2𝑥. miRebuli gantolebidan 
ganvsazRvroT saZiebeli sidide (mTeli sistemis siCqare 
mTlianobaSi an romelime sxeulis siCqare) 

  b) gare Zalebis �⃗⃗�(𝑒)- nakrebi veqtoris an 𝑆(𝑒) -impulsis gegmili 

romelime sakoordinato RerZze (magaliTad,  𝑂𝑥  RerZze) , ar 
udris nuls. MmaSin aucilebelia Caiweros Teorema meqanikuri 
sistemis moZraobis raodenobis cvlilebis Sesaxeb sakoordinato 

RerZebze gegmilebSi-(36.8) an (36.9) formulebi da miRebuli 
gantolebidan ganvsazRvroT yvela gare Zalis an erT-erTi am Zalis 
gegmili sakoordinato RerZebze an erT-erT RerZze. meqanikuri 
sistemis moZraobis raodenoba da gare Zalebis sruli impulsi 
ganvsazRvroT (36.4) da (36.6) formulebis gamoyenebiT. 
    Eeileris Teoremis  daxmarebiT  amocanebis amoxsnis 
Tanmimdevroba: 
1) naxazze gamovsaxoT uwyveti garemos gamoyofili moculoba da 

vaCvenoT moculibiTi da zedapiruli Zalebi; 

2) naxazze vaCvenoT siTxis (gazis) SemomsazRvreli moculobis 

orive kveTaSi gamdinare siTxis jamuri moZraobis raodenobis 

veqtorebi, mivmarTavT ra maT moculobis SigniT: 

3) avarCioT koordinatTa sistemis RerZebi; 

4) CavweroT eileris formula sakoordinato RerZebze gegmilebSi 

(36.12)-formulebi); 

5) miRebuli gantolebebidan  (gantolebidan) ganvsazRvroT 

saZiebeli sidide (rogorc wesi, arxis kedlebis reaqcia) 

zogadi saxiT, Semdeg aucileblobis SemTxvevaSi CavsvaT 

ricxviTi monacemebi da gamovTvaloT am Zalis sidide. 
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Aamocanebi da amoxsnebi 
 

amocana  36.1 

    gamoTvaleT naxazze gamosaxuli 
momuSave siCqareTa reduqtoris 
moZraobis raodenobis nakrebi 
veqtori, Tu TiToeulis, oTxi 
kbilana Tvlis simZimis centrebi 
mdebarebs maTi brunvis RerZebze 
 
a m o x s n a.   sistemis moZraobis 
raodenoba 

�⃗⃗� = ∑ �⃗⃗�𝑘 = �⃗⃗�1 +

4

𝑘=1

�⃗⃗�2 + �⃗⃗�3 + �⃗⃗�4, 

sadac     �⃗⃗⃗⃗�1, �⃗⃗⃗⃗�2, �⃗⃗⃗⃗�3, �⃗⃗⃗⃗�4− sistemaSi 

Semavali   Tvlebis     moZraobis 
 raodenobebia. 
         radgan      kbilaTvlebis 

  𝐶1, 𝐶2, 𝐶3, 𝐶4   masaTa  centrebi  
uZravia    (ix.  Nnaxazi),    amitom  
TiToeuli   maTganis   moZraobis 
raodenoba   nulis    tolia   da  
Sesabamisad sistemis    moZraobis  
raodenoba nulis tolia. 
 
pasuxi: sistemis moZraobis raodenoba nulis tolia. 
 
 
 

amocana  36.2 

 
  gansazRvreT wina amocanaSi ganxilul reduqtorze modebuli 
gare Zalebis impulsebis jami nebismieri sasruli drois 
SualedisaTvis. 
a m o x s n a.     gare Zalebis impulsebis jami udris nuls, 
radgan masaTa centrebis siCqareebi Tvlebis sawyis da saboloo 
mdebareobebSi nulis tolia: 

𝑆𝑘𝑥 = 𝑚𝑘(𝑣𝑘𝑥 − 𝑣𝑜𝑥) = 0, 

𝑆𝑘𝑦 = 𝑚𝑘(𝑣𝑘𝑦 − 𝑣𝑜𝑦) = 0. 
 
pasuxi: gare Zalebis impulsebis jami udris nuls 
 

• • 

• • 

𝐶1 𝐶2 

𝐶3 𝐶4 
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amocana  36.3 

  
    gansazRvreT qanqaras moZraobis  
raodenobis nakrebi veqtori, Tu igi 

Sedgeba 𝑀1    masis  da 4𝑟 sigrZis 
erTgvarovani 𝑂𝐴 Rerosagan da 𝑀2 

masis   𝑟 radiusis mqone  𝐵  
diskosagan, Tu qanqaras kuTxuri  

siCqare aRebul momentSi –s tolia 
.a m o x s n a.     Rerosa da diskos 
masaTa  centrebis   siCqareebi 
Sesabamisad tolia   

      𝑣𝐶 = 𝜔 ∙ 2𝑟,  = 𝜔 ∙ 5𝑟 

(siCqareebis mimarTulebebi 
naCvenebia naxazze)    mivmarToT  

x0   RerZi Reros marTobulad, 
maSin 

        𝑄 = 𝑄𝑥 = 𝑀1𝑣𝐶 +𝑀2𝑣𝐵. 
(radgan 𝑣𝐶 da  𝑣𝐵   siCqareebs 
aqvT erTi mimarTuleba). 𝑣𝐶 da  

𝑣𝐵 -s mniSvnelobebi CavsvaT am 
tolobaSi, miviRebT: 
 

𝑄 = 𝑀1𝜔 ∙ 2𝑟 +𝑀2𝜔 ∙ 5𝑟 = 𝜔𝑟(2𝑀1 + 5𝑀2). 
 

�⃗⃗�  veqtori mimarTulia 𝑂𝐴 Reros marTobulad. 

pasuxi: moZraobis  raodenobis veqtori mimarTulia 𝑂𝐴 Reros 
marTobulad. 
 
 
 

amocana  36.4 

   gansazRvreT  elifsografis  
meqanizmis moZraobis raodenobis  

sidide da mimarTuleba,  Tu  𝑂𝐶  
mrudmxaras  masa  aris 𝑀1,  𝐴𝐵  

saxazavis masa - 2𝑀1, TiToeuli 

𝐴 da   𝐵 quros masa −𝑀2;  
mocemulia zomebi: 

𝑂 

𝐴 

𝑟 

4𝑟 

𝐵 

𝑂 

𝑥 

𝐴 

𝑟 

4𝑟 

𝐵 

 

�⃗�𝐵 �⃗�𝐶  

𝑀1�⃗� 

𝑀2�⃗� 

𝐶 

𝑂 

𝐴 

𝐵 

𝐶 
ℓ 

𝜔𝑡 ℓ 

ℓ 
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 𝑂𝐶 = 𝐴𝐶 = 𝐶𝐵 = ℓ.  
 saxazavis da mrudmxaras 
masaTa centrebi maTi 
Suawertilebia. Mmrudmxara  

brunavs 𝜔 kuTxuri siCqariT. 
a m o x s n a.   sistemis 
kinetikuri energia 

  𝑄 = √𝑄𝑥2 + 𝑄𝑦2,    (1) 
sadac 

𝑄𝑥 =∑𝑚𝑘𝑣𝑘𝑥;  𝑄𝑦

=∑𝑚𝑘𝑣𝑘𝑦. 

  ganvsazRvroT   sistemaSi Semavali sxeulebis  masaTa centris 
koordinatebi  da vipovoT  am   wertilebis siCqareebis gegmilebi  

𝑥 da 𝑦 RerZebze (ix. naxazi).  𝑂𝐴𝐶 da 𝑂𝐶𝐵 tolferda 
samkuTxedebidan vRebulobT: 

𝑥𝐾 =
ℓ

2
∙ 𝑐𝑜𝑠𝜔𝑡, �̇�𝐾 = 𝑣𝐾𝑥 = −

ℓ𝜔

2
∙ 𝑠𝑖𝑛𝜔𝑡; 

𝑦𝐾 =
ℓ

2
∙ 𝑠𝑖𝑛𝜔𝑡, �̇�𝐾 = 𝑣𝐾𝑦 =

ℓ𝜔

2
∙ 𝑐𝑜𝑠𝜔𝑡; 

𝑥𝐶 = ℓ ∙ 𝑐𝑜𝑠𝜔𝑡, �̇�𝐶 = 𝑣𝐶𝑥 = ℓ𝜔 ∙ 𝑠𝑖𝑛𝜔𝑡; 
𝑦𝐶 = ℓ ∙ 𝑠𝑖𝑛𝜔𝑡, �̇�𝐶 = 𝑣𝐶𝑦 = ℓ𝜔 ∙ 𝑐𝑜𝑠𝜔𝑡; 

𝑥𝐴 = 0,          𝑣𝐴𝑥 = 0;   
𝑦𝐴 = 2ℓ ∙ 𝑠𝑖𝑛𝜔𝑡, �̇�𝐴 = 𝑣𝐴𝑦 = 2ℓ𝜔 ∙ 𝑐𝑜𝑠𝜔𝑡; 

𝑥𝐵 = 2ℓ ∙ 𝑐𝑜𝑠𝜔𝑡, �̇�𝐵 = 𝑣𝐵𝑥 = −2ℓ𝜔 ∙ 𝑠𝑖𝑛𝜔𝑡; 
𝑦𝐵 = 0,           𝑦̇ 𝐵 = 0.   

    siCqareebis miRebuli gamosaxulebebis gaTvaliswinebiT gvaqvs 
Semdegi tolobebi: 

𝑄𝑥 = 𝑀1 (−
ℓ𝜔

2
∙ 𝑠𝑖𝑛𝜔𝑡) + 2𝑀1(−ℓ𝜔 ∙ 𝑠𝑖𝑛𝜔𝑡) + 

     +𝑀2(−2ℓ𝜔 ∙ 𝑠𝑖𝑛𝜔𝑡) = −
ℓ𝜔

2
(𝑀1 + 4𝑀1 + 4𝑀2) = 

= −
(5𝑀1 + 4𝑀2)ℓ𝜔 ∙ 𝑠𝑖𝑛𝜔𝑡

2
, 

𝑄𝑦 = 𝑀1
ℓ𝜔

2
∙ 𝑐𝑜𝑠𝜔𝑡 + 2𝑀1ℓ𝜔 ∙ 𝑐𝑜𝑠𝜔𝑡 + 2𝑀2ℓ𝜔 ∙ 𝑐𝑜𝑠𝜔𝑡 = 

=
ℓ𝜔

2
𝑐𝑜𝑠𝜔𝑡(𝑀1 + 4𝑀1 + 4𝑀2) =

(5𝑀1 + 4𝑀2)ℓ𝜔 ∙ 𝑐𝑜𝑠𝜔𝑡

2
. 

 

𝑂 
𝑥 

𝑦 

𝐴 

𝐵 

𝐶 

�⃗⃗⃗�𝐶 

ℓ 

𝜔𝑡 ℓ 

ℓ 

�⃗⃗⃗�𝐴 

�⃗⃗⃗�𝐵 

2𝑀2 �⃗⃗⃗� 
𝑀1�⃗⃗⃗� 𝑀2�⃗⃗⃗� 

𝑀2�⃗⃗⃗� �⃗⃗⃗�𝐾 

𝐾 • 
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maSin (1) formulis Tanaxmad 

𝑄 = √[−
(5𝑀1 + 4𝑀2)ℓ𝜔 ∙ 𝑠𝑖𝑛𝜔𝑡

2
]

2

+ [(5𝑀1 + 4𝑀2)ℓ𝜔 ∙ 𝑐𝑜𝑠𝜔𝑡]
2 = 

 

=
(5𝑀1 + 4𝑀2)

2
ℓ𝜔√𝑠𝑖𝑛2𝜔𝑡 + 𝑐𝑜𝑠2𝜔𝑡 =

𝜔ℓ

2
(5𝑀1 + 4𝑀2). 

 

 moZraobis raodenobisNnakrebi veqtori mimarTulia 𝑂𝐶 mrudmxaras 
marTobulad. 
S e n i S v n a. SeiZleboda (36.3) da (26.4) formulebis gamoyenebac. 

pasuxi: N  moZraobis  raodenobis  nakrebi  veqtoris  sidide 𝑄 =
𝜔ℓ

2
(5𝑀1 + 4𝑀2), xolo mimarTuleba 

mrudmxaras marTobulia. 
 
 
 

amocana  36.5 

 
   gansazRvreT vertikaluri  RerZis 
garSemo aCqarebiT mbrunavi 
centridanuli regulatoris 
moZraobis raodenobis nakrebi 

veqtori. 𝜑 kuTxe icvleba 𝜑 = 𝜑(𝑡) 

 kanoniT; zeda Reroebi mobrunebisas 

zeviT weven 𝐴 da   𝐵  burTulebs.  

Reroebis sigrZeebia  

𝑂𝐴 = 𝑂𝐵 = 𝐴𝐷 = 𝐵𝐷 = ℓ.  

 𝑀2 masis  𝐷 quros  masaTa 

centri Zevs  RerZze. 𝐴 da 𝐵 

burTulebi CaTvaleT  𝑀1    masis  
wertilovan  masebad. Reroebis masa 
ugulebelyofilia. 

a m o x s n a sistemis moZraobis 
raodenoba tolia 

   𝑄 = √𝑄𝑥
2 + 𝑄𝑦

2 +𝑄𝑧
2. 

burTulebi asruleben rTul 
moZraobas: 

𝐷 

𝑂 

𝑥 

𝑧 

ℓ ℓ 

ℓ 
ℓ 

𝐴 𝐵 

𝜑 𝜑 
𝑦 

𝐷 

𝑂 
𝑥 

𝑧 

�⃗�𝑒 𝐴 

𝐵 

𝜑 𝜑 
𝑦 

�⃗�𝑟 �⃗�𝑟 

�⃗�𝑒 

𝑀2�⃗� 

𝑀1�⃗� 
𝑀1�⃗� 

�⃗�𝐷 



 
124 

�⃗� = �⃗�𝑟 + �⃗�𝑒 ,    𝑣𝑟 = �̇�ℓ, 
𝑣𝑒 = 𝜔ℓ𝑠𝑖𝑛𝜑. 

�⃗�𝑟  veqtori mimarTulia 𝑂𝐴(𝑂𝐵) –s 
 marTobulad, �⃗�𝑒 veqtori ki mimarTulia warmtani moZraobis 

traeqtoriis mxebis gaswvriv (ix. Nnaxazi)  (�⃗�𝑒 ∥ 𝑂𝑥).  
   𝐷  wertilis  siCqares vipoviT,  

Tu gavawarmoebT mis  𝑧 koordinats: 
                       𝑧𝐷 = 2ℓ𝑐𝑜𝑠𝜑, 

maSin 

                                         𝑧̇ 𝐷 = 𝑣𝐷 = −2ℓ�̇�𝑠𝑖𝑛𝜑. 
 

moZraobis  raodenobis gegmilebi 𝑥, 𝑦, 𝑧 RerZebze Sesabamisad 
tolia: 
 

𝑄𝑥 = 𝑀1𝑣𝐴𝑒 −𝑀1𝑣𝐵𝑒 = 0,   𝑣𝐴𝑒 = 𝑣𝐵𝑒; 
 
   𝑄𝑦 = 𝑀1𝑣𝐴𝑟𝑐𝑜𝑠𝜑 −𝑀1𝑣𝐵𝑟𝑐𝑜𝑠𝜑 = 0,   radgan 𝑣𝐴𝑟 = 𝑣𝐵𝑟; 
 

𝑄𝑧 = −𝑀1𝑣𝐴𝑟𝑠𝑖𝑛𝜑 −𝑀1𝑣𝐵𝑟𝑠𝑖𝑛𝜑 −𝑀2𝑣𝐷 = 
 

= −(2𝑀1ℓ�̇�𝑠𝑖𝑛𝜑 + 2𝑀2ℓ�̇�𝑠𝑖𝑛𝜑) = −(2𝑀1 + 2𝑀21)ℓ�̇�𝑠𝑖𝑛𝜑. 
 
pasuxi: 𝑄𝑥 = 𝑄𝑦 = 0, 𝑄𝑧 = −(2𝑀1 + 2𝑀21)ℓ�̇�𝑠𝑖𝑛𝜑. 
       𝑄 = |𝑄𝑧|,  sadac 𝑄 - moZraobis raodenobis nakrebi  

veqtoria; 𝑦𝑧 sibrtye emTxveva regulatoris Reroebis ganlagebis 
sibrtyes. 
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amocana  36.6 

  naxazze gamosaxuli meqanizmis moZravi 

Tvali 𝑟 radiusis da 𝑀  masisaa, misi  

masaTa  centri 𝑂1  wertilSia; 𝐴𝐵  wrfivi 

Rero 𝑘 −jer mets  iwonis, vidre moZravi 
Tvali da masaTa centri mis Sua  wertilSia.  

𝑂𝑂1 mrudmxara  𝑂  RerZis garSemo brunavs 
mudmivi  𝜔 kuTxuri siCqariT.  gamoTvaleT 
sistemis moZraobis raodenoba, Tu 
mrudmxaris masa ugulebelyofilia. 
a m o x s n a meqanikuri sistemis moZraobis 
raodenoba tolia 

𝑄 = √𝑄𝑥
2 + 𝑄𝑦

2. 

  𝐴𝐵 Rero  asruleben gadataniT 
moZraobas, xolo borbali- brtyel-

paralelur moZraobas.  𝑂1 wertilis 

siCqare 𝑣𝑜1 = 𝑟 ∙ 𝜔 (�⃗�𝑜1 mimarTuleba 

naxazzea naCvenebi).  
    radgan 𝑃𝑣 –smc-ia, amitom  

      𝜔𝑘 =
𝑣𝑜1
𝑟
=

𝑣𝐴
𝐴𝑃𝑣  

, 

sadac 𝐴𝑃𝑣 = 2𝑟𝑠𝑖𝑛𝜑; . 

𝑣𝐴 =
𝑣𝑜1∙𝐴𝑃𝑣
𝑟

=
𝑟𝜔 ∙ 2𝑟 ∙ 𝑠𝑖𝑛𝜑

𝑟
= 2𝑟𝜔𝑠𝑖𝑛𝜑 

maSin 

𝑄𝑥 = 𝑀𝑣𝑜1𝑐𝑜𝑠𝜑 = −𝑀𝑟𝜔𝑐𝑜𝑠𝜔𝑡, 
 

𝑄𝑦 = 𝑀𝑣𝑜1𝑠𝑖𝑛𝜑 + 𝑘𝑀𝑣𝐴 = 𝑀𝑟𝜔𝑠𝑖𝑛𝜔𝑡 + 𝑘𝑀 ∙ 2𝑟𝜔𝑠𝑖𝑛𝜔𝑡 = 

= 𝑀𝑟𝜔(1 + 2𝑘)𝑠𝑖𝑛𝜔𝑡. 

pasuxi:     meqanikuri sistemis moZraobis raodenobis gegmili 𝑂𝑥 
RerZze udris –𝑀𝑟𝜔𝑐𝑜𝑠𝜔𝑡, xolo 𝑂𝑦 RerZze-  𝑀𝑟𝜔(1 + 2𝑘)𝑠𝑖𝑛𝜔𝑡. 
 

 

 

             

  

° ° 
° ° 

𝑂 

𝐵 

𝑥 

y 

𝑟 
𝑂1 

𝐴 ° 

° ° 
° ° 

𝑂 

𝐵 

𝑥 

y 

𝜑 𝑂1 
𝐴 ° 

�⃗�𝑂1 

𝑀�⃗� 

 

𝑘𝑀�⃗� 

 

𝑃𝑣 

�⃗�𝐴 
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amocana  36.7 

  horizontalurad mdebare qvemexis lula iwonis11tonas, yumbarisa 

ki-54kg.-s. Yumbaras siCqare lulidan gamosvlisas 𝑣0 =900 m/wm. 
gansazRvreT lulis Tavisufali ukusvlis siCqare lulidan 
yumbaris gamovardnis momentSi. 

  a m o x s n a.    radgan  gare Zalebis nakrebi veqtoris gegmili 

𝑂𝑥 RerZze udris nuls, amitom SegviZlia  CavweroT impulsis 

Senaxvis  kanoni   𝑂𝑥 RerZze gegmilebSi: 

                   (𝑚1 +𝑚0)𝑣 = −𝑚1𝑣1 +𝑚0𝑣0,              (1)    

sadac 𝑣 -meqanikuri sistemis 

siCqarea sawyis momentSi, 𝑣 =
0.   Aamis gaTvaliswinebiT (1) 
gantoleba ase Caiwereba: 

0 = −𝑚1𝑣1 +𝑚0𝑣0. 

Aaqedan 

 𝑣1 =
𝑚0𝑣0

𝑚1
=

54∙900

11000
= 4,42(m/wm) 

 
pasuxi:  qvemexis lulis 
ukuqcevis siCqare udris 4,42m/wm da mimarTulia yumbaris moZraobis 

sapirispiroდ. 

 

amocana  36.8 

   12 kg. masis mqone yumbara, romelic moZraobda 15m/wm siCqariT, 
haerSi gaixliCa or natexad. 8kg. masis natexis siCqare moZraobis 
mimarTulebiT 25m/wm-mde gaizarda. gansazRvreT meore natexis 
siCqare. 

a m o x s n a.    mivmarToT 𝑂𝑥 RerZi  siCqaris mimarTulebiT, 
maSin yvela Zala iqneba am RerZis marTobuli (ix. Nnaxazi). Aamitom 

gare Zalebis nakrebi veqtoris gegmili 𝑂𝑥 RerZze udris nuls.  

 

 

 

 

 

 

 

 

  CavweroT impulsis Senaxvis  kanoni   𝑂𝑥 RerZze gegmilebSi: 

𝑚1�⃗� 

�⃗⃗⃗� 

�⃗�1 �⃗�0 

𝑚0�⃗� 

𝑥 

𝑚�⃗� 

• 𝐶2 
𝑥 

�⃗�2 

𝑚�⃗� 

• 𝐶 
𝑥 

�⃗� 

𝑚�⃗� 

• 𝐶1 
𝑥 

�⃗�1 
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                       𝑚𝑣 = 𝑚1𝑣1 +𝑚2𝑣2, 
saidanac 

 𝑣2 =
𝑚𝑣 −𝑚1𝑣1

𝑚2
=
12 ∙ 15 − 8 ∙ 25

4
= −5(

მ

წმ
)    

     minus niSani miuTiTebs imaze, rom meore natexis siCqare 
mimarTulia pirveli natexis moZraobis sawinaaRmdego 
mimarTulebiT. 
 
pasuxi:  5m/wm da mimarTulia pirveli natexis moZraobis 
sawinaaRmdegod. 
 
 
 
 

amocana  36.9 

    horizontalur  𝐴 baqanze, 
romelic moZraobs inerciiT 

siCqariT, gadaadgildeba 𝐵 

urika mudmivi fardobiTi 𝑣0 
siCqariT. Ddrois romeliRac 
momentSi urika iyo 
damuxruWebuli. 

   gansazRvreT baqanis (urikasTan erTad)  moZraobis saerTo 𝑣 
siCqare misi gaCerebis Semdeg, Tu 𝑀 − baqanis masaa, xolo 𝑚 –
urikis masa. 

 a m o x s n a.. 𝐵 urika  
asrulebs rTul moZraobas 
(ix. Nnaxazi), misi 
absoluturi siCqarea 

      �⃗�𝑎 = �⃗⃗�0 + 𝑣0. 
 ramdenadac gare Zalebis 

nakrebi veqtoris 𝑂𝑥 RerZze 
gegmili nulis  tolia 
(urika moZraobs inerciiT), 
SeiZleba davweroT impulsis 

Senaxvis  kanoni   𝑂𝑥 RerZze gegmilebSi: 

                                    𝑚(𝑢0 + 𝑣0) + 𝑀𝑣0 = (𝑚 +𝑀)𝑣, 
 
saidanac 

                𝑣 =
𝑚(𝑢0+𝑣0)+𝑀𝑣0

𝑚+𝑀
=

𝑚𝑢0+(𝑚+𝑀)

𝑚+𝑀
= 𝑣0 +

𝑚

𝑚+𝑀
𝑢0                          

          

pasuxi:  𝑣 = 𝑣0 +
𝑚

𝑚+𝑀
𝑢0. 

�⃗⃗�0 

𝐴 

𝐵 

�⃗�0 

�⃗⃗�0 

𝐴 

𝐵 

�⃗�0 

�⃗⃗⃗�1 �⃗⃗⃗�2 𝑚�⃗� 𝑀�⃗� 
𝑥 
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amocana  36.10 

  SeinarCuneT wina amocanis pirobebi da gansazRvreT 𝑆 manZili, 

romelsac gaivlis 𝐵 urika 𝐴 baqanze moZraobis dawyebidan 
saboloo gaCerebamde da damuxruWebis 𝜏  dro, Tu damuxruWebisas 

warmoiSoba  winaRobis mudmivi �⃗� Zala. 
    Mm i T i T e b a:  urikis moZraobis diferencialur 

gantolebaSi gamoiyeneT  𝑀𝑣 +𝑚(𝑣 + 𝑢) = 𝑐𝑜𝑛𝑠𝑡  toloba, sadac 

𝑢 da 𝑣 cvladi siCqareebia. 

   a m o x s n a  urikas 
damuxruWebis dawyebis 

momentidan misi fardobiTi 𝑢 
siCqare damuxruWebis 𝜏  drois 
ganmavlobaSi Seicvleba  𝑢0-
dan  nulamde. 

  Bbaqnis moZraobis 𝑣 siCqare 
gaizrdeba. amasTan amocanaSi 
miTiTebuli pirobis Tanaxmad 

sistemis moZraobis raodenobis gegmili 𝑂𝑥 RerZze iqneba: 
                 𝑀𝑣 +𝑚(𝑣 + 𝑢) = 𝑐𝑜𝑛𝑠𝑡.                  (1) 

   Bradgan baqans moZraobis 𝑣 siCqare icvleba, amitom baqani 

imoZravebs warmtani �⃗�𝑒 aCqarebiT da aqedan gamomdinare, masze 

imoqmedebs warmatni inerciis Zala-Φ⃗⃗⃗⃗𝑒. Aamitom urikas fardobiTi 

moZraobis diferencialur gantolebas 𝑂𝑥 RerZze gegmilebSi eqneba 
saxe: 

                                                           𝑚
𝑑𝑢

𝑑𝑡
= −𝐹 −Φ𝑒 ,                                         (2) 

sadac |Φ⃗⃗⃗⃗𝑒 | = 𝑚𝑎𝑒 = 𝑚
𝑑𝑣

𝑑𝑡
. 

 
gavawarmooT (1) gantoleba droiT: 
 

𝑀
𝑑𝑣

𝑑𝑡
+ 𝑚

𝑑𝑢

𝑑𝑡
+ 𝑚

𝑑𝑣

𝑑𝑡
= 0, 

saidanac 

                    
 𝑑𝑣

𝑑𝑡
= −

𝑚

𝑀+𝑚

𝑑𝑢

𝑑𝑡
.                    (3)          

(3)  gamosaxuleba CavsvaT (2) gantolebaSi, miviRebT 
 

                           𝑚
𝑑𝑢

𝑑𝑡
= −𝐹 +

𝑚2

𝑀+𝑚

𝑑𝑢

𝑑𝑡
.                    (4)                                              

Ggardaqmnis Semdeg (2) gantoleba miiRebs saxes: 
 

�⃗⃗⃗�1 �⃗⃗⃗�2 
𝑚�⃗� 

𝑀�⃗� 

𝑥 

�⃗� Φ⃗⃗⃗⃗𝑒 �⃗⃗� 

�⃗� 

a⃗⃗𝑒 
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𝑚𝑀

𝑀+𝑚

𝑑𝑢

𝑑𝑡
= −𝐹.                    (5) 

 
  movxdinoT cvladTa gancaleba da vaintegroT (5) gantoleba, 
miviRebT: 

∫𝑑𝑡 = −

𝜏

0

𝑚𝑀

(𝑀 +𝑚)𝐹
∫𝑑𝑢 ⟹ 𝜏 =

𝑚𝑀

𝑀 +𝑚

𝑢𝑜
𝐹
.

0

𝑢𝑜

 

  Uurikas mier srul gaCerebamde gavlili 𝑆 manZilis 
gansasazRvravad (5) gantoleba gadavweroT Semdegi saxiT: 

                        
𝑚𝑀

𝑀+𝑚

𝑢𝑑𝑢

𝑑𝑆
= −𝐹.                (6) 

 
movxdinoT cvladTa gancaleba da vaintegroT (5) gantoleba, 
miviRebT: 

∫𝑑𝑠 = −

𝑆

0

𝑚𝑀

(𝑀 +𝑚)𝐹
∫𝑢𝑑𝑢 ⟹ 𝑆 =

1

2

𝑚𝑀

𝑀 +𝑚

𝑢0
2

𝐹
.

0

𝑢𝑜

 

 
 

pasuxi:  𝑆 =
1

2

𝑚𝑀

𝑀+𝑚

𝑢0
2

𝐹
;   𝜏 =

𝑚𝑀

𝑀+𝑚

𝑢𝑜

𝐹
. 

 
 

 

amocana  36.11 

   saxanZro saxeluris bunikidan, romlis 

ganivkveTi 16sm2-ia, gamodis 8m/wm siCqariT 

wylis Wavli horizontTan 𝛼 = 300kuTxiT. 
gansazRvreT Wavlis  wneva  vertikalur 
kedelze, Tu siTxis nawilakebi kedelze 
dajaxebisas Rebulobs 
siCqareebs, romlebic 
mimarTulia kedlis 
gaswvriv. simZimis Zalis 
moqmedeba 
ugulebelyofilia. 

  a m o x s n a .   
eileris Teoremis 
Tanaxmad SegviZlia 
davweroT 

                           𝑀�⃗�1 −  𝑀�⃗�2 + �⃗⃗�1 + �⃗⃗�2  = 0,                      (1) 

𝛼 

𝛼 II II 

I 

I 𝑀�⃗�1 
𝑀�⃗�1 

�⃗⃗� 

�⃗⃗� 
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sadac  �⃗⃗�1 -moculobiTi Zalebis nakrebi veqtoria (simZimis 

Zalebis), �⃗⃗�2 - zedapiruli Zalebis nakrebi veqtoria (kedlis 

reaqciis Zalebis), 𝑀�⃗�1 −I-I kveTSi drois erTeulSi gadinebadi 

wylis masis moZraobis raodenoba; 𝑀�⃗�2 − II-II kvTSi drois 
erTeulSi  
gamodinebadi wylis masis moZraobis raodenoba. CavweroT (1) 

veqtoruli gantoleba 𝑂𝑥 RerZze gegmilebSi (ix. Nnaxazi): 

𝑀𝑣1𝑐𝑜𝑠30
0 + 0 + 0 + 𝑅2𝑥 = 0, 

saidanac 

                    −𝑅2𝑥 = 𝑀𝑣1𝑐𝑜𝑠30
0 = 𝑃,             (2) 

sadac 𝑃 −kedelze nakadis wnevis Zalaa. 
  wylis nakadis masaa 

𝑀 = 𝜎
𝑣1𝛾

𝑔
, 

sadac 𝛾 = 1 ∙ 103 kg/m3 –wylis simkvrivea; 𝜎 −saxanZros bunikis ganivi 
kveTis farTobia. 
  maSin (2) formulis Tanaxmad 

𝑃 = 𝜎
𝛾

𝑔
𝑣1
2𝑐𝑜𝑠300 = 16 ∙ 10−4 ∙

1∙103

9,8
∙ 64 ∙ 0,866 = 88,8(n) 

 
pasuxi:  88.8n. 
 
 

amocana  36.12 

  gansazRvreT damatebiTi wnevis horizontaluri 𝑁  mdgeneli im 
milis muxlis sayrdenze, romelSic moZraobs wyali 𝑣 =2m/wm 
siCqariT, Tu milis ganivkveTis diametri 𝑑=300mm. 

  a m o x s n a   eileris Teoremis Tanaxmad SegviZlia davweroT 

   𝑀�⃗�1 −  𝑀�⃗�2 + �⃗⃗�1 + �⃗⃗�2  = 0,            (1) 

sadac  �⃗⃗�1 -moculobiTi Zalebis nakrebi 

veqtoria, �⃗⃗�2 - zedapiruli Zalebis 
nakrebi 
veqtori.)  

(1) veqtoruli gantoleba 𝑂𝑥 RerZze 
gegmilebSi miiRebs saxes  (ix. Nnaxazi): 

−𝑀𝑣2 + 0 + 0 + 𝑅2𝑥 = 0, 
saidanac 

𝑅2𝑚𝑎𝑥 = 𝑀𝑣2 =
𝜋𝑑2

4

𝛾𝑣

𝑔
𝑣 =

𝜋𝑑2

4𝑔
𝑣2, 
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sadac 𝛾 = 1 ∙ 103 kg/m3 –wylis 
simkvrivea;   

  radgan |𝑅2𝑚𝑎𝑥| = 𝑁, maSin  

𝑁 =
3.14∙103(300∙10−3)

2

4∙9,8
= 284 (n)      

pasuxi:  𝑁 = 284n.      
 

 
 
 
 
 
 
 

amocana  36.13 

   wyali Sedis cvladi ganivkveTis 
uZrav milSi, romelic simetriulia  
vertikaluri sibrtyis mimarT, 2m/wm 

siCqariT da  𝛼 =900 kuTxiT 
horizontTan; milis ganivkveTi 
SesasvlelTan aris 0,02m2; wylis 
siCqare  gamosasvlelTan  𝑣1 =4m/wm 

da mimarTulia horizontTan 𝛼1 =
300 kuTxiT. gansazRvreT milis 
kedelze wylis moqmedebis reaqciis 
horizontaluri mdgeneli. 

  a m o x s n a    eileris Teoremis Tanaxmad SegviZlia davweroT 

                    𝑀�⃗�1 −  𝑀�⃗�2 + �⃗⃗�1 + �⃗⃗�2  = 0,                         (1) 

sadac  �⃗⃗�1 -moculobiTi  
Zalebis nakrebi veqtoria, 

 �⃗⃗�2 - zedapiruli Zalebis  
nakrebi veqtori.) (1) 

veqtoruli gantoleba 𝑂𝑥  
RerZze gegmilebSi miiRebs  
saxes  (ix. Nnaxazi): 

−𝑀𝑣1𝑥 + 0 + 0 − 𝑅2𝑥 = 0, 
sadac  𝑣1𝑥 = −𝑣1𝑐𝑜𝑠30

0. 
 
maSin 

  𝑀𝑣1𝑐𝑜𝑠30
0 − 𝑅2𝑥 = 0.  

900 

300 

900 

300 

�⃗⃗�1 
𝑀�⃗�0 

𝑀�⃗�1 

�⃗⃗⃗⃗� 

𝑥 
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aqedan 𝑅2𝑥 = 𝑀𝑣1𝑐𝑜𝑠30
0. 

siTxis  nakadis masa  

𝑀 = 𝜎
𝑣0𝛾

𝑔
, 

sadac 𝜎 − arxis kveTis farTobia; 𝛾 = 1 ∙ 103 kg/m3 –wylis simkvrivea; 
 
 maSin (1) formulis Tanaxmad 

      𝑅2𝑥 = 𝜎
𝛾

𝑔
𝑣0𝑣1𝑐𝑜𝑠30

0 =
0.02∙1∙103∙2∙4∙0.866

9,8
= 138(n) 

Aarxis kedlebze wylis 𝑁 wnevis 
horizontaluri mdgeneli 
 

𝑁 = 𝑅2𝑥 = 138(n) 
pasuxi:  𝑁 = 138n. 

 

amocana  36.14 

    gansazRvreT uZrav niCabze Wavlis 
wnevis horizontaluri mdgeneli, Tu 

wylis  moculobiTi xarji aris 𝑄. kuTri 

wona 𝛾, niCabze wylis miwodebis 

 𝑣1 siCqare horizontaluria, niCbidan 

wylis gamosvlis 𝑣2 siCqare horizontTan 
qmnis 𝛼   kuTxes.  

  a m o x s n a .    eileris 
Teoremis Tanaxmad SegviZlia 
davweroT 

   𝑀�⃗�1 −  𝑀�⃗�2 + �⃗⃗�1 + �⃗⃗�2  = 0,         
(1) 

sadac  �⃗⃗�1 -moculobiTi Zalebis 

nakrebi veqtoria,  �⃗⃗�2 - zedapiruli 
Zalebis nakrebi veqtori.) (1) 

   veqtoruli gantoleba 𝑂𝑥 RerZze 
gegmilebSi miiRebs saxes  (ix. 
Nnaxazi):  

𝑀𝑣1𝑥 −𝑀𝑣2𝑥 + 𝑅2𝑥 = 0, 
sadac  𝑣1𝑥 = −𝑣1, 𝑣2𝑥 = 𝑣2𝑐𝑜𝑠𝛼. 

     𝑅2𝑥 = 𝑀𝑣1 +
𝑀

2
𝑣2𝑐𝑜𝑠𝛼.          

(2) 

𝑀�⃗�2
− 

𝑥 𝑀�⃗�1
− 

𝑀�⃗�2
− 

𝑅2𝑥
− 

𝛼 

𝛼 

𝛼 

�⃗�1 

𝛼 

�⃗�2 

�⃗�2 
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wylis nakadis masaa M𝑀 = 𝛾𝑄, maSin (2) gamosaxuleba miiRebs saxes: 

𝑅2𝑥 = 𝑁 = 𝛾𝑄𝑣1 + 𝛾𝑄𝑣2𝑐𝑜𝑠𝛼 == 𝛾𝑄(𝑣1 + 𝑣2𝑐𝑜𝑠𝛼), 
𝑁 −wylis nakadis wnevis Zalis horizontaluri mdgenelis sididea. 
  pasuxi:  𝑁 = 𝛾𝑄(𝑣1 + 𝑣2𝑐𝑜𝑠𝛼). 
 
 S e n i S v n a. 36.11-36.36 amocanebi SeiZleba amovxsnaT nivTier 
wertilTa sistemis moZraobis raodenobis cvlilebis Teoremis 

integraluri formis gamoyenebiT 𝑂𝑥 RerZze gegmilebSi , 
visargeblebT ra (36.9) formulebiT, romelic moyvanili  iyo 
meTodur miTitebebSi. 

 

 

$37.  Teorema nivTierwertilTa sistemis 

moZraobis raodenobis nakrebi momentis 

cvlilebis Sesaxeb. uZravi RerZis garSemo 

mbrunavi sxeulis diferencialuri gantoleba. 

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 
 

  ganaxxvaveben nivTier wertilTa sistemis moZraobis raodenobis 
nakreb moments centrisa da RerZis mimarT. 
    romelime centris mimarT nivTier wertilTa  sistemis 
moZraobis raodenobis momenti an meqanikuri sistemis kinetikuri 
momenti ewodeba sistemaSi Semavali wertilebis imave centris 
mimarT moZraobis raodenobis momentebis geometriul jams. 

                                                       �⃗⃗⃗�0 =∑ �⃗�𝑘0.

𝑛

𝑘=1

                                        ( 37.1) 

      romelime RerZis mimarT Mmeqanikuri sistemis moZraobis 
raodenobis  momenti an meqanikuri sistemis kinetikuri momenti 
ewodeba sistemaSi Semavali wertilebis imave RerZis mimarT 

moZraobis raodenobis momentebis algebrul jams (magaliTad 𝑧  
RerZis mimarT):. 

                                                       �⃗⃗⃗�𝑧 =∑ �⃗�𝑘𝑧.

𝑛

𝑘=1

                                       ( 37.2) 

 centrisa da RerZis mimarT nivTieri wertilis moZraobis  
raodenobis momentis ganmarteba mocemulia 28-e paragrafSi. 

  uZravi 𝑧  RerZis garSemo mbrunavi myari sxeulis kinetikuri 
momenti ganisazRvreba formuliT: 

                                            𝐾𝑧 = 𝐼𝑧𝜔 ,                                     (37.3) 
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sadac   𝐼𝑧 –sxeulis inerciis momentia 𝑧  RerZis mimarT;  𝜔 − 
sxeulis kuTxuri siCqare.      
. 
    romelime centris mimarT nivTier wertilTa sistemis 
kinetikuri momentis cvlilebis Teorema: 

  romelime  𝑶 centris mimarT nivTier wertilTa sistemis 

kinetikuri momentis warmoebuli droiT udris amave 𝑶 centris 
mimarT sistemaze moqmedi gare Zalebis nakreb veqtors: 
 

                               
𝑑 �⃗⃗⃗�0

𝑑𝑡
= ∑ �⃗⃗⃗�0(�⃗�𝑘

(𝑒)
) = �⃗⃗⃗�0

.(𝑒)
,                         (37.4)      

 
 
Aam Teoremidan gamomdinare Sedegi: 
   Tu romelime centris mimarT gare Zalebis nakrebi veqtori 

udris nuls, maSin meqanikuri sistemis kinetikuri momenti amave 𝑂 

centris mimarT rCeba mudmivi, e.i. roca �⃗⃗⃗�0
.(𝑒)

= 0,  �⃗⃗⃗�0 = 𝑐𝑜𝑛𝑠𝑡. 
   (37.4) gantolebas Seesabameba sami skalaruli gantoleba: 
 

                        

{
 
 

 
  
𝑑𝐾𝑥

𝑑𝑡
= ∑𝑀𝑥(�⃗�𝑘

(𝑒)
) = 𝑀𝑥

.(𝑒)
,

𝑑𝐾𝑦

𝑑𝑡
= ∑𝑀𝑦(�⃗�𝑘

(𝑒)
) = 𝑀𝑦

.(𝑒)
,

𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧(�⃗�𝑘

(𝑒)
) = 𝑀𝑧

.(𝑒)
,

               (37.5)     

romlebic gamosaxaven sistemis kinetikuri momentis cvlilebis 
Teoremas raime RerZis mimarT: 
   romelime RerZis mimarT Mmeqanikuri sistemis kinetikuri momentis 
warmoebuli droiT udris amave RerZis mimarT sistemaze moqmedi 
gare Zalebis nakreb veqtors: 
Aam Teoremidan gamomdinare Sedegi: 
       Tu romelime RerZis mimarT gare Zalebis nakrebi veqtori 
udris nuls, maSin meqanikuri sistemis kinetikuri momenti amave 
RerZis mimarT rCeba mudmivi, magaliTad, roca  

𝑀𝑧
.(𝑒)

=∑𝑀𝑧(�⃗�𝑘
(𝑒)
) =0,  𝐾𝑧 = 𝑐𝑜𝑛𝑠𝑡. 

  Teoremidan gamomdinare Sedegebi gamosaxaven kinetikuri momentis 
Senaxvis kanons. 
   Tu myari sxeuli gare Zalebis moqmedebiT brunavs uZravi RerZis 
garSemo da am RerZis mimarT gare Zalebis nakrebi momenti 
nulisagan gansxvavebulia, maSin (37.3) da (37.5) formulebis 
gaTvaliswinebiT vRebulobT myari sxeulis uZravi RerZis garSemo 
brunvis diferencialur gantolebas. 

   vTqvaT, brunvis RerZs warmoadgens 𝑧  RerZi, maSin  

                           
𝑑𝐾𝑧

𝑑𝑡
=

𝑑

𝑑𝑡
(𝐼𝑧𝜔) = 𝑀𝑧

.(𝑒)
.             (37.6)   
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   Tu 𝐼𝑧 = 𝑐𝑜𝑛𝑠𝑡, maSin (37.6) diferencialuri gantoleba miiRebs 
saxes: 

                             𝐼𝑧
𝑑𝜔

𝑑𝑡
= 𝑀𝑧

.(𝑒).                  (37.7) 
  radgan  

𝑑𝜔

𝑑𝑡
= 휀, 

 Aan 
𝑑𝜔

𝑑𝑡
=
𝑑2𝜑

𝑑𝑡2
= 𝜑,̈  

amitom (37.7) gantoleba SeiZleba CavweroT Semdegi saxiT:  

                             𝐼𝑧휀 = 𝑀𝑧
.(𝑒).                   (37.8) 

                              𝐼𝑧�̈� = 𝑀𝑧
.(𝑒).                 (37.9) 

  imis da mixedviT, Tu rogor aris amocana dasmuli, iyeneben 
sxeulis brunvis diferencialuri gantolebis am sami formidan 

erT-erTs. magaliTad, Tu mocemulia brunvis kuTxuri aCqareba 휀 da 
unda ganisazRvros gare Zalebis nakrebi momenti, maSin gantoleba 
saWiroa Caiweros (37.8) saxiT. 
  kuTxuri siCqaris cvlilebis kanonis  gansasazRvravad an brunvis 
kanonis dasadgenad gamoiyeneben brunvis diferencialuri 
gantolebas Sesabamisad (37.7) an (37.9) formiT. 
  Aamgvard, brunviTi moZraobis diferencialuri gantoleba 
saSualebas iZleva amovxsnaT amocnebis Semdegi tipebi: 

      • Tu cnobilia sxeulis brunvis kanoni da am sxeulis 
inerciis momenti brunvis RerZis mimarT, unda ganisazRvros gare 
Zalebis momenti; 

    • Tu cnobilia sxeulis inerciis momenti  brunvis RerZis 
mimarT da am RerZis mimarT gare Zalebis nakrebi  momenti, unda 
ganisazRvros am sxeulis brunvis kanoni. 
  Tu fizikuri qanqarasaTvais  gamoviyenebT brunviTi moZraobis 
diferencialur gantolebas,  miviRebT qanqaras  rxevis periodis 
gansasazRvrav formulas: 

                            𝜏 = 2𝜋√
  𝐼𝑥

𝐺𝑑
 ,                         (37.10)            

   sadac 𝑑 − RerZis dakidebis wertilidan qanqaras masaTa 

centramde  manZilia,   𝐼𝑧 − qanqaras inerciis momenti  dakidebis 

RerZis mimarT, 𝐺 − qanqaras wona. 
    (37.10) formula saSualebas iZleva eqsperimentalurad 
ganvsazRvroT sxeulis inerciis momenti, amasTan saWiroa vicodeT 
sxeulis wona, manZili dakidebis wertilidan sxeulis masaTa 
centramde da rxevis periodi (erTi sxeulis rxevisaTvis saWiro 
dro). maSin 

                       𝐼𝑥 =
𝐺𝑑𝜏2

4𝜋2
. ,                         (37.11)            
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  Aam paragrafis amocanebis amoxsnis Tanmimdevroba: 
1. gamovsaxoT sxeuli an meqanikuri sistema, romlis moZraobac unda 
iyos gamokvleuli mocemul amocanaSi; 
2.  vaCvenoT sxeulze (sistemaze) moqmedi yvela gare Zala bmebis 
Sesabamisi reaqciis Zalebis CaTvliT; 
3. aucileblobis SemTxvevaSi gamovsaxoT dekartes koordinatTa  
RerZebi da  davamTxvioT erT-erTi maTgani brunvis RerZs; 
4. ganvsazRvroT brunvis RerZis mimarT yvela gare Zalis momentebis 
jami. Aam dros SesaZlebelia ori SemTxveva.  
  Bbrunvis RerZis  mimarT gare Zalebis nakrebi veqtori ar aris 
nulis toli. Aam SemTxvevaSi saWiroa: 

   • SevadginoT brunviTi moZraobis diferencialuri gantoleba 

(37.7)-(37.9)  saxiT, amovxsnaT is da ganvsazRvroT saZiebeli sidide 
zogadi saxiT, Semdeg saWiroebisamebr miRebul gamosaxulebaSi 
CavsvaT ricxviTi mniSvnelobebi.  kuTxuri siCqaris  cvlilebis an 
sxeulis moZraobis kanonis gansazRvrisaTvis saWiroa vaintegroT  
miRebuli diferencialuri gantoleba  winaswar gansazRvrul 
sawyis pirobebSi; 

  • fizikuri qanqaras moZraobaze amocanebis amoxsnisas 
SesaZlebelia uSualod visargeblod (37.10) da (37.11) formulebiT. 
   Tu brunvis RerZis mimarT gare Zalebis nakrebi momenti nulis 
tolia, maSin saWiroa: 

  • brunvis RerZis mimarT SevadginoT sistemis kinetikuri 

momentis gamosaxuleba misi sawyisi da saboloo mdebareobisaTvis 
da gavutoloT erTmaneTs.  Tu sawyis momentSi sistema imyofeboda 
wonasworobaSi, maSin aucilebelia meqanikuri sistemis kinetikuri 
momenti gavutoloT nuls. 

  • ganvsazRvroT saZiebeli sidide zogadi saxiT da miRebul  
 gamosaxulebaSi CavsvaT ricxviTi mniSvnelobebi.   
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amocanebi da amoxsnebi 
 

amocana  37.1 

      A𝑚 =B50kg  masis  da  𝑅 =30sm radiusis  erTgvarovani wriuli 
disko usrialod goravs horizontalur sibrtyeze, amasTan Tavisi 
RerZis garSemo  asrulebs 𝑛 =50br/wT-s. gamoTvaleT moZraobis 
raodenobis nakrebi momenti: 1) diskos centrze gamavali da 
moZraobis sibrtyis marTobuli RerZis mimarT; 2) myisi RerZis mimarT. 

  a m o x s n a. 1) Tu  𝑧  RerZi  gadis 
 diskos  O𝑂  centrze (ix. Nnaxazi), maSin 
 moZraobis raodenobis nakrebi momenti  
 iqneba  

          𝐾𝑧 = 𝐼𝑧𝜔 , 
sadac 

  𝐼𝑧 =
𝑚𝑅2

2
;  𝜔 =

𝜋𝑛

30
. 

maSin 

𝐾𝑧 =
𝑚𝑅2

2

𝜋𝑛

30
=

50∙0,32∙60

60
= 14,1(kg.m2/wm). 

2) Tu  𝑧1  RerZi  gadis siCqareTa myis 
O𝐴  centrze, maSin 

𝐾𝑧1 = 𝐼𝐴𝑧1𝜔 . 
  Hhiugens-Steineris Teoremis Tanaxmad vipoviT: 
 

𝐼𝐴𝑧1 =   𝐼𝑧 +  𝑚𝑅
2. 

maSin 

𝐾𝑧1 = (
𝑚𝑅2

2
+𝑚𝑅2)

𝜋𝑛

30
= (

50 ∙ 0.32

2
+ 50 ∙ 0.32)

3,14 ∙ 60

30
= 

= 42,3(kg.m2/wm). 
 
p a s u x i:    1) . 14,1 kg.m2/wm;  2) 42,3kg.m2/wm. 
 
 

amocana  37.2 

 

  gansazRvreT elifsografis 𝐴𝐵   
saxazavis moZraobis  raodenobis 

nakrebi momenti 𝑧 RerZis mimarT  

absoluturi moZraobisas,  Tu  𝑧 
RerZi  emTxveva  𝑂𝐶 mrudmxaras 
brunvis RerZs,  da  agreTve   im 

𝑂 

ℓ 
𝐵 

𝐶 

𝐴 

ℓ 

ℓ 

𝜑 

𝑂 

𝐴 

𝑥 
m�⃗� 𝑧 

𝑦 

𝑧1 

𝑅 

𝜔 
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RerZis  mimarT, romelic   

gadis saxazavis masaTa  𝐶  
centrze 𝑧 −is paralelurad    
misi fardobiTi moZraobis 
SemTxvevaSi. mrudmxara bru-
navs kuTxuri siCqariT, rom-

lis gegmili 𝑧 RerZze 

𝜔𝑧 −is tolia. saxazavis 

masa aris 𝑚, 𝑂𝐶 = 𝐴𝐶 =
𝐶𝐵 = ℓ. (ix.  34.5 amocanis 
naxazi). 
a m o x s n a.  

გაnvsazRvroT 𝐶  wertilis 
siCqare Tu is ekuTvnis mrudmxaras: 

   𝑣𝐶 = 𝜔𝑧 ∙ 𝑂𝐶 
da Tu is ekuTvnis barbacas:  

   𝑣𝐶 = 𝜔𝐴𝐵 ∙ 𝐶𝑃𝐴𝐵. 
radgan  𝑂𝐶 = 𝐶𝑃𝐴𝐵 , amitom 
     𝜔𝐴𝐵 = 𝜔𝑧. 
naxazze gamosaxuli 𝐴𝐵  saxazavi asrulebs rTul moZraobas: 

warmtani- 𝑂𝐶 mrudmxarasTan erTad brunviTi (O𝑂𝑧 RerZis  garSemo) 
da fardobiTi-brunva  𝑧1  RerZis garSemo. 
  vipovoT 𝐴𝐵 saxazavis moZraobis raodenobis momenti 𝑂  wertilze  

gamavali  𝑧 RerZis mimarT misi absoluturi moZraobisas:  

�⃗⃗⃗�𝑂𝑧 = �⃗⃗⃗�𝑂𝑧𝑒 + �⃗⃗⃗�𝐶𝑧1𝑟, 
Aan    

�⃗⃗⃗�𝑂𝑧 = �⃗⃗⃗�𝑂𝑧(𝑚�⃗�𝐶) + �⃗⃗⃗�𝐶𝑧1 , 

radgan  �⃗⃗⃗�𝑂𝑧, �⃗⃗⃗�𝑂𝑧(𝑚�⃗�𝐶)  da �⃗⃗⃗�𝐶𝑧1 veqtorebi paraleluria, amitom 

 

𝐾𝑂𝑧 = 𝑚𝑣𝐶 ∙ ℓ − 𝐾𝐶𝑧1𝜔𝑧 = 𝑚ℓ
2𝜔𝑧 −

𝑚(2ℓ)2

12
𝜔𝑧 =

2

3
𝑚ℓ2𝜔𝑧. 

   radgan sistemis kinetikuri momentis mimarTuleba  emTxveva �⃗⃗⃗�𝑧 

  veqtoris mimarTulebas, amitom �⃗⃗⃗�𝑂𝑧 moments aqvs dadebiTi 
mniSvneloba. 

    𝐴𝐵  saxazavis moZraobis raodenobis momenti 𝐶  wertilze  

gamavali 𝑧1 RerZis mimarT fardobiTi moZraobisas tolia 

𝐾𝐶𝑧1 = 𝐼𝐶𝑧1𝜔𝐴𝐵 =
𝑚(2ℓ)2

12
𝜔𝑧 =

1

3
𝑚ℓ2𝜔𝑧. 

𝑥 

𝑦 

𝑂 
𝐵 𝐶 

𝐴 
𝑃𝐴𝐵 

𝜔𝑧 

𝜔𝐴𝐵 

𝑧1 

𝑚�⃗�𝑒 

�⃗� 

�⃗⃗⃗�𝑧 

�⃗⃗⃗�𝐴𝐵 

�⃗⃗⃗�𝑂𝑧(𝑚�⃗�𝐶) 
𝑧 

�⃗⃗⃗�𝐶𝑧1 

�⃗⃗⃗�𝑂𝑧 
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  radgan �⃗⃗⃗�𝐶𝑧1veqtori mimarTulia  mimarTulebis sapirispiro 

mxares, amitom moZraobis raodenobis momentis mniSvnelobas viRebT 
uaryofiTi niSniT. 
 

p a s u x i:    𝐾𝑂𝑧 =
2

3
𝑚ℓ2𝜔𝑧;  𝐾𝐶𝑧1 =

1

3
𝑚ℓ2𝜔𝑧. 

 

 

 

amocana  37.3 

    gamoTvaleT planetaruli gadacemis moZraobis raodenobis 

nakrebi momenti  uZravi 𝑧 RerZis mimarT, romelic emTxveva 

mrudmxaras brunvis O𝑂3𝑧 RerZs. uZravi 1 Tvlis da moZravi 3 Tvlis 

radiusebi erTnairia da udris 𝑟 , 3 Tvlis masa udris 𝑚-s, 𝑚2 
masis Tvlis radiusia 𝑟2. Mmrudmxara brunavs  kuTxuri siCqariT, 

romlis gegmili 𝑧 RerZze udris 𝜔𝑧. mrudmxaras  masa 
ugulebelyofilia. Tvlebi CaTvaleT erTgvarovan diskoebad. 

 
 
 
 
 
 
 

a m o x s n a. ganvsazRvroT 𝐶2, 𝐷 da 𝐶3 wertilebis siCqareebi 
(ix. naxazi): 

𝑣𝐶2 = 𝑣2 = (𝑟 + 𝑟2)𝜔𝑧, 

𝑣𝐷 = 2(𝑟 + 𝑟2)𝜔𝑧, 

𝑣𝐶3 = 𝑣3 = 2(𝑟 + 𝑟2)𝜔𝑧. 

 

 

 

 

 

 

𝑧 𝐶3 
• 
𝐶2 

• 𝑂 

3 𝑧2 

1 

𝐷 𝐶3 
• 
𝐶2 

𝑧 

𝑥 
• 𝐾 

𝑦 

𝜔𝑧 

𝜔2 

�⃗�2 

�⃗�3 �⃗�𝐷 
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radgan miviReT, rom  𝑣3 = 𝑣𝐷 , amitom 3 Tvali asrulebs wriul 
gadataniT moZraobas da misi kuTxuri siCqare udris nuls.  
  radgan planetaruli gadacemis borblebis brunvis RerZebi 
paraleluria, amitom meqanizmis  moZraobis raodenobis nakrebi 
momenti iqneba 

                   𝐾𝑂𝑧 = 𝐾2𝑂𝑧 + 𝐾3𝑂𝑧.                  (1) 

 2 borblis moZraobis raodenobis momenti, romelic asrulebs 
rTul moZraobas, iqneba: 

𝐾2𝑂𝑧 = 𝐾2𝑂𝑧
𝑒 +𝐾2𝑂𝑧2

𝑟 , 

sadac  𝐾2𝑂𝑧
𝑒 = 𝑀𝑂𝑧(𝑚2�⃗�2) = 𝑚2(𝑟 + 𝑟2)

2𝜔𝑧; 

𝐾2𝑂𝑧2
𝑟 = 𝐼𝐶2𝑧2𝜔2 = 𝐼𝐶2𝑧2

𝑟 + 𝑟2
𝑟2

𝜔𝑧 =
𝑚2𝑟2

2

2

𝑟 + 𝑟2
𝑟2

𝜔𝑧 = 

=
𝑚2𝑟2(𝑟 + 𝑟2)

2
𝜔𝑧. 

maSin 

𝐾2𝑂𝑧 = 𝑚2(𝑟 + 𝑟2)
2𝜔𝑧 +

𝑚2𝑟2(𝑟 + 𝑟2)

2
𝜔𝑧 = 

                                                                       (2) 

 = 𝑚2(𝑟 + 𝑟2)
2𝑟+3𝑟2

2
𝜔𝑧 . 

  3 borblis moZraobis raodenobis momenti, romelic asrulebs 
mxolod  gadataniT moZraobas, iqneba 
 

      𝐾3𝑂𝑧 = 𝑀𝑂𝑧(𝑚�⃗�3) = 4𝑚(𝑟 + 𝑟2)
2𝜔𝑧.          (3) 

 
  CavsvaT (2) da (3) gamosaxulebebi (1) formulaSivvda vipovoT 
planetaruli gadacemis moZraobis raodenobis nakrebi momentis 
mniSvneloba: 

𝐾𝑂𝑧 = 𝑚2(𝑟 + 𝑟2)
2𝑟 + 3𝑟2

2
𝜔𝑧 + 4𝑚(𝑟 + 𝑟2)

2𝜔𝑧 = 

=
𝑚2(2𝑟 + 3𝑟2) + 8𝑚(𝑟 + 𝑟2)

2
(𝑟 + 𝑟2)𝜔𝑧. 

p a s u x i:    𝐾𝑂𝑧 =
𝑚2(2𝑟+3𝑟2)+8𝑚(𝑟+𝑟2)

2
(𝑟 + 𝑟2)𝜔𝑧. 
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amocana  37.4 

 

  Rvedis wamyvani da amyoli Stoebis daWimulobani, romlesac 

brunvasi mohyavs A𝑀 =B3.27kg  masis  da  𝑟 = 20sm radiusis 

borbali, saTanadod tolia da 𝑇1 = 100n,  𝑇2 = 50n. ras unda 
udrides winaRobis Zalebis momenti imisaTvis, rom borbali 

brunavdes  휀 =1,5 wm-2 kuTxuri aCqarebiT. Borbali CaTvaleT 
erTgvarovan diskod. 

 a m o x s n a.  vaCvenoT naxazze 

borbalze moqmedi aqtiuri Zalebi: 𝑀�⃗�-

borblis simZimis Zala, 𝑇1⃗⃗ ⃗⃗  da 𝑇2⃗⃗ ⃗⃗  –Rvedi 
s daWimulobis Zalebi,  winaaRmdegobis      

Zalebi    𝑀𝐶 momentiT,  bmebis reaqciebi 

𝑋0⃗⃗⃗⃗⃗ da 𝑌0⃗⃗⃗⃗ .  davweroT uZravi 𝑧 RerZis 
garSemo sxeulis  brunvis 
diferencialuri gantoleba: 

          𝐼𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),      (1) 

sadac   𝐼𝑧 =
𝑚𝑟2

2
;  �̈� = 휀;  ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
) = 𝑇1𝑟 − 𝑇2𝑟 − 𝑀𝐶 , 

 maSin (1) gantolebaa miiRebs saxes 

𝑚𝑟2

2
휀 = 𝑇1𝑟 − 𝑇2𝑟 − 𝑀𝐶 . 

Aam ukanaskneli tolobidan  vipoviT winaaRmdegobis Zalebis 
moments: 

𝑀𝐶 = (𝑇1 − 𝑇2)𝑟 −
𝑚𝑟2

2
휀 = (100 − 500) ∙ 0,2 − 

−
3,21∙0,22

2
∙ 1,5 = 9,8(n.m) 

p a s u x i:      9,8 n.m.  

 

 

amocana  37.5 

 

  xaxunis momentis gansasazRvravad poWoWikebSi lilvze 

Camocmulia A𝑚 = 500kg masis  mqnevara. Mmqnevaras inerciis radiusi 

𝜌 =1,5m. mqnevaras miniWebuli aqvs A𝑛 =240br/wT Sesabamisi  kuTxuri 

𝑂 

𝑧 

휀 �⃗⃗�𝑜 

�⃗�𝑜 

�⃗⃗�2 

𝑀𝐶 

𝑦 

𝑥 

�⃗⃗�1 

M�⃗� 
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siCqare; Tavis nebaze gaSvebuli mqnevara  gaCerda  10 wT-Si. 
gansazRvreT xaxunis momenti, romelic CaTvlilia mudmivad. 

a m o x s n a.  vaCvenoT naxazze sistemaze moqmedi aqtiuri Zalebi:  
𝑚�⃗�-borblis simZimis Zala, 𝑀𝐴  da 𝑀𝐵  – poWoWikebSi xaxunis 
Zalebis momentebi (orive poWoWikSi xaxunis jamuri momenti 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

𝑀 = 𝑀𝐴 +𝑀𝐵), 𝑋𝐴⃗⃗ ⃗⃗⃗, 𝑌𝐴⃗⃗ ⃗⃗  da  𝑋𝐵⃗⃗⃗⃗⃗⃗ , 𝑌𝐵⃗⃗⃗⃗⃗ − 𝐴 da B𝐵 sayrdenebSi bmebis  
reaqciebi.   davweroT uZravi 𝑧 RerZis garSemo sxeulis  brunvis 
diferencialuri gantoleba: 

                       𝐼𝑧
𝑑𝜔

𝑑𝑡
= ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
),               

sadac   𝐼𝑧 = 𝑚𝜌
2;    ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
) = −𝑀ხახ. 

maSin 

𝑚𝜌2
𝑑𝜔

𝑑𝑡
= −𝑀ხახ. 

movaxdinoT  cvladTa gancaleba  

𝑚𝜌2𝑑 = −𝑀ხახ. 𝑑𝑡 

da vaintegroT es toloba: 

𝑚𝜌2 ∫𝑑

0

𝜔0

𝜔 = −𝑀ხახ∫𝑑

𝑡

0

𝑡. 

miviRebT: 

−𝑚𝜌2𝜔0 = −𝑀ხახ𝑡, 

𝑥 

𝐴 

𝐵 𝑧 𝑦 

𝜔 �⃗⃗�𝐴 

�⃗⃗�𝐵 𝑀𝐵 

𝑀𝐴 

�⃗�𝐴 

�⃗�𝐵 

m�⃗� 
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sadac 

𝜔0 =
𝜋𝑛

30
. 

Aaqedan vipoviT xaxunis moments: 

𝑀ხახ =
𝑚𝜌2𝜔0
𝑡

=
500 ∙ 1,52 ∙ 3,14 ∙ 240

600 ∙ 30
= 47,1 (ნ. მ)       

p a s u x i:      47,1 n.m.  

 

 

 

 

amocana  37.6 
 

  didi mqnevarebis  swrafad aCerebisaTvis 
gamoiyeneba   eleqtromuxruWi,   romelic 
Sedgeba     ori  diametralurad  mdebare 
polusisagan,      romlebze     daxveuli 
gragnili ikvebeba mudmivi deniT. mqnevaras 
polusebis  maxloblad  moZraobisas  mis 
masaSi  induirebuli  denebi  warmoqmnian  

𝑀1   mamuxruWebel  moments,   romelic 

mqnevaras fersos 𝑣siCqaris poporciulia: 

𝑀1 = 𝑘𝑣,     sadac   𝑘    koeficienti 
damokidebulia magnitur nakadsa da  
mqnevaras zomebze. sakisrebSi  xaxunis  

𝑀2 momenti CaTvaleT mudmivad; mqnevaras 
diametria 𝐷 , xolo inerciis momenti 

brunvis RerZis mimarT 𝐽. ipoveT, ra drois Semdeg gaCerdeba  
mqnevara, Tu igi brunavda  𝜔0 kuTxuri siCqariT.. 
  a m o x s n a.  .  vaCvenoT naxazze mqnevaras brunvis 

mimarTuleba masze moqmedi aqtiuri  Zalebis  moqmedebiT:  𝑚�⃗� − 

simZimis  Zala, 𝑀1 da 𝑀2 −winaaRmdegobis Zalebis  momentebi, 

sayrdenSi  aRZruli  bmebis reaqciebi 𝑋0⃗⃗⃗⃗⃗ da 𝑌0⃗⃗ ⃗⃗ .  
  davweroT uZravi 𝑧 RerZis garSemo sxeulis brunvis 
diferencialuri gantoleba: 

                       𝐼𝑧
𝑑𝜔

𝑑𝑡
= ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
),              (1) 

sadac    𝐼𝑧 = 𝐽;    

𝑂 

𝑧 
�⃗⃗�𝑜 

�⃗�𝑜 𝑀2 

𝑦 

𝑥 

m�⃗� 

𝑀1 

𝑁  

S 

𝜔 

𝑧 
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∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑀1 −𝑀2 = −(𝑀2 + 𝑘𝑣) = −(𝑀2 +

𝑘𝐷𝜔

2
). 

 maSin (1) gantolebaa miiRebs saxes 

𝐽
𝑑𝜔

𝑑𝑡
= −(𝑀2 +

𝑘𝐷𝜔

2
). 

Aam ukanaskneli tolobaSi  movaxdinoT cvladTa gancaleba da 
vipovoT  dro, romlis ganmavlobaSi gaCerdeba mqnevara:  

𝐽
𝑑𝜔

𝑀2 +
𝑘𝐷𝜔
2

= −𝑑𝑡 ⟹ 𝐽 ∫
𝑑𝜔

𝑀2 +
𝑘𝐷𝜔
2

= −∫𝑑𝑡

𝑇

0

0

𝜔0

⟹ 

⟹
2𝐽

𝑘𝐷
𝑙𝑛 (

𝑀2 +
𝑘𝐷𝜔
2

𝑀2
) = 𝑇, 

an 

𝑇 =
2𝐽

𝑘𝐷
𝑙𝑛 (1 +

𝑘𝐷𝜔0
𝑀2

). 

 

p a s u x i: 𝑇 =
2𝐽

𝑘𝐷
𝑙𝑛 (1 +

𝑘𝐷𝜔0

𝑀2
). 

 

 

 amocana  37.7 

   wonasworobaSi  myofi  myari 
sxeuli uZravi  vertikaluri  
RerZis  garSemo brunviT 

moZraobaSi mohyavs 𝑀 moments; am 
moZraobisas  warmoiqmneba 

winaRobis Zalebis  𝑀1 momenti, 
romelic  myari sxeulis  brunvis  
kuTxuri  siCqaris kvadratis 

proporciulia: 𝑀1 = 𝛼𝜔
2. ipoveT 

kuTxuri siCqaris 
cvlilebiskanoni;  sxeulis  
inerciis  momentibrunvis RerZis 

mimarT 𝐽 tolia. 
a m o x s n a.    vaCvenoT axazze 
uZravi vertikalur RerZis arSemo 
mbrunv   myar   sxeulze  moqmedi 

aqtiuri  Zalebi:   𝑚�⃗� − simZimis 

�⃗⃗�𝐴 
𝐴 

𝐵 

𝑧 

𝑥 

𝑦 

�⃗⃗�𝐵 

𝑀 𝑀1 

𝜔 𝑚�⃗� 

𝑂 
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Zala, 𝑀 da 𝑀1 −winaaRmdegobis Zalebis 

momentebi, 𝐴 da 𝐵  sayrdenSi  aRZruli  bmebis reaqciebi �⃗⃗�𝐴 da �⃗⃗�𝐵.  
  davweroT uZravi 𝑧 RerZis garSemo sxeulis  brunvis 
diferencialuri gantoleba: 

                       𝐼𝑧
𝑑𝜔

𝑑𝑡
= ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
),              (1) 

sadac    𝐼𝑧 = 𝐽;   ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑀 −𝑀1 = 𝑀 − 𝛼𝜔2. 

maSin (1) gantolebaa miiRebs saxes 

𝐽
𝑑𝜔

𝑑𝑡
= 𝑀 − 𝛼𝜔2. 

Aam ukanaskneli tolobaSi  movaxdinoT cvladTa gancaleba da 
miRebuli toloba vaintegroT: 

𝐽
𝑑𝜔

𝑀 − 𝛼𝜔2
= 𝑑𝑡 ⟹

𝐽

𝛼
∫

𝑑𝜔

𝜔2
𝑀
𝛼 − 𝛼𝜔

2
= ∫𝑑𝑡

𝑡

0

𝜔

0

 

da miviRebT 

𝐽

𝛼
∙
1

√𝑀
𝛼

𝑙𝑛 ||
√𝑀
𝛼
+ 𝜔

√𝑀
𝛼 − 𝜔

||

0

𝜔

= 𝑡 

an 

𝑙𝑛 ||
√𝑀
𝛼 + 𝜔

√𝑀
𝛼 − 𝜔

|| =
2√𝛼𝑀

𝐽
𝑡. 

  SemoviRoT aRniSvna: 𝛽 = 2√𝛼𝑀/ 𝐽, maSin bolo gamosaxuleba 
miiRebs saxes: 

√𝑀
𝛼 + 𝜔

√𝑀
𝛼
− 𝜔

= 𝑒𝛽𝑡. 

 Aam gamosaxulebidan  vipoviT sxeulis brunvis kuTxuri siCqaris 
cvlilebis kanons: 

𝜔 = √
𝑀

𝛼

𝑒𝛽𝑡 − 1

𝑒𝛽𝑡 − 1
, 
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p a s u x i:  𝜔 = √
𝑀

𝛼

𝑒𝛽𝑡−1

𝑒𝛽𝑡−1
,  sadac 𝛽 =

2√𝛼𝑀

𝐽
.  

 

 

amocana  37.8 

   amovxsanaT winamdebare amocana im SemTxvevaSi , roca winaRobis 

ZalTa  𝑀1 − momenti myari sxeulis brunvis kuTxuri siCqaris 

proporciulia, e.i. 𝑀1 = 𝛼𝜔. 
  a m o x s n a.   vaCvenoT naxazze 
uZravi vertikalur RerZis garSemo 
mbrunv    myar   sxeulze   moqmedi 

aqtiuri  Zalebi:  𝑚�⃗� −    simZimis 

Zala, 𝑀 da 𝑀1 −winaaRmdegobis 

Zalebis momentebi, 𝐴 da 𝐵  
sayrdenebSi  aRZruli bmebis 

reaqciebi �⃗⃗�𝐴 da �⃗⃗�𝐵.  
   davweroT uZravi 𝑧 RerZis 
garSemo sxeulis  brunvis 
diferencialuri gantoleba: 

     𝐼𝑧
𝑑𝜔

𝑑𝑡
= ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
),         (1) 

sadac    𝐼𝑧 = 𝐽;   ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 

          = 𝑀 −𝑀1 = 𝑀 − 𝛼𝜔. 

maSin (1) gantoleba miiRebs saxes: 

𝐽
𝑑𝜔

𝑑𝑡
= 𝑀 − 𝛼𝜔 = −(𝛼𝜔 −𝑀). 

  am ukanaskneli tolobaSi  movaxdinoT cvladTa gancaleba da 
miRebuli toloba vaintegroT: 

𝐽
𝑑𝜔

𝛼𝜔 −𝑀
= −𝑑𝑡, 

𝐽 ∫
𝑑𝜔

𝛼𝜔 −𝑀

𝜔

0

= −∫𝑑𝑡

𝑡

0

, 

𝐽

𝛼
𝑙𝑛 |

𝛼𝜔 −𝑀

−𝑀
| = −𝑡.   

�⃗⃗�𝐴 
𝐴 

𝐵 

𝑧 

𝑥 

𝑦 

�⃗⃗�𝐵 

𝑀 𝑀1 

𝜔 𝑚�⃗� 

𝑂 
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Aam gamosaxulebis potencirebiT vipoviT brunvis kuTxuri  siCqaris 
cvlilebis kanons: 

𝜔 =
𝑀

𝛼
(1 − 𝑒−𝛼𝑡/𝐽). 

p a s u x i:    𝜔 =
𝑀

𝛼
(1 − 𝑒−𝛼𝑡/𝐽). 

 

amocana  37.9 

  ℓ sigrZis 𝐴𝐵 Reros boloze 

mimagrebulia 𝐴 burTula 
moTavsebulia siTxiT savse 
WurWelSi da moZraobaSi modis   

𝑂1𝑂2 vertikaluri RerZis garSemo 

sawyisi 𝜔0 kuTxuri siCqariT. 
siTxis winaaRmdegobis Zala brunvis 
kuTxuri siCqaris proporciulia,  

e.i. 𝑅 = 𝛼𝑚𝜔 sadac 𝑚 aris 

burTulas masa, 𝛼 − 
proporciulobis koeficienti. 
gansazRvreT, ra drois Semdeg 

gaxdeba brunvis kuTxuri siCqare orjer naklebi  sawyis 𝜔0  
kuTxuri siCqareze da, agreTve, brunTa ricxvi, romelsac Rero  
burTulianad Seasrulebs am droSi. 
   burTulis masa CavTvaleT mis centrSi Tavmoyrilad, xolo  
Reros masa ugulebelyaviT. 

     a m o x s n a. 𝑂1𝑂2 vertikalur 

RerZze    𝐴𝐵    Reros    boloze 

mimagrebulia   𝐴 burTula moZraobs 
aqtiuri   Zalebis   moqmedebiT  (ix. 

naxazi):  𝑚�⃗� − simZimis  Zala,  �⃗⃗� − 

winaaRmdegobis   Zala,  𝑂1  da  𝑂2 
sayrdenebSi  aRZruli bmebis 

reaqciebi �⃗�𝑂1 , �⃗⃗�𝑂1  da. �⃗�𝑂2 , �⃗⃗�𝑂2 .  
  Aamocanis amosaxsnelad 
visargebloT  myari sxeulis 
moZraobis raodenobis  momentis 
cvlilebis TeoremiT: 

     
 𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧(�⃗�𝑘

(𝑒)
),        (1) 

 

𝐵 • 

𝑂2 

𝑂1 

𝐴 

ℓ 

• 𝐵 

y 

𝐴 

�⃗�𝑂1 

�⃗�𝑂2 

�⃗⃗�𝑂2 

�⃗�𝑂1 , 

𝑥 

𝑧 

𝑂1 

�⃗⃗�𝑂1 

�⃗⃗� 

𝑚�⃗� 

𝑚�⃗� 

𝑂2 

ℓ 

 



 
148 

sadac 𝐾𝑧 = 𝑀𝑧(𝑚𝑣) = 𝑚ℓ
2𝜔;  𝑀𝑧 (�⃗�𝑘

(𝑒)
) = −𝑅ℓ = −𝛼ℓ𝑚𝜔. 

maSin 

𝑑(𝑚ℓ2𝜔)

𝑑𝑡
= −𝛼ℓ𝑚𝜔 

an 

                          ℓ
𝑑𝜔

𝑑𝑡
= −𝛼𝜔.                 (2)          

   (2) tolobaSi movaxdinoT cvladTa gancaleba da vaintegroT: 
 

ℓ ∫
𝑑𝜔

𝜔

𝜔0
2

𝜔0

= −𝛼∫𝑑𝑡,

𝑇

0

 

miviRebT 

−ℓ𝑙𝑛2 = −𝛼𝑇. 

Aam tolobidan ganvsazRvravT dros, romlis ganmvlobaSi 
burTulas kuTxuri siCqare mcirdeba 2-jer: 

𝑇 =
ℓ

𝛼
𝑙𝑛2. 

brunTa 𝑛 ricxvis gansasazRvravad visargebloT CasmiT: 

𝑑𝜔

𝑑𝑡
=
𝜔𝑑𝜔

𝑑𝜑
. 

  maSin sistemis moZraobis diferencialuri gantoleba (2) miiRebs 
saxes: 

 ℓ
𝑑𝜔

𝑑𝜑
= −𝛼. 

 miRebul tolobaSi movaxdinoT cvladTa gancaleba da Semdeg 
vaintegroT: 

ℓ ∫ 𝑑𝜔

𝜔0
2

𝜔0

= −𝛼∫ 𝑑𝜑,

𝜑

0

 

miviRebT 

−ℓ
𝜔0
2
= −𝛼𝜑. 

aqedan vipovoT 𝜑: 

𝜑 =
ℓ

𝛼

𝜔0
2

 

Dda miRebulidan ganvsazRvroT 𝑛: 
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𝑛 =
𝜑

2𝜋
=
ℓ𝜔0
4𝛼𝜋

. 

p a s u x i:    𝑇 =
ℓ

𝛼
𝑙𝑛2; 𝑛 =

ℓ𝜔0

4𝛼𝜋
. 

 

 

 

amocana  37.10 

   gansazRvreT, rogori  𝜔 kuTxuri 

 siCqariT  daecema  miwaze  𝑀 masis 

 gadaxerxili xe, Tu misi  masaTa 𝐶 

 centri   Ziridan    mdebareobs  ℎ 

manZilZe,  xolo  haeris  winaRobis  

Zalebi  qmnis   winaRobis  moments   

amasTan   𝑚წ ,  sadac   𝑚წ = −𝛼�̇�
2 

xis  inerciis  momenti  im  RerZis 

 mimarT, romlis garSemoc igi brunavs dacemisas, udris 𝐽. 

a m o x s n a.  ganvixiloT xis brunviTi moZraoba 

𝑂𝑧  RerZis garSemo 
aqtiuri Zalebis 
moqmedebiT (ix. naxazi) 

: 𝑚�⃗� −xis  simZimis  

Zala, 𝑚წ −Hhaeris 

winaaRmdegobis Zala, 𝑂  

wertilSi  aRZruli 
reaqciis 

Zalis 𝑋0⃗⃗⃗⃗⃗ da 𝑌0⃗⃗ ⃗⃗  
mdgenelebi. 
 Aamocanis amosaxsnelad  

visargebloT  myari  sxeulis  moZraobis   raodenobis  momentis 

cvlilebis TeoremiT: 

                         
 𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧(�⃗�𝑘

(𝑒)
),              (1) 

sadac    𝐼𝑧 = 𝐽;    

° 

𝑚წ  

• 
h 

𝑧 

𝐶 

𝜑 

° 

𝑚წ  

• 
h 

𝑂 

𝐶 

𝜑 𝑦 

𝑥 

𝑀�⃗� 

�⃗�𝑜 

 

�⃗⃗�𝑜 
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∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑀𝑔ℎ𝑠𝑖𝑛𝜑 +𝑚წ = 𝑀𝑔ℎ𝑠𝑖𝑛𝜑 − 𝛼𝜔

2. 

 maSin (1) gantolebaa miiRebs saxes 

               𝐽
𝑑𝜔

𝑑𝑡
= 𝑀𝑔ℎ𝑠𝑖𝑛𝜑 − 𝛼𝜔2.                  (2) 

  warmovadginoT 
𝑑𝜔

𝑑𝑡
 Semdegi saxiT: 

𝑑𝜔

𝑑𝑡
=
𝜔𝑑𝜔

𝑑𝜑
=
𝑑(𝜔2)

2𝑑𝜑
 

da SemoviRoT aRniSvna 𝜔2 = 𝑍. 

  maSin (2) gantoeleba ase Caiwereba: 

1

2
𝐽
𝑑𝑍

𝑑𝜑
= 𝑀𝑔ℎ𝑠𝑖𝑛𝜑 − 𝛼𝑍 

Aan 

                 
 𝑑𝑍

𝑑𝜑
+
2𝛼

𝐽
𝑍 =

2𝑔ℎ𝑀

𝐽
𝑠𝑖𝑛𝜑.                  (3) 

(3) diferencialuri gantolebis amonaxsni veZeboT Semdegi saxiT: 

                             𝑍 = 𝑍 + 𝑍∗,                             (4)  

sadac  𝑍  aris  

                      
   𝑑𝑍

𝑑𝜑
+
2𝛼

𝐽
𝑍 = 0                   (5)     

erTgvarovani diferencialuri gantolebis amonaxsni, xolo 𝑍∗ − 
(3) gantolebis kerZo amonaxsnia.           

  Ppirvel rigSi vipovoT  𝑍. (5) gantoleba warmovadginoT Semdegi 
saxiT:: 

   𝑑𝑍

𝑑𝜑
= −

2𝛼

𝐽
𝑍, 

sadac 𝑍 = 𝑍.   

   miRebul tolobaSi movaxdinoT cvladTa gancaleba da Semdeg 
vaintegroT: 

   𝑑𝑍

𝑍
= −

2𝛼

𝐽
𝑑𝜑 ⟹ ∫

   𝑑𝑍

𝑍
= −

2𝛼

𝐽
∫𝑑𝜑 ⟹ 
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⟹ 𝑙𝑛𝑍 = −
2𝛼

𝐽
𝜑 + 𝑙𝑛𝐶 ⟹ 𝑍=𝐶𝑒

−
2𝛼

𝐽
𝜑
. 

Aaxla vipovoT kerZo amonaxsni: 

𝑍∗ = 𝐴𝑐𝑜𝑠𝜑 + 𝐵𝑠𝑖𝑛𝜑. 

Ees gamosaxuleba gavawarmooT 𝜑 cvladiT: 

𝑑𝑍∗

𝑑𝜑
= −𝐴𝑠𝑖𝑛𝜑 + 𝐵𝑐𝑜𝑠𝜑. 

miRebuli mniSvnelobebi CavsvaT (3) gantolebaSi: 

−𝐴𝑠𝑖𝑛𝜑 + 𝐵𝑐𝑜𝑠𝜑 +
2𝛼

𝐽
𝐴𝑐𝑜𝑠𝜑 +

2𝛼

𝐽
𝐵𝑠𝑖𝑛𝜑 =

2𝑔ℎ𝑀

𝐽
𝑠𝑖𝑛𝜑. 

𝐴Dda 𝐵 mudmivebis mimarT vRebulobT algebrul gantolebaTa 
sistemas: 

{
 

 −𝐴 +
2𝛼

𝐽
𝐵 =

2𝑔ℎ𝑀

𝐽
,

𝐵 +
2𝛼

𝐽
𝐴 = 0,

 

Romlis amoxsnis Sedegad miviRebT: 

𝐴 = −
2𝑀𝑔ℎ

𝐽 (1 +
4𝛼2

𝐽2
)
,   𝐵 =

4𝑀𝑔ℎ𝛼

𝐽2 + 4𝛼2
 

(4) amonaxsni miRebuli mniSvnelobebis gaTvaliswinebiT miiRebs 
Semdeg saxes: 

              𝑍 = 𝐶𝑒
−
2𝛼

𝐽
𝜑
−

2𝑀𝑔ℎ

𝐽(1+
4𝛼2

𝐽2
)
𝑐𝑜𝑠𝜑 +

4𝑀𝑔ℎ𝛼

𝐽2+4𝛼2
𝑠𝑖𝑛𝜑.         (6) 

integrebis 𝐶 mudmivs  vipoviT sawyisi pirobis gaTvaliswinebiT:: 

roca  𝑡 = 0,  , maSin  𝜑 = 𝜑0 = 0, 𝑍 = 𝜔0
2: 

𝐶 =
2𝑀𝑔ℎ

𝐽 (1 +
4𝛼2

𝐽2
)
 

 𝐶 −s  miRebuli mniSvneloba SevitanoT (6) formulaSi: 
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𝑍 = 𝜔2 =
2𝑀𝑔ℎ

𝐽 (1 +
4𝛼2

𝐽2
)
𝑒
−
2𝛼
𝐽
𝜑
−

2𝑀𝑔ℎ

𝐽 (1 +
4𝛼2

𝐽2
)
𝑐𝑜𝑠𝜑 + 

+
4𝑀𝑔ℎ𝛼

𝐽2 + 4𝛼2
𝑠𝑖𝑛𝜑. 

vipovoT xis kuTxuri siCqare misi miwaze dacemis momentSi, e.i. roca 

𝜑 =
𝜋

2
: 

𝜔2 =
2𝑀𝑔ℎ

𝐽 (1 +
4𝛼2

𝐽2
)
𝑒
−
𝛼
𝐽
𝜋
+
4𝑀𝑔ℎ𝛼

𝐽2 + 4𝛼2
==

2𝑀𝑔ℎ𝐽

𝐽2 + 4𝛼2
𝑒
−
𝛼
𝐽
𝜋
+
4𝑀𝑔ℎ𝛼

𝐽2 + 4𝛼2
. 

𝜔 = √
2𝑀𝑔ℎ

𝐽2 + 4𝛼2
(2𝛼 + 𝐽𝑒

−
𝛼
𝐽
𝜋
) = √

2𝑀𝑔ℎ𝐽

𝐽2 + 4𝛼2
(2
𝛼

𝐽
+ 𝑒

−
𝛼
𝐽
𝜋
) . 

p a s u x i:  𝜔 = √
2𝑀𝑔ℎ𝐽

𝐽2+4𝛼2
(2

𝛼

𝐽
+ 𝑒

−
𝛼

𝐽
𝜋
) . 

 

amocana  37.11 

   𝑟 radiusis lilvi horizontaluri RerZis garSemo brunviT 
moZraobaSi modis Tokze Camokidebuli sawonis saSualebiT. 
imisaTvis, rom moZraobis dawyebis 
garkveuli drois  Semdeg lilvis 
kuTxuri siCqare axlos iyos 
mudmiv mniSvnelobasTan, lilvTan 

SeerTebulia  𝑛 erTnairi 
firfita; firfitaze haeris 
winaRobis Zala daiyvaneba 
firfitis marTobul Zalaze, 
romelic modebulia lilvis 

RerZidan 𝑅 manZilze da misi 
kuTxuri siCqaris kvadratis 
proporciulia. Pproporciulobis 

koeficienti 𝑘 −s tolia; sawonis 

masaa 𝑚, yvela mbrunavi nawilis 
inerciis momenti brunvis RerZis 

mimarT udris 𝐽. Tokis masa 
ugulebelyofilia.  gansazRvreT 

lilvis kuTxuri 𝜔 siCqare, Tu 
sawyis momentSi igi nul is 

�⃗�𝑛−1 

𝑂 

𝑟 
𝑅 

𝑥 

𝑦 

𝑧 

�⃗�1 
�⃗�2 

�⃗�𝑛 

𝑚�⃗� 

 

𝜔 

�⃗�𝑜 

 

�⃗⃗�𝑜 
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tolia. sayrdenebze xaxuni ugulebelyofilia. 

a m o x s n a.    GganvixiloT sawonis gadataniTi moZraoba da 
brunva lilvis horizontaluri RerZis garSemomasze xistad 
Camocmuli demperiT. sawonis moZraoba aqtiuri Zalebis moqmedebiT 

(ix. naxazi) :  𝑚�⃗� − sawonis  simZimis  Zala, �⃗�𝑛Hfirfitia 

winaaRmdegobis Zalebi, 𝑂 wertilSi  aRZruli reaqciisZalis 𝑋0⃗⃗⃗⃗⃗ da 

𝑌0⃗⃗⃗⃗  mdgenelebi. Aamocanis amosaxsnelad visargebloT 𝑧 RerZis mimarT  
meqanikuri sistemis moZraobis raodenobis momentis cvlilebis 
TeoremiT: 

                       
 𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧(�⃗�𝑘

(𝑒)
),               

sadac 

∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑚𝑔𝑟 −∑𝐹𝑘𝑅 = 𝑚𝑔𝑟 −  

−𝜔2∑𝑘𝑅 = 𝑚𝑔𝑟 − 𝑘𝑛𝑅𝜔2 ; 

𝐾𝑧 = 𝐾𝑧𝑟 + 𝐾𝑧დემფ = 𝑀𝑧(𝑀�⃗�𝑟) + 𝐽𝜔 = 𝑚𝑟
2𝜔 + 𝐽𝜔 = 

 
 = (𝑚𝑟2 + 𝐽)𝜔. 
 maSin 

                   (𝑚𝑟2 + 𝐽)
𝑑𝜔

𝑑𝑡
= 𝑚𝑔𝑟 − 𝑘𝑛𝑅𝜔2.            (1) 

(1) gantolebaSi movaxdinoT cvladTa gancaleba da miRebuli 
toloba  vaintegroT: 

∫
𝑑𝜔

𝑚𝑔𝑟−𝑘𝑛𝑅𝜔2
=

∫𝑑𝑡

𝑚𝑟2+𝐽
,    

1

𝑘𝑛𝑅
∫

𝑑𝜔
𝑚𝑔𝑟

𝑘𝑛𝑅
−𝜔2

=
∫𝑑𝑡

𝑚𝑟2+𝐽
, 

1

     2𝑘𝑛𝑅√
𝑚𝑔𝑟
𝑘𝑛𝑅

𝑙𝑛 ||
√
𝑚𝑔𝑟
𝑘𝑛𝑅

+ 𝜔

√
𝑚𝑔𝑟
𝑘𝑛𝑅

− 𝜔

|| + 𝐶1 =
𝑡

𝑚𝑟2 + 𝐽
 

Aan 

             
1

2√𝑘𝑛𝑅𝑚𝑔𝑟
𝑙𝑛 |

√
𝑚𝑔𝑟

𝑘𝑛𝑅
+𝜔

√
𝑚𝑔𝑟

𝑘𝑛𝑅
−𝜔
| + 𝐶1 =

𝑡

𝑚𝑟2+𝐽
 .           (2) 

  integrebis  𝐶1 mudmivi vipovoT sawyisi pirobidan: roca 𝑡0 = 0,    
maSin  𝜔0 = 0.  miviRebT 𝐶1 = 0.  amis gaTvaliswinebiT (2) 
gamosaxuleba miiRebs Semdeg saxes: 
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𝑙𝑛 ||
√
𝑚𝑔𝑟
𝑘𝑛𝑅

+ 𝜔

√
𝑚𝑔𝑟
𝑘𝑛𝑅

− 𝜔

|| =
2√𝑘𝑛𝑅𝑚𝑔𝑟

𝑚𝑟2 + 𝐽
𝑡. 

 
SemoviRoT aRniSvna: 

𝛼 =
2√𝑘𝑛𝑅𝑚𝑔𝑟

𝑚𝑟2 + 𝐽
, 

Dda kuTxuri siCqaris cvlilebis kanoni 

𝜔 = √
𝑚𝑔𝑟

𝑘𝑛𝑅

𝑒𝛼𝑡 − 1

𝑒𝛼𝑡 + 1
. 

roca 𝑡 → ∞ 

𝜔 = 𝜔𝑚𝑎𝑥 = √
𝑚𝑔𝑟

𝑘𝑛𝑅
. 

kuTxuri siCqaris maqsimaluri mniSvneloba aseve SeiZleba 
ganisazRvros Semdegi pirobidan: 

𝜔 = 𝜔𝑚𝑎𝑥; 
𝑑𝜔

𝑑𝑡
= 0. 

Aamis gaTvaliswinebiT (1) miiRebs saxes: 

0 = 𝑚𝑔𝑟 − 𝑘𝑛𝑅𝜔𝑚𝑎𝑥
2 . 

Aaqedan 

𝜔𝑚𝑎𝑥 = √
𝑚𝑔𝑟

𝑘𝑛𝑅
. 

p a s u x i:  𝜔 = 𝜔𝑚𝑎𝑥 = √
𝑚𝑔𝑟

𝑘𝑛𝑅
, sadac  𝛼 =

2

𝑚𝑟2+𝐽
√𝑘𝑛𝑅𝑚𝑔𝑟; 

𝑡 −s sakmarisad didi mniSvnelobebisaTvis 

𝜔 kuTxuri siCqare   axlosaa mudmiv 

mniSvnelobasTan √
𝑚𝑔𝑟

𝑘𝑛𝑅
. 

 

amocana  37.12 

  drekad mavTuls, romelzec Camokidebulia  

𝑚 masis da 𝑟 radiusis erTgvarovani sfero, 

mogrixaven 𝜑0  kuTxiT da Semdeg miuSveben 
Tavisuflad. 

�⃗⃗� 

• 𝑂 

𝑧 

𝑥 

𝑦 
𝜑0 

𝜔 

𝑀დრ 

𝑚�⃗� 
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wyvilZalis momenti, romelic saWiroa mavTulis erTi radianiT 
mosagrexad, 𝑐-s tolia. gansazRvreT moZraoba, Tu dagrexili 
mavTulis drekadi Zalis momenti grexis  𝜑 kuTxis proporciulia. 
Fhaeris winaRoba ugulebelyofilia. 
a m o x s n a.     ganvixiloT drekad mavTulze Camokidebuli 

birTvis brunva(ix. Nnaxazi). birTvze moqmedebs:  𝑚�⃗� −birTvis 

simZimis  Zala, 𝑀დრ = 𝑐𝜑 −dagrexili mavTulis drekadobis Zalis 

momenti, �⃗⃗� − mavTulis reaqciis Zala.. 

  davweroT uZravi 𝑧 RerZis garSemo birTvis  brunvis 
diferencialuri gantoleba: 

                       𝐼𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),              

sadac    𝐼𝑧 =
2𝑚𝑟2

5
;    ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
) = −𝑀დრ = −𝑐𝜑. 

 maSin 

2𝑚𝑟2

5
�̈� = −𝑐𝜑 ⟹

2𝑚𝑟2

5
�̈� + 𝑐𝜑 = 0 ⟹ �̈� +

5𝑐

2𝑚𝑟2
𝜑 = 0   

Aan 

�̈� + 𝑘2𝜑 = 0, 
sadac  

𝑘 = √
5𝑐

2𝑚𝑟2
. 

  vipovoT maxasiaTebeli gantolebis fesvebi: 

𝑧2 + 𝑘2 = 0,      𝑧1,2 = ±𝑘𝑖. 

miRebuli erTgvarovani diferencialuri gantolebis zogad 
amonaxsns aqvs saxe: 

𝜑 = 𝐴𝑐𝑜𝑠𝑘𝑡 + 𝐵𝑠𝑖𝑛𝑘𝑡. 

Ees gamosaxuleba gavawarmooT 𝜑 cvladiT: 

�̇� = 𝜔 = −𝐴𝑘𝑠𝑖𝑛𝑘𝑡 + 𝐵𝑘𝑐𝑜𝑠𝑘𝑡. 

𝐴Dda 𝐵 integrebis mudmivebs vipoviT sawyisi pirobebidan:  roca 

𝑡 = 0, maSin 𝜑0 ≠ 0,   𝜔0 = 0;    𝐴 = 𝜑0, 𝐵 = 0.     

   Sesabamisad, birTvis brunviTi moZraobis gantolebaa 



 
156 

𝜑 = 𝜑0𝑐𝑜𝑠𝑘𝑡 = 𝜑 0𝑐𝑜𝑠√
5𝑐

2𝑚𝑟2
𝑡. 

p a s u x i:  𝜑 = 𝜑 0𝑐𝑜𝑠√
5𝑐

2𝑚𝑟2
𝑡. 

amocana  37.13 

   saaTis svlis regulirebisaTvis gamoiyeneba saaTis balansirebi. 

𝐴Bbalansirs SuZlia brunva misi sibrtyis  perpendikularuli da 

masaTa  𝑂 centrze gamavali RerZis garSemo; am RerZis  mimarT misi 

inerciis momenti aris 𝐽. Bbalansiri moZraobaSi modis spiraluri 
zambariT, romlis erTi bolo mimagrebulia balansirTan, xolo 
meore- saaTis uZrav korpusze. 
Bbalansiris mobrunebisas warmoiqmneba 
zambaris drkadi Zalis momenti, romelic 
mobrunebis  kuTxis proporciulia. 
zambaris erT radianze mosabruneblad 

saWiro momenti udris  𝑐. ipoveT 
balansiris moZraobis kanoni, Tu sawyis 
momentSi, roca ar arsebobs drkadi 
Zalis momenti, balasirs mianiWes sawyisi 

𝜔0  kuTxuri siCqare. 

a m o x s n a.     saaTis 𝐴Bbalansiris 
moZraoba xdeba masze modebuli Zalebis 

moqmedebiT (ix. naxazi) : 𝑀დრ = 𝑐𝜑 

 −zambaris drekadobis Zalis 

momenti, 𝑂 sayrdenSi  aRZruli 

reaqciis Zalis 𝑋0⃗⃗⃗⃗⃗ da 𝑌0⃗⃗ ⃗⃗  
mdgenelebi. 

   davweroT uZravi RerZis garSemo 
myari sxeulis  brunvis 
diferencialuri gantoleba: 

       𝐼𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),              

sadac  

     𝐼𝑧 = 𝐽;   ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = −𝑀დრ =

−𝑐𝜑.  

 miviRebT diferencialur  
gantolebas: 
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𝐽�̈� = −𝑐𝜑 

Aan 

�̈� + 𝑘2𝜑 = 0, 

sadac   𝑘 = √
𝑐

𝐽
 

  miRebuli erTgvarovani diferencialuri gantolebis zogad 
amonaxsni veZeboT saxiT: 

𝜑 = 𝐵𝑐𝑜𝑠𝑘𝑡 + 𝐷𝑠𝑖𝑛𝑘𝑡. 

Ees gamosaxuleba gavawarmooT 𝜑 cvladiT: 

�̇� = 𝜔 = −𝐵𝑘𝑠𝑖𝑛𝑘𝑡 + 𝐷𝑘𝑐𝑜𝑠𝑘𝑡. 

𝐵Dda 𝐷 integrebis mudmivebs vipoviT sawyisi pirobebidan:  roca 

𝑡 = 0, maSin 𝜑0 = 0,   �̇�0 = 𝜔0;    𝐵 = 0, 𝐷 =
𝜔0

𝑘
= 𝜔0√

𝐽

𝑐
.     

𝐵,D𝐷 da 𝑘 mudmivebis mniSvnelobebis gaTvaliswinebiT 

𝐴Bbalansiris moZraobis gantoleba ase Caiwereba: 

𝜑 = 𝜔0√
𝐽

𝑐
𝑠𝑖𝑛√

𝑐

𝐽
𝑡. 

p a s u x i:  𝜑 = 𝜔0√
𝐽

𝑐
𝑠𝑖𝑛√

𝑐

𝐽
𝑡. 

 

amocana  37.14 

    𝐴 sxeuli, vertikaluri  𝑂𝑧 
RerZis mimarT misi inerciis 𝐽

𝑧
 

momentis gansazRvrisas, miamagres 

drekad vertikalur 𝑂𝑂1  Reros; es 

Rero mogrixes, 𝐴 sxeuli moabrunes 

𝑂𝑧 RerZis  garSemomcire 𝜑0  kuTxiT 
da miuSves Tavisuflad. sxeulma 
daiwyo rxeva. 100 gaqanebis 
xangrZlivobaaRmoCnda 100𝑇1=2wT, sadac 
𝑇1 −  rxevis periodis naxevaria; 
rxevaaris harmoniuli, radgan drekadi 
Zalis momenti grexis kuTxis pirveli 
xarisxis proporciulia da udris 
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𝑐𝜑 −s.  𝑐koeficientis gansasazRvravad Caatares  meore cda: 

Reroze mis 𝑂 wertilze Camoacves   𝑟=15sm radiusisa da 𝑚=1,6kg 
masis erTgvarovani wriuli disko da maSin erTi gaqanebis  

xangrZlivoba aRmoCnda  𝑇2=1,5 wm. gansazRvreT sxeulis inerciis  𝐽
𝑧
 

moment.i. 
. a m o x s n a.  Ppirvel rigSi 

ganvsazRvroT 𝑂𝑂1  Reros sixistis 
koeficienti. amisaTvis Reros 
CamovacvaT wriuli disko da 
ganvixilot sistemis moZraoba, 

romelic Sedgeba 𝑀 masis 
erTgvarovani diskosa da  drekadi 
Rerosagan. vaCvenoT naxazze aqtiuri 

Zalebi: 𝑀�⃗� − simZimis  Zala, 

𝑀დრ = −𝑐𝜑 − drekadi Zalis 

momenti, �⃗⃗⃗� − Reros reaqciis Zala.. 

  amosaxsnelad visargebloT 𝑧 
RerZis mimarT  meqanikuri sistemis 
moZraobis raodenobis momentis 
cvlilebis TeoremiT 

    
 𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧(�⃗�𝑘

(𝑒)
),   (1) 

vipovoT aqtiuri Zalebis momenti  

 𝑧 RerZis mimarT:   

     ∑𝑀𝑧(�⃗�𝑘
(𝑒)
) = 𝑀დრ = −𝑐𝜑 

Dda diskos moZraobis raodenobis   momenti: 

𝐾𝑧 = 𝐽𝑧𝜔 =
𝑀𝑟2

2
𝜔. 

  miRebuli mniSvnelobebi SevitanoT (1) formulaSi, gveqneba: 

𝑀𝑟2

2

𝑑𝜔

𝑑𝑡
= −𝑐𝜑 

Aan 

𝑀𝑟2

2

𝑑𝜔

𝑑𝑡
+ 𝑐𝜑 = 0. 

  gardavqmnaT es gantoleba: 
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�̈� +
2𝑐

𝑀𝑟2
𝜑 = 0 

Dda CavweroT igi Semdegi saxiT 

�̈� + 𝑘2𝜑 = 0 

  miRebuli diferencialuri gantoleba warmoadgens Tavisufali 
grexviTi rxevebis diferencialur gantolebas, romlis wriuli 
sixSire 

𝑘 = √
2𝑐

𝑀𝑟2
, 

xolo periodia 

𝑇2 =
2𝜋

𝑘
= 2𝜋√

𝑀𝑟2

2𝑐
. 

Aaqedan vipoviT 𝑂𝑂1  Reros sixistis koeficients: 

𝑐 =
4𝜋𝑀𝑟2

2𝑇2
2 . 

  SevcvaloT  disko  𝐴 sxeuliT da ganvixiloT misi moZraoba. 
davweroT brunviTi moZraobis diferencialuri gantoleba Semdegi 
saxiT: 

𝐽𝑧�̈� = ∑𝑀𝑧(�⃗�𝑘
(𝑒)
), 

sadac     ∑𝑀𝑧(�⃗�𝑘
(𝑒)
) = −𝑀დრ = −𝑐𝜑. 

maSin gveqneba 

𝐽𝑧�̈� = −𝑐𝜑 
an 

𝐽𝑧�̈� + 𝑐𝜑 = 0. 

gardavqmnaT miRebuli gantoleba: 

�̈� +
𝑐

𝐽𝑧
𝜑 = 0 

Dda CavweroT is Semdegi saxiT: 

�̈� + 𝑘2𝜑 = 0, 
sadac 𝑘 − 𝐴 sxeulis grexviTi rxevebis wriuli sixSirea: 
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𝑘 = √
𝑐

𝐽𝑧
. 

maSin 𝐴 sxeulis grexviTi rxevebis periodi iqneba 
                                 

𝑇1 =
2𝜋

𝑘
= 2𝜋√

𝐽𝑧
𝑐 . 

CavsvaT  am gamosaxulebaSi  (2) mniSvneloba, miviRebT:         

𝑇1 = 2𝜋
√ 𝐽𝑧2𝑇2

2

4𝜋𝑀𝑟2
. 

saidanac ganisazRvreba 𝐴 sxeulis inerciis momenti: 

𝐽𝑧 =
𝑀𝑟2

2
(
𝑇1

𝑇2
)
2

. 

p a s u x i:   𝐽𝑧 =
𝑀𝑟2

2
(
𝑇1

𝑇2
)
2

. 

 

 

amocana  37.15 

    amoxseniT wina amocana im varaudiT, rom 𝑐koeficientis 
gansasazRvravad  meore cda Caatares sxvagvard, 𝑀 masis da  𝑟 
radiusis erTgvarovan wriul 
diskos amagreben sxeulze, 
romlis inerciis momentic unda 
ganisazRvros. gansazRvreT 

sxeulis inerciis  𝐽𝑧 moment.i, 
Tu .misi   rxevis periodi aris 
𝜏1 , xolo masze mimagrebuli 
diskoTi rxevis periodi- 𝜏2.  
  a m o x s n a.  jer 

ganvixiloT 𝐴 sxeulis  

moZraoba 𝑀�⃗� − simZimis  Zalis, 

𝑀დრ = −𝑐𝜑 − drekadi Zalis 

momentis da �⃗⃗⃗� − Reros 
reaqciis Zalebis moqmedebiT(ix. 
Nnaxazi). 

𝑧 

𝑥 𝑂 

𝑂1 

𝜑 

𝑚დრ 

𝑀�⃗� 

�⃗⃗⃗� 

𝜔 

𝐴 სხეული 

𝑚�⃗� 
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 davweroT uZravi 𝑧 RerZis garSemo  𝐴 sxeulis  brunvis 
diferencialuri gantoleba: 

𝐼𝑧�̈� =∑𝑀𝑧 (�⃗�𝑘
(𝑒)
), 

 vipovoT gare Zalebis nakrebi momentibrunvis 𝑧 RerZis mimarT   

∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑀დრ = −𝑐𝜑. 

Casmis Semdeg miviRebT diferencialur gantolebas: 

𝐽𝑧�̈� = −𝑐𝜑 

Aan 

�̈� +
𝑐

𝐽𝑧
𝜑 = 0. 

Ees gantoleba CavweroT ase: 

�̈� + 𝑘1
2𝜑 = 0.      

  miRebuliGgantoleba wamoadgens 𝑂𝑂1 drekad RerZze mimagrebuli 

𝐴 sxeulis  grexviTi rxevebis diferencialur gantolebas 

𝑘1 = √
𝑐

𝐽𝑧
 

sixSiriT da  

𝜏1 =
2𝜋

√
𝑐
𝐽𝑧

= 2𝜋√
𝐽𝑧
𝑐
 

periodiT. .aqedan 

𝑐 =
4𝜋2𝐽𝑧

𝜏1
2 . 

 mivamagroT  𝐴 sxeuls  𝑟 radiusis erTgvarovani wriuli disko da 
ganvixiloT maTi erToblivi moZraoba. 

  davweroT 𝑧 RerZis garSemo  am sistemis brunvis diferencialuri 
gantoleba: 

                       𝐽დაყ.�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),                        (2)           

ვიპოვოთ სისტემის დაყვანილი ინერციის მომენტი: 

𝐽დაყ. = 𝐽𝑧 +𝐽𝑧დისკ 
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sadac  𝐽𝑧 − sxeulis inerciis momentia 𝑧 RerZis mimarT, xolo   

𝐽𝑧დისკ =
𝑀𝑟2

2
− diskos inerciis momentia 𝑧 RerZis mimarT. 

maSin 

                                𝐽დაყ. = 𝐽𝑧 +
𝑀𝑟2

2
. 

  𝑧 RerZis mimarT gare Zalebis nakrebi momentia 

∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = −𝑐𝜑. 

maSasadame, (2) diferencialuri gantoleba  miiRebs saxes: 

(𝐽𝑧  +
𝑀𝑟2

2
) �̈� = −𝑐𝜑. 

 gardavqmnaT es gantoleba: 

𝜑 +̈
𝑐

(𝐽𝑧  +
𝑀𝑟2

2
)
𝜑 = 0 

Dda CavweroT igi Semdegi saxiT: 

      �̈� + 𝑘2
2𝜑 = 0, 

sadac   𝑘2 = √
𝑐

𝐽𝑧 +
𝑀𝑟2

2

. 

    vipovoT sistemis grexiTi rxevebis periodi 

𝜏2 =
2𝜋

𝑘2
=

2𝜋

√
𝑐

𝐽𝑧  +
𝑀𝑟2

2

= 2𝜋
√𝐽𝑧  +

𝑀𝑟2

2
𝑐

. 

aqedan                      𝑐 =
4𝜋2(𝐽𝑧 +

𝑀𝑟2

2
)

𝜏2
2  

gavutoloT  𝑐 koeficientis mniSvneloba miRebuli sistemisaTvis 

(𝐴 sxeuli da disko) 𝑐 koeficientis mniSvnelobas miRebuls 𝐴 
sxeulisaTvis. miviRebT: 
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4𝜋2𝐽𝑧

𝜏1
2 =

4𝜋2 (𝐽𝑧  +
𝑀𝑟2

2 )

𝜏2
2 . 

Aaqedan ganvsazRvravT 𝐴 sxeulis inerciis moments 𝑧 RerZis mimarT: 

𝐽𝑧 =
𝑀𝑟2

2

𝜏1
2

𝜏2
2 − 𝜏1

2. 

p a s u x i:   𝐽𝑧 =
𝑀𝑟2

2

𝜏1
2

𝜏2
2−𝜏1

2. 

 

 

amocana  37.16 

  orZafa sakideli Sedgeba erTgvarovani  2𝑎 sigrZis 𝐴𝐵 
Rerosagan, romelic Camokidebulia horizontalurad  ℓ sigrZis 

ori vertikaluri ZafiT; es Zafebi erTmaneTisagan 2𝑏 manZilzea. 
gansazRvreT Reros grexiTi rxevis periodi, Tu igulisxmeba, rom 
Rero yovelTvis horizontaluria da TiToeuli Zafis daWimuloba 
Reros wonis naxevris tolia. 
  M m i T i T e b a. TiToeuli Zafis daWimulobis horizontaluri 

 mdgenelis gansazRvrisas, roca  
orZafas rxeva mcirea, Zafsa da  
vertikals Soris mdebare kuTxis  
sinusi SecvaleT TviT kuTxiT 

a m o x s n a.   
   ganvixiloT orZafa sakidelis  
moZraoba gare Zalebis moqmede-

biT (ix. Nnaxazi): 𝑀 �⃗� − Reros 

simZimis Zalis, �⃗⃗⃗�𝐴 da 

�⃗⃗⃗�𝐵 −dakidebis Zafis reaqciebi. 

 davweroT uZravi 𝑧 RerZis gar-

Semo  brunvis diferencialuri 
gantoleba: 

                       

               𝐽𝐶𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),              

vipovoT 𝑧 RerZis mimarT gare Za-
lebis nakrebi momenti 

ℓ ℓ 

𝐵 

𝑏 𝑏 

𝑎 𝑎 

𝐴 

𝐶 

𝑧 

𝐶 

𝑦 

𝑥 𝑀�⃗� 

𝑏 

𝑏 

• 
𝐴 

 

• 
𝐵 

�⃗⃗⃗�1𝑥 
�⃗⃗⃗�2 

�⃗⃗⃗�2𝑥 

�⃗⃗⃗�1 

𝜑 

𝛼 

𝛼 

𝜑 𝑎 
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∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = −𝑁1𝑥𝑏 − 𝑁2𝑥𝑏 = −(𝑁1𝑥 +𝑁2𝑥)𝑏 

 Dda   Sesabamisad �⃗⃗⃗�𝐴 da �⃗⃗⃗�𝐵 reaqciebis horizontaluri 
mdgenelebi   

𝑁1𝑥 = 𝑁1𝑠𝑖𝑛𝛼, 
𝑁2𝑥 = 𝑁2𝑠𝑖𝑛𝛼, 

amocanis pirobis Tanaxmad      𝑁1 = 𝑁2 =
𝑀𝑔

2
. 

maSin  

(𝑁1 +𝑁2)𝑠𝑖𝑛𝛼 = 𝑀𝑔𝑠𝑖𝑛𝛼  (2) 
gamovsaxoT 𝛼  kuTxe 𝜑  kuTxis saSualebiT 

𝑏𝑠𝑖𝑛𝜑 =  ℓ𝑠𝑖𝑛𝛼 
Aan 

𝑠𝑖𝑛𝛼 =
𝑏

ℓ
𝑠𝑖𝑛𝜑. 

CavsvaT es gamosaxuleba (2)-Si: 

𝑀𝑔𝑠𝑖𝑛𝛼 = 𝑀𝑔
𝑏

ℓ
𝑠𝑖𝑛𝜑. 

mcire rxevebis SemTxvevaSi 

𝑠𝑖𝑛𝜑 ≈ 𝜑, maSin 

∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = −𝑀𝑔

𝑏2

ℓ
𝜑. 

  𝑧 RerZis mimarT Reros inerciis momenti 

𝐽𝐶𝑧 =
𝑀(2𝑎2)

12
=
𝑀𝑎2

3
. 

miRebuli mniSvnelobebi CavsvaT (1) gantolebaSi: 
 

𝑀𝑎2

3
𝝋 =̈ − 𝑀𝑔

𝑏2

ℓ
𝜑 

Dda CavweroT igi Semdegi saxiT: 

�̈� + 𝑘2𝜑 = 0, 

sadac   𝑘2 =
3𝑔𝑏2

ℓ𝑎2
. 

 
ganvsazRvroT Reros grexviTi rxevis periodi 
 

𝑇 =
2𝜋

𝑘
=

2𝜋

√3𝑔𝑏
2

ℓ𝑎2

=
2𝜋𝑎

𝑏√
3𝑔
ℓ

=
2𝜋𝑎

𝑏
√
ℓ

3𝑔
. 

p a s u x i:   𝑇 =
2𝜋𝑎

𝑏
√

ℓ

3𝑔
. 
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amocana  37.17 

 
 disko, romelic Camokidebulia drekad mavTulze, siTxeSi asrulebs 
grexiT rxevas. Ddiskos inerciis momeneti mavTulis RerZis mimarT 

aris 𝐽. mavTulis erT radianze dasagrexi wyvilZalis momenti aris 

𝑐. moZraobis winaRobis momenti udris 𝛼𝑆𝜔, sadac 𝛼  aris  siTxis 

siblantis koeficienti, 𝑆 − diskos zeda da qveda fuZeebis 

farTobTa jami,  𝜔- diskos kuTxuri siCqare. gansazRvreT siTxeSi 
diskos rxevis periodi. 
a m o x s n a.   
   ganvixiloT diskos moZraoba gare Zalebis moqmedebiT (ix. 

Nnaxazi):  �⃗� − diskos simZimis Zalis, 𝑚𝑧 = −𝑐𝜑 − mavTulis  

drekadobis Zalis momenti, 𝑚წინ = 𝛼𝑆�̇� − winaaRmdegobis Zalebis 

momenti da  �⃗⃗⃗� −mavTulis reaqcia. 

 davweroT uZravi 𝑧 RerZis garSemo  brunvis diferencialuri 
gantoleba: 

                  𝐽𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),                   (1) 

vipovoT 𝑧 RerZis mimarT   gare Zalebis nakrebi momenti  

∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = −𝑐𝜑 − 𝛼𝑆�̇� 

 
Dda CavsvaT misi mniSvneloba (1) 
gantolebaSi: 
 

       𝐽�̈� = −𝑐𝜑 − 𝛼𝑆�̇� 
 
Aan 

      �̈� +
𝛼𝑆

𝐽
�̇� +

𝑐

𝐽
𝜑 = 0. 

 
miRebuli gantoleba CavweroT 
saxiT: 
 

   �̈� + 2𝑛�̇� + 𝑘2𝜑 = 0,     (2) 
 
sadac 

           2𝑛 =
𝛼𝑆

𝐽
; 𝑘2 =

𝑐

𝐽
. 

 
(2) gantoleba warmoadgens milevadi grexiTi rxevebis 
diferencialur gantolebas. 

𝜑 �̇� 

𝑚𝑧 

𝑚წინ �⃗� 

�⃗⃗⃗� 
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Tu  𝑘 = √
𝑐

𝐽
>

𝛼𝑆

2𝐽
, maSin disko Seasrulebs milevad rxevebs 

 

𝑇 =
2𝜋

√𝑘2 − 𝑛2
=

2𝜋

√𝑐
𝐽
− (

𝛼𝑆
2𝐽
)
2

=
4𝜋𝐽

√4𝑐𝐽 − 𝛼2𝑆2
 

periodiT. 

p a s u x i: 𝑇 =
4𝜋𝐽

√4𝑐𝐽−𝛼2𝑆2
. 

 
 

amocana  37.18 

  drekad mavTulze  Camokidebuli myari sxeuli asrulebs grexviT 

rxevebs  𝑚𝐵𝑧 = 𝑚1𝑠𝑖𝑛𝑡 + 𝑚2𝑠𝑖𝑛3𝜔𝑡 gare momentis moqmedebiT, 

sadac 𝑚1,𝑚2  da  𝜔  mudmivebia, xolo RerZi mimarTulia mavTulis 

gaswvriv.  mavTulis drekadobis momenti 𝑚დრ = −𝑐𝜑, sadac 𝑐 
drekadobis koeficientia, xolo 𝜑 −grexis kuTxe. gansazRvreT myari 

sxeulis iZulebiTi grexiTi rxevis kanoni, Tu inerciis momenti 𝑧  

RerZis mimarT udris 𝐽𝑧. miiReT, rom √
𝑐

𝐽𝑧
≠ 𝜔 da  √

𝑐

𝐽𝑧
≠ 3𝜔. 

a m o x s n a.     ganvixiloT drekad 
mavTulze Camokidebuli myari sxeuli 
moZraoba gare Zalebis moqmedebiT 

(ix.Nnaxazi):  𝑀 �⃗� −  simZimis Zalis, 

𝑚𝐵𝑧 − gare momenti, 𝑚დრ − 
drekadobis Zalis momenti da 

�⃗⃗⃗� −mavTulis reaqcia. davweroTuZravi 

𝑧 RerZis garSemo 

 brunvisdiferencialuri gantoleba: 
 

       𝐽𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),       (1) 

   vipovoT 𝑧 RerZis mimarT   gare 
Zalebis nakrebi momenti  

∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑚𝐵𝑧 −𝑚დრ = 𝑚1𝑠𝑖𝑛𝜔𝑡 + 𝑚2𝑠𝑖𝑛3𝜔𝑡 – 𝑐𝜑. 

 
Dda CavsvaT misi mniSvneloba (1) gantolebaSi: 

• 

𝑧 

𝑥 

y 

𝜑 

𝑀�⃗� 

�⃗⃗⃗� 𝑚დრ 

𝑚𝐵𝑧 
𝜔 𝐶 
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𝐽𝑧�̈� = 𝑚1𝑠𝑖𝑛𝜔𝑡 + 𝑚2𝑠𝑖𝑛3𝜔𝑡 − 𝑐𝜑 
 
AdaviyvanoT diferencialuri gantoleba Semdeg saxeze 

          �̈� + 𝑘2𝜑 = ℎ1𝑠𝑖𝑛𝜔𝑡 + ℎ3𝑠𝑖𝑛3𝜔𝑡,                (2) 
sadac 

 𝑘 = √
𝑐

𝐽𝑧
− sxeulis sakuTari grexiTi rxevebis wriuli sixSirea;   

 

ℎ1 =
𝑚1

𝐽𝑧
;  ℎ3 =

𝑚3

𝐽𝑧
. 

 (2) warmoadgens iZulebiTi rxevebis araerTgvarovan diferencialur 
gantolebas. 

   (2) gantolebis zogadi amonaxsni Sedgeba   �̈� + 𝑘2𝜑 = 0   
erTgvarovani gantolebis zogadi amonaxsnisa da araerTgvarovani   
gantolebis kerZo amonaxsnisagan. (2) araerTgvarovani   gantolebis 
kerZo amonaxsni  veZeboT Semdegi saxiT:                         

𝜑 = 𝐴𝑠𝑖𝑛𝜔𝑡 + 𝐵𝑠𝑖𝑛3𝜔𝑡. 
   vipovoT  𝐴  da  𝐵  mudmivebi. amisaTvis vipovoT 𝜑 − s pirveli 
da meore rigis warmoebulebi droiT: 

�̇� =  𝐴𝜔𝑐𝑜𝑠𝜔𝑡 + 3𝐵𝜔𝑐𝑜𝑠3𝜔𝑡, 
�̈� = −𝐴𝜔2𝑠𝑖𝑛𝜔𝑡 − 9𝐵𝜔2𝑠𝑖𝑛3𝜔𝑡. 

CavsavaT es mniSvnelobebi (2) gantolebaSi: 

−𝐴𝜔2𝑠𝑖𝑛𝜔𝑡 − 9𝐵𝜔2𝑠𝑖𝑛3𝜔𝑡 + 𝐴𝑘2𝑠𝑖𝑛𝜔𝑡 + 𝐵𝑘2𝑠𝑖𝑛3𝜔𝑡 = 
= ℎ1𝑠𝑖𝑛𝜔𝑡 + ℎ3𝑠𝑖𝑛3𝜔𝑡. 

 amovxsnaT gantolebaTa sistema: 
 

{
𝐴𝑘2𝑠𝑖𝑛𝜔𝑡 − 𝐴𝜔2𝑠𝑖𝑛𝜔𝑡 = ℎ1𝑠𝑖𝑛𝜔𝑡,

𝐵𝑘2𝑠𝑖𝑛3𝜔𝑡 − 9𝐵𝜔2𝑠𝑖𝑛3𝜔𝑡 = ℎ3𝑠𝑖𝑛3𝜔𝑡
 

 

Dda vipoviT  𝐴  da  𝐵  mudmivebs: 
 

𝐴 =
ℎ1

𝑘2 −𝜔2
,    𝐵 =

ℎ3
𝑘2 − 9𝜔2

.     

 
 maSin iZulebiTi grexiTi rxevebis kanoni miiRebs saxes: 
 

𝜑 =
ℎ1

𝑘2 −𝜔2
𝑠𝑖𝑛𝜔𝑡 +

ℎ3
𝑘2 − 9𝜔2

𝑠𝑖𝑛3𝜔𝑡. 

p a s u x i:  𝜑 =
ℎ1

𝑘2−𝜔2
𝑠𝑖𝑛𝜔𝑡 +

ℎ3

𝑘2−9𝜔2
𝑠𝑖𝑛3𝜔𝑡; 
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sadac  𝑘 = √
𝑐

𝐽𝑧
; ℎ1 =

𝑚1

𝐽𝑧
;  ℎ3 =

𝑚3

𝐽𝑧
. 

 
amocana  37.19 

 amoxseniT  wina amocana 𝑚𝑐 winaRgobis  momentis gaTvaliswinebiT, 

romelic myari sxeulis kuTxuri siCqaris proporciulia 𝑚𝑐 = −𝛽�̇�,   
sadac 𝛽-  mudmivia. 
a m o x s n a.    ganvixiloT drekad mavTulze Camokidebuli myari 

sxeuli moZraoba gare Zalebis moqmedebiT (ix.Nnaxazi):  𝑀 �⃗� −  

simZimis Zalis, 𝑚𝐵𝑧 − gare 

momentis, 𝑚დრ − drekadobis Zalis 

momentis, 𝑚𝑐𝑧 − winaRobis Zalebis 

momentis, �⃗⃗⃗� −mavTulis reaqciis. 

   davweroT uZravi 𝑧 RerZis garSemo 
 brunvis diferencialuri gantoleba: 
  

             𝐽𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),      (1) 

vipovoT 𝑧 RerZis mimarT   gare 
Zalebis nakrebi momenti  

∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑚𝐵𝑧 −𝑚𝑐𝑧 −𝑚დრ = 

= 𝑚1𝑠𝑖𝑛𝜔𝑡 + 𝑚2𝑠𝑖𝑛3𝜔𝑡 – 𝑐𝜑. 
 
Dda CavsvaT misi mniSvneloba (1) gantolebaSi: 
 

𝐽𝑧�̈� = −𝛽�̇� − 𝑐𝜑+𝑚1𝑠𝑖𝑛𝜔𝑡 + 𝑚2𝑠𝑖𝑛3𝜔𝑡 
Aan gardaqmnis Semdeg miviRebT 

            �̈� + 2𝑛�̇� + 𝑘2𝜑 = ℎ1𝑠𝑖𝑛𝜔𝑡 + ℎ3𝑠𝑖𝑛3𝜔𝑡,          (2) 
sadac 

𝑘 = √
𝑐

𝐽𝑧
;   𝑛 =

𝛽

2𝐽𝑧
;  ℎ1 =

𝑚1

𝐽𝑧
;  ℎ3 =

𝑚3

𝐽𝑧
. 

   (2) warmoadgens iZulebiTi  grexviTi rxevebis araerTgvarovan 
diferencialur gantolebas garemos winaaRmdegobis gaTvaliswinebiT. 
  sxeulis iZulebiTi grexviTi rxevebis  gantolebas veZebT 
araerTgvarovani diferencialuri gantolebis kerZo amonaxsnis 
saxiT: 

               𝜑 = 𝐷𝑠𝑖𝑛(𝜔𝑡 − 휀1) + 𝐸𝑠𝑖𝑛(3𝜔𝑡 − 휀3).         (3) 
  (3) gantoleba gavawarmooT orjer droiT: 

�̇� = 𝐷𝜔𝑐𝑜𝑠(𝜔𝑡 − 휀1) + 3𝐸𝜔𝑐𝑜𝑠(3𝜔𝑡 − 휀3), 

• 

𝑧 

𝜑 

𝑀�⃗� 

�⃗⃗⃗� 
𝑚დრ 

𝑚𝐵𝑧 

𝐶 
𝑚𝑐𝑧 
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�̈� = −𝐷𝜔2𝑠𝑖𝑛(𝜔𝑡 − 휀1) − 9𝐸𝜔
2𝑠𝑖𝑛(3𝜔𝑡 − 휀3). 

CavsvaT  𝜑, �̇� da �̈�-is  mniSvnelobebi (2) diferencialur 

gantolebaSi: 

−𝐷𝜔2𝑠𝑖𝑛(𝜔𝑡 − 휀1) − 9𝐸𝜔
2𝑠𝑖𝑛(3𝜔𝑡 − 휀3) + 2𝑛𝐷𝜔𝑐𝑜𝑠(𝜔𝑡 − 휀1) 

+6𝑛𝐸𝜔𝑐𝑜𝑠(3𝜔𝑡 − 휀3) +  𝐷𝑘
2𝑠𝑖𝑛(𝜔𝑡 − 휀1) + 𝐸𝑘

2𝑠𝑖𝑛(3𝜔𝑡 − 휀3) 
     = ℎ1 𝑠𝑖𝑛[(𝜔𝑡 − 휀1) + 휀1] + ℎ3𝑠𝑖𝑛[(3𝜔𝑡 − 휀3) + 휀3].    (4) 
   vipovoT  integrebis 𝐷  da  𝐸  mudmivebi, aseve, fazaTa Zvris 

sidideebi  휀1  da  휀3.  amisaTvis (4) tolobis marjvena mxareSi 
gavxsnaT ori kuTxis jamis sinusebi da gavutoloT erTmaneTs 
tolobis marjvena da marcxena mxareSi erTi da igive  
trigonometriul funqciebTan  mdgomi koeficientebi: 

𝐷 =
ℎ1

√(𝑘2 −𝜔2)2 + 4𝑛2𝜔2
, 

𝐸 =
ℎ3

√(𝑘2 − 9𝜔2)2 + 36𝑛2𝜔2
, 

𝑡𝑔휀1 =
2𝑛𝜔

𝑘2 −𝜔2
, 𝑡𝑔휀3 =

6𝑛𝜔

𝑘2 − 9𝜔2
,   

  Nnapovni sidideebis gaTvaliswinebiT  (3) gantoleba miiRebs saxes: 

𝜑 =
ℎ1

√(𝑘2 −𝜔2)2 + 4𝑛2𝜔2
𝑠𝑖𝑛(𝜔𝑡 − 휀1) + 

+
ℎ3

√(𝑘2 − 9𝜔2)2 + 36𝑛2𝜔2
, 𝑠𝑖𝑛(3𝜔𝑡 − 휀3). 

p a s u x i:  𝜑 = 𝐴1𝑠𝑖𝑛(𝜔𝑡 − 휀1) + 𝐴3𝑠𝑖𝑛(3𝜔𝑡 − 휀3); 
sadac   

𝐴1 =
ℎ1

√(𝑘2−𝜔2)2+4𝑛2𝜔2
;   𝐴3 =

ℎ3

√(𝑘2−9𝜔2)2+36𝑛2𝜔2
; 

휀1 = 𝑎𝑟𝑐𝑡𝑔
2𝑛𝜔

𝑘2 −𝜔2
;   휀3 = 𝑎𝑟𝑐𝑡𝑔

6𝑛𝜔

𝑘2 − 9𝜔2
. 

 
 

amocana  37.20 

  A𝑀 masis  da  𝑅  radiusis 𝐷 disko  

Camokidebulia 𝐴𝐵  drekad Reroze, romlis 

grexvaze sixistis koeficientia 𝑐. Reros 𝐵 
bolo Bbrunavs  kanoniT   𝜑𝐵 = 𝜔0𝑡 + Φ𝑠𝑖𝑛𝑝𝑡,  
sadac Φ, 𝑝 mudmivi sidideebia. ugulebelvyoT 

winaaRmdegobis Zalebi da  ganvsazRvroT 𝐷 
diskos moZraobis kanoni: 1) rezonansis ar 
arsebobis SemTxvevaSi; 2) rezonansis 

𝐵 

𝐴 

𝐷 

𝜑 
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SemTxvevaSi. sawyis momentSi disko uZravi iyo, xolo Rero –
aradeformirebuli. 
    a m o x s n a.    ganvixiloT     mocemuli sistemis  moZraoba 
. vaCvenoT  naxazze  sistemaze moqmedi    Zalebi    (ix.N naxazi): 

  𝑀�⃗⃗⃗� −  diskos simZimis Zala,  𝑚დრ − drekadobis Zalis momenti, 

�⃗⃗⃗� − sayrdenis reaqcia. 

  davweroT uZravi 𝑧 RerZis garSemo  brunvis diferencialuri 
gantoleba:  

                       𝐽𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),                  (1) 

vipovoT 𝑧 RerZis mimarT   gare Zalebis nakrebi momenti  

∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = −𝑚დრ = −𝑐(𝜑 − 𝜑𝐵) = (𝜔0𝑡 + Φ𝑠𝑖𝑛𝑝𝑡)𝑐 − 𝑐𝜑 

 
 Dda diskos inerciis momenti am erZis 
mimarT:          

     𝐽𝑧 =
𝑀𝑅2

2
. 

  CavsvaT   miRebuli  mniSvneloba  (1) 
gantolebaSi: 
 

𝑀𝑅2

2
�̈� = −𝑐𝜑 + 𝑐(𝜔0𝑡 + Φ𝑠𝑖𝑛𝑝𝑡). 

Ggardaqmnis Semdeg miviRebT: 

�̈� +
2𝑐

𝑀𝑅2
𝜑 =

2𝑐

𝑀𝑅2
(𝜔0𝑡 + Φ𝑠𝑖𝑛𝑝𝑡) 

an 

�̈� + 𝑘2𝜑 = 𝑑 ∙ 𝑡 + ℎ ∙ 𝑠𝑖𝑛𝑝𝑡, 
sadac 

 𝑘 = √
2𝑐

𝑀𝑅2
− diskos grexviTi rxevebis wriuli sixSirea;   

𝑑 =
2𝑐𝜔0
𝑀𝑅2

;    ℎ =
2𝑐Φ

𝑀𝑅2
.    

 
  Mmudmivkoeficientebiani araerTgvarovani diferencialuri 
gantolebis kerZo amonaxsnis veZeboT Semdegi jamis saxiT: 

                        𝜑 = 𝜑1 + 𝜑2,                   (3)   
sadac 𝜑1 aris �̈� + 𝑘

2𝜑 = 0   erTgvarovani diferencialuri 
gantolebis zogadi amonaxsni: 

                    𝜑1 = 𝐴𝑐𝑜𝑠𝑘𝑡 + 𝐵𝑠𝑖𝑛𝑘𝑡.               (4) 

𝐵 

𝐴 

𝐷 

𝜑𝐴𝐵 

𝑧 

�⃗⃗⃗� �⃗⃗⃗� 

𝑚დრ

= − 

𝑅 

𝜑 

𝜑𝐵 

𝑀�⃗� 

• 
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𝜑2 −kerZo amonaxsnia, romelsac veZebT (2) diferencialuri 
gantolebis marjvena nawilis saxiT, rodesac rezonanss  ara aqvs 

adgili, e.i. roca 𝑝 ≠ 𝑘: 
                       𝜑2 = 𝐷 ∙ 𝑡 + 𝐸 ∙ 𝑠𝑖𝑛𝑝𝑡.             (5) 
 
vipovoT  integrebis 𝐷  da  𝐸  mudmivebi. amisaTvis (5) gantoleba 
gavawarmooT orjer droiT: 

�̇�2 = 𝐷 + 𝐸𝑝 ∙ 𝑐𝑜𝑠𝑝𝑡, 
�̈�2 = −𝐸𝑝

2 ∙ 𝑠𝑖𝑛𝑝𝑡. 
CavsvaT 𝜑2 da  �̈�2-is  mniSvnelobebi (2) diferencialur 
gantolebaSi, miviRebT: 

−𝐸𝑝2 ∙ 𝑠𝑖𝑛𝑝𝑡+𝑘2𝐷𝑡 + 𝑘2 𝐸 ∙ 𝑠𝑖𝑛𝑝𝑡 = 𝑑 ∙ 𝑡 + ℎ ∙ 𝑠𝑖𝑛𝑝𝑡. 
saidanac 

𝐷 =
𝑑

𝑘2
=
2𝑐𝜔0𝑀𝑅

2

𝑀𝑅22𝑐
= 𝜔0, 

 

                          𝐸 =
ℎ

𝑘2−𝑝2
.                   (6)    

(3) gamosaxuleba (4)-(6) formulebis gaTvaliswinebiT miiRebs aseT 
saxes: 

             𝜑 = 𝐴𝑐𝑜𝑠𝑘𝑡 + 𝐵𝑠𝑖𝑛𝑘𝑡 + 𝜔0𝑡 +
ℎ

𝑘2−𝑝2
𝑠𝑖𝑛𝑝𝑡.       (7) 

gavawarmooT (7) droiT: 

         �̇� = −𝐴𝑘𝑐𝑜𝑠𝑘𝑡 + 𝐵𝑘𝑐𝑜𝑠𝑘𝑡 + 𝜔0 +
ℎ𝑝

𝑘2−𝑝2
𝑐𝑜𝑠𝑝𝑡.       (8) 

   ganvsazRvroT integrebis 𝐴  da  𝐵  mudmivebi. amisaTvis (7) da (8) 

gantolebebSi CavsvaT sawyisi pirobebi: 𝑡 = 0, �̇�0 = 0,𝜑0 = 0.  maSin 

𝐴 = 0, 𝑩 = −
𝜔0
𝒌
−

ℎ𝑝

𝑘(𝑘2 − 𝑝2)
. 

CavsvaT 𝐴  da  𝐵  mudmivebis mniSvnelobebi (7) gantolebaSi da 
CavweroT diskos moZraobis kanoni: 
 

𝜑 = −
𝜔0
𝒌
𝑠𝑖𝑛𝑘𝑡 −

ℎ𝑝

𝑘(𝑘2 − 𝑝2)
𝑠𝑖𝑛𝑘𝑡 + 𝜔0𝑡 +

ℎ

𝑘2 − 𝑝2
𝑠𝑖𝑛𝑝𝑡 

Aan 

𝜑 = 𝜔0𝑡 −
𝜔0
𝒌
𝑠𝑖𝑛𝑘𝑡 +

ℎ

𝑘2 − 𝑝2
(𝑠𝑖𝑛𝑝𝑡 −

𝑝

𝒌
𝑠𝑖𝑛𝑘𝑡). 

 

   rezonansis dros, e.i. roca 𝑝 = 𝑘, kerZo amonaxsns veZebT Semdegi 
saxiT: 

                      𝜑2 = 𝐷 ∙ 𝑡 + 𝐸 ∙ 𝑡 ∙ 𝑐𝑜𝑠𝑘𝑡.            (9) 
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  ganvsazRvroT  integrebis 𝐷  da  𝐸  mudmivebi. amisaTvis (9) 
gantoleba gavawarmooT orjer droiT: 

�̇�2 = 𝐷 + 𝐸 ∙ 𝑐𝑜𝑠𝑘𝑡 − 𝑘𝐸𝑡 ∙ 𝑠𝑖𝑛𝑘𝑡, 
�̈�2 = −𝐸𝑘 ∙ 𝑠𝑖𝑛𝑘𝑡 − 𝑘𝐸 ∙ 𝑠𝑖𝑛𝑘𝑡 − 𝐸𝑘

2 ∙ 𝑡 ∙ 𝑐𝑜𝑠𝑘𝑡. 
CavsvaT 𝜑2 da  �̈�2-is  mniSvnelobebi (2) diferencialur 
gantolebaSi, miviRebT: 

−𝐸𝑘2𝑡𝑠𝑖𝑛𝑝𝑡 − 2𝐸𝑘𝑠𝑖𝑛𝑘𝑡+𝑘2𝐷𝑡 + 𝑘2 𝐸𝑡𝑐𝑜𝑠𝑘𝑡 = 𝑑 ∙ 𝑡 + ℎ ∙ 𝑠𝑖𝑛𝑝𝑡. 
saidanac 

  𝐷 =
𝑑

𝑘2
= 𝜔0,   𝐸 = −

ℎ

2𝑘
. 

maSin (9) kerZo amonaxsens aqvs saxe: 

                    𝜑2 = 𝜔0𝑡 −
ℎ

2𝑘
∙ 𝑡 ∙ 𝑐𝑜𝑠𝑘𝑡.              (10) 

 
CavsvaT (4) da (10) gamosaxulebebi (3) gantolebaSi, miviRebT: 

            𝜑 = 𝐴𝑐𝑜𝑠𝑘𝑡 + 𝐵𝑠𝑖𝑛𝑘𝑡 + 𝜔0𝑡 −
ℎ

2𝑘
∙ 𝑡 ∙ 𝑐𝑜𝑠𝑘𝑡.       (11) 

  integrebis 𝐴  da  𝐵  mudmivebs vipoviT. sawyisi pirobebis 

gaTvaliswinebiT: 𝑡 = 0, �̇�0 = 0,𝜑0 = 0.  amisaTvis (11) gantoleba 
gavawarmooT droiT: 

�̇� = −𝐴𝑘𝑠𝑖𝑛𝑘𝑡 + 𝐵𝑘𝑐𝑜𝑠𝑘𝑡 + 𝜔0 +
ℎ𝑘

2𝑘
𝑡𝑠𝑖𝑛𝑘𝑡 −

ℎ

2𝑘
𝑐𝑜𝑠𝑘𝑡. 

 
aqedan 

𝐴 = 0, 𝑩 =
ℎ

𝟐𝑘2
−
𝜔0
𝑘
. 

   Tu 𝐴  da  𝐵  mudmivebis miRebul mniSvnelobebs CavsvamT (11)_Si 
miviRebT diskos moZraobis kanons: 

𝜑 =
ℎ

𝟐𝑘2
𝑠𝑖𝑛𝑘𝑡 −

𝜔0
𝑘
𝑠𝑖𝑛𝑘𝑡 + 𝜔0𝑡 −

ℎ

2𝑘
∙ 𝑡 ∙ 𝑐𝑜𝑠𝑘𝑡 

 
Aan 

𝜑 = 𝜔0𝑡 −
𝜔0
𝑘
𝑠𝑖𝑛𝑘𝑡 +

ℎ

2𝑘
(
1

𝑘
𝑠𝑖𝑛𝑘𝑡 − 𝑡𝑐𝑜𝑠𝑘𝑡). 

 

p a s u x i:  1) 𝜑 = 𝜔0𝑡 −
𝜔0

𝒌
𝑠𝑖𝑛𝑘𝑡 +

ℎ

𝑘2−𝑝2
(𝑠𝑖𝑛𝑝𝑡 −

𝑝

𝒌
𝑠𝑖𝑛𝑘𝑡), 

sadac   𝑘 = √
2𝑐

𝑀𝑅2
; 

2) 𝜑 = 𝜔0𝑡 −
𝜔0

𝑘
𝑠𝑖𝑛𝑘𝑡 +

ℎ

2𝑘
(
1

𝑘
𝑠𝑖𝑛𝑘𝑡 − 𝑡𝑐𝑜𝑠𝑘𝑡). 
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amocana  37.21 

 
  drekad mavTulze  Camokidebuli myari sxeuli asrulebs grexviT 

rxevebs siTxeSi. myari sxeulis inerciis momenti mavTulis 𝑧  RerZis 
mimarT udris 𝐽𝑧.  mavTulis drekadi Zalebis momentia 𝑚დრ = −𝑐𝜑, 

sadac 𝑐 drekadobis koeficientia, xolo 𝜑 −grexis kuTxe. moZraobis 

winaaRmdegobis momentia 𝑚𝑐𝑧 = −𝛽�̇�, sadac �̇� −myari sxeulis 

brunvis kuTxuri siCqarea, xolo 𝛽 > 0.  sawyis momentSi myari 

sxeuli dagrexili iyo 𝜑0 kuTxiT da gaSvebuli iyo usawyiso 
siCqariT.  gansazRvreT myari sxeulis moZraobis kanoni, Tu  

𝛽

2𝐽𝑧
< √

𝑐

𝐽𝑧
. 

 a m o x s n a.     ganvixiloT drekad 
mavTulze  Camokidebuli myari sxeulis 
grexviTi    rxevebi  siTxeSi.  Nnaxazze  
vaCvenoT    sxeulze   moqmedi  Zalebi 

(ix.N naxazi):    𝑀�⃗� −  simZimis    Zala, 
𝑚დრ − drekadobis  Zalis    momenti,  

winaaRmdegobis momenti 𝑚𝑐𝑧 da 

�⃗⃗⃗� −mavTulis reaqcia. 

    davweroT uZravi 𝑧 RerZis garSemo  
 brunvis diferencialuri gantoleba: 
 

      𝐽𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),     (1) 

vipovoT 𝑧 RerZis mimarT   gare Zalebis nakrebi momenti  

∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = −𝑚𝑐𝑧 −𝑚დრ𝑧 = – 𝑐𝜑 − 𝛽�̇�. 

 
Dda CavsvaT misi mniSvneloba (1) gantolebaSi: 
 

𝐽𝑧�̈� =  −𝑐𝜑 − 𝛽�̇� 
 
Ggardaqmnis Semdeg miviRebT: 

�̈� +
𝛽

𝐽𝑧
�̇� +

𝑐

𝐽𝑧
𝜑 = 0 

an 

                  �̈� + 2𝑛�̇� + 𝑘2𝜑 = 0,                (2) 
sadac 

• 

𝑧 

𝜑 

𝑀�⃗� 

�⃗⃗⃗� 
𝑚დრ 

 

𝑚𝑐𝑧 
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𝑘 = √
𝑐

𝐽𝑧
; 2𝑛 =

𝛽

𝐽𝑧
. 

 
(2) warmoadgens milevadi rxevebis gantolebas, radgan  

                 
𝛽

2𝐽𝑧
< √

𝑐

𝐽𝑧
 anu 𝑣 < 𝑘. 

   (2) gantolebis zogadi amonaxsni  veZeboT Semdegi saxiT:                         

           𝜑 = 𝑒−𝑛𝑡(𝐴𝑐𝑜𝑠√𝑘2 − 𝑛2𝑡 + 𝐵𝑠𝑖𝑛√𝑘2 − 𝑛2𝑡).     (3) 
gavawarmooT (3) toloba droiT: 

�̇� = −𝑛𝑒−𝑛𝑡 (𝐴𝑐𝑜𝑠√𝑘2 − 𝑛2𝑡 + 𝐵𝑠𝑖𝑛√𝑘2 − 𝑛2𝑡) + 

+𝑒−𝑛𝑡(−𝐴√𝑘2 − 𝑛2𝑠𝑖𝑛√𝑘2 − 𝑛2𝑡 +

                                 +𝐵√𝑘2 − 𝑛2𝑐𝑜𝑠√𝑘2 − 𝑛2𝑡)             (4) 
   vipovoT  𝐴  da  𝐵  mudmivebi. sawyisi pirobebis gaTvaliswinebiT: 

𝑡 = 0, �̇�0 = 0,  𝜑0 ≠ 0. 
CavsavaT es mniSvnelobebi (3)  da  (4) gantolebaSi, miviRebT: 
: 

𝐴 = 𝜑0,    𝐵 =
𝑛 𝜑0

√𝑘2 − 𝑛2
.  .   

𝐴  da  𝐵  mudmivebis miRebuli mniSvnelobebi CavsvaT (3)-Si, miviRebT 
sxeulis moZraobis gantolebas: 
 

𝜑 = 𝜑0𝑒
−𝑛𝑡 (𝑐𝑜𝑠√𝑘2 − 𝑛2𝑡 +

𝑛 

√𝑘2 − 𝑛2
𝑠𝑖𝑛√𝑘2 − 𝑛2𝑡). 

 

p a s u x i:  𝜑 = 𝜑0𝑒
−𝑛𝑡 (𝑐𝑜𝑠√𝑘2 − 𝑛2𝑡 +

𝑛 

√𝑘2−𝑛2
𝑠𝑖𝑛√𝑘2 − 𝑛2𝑡). 

sadac   𝑘 = √
𝑐

𝐽𝑧
; 𝑛 =

𝛽

2𝐽𝑧
. 
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amocana  37.22 

A drekad mavTulze dakidebul  𝑀 masis  da  𝑅  radiusis  
erTgvarovan wriul diskosSeuZlia 
Seasrulos brexviTi rxevebi  siTxeSi. 
mavTulis drekadi Zalebis momentia 

𝑚დრ𝑧 = −𝑐𝜑, sadac 𝑧 mimarTulia 

mavTulis RerZis gaswvriv, 𝑐- 
drekadobis koeficientia, xolo 𝜑 −
𝑑𝑎grexis kuTxea; moZraobis 

winaaRmdegobis momentia 𝑚𝑐𝑧 = −𝛽�̇�, 
sadac �̇�-myari sxeulis brunvis 

kuTxuri siCqarea, xolo 𝛽 > 0.  
sawyis momentSi myari sxeuli 
dagrexili iyo 𝜑0 kuTxiT da gaSvebuli 
iyo usawyiso siCqariT.  gansazRvreT myari sxeulis moZraobis kanoni, 

Tu:  1) 
𝛽

𝑀𝑅2
= √

2𝑐

𝑀𝑅2
.  2) 

𝛽

𝑀𝑅2
> √

2𝑐

𝑀𝑅2
. 

 a m o x s n a.    ganvixiloT  drekad mavTulze     Camokidebuli      
diskos grexviTi    rxevebi   siTxeSi. Nnaxazze  vaCvenoT   diskoze   

moqmedi    Zalebi  (ix.Nnaxazi):   𝑀�⃗� −  simZimis     Zala, 𝑚დრ𝑧 − 

drekadobis  Zalis   momenti, winaaRmdegobis momenti 𝑚𝑐𝑧 da 

�⃗⃗⃗� −mavTulis reaqcia. 

    davweroT uZravi 𝑧 RerZis garSemo  brunvis diferencialuri 
gantoleba: 

𝐽𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),     (1) 

vipovoT 𝑧 RerZis mimarT   gare Zalebis nakrebi momenti  

          ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = −𝑚𝑐𝑧 −𝑚დრ𝑧 = – 𝑐𝜑 − 𝛽�̇�.         (2) 

Dda CavsvaT misi mniSvneloba (1) gantolebaSi: 
 

𝐽𝑧�̈� =  −𝑐𝜑 − 𝛽�̇� 
 
Ggardaqmnis Semdeg miviRebT: 

𝐽𝑧�̈� + 𝛽�̇� + 𝑐𝜑 = 0 
an 

                    �̈� + 2𝑛�̇� + 𝑘2𝜑 = 0,                 (3) 

• 

𝑧 

𝜑 

𝑀�⃗� 

�⃗⃗⃗� 
𝑚დრ𝑧 

 

𝑚𝑐𝑧 
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sadac  

 𝐽𝑧 =
𝑀𝑅2

2
− erTgvarovani diskos inerciis momentia 𝑧 RerZis mimarT:   

𝑛 =
𝛽

2𝐽𝑧
=

𝛽

𝑀𝑅2
−garemos winaaRmdegobis koeficientia;  𝑘 = √

𝑐

𝐽𝑧
=

√
2𝑐

𝑀𝑅2
−rxevis wriuli sixSirea. 

    (3) gantoleba warmoadgens milevadi rxevebis diferencialur 
gantolebas, romlis amonaxsni damokidebulia maxasiaTebeli 
gantolebis fesvebze: 

                   𝑧2 + 2𝑛𝑧 + 𝑘2 = 0,                 (4) 
   (4) gantolebis fesvebia: 

𝑧1,2 = −𝑛 ±√𝑘
2 − 𝑛2. 

 

1)  Tu 
𝛽

𝑀𝑅2
= √

2𝑐

𝑀𝑅2
, e.i. 𝑛 = 𝑘, maSin (4) gantolebis fesvebi 

namdvili, toli da uaryofiTia: 

𝑧1,2 = −𝑛. 
Aam SemTxvevaSi zogad amonaxsns aqvs Semdegi saxe: 

                        𝜑 = 𝑒−𝑛𝑡(𝐴𝑡 + 𝐵).               (5) 
gavawarmooT (5) gantoleba droiT 

                     �̇� = −𝑛𝑒−𝑛𝑡(𝐴𝑡 + 𝐵) + 𝐴𝑒−𝑛𝑡 .         (6) 
   vipovoT  𝐴  da  𝐵  mudmivebi. sawyisi pirobebis gaTvaliswinebiT: 

𝑡 = 0, �̇�0 = 0, 𝜑0 ≠ 0. 
   CavsavaT es mniSvnelobebi (5)  da  (6) gantolebaSi, miviRebT: 

:𝐵 = 𝜑0,    𝐴 = 𝑛 𝜑0. 
  𝐴  da  𝐵  mudmivebis miRebuli mniSvnelobebi CavsvaT (5)-Si, 
miviRebT diskos moZraobis gantolebas am SemTxvevisaTvis: 

𝜑 =,𝜑0𝑒
−𝑛𝑡(𝑛𝑡 + 1). 

2) Tu 
𝛽

𝑀𝑅2
> √

2𝑐

𝑀𝑅2
, e.i. 𝑛 > 𝑘, maSin (4) gantolebis fesvebi namdvili, 

uaryofiTi da sxvadsxva: 

𝑧1,2 = −𝑛 ±√𝑛
2 − 𝑘2. 

Aam SemTxvevaSi zogad amonaxsns aqvs Semdegi saxe: 

                  𝜑 = 𝑒−𝑛𝑡 (𝐴𝑒√𝑛
2−𝑘2𝑡 + 𝐵𝑒−√𝑛

2−𝑘2𝑡).       (7) 
gavawarmooT (7) gantoleba droiT 

�̇� = −𝑛𝑒−𝑛𝑡 (𝐴𝑒√𝑛
2−𝑘2𝑡 + 𝐵𝑒−√𝑛

2−𝑘2𝑡) + 

          +𝑒−𝑛𝑡 (𝐴√𝑛2 − 𝑘2𝑒√𝑛
2−𝑘2𝑡 −𝐵√𝑛2 − 𝑘2𝑒−√𝑛

2−𝑘2𝑡).    (8) 
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vipovoT  𝐴  da  𝐵  mudmivebi. sawyisi pirobebis gaTvaliswinebiT: 

𝑡 = 0, �̇�0 = 0,  𝜑0 ≠ 0. 
   CavsavaT es mniSvnelobebi (7)  da  (8) gantolebaSi, miviRebT: 

𝐴 = 
𝜑0(√𝑛

2 − 𝑘2 + 𝑛)

2√𝑛2 − 𝑘2
,    𝐵 =

𝜑0(√𝑛
2 − 𝑘2 − 𝑛)

2√𝑛2 − 𝑘2
 

  𝐴  da  𝐵  mudmivebis miRebuli mniSvnelobebi CavsvaT (7)-Si, 
miviRebT diskos moZraobis gantolebas am SemTxvevisaTvis: 
 

𝜑 =
𝜑0

2√𝑛2 − 𝑘2
𝑒−𝑛𝑡 [(√𝑛2 − 𝑘2 + 𝑛) 𝑒√𝑛

2−𝑘2𝑡 + 

+(√𝑛2 − 𝑘2 − 𝑛)𝑒−√𝑛
2−𝑘2𝑡]. 

p a s u x i:  aperioduli moZraoba, romelic mimdinareobs kanoniT: 
  

1) 
𝛽

𝑀𝑅2
= √

2𝑐

𝑀𝑅2
, 𝜑 =,𝜑0𝑒

−𝑛𝑡(𝑛𝑡 + 1), sadac 𝑛 =
𝛽

𝑀𝑅2
 

2) 
𝛽

𝑀𝑅2
> √

2𝑐

𝑀𝑅2
, 

𝜑 =
𝜑0

2√𝑛2 − 𝑘2
𝑒−𝑛𝑡 [(√𝑛2 − 𝑘2 + 𝑛) 𝑒√𝑛

2−𝑘2𝑡 + 

 

+(√𝑛2 − 𝑘2 − 𝑛)𝑒−√𝑛
2−𝑘2𝑡], sadac 𝑘 = √

2𝑐

𝑀𝑅2
,  𝑛 =

𝛽

𝑀𝑅2
. 

 
amocana  37.23 

   drekad mavTulze  Camokidebuli myari sxeuli asrulebs grexviT 

rxevebs gare 𝑚გ𝑧 = 𝑚0𝑐𝑜𝑠𝑝𝑡.  Mmomentis moqmedebiT, sadac 𝑚0 da 𝑝 

dadebiTi mudmivebia, xolo 𝑧  RerZis mimarTulia mavTulis gaswvriv.  

mavTulis drekadi Zalebis momentia 𝑚დრ = −𝑐𝜑, sadac 𝑐 
drekadobis koeficientia, xolo 𝜑 −grexis kuTxe. myari sxeulis 

inerciis momenti mavTulis 𝑧  RerZis mimarT udris 𝐽𝑧. moZraobis 
winaaRmdegobis  Zalebi ugulebelyofilia.  gansazRvreT myari 

sxeulis moZraobis kanoni Semdeg SemTxvevebSi: 1) 
𝑐

𝐽𝑧
≠ 𝑝, 2) 

𝑐

𝐽𝑧
= 𝑝, 

Tu sawyis momentSimavTuli imyofeboda aradaZabul mdgomareobaSi 
da myar sxeuls mianiWes  𝜔0   kuTxuri siCqare. 
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  a m o x s n a.     ganvixiloT 
drekad mavTulze   Camokidebuli 
myari sxeulis  grexviTi  rxevebi 
masze     modebuli       Zalebis  
moqmedebiT.    Nnaxazze   vaCvenoT 
 sxeulze moqmedi Zalebi 

(ix.Nnaxazi):  𝑀�⃗� −  simZimis Zala, 
𝑚დრ − drekadobis Zalis momenti,  

gare momenti 𝑚გ𝑧 da �⃗⃗⃗� −mavTulis 

reaqcia. 

    davweroT uZravi 𝑧 RerZis 
garSemo myari sxeulis brunvis 

 diferencialuri gantoleba: 
 

                                             𝐽𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),                   (1) 

vipovoT 𝑧 RerZis mimarT   gare Zalebis nakrebi momenti  

            ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑚გ𝑧 −𝑚დრ𝑧 = 𝑚0𝑐𝑜𝑠𝑝𝑡 – 𝑐𝜑.      (2)    

 
Dda CavsvaT misi mniSvneloba (1) gantolebaSi: 
 

𝐽𝑧�̈� = 𝑚0𝑐𝑜𝑠𝑝𝑡 – 𝑐𝜑. 
Ggardaqmnis Semdeg miviRebT: 

�̈� +
𝑐

𝐽𝑧
𝜑 =

𝑚0

𝐽𝑧
𝑐𝑜𝑠𝑝𝑡 

an 

                    �̈� + 𝑘2𝜑 = ℎ𝑐𝑜𝑠𝑝𝑡,                  (3) 
sadac 

𝑘 = √
𝑐

𝐽𝑧
; ℎ =

𝑚0

𝐽𝑧
. 

 
  Mmudmivkoeficientebiani araerTgvarovani diferencialuri 
gantolebis kerZo amonaxsnis veZeboT Semdegi jamis saxiT: 

                        𝜑 = 𝜑1 + 𝜑2,                 (4)   
sadac 𝜑1 aris �̈� + 𝑘2𝜑 = 0   erTgvarovani diferencialuri 
gantolebis zogadi amonaxsni: 

                      𝜑1 = 𝐴𝑠𝑖𝑛𝑘𝑡 + 𝐵𝑐𝑜𝑠𝑘𝑡.             (5) 
𝜑2 −kerZo amonaxsnia, romelsac veZebT (3) diferencialuri 

gantolebis marjvena nawilis saxiT, roca 𝑝 ≠ 𝑘: 
                       𝜑2 = 𝐷 ∙ 𝑐𝑜𝑠𝑝𝑡.                  (6) 
 (6) toloba gavawarmooT orjer droiT: 

• 

𝑧 

𝜑 

𝑀�⃗� 

�⃗⃗⃗� 
𝑚დრ 

 

𝑚გ𝑧 

𝑦 

x 
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�̇�2 = −𝑝 ∙ 𝐷 ∙ 𝑠𝑖𝑛𝑝𝑡, 
�̈�2 = −𝑝

2 ∙ 𝐷 ∙ 𝑐𝑜𝑠𝑝𝑡. 
integrebis 𝐷 mudmivis sapovnelad CavsvaT 𝜑2 da  �̈�2-is  
mniSvnelobebi (3) diferencialur gantolebaSi, miviRebT: 

−𝐷𝑝2 ∙ 𝑐𝑜𝑠𝑝𝑡+𝐷𝑘2 𝑐𝑜𝑠𝑝𝑡 = ℎ𝑐𝑜𝑠𝑝𝑡. 
saidanac 

𝐷 =
ℎ

𝑘2 − 𝑝2
, 

CavsvaT (5)  da (6) gamosaxuleba integrebis 𝐷 mudmivis mniSvnelobis 
gaTvaliswinebiT (4) gantolebaSi, miviRebT: 

                  𝜑 = 𝐴𝑠𝑖𝑛𝑘𝑡 + 𝐵𝑐𝑜𝑠𝑘𝑡 +
ℎ

𝑘2−𝑝2
𝑠𝑖𝑛𝑝𝑡.       (7) 

gavawarmooT (7) droiT: 

               �̇� = 𝐴𝑘𝑐𝑜𝑠𝑘𝑡 − 𝐵𝑘𝑠𝑖𝑛𝑘𝑡 −
ℎ𝑝

𝑘2−𝑝2
𝑠𝑖𝑛𝑝𝑡.       (8) 

   ganvsazRvroT integrebis 𝐴  da  𝐵  mudmivebi. sawyisi pirobebis 
gaTvaliswinebiT: 𝑡 = 0, 𝜑0 = 0, �̇�0 = 𝜔0. 

.  maSin 

𝐴 =
𝜔0
𝒌
, 𝑩 = −

ℎ

𝑘2 − 𝑝2
. 

  CavsvaT 𝐴  da  𝐵  mudmivebis mniSvnelobebi (7) gantolebaSi da 
CavweroT sxeulis moZraobis kanoni pirveli SemTxvevisaTvis: 

𝜑 =
𝜔0
𝒌
𝑠𝑖𝑛𝑘𝑡 −

ℎ

𝑘2 − 𝑝2
𝑐𝑜𝑠𝑘𝑡 +

ℎ

𝑘2 − 𝑝2
𝑐𝑜𝑠𝑝𝑡 

Aan 

𝜑 =
𝜔0
𝒌
𝑠𝑖𝑛𝑘𝑡 +

ℎ

𝑘2 − 𝑝2
(𝑐𝑜𝑠𝑝𝑡 − 𝑐𝑜𝑠𝑘𝑡). 

   Mmeore SemTxvevaSi, roca 𝑝 = 𝑘, 𝜑2 −kerZo amonaxsni  veZeboT 
Semdegi saxiT 

                       𝜑2 = 𝐸𝑡𝑠𝑖𝑛𝑝𝑡.                   (8) 
 gavawarmooT (8) toloba droiT orjer: 

�̇�2 = 𝐸𝑠𝑖𝑛𝑝𝑡 + 𝐸𝑡𝑝𝑐𝑜𝑠𝑝𝑡, 
�̈�2 = 𝐸𝑝𝑐𝑜𝑠𝑝𝑡 + 𝐸𝑝𝑐𝑜𝑠𝑝𝑡 − 𝐸𝑝

3𝑡𝑠𝑖𝑛𝑝𝑡. 
integrebis 𝐸 mudmivis sapovnelad CavsvaT 𝜑2 da  �̈�2 −is  
mniSvnelobebi (3) diferencialur gantolebaSi, miviRebT: 

2𝐸𝑝 ∙ 𝑐𝑜𝑠𝑝𝑡 − 𝐸𝑝2𝑡𝑠𝑖𝑛𝑝𝑡+𝐸𝑘2𝑡 𝑠𝑖𝑛𝑘𝑡 = ℎ𝑐𝑜𝑠𝑝𝑡. 
saidanac 

𝐸 =
ℎ

2𝑝
. 

CavsvaT (5)  da (8) gamosaxuleba integrebis 𝐸 mudmivis mniSvnelobis 
gaTvaliswinebiT (4) gantolebaSi, miviRebT: 
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                 𝜑 = 𝐴𝑠𝑖𝑛𝑘𝑡 + 𝐵𝑐𝑜𝑠𝑘𝑡 +
ℎ

2𝑝
𝑡𝑠𝑖𝑛𝑝𝑡.          (9) 

gavawarmooT (9) droiT: 

           �̇� = 𝐴𝑘𝑐𝑜𝑠𝑘𝑡 − 𝐵𝑘𝑠𝑖𝑛𝑘𝑡 +
ℎ

2𝑝
𝑠𝑖𝑛𝑝𝑡 +

ℎ𝑝

2𝑝
𝑡𝑐𝑜𝑠𝑝𝑡.        

ganvsazRvroT integrebis 𝐴  da  𝐵  mudmivebi. sawyisi pirobebis 
gaTvaliswinebiT: 𝑡 = 0, 𝜑0 = 0, �̇�0 = 𝜔0. 

.  maSin 

𝐴 =
𝜔0
𝑘
, 𝐵 = 0. 

  CavsvaT 𝐴  da  𝐵  mudmivebis mniSvnelobebi (9) gantolebaSi da 
CavweroT sxeulis moZraobis kanoni meorei SemTxvevisaTvis: 

     

𝜑 =
𝜔0
𝒌
𝑠𝑖𝑛𝑘𝑡 +

ℎ

2𝑝
𝑡𝑠𝑖𝑛𝑝𝑡 

p a s u x i:  1) 
𝑐

𝐽𝑧
≠ 𝑝; 𝜑 =

𝜔0

𝒌
𝑠𝑖𝑛𝑘𝑡 +

ℎ

𝑘2−𝑝2
(𝑐𝑜𝑠𝑝𝑡 − 𝑐𝑜𝑠𝑘𝑡). sadac 

𝑘 = √
𝑐

𝐽𝑧
; ℎ =

𝑚0

𝐽𝑧
; 

2)  𝑐
𝐽𝑧
= 𝑝;  𝜑 =

𝜔0

𝒌
𝑠𝑖𝑛𝑘𝑡 +

ℎ

2𝑝
𝑡𝑠𝑖𝑛𝑝𝑡, sadac 𝑘 = √

𝑐

𝐽𝑧
= 𝑝;   ℎ =

𝑚0

𝐽𝑧
;  

  
amocana  37.24 

A drekad mavTulze dakidebuli  𝑀 masis  da  𝑅  radiusis  
erTgvarovani wriuli disko asrulebs rezonansul grexviT rxevebs  

siTxeSi gare 𝑚გ𝑧 = 𝑚0𝑠𝑖𝑛𝑝𝑡  Mmomentis moqmedebiT, sadac 𝑚0 da 𝑝 

dadebiTi mudmivebia,xolo  𝑧 mimarTulia mavTulis RerZis gaswvriv. 
mavTulis drekadi Zalebis momentia 

𝑚დრ𝑧 = −𝑐𝜑, sadac 𝑐- drekadobis 

koeficientia, xolo 𝜑 − dagrexis 
kuTxe; moZraobisadmi 

winaaRmdegobis momentia 𝑚𝑐𝑧 =
−𝛽�̇�, sadac    �̇� −myari sxeulis 
brunvis kuTxuri siCqarea, xolo 

𝛽 > 0.  gansazRvreT diskos 
iZulebiTi rezonansuli rxevebis 
gantoleba. 
a m o x s n a.   ganvixiloT 
diskos grexviTi rxevebi   siTxeSi. 
Nnaxazze  vaCvenoT  diskoze   

moqmedi  Zalebi (ix.Nnaxazi):   𝑀�⃗⃗⃗� −  

• 

𝑧 

𝑅 

𝑀�⃗� 

�⃗⃗⃗� 
𝑚დრ𝑧 

 
𝑚𝑐𝑧 

𝑚გ𝑧 

𝑦 

𝑥 

𝜑 
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simZimis    Zala, 𝑚დრ𝑧 − drekadobis Zalis  momenti, 

𝑚𝑐𝑧 −moZraobisadni winaaRmdegobis momenti,  𝑚გ𝑧 −  gare M momenti 

da  �⃗⃗⃗� −mavTulis  reaqcia. 

    davweroT uZravi 𝑧 RerZis garSemo  diskos brunvis 
diferencialuri  gantoleba: 

                                        𝐽𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),                      (1) 

vipovoT 𝑧 RerZis mimarT   gare Zalebis nakrebi momenti      

     ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑚გ𝑧−𝑚𝑐𝑧 −𝑚დრ𝑧 = 𝑚0𝑠𝑖𝑛𝑝𝑡– 𝑐𝜑 − 𝛽�̇�.    (2) 

CavsvaT D(2) gamosaxuleba (1) gantolebaSi: 
 

𝐽𝑧�̈� = 𝑚0𝑠𝑖𝑛𝑝𝑡 − 𝛽�̇� − 𝑐𝜑 
an 

                𝐽𝑧�̈� + 𝛽�̇� + 𝑐𝜑 = 𝑚0𝑠𝑖𝑛𝑝𝑡.                (3) 
  (3) gantoleba warmoadgens diskos grexviTi rxevebis 
diferencialur gantolebas. 
    iZulebiTi rxevebis kanons miviRebT rogorc araerTgvarovani  
diferencialuri gantolebis kerZo amonaxsns Semdegi saxiT: 

𝜑 = 𝐴𝑠𝑖𝑛𝑝𝑡 + 𝐵𝑐𝑜𝑠𝑝𝑡   
 gavawarmooT es gantoleba  droiT  orjer: 

�̇� = 𝐴𝑝𝑐𝑜𝑠𝑝𝑡 − 𝐵𝑝𝑠𝑖𝑛𝑝𝑡, 

�̈� = −𝐴𝑝2𝑠𝑖𝑛𝑝𝑡 − 𝐵𝑝2𝑐𝑜𝑠𝑝𝑡   
  integrebis  𝐴  da  𝐵 mudmivebis  gansasazRvravad 𝜑, �̇� da �̈� –is  
mniSvnelobebi CavsvaT (3) gantolebaSi: 
 

−𝐴𝐽𝑧𝑝
2𝑠𝑖𝑛𝑝𝑡 − 𝐵𝐽𝑧𝑝

2𝑐𝑜𝑠𝑝𝑡 + 𝐴𝛽𝑝𝑐𝑜𝑠𝑝𝑡 − 𝐵𝛽𝑝𝑠𝑖𝑛𝑝𝑡 + 
+ 𝐴𝑐𝑠𝑖𝑛𝑝𝑡 + 𝐵𝑐𝑐𝑜𝑠𝑝𝑡 = 𝑚0𝑠𝑖𝑛𝑝𝑡. 

miviRebT gantolebaTa sistemas: 
 

{
𝐴(𝑐 − 𝐽𝑧𝑝

2)𝑠𝑖𝑛𝑝𝑡 − 𝐵𝛽𝑝𝑠𝑖𝑛𝑝𝑡 = 𝑚0𝑠𝑖𝑛𝑝𝑡,

𝐵(𝑐 − 𝐽𝑧𝑝
2)𝑐𝑜𝑠𝑝𝑡 + 𝐴𝛽𝑝𝑐𝑜𝑠𝑝𝑡 = 0

 

    gantolebaTa sistemis amoxsnis Sedegad miviRebT: 

𝐴 =
𝑚0(𝑐 − 𝐽𝑧𝑝

2)

(𝑐 − 𝐽𝑧𝑝
2) + (𝛽𝑝)2

, 

𝐵 = −
𝑚0𝛽𝑝

(𝑐 − 𝐽𝑧𝑝
2) + (𝛽𝑝)2

, 

sadac  𝐽𝑧 =
𝑀𝑅2

2
. 

   rezonansis SemTxvevaSi, roca 𝑝 = 𝑘 = √
𝑐

𝐽𝑧
, 
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𝐴 = 0, 𝐵 = −
𝑚0

𝛽𝑝
. 

 Sesabamisad, diskos iZulebiTi rezonansuli rxevebis gantoleba 
garemos winaaRmdegobis gaTvaliswinebiT miiRebs Semdeg saxes: 

𝜑 = −
𝑚0

𝛽𝑝
𝑐𝑜𝑠𝑝𝑡. 

Aam gantolebis marjvena  mxareSi wiladis mricxveli da mniSvneli 

gavyoT 𝐽𝑧 −ze, miviRebT: 

𝜑 = −
ℎ

2𝑛𝑝
𝑐𝑜𝑠𝑝𝑡, 

sadac  

𝑛 =
𝛽

𝑀𝑅2
;   ℎ =

𝑚0

𝑀𝑅2
. 

p a s u x i: roca 𝑝 = √
2𝑐

𝑀𝑅2
, 𝜑 = −

ℎ

2𝑛𝑝
𝑐𝑜𝑠𝑝𝑡, sadac 𝑛 =

𝛽

𝑀𝑅2
; 

ℎ =
𝑚0

𝑀𝑅2
. 

 

 

amocana  37.25 

    siTxis  siblantis  koeficientis  gansasazRvravad   akvirdebian   
drekad mavTulze dakidebuli   diskos rxevebs  siTxeSi. Ddiskoze 

modebulia 𝑀0𝑠𝑖𝑛𝑝𝑡(𝑀0 = 𝑐𝑜𝑛𝑠𝑡) -s toli gareMmomenti, romlis 
drosac xdeba rezonansuli movlena. siTxeSi moZraobisadmi 

winaaRmdegobis momenti tolia 𝛼𝑆𝜔, sadac 𝛼 − siTxis siblantis 

koeficientia, 𝑆- diskos qveda da zeda fuZeebis farTobTa jami;  𝜔 -
myari sxeulis brunvis kuTxuri 

siCqarea.  gansazRvreT siTxis 

siblantis 𝛼 koeficienti, Tu 
rezonansis dros diskos 
iZulebiTi  rxevebis amplituda 

𝑀0 −is tolia. 
a m o x s n a.     ganvixiloT 
diskos grexviTi rxevebi siTxeSi. 
NvaCvenoT naxazze diskoze  

moqmedi Zalebi(ix.Nnaxazi):   𝑀�⃗� −  

simZimis Zala, 𝑚დრ𝑧 −  drekadi 

Zalebis momenti, 𝑚𝑐𝑧 − 
moZraobisadmi winaaRmdegobis 

momenti, 𝑚გ𝑧 −  gare Mmomenti da  �⃗⃗⃗� −mavTulis  reaqcia. 

• 

𝑧 

𝑅 

𝑀�⃗� 

�⃗⃗⃗� 
𝑚დრ𝑧 

 
𝑚𝑐𝑧 

𝑚გ𝑧 

𝑦 

𝑥 

𝜑 
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    davweroT uZravi 𝑧 RerZis garSemo diskos brunvis diferencia-
luri gantoleba: 

                𝐽𝑧�̈� = ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
),      (1)              

vipovoT 𝑧 RerZis mimarT   gare Zalebis nakrebi momenti      

    ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑚გ𝑧−𝑚𝑐𝑧 −𝑚დრ𝑧 = 𝑀0𝑠𝑖𝑛𝑝𝑡– 𝑐𝜑 − 𝛼𝑆�̇�.    (2) 

CavsvaT D(2) gamosaxuleba (1) gantolebaSi: 

𝐽𝑧�̈� = 𝑀0𝑠𝑖𝑛𝑝𝑡 − 𝛼𝑆�̇� − 𝑐𝜑 
an 

                𝐽𝑧�̈� + 𝛼𝑆�̇� + 𝑐𝜑 = 𝑀0𝑠𝑖𝑛𝑝𝑡.            (3) 
  (3) gantoleba warmoadgens diskos grexviTi rxevebis 
diferencialur gantolebas. 
    iZulebiTi   rxevebis kanons  miviRebT rogorc araerTgvarovani  
diferencialuri gantolebis kerZo amonaxsns Semdegi saxiT: 

𝜑 = 𝐴𝑠𝑖𝑛𝑝𝑡 + 𝐵𝑐𝑜𝑠𝑝𝑡   
 gavawarmooT es gantoleba  droiT  orjer: 

                   �̇� = 𝐴𝑝𝑐𝑜𝑠𝑝𝑡 − 𝐵𝑝𝑠𝑖𝑛𝑝𝑡, 
�̈� = −𝐴𝑝2𝑠𝑖𝑛𝑝𝑡 − 𝐵𝑝2𝑐𝑜𝑠𝑝𝑡   

  integrebis  𝐴  da  𝐵 mudmivebis  gansasazRvravad 𝜑, �̇� da �̈� –is  
mniSvnelobebi CavsvaT (3) gantolebaSi: 
 

−𝐴𝐽𝑧𝑝
2𝑠𝑖𝑛𝑝𝑡 − 𝐵𝐽𝑧𝑝

2𝑐𝑜𝑠𝑝𝑡 + 𝐴𝛼𝑆𝑝𝑐𝑜𝑠𝑝𝑡 − 𝐵𝛼𝑆𝑝𝑠𝑖𝑛𝑝𝑡 + 
+ 𝐴𝑐𝑠𝑖𝑛𝑝𝑡 + 𝐵𝑐𝑐𝑜𝑠𝑝𝑡 = 𝑀0𝑠𝑖𝑛𝑝𝑡. 

miviRebT gantolebaTa sistemas: 
 

{
𝐴(𝑐 − 𝐽𝑧𝑝

2)𝑠𝑖𝑛𝑝𝑡 − 𝐵𝛼𝑆𝑝𝑠𝑖𝑛𝑝𝑡 = 𝑀0𝑠𝑖𝑛𝑝𝑡,

𝐵(𝑐 − 𝐽𝑧𝑝
2)𝑐𝑜𝑠𝑝𝑡 + 𝐴𝛼𝑆𝑝𝑐𝑜𝑠𝑝𝑡 = 0

 

    gantolebaTa sistemis amoxsnis Sedegad miviRebT: 

𝐴 =
𝑀0(𝑐 − 𝐽𝑧𝑝

2)

(𝑐 − 𝐽𝑧𝑝
2) + (𝛼𝑆𝑝)2

, 

𝐵 = −
𝑚0𝛼𝑆𝑝

(𝑐 − 𝐽𝑧𝑝
2) + (𝛼𝑆𝑝)2

. 

   rezonansis dros 

𝑝 = 𝑘 = √
𝑐

𝐽𝑧
, 

maSin 

𝐴 = 0, 𝐵 = −
𝑀0
𝛼𝑆𝑝

. 

iZulebiTi rxevebis amplituda tolia 
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𝜑0 = √𝐴
2 + 𝐵2 =

𝑀0
𝛼𝑆𝑝

. 

Aaqedan ganisazRvreba siTxis siblantis 𝛼 koeficienti 

𝛼 =
𝑀0

𝜑0𝑆𝑝
. 

p a s u x i:  𝛼 =
𝑀0

𝜑0𝑆𝑝
. 

 
amocana  37.26 

    yumbaris moZraobisas misi simetriis RerZis garSemo brunva 
neldeba haeris winaRobis Zalebis momentis gavleniT, romelic 

𝑘𝜔 −s tolia, sadac 𝜔 aris yumbaris brunvis kuTxuri siCqare, 

𝑘 −proporciulobis mudmivi koeficienti. gansazRvreT kuTxuri 
siCqaris  cvlilebis kanoni, Tu yumbaris  sawyisi kuTxuri siCqare 

aris 𝜔0, xolo misi inerciis momenti simetriis RerZis mimarT- 𝐽. 
a m o x s n a.   vaCvenoT naxazze 
yumbaraze    moqmedi       Zalebi  

(ix.Nnaxazi):  𝑀�⃗� −  simZimis Zala, 
𝑚წ −winaaRmdegobis Zalebis 

momenti. 

      davweroT  𝑧  RerZis garSemo  
yumbaris     brunvTi      moZraobis  
diferencialuri gantoleba: 

𝐽
𝑑𝜔

𝑑𝑡
=∑𝑀𝑧 (�⃗�𝑘

(𝑒)
) 

Aan rac igivea 

𝐽
𝑑𝜔

𝑑𝑡
= −𝑘𝜔. 

movaxdinoT cvladTa gancaleba da vaintegroT miRebuli toloba 

𝐽
𝑑𝜔

𝜔
= −𝑘𝑑𝑡, 

∫
𝑑𝜔

𝜔
= −

𝑘

𝐽

𝜔

𝜔0

∫𝑑𝑡.

𝑡

0

 

miviRebT 

𝑙𝑛
𝜔

𝜔0
= −

𝑘

𝐽
𝑡. 

 Aaqedan vipoviT yumbaris  kuTxuri siCqaris klebis kanons: 

 

𝑚წ 

 

𝜔 

𝑀�⃗�
− 

𝑧 
�⃗� 
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𝜔 = 𝜔0𝑒
−
𝑘
𝐽
𝑡
. 

p a s u x i:  𝜔 = 𝜔0𝑒
−
𝑘

𝐽
𝑡
. 

 
 

amocana  37.27 

  simZimis Zalis aCqarebis gansazRvrisas sargebloben 
Sebrunebuli qanqariT, romelic warmoadgens Reros, 

aRWurvils ori 𝐴  da   𝐵 samwaxnaga daniT.  erTi dana 
uZravia, xolo meores SeuZlia gadaadgileba Reros 
gaswvriv.  Tu Reros CamokidebT xan erT da xan meore 

danaze da SecvliT maT Soris 𝐴𝐵 manZils, SeiZleba  
miaRwioT gaqanebis periodebis tolobas. ras udris 
simZimis Zalis aCqareba, Tu manZili danebs Soris, roca 

periodebi tolia, aris 𝐴𝐵 = ℓ , xolo rxevis periodi 

−𝑇. 
   a m o x s n a.   ganvixiloT 
Sebrunebuli qanqaris moZraoba. 
vaCvenoT   naxazze   qanqaraze 
moqmedi   Zalebi   (ix.Nnaxazi): 

 𝑀�⃗� −  simZimis Zala da �⃗⃗⃗� − 𝐴  
sayrdenis  reaqcia. 

    davweroT 𝐴 wertilze 

gamavali uZravi 𝑧 RerZis 
garSemo qanqaris brunvis 
diferencialuri gantoleba: 

              𝐽𝐴𝑧�̈� = −𝑀𝑔𝑑𝑠𝑖𝑛𝜑 
an 

              𝐽𝐴𝑧�̈� + 𝑀𝑔𝑑𝑠𝑖𝑛𝜑 = 0, 
sadac  𝑑 − 𝐴 wertilidan masaTa   

𝐶 centramde manZilia.  
   Tu CavTvliT, rom saqme gvaqvs 

 mcire rxevebTan (𝑠𝑖𝑛𝜑 ≈ 𝜑), miviRebT: 

                     �̈� +
𝑀𝑔𝑑

   𝐽𝐴𝑧
𝜑 = 0.                   (1) 

(1)  diferencialuri gantoleba warmoadgens 𝐴 sayrdenis garSemos 
qanqaris rxevis diferencialuri gantolebas. 

rxevis periodia 

𝑇𝐴 =
2𝜋

√
𝑀𝑔𝑑
  𝐽𝐴𝑧

= 2𝜋√
  𝐽𝐴𝑧
  𝑀𝑔𝑑

. 

ℓ 

𝐴 

𝐵 

𝑧 

�⃗⃗⃗� 

𝑀�⃗� 

𝐴 

𝐵 

𝑑 ℓ 

 

𝜑 

      •   𝐶 
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 CamovkidoT   qanqars meore qveda  𝐵 wertilz.e. davweroT 𝐵 

wertilze gamavali uZravi 𝑧 RerZis garSemo qanqaris brunvis 
diferencialuri gantoleba: 

              𝐽𝐴𝑧�̈� = −𝑀𝑔(ℓ − 𝑑)𝑠𝑖𝑛𝜑 
an 

              𝐽𝐴𝑧�̈� + 𝑀𝑔(ℓ − 𝑑)𝑠𝑖𝑛𝜑 = 0 
Tu CavTvliT, rom saqme gvaqvs  mcire rxevebTan (𝑠𝑖𝑛𝜑 ≈ 𝜑), 
miviRebT: 

�̈� +
𝑀∙𝑔(ℓ−𝑑)

   𝐽𝐴𝑧
𝜑 = 0. 

(2)  diferencialuri gantoleba warmoadgens 𝐵 sayrdenis 
garSemos qanqaris rxevis diferencialuri gantolebas. 
    rxevis periodi am SemTxvevaSi iqneba: 

𝑇𝐴 =
2𝜋

√
𝑀𝑔(ℓ − 𝑑)

  𝐽𝐴𝑧

= 2𝜋√
  𝐽𝐴𝑧

  𝑀𝑔(ℓ−𝑑)
. 

  ganvsazRvroT  qanqaris inerciis momentebi 𝐴  da   𝐵 wertilebis 
mimarT: 

  𝐽𝐴𝑧 =   𝐽𝐶 +𝑀𝑑
2, 

  𝐽𝐵𝑧 =   𝐽𝐶 +𝑀(ℓ − 𝑑)
2. 

gavutoloT erTmaneTs periodebi: 
𝑇𝐴 = 𝑇𝐵 = 𝑇 

Dda vipovoT qanqaris inerciis momenti  masaTa  𝐶 centris mimarT. 

gamovsaxoT is rxevis 𝑇 periodiT: 

     𝐽𝐶 = 𝑀𝑔𝑑 (
𝑇

2𝜋
)
2
−𝑀𝑑2 = 𝑀𝑔(ℓ − 𝑑) (

𝑇

2𝜋
)
2
−𝑀(ℓ − 𝑑)2. 

 
ganvsazRvroT simZimis AZalis aCqareba: 

𝑔 =
4𝜋2ℓ

𝑇2
 

p a s u x i:   𝑔 =
4𝜋2ℓ

𝑇2
 

 
 

amocana  37.28 

  or myar sxeuls  ASeuZlia  qanaoba erTi da imave horizontaluri 
RerZis garSemo rogorc erTmaneTisagan damoukideblad, ise erTad 
maTi SeerTebisas. gansazRvreT rTuli qanqaras dayvanili sigrZe, Tu 

myar sxeulTa masebia  𝑀1 da  𝑀2, maTi simZimis centrebis daSoreba 

brunvis saerTo RerZidan 𝑎1 da  𝑎2 , xolo TiToeulis cal-calke 

rxevisas dayvanili sigrZeebi saTanadod−ℓ1 da  ℓ2. 



 
187 

a m o x s n a.  ganvixiloT 
erTad    SeerTebuli   ori 
sxeulis  rxeva.    vaCvenoT 
 naxazze  Zalebi, romlebic  
moqmedebs  miRebul   rTul  
qanqaraze:   myari   sxeulis 

 simZimis   Zalebi   𝑀1�⃗� da  

 𝑀2�⃗�, 𝑂 wertilSi reaqciis 

Zalis �⃗�0 da  �⃗⃗�0 mdgenelebi. 
   daviyvanoT     sxeulis 
simZimis Zalebi   tolqmed 
Zalaze: 

        𝑀�⃗� = 𝑀1�⃗� + 𝑀2�⃗�, 
sadac  𝑀 = 𝑀1 +𝑀2. 
vipovoT  tolqmedis modebis wertili-rTuli qanqaris masaTa centri: 

𝑎 =
𝑀1𝑎1 +𝑀2𝑎2
𝑀1 +𝑀2

. 

  ganvsazRvroT   sxeulebis inerciis momentebi da gamovsaxoT isini  

dayvanili ℓ1 da  ℓ2.  sigrZeebiT: 

ℓ1 =
  𝐽1𝑧
𝑀1𝑎1

, ℓ2 =
  𝐽2𝑧
𝑀2𝑎2

. 

maSin 

  𝐽1𝑧 = 𝑀1𝑎1ℓ1,   𝐽2𝑧 = 𝑀2𝑎2ℓ2. 
  vipovoT rTuli qanqaris inerciis momenti 
 

  𝐽𝑧 =   𝐽1𝑧 +   𝐽2𝑧 = 𝑀1𝑎1ℓ1 +𝑀2𝑎2ℓ2 
Dda misi dayvanili sigrZe 

ℓ =
  𝐽𝑧
𝑀𝑎

=
𝑀1𝑎1ℓ1 +𝑀2𝑎2ℓ2

(𝑀1 +𝑀2)
𝑀1𝑎1 +𝑀2𝑎2
𝑀1 +𝑀2

= 
𝑀1𝑎1ℓ1 +𝑀2𝑎2ℓ2
𝑀1𝑎1 +𝑀2𝑎2

.  

p a s u x i:  ℓ =  
𝑀1𝑎1ℓ1+𝑀2𝑎2ℓ2

𝑀1𝑎1+𝑀2𝑎2
.  

 
 

amocana  37.29 

  xelsawyos nawili warmoadgens 𝐿 sigrZis erTgvarovan Reros, 
romelic erTi boloTi Tavisuflad aris dakidebuli horizontalur 

𝑂 RerZze. rxevebis aRsawerad mis qveda boloze awebeben O𝑚  masis 
sarkes. Aamave dros, imisaTvis, rom  ar Seicvalos rxevebis sixSire, 

masze sxva adgilas amagreben 𝐴 tvirTs. Tu ganvixilavT sarkes da 

• 

• 
• 

• 

 �⃗⃗�0 

𝑥 

𝑦 

�⃗�0 

𝑧 
𝑀1�⃗� 

𝐶1 

𝐶2 

𝐶 

𝑀�⃗� 𝑀2�⃗� 

𝑎2 𝑎 
𝑎1 

𝜑 
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tvirTs  rogorc nivTier wertilebs, ipoveT 𝐴 tvirTis minimaluri 

masa. 𝑂 RerZidan ra manZilze SeiZleba igi iyos mimagrebuli? 
a m o x s n a. ganvixiloT  
erTgvarovani Reros rxeva 
sarkesTan  da tvirTTan 
erTad  da  maT gareSe.   
vaCvenoT naxazze   
sistemaze  moqmedi Zalebi: 

𝑚𝐴�⃗� −tvirTis,𝑀�⃗� −Reros 

da 𝑚�⃗� −sarkis   simZimis 

Zalebi,    𝑂    wertilSi 

 aRZruli  reaqciis Zalis 

�⃗�0 da  �⃗⃗�0 mdgenelebi. 
   vipovoT Reros 
dayvanili sigrZe 

ℓ =
  𝐽𝑧
𝑀𝑎

=

𝑀𝐿2

3

𝑀
𝐿
2

=
2

3
𝐿 

da sistemis (romelic Sedgeba Rerosa, sarkis da 𝐴 tvirTsagan) 
dayvanili sigrZe 

                    ℓ2 =
𝐽𝑧

სისტ.

𝑀𝐶𝑎𝐶
,                       (1)        

sadac 𝑀𝐶 − sistemis masaa, 𝑀𝐶 = 𝑀 +𝑚 +𝑚𝐴. 
ganvsazRvroT sistemis masaTa centris mdebareoba 

𝑎𝐶 =
𝑀
𝐿
2 +𝑚𝐿 +𝑚𝐴𝑏

𝑀 +𝑚 +𝑚𝐴
 

Dda sistemis inerciis momenti 𝑂 wertilSi gamavali 𝑧  RerZis 
mimarT  

        𝐽𝑧
სისტ.

=   𝐽𝑧 +𝑚𝐿
2 +𝑚𝐴𝑏

2 =
𝑀𝐿2

3
+𝑚𝐿2 +𝑚𝐴𝑏

2.  
maSin (1) formulis Tanaxmad 

 ℓ2 =

𝑀𝐿2

3
+𝑚𝐿2 +𝑚𝐴𝑏

2

𝑀
𝐿
2 +𝑚𝐿 +𝑚𝐴𝑏

. 

rxevis sixSire ar Seicvleba, Tu qanqaris dayvanili sigrZe iqneba 

mudmivi, e.i. roca ℓ =  ℓ2: 

2

3
𝐿 =

𝑀𝐿2

3 +𝑚𝐿2 +𝑚𝐴𝑏
2

𝑀
𝐿
2
+𝑚𝐿 +𝑚𝐴𝑏

. 

• 

• 

• 

• 

𝑦 

𝑥 

𝑧 𝐶 
𝐴 

𝑂 
𝐿 

𝑎 

𝑏 

�⃗⃗�0 �⃗�0 

𝑚�⃗� 

𝑚𝐴�⃗� 
𝑀�⃗� 
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  Aam tolobidan vipoviT 

𝑚𝐴 =

𝑚𝐿2

3
2
3
𝑏𝐿 − 𝑏2

. 

ganvsazRvroT 𝐴 tvirTis minimaluri masa da 𝑂𝐴 = 𝑏. 

   SemoviRoT aRniSvna 
2

3
𝑏𝐿 − 𝑏2 = 𝑓(𝑏).  Ppirobidan 𝑓′(𝑏) =

2

3
𝐿 −

2𝑏 = 0,   𝑏 =
1

3
𝐿.   radgan   𝑓′′(𝑏) = −2 < 0,     amitom   𝑏 −s    am 

mniSvnelobisaTvis 𝑓(𝑏) iqneba  maqsimaluri, xolo  𝑚𝐴 − 
minimaluri: 

𝑚𝐴 =

𝑚𝐿2

3
2
3 ∙
1
3 ∙ 𝐿

2 − (
1
3 𝐿)

2 = 3𝑚. 

 

p a s u x i:   𝑚𝐴 = 3𝑚;   𝑏 = 𝑂𝐴 =
1

3
𝐿. 

 
 

amocana  37.30 

  saaTis svlis regulirebisaTvis mis dayvanili  ℓ sigrZis da 𝑀1 
masis qanqaraze, romlis simZimis centridan dakidebis  RerZamde 

manZili aris 𝑎, damatebiT miamagreben 𝑀2 masis tvirTs dakidebis 
RerZidan  manZilze. miiReT damatebiTi tvirTi nivTier wertilad da 

gansazRvreT qanqaras dayvanili sigrZis ∆ℓ cvlileba  𝑀2  da 𝑥 −is   
mocemuli mniSvnelobebisas da 𝑥 = 𝑥1 mniSvneloba, rodesac qanqaras 

dayvanili sigrZis ∆ℓ cvlileba miiReba damatebiTi tvirTis 
umciresi masiT. 
  a m o x s n a.       
   ganvixiloT  saaTis  
qanqarasa da   damatebiTi 
 tvirTisagan    Sedgenili 
sistemis rxevebi.  vaCvenoT 
naxazze          sistemaze 

moqmedi  Zalebi:    𝑀1�⃗� − 
qanqaris, 𝑀2�⃗� −damatebiTi 
tvirTis  simZimis  Zalebi,  

𝑂   wertilSi   aRZruli 

reaqciis Zalis �⃗�0 da  �⃗⃗�0 
mdgenelebi.  

• 

𝑦 

𝑥 

𝑧 

𝐶 

𝜑 

𝑂 
𝑎 𝑥 

�⃗⃗�0 �⃗�0 

𝑀2�⃗� 

• 

• 

𝑀1�⃗� 
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Q qanqaris      dayvanili sigrZis gamosaxulebidan 

ℓ =
  𝐽𝑧
𝑀1𝑎

 

ganvsazRvravT mis inerciis moments: 

  𝐽𝑧 = 𝑀1𝑎ℓ. 

vipovoT sistemis inerciis momenti 

𝐽𝑧
სისტ.

=   𝐽𝑧 +𝑀2𝑥
2 = 𝑀1𝑎ℓ +𝑀2𝑥

2. 
ganvsazRvroT sistemis masaTa centris mdebareoba 

𝑎𝐶 =
𝑀1𝑎 +𝑀2𝑥

𝑀1 +𝑀2
 

Dda misi dayvanili sigrZe 

ℓსისტ. =
𝐽𝑧

სისტ.

𝑀𝑎𝐶
=

𝑀1𝑎ℓ +𝑀2𝑥
2

(𝑀1 +𝑀2)
𝑀1𝑎 +𝑀2𝑥
𝑀1 +𝑀2

= 
𝑀1𝑎ℓ +𝑀2𝑥

2

𝑀1𝑎 +𝑀2𝑥
. 

sadac 𝑀  sistemis saerTo masaa, 𝑀 = 𝑀1 +𝑀2. 
  vipovoT qanqaras dayvanili sigrZis cvlileba 

∆ℓ = ℓსისტ. − ℓ =
𝑀1𝑎ℓ +𝑀2𝑥

2

𝑀1𝑎 +𝑀2𝑥
− ℓ =

𝑀2(𝑥 − ℓ)𝑥

𝑀1𝑎 +𝑀2𝑥
. 

  Aam tolobidan gamovTvaloT damatebiTi tvir|Tis masa 

𝑀2 =
𝑀1𝑎∆ℓ

𝑥(ℓ + ∆ℓ) − 𝑥2
. 

  ganvsazRvroTY 𝑥 = 𝑥1 mniSvneloba, romlis drosac damatebiTi 
tvirTis  masa iqneba umciresi. AamisaTvis 

𝑑

𝑑𝑥
[𝑥(ℓ + ∆ℓ) − 𝑥2] = 0 

Aan 
(ℓ + ∆ℓ) − 2𝑥1 = 0. 

maSin 

𝑥1 =
1

2
(ℓ + ∆ℓ). 

SeniSvna. ixileT 37.29 amocanis axsna-ganmarteba. 

  p a s u x i:   ∆ℓ =
𝑀2(𝑥−ℓ)𝑥

𝑀1𝑎+𝑀2𝑥
;   𝑥1 =

1

2
(ℓ + ∆ℓ). 
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amocana  37.31 

   myari sxeuli, misi simZimis 𝐺 
centrze gamavali romelime  𝐴𝐵 
RerZis  mimarT inerciis  𝐽  momentis 
gansasazRvrvad Camokides masze  

xistad  mimagrebuli  𝐴𝐷  da   𝐵𝐸 
ReroebiT,    romlebic  Tavisuflad 
aris Camocmuli uZrav horizontalur  

𝐷𝐸 DD Reroze  ise,  rom  𝐴𝐵   RerZi 
paraleluria  𝐷𝐸-si; meore   sxeuli 
moiyvanes       rxeviT    moZraobaSi;   
gansazRvres misi erTi gaqanebis  

xangrZlivoba. rogoria sxeulis inerciis 𝐽 momenti., Tu sxeuli 

masaa 𝑀, 𝐴𝐵 da  𝐷𝐸 RerZebs Soris manZili udris ℎ −s?  Reroebis 
masa ugulebelyofilia.  
 a m o x s n a.  
ganvixiloT uwonad 
Reroebze    Camokidebuli  

sxeulis   moZraoba.   𝐴𝐷   
da  𝐵𝐸 Reroebis im 
mdebareobisaTvis,rodesac 
isini vertikalTan adgenen 

 𝜑    kuTxes,     naxazze 
vaCvenoT moqmedebi Zalebi: 

𝑀 �⃗� − sxeulis  simZimis 

Zala, �⃗⃗⃗⃗�𝐴 da �⃗⃗⃗�𝐵 −Reroebis 
 reaqciebi. 

    davweroT uZravi 𝑧 RerZis garSemo  brunvis diferencialuri 
gantoleba: 

                       𝐽𝑧′�̈� = ∑𝑀𝑧′ (�⃗�𝑘
(𝑒)
),              (1)    

vipovoT 𝑧′ RerZis mimarT   gare Zalebis nakrebi momenti  

          ∑𝑀𝑧′ (�⃗�𝑘
(𝑒)
) = −𝑀𝑔ℎ𝑠𝑖𝑛𝜑 = −𝑀𝑔ℎ𝜑,           (2) 

sadac  𝑠𝑖𝑛𝜑 ≈ 𝜑. 

 sxeulis inerciis 𝐽𝑧′ momenti ganvsazRvroT hiugens-Steineris 
TeoremiT: 

                         𝐽𝑧′ = 𝐽𝑧 +𝑀ℎ
2.                (3)    

  CavsvaT (2) da (3) gamosaxulebebi (1) gantolebaSi:  
(𝐽𝑧 +𝑀ℎ

2)�̈� = −𝑀𝑔ℎ𝜑 
Dda gardaqmnis Sedegad miviRebT: 

• • 𝐴 B 

D E 

• 
𝐺 

𝐴 
B 

D E 

• 
𝐺 

𝜑 𝜑 

�⃗⃗⃗�𝐴 �⃗⃗⃗�𝐵 

𝑀 �⃗� 

ℎ 

𝑧′ 

𝑥 
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�̈� +
𝑀𝑔ℎ

𝐽𝑧 +𝑀ℎ
2
𝜑 = 0 

an 

�̈� + 𝑘2𝜑 = 0, 
sadac 

𝑘2 =
𝑀𝑔ℎ

𝐽𝑧 +𝑀ℎ
2
. 

  es diferencialuri gantoleba warmoadgens  𝑧′ RerZis mimarT 
sxeulis rxeviti moZraobis diferencialur gantolebas. vipovoT 
rxevis naxevarperiodi 

𝑇 =
𝜋

𝑘
=

𝜋

√
𝑀𝑔ℎ

𝐽𝑧 +𝑀ℎ
2

= 𝜋√
𝐽𝑧 +𝑀ℎ

2

𝑀𝑔ℎ
 

Dda ganvsazRvroT  sxeulis inerciis momentis mniSvneloba 

𝐽𝑧 =
𝑇2

𝜋2
𝑀𝑔ℎ −𝑀ℎ2 = 𝑀𝑔ℎ(

𝑇2

𝜋2
−
ℎ

𝑔
). 

p a s u x i:   𝐽𝑧 = 𝑀𝑔ℎ (
𝑇2

𝜋2
−
ℎ

𝑔
). 

 
 

amocana  37.32 

  amoxseniT winamdebare 
amocana wvrili 

erTgvarovani wrfivi 𝐴𝐷  
da 𝐵𝐸 Reroebis masebis 
gaTvaliswinebiT, Tu 
TiToeuli maTganis masaa  

𝑀1. 
   a m o x s n a.     
  ganvixiloT   sxeulis  
da ori   Rerosagan  
Sedgenili sistemis 
moZraoba. naxazze vaCvenoT 

moqmedebi Zalebi: 𝑀�⃗�,  
 𝑀1�⃗�   − sxeulis da 
Reroebis simZimis Zalebi,  

�⃗�𝐷
ʹ , �⃗⃗�𝐷

ʹ  da �⃗�𝐸
ʹ , �⃗⃗�𝐸

ʹ −   
sayrdenebis    reaqciebi. 

  davweroT  𝐷𝐸 Reroze gamavali uZravi 𝑧ʹ RerZis garSemo sistemis  
 brunviTi moZraobis diferencialuri gantoleba: 

𝐴 B 

D E 

• 𝐺 

𝜑 𝜑 

�⃗⃗�𝐷
ʹ  

�⃗⃗⃗�𝐵 

𝑀 �⃗� 

ℎ 

𝑧′ 

𝑥 

�⃗�𝐷
ʹ  𝑥′ 

𝑦′ 

�⃗�𝐸
ʹ  

�⃗⃗�𝐸
ʹ  

𝑀1 �⃗� 𝑀1 �⃗� 

• • 
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                       𝐽1𝑧′�̈� = ∑𝑀𝑧′ (�⃗�𝑘
(𝑒)
),            (1)    

vipovoT 𝑧′ RerZis mimarT   gare Zalebis nakrebi momenti  

∑𝑀𝑧′ (�⃗�𝑘
(𝑒)
) = −𝑀𝑔ℎ𝑠𝑖𝑛𝜑 − 2𝑀1𝑔

ℎ

2
𝑠𝑖𝑛𝜑 = −(𝑀 +𝑀1)𝑔ℎ𝜑, 

sadac  𝑠𝑖𝑛𝜑 ≈ 𝜑. 
   𝑧′ RerZis mimarT   sistemis dayvanili inerciis  momenti 

𝐽1𝑧′ = 𝐽𝑧′ + 2𝐽𝑧ʹ
ღრ

 

ganvsazRvroT sxeulis inerciis  momenti 𝑧′ RerZis mimarT    
𝐽𝑧′ = 𝐽𝑧 +𝑀ℎ

2. 
da  Reros inerciis  momenti   𝑧′ RerZis mimarT    

𝐽𝑧ʹ
ღრ
=
𝑀1ℎ

2

12
+𝑀1 (

ℎ

2
)
2

=
𝑀1ℎ

2

3
. 

maSin   

𝐽1𝑧′ = 𝐽𝑧 +𝑀ℎ
2 + 2 ∙

𝑀1ℎ
2

3
= 𝐽𝑧 +

3𝑀 + 2𝑀1
3

ℎ2. 

 CavsvaT miRebuli gamosaxulebebi (1) gantolebaSi:  

(𝐽𝑧 +
3𝑀 + 2𝑀1

3
ℎ2) �̈� = −(𝑀 +𝑀1)𝑔ℎ𝜑 

Dda gardaqmnis Sedegad miviRebT: 

�̈� +
(𝑀 +𝑀1)𝑔ℎ

𝐽𝑧 +
3𝑀 + 2𝑀1

3 ℎ2
𝜑 = 0 

an 

�̈� + 𝑘2𝜑 = 0, 
sadac 

𝑘2 =
(𝑀 +𝑀1)𝑔ℎ

𝐽𝑧 +
3𝑀 + 2𝑀1

3
ℎ2
. 

vipovoT rxevis naxevarperiodi 
 

𝑇 =
𝜋

𝑘
=

𝜋

√
(𝑀 +𝑀1)𝑔ℎ

𝐽𝑧 +
3𝑀 + 2𝑀1

3 ℎ2

= 𝜋√
𝐽𝑧 +

3𝑀 + 2𝑀1
3 ℎ2

(𝑀 +𝑀1)𝑔ℎ
 

 
da ganvsazRvroT  sxeulis inerciis momentis mniSvneloba 
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𝑇2

𝜋2
=
𝐽𝑧 +

3𝑀 + 2𝑀1
3

ℎ2

(𝑀 +𝑀1)𝑔ℎ
 

 
 

𝐽𝑧 = ℎ [
𝑇2

𝜋2
(𝑀 +𝑀1)𝑔 −

3𝑀 + 2𝑀1
3

ℎ]. 

 

p a s u x i:  𝐽𝑧 = ℎ [
𝑇2

𝜋2
(𝑀 +𝑀1)𝑔 −

3𝑀+2𝑀1

3
ℎ]. 

 
 

amocana  37.33 

  barbacas inerciis momentis gansazRvrisas igi aiZules iqanaos 
jvarTavas poWoWikis milisSi gayrili wvrili cilindruli 

horizontaluri Reros garSemo. 100 gaqanebis xangrZlivoba 100𝑇 =
100wm, sadac 𝑇 periodis naxevaria. Semdeg  masaTa 𝐶  centridan  
Camokidebis RerZamde 𝐴𝐶 = ℎ manZilis gansasazRvravad barbaca 

moaTavses horizontalurad, 

Camokides 𝐴 wertiliT sazevelze 

da 𝐵 wertiliT daayrdnes 
aTwiladi sasworis baqanze. Aam 

dros baqanze wneva aRmoCnda 𝑃 −s 
toli. gansazRvreT centraluri 

inerciis 𝐽 momenti naxazis 
sibrtyis marTobuli RerZis 
mimarT Semdegi monacemebis 

SemTxvevaSi: barbacas masaa 𝑀, 𝐴 
da B𝐵 wertilebze gavlebul 
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vertikalebs Soris manZilia ℓ ( ix. Mmarjvena naxazi), jvarTavas 

poWoWikis radiusi- 𝑟.  

a m o x s n a.  ganvixiloT  barbacas wonasworoba sasworze misi 

awonvisas (nax.1). masze moqmedebs Zalebi: 𝑀�⃗� −  simZimis Zala, �⃗⃗⃗�𝐴 − 

Zafis reaqcia da �⃗⃗⃗�𝐵 −sasworis baqanis  reaqcia, romelic �⃗⃗�  wnevis 
Zalis tolia. 

  davweroT 𝐴 wertilis mimarT gare Zalebis momentebis gantoleba: 

∑𝑀𝐴 (�⃗�𝑘
(𝑒)
) = 0, 

       𝑃ℓ −𝑀𝑔ℎ = 0.                               nax.1 
vipovoT barbacas masaTa 𝐶  centris mdebareoaba 

ℎ =
𝑃ℓ

𝑀𝑔
. 

CamovkidoT barabca DReroze da 
ganvixiloT misi moZraoba (nax.2).   

   davweroT 𝑂 wertilze gamavali 

𝑂𝑧 RerZis garSemo  brunviTi 
moZraobis diferencialuri 
gantoleba: 

   𝐽𝑜�̈� = ∑𝑀𝑜 (�⃗�𝑘
(𝑒)
),  (1)           

vipovoT  𝑂𝑧 RerZis mimarT   gare 
Zalebis nakrebi momenti  

  ∑𝑀𝑜 (�⃗�𝑘
(𝑒)
) = −𝑀𝑔(ℎ +

𝑟)𝑠𝑖𝑛𝜑 = −𝑀𝑔(ℎ + 𝑟)𝜑,     (2) 
sadac  𝑠𝑖𝑛𝜑 ≈ 𝜑.                             nax.2 
 Bbarbacas  inerciis 𝐽𝑜 momenti gamovsaxoT misi centraluri 
inerciis momentiT: 

                     𝐽𝑜 = 𝐽𝐶 +𝑀(ℎ + 𝑟)
2.                (3)    

  CavsvaT (2) da (3) gamosaxulebebi (1) gantolebaSi:  
[𝐽𝐶 +𝑀(ℎ + 𝑟)

2]�̈� = −𝑀𝑔(ℎ + 𝑟)𝜑, 
 saidanac  

�̈� +
𝑀𝑔(ℎ + 𝑟)

𝐽𝐶 +𝑀(ℎ + 𝑟)
2
𝜑 = 0 

an 

�̈� + 𝑘2𝜑 = 0, 
sadac 
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𝑘2 =
𝑀𝑔(ℎ + 𝑟)

𝐽𝐶 +𝑀(ℎ + 𝑟)
2
. 

 miRebuli gantoleba warmoadgens barbacas rxevis diferencialur 

gantolebas. 
  vipovoT rxevis naxevarperiodi 

𝑇 =
𝜋

𝑘
=

𝜋

√
𝑀𝑔(ℎ + 𝑟)

𝐽𝐶 +𝑀(ℎ + 𝑟)
2 .

 

Dda am tolobidan ganvsazRvroT barbacas centraluri inerciis 
momenti: 

𝐽 = 𝐽𝐶 =
𝑇2

𝜋2
𝑀𝑔(ℎ + 𝑟) −𝑀(ℎ + 𝑟)2 = 

=
𝑇2

𝜋2
𝑀𝑔(

𝑃ℓ

𝑀𝑔
+ 𝑟) −𝑀(

𝑃ℓ

𝑀𝑔
+ 𝑟)

2

= 

= (
𝑃ℓ

𝑀𝑔
+ 𝑟)(

𝑔𝑇2

𝜋2
−
𝑀𝑃ℓ

𝑔
−𝑀𝑟) = 

= (
𝑃ℓ +𝑀𝑔𝑟

𝑔
)(
𝑔𝑇2

𝜋2
−
𝑃ℓ

𝑀𝑔
− 𝑟). 

p a s u x i:  𝐽 = (
𝑃ℓ+𝑀𝑔𝑟

𝑔
) (

𝑔𝑇2

𝜋2
−

𝑃ℓ

𝑀𝑔
− 𝑟). 

 

amocana  37.34 

   qanqara Sedgeba  𝐴𝐵 RerZisagan masze 

mimagrebuli 𝑚 masisa da  𝑟 radiusis sferoTi, 

romlis 𝐶 centri mdebareobs Reros gagrZelebaze. 

gansazRvreT, Rerosromel 𝑂 wertilSi unda 
moTavsdes  dakidebis RerZi, raTa erTi gaqanebis  
xangrZlivoba mcire rxevebis dros iyos mocemuli 

𝑇 mniSvneloba, Tu Reros masa 

ugulebelyofilia. 𝑚 masisa da  𝑟 radiusis 
sferos inerciis momenti mis centrze gamavali 

RerZis mimarT aris 
2

5
𝑀𝑟2. 

𝑂 

𝑟 𝐶 

𝐵 

𝐴 
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 a m o x s n a.   ganvixiloT  qanqaras 
moZraoba.  vaCvenoT    masze  moqmedebs  

Zalebi: 𝑚�⃗� −  simZimis  Zala, reaqciis 

Zalis �⃗�0 da  �⃗⃗�0  mdgenelebi. 

   davweroT 𝑂 wertilze gamavali  𝑂𝑧   

RerZis  garSemo   brunviTi  moZraobis                        
 diferencialuri gantoleba: 

𝐽𝑧�̈� =∑𝑀𝑜𝑧 (�⃗�𝑘
(𝑒)
), 

𝐽𝑧�̈� = −𝑚𝑔ℎ𝑠𝑖𝑛𝜑, 
sadac ℎ − birTvis 𝐶 centridan 
dakidebis wertilamde manZilia. 

 radgan mcire rxevebis dros 𝑠𝑖𝑛𝜑 ≈ 𝜑,  
amitom SegviZlia davweroT 

�̈� +
𝑀𝑔ℎ

𝐽𝑧
𝜑 = 0 

an 

�̈� + 𝑘2𝜑 = 0, 

sadac  𝑘2 =
𝑀𝑔ℎ

𝐽𝑧
. 

ganvsazRvroT birTvis inerciis  momenti 𝑧 RerZis mimarT    

                    𝐽𝑧 = 𝐽𝐶 +𝑀(𝑂𝐶)
2 =

2

5
𝑀𝑟2 +𝑀ℎ2. 

vipovoT rxevis naxevarperiodi anu erTi gaqanebis xangrZlivoba 
 

𝑇 =
𝜋

𝑘
=

𝜋

√
𝑀𝑔ℎ
𝐽𝑧

.

= 𝜋√
𝐽𝑧
𝑀𝑔ℎ

= 𝜋√
2
5
𝑀𝑟2 +𝑀ℎ2

𝑀𝑔ℎ
= 𝜋√

2
5
𝑟2 + ℎ2

𝑔ℎ
 

Aam tolobis orive mxare aviyvanoT kvadratSi, miviRebT: 
 

𝑻𝟐 = 𝝅𝟐
2
5
𝑟2 + ℎ2

𝑔ℎ
, 

𝑇2

𝜋2
𝑔ℎ =

2

5
𝑟2 + ℎ2 

an 

ℎ2 −
𝑇2

𝜋2
𝑔ℎ +

2

5
𝑟2 = 0. 

𝑚�⃗� 

• 

• 
O 

A 

𝑧 

𝑥 

𝑦 

ℎ 

𝐵 

𝐶 
𝑟 

𝜑 

�⃗�0 

�⃗⃗�0 
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miRebuli kvadratuli gantolebis amonaxsns aqvs saxe: 
 

ℎ =

𝑇2

𝜋2
𝑔 ± √(

𝑇2

𝜋2
𝑔)

2

−
8
5
𝑟2

𝟐
 

xolo saZiebeli 𝑂𝐶 = ℎ  mniSvnelobaa 
 

ℎ =
1

2𝜋2
[𝑔𝑇2 +√𝑔2𝑇4 −

8

5
𝑟2𝜋4]. 

 
 

p a s u x i:  𝑂𝐶 =
1

2𝜋2
[𝑔𝑇2 +√𝑔2𝑇4 −

8

5
𝑟2𝜋4] 

 

S e n i S v n a. radgan unda Sesruldes piroba 𝑂𝐶 ≥ 𝑟, amitom 
amonaxsni arsebobs, Tu 

                          𝑇2 ≥1,4
𝜋2

𝑔
𝑟. 

Aamonaxsni, romelic Seesabameba fesvis win minus niSans, 
SeuZlebelia. 
 

 

 

amocana  37.35 

masaTa centridan ra 
manZilze unda iyos dakidebuli 
fizikuri qanqara, rom misi rxevis 
periodi iyos umciresi? 
a m o x s n a.  ganvixiloT  

dakidebis 𝑂𝑧 RerZis  mimarT 
fizikuri   qanqaras rxevebi.    
vaCvenoT  masze moqmedebs Zalebi:  

𝑀�⃗� −  simZimis Zala, reaqciis  

Zalis  �⃗�0 da   �⃗⃗�0 mdgenelebi. 

  davweroT dakidebis 𝑂 wertilze 

gamavali 𝑂𝑧 RerZis garSemo 

 brunviTi  moZraobis 
diferencialuri gantoleba: 

• 

• O 

C 

𝑦 

𝑥 

h 

�⃗⃗�0 

�⃗�0 

𝑀�⃗� 

z 
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𝐽𝑧�̈� = ∑𝑀𝑜𝑧(�⃗�𝑘
(𝑒)
), 

𝐽𝑧�̈� = −𝑚𝑔ℎ𝑠𝑖𝑛𝜑, 
sadac ℎ − 𝐶 centridan dakidebis wertilamde manZilia. 

    radgan mcire rxevebis dros  𝑠𝑖𝑛𝜑 ≈ 𝜑,  amitom SegviZlia 
davweroT 

�̈� +
𝑀𝑔ℎ

𝐽𝑧
𝜑 = 0 

an 

�̈� + 𝑘2𝜑 = 0, 

sadac  𝑘2 =
𝑀𝑔ℎ

𝐽𝑧
. 

vipovoT rxevis periodi 

𝑇 =
2𝜋

𝑘
=

2𝜋

√
𝑀𝑔ℎ
𝐽𝑧

.

= 2𝜋√
𝐽𝑧
𝑀𝑔ℎ

 

fizikuri   qanqaras inerciis  momenti 𝑧 RerZis mimarT    

                    𝐽𝑧 = 𝐽𝐶 +𝑀ℎ
2. 

 
maSin 

𝑇 = 2𝜋√
𝐽𝐶 +𝑀ℎ

2

𝑀𝑔ℎ
 

an 
 

𝑇2 = 4𝜋2
𝐽𝐶 +𝑀ℎ

2

𝑀𝑔ℎ
= 4𝜋2 (

𝐽𝐶
𝑀𝑔ℎ

+
𝑀ℎ

𝑔
). 

miRebuli gamosaxuleba gavawarmooT ℎ −iT: 
 

𝑑

𝑑ℎ
(𝑇2) =

4𝜋2

𝑔
[
𝑑 (

𝐽𝐶
𝑀ℎ

)

𝑑ℎ
+
𝑑(ℎ)

ℎ
] =

4𝜋2

𝑔
[−

𝐽𝐶
𝑀ℎ2

+ 1] 

 

Dda vipovoT ℎ −is minimaluri mniSvneloba, pirobidan 

𝑑

𝑑ℎ
(𝑇2) = 0 

 
Aan 
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−
𝐽𝐶
𝑀ℎ2

+ 1 = 0, 
saidanac 

 

ℎ2 =
𝐽𝐶
𝑀
. 

  sxeulis inerciis momentis fardoba mis masasTan tolia inerciis 
radiusis kvadratis. Sesabamisad, manZili masaTa centridan qanqaras 
dakidebis wertilamde qanaqaras inerciis radiusis tolia. 
  
p a s u x i:  rxevis sibrtyis marTobulad qanqaras masaTa centrze 
gamavali RerZis mimarT,  misi inerciis radiusis tol manZilze 

 
 

  amocana  37.36 

   qanqara Sedgeba 𝐴𝐵  Rerosagan masze mimagrebuli ori tvirTiT, 

romelTa Soris manZili udris  ℓ.   zeda tvirTis masaa  𝑚1, 

qvedasi −𝑚2. gansazRvreT  wveda tvirTidan ra 𝑥 manZilze unda 
movaTavsoT dakidebis RerZi, rom qanqaras mcire rxevebis periodi 
iyos  umciresi. Reros masa ugulebelyofilia da tvirTebi nivTier 
wertilebad aris CaTvlili.    

  a m o x s n a.   ganvixiloT uwonadi 𝐴𝐵  Reros da 𝑚1  da  𝑚2. 
masis mqone ori wertilovani tvirTisagan Sedgenili sistemis 

moZraoba. vaCvenoT masze moqmedebs Zalebi: 𝑚1�⃗�  da 𝑚2�⃗� -simZimis 

Zalebi,  𝑂 wertilSi 

aRZruliU reaqciis Zalis �⃗�0 

da   �⃗⃗�0 mdgenelebi.   

  davweroT  dakidebis 𝑂 

wertilze gamavali 𝑂𝑧 
RerZis garSemo brunviTi  
moZraobis diferencialuri 
gantoleba: 

  𝐽𝑧�̈� = ∑𝑀𝑜𝑧 (�⃗�𝑘 
(𝑒)
)   (1) 

vipovoT  gare Zalebis 
nakrebi momenti 

∑𝑀𝑜𝑧 (�⃗�𝑘 
(𝑒)
) = 

= 𝑚1𝑔(ℓ − 𝑥)𝑠𝑖𝑛𝜑 − 
      −𝑚2𝑔𝑥𝑠𝑖𝑛𝜑,     (2) 

• 

𝑥 • 

• 
𝑦 

𝑧 

O 

𝜑 

�⃗⃗�0 

�⃗�0 

𝑚2�⃗� 

𝑚1�⃗� 

𝐵 

𝐴 

ℓ 

𝑥 
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Dda sistemis dayvanili inerciis momenti 𝑧 RerZis mimarT    

𝐽𝑧 = 𝐽1𝑧 + 𝐽2𝑧. 
 

𝐴 da 𝐵 wertilovani tvirTebis inerciis momentebi 𝑧 RerZis mimarT  
Sesabamisad tolia:  

𝐽1𝑧 = 𝑚1(ℓ − 𝑥)
2, 𝐽2𝑧 = 𝑚2𝑥

2. 
maSin 

                𝐽𝑧 = 𝑚1(ℓ − 𝑥)
2 +𝑚2𝑥

2.                  (3)         

(2) da (3) gamosaxulebebi CavsvaT (1) gantolebaSi: 

[𝑚1(ℓ − 𝑥)
2 +𝑚2𝑥

2]�̈� = [𝑚1(ℓ − 𝑥) − 𝑚2𝑥]𝑔𝑠𝑖𝑛𝜑. 
    radgan mcire rxevebis dros  𝑠𝑖𝑛𝜑 ≈ 𝜑,  amitom SegviZlia 
davweroT 

�̈� +
[𝑚1(ℓ − 𝑥) − 𝑚2𝑥]𝑔ℎ

𝑚1(ℓ − 𝑥)
2 +𝑚2𝑥

2
𝜑 = 0 

an 

�̈� + 𝑘2𝜑 = 0, 

sadac  𝑘2 =
[𝑚1(ℓ−𝑥)−𝑚2𝑥]𝑔ℎ

𝑚1(ℓ−𝑥)
2+𝑚2𝑥

2 . 
 
vipovoT rxevis periodi 

𝑇 =
2𝜋

𝑘
=

2𝜋

√
[𝑚1(ℓ − 𝑥) −𝑚2𝑥]𝑔ℎ
𝑚1(ℓ − 𝑥)

2 +𝑚2𝑥
2 .

= 2𝜋√
𝑚1(ℓ − 𝑥)

2 +𝑚2𝑥
2

[𝑚1(ℓ − 𝑥) − 𝑚2𝑥]𝑔
 

Aam tolobis orive mxare aviyvanoT kvadratSi, miviRebT: 

𝑇2 =
4𝜋2

𝑔

𝑚1(ℓ − 𝑥)
2 +𝑚2𝑥

2

[𝑚1(ℓ − 𝑥) − 𝑚2𝑥]𝑔
 

miRebuli gamosaxuleba gavawarmooT 𝑥 −iT: 

𝑑

𝑑𝑥
(𝑇2) =

4𝜋2

𝑔
× 

                

× {
[2𝑥(𝑚1 +𝑚2) − 2𝑚1ℓ][(𝑚1 +𝑚2)𝑥 − 𝑚1ℓ]

[(𝑚1 +𝑚2)𝑥 − 𝑚1ℓ]
𝟐

− 

−
(𝑚1 +𝑚2)⌈(𝑚1 +𝑚2)𝑥

𝟐 − 2𝑚1ℓ𝑥 +𝑚1ℓ
2⌉

[(𝑚1 +𝑚2)𝒙 − 𝑚1ℓ]
𝟐 }. 

 
Qqanqaras rxevis periods eqneba minimaluri mniSvneloba, roca 
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𝑑

𝑑𝑥
(𝑇2) = 0, 

Aan   
[2𝑥(𝑚1 +𝑚2) − 2𝑚1ℓ][(𝑚1 +𝑚2)𝑥 −𝑚1ℓ] − 

 

−(𝑚1 +𝑚2)⌈(𝑚1 +𝑚2)𝑥
𝟐 − 2𝑚1ℓ𝑥 +𝑚1ℓ

2⌉ = 0, 

𝑥2 −
2𝑚1ℓ

𝑚1 +𝑚2
𝑥 +

𝑚1ℓ
2(𝑚1 −𝑚2)

(𝑚1 +𝑚2)
2

= 0. 

 
Aam kvadratuli gantolebis amonaxsns  aqvs saxe 
 

𝑥1,2 = ℓ
±√𝑚1𝑚2

𝑚1 +𝑚2
, 

saZiebeli manZili 

𝑥 = ℓ√𝑚1
√𝑚1 + √𝑚2

𝑚1 +𝑚2
. 

 

p a s u x i:  𝑥 = ℓ√𝑚1
√𝑚1+√𝑚2

𝑚1+𝑚2
. 

 

 

amocana  37.37 

 
  dakidebis RerZidan ra manZilze 
unda  daematos fizikur qanqaras 
damatebiTitvirTi, rom misi rxevis 
periodi arSeicvalos? 
  a m o x s n a.  Ppirvel    rigSi 
vipovoT fizikuri  qanqaras  rxevis 

periodi  𝐴  wertilovani  tvirTis 

gareSe  qanqara 𝑀�⃗�  simZimis Zalis 
moqmedebiT (ix. naxazi). 

  davweroT  dakidebis 𝑂 wertilze 

gamavali 𝑂𝑧 RerZis garSemo 
qanqaras brunviTi   moZraobis 
diferencialuri gantoleba: 

𝐽𝑧�̈� =∑𝑀𝑜𝑧 (�⃗�𝑘 
(𝑒)
) = −𝑀𝑔ℎ𝑠𝑖𝑛𝜑, 

sadac ℎ = 𝑂𝐶. 

𝑦 

𝑧 𝜑 

�⃗⃗�0 

𝑀�⃗� 

O • h 

• 

�⃗�0 𝑥 

• 𝐴 

𝑚�⃗� 

𝑥 
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radgan mcire rxevebis dros  𝑠𝑖𝑛𝜑 ≈ 𝜑, 
amitom SegviZlia davweroT 

�̈� +
𝑀𝑔ℎ

𝐽𝑧
𝜑 = 0 

an 

�̈� + 𝑘2𝜑 = 0, 

sadac  𝑘2 =
𝑀𝑔ℎ

𝐽𝑧
. 

vipovoT rxevis periodi 

𝑇 =
2𝜋

𝑘
=

2𝜋

√
𝑀𝑔ℎ
𝐽𝑧

.

= 2𝜋√
𝐽𝑧
𝑀𝑔ℎ

. 

 
 vipovoT qanqarasa da wertilovani tvirTisagan Sedgenili sistemis 

rxevis periodi. vaCvenoT masze moqmedebs Zalebi:  𝑀�⃗� − qanqaras 

simZimis Zala,  𝑚�⃗� –tvirTis simZimis Zala da 𝑂 wertilSi 

aRZruliU reaqciis Zalis �⃗�0 da   �⃗⃗�0  mdgenelebi. 

   davweroT  𝑂𝑧 RerZis garSemo brunviTi   moZraobis 
diferencialuri gantoleba: 

                   𝐽𝑧�̈� = ∑𝑀𝑜𝑧 (�⃗�𝑘 
(𝑒)
)                   (1) 

vipovoT  gare Zalebis nakrebi momenti 

               ∑𝑀𝑜𝑧 (�⃗�𝑘 
(𝑒)
) = (−𝑚𝑔𝑥 −𝑀𝑔ℎ)𝑠𝑖𝑛𝜑.         (2)    

Dda sistemis dayvanili inerciis momenti 𝑧 RerZis mimarT    

                    𝐽დაყ. = 𝐽𝑧 + 𝐽𝑧
𝐴, 

sadac  𝐽𝑧 −fizikuri saqanis inerciis momenti dakidebis 𝑂 wertilis  
mimarT.  

   vipovoT 𝐴 wertilovani tvirTis inerciis moment: 

𝐽𝑧
𝐴 = 𝑚𝑥2. 

maSin 

𝐽დაყ. = 𝐽𝑧 +𝑚𝑥
2 

(2) da (3) gamosaxulebebi CavsvaT (1) gantolebaSi: 

(𝐽𝑧 +𝑚𝑥
2)�̈� = −(𝑚𝑥 +𝑀ℎ)𝑔𝜑. 

radgan mcire rxevebis dros 𝑠𝑖𝑛𝜑 ≈ 𝜑,  amitom SegviZlia davweroT 

�̈� +
(𝑚𝑥 +𝑀ℎ)𝑔

𝐽𝑧 +𝑚𝑥
2

𝜑 = 0 

an 

�̈� + 𝑘2𝜑 = 0, 
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sadac  𝑘2 =
(𝑚𝑥+𝑀ℎ)𝑔

𝐽𝑧+𝑚𝑥2
. 

vipovoT rxevis periodi 

𝑇∗ =
2𝜋

𝑘
=

2𝜋

√
(𝑚𝑥 +𝑀ℎ)𝑔
𝐽𝑧 +𝑚𝑥

2 .

= 2𝜋√
𝐽𝑧 +𝑚𝑥

2

(𝑚𝑥 +𝑀ℎ)𝑔
. 

radgan  𝑇 = 𝑇∗, amitom
𝐽𝑧
𝑀𝑔ℎ

=
𝐽𝑧 +𝑚𝑥

2

(𝑚𝑥 +𝑀ℎ)𝑔
Dda maSin saZiebeli manZilia: 

𝑥 =
𝐽𝑧
𝑀ℎ

, 

romelic warmoadgens fizikuri saqanis dayvanil sigrZes. 
p a s u x i:  fizikuri saqanis dayvanili sigrZis tol manZilze. 

amocana  37.38 

   𝑀 masis, 2ℓ  sigrZis  da  𝑟 = ℓ/6 radiusis  wriuli  cilindri 

qanaobs naxazis sibrtyis 

perpendikularuli 𝑂 RerZis 
garSemo. rogor Seicvleba 
cilindris rxevis periodi,  Tu 

masze 𝑂𝐾 =
85

72
ℓ  manZilze 

miamagrebT wertilovan  𝑚 masas? 
 a m o x s n a.  ganvixiloT 
wriuli   cilindris  da 

wertilovani 𝐾  tvirTisgan 
Semdgari  tvirTis moZraoba. 
   vaCvenoT naxazze sistemaze 

moqmedi Zalebi: cilindrisa da 

tvirTis  𝑀�⃗�  da 𝑚�⃗� −  simZimis 
Zalebi,  RerZis reaqciis Zalis 

�⃗�0 da  �⃗⃗�0  mdgenelebi.

davweroT 𝑂 wertilze gamavali

𝑂𝑧 RerZis garSemo  brunviTi 

𝑂 

• 

• 

2𝑟 

𝐶 

𝐾 

ℓ/2 

ℓ/2 

ℓ 

𝜑 

𝑂 

• 

• 

2𝑟 

𝐶 

𝐾 

ℓ/2 

ℓ/2 

ℓ 

𝑦 

𝑥 

z 

𝑚�⃗� 
𝑀�⃗� 

�⃗⃗�0

�⃗�0

ℎ 
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moZraobis  diferencialuri gantoleba: 

𝐽დაყვ.�̈� = ∑𝑀𝑜𝑧 (�⃗�𝑘 
(𝑒)
).   (1) 

. vipovoT  gare Zalebis nakrebi momenti 𝑧 RerZis mimarT    

   ∑𝑀𝑜𝑧 (�⃗�𝑘 
(𝑒)
) = 

= −𝑀𝑔
ℓ

2
𝑠𝑖𝑛𝜑 −𝑚𝑔ℎ𝑠𝑖𝑛𝜑 (2)   

  
  radgan mcire rxevebis dros  𝑠𝑖𝑛𝜑 ≈ 𝜑,  amitom  
 

∑𝑀𝑜𝑧 (�⃗�𝑘 
(𝑒)
) = −(𝑀𝑔

ℓ

2
+𝑚ℎ)𝑔𝜑 

 

�̈� +
𝑀𝑔ℎ

𝐽𝑧
𝜑 = 0 

sistemis dayvanili inerciis momenti 

𝐽დაყვ. = 𝐽𝑧
ც
+ 𝐽𝑧

ტვ
. 

ganvsazRvroT  ცილინდრის ინერციის მომენტი 𝑧 RerZis mimarT 

𝐽𝑧
ც
= 𝐽𝐶

ც
+𝑀(

𝑂𝐶

2
)
2

= 𝑀 [
𝑟2

4
+
(2ℓ)2

12
] + 𝑀(

ℓ

2
)
2

=
85

144
𝑀ℓ2 

da wertilovani 𝐾 tvirTis  მომენტი 𝑧 RerZis mimarT 

𝐽𝑧
ტვ
= 𝑚ℎ2 = 𝑚(

85

72
ℓ)

2

. 

maSin 

                𝐽დაყვ. = (
1

2
𝑀 +

85

72
𝑚)

85

72
ℓ2.              (3) 

(2) da (3) gamosaxulebebi CavsvaT (1) gantolebaSi: 

(
1

2
𝑀 +

85

72
𝑚)

85

72
ℓ2�̈� = −(𝑀

ℓ

2
+𝑚

85

72
ℓ)𝑔𝜑, 

 

�̈� +
(
𝑀
2 +𝑚

85
72) ℓ𝑔

(
1
2𝑀 +

85
72𝑚)

85
72 ℓ

2
𝜑 = 0, 

�̈� +
72𝑔

85ℓ
𝜑 = 0 
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an 

�̈� + 𝑘2𝜑 = 0, 

sadac  𝑘2 =
72𝑔

85ℓ
. 

vipovoT   sistemis rxevis periodi  

𝑇∗ =
2𝜋

𝑘
=

2𝜋

√72𝑔
85ℓ

.

= 2𝜋√
85ℓ

72𝑔
. 

   sistemas movaSoroT 𝐾 tvirTi da ganvixiloT cilindris rxevebi. 

𝐽𝑧
ც
�̈� + 𝑀𝑔

ℓ

2
𝜑 = 0 

Aan  

�̈� +
𝑀𝑔

ℓ
2

𝐽𝑧
ც 𝜑 = 0 

 Tu gaviTvaliswinebT 𝑧 RerZis mimarT cilindris inerciis napovn 
mniSvnelobas, miviRebT: 

�̈� +
72𝑔

85ℓ
𝜑 = 0 

 
cilindris rxevis periodi   

 
2𝜋

√
72𝑔

85ℓ

= 2𝜋√
85ℓ

72𝑔
. 

  Aamgvarad, miviReT, rom  𝑇 = 𝑇∗,   e.i. rxevis periodi ar Seivleba. 
p a s u x i:  rxevis periodi ar SeiCvleba, radgan  wertilovani masa 
damatebulia cilindris rxevis centrSi. 
 
 
 

amocana  37.39 

   ipoveT 𝑀 masisa da  𝑟 radiusis 
erTgvarovani diskos mcire rxevaTa 
gantoleba, Tu igi asrulebs rxevas im 

horizontaluri 𝑂𝑧 RerZis garSemo, 
romelic diskos sibrtyis marTobia da 

misi simZimis centri daSorebulia 𝑂𝐶 =
𝑟/2  manZiliT. Ddiskoze modebulia  

𝑚მაბ. mabruni momenti, amasTan   𝑚მაბ. =
𝑚0𝑠𝑖𝑛𝑝𝑡, sadac  𝑚0 da 𝑝  mudmivebia.  
sawyis momentSi disko umdables 

𝑚მაბ. 

𝑂 

𝐶 

𝜑 
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mdebareobaSi iyo da mianiWes sawyisi 𝜔0 kuTxuri siCqare. winaRobis

Zalebi ugulebelyofilia. rxevis simciris gamo CaTvaleT  𝑠𝑖𝑛𝜑 ≈ 𝜑.
    a m o x s n a.   ganvixiloT  
diskos moZraoba masze modebuli 
Zalebis     moqmedebiT.   Zalebi 
naCvenebia naxazze. 

  davweroT 𝑂 wertilze

gamavali 𝑂𝑧 RerZis garSemo

brunviTi      moZraobis 
diferencialuri gantoleba: 

𝐽𝑧�̈� = ∑𝑀𝑜𝑧(�⃗�𝑘
(𝑒)
) (1) 

. vipovoT  gare Zalebis nakrebi 

momenti 𝑧 RerZis mimarT

∑𝑀𝑜𝑧 (�⃗�𝑘 
(𝑒)
) = 𝑚მაბ. −𝑀𝑔 ∙ 𝑂𝐶 ∙ 𝑠𝑖𝑛𝜑 = 𝑚0𝑠𝑖𝑛𝑝𝑡 − 𝑀𝑔

𝑟

2
𝜑, (2)

  radgan mcire rxevebis dros  𝑠𝑖𝑛𝜑 ≈ 𝜑. 

ganvsazRvroT  diskoს ინერციის მომენტი 𝑧 RerZis mimarT:

𝐽𝑧 = 𝐽𝐶 +𝑀(𝑂𝐶)
2 =

𝑀𝑟2

2
+𝑀 (

𝑟

2
)
2

=
3𝑀𝑟2

4
. 

2) da (3) gamosaxulebebi CavsvaT (1) gantolebaSi:

3𝑀𝑟2

4
�̈� = 𝑚0𝑠𝑖𝑛𝑝𝑡 − 𝑀𝑔

𝑟

2
𝜑. 

Ggardaqmnis Sedegad miviRebT: 

�̈� +
2𝑔

3𝑟
𝜑 =

4𝑚0

3𝑀𝑟2
 𝑠𝑖𝑛𝑝𝑡

an 

�̈� + 𝑘2𝜑 = ℎ𝑠𝑖𝑛𝑝𝑡, (4)

sadac 𝑘 −diskos   sakuTari rxevebis  wriuli sixSirea,   𝑘 =  √
2𝑔

3𝑟
, 

ℎ =
4𝑚0

3𝑀𝑟2
. 

(4) gantoleba warmoadgens iZulebiTi rxevebis diferencialur 
gantolebas. 

(4) diferencialuri gantolebis zogad amonaxsns veZebT Semdegi
saxiT: 

𝜑 = 𝜑  + 𝜑∗, 

𝑚მაბ.

𝑂 

𝐶 

𝜑 

𝑦 

𝑥 

�⃗⃗�0

𝑧 
𝑟/2 

�⃗�0

𝑀�⃗� 
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sadac 𝜑  warmoadgens �̈� + 𝑘2𝜑 = 0 erTgvarovani diferencialuri 

gantolebis zogad amonaxsns, xolo 𝜑∗ − (4) diferencialuri 
gantolebis kerZo amonaxsia. 
  erTgvarovani diferencialuri gantolebis zogad amonaxsnia: 

𝜑 = 𝐴𝑐𝑜𝑠𝑘𝑡 + 𝐵𝑠𝑖𝑛𝑘𝑡. 
   kerZo amonaxsns im SemTxvevaSi, roca 𝑝 ≠ 𝑘, aqvs Semdegi saxe: 

𝜑∗ = 𝐷𝑠𝑖𝑛𝑝𝑡. 
Tu am tolobas gavawarmoebT orjer droiT, miviRebT: 

𝜑∗̇ = 𝐷𝑝𝑐𝑜𝑠𝑝𝑡, �̈�∗ = −𝐷𝑝2𝑠𝑖𝑛𝑝𝑡. 
vipovoT integrebis 𝐷 mudmivis mniSvneloba. CavsvaT 𝜑∗  da  �̈�∗ −is  
mniSvnelobebi (4) diferencialuri gantolebaSi: 

−𝐷𝑝2𝑠𝑖𝑛𝑝𝑡 + 𝐷𝑘2𝑠𝑖𝑛𝑝𝑡 = ℎ𝑠𝑖𝑛𝑝𝑡, 
saidanac miviRebT: 

𝐷 =
ℎ

𝑘2 − 𝑝2
. 

maSin (4) diferencialuri gantolebis zogadi amonaxsni miiRebs 
Semdeg saxes: 

𝜑 = 𝐴𝑐𝑜𝑠𝑘𝑡 + 𝐵𝑠𝑖𝑛𝑘𝑡 + 𝐷𝑠𝑖𝑛𝑝𝑡. 
 
Ees gamosaxuleba gavawarmooT droiT: 
 

�̇� = −𝐴𝑘𝑠𝑖𝑛𝑘𝑡 + 𝐵𝑘𝑐𝑜𝑠𝑘𝑡 + 𝐷𝑝𝑐𝑜𝑠𝑝𝑡. 
vipovoT integrebis 𝐴  da 𝐵  mudmivebi vipovoT Semdegi sawyisi 
pirobidan: roca 𝑡 = 0, 𝜑0 = 0,𝜑0̇ = 𝜔0 , miviRebT: 

𝐴 = 𝜑0 = 0,   𝐵 =
𝜔0 − 𝐷𝑃

𝑘
=
1

𝑘
(𝜔0 −

ℎ𝑝

𝑘2 − 𝑝2
). 

maSin 

𝜑 =
1

𝑘
(𝜔0 −

ℎ𝑝

𝑘2 − 𝑝2
) 𝑐𝑜𝑠𝑘𝑡 +

ℎ

𝑘2 − 𝑝2
𝑠𝑖𝑛𝑝𝑡. 

 

vipovoT kerZo amonaxsni rezonansis SemTxvevaSi, e. i. roca 𝑝 = 𝑘: 
 

𝜑∗ = 𝐸𝑡𝑐𝑜𝑠𝑝𝑡, 
𝜑∗̇ = 𝐸𝑐𝑜𝑠𝑝𝑡 − 𝐸𝑝𝑡𝑠𝑖𝑛𝑝𝑡, 

�̈�∗ = −𝐸𝑝𝑠𝑖𝑛𝑝𝑡 − 𝐸𝑝𝑠𝑖𝑛𝑝𝑡 − 𝐸𝑝2𝑡𝑐𝑜𝑠𝑝𝑡. 
 

ganvsazRvroT integrebis 𝐸 mudmivis mniSvneloba. CavsvaT 𝜑∗  da  
�̈�∗ −is  mniSvnelobebi (4) diferencialuri gantolebaSi: 

−2𝐸𝑝𝑠𝑖𝑛𝑝𝑡 − 𝐸𝑝2𝑡𝑐𝑜𝑠𝑝𝑡 + 𝑘2𝐸𝑡𝑐𝑜𝑠𝑝𝑡 = ℎ𝑠𝑖𝑛𝑝𝑡, 
saidanac miviRebT: 
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𝐸 = −
ℎ

2𝑝
. 

maSin iZulebiTi rxevebis zogadi gantoleba miiRebs saxes: 

𝜑 = 𝐴𝑐𝑜𝑠𝑘𝑡 + 𝐵𝑠𝑖𝑛𝑘𝑡 + 𝐸𝑡𝑐𝑜𝑠𝑝𝑡, 
Tu am tolobas gavawarmoebT droiT, gveqneba; 

�̇� = −𝐴𝑘𝑠𝑖𝑛𝑘𝑡 + 𝐵𝑘𝑐𝑜𝑠𝑘𝑡 + 𝐸𝑐𝑜𝑠𝑝𝑡 − 𝐸𝑝𝑡𝑠𝑖𝑛𝑝𝑡. 
vipovoT integrebis 𝐴  da 𝐵  mudmivebi vipovoT Semdegi sawyisi 
pirobidan: roca 𝑡 = 0, 𝜑0 = 0,𝜑0̇ = , miviRebT:

𝐴 = 𝜑0 = 0,   𝐵 =
𝜑0̇ − 𝐸

𝑘
=
𝜔0 +

ℎ
2𝑝

𝑝
=
1

𝑝
(𝜔0 +

ℎ

2𝑝
). 

   CavweroT mcire rxevebis gantoleba miRebuli mniSvnelobebis 
safuZvelze rezonansis SemTxvevaSi 

𝜑 =
1

𝑝
(𝜔0 +

ℎ

2𝑝
) 𝑠𝑖𝑛𝑝𝑡 −

ℎ

2𝑝
𝑡𝑐𝑜𝑠𝑝𝑡. 

p a s u x i:  1) roca 𝑝 ≠ √
2𝑔

3𝑟
,  𝜑 =

1

𝑘
(𝜔0 −

ℎ𝑝

𝑘2−𝑝2
) 𝑐𝑜𝑠𝑘𝑡 +

ℎ

𝑘2−𝑝2
𝑠𝑖𝑛𝑝𝑡, sadac  𝑘 = √

2𝑔

3𝑟
, ℎ =

4𝑚0

3𝑀𝑟2
; 

2) roca 𝑝 = √
2𝑔

3𝑟
,  

1

𝑝
(𝜔0 +

ℎ

2𝑝
) 𝑠𝑖𝑛𝑝𝑡 −

ℎ

2𝑝
𝑡𝑐𝑜𝑠𝑝𝑡, 

sadac   ℎ =
4𝑚0

3𝑀𝑟2
; 

amocana  37.40 

  seismografebSi-xelsawyoebSi, romlebic axdenen miwisZvris 
registracias-gamoiyeneba fizikuri qanqara, romlis dakidebis RerZi 

vertikalTan adgens 𝛼 kuTxes. manZili dakidebis RerZidan qanqaras 

masaTa centramde 𝑎–s tolia, qanqaras inerciis momenti dakidebis 
RerZis paraleluri da masaTa centrze gamavali RerZis mimarT 

udris 𝐽𝐶 , qanqaras masaa  𝑀M. gansazRvreT qanqaras rxevis periodi.
a m o x s n a.  ganvixiloT  fizikuri qanqara moZraoba, romlis 

dakidebis RerZi vertikalTan adgens 𝛼 kuTxes. vaCvenoT naxazze 

qanqaraze moqmedi Zalebi: 𝑀�⃗�  −  simZimis Zala,  sayrdenis RerZis

reaqciis Zalis �⃗�0 , �⃗⃗�0  da  𝑍0 mdgenelebi.

  davweroT 𝑂𝑥  RerZis mimarT nivTier wertilTa sistemis 
moZraobis raodenobis momentis cvlilebis Teorema: 

𝑑𝐾𝑥

𝑑𝑡
= ∑𝑀𝑥 (�⃗�𝑘

(𝑒)
) (1)
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  vipovoT qanqaraze moqmedi gare Zalebis nakrebi momenti 𝑥 RerZis 
mimarT  

     ∑𝑀𝑥 (�⃗�𝑘 
(𝑒)
) = −𝑀𝑔 ∙ 𝑎 ∙ 𝑠𝑖𝑛𝛼 ∙ 𝑠𝑖𝑛𝜑 = −𝑀𝑔 ∙ 𝑎 ∙ 𝑠𝑖𝑛𝛼 ∙ 𝜑,   (2)    

  radgan mcire rxevebis dros  𝑠𝑖𝑛𝜑 ≈ 𝜑. 

  𝑥 RerZis mimarT sistemis moZraobis nakreb moments vipoviT, Tu 
ganvsazRvravT qanqaras inerciis moments dakidebis RerZis mimarT 
hiugens-Steineris Teoremis gamoyenebiT: 

                   𝐾𝑥 = 𝐼𝑥𝜔 = (𝐽𝐶 +𝑀𝑎
2)𝜔.            (3) 

 
    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(2) da (3) gamosaxulebebi CavsvaT (1) gantolebaSi: 

(𝐽𝐶 +𝑀𝑎
2)
𝑑𝜔

𝑑𝑡
= −𝑀𝑔 ∙ 𝑎 ∙ 𝑠𝑖𝑛𝛼 ∙ 𝜑. 

an 

(𝐽𝐶 +𝑀𝑎
2)�̈� = −𝑀𝑔 ∙ 𝑎 ∙ 𝑠𝑖𝑛𝛼 ∙ 𝜑. 

Ggardaqmnis Sedegad miviRebT 

�̈� +
𝑀𝑔 ∙ 𝑎 ∙ 𝑠𝑖𝑛𝛼

𝐽𝐶 +𝑀𝑎
2
𝜑 = 0 

an 

�̈� + 𝑘2𝜑 = 0, 

sadac  𝑘2 =
𝑀𝑔∙𝑎∙𝑠𝑖𝑛𝛼

𝐽𝐶+𝑀𝑎2
. 

𝜑 

𝑂 

C 

𝑀�⃗� 

𝑎 

𝑧 

𝑦 

�⃗�0 

�⃗⃗�0 𝛼 

𝑂 

C 

𝑀�⃗� 

𝑧 

𝑥 

�⃗�0 

�⃗�0 

𝛼 



 
211 

 Ees gantoleba warmoadgens qanqaras rxevis diferencialur 
gantolebas  

𝑘 = √
𝑀𝑔 ∙ 𝑎 ∙ 𝑠𝑖𝑛𝛼

𝐽𝐶 +𝑀𝑎
2
. 

ganvsazRvroT rxevis periodi 

𝑇 =
2𝜋

𝑘
=

2𝜋

√
𝑀𝑔𝑎𝑠𝑖𝑛𝛼
𝐽𝐶 +𝑀𝑎

2 .

= 2𝜋√
𝐽𝐶 +𝑀𝑎

2

𝑀𝑔𝑎𝑠𝑖𝑛𝛼
. 

 

p a s u x i:  𝑇 = 2𝜋√
𝐽𝐶+𝑀𝑎

2

𝑀𝑔𝑎𝑠𝑖𝑛𝛼
. 

 
 
 
 

amocana  37.41 

 
   manqanaTa saZirkvlebis horizontalur 

rxevaTa Casawerad vibrografSi aris 𝑂𝐴  
qanqara, romelic Sedgeba berketisagan mis 
boloze mimagrebuli tvirTiT. Qanqaras 

SeuZlia brunva misi  horizontaluri 𝑂 
 RerZis garSemo. igi Sekavebulia 
vertikalur mdebareobaSi sakuTarimasiT da 
spiraluri zambaris saSualebiT. 
gansazRvreT  qanqaras mcire gadaxrebis 
SemTxvevaSi sakuTari rxevis periodi, Tu 
qanqaras masis maqsimaluri  statikuri 
momenti misi brunvis RerZis mimarT tolia 

𝑀𝑔ℎ, inerciis momenti imave RerZis mimarT 
tolia 𝐽𝑧, zambaris sixistis koeficienti, 

romlis winaRoba grexis kuTxis 
proporciulia, udris 𝑐 −s. qanqaras 
wonasworobisas zambara dauZabav mdgomareobaSia. winaRobebi 
ugulebelyofilia. 

a m o x s n a.    ganvixiloT 𝑂𝐴  qanqaras da spiraluri 
zambarisagan Sedgenili meqanikuri sistemis moZraoba. sistemaze 

moqmedeben gare Zalebi: 𝑀�⃗�  −  qanqaras simZimis Zala,   spiraluri 

zambaras drekadi Zalis momenti 𝑚დრ. = −𝑐𝜑, 𝑂 sayrdenis reaqciis 

Zalis �⃗�0 da  �⃗⃗�0 mdgenelebi. 
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davweroT 𝑂𝑧  RerZis mimarT nivTier wertilTa sistemis 
moZraobis raodenobis momentis cvlilebis Teorema: 

                        
𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
)             (1) 

 vipovoT sistemis moZraobis raodenobის მომენტი 

                      𝐾𝑧 = 𝐽𝑧𝜔                    (2)            
  da qanqaraze moqmedi gare Zalebis nakrebi momenti 𝑧 RerZis mimarT  

     ∑𝑀𝑧 (�⃗�𝑘 
(𝑒)
) = −𝑀𝑔 ∙ ℎ ∙ 𝑠𝑖𝑛𝜑 − 𝑐𝜑 = −𝑀𝑔ℎ𝜑 − 𝑐𝜑,  (3)    

  radgan mcire rxevebis dros  𝑠𝑖𝑛𝜑 ≈ 𝜑. 
 (2) da (3) gamosaxulebebi CavsvaT (1) gantolebaSi: 

𝐽𝑧
𝑑𝜔

𝑑𝑡
= −(𝑀𝑔ℎ + 𝑐)𝜑 

an 

𝐽𝑧�̈� = −(𝑀𝑔ℎ + 𝑐)𝜑 
Ggardaqmnis Sedegad miviRebT 

�̈� +
𝑀𝑔ℎ + 𝑐

𝐽𝑧
𝜑 = 0 

an 

�̈� + 𝑘2𝜑 = 0, 

𝑧 

𝑥 

𝑦 

�⃗⃗�0  

�⃗�0  

• 

𝑀�⃗�   

𝜑 

𝑚დრ. 

ℎ 
𝑂 
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sadac  𝑘 = √
𝑀𝑔ℎ+𝑐

𝐽𝑧
. 

 Ees gantoleba warmoadgens qanqaras rxevis diferencialur 

gantolebas,  𝑘 −qanqaras rxevis wriuli sixSirea 
     ganvsazRvroT qanqaras rxevis periodi 

𝑇 =
2𝜋

𝑘
=

2𝜋

√
𝑀𝑔ℎ + 𝑐

𝐽𝑧
.

= 2𝜋√
𝐽𝑧

𝑀𝑔ℎ + 𝑐
. 

 

p a s u x i:  𝑇 = 2𝜋√
𝐽𝑧

𝑀𝑔ℎ+𝑐
. 

 
 
 
 

amocana  37.42 

 
   vibrografi (ix. wina amocana) damagrebulia saZirkvelze, romelic 

asrulebs horizontalur harmoniul rxevebs 𝑥 = 𝑎 ∙ 𝑠𝑖𝑛𝜔𝑡  kanoniT. 

gansazRvreT saZirkvelis rxevis 𝑎 amplituda, Tu    vibrografis 

qanqaras  iZulebiTi rxevebis amplituda 𝜑0 −is tolia. 
a m o x s n a.    ganvixiloT mocemuli  meqanikuri sistemis 

moZraoba.  sistemaze moqmedeben gare Zalebi:  𝑀�⃗�  −  qanqaras 

simZimis Zala,   spiraluri zambaras drekadi  Zalis momenti 𝑚დრ. =

−𝑐𝜑,   saZirkvelis reaqcia �⃗⃗⃗�. 
    gamoviyenoT nivTier wertilTa sistemis moZraobis raodenobis  

momentis cvlilebis Teorema 𝑧1 RerZis mimarT: 

                        
𝑑𝐾𝑧1
𝑑𝑡

= ∑𝑀𝑧1 (�⃗�𝑘
(𝑒)
)              (1) 

 vipovoT vibrografze moqmedi gare Zalebis nakrebi momenti 𝑧1 
RerZis mimarT  

        ∑𝑀𝑧1 (�⃗�𝑘 
(𝑒)
) = −𝑀𝑔 ∙ ℎ ∙ 𝑠𝑖𝑛𝜑 − 𝑐𝜑 = −(𝑀𝑔ℎ + 𝑐)𝜑,    (2)                   

 sadac 𝑠𝑖𝑛𝜑 ≈ 𝜑. 
 da am RerZis mimarT  vibrografis kinetikuri momenti   

                     𝐾𝑧1 = 𝐾𝑧1
წ.
+ 𝐾𝑧1

ფ.
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ვibrografi  asrulebs rTul moZraobas fardobiTi- 𝑧1 RerZis garSemo 

brunva da warmtani gadataniTi moZraoba  saZirkvelთან ერთად  

𝑣წ = �̇� = 𝑎𝜔𝑐𝑜𝑠𝜔𝑡 
siCqariT. 
  kinetikuri momenti warmtani moZraobisas 

𝐾𝑧1
წ.
=  𝑀𝑧1(𝑀�⃗�წ) − 𝑀𝑎𝑐𝑜𝑠 ∙ ℎ ∙ 𝑐𝑜𝑠𝜑 = 𝑀𝑎ℎ𝑐𝑜𝑠𝜔𝑡, 

radgan 𝑐𝑜𝑠𝜑 = 1. 
  kinetikuri momenti fardobiTi moZraobisas 
 

𝐾𝑧1
ფ.
=  𝐽𝑧1�̇�, 

maSin 

                    𝐾𝑧1 =  𝐾𝑧1�̇� + 𝑀𝑎ℎ𝑐𝑜𝑠𝜔𝑡.              (3)   
 
(2) da (3) gamosaxulebebi CavsvaT (1) gantolebaSi: 

𝑑( 𝐽𝑧1�̇� + 𝑀𝑎ℎ𝑐𝑜𝑠𝜔𝑡)

𝑑𝑡
= −(𝑀𝑔ℎ + 𝑐)𝜑, 

romelic ase Caiwereba 

 𝐽𝑧1�̈� − 𝑀𝑎ℎ𝜔
2𝑠𝑖𝑛𝜔𝑡 = −(𝑀𝑔ℎ + 𝑐)𝜑 

Ggardaqmnis Sedegad miviRebT 

• 

𝑀�⃗� 

𝑥 

𝑦 

𝑧1 
𝜑 

ℎ 

�⃗⃗⃗� 

𝑚დრ. 

�⃗�წ. 

�⃗�წ. 

𝑥 

𝑂 

𝐴 
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                  �̈� +
𝑀𝑔ℎ+𝑐

 𝐽𝑧1
𝜑 =

𝑀𝑎ℎ𝜔2

 𝐽𝑧1
𝑠𝑖𝑛𝜔𝑡             (4) 

an 

�̈� + 𝑘2𝜑 = 𝐻𝑠𝑖𝑛𝜔𝑡, 

sadac  𝑘 = √
𝑀𝑔ℎ+𝑐

 𝐽𝑧1
− sistemis  sakuTari  rxevis  wriuli sixSirea, 

𝐻 =
𝑀𝑎ℎ𝜔2

 𝐽𝑧1
. 

   E(4) gantoleba warmoadgens sistemis iZulebiTi rxevebis 

diferencialur gantolebas.  am  gantolebis 𝜑 −zogadi amonaxsni   
veZeboT �̈� + 𝑘2𝜑 = 0 erTgvarovani  diferencialur gantolebis 

𝜑 −zogadi amonaxsnisa da   (4) arerTgvarovani  diferencialur 

gantolebis 𝜑∗ −kerZo amonaxsnis jamis saxiT: 

𝜑 = 𝜑 + 𝜑∗, 
sadac   

𝜑 = 𝐴𝑐𝑜𝑠𝑘𝑡 + 𝐵𝑠𝑖𝑛𝑘𝑡; 𝜑∗ = 𝐷𝑠𝑖𝑛𝜔𝑡.    
maSin moZraobis gantoleba miiRebs  Semdeg saxes: 

𝜑 = 𝐴𝑐𝑜𝑠𝑘𝑡 + 𝐵𝑠𝑖𝑛𝑘𝑡 + 𝐷𝑠𝑖𝑛𝜔𝑡. 
 gavawarmooT 𝜑∗ −is gamosaxuleba droiT orjer da CavsvaT  �̈�∗ 
da 𝜑∗ −is gamosaxulebebi (1) gantolebaSi, saidanac miviRebT: 

𝐷 =
𝐻

𝑘2 − 𝜔2
. 

 iZulebiTi rxevebi aRiwereba kerZo amonaxsniT: 

𝜑∗ = 𝐷𝑠𝑖𝑛𝜔𝑡 =
𝐻

𝑘2 −𝜔2
𝑠𝑖𝑛𝜔𝑡 =

𝑀𝑎ℎ𝜔2

 𝐽𝑧1 (
𝑀𝑔ℎ + 𝑐
 𝐽𝑧1

−𝜔2)
𝑠𝑖𝑛𝜔𝑡, 

maSasadame,  iZulebiTi rxevebis amplituda 

𝜑0 =
𝑀𝑎ℎ𝜔2

𝑀𝑔ℎ + 𝑐−𝜔2 𝐽𝑧1
 

maSin    saZirkvelis  rxevebis amplitudaa 

𝑎 =
𝜑0(𝑀𝑔ℎ + 𝑐−𝜔

2 𝐽𝑧1)

𝑀ℎ𝜔2
. 

 

p a s u x i:  𝑎 =
𝜑0(𝑀𝑔ℎ+𝑐−𝜔

2 𝐽𝑧1)

𝑀ℎ𝜔2
. 
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  eleqtruli jalambris gaSvebisas  𝐴 
dolze modebulia mabruni momenti, 

romelic drois proporciuli 𝑚მაბ. = 𝑎𝑡, 
 𝑎-sadac mudmivia.  𝑀1Mmasis  𝐵  tvirTi 

zeviT aiweva  𝑀2Mmasisa  da  𝑟 radiusis 
dolze daxveuli  bagiris saSualebiT. 
gansazRvReT dolis kuTxuri siCqare, Tu 
igi CaTvlilia wriul cilindrad. sawyis  
momentSi jalambari uZravi iyo. 
a m o x s n a.    ganvixiloT   mocemuli  meqanikuri  sistemis 
moZraoba.  sistemaze moqmedeben 

gare Zalebi:  𝑀1�⃗�  −  tvirTis 

simZimis Zala,  𝑀2�⃗�  − 𝐴 
dolis simZimis Zala, 𝑚მაბ. −  

mabruni momenti  da  𝑂 

sayrdenis reaqciis  Zalis �⃗�0 da  

�⃗⃗�0 mdgenelebi.     gamoviyenoT 
meqanikuri sistemis kinetikuri   

momentis cvlilebis Teorema 𝑧 
RerZis mimarT: 

         
   𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
)    (1)         

 vipovoT sistemaze moqmedi გare 

Zalebis nakrebi momenti 𝑧 
RerZis mimarT  

    ∑𝑀𝑧 (�⃗�𝑘 
(𝑒)
) = 𝑚მაბ. −𝑀1𝑔𝑟 =  𝑎𝑡 − 𝑀1𝑔𝑟,       (2) 

sistemis moZraobis raodenobis momentia 

 𝐾𝑧 = 𝐾𝑧
𝐴 + 𝐾𝑧

𝐵. 
  ganvsazRvroT  𝐴 dolis  moZraobis raodenobis momenti 

𝐾𝑧
𝐴 =  𝐽𝐴𝜔 =

𝑀2𝑟
2

2
𝜔 

Dda 𝐵 tvirTis moZraobis raodenobis momenti 

𝐾𝑧
𝐵 = 𝑚𝑧(𝑀1�⃗�𝐵) = 𝑀1𝑟

2𝜔 
maSin   

                  𝐾𝑧 = (2𝑀1 +𝑀2)
𝑟2

2
𝜔.                  (3) 

 
(2) da (3) gamosaxulebebi CavsvaT (1) tolobaSi, miviRebT: 

              (2𝑀1 +𝑀2)
𝑟2

2

𝑑𝜔

𝑑𝑡
= 𝑎𝑡 −𝑀1𝑔𝑟.               (4) 

𝑂 

𝑚მაბ. 

𝐵 

𝑂 

𝑚მაბ. 

𝑀2�⃗� 𝐵 

𝑀1�⃗� 

𝑥 

𝑦 

𝑧 

𝜑 

�⃗�𝐵 

�⃗�0 

𝐴 

�⃗⃗�0 

• 
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  (4) gantolebaSi  ganvacaloT cvladebi da miRebuli gamosaxuleba 
vaintegroT: 

(2𝑀1 +𝑀2)
𝑟2

2
∫ 𝑑𝜔 = ∫(𝑎𝑡 − 𝑀1𝑔𝑟)𝑑𝑡,

𝑡

0

𝜔

0

 

 

(2𝑀1 +𝑀2)
𝑟2

2
𝜔 =

𝑎𝑡2

2
−𝑀1𝑔𝑟𝑡. 

saidanac miviRebT, rom 𝐴 dolis brunvis kuTxuri siCqare 

𝜔 =

𝑎𝑡2

2
−𝑀1𝑔𝑟𝑡

(2𝑀1 +𝑀2)
𝑟2

2

=
(𝑎𝑡 − 2𝑀1𝑔𝑟)𝑡

(2𝑀1 +𝑀2)
𝑟2

2

. 

p a s u x i:  𝜔 =
(𝑎𝑡−2𝑀1𝑔𝑟)𝑡

(2𝑀1+𝑀2)
𝑟2

2

. 
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     𝑅  radiusis mqnevara 𝐴 Tvlis simZimis 

centrze gamavali RerZis mimarT inerciis  𝐽 
momentis  gansasazRvravad Tvalze  daaxvies  

wvrili mavTuli da masze miabes 𝑀1  masis 
𝐵 sawoni, romlisdaSvebas ℎ = 2m 
simaRlidan akvirdebodnen 𝑇1  drois 
ganmavlobaSi. xaxunis Zalis gamoricxvis 

mizniT Caataresmeore cda 𝑀2  masis 
sawonze,romelic imave simaRlidan eSveboda 

𝑇2  drois ganmavlobaSi.  gansazRvreT 

inerciis 𝐽 momenti, Tu miviRebT, rom 
xaxunis Zalis momenti mudmivia da ar  aris  
damokidebuli sawonis masaze. 

 a m o x s n a.       ganvixiloT mqnevara 𝐴 

Tvlis da 𝐵 sawonisagan Sedgenili  
meqanikuri  sistemis moZraoba. vaCvenoT naxazze  sistemaze moqmedeben 

gare Zalebi:  𝑀�⃗�  − mqnevara  Tvlis simZimis Zala, 𝑀1�⃗�  sawonis 
simZimis Zala an  𝑀2�⃗� ,  𝑂 wertilSi aRZruliU xaxunis Zalis   

momenti −𝑚𝑐, mqnevara Tvlis  

reaqciis Zalis �⃗�0 da �⃗⃗�0 mdgenelebi. 

𝑂 

ℎ 

𝐴 

𝐵 



 
218 

  gamoviyenoT meqanikuri   sistemis 
kinetikuri momentis cvlilebis 

Teorema 𝑧 RerZis mimarT: 

        
𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
)       (1) 

   vipovoT  sistemaze  moqmedi  gare  

Zalebis  nakrebi  momenti  𝑧  RerZis  
mimarT  

∑𝑀𝑧 (�⃗�𝑘 
(𝑒)
) = 𝑀1𝑔𝑅 −𝑚𝑐 . 

 
sistemis moZraobis raodenobis 
momentia 

 𝐾𝑧 = 𝐾𝑧
𝐴 +𝐾𝑧

𝐵. 
  ganvsazRvroT  𝐴 dolis moZraobis 
raodenobis momenti 

𝐾𝑧
𝐴 = 𝐽𝜔 

Dda 𝐵 sawonis moZraobis raodenobis momenti 

𝐾𝑧
𝐵 = 𝑚𝑧(𝑀1�⃗�𝐵) = 𝑀1𝑅

2𝜔 
maSin   

 𝐾𝑧 = (𝐽 + 𝑀1𝑅
2)𝜔. 

miRebuli  gamosaxulebebi CavsvaT (1) tolobaSi, miviRebT: 

               (𝐽 + 𝑀1𝑅
2)

𝑑𝜔

𝑑𝑡
= 𝑀1𝑔𝑅 − 𝑚𝑐.               (2) 

  (2) gantolebaSi  ganvacaloT cvladebi da miRebuli gamosaxuleba 
vaintegroT: 

(𝐽 + 𝑀1𝑅
2)∫𝑑𝜔 = (𝑀1𝑔𝑅 − 𝑚𝑐)∫𝑑𝑡, 

             (𝐽 + 𝑀1𝑅
2)𝜔 = (𝑀1𝑔𝑅 − 𝑚𝑐)𝑡 + 𝐶1.            (3) 

integrebis 𝐶1  mudmivs  vipoviT  sawyisi   pirobidan: 𝑡 = 0,𝜔0 = 0,  
maSin    𝐶1 = 0. 
   𝐶1 −is mniSvnelobis gaTvaliswinebiT  (3)  gantoleba miiRebs 
Semdeg saxes: 

(𝐽 + 𝑀1𝑅
2)𝜔 = (𝑀1𝑔𝑅 − 𝑚𝑐)𝑡, 

sadac  𝜔 =
𝑑𝜑

𝑑𝑡
. 

maSin 

             (𝐽 + 𝑀1𝑅
2)

𝑑𝜑

𝑑𝑡
= (𝑀1𝑔𝑅 − 𝑚𝑐)𝑡.                 (4) 

(4) gantolebSi movaxdinoT cvladTa gancaleba da vaintegroT: 

(𝐽 + 𝑀1𝑅
2)∫ 𝑑𝜑

𝜑

0

= (𝑀1𝑔𝑅 − 𝑚𝑐)∫ 𝑡𝑑𝑡

𝑇1

0

, 

𝑥 𝑂 
𝑚𝑐 

𝑦 

𝑧 

ℎ 

�⃗�0  
�⃗⃗�0  

𝑀�⃗� 

𝑀1�⃗� 𝑀2�⃗� 

�⃗�𝐵 

𝜔 
𝑅 

• 𝐵 
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               (𝐽 + 𝑀1𝑅
2)𝜑 =

(𝑀1𝑔𝑅 −𝑚𝑐)𝑇1
2

2
. 

  vipovoT borblis mobrunebis kuTxe 𝑇1  drois ganmavlobaSi: 

                           𝜑 =
(𝑀1𝑔𝑅 −𝑚𝑐)𝑇1

2

2(𝐽+𝑀1𝑅
2)

.                    (5) 

   𝑀1  masis  sawoni  SevcvaloT 𝑀2  masis sawoniT. ganvixiloT am 
sistemis moZraoba. Aanalogiuri msjelobiT vRebulobT: 

∑𝑀𝑧 (�⃗�𝑘 
(𝑒)
) = 𝑀2𝑔𝑅 − 𝑚𝑐 

 𝐾𝑧 = (𝐽 + 𝑀2𝑅
2)𝜔. 

maSin 

(𝐽 + 𝑀2𝑅
2)
𝑑𝜔

𝑑𝑡
= 𝑀2𝑔𝑅 − 𝑚𝑐 

Ees toloba vaintegroT orjer da vipovoT borblis mobrunebis 

kuTxe 𝑇2  drois ganmavlobaSi: 
(𝐽 + 𝑀2𝑅

2)𝜔 = (𝑀2𝑔𝑅 − 𝑚𝑐)𝑡, 

(𝐽 + 𝑀2𝑅
2)
𝑑𝜑

𝑑𝑡
= (𝑀2𝑔𝑅 − 𝑚𝑐)𝑡, 

(𝐽 + 𝑀2𝑅
2)𝜑 =

(𝑀2𝑔𝑅 − 𝑚𝑐)𝑇2
2

2
 

                      𝜑 =
(𝑀2𝑔𝑅 −𝑚𝑐)𝑇2

2

2(𝐽+𝑀2𝑅
2)

.                   (6) 

  ramdenadac 𝐵 sawoni orive SemTxvevaSi gadis erTi da igive 
manZils, amitom Tu gamovaklebT (5) gantolebas (6) gantolebas, 
miviRebT: 

2(𝐽 + 𝑀1𝑅
2)

𝑇1
2 −

2(𝐽 + 𝑀2)

𝑇2
2   = 𝑀1𝑔𝑅 − 𝑚𝑐 −𝑀2𝑔𝑅 +𝑚𝑐 

Aan 

2𝐽𝜑 (
1

𝑇1
2 −

1

𝑇2
2) + 2𝑅

2𝜑(
𝑀1

𝑇1
2 −

𝑀2

𝑇2
2) = 𝑔𝑅(𝑀1 −𝑀2). 

maSin  mqnevara Tvlis inerciis momenti iqneba: 

𝐽 = 𝑅2

𝑔
2𝑅𝜑

(𝑀1 −𝑀2) − (
𝑀1
𝑇1
2 −

𝑀2
𝑇2
2)

1
𝑇1
2 −

1
𝑇2
2

 

Aan, Tu gaviTvaliswinebT, rom 𝜑 =
ℎ

𝑅
,  gveqneba 
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𝐽 = 𝑅2

𝑔
2ℎ
(𝑀1 −𝑀2) − (

𝑀1
𝑇1
2 −

𝑀2
𝑇2
2)

1
𝑇1
2 −

1
𝑇2
2

 

p a s u x i:   

𝐽 = 𝑅2

𝑔
2ℎ
(𝑀1 −𝑀2) − (

𝑀1
𝑇1
2 −

𝑀2
𝑇2
2)

1
𝑇1
2 −

1
𝑇2
2
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  𝐼  lilvze     mierTebulia 
eleqtroZrava, romlis mabruni 

momenti udris 𝑚1.  siCqareTa 
reduqtotis       saSualebiT,  
romelic Sedgeba oTxi 1,2,3 da  
4 kbila Tvlisagan, es mabruni  
momenti    gadaecema   saCarxi 

dazgis     𝐼𝐼𝐼       Spindels,  
romelzec          modebulia  

winaRobis  𝑚2  momenti  (es  
momenti warmoiSoba saWrisiT 
detalis gaCarxvis dros). 

gansazRvreT 𝐼𝐼𝐼   Spindelis kuTxuri aCqareba, Tu 𝐼, 𝐼𝐼 da 𝐼𝐼𝐼  
lilvze Camocmuli yvela mbrunavi detalis inerciis momentebi 

saTanadod udris 𝐽𝐼, 𝐽𝐼𝐼, 𝐽𝐼𝐼𝐼 ; Tvlis radiusebi ki- 𝑟1, 𝑟2, 𝑟3 da 𝑟4 .  
a m o x s n a.     
ganvixiloT siCqareTa 
reduqtoriT warmodgenili 
meqanikuri sistema, romelzec 
moqmedebs gare Zalebi: 
eleqtroZravis mabruni  

momenti -𝑚1, winaRobis 𝑚2 
momenti, lilvis sayrdenTa 
reaqciebi.   TiToeuli 
lilvisaTvis SevadginoT 
uZravi RerZis garSemo 
brunvis diferenciluri 
gantolebebi Tvlebis 
SeWidebis Zalebis an wriuli 
Zalvebis  gaTvaliswinebiT: 

II 

I 

I I 

𝜔III 

1 

2 

3 

4 

𝜔1 

𝑆1 

𝑆 

𝑆′ 

𝑆1
′  𝑚2 

𝑚1 

𝜔II 

I I I 

II 

I 
I I I 

𝑚2 

1 

2 
3 

4 

𝑚1 

I I  
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 𝑆⃗⃗⃗ = −𝑆′, 𝑆1 = −𝑆′1. 

maSin 𝐼 lilvisaTvis 
          𝐽𝐼εI = m1 − Sr1              (1) 

𝐼 lilvisaTvis 
              𝐽𝐼𝐼ε𝐼𝐼 = S

′r2 − S1r3    (2)                  
𝐼𝐼𝐼 lilvisaTvis 
                     𝐽𝐼𝐼𝐼ε𝐼𝐼𝐼 = S1

′ r4 −m2                           (3) 
  gamovsaxoT  εI da  sidideebi ε𝐼𝐼𝐼 −iT. radgan 
 

ε𝐼𝐼𝐼
ε𝐼𝐼

=
r3
r4
,      

ε𝐼𝐼
ε𝐼
=
r1
r2
  , 

amitom 

                    ε𝐼𝐼 =
ε𝐼𝐼𝐼r4

r3
,    ε𝐼 =  ε𝐼𝐼

r2

r1
.                          (4) 

 
(4) gamosaxuleba CavsvaT (1) da (2) gantolebebSi, gavamravlebT ra (1) 

gantolebas r2 −ze, xolo (2) gantolebas r1 − ze: 

𝐽𝐼
ε𝐼𝐼𝐼r2 ∙ r4
r1 ∙ r3

r2 = m1r2 − Sr1 ∙ r2, 

𝐽𝐼𝐼
ε𝐼𝐼𝐼r4
r3

r1 = S′r1 ∙ r2 − S1r3 ∙ r1. 

radgan   S = S′, amitom Tu SevkribavT am tolobebs miviRebT: 

ε𝐼𝐼𝐼 (𝐽𝐼
r2 ∙ r4
r1 ∙ r3

r2 + 𝐽𝐼𝐼
r4
r3
r1) = m1r2 − S1r3 ∙ r1. 

(3) gantoleba gavamravloT r3r1. −ze, xolo (5) gantoleba r4 −ze da 

SevkriboT miRebuli tolobebi da gaviTvaliswinoT, rom S1 = S1
′ , 

maSin 

ε𝐼𝐼𝐼 ( 𝐽𝐼𝐼𝐼r1 ∙ r3 + 𝐽𝐼𝐼
r4
2

r3
r1 + 𝐽𝐼

r2
2r4

2

r1r3
r2) = m1r2r4 −m2r1r3. 

 

Aaqedan 𝐼𝐼𝐼 lilvis kuTxuri aCqareba: 

ε𝐼𝐼𝐼 =
𝑚1

r2 ∙ r4
r1 ∙ r3

−m2

(𝐽𝐼
r2
2

r1
2 + 𝐽𝐼𝐼)

r4
2

r3
2 + 𝐽𝐼𝐼𝐼

 

an 

ε𝐼𝐼𝐼 =
𝑚1k1,2 ∙ k3,4 −m2

(𝐽𝐼𝑘1,2
2 + 𝐽𝐼𝐼)𝑘3,4

2 + 𝐽𝐼𝐼𝐼
, 

sadac 

k1,2 =
r2

r1
,  k3,4 =

r4

r3
. 
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p a s u x i:  ε𝐼𝐼𝐼 =
𝑚1k1,2∙k3,4−m2

(𝐽𝐼𝑘1,2
2 +𝐽𝐼𝐼)𝑘3,4

2 +𝐽𝐼𝐼𝐼
, sadac   k1,2 =

r2

r1
,  k3,4 =

r4

r3
. 
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   𝑀1  masis da  𝑟  radiusis 𝐴 doli brunviT moZraobaSi mohyavs  

𝑀2  masis 𝐶 tvirTs, romelic mibmulia uWimari gvarlis boloze. 

Ggvarli gadakidebulia 𝐵B blokze da daxveulia 𝐴 dolze. Ddolze 

modebulia winaRobis  momenti, romelic dolis kuTxuri siCqaris 

proporciulia. Pproporciulobis koeficienti 𝛼 − s tolia.    
 
 
 
 
 
 
 
 
 
 
    gansazRvreT dolis kuTxuri siCqare, Tu sawyis momentSi sistema 
iyo wonasworobaSi. Ggvarlis da blokis masa ugulebelyofilia. 
doli CaTvaleT mTlian erTgvarovan cilindrad. 

a m o x s n a.  ganvixiloT mqnevara 𝐴 dolis, 𝐶 tvirTis da 
uwonadi  blokisagan Sedgenili  meqanikuri  sistemis moZraoba. 

sistemaze moqmedeben gare Zalebi:  𝑀1�⃗�  da   𝑀2�⃗�   simZimis   

Zalebi,   𝑚𝑐 − winaaRmdegobis momenti, 𝑂 sayrdenis reaqciis Zalis 

�⃗�0 da �⃗⃗�0 mdgenelebi. 
Ddolis moZraobisaTvis  gamoviyenoT kinetikuri momentis 

cvlilebis Teorema 𝑧 RerZis mimarT: 
𝑑𝐾𝑧
𝑑𝑡

=∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) 

 

                 
𝑑𝐾𝑧

𝑑𝑡
=

𝑑(𝐽𝑧𝜔)

𝑑𝑡
= 𝐽𝑧

𝑑𝜔

𝑑𝑡
= S1𝑟 − 𝑚𝑐 .          (1) 

 Ggvarlis daWimulobis S1 Zalis gansasazRvravad 𝐶 tvirTis 

moZraobisaTvis gamoviyenoT dinamikis meore kanoni y1 RerZze 
gegmilebSi: 

                    𝑀2𝑎 = 𝑀2𝑔 − 𝑆,                     (2) 

𝐶 

𝑚𝑐 
𝐵 

𝐴 

𝑂 
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sadac   𝑎 = 휀𝑟 =
𝑑𝜔

𝑑𝑡
𝑟 −tvirTis aCqarebaa, romelic dolis fersos 

wertilebis brunviTi aCqarebis tolia. 

 
 
 
 
 
 
 
 
 
 
 

     

 

 

 

 

 

 

 

 ganvsazRvroT 𝑆 sidide (2) gantolebidan da CavsvaT (1) 
gantolebaSi, miviRebT: 

                   (𝐽𝑧 +𝑀2𝑟
2)

𝑑𝜔

𝑑𝑡
= 𝑀2𝑔𝑟 −𝑚𝑐 .            (3) 

gaviTvaliswinoT, rom 

𝐽𝑧 =
𝑀1𝑟

2

2
  da  𝑚𝑐 = 𝛼𝜔, 

maSin (3) gantoleba miiRebs Semdeg saxes: 

                 
𝑟2

2
(𝑀1 + 2𝑀2)

𝑑𝜔

𝑑𝑡
= −𝛼 (𝜔 −

𝑀2𝑔𝑟

𝛼
).         (4) 

(4) gantolebSi movaxdinoT cvladTa gancaleba da vaintegroT: 

∫
𝑑𝜔

𝜔 −
𝑀2𝑔𝑟
𝛼

𝜔

0

= −
2𝛼

𝑟2(𝑀1 + 2𝑀2)
∫𝑑𝑡

𝑡

0

, 

𝑙𝑛 (𝜔 −
𝑀2𝑔𝑟

𝛼
)
0

𝜔

= −
2𝛼𝑡

𝑟2(𝑀1 + 2𝑀2)
 

an 

𝑙𝑛 |
𝜔 −

𝑀2𝑔𝑟
𝛼

𝑀2𝑔𝑟
𝛼

| = −
2𝛼𝑡

𝑟2(𝑀1 + 2𝑀2)
= −2𝛽𝑡. 

 

𝐶 

𝑚𝑐 𝐵 

𝐴 

𝑂 𝑆′ 
𝑥 

𝑦 

𝑧 

𝑦1 

𝑆1 𝑆′⃗⃗⃗ ⃗1 

𝜔 

𝑆 

�⃗�𝐶  

𝑀2�⃗�    

𝑀1�⃗�    

�⃗�0    
�⃗⃗�0    

�⃗⃗�𝐵    

�⃗�𝐵    
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sadac   𝛽 =
2𝑡

𝑟2(𝑀1+2𝑀2)
. 

Gardaqmnis Sedegad miviRebT  dolis kuTxur siCqares: 

𝜔 =
𝑀2𝑔𝑟

𝛼
(1 − 𝑒−𝛽𝑡). 

p a s u x i:   𝜔=
𝑀2𝑔𝑟

𝛼
(1 − 𝑒−𝛽𝑡). sadac   𝛽 =

2𝑡

𝑟2(𝑀1+2𝑀2)
;   

 

lim
𝑡→∞

𝜔 =
𝑀2𝑔𝑟

𝛼
= 𝑐𝑜𝑛𝑠𝑡. 

 
 
 
 

amocana  37.47 

  gansazRvreT 𝑀  masis da  𝑟  radiusis avtomobilis wamyvani Tvlis 

kuTxuri aCqareba, Tu Tvalze modebulia 𝑚მაბ.  mabruni moment.i. 
Tvlis inerciis momenti misi materialuri simetriis sibrtyis 

marTobulad masaTa 𝐶 centrze gamavali RerZis mimarT udris 𝐽𝐶 ; 𝑓გ 

aris gorvis xaxunis koeficienti, 𝐹ხახ − xaxunis Zala ipoveT agreTve 
mabruni momenti, romlis drosac  Tvali goravs mudmivi kuTxuri 

siCqriT.. 

a m o x s n a.   ganvixiloT თვლის 

moZraoba gare Zalebiს  moqmedebით:  

𝑀�⃗�  Tvlis   simZimis Zala, �⃗�ხახ. − 
xaxunis     Zala,   𝑀გ. −      gorvis  

winaaRmdegobis    momenti,  𝑚მაბ. − 
mabrunebeli  momenti,   �⃗⃗⃗⃗� −sayrdeni 
zedapiris    normaluri    reaqcia. 
gamoviyenoT   meqanikuri   sistemis 
kinetikuri    momentis   cvlilebis 

Teorema 𝑧 RerZis mimarT: 

        
𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
)    (1)    

 
  ganvsazRvroT  Tvlis moZraobis  raodenobis momenti 

𝐾𝑧 = 𝐽𝐶𝜔 
Dda Tvalze moqmedi gare Zalebis nakrebi momenti:E 

∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑚მაბ −𝑀გ − 𝐹ხახ𝑟 = 𝑚მაბ −𝑀𝑔𝑓გ − 𝐹ხახ𝑟. 

 
 Nnapovni mniSvnelobebi CavsvaT (1) gantolebaSi: 

                𝐽𝐶
𝑑𝜔

𝑑𝑡
= 𝑚მაბ −𝑀𝑔𝑓გ − 𝐹ხახ𝑟,               (2) 

𝑀გ.   
𝐶 

𝜔 

𝑥 

𝑦 

𝑟 

𝑚მაბ.   
𝑀�⃗� 

�⃗⃗⃗� 

�⃗�ხახ.   

𝑧 
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sadac  
𝑑𝜔

𝑑𝑡
= 휀 −kuTxuri aCqarebaa. 

   maSin 

휀 =
𝑚მაბ −𝑀𝑔𝑓გ − 𝐹ხახ𝑟

𝐽𝐶
. 

 

  vipovoT 𝑚მაბ. −is mniSvneloba, romlis drosac Tvali migoravs 

mudmivi  kuTxuri siCqariT, e.i. 𝜔 = 𝑐𝑜𝑛𝑠𝑡, xolo 
𝑑𝜔

𝑑𝑡
= 0. 

maSin (2) gantoleba miiRebs Semdeg saxes: 

𝑚მაბ −𝑀𝑔𝑓გ − 𝐹ხახ𝑟 = 0, 
saidanac 

                           𝑚მაბ = 𝑀𝑔𝑓გ + 𝐹ხახ𝑟 
   

p a s u x i:     휀 =
𝑚მაბ−𝑀𝑔𝑓გ−𝐹ხახ𝑟

𝐽𝐶
;   𝑚მაბ = 𝑀𝑔𝑓გ + 𝐹ხახ𝑟.    

 
 
 

amocana  37.48 

  gansazRvreT 𝑀  masis da  𝑟  radiusis avtomobilis amyოლი Tvlis 

kuTxuri სიჩქარე. Tvalი სრიალით გორავს ჰორიზონტალურ გზაზე, 

მოძრაობაში მოდის მის masaTa 𝐶 centrze მოდებული და ჰორიზონტალურად 

მიმართული ძალის მოქმედებით.  
Tvlis inerciis momenti 
materialuri simetriis 

პერპენდიკულრული RerZis mimarT 

udris 𝐽𝐶; 𝑓გ − gorvis xaxunis 

koeficienti, 𝑓 − xaxunis 
koeficienti  srialiT gorvis 
dros. sawyis momentSi Tvali 
uZravi iyo. 
a m o x s n a.  ganvixiloT 

amyoli თვლის moZraoba masze 

modebuli gare Zalebiს   

moqmedebით:      𝑀�⃗� −  Tvlis simZimis Zala,  �⃗�ხახ. −  xaxunis 

Zala,  𝑀გ. −  gorvis winaaRmdegobis momenti,  𝐺 − mamoZravebeli 

Zala, �⃗⃗⃗� −sayrdeni zedapiris normaluri  reaqcia. 
  gamoviyenoT meqanikuri   sistemis kinetikuri momentis cvlilebis 

Teorema 𝑧 RerZis mimarT: 

                    
𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
)                  (1) 

𝑀გ.   

𝐶 

𝜔 

𝑥 

𝑦 

𝑟 

𝑀�⃗� 

�⃗⃗⃗�𝐴 

�⃗�ხახ.   𝑧 

𝐴 

�⃗� �⃗�0 
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  ganvsazRvroT  Tvlis moZraobis  raodenobis momenti 

𝐾𝑧 = 𝐽𝐶𝜔 
Dda Tvalze moqmedi gare Zalebis nakrebi momenti RerZis mimarT: 
 

∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝐹ხახ𝑟 −𝑀გ = 𝑁𝐴𝑓𝑟 − 𝑁𝐴𝑓გ = 𝑀𝑔(𝑓𝑟 − 𝑓გ). 

 
 Nes mniSvnelobebi CavsvaT (1) gantolebaSi: 

                      𝐽𝐶
𝑑𝜔

𝑑𝑡
= 𝑀𝑔(𝑓𝑟 − 𝑓გ),               (2) 

ganvacaloT cvladebi da vaintergroT (2) gantoleba: 
 

𝐽𝐶∫ 𝑑𝜔

𝜔

0

= 𝑀𝑔(𝑓𝑟 − 𝑓გ)∫𝑑𝑡

𝑡

0

, 

 

𝐽𝐶𝜔 = 𝑀𝑔(𝑓𝑟 − 𝑓გ)𝑡, 
saidanac ganvsazRvravT amyoli Tvlis kuTxur siCqares: 

𝜔 =
𝑀𝑔(𝑓𝑟 − 𝑓გ)𝑡

𝐽𝐶
. 

p a s u x i:   𝜔 =
𝑀𝑔(𝑓𝑟−𝑓გ)𝑡

𝐽𝐶
. 

 
 
 

amocana  37.49 

    Seicvleba Tu ara amocanaSi ganxiluli Tvlis kuTxuri siCqare, 

Tu mis masaTa 𝐶 centrze.modebuli Zalis moduli gaizrdeba orjer?  
a m o x s n a.   

  vnaxoT 37.48 amocanis amoxsna. Zala modebulia masaTa 𝐶 centrze 
da ar qmnis moments am centrze gamavali RerZis mimarT, amitom Zalis 
modulis cvlileba gavlenas ver axdens Tvlis kuTxur siCqareze. 
 
p a s u x i: arv Seicvleba. 
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amocana  37.50 

    blokze, romlis masa ugulebelyofilia, 

gadakidebulia Toki; Tokis 𝐴 wertilze 

xelebiT Camoekida 𝑚  masis kaci, xolo 𝐵 
wertilze mibmulia imave masis tvirTi. ra 

mouva tvirTs, Tu kaci ava Tokis gaswvriv 𝑣 
siCqariT Tokis mimarT? 
a m o x s n a.  Mmeqanikur sistemaze, romelic 
Sedgeba kacis, tvirTis,  uwonadi  blokisa  da 

Tokisagan, moqmedebs gare Zalebi: 𝑚�⃗� −  
kacis simZimis Zala, 𝑚�⃗� − tvirTis simZimis 

Zala, �⃗⃗�𝑂 − blokis sayrdenis reaqciis Zala. 

  gamoviyenoT 𝑧 RerZis mimarT kinetikuri momentis cvlilebis 
Teorema: 

𝑑𝐾𝑧
𝑑𝑡

=∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) 

vipovoT blokis RerZze gamavali 𝑧 RerZis mimarT gare Zalebis 
nakrebi momenti: 

      ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑚𝑔𝑟 −𝑚𝑔𝑟 = 0. 

radgan gare Zalebis nakrebi momenti 
nulis tolia, amitom  

       𝐾𝑧 = 𝑐𝑜𝑛𝑠𝑡. 
sawyis momentSi sistema iyo uZravi, e.i.  

𝐾0𝑧 = 0. 
  roca adamianma daiwyo  Tokze asvla 𝑣 
fardobiTi siCqariT, Tokma tvirTTan 

erTad SeiZina  �⃗⃗� siCqare, maSin sistemis  
kinetikuri momenti iqneba 

𝐾1𝑧 = 𝐾𝑧
ად
+𝐾𝑧

ტვ.
= 𝑀𝑧(𝑚�⃗�) + 

+𝑀𝑧(𝑚�⃗⃗�) = 𝑚(𝑢 − 𝑣)𝑟 + 𝑚𝑢𝑟 = 0 

saidanac miviRebT: 𝑢 =
1

2
𝑣, e.i. tvirTi 

daiwyebs moZraobas zeviT. 

p a s u x i: tvirTi daiwyebs gadaadgilebas TokTan erTad zeviT  
1

2
𝑣 

siCqariT. 
 

 

  

𝐴 

𝐵 

• 

𝐴 

𝑧 

𝐵 

𝑚�⃗� 
𝑚�⃗� 

�⃗⃗� 

�⃗� 

𝑟 
𝑂 

𝑦 

𝑥 

�⃗⃗�0 

�⃗⃗� 
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amocana  37.51 

   amoxseniT wina amocana, Tu 
mxedvelobaSi miiReba blokis masa, 
romelic oTxjer naklebia kacis 
masaze. Bblokis inerciis momentis 
gamoTvlisas igulisxmeba, rom misi 
masa Tanabrad ganawilebulia blokis 
fersoze. 
 a m o x s n a. A   am    SemTxvevaSi  
Mmeqanikur sistemaze moqmedebs gare 

Zalebi: 𝑚�⃗� −  kacis simZimis Zala, 

𝑚�⃗� − tvirTis simZimis Zala, 

 
1

4
𝑚�⃗� −blokis simZimis Zala,  �⃗⃗�𝑂 − 

blokis sayrdenis  reaqciis Zala. 

  gamoviyenoT 𝑧 RerZis mimarT  
kinetikuri momentis cvlilebis 
Teorema: 

𝑑𝐾𝑧
𝑑𝑡

=∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) 

vipovoT blokis RerZze gamavali 𝑧 RerZis mimarT gare Zalebis 
nakrebi momenti: 

∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑚𝑔𝑟 −𝑚𝑔𝑟 = 0. 

radgan gare Zalebis nakrebi momenti  nulis tolia, amitom  

𝐾𝑧 = 𝑐𝑜𝑛𝑠𝑡. 

sawyis momentSi sistema iyo uZravi,  e.i.  𝐾0𝑧 = 0. 

  Roca  adamianma  daiwyo  Tokze    asvla  𝑣  fardobiTi  siCqariT,  

Tokma tvirTTan erTad daiwyo  �⃗⃗� siCqariT, xolo blokma daiwyo 
mobruneba kuTxuri siCqariT: 

𝜔 =
𝑢

𝑟
. 

 vipovoT sistemis kinetikuri momenti  

𝐾𝑧 = 𝐾𝑧
ად
+𝐾𝑧

ტვ.
+ 𝐾𝑧

ბლ
. 

 Aაdamianis  moZraobis raodenobis momenti  𝐾𝑧
ად

, romelic asrulebs 
rTul moZraobas da romelic Sedgeba fardobiTi moZraobisagan 

zeviT Tokis gaswvriv �⃗�ფ = �⃗� siCqariT da warmtani moZraobisagan 

TokTan erTad qveviT �⃗�წ = �⃗⃗� siCqariT, tolia: 

𝐾𝑧
ად
= 𝑀𝑧(𝑚�⃗�ად) = 𝑀𝑧(𝑚�⃗�ფ) + 𝑀𝑧(𝑚�⃗�წ) = 𝑚𝑢𝑟 −𝑚𝑣𝑟. 

     tvirTis moZraobis raodenobis momenti 𝐾𝑧
ტვ.

, romelic 

gadaadgildeba  TokTan erTad �⃗⃗� siCqariT, tolia 

𝐴 

𝑧 

𝐵 

𝑚�⃗� 
𝑚�⃗� 

�⃗⃗� 

�⃗� 

𝑟 
𝑂 

𝑦 

𝑥 

�⃗⃗�0 

�⃗⃗� 

𝑚

4
�⃗� 

𝜔 
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𝐾𝑧
ტვ.
= 𝑀𝑧(𝑚�⃗⃗�) = 𝑚𝑢𝑟. 

  Bblokis moZraobis raodenobis momenti  𝐾𝑧
ბლ
  tolia 

𝐾𝑧
ბლ

=𝐽𝑧𝜔 =
𝑚𝑟2

4

𝑢

𝑟
=

1

4
𝑚𝑢𝑟 

maSin 

𝐾𝑧 = 𝑚𝑢𝑟 −𝑚𝑣𝑟 +𝑚𝑢𝑟 +
1

4
𝑚𝑢𝑟 = 𝑚(2

1

4
𝑢 − 𝑣) 𝑟 = 0. 

Aaqedan vpoulobT tvirTis siCqares: 

𝑢 =
4

9
𝑣, 

Aanu tvirTi aiweva zeviT. 

p a s u x i: tvirTi aiweva zeviT 
4

9
𝑣 siCqariT. 

 

amocana  37.52 

   horizontalur wriul baqans xaxunis gareSe SeuZlia brunva misi 

simZimis 𝑂 centrze gamavali  vertikaluri 𝑂𝑧 RerZis garSemo.  

baqanze 𝑂𝑧 RerZidan ucvlel 𝑟  manZilze moZraobs 𝑀1  masis kaci 
mudmivi fardobiTi 𝑢 siCqariT. ro-

gori  𝜔  kuTxuri siCqariT ibru-

nebs baqani 𝑂𝑧 RerZis garSemo, Tu 

misi 𝑀2  masa SeiZleba igulisxmoT 

Tanabrad ganawilebulad 𝑅  radiu-
sis mTel farTobze, xolo sawyis 
momentSi baqans da kacs hqondaT 
nulis toli siCqare. 
a m o x s n a.   ganvixiloT moce-
muli  meqanikuri  sistemis moZrao-
ba. masze moqmedeben gare Zalebi:  

𝑀1�⃗� −kacis simZimis Zala,  𝑀2�⃗� −   
baqnis simZimis Zala, �⃗⃗⃗�𝐴 da �⃗⃗⃗�𝐵 −sa-
yrdenTa reaqciebi (ix. naxazi). 

  gamoviyenoT 𝑧 RerZis mimarT  
kinetikuri momentis cvlilebis 
Teorema: 

𝑑𝐾𝑧
𝑑𝑡

=∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) 

sistemaze moqmedi gare Zalebis nakrebi momenti 𝑧 RerZis mimarT: 
 

• 

𝑅 

• 

𝐴 

𝑟 

𝑥 

𝑦 

𝑧 

𝜔 

B 

�⃗⃗⃗�𝐴 

�⃗⃗⃗�𝐵 

• 

𝑀1�⃗� 

𝑀2�⃗� �⃗�𝑒 

�⃗⃗� 
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∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 0, 

radgan gare Zalebis Sesabamisi veqtorebi an gadakveTen 𝑂𝑧 RerZs an 
misi paraleluria; Sesabamisad  

𝐾𝑧 = 𝑐𝑜𝑛𝑠𝑡. 

sawyis momentSi sistema iyo uZravi,  e.i.  𝐾0𝑧 = 0. 
 rodesac baqanze gadaadgildeba adamiani, maSin  sistemis kinetikuri 
momenti  toli iqneba: 

                          𝐾𝑧 = 𝐾𝑧
ად
+ 𝐾𝑧

ბ,               (1) 
vipovoT baqanis  moZraobis raodenobis momenti 

𝐾𝑧
ბ = 𝐽𝑧𝜔 =

𝑀2𝑅
2

2
𝜔 

Dda აdamianis  moZraobis raodenobis momenti  imis gaTvaliswinebiT, 
rom igi monawileobs rTul moZraobaSi 

𝐾𝑧
ად
= 𝑀𝑧(𝑀1�⃗�აბ) = 𝑀𝑧[𝑀1(𝑣წ − 𝑢)] = 𝑀𝑧[𝑀1(𝜔𝑟 − 𝑢)] = 

= 𝑀1𝑟
2𝜔 −𝑀1𝑟𝑢. 

 
miRebuli mniSvnelobebi CavsvaT (1) tolobaSi da gavutoloT nuls: 

𝐾𝑧 =
𝑀2𝑅

2

2
𝜔 +𝑀1𝑟

2𝜔 −𝑀1𝑟𝑢 = 0, 

saidanac baqanis saZiebeli kuTxuri siCqaris gamosaxuleba iqneba: 

𝜔 =
2𝑀1𝑟

𝑀2𝑅
2 + 2𝑀1𝑟

2
𝑢. 

 

p a s u x i:  𝜔 =
2𝑀1𝑟

𝑀2𝑅
2+2𝑀1𝑟

2 𝑢. 

 
 

 

amocana  37.53 

    horizontaluri  wriuli 
baqani xaxunis gareSe brunavs 
misi      simZimis    centrze 
gamavali        vertikaluri  

RerZis garSemo  𝜔0 kuTxuri 
siCqariT;   amasTan,   baqanze 
dgas  erTnairi  masis  oTxi  
kaci: ori-baqnis kideze,xolo 

ori-  brunvis  RerZidan 𝑅/2 
manZilze.  rogor  Seicvleba 
baqnis  kuTxuri siCqare,  Tu  
kideze     mdgari     kacebi 
imoZraveben         wrexazze 

𝜔0 

• 

𝐴 
• 

• 
• 

B 

𝑅 

𝑅/2 

𝐶 

𝐷 

2𝑢 

2𝑢 

𝑢 

𝑢 

𝑅 

𝐴 𝑥 

𝑦 

𝑧 

• 

B 

�⃗⃗�𝐴 

�⃗⃗�𝐵 

𝑅/2 

4 
• • 1 

• 
2 

𝜔0 

3 

𝑚�⃗� 

�⃗⃗� 

�⃗⃗� 2�⃗⃗� 

2�⃗⃗� 

𝑚�⃗� 𝑚�⃗� 𝑚�⃗� �⃗�𝑒
′  

�⃗�𝑒
′  

�⃗�𝑒
′′ 

�⃗�𝑒
′′ 

�⃗� 
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wiriTi  𝑢  siCqariT,  xolo 𝑅/2 manZilze mdgarni imoZraveben 𝑅/2  
radiusian  wrexazze brunvis sawinaaRmdego mimarTulebiT 2𝑢 wiriTi 
siCqariT?  Kkacebi CaTvaleT wertilovan masebad, xolo baqani- 
erTgvarovan wriul diskod. 
a m o x s n a.   mocemul  meqanikur  sistemaze  moqmedeben gare 

Zalebi (ix. naxazi): �⃗� −baqnis simZimis Zala, oTxi kacis simZimis Zala, 

romelTagan TiToeuli udris 𝑚�⃗�, �⃗⃗�𝐴 da �⃗⃗�𝐵 − sayrdenTa reaqciebi. 

 gamoviyenoT 𝑧 RerZis mimarT  
sistemismoZraobis raodenobis 
nakrebi    momentis cvlilebis  Teorema: 

           
𝑑𝐾𝑧
𝑑𝑡

=∑𝑀𝑧 (�⃗�𝑘
(𝑒)
). 

sistemaze moqmedi gare Zalebis  nakrebi momenti 𝑧 RerZis mimarT: 
 

         ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 0, 

radgan gare Zalebis Sesabamisi veqtorebi an gadakveTen 𝑂𝑧 RerZs an 
misi paraleluria; Sesabamisad  

     𝐾𝑧 = 𝐾0𝑧 = 𝐾1𝑧 = 𝑐𝑜𝑛𝑠𝑡. 

 sawyis momentSi meqanikuri sistemis moZraobis raodenobis nakrebi 
momenti 

𝐾0𝑧 = 𝐾ბ + 𝐾კ1 + 𝐾კ2 + 𝐾კ3 + 𝐾კ4. 

  ganvsazRvroT baqnis moZraobis raodenobis moment:i: 

𝐾ბ = 𝐽𝑧𝜔0 =
𝐺𝑅2

2𝑔
𝜔0 

Dda TiToeuli kacis moZraobis raodenobis moment:i: 
a) rodesac baqnis kideze uZravad dganan: 

𝐾1კ = 𝐾2კ = 𝑚𝑅
2𝜔0; 

b) rodesa brunvis RerZidan dganan 𝑅/2 manZilze: 

𝐾3კ = 𝐾4კ = 𝑚(
𝑅

2
)
2

𝜔0. 

maSin 

            𝐾0𝑧 =
𝐺𝑅2

2𝑔
𝜔0 + 2𝑚𝑅

2𝜔0 + 2𝑚(
𝑅

2
)
2
𝜔0 =   

                  =
𝐺𝑅2

2𝑔
𝜔0 + 2.5𝑚𝑅

2𝜔0.                  (2) 
 meqanikuri sistemis moZraobis raodenobis nakrebi momenti, rodesac 
kacebi moZraoben baqanze: 

𝐾1𝑧 = 𝐾ბ + 𝐾კ1 + 𝐾კ2 + 𝐾კ3 + 𝐾კ4. 
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ganvsazRvroT baqnis moZraobis raodenobis moment:i: 

𝐾ბ = 𝐽𝑧𝜔1 =
𝐺𝑅2

2𝑔
𝜔1 

Dda TiToeuli kacis moZraobis raodenobis moment:i: 
a) rodesac kacebi moZraoben baqnis kideze  

𝐾კ1 = 𝐾კ2 = 𝑀𝑧(𝑚�⃗�𝑎) = 𝑚(𝑣𝑒
′ + 𝑣𝑟

′) = 𝑚(𝜔1𝑅 + 𝑢)𝑅 = 

= 𝑚𝑅2𝜔1 +𝑚𝑅𝑢, 
sadac  𝑣𝑒

′=𝜔1𝑅, 𝑣𝑟
′ = 𝑢; 

b) rodesa brunvis RerZidan 𝑅/2 manZilze imoZraveben  brunvis 
sapirispiro mimarTulebiT: 

𝐾კ3 = 𝐾კ4 = 𝑀𝑧(𝑚�⃗�𝑎) = 𝑚(𝑣𝑒
′′ − 𝑣𝑟

′′) = 𝑚 (𝜔1
𝑅

2
− 2𝑢)

𝑅

2
. 

= 𝑚(
𝑅

2
)
2

𝜔1 − 2𝑚𝑢
𝑅

2
, 

sadac  𝑣𝑒
′′=𝜔1

𝑅

2
, 𝑣𝑟
′′ = 2𝑢; 

maSin 

            𝐾1𝑧 =
𝐺𝑅2

2𝑔
𝜔1 + 2(𝑚𝑅

2𝜔1 +𝑚𝑅𝑢) + 

+2[𝑚 (
𝑅

2
)
2

𝜔1 − 2𝑚𝑢
𝑅

2
] =

𝐺𝑅2

2𝑔
𝜔1 + 2.5𝑚𝑅

2𝜔1.          (3) 

 
CavsvaT (2) da (3) gamosaxulebebi (1) tolobaSi, miviRebT: 
 

𝐺𝑅2

2𝑔
𝜔0 + 2.5𝑚𝑅

2𝜔0 =
𝐺𝑅2

2𝑔
𝜔1 + 2.5𝑚𝑅

2𝜔1, 

e.i. 𝜔0 = 𝜔1. 
p a s u x i:  baqani imoZravebs imave 
kuTxuri siCqariT. 
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amocana  37.54 
 
  amoxseniT winamdebare amoca-
na im SemTxvevaSi, rodesac 
oTxive kaci moZraobs baqnis 
brunvis mimarTulebiT, baqnis 
radiusia 𝑅, misi masa Ti-
Toeuli kacis masaze oTxjer 
metia da Tanabradaa gana-
wilebuli mTel mis farTobze. 
gamoarkvieT, agreTve, rogori 
unda iyos fardobiTi wiriTi 

𝑢 siCqare imisaTvis, rom baqan-
ma Sewyvitos brunva. 
a m o x s n a.  mocemul  meqa-
nikur  sistemaze moqmedeben ga-

re Zalebi (ix. naxazi):  �⃗� −ba-
qis simZimis Zala, oTxi 
kacissimZimis Zala, romelTagan 

TiToeuli udris 𝑚�⃗�, �⃗⃗�𝐴 da �⃗⃗�𝐵 −sayrdenTa reaqciebi 

  gamoviyenoT 𝑧 RerZis mimarT sistemis moZraobis raodenobis na-
krebi    momentis   cvlilebis  
Teorema: 

              
𝑑𝐾𝑧
𝑑𝑡

=∑𝑀𝑧 (�⃗�𝑘
(𝑒)
). 

  sistemaze moqmedi gare Zalebis nakrebi momenti  𝑧 RerZis mimarT: 
 

          ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 0 ⟹ 𝐾𝑧 = 𝑐𝑜𝑛𝑠𝑡. 

sawyis momentSi meqanikuri sistemis moZraobis raodenobis nakrebi 
momenti 

𝐾0𝑧 = 𝐾ბ + 𝐾კ1 + 𝐾კ2 + 𝐾კ3 + 𝐾კ4. 

  ganvsazRvroT baqnis moZraobis raodenobis moment:i: 

𝐾ბ = 𝐽𝑧𝜔0 =
𝑀𝑅2

2
𝜔0 

Dda TiToeuli kacis moZraobis raodenobis moment:i: 
a) rodesac baqnis kideze uZravad dganan: 

𝐾1კ = 𝐾2კ = 𝑚𝑅
2𝜔0; 

b) rodesa brunvis RerZidan dganan 𝑅/2 manZilze: 

𝐾3კ = 𝐾4კ = 𝑚(
𝑅

2
)
2

𝜔0. 

𝑅 

𝐴 𝑥 

𝑦 

𝑧 

• 

B 

�⃗⃗�𝐴 

�⃗⃗�𝐵 

𝑅/2 
4 • • 1 

• 
2 

𝜔0 

3 

𝑚�⃗� �⃗⃗� 

�⃗⃗� 

2�⃗⃗� 

2�⃗⃗� 

𝑚�⃗� 
𝑚�⃗� 

𝑚�⃗� 

�⃗�𝑒
′  

�⃗�𝑒
′  

�⃗�𝑒
′′ 

�⃗�𝑒
′′ 

�⃗� 
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maSin 

            𝐾0𝑧 =
𝑀𝑅2

2
𝜔0 + 2𝑚𝑅

2𝜔0 + 2𝑚(
𝑅

2
)
2

𝜔0. 

Tu gaviTvaliswinebT, rom 𝑀 = 4𝑚, miviRebT: 

𝐾0𝑧 = 2𝑀𝑅
2𝜔0 + 2𝑚𝑅

2𝜔0 +
1

2
𝑚𝑅2𝜔0 =

9

2
𝑚𝑅2𝜔0. 

meqanikuri sistemis moZraobis raodenobis nakrebi momenti, rodesac 
kacebi moZraoben baqanze: 

𝐾1𝑧 = 𝐾ბ + 𝐾კ1 + 𝐾კ2 + 𝐾კ3 + 𝐾კ4. 

ganvsazRvroT baqnis moZraobis raodenobis moment:i: 

𝐾ბ = 𝐽𝑧𝜔 =
𝑀𝑅2

2
𝜔 

Dda TiToeuli kacis moZraobis raodenobis moment:i(ix. Aamocana 37.53): 
a) rodesac kacebi moZraoben baqnis kideze  

𝐾კ1 = 𝐾კ2 = 𝑀𝑧(𝑚�⃗�𝑎) = 𝑀𝑧[𝑚(𝜔𝑅 + 𝑢)] = 

= 𝑚𝑅2𝜔 +𝑚𝑅𝑢; 
b) rodesa moZraoben brunvis RerZidan 𝑅/2 manZilze : 

𝐾კ3 = 𝐾კ4 = 𝑀𝑧(𝑚�⃗�𝑎) = 𝑚(𝑣𝑒
′′ − 𝑣𝑟

′′) = 𝑚 (𝜔1
𝑅

2
− 2𝑢)

𝑅

2
. 

=
𝑚𝑅2

4
𝜔 +𝑚𝑅𝑢. 

maSin 

            𝐾1𝑧 = 2𝑚𝑅
2𝜔+ 2(𝑚𝑅2𝜔 +𝑚𝑅𝑢) + 2(

𝑚𝑅2

4
𝜔 +𝑚𝑅𝑢) = 

=
9

2
𝑚𝑅2𝜔 + 4𝑚𝑅𝑢. 

Bbaqnis kuTxur siCqares vipoviT, Tu gavutolebT erTmaneTs 𝐾0𝑧 da  
𝐾1𝑧 − is mniSvnelobebs: 

                            𝐾𝑧 = 𝐾0𝑧 = 𝐾1𝑧   
an 

                        
9

2
𝑚𝑅2𝜔0 =

9

2
𝑚𝑅2𝜔 + 4𝑚𝑅𝑢.       

saidanac 

𝜔 = 𝜔0 −
8𝑢

9𝑅
. 

 ganvsazRvroT �⃗⃗� siCqaris sidide, romlis drosac baqani gaCerdeba, 

e.i.  roca 𝜔 = 0: 

𝑢 =
9

8
𝑅𝜔0. 

p a s u x i:  𝜔 = 𝜔0 −
8

9𝑅
; 𝑢 =

9

8
𝑅𝜔0. 
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amocana  37.55 

  kacs, romelic dgas Jukovskis skamze, im momentSi, roca igi xelebs 
gaswevs ganze, aniWeben 15br/wT Sesabamis kuTxur siCqares; amasTan, 
kacisa da skamis inerciis momenti brunvis RerZis mimarT tolia 
0,8kg.m2-s. rogori kuTxuri siCqariT ibrunebs skami kacTan erTad, Tu 
kacis xelebis tanTan miaxloebiT. igi sistemis inerciis moments 
amcirebs 1,12kg.m2-mde? 
a m o x s n a.      mocemul  meqanikur  sistemaze moqmedeben gare 

Zalebi (ix. naxazi):  �⃗� −skamis simZimis 

Zala, �⃗⃗� −adamianis simZimis Zala,  �⃗⃗�𝐴 
da �⃗⃗�𝐵 − skamis sayrdenTa  
reaqciebi 

  gamoviyenoT 𝑧 RerZis mimarT  
sistemis moZraobis raodenobis 
nakrebi    momentis cvlilebis  
Teorema: 

        
𝑑𝐾𝑧
𝑑𝑡

=∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) 

radgan adamianis da skamis simZimis 

 Zalebi, agreTve, �⃗⃗�𝐴 da �⃗⃗�𝐵 − skamis 
sayrdenTa  reaqciebi ar qmnian 

moments 𝑧 RerZis mimarT,amitom 
 

                 ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 0. 

maSasadame 

𝐾𝑧 = 𝐾0𝑧 = 𝐾1𝑧 = 𝑐𝑜𝑛𝑠𝑡. 

  sawyis momentSi  sistemis moZraobis raodenobis momenti iyo: 

𝐾0𝑧 = 𝐽0𝜔0, 

xolo, roca kacma xelebi tanTan miitana sistemis moZraobis 
raodenobis momenti gaxdeba 

𝐾1𝑧 = 𝐽1𝜔1. 

gavutoloT es mniSvnelobebi erTmaneTs: 

𝐽0𝜔0 = 𝐽1𝜔1. 
Aaqedan  

𝜔1 =
𝐽0𝜔0
𝐽1

, 

sadac  𝜔1 =
𝜋𝑛1

30
;  𝜔0 =

𝜋𝑛0

30
. 

  maSasadame, skamis kacTan erTad brunvis saZiebeli kuTxuri siCqare 
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𝑛1 =
𝐽0𝑛0

𝐽1
=

0,8∙15

0,12
= 100(br/wT). 

p a s u x i:  100(br/wT) 
 

 

amocana  37.56 

  horizontalur 𝐶𝐷 mils Tavisuflad SeuZlia brunva vertikaluri  

𝐴𝐵 RerZis garSemo. Mmilis SigniT 

𝑀𝐶 = 𝑎 manZilze brunvis RerZidan 

imyofeba 𝑀 burTula. Ggarkveuli 
drois momentSi mils mianiWes 

𝜔0  kuTxuri siCqare. gansazRvreT 
miliskuTxuri siCqare im momentSi, 
roca burTula gamovardeba milidan. 
milis inerciis momenti brunvis 

RerZis mimarT udris 𝐽. 𝐿 − misi 

sigrZea; xaxuni ugulebelyofilia da burTula CaTvaleT 𝑚 masis 
nivTier wertilad. 
   a m o x s n a.     mocemul  meqanikur  sistemaze moqmedeben gare 
Zalebi (ix. naxazi): 

𝑚�⃗� −burTulas     simZimis 

 Zala,  �⃗⃗� − milis   simZimis 

Zala, �⃗⃗�𝐴 da �⃗⃗�𝐵 − ayrdenTa 
reaqciebi.            

  gamoviyenoT   𝑧   RerZis 
mimarT  sistemis moZraobis 
raodenobis nakrebi   
momentis cvlilebis Teorema: 

        
𝑑𝐾𝑧
𝑑𝑡

=∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) 

radgan milis da burTulas  simZimis Zalebi,   agreTve, �⃗⃗�𝐴 da �⃗⃗�𝐵 −  
sayrdenTa  reaqciebi ar qmnian    moments  𝑧 RerZis   mimarT, amitom 
 

         ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 0. 

maSasadame, 
𝐾𝑧 = 𝐾0𝑧 = 𝐾1𝑧 = 𝑐𝑜𝑛𝑠𝑡. 

vipovoT sistemis moZraobis raodenobis momenti drois im momentSi, 

roca 𝑀 burTula imyofeba 𝑎 manZilze brunvis RerZidan.: 

𝐾0𝑧 = 𝐾მ. + 𝐾ბ., 

𝑥 

𝐴 

𝐵 

𝐶 
𝐷 

• 
𝑀 

𝑥 

𝐴 

𝐵 

𝐶 
𝐷 

• 
𝑀 

• 
𝑎 

𝑦 

𝑧 

�⃗⃗�𝐵 

�⃗⃗�𝐴 

𝑚�⃗�𝑒 

𝜔 𝑚�⃗⃗⃗⃗� 

�⃗⃗� 

𝑚�⃗� �⃗� 

�⃗�𝑒 
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𝐾მ = 𝐽მ𝜔0 = 𝐽𝜔0, 
𝐾ბ., = 𝑚𝑎

2𝜔0. 
maSin 

𝐾0𝑧 = (𝐽 + 𝑚𝑎
2)𝜔0. 

 sistemis moZraobis raodenobis momenti  burTulas milidan 
gamovardnis momentSi 

𝐾1𝑧 = 𝐾მ. + 𝐾ბ.,, 

sadac   𝐾მ = 𝐽𝜔; 𝐾ბ., = 𝑚ℓ
2𝜔. 

maSin     

𝐾1𝑧 = (𝐽 + 𝑚ℓ
2)𝜔. 

gavutoloT erTmaneTs miRebuli mniSvnelobebi: 

(𝐽 + 𝑚𝑎2)𝜔0 = (𝐽 +𝑚ℓ
2)𝜔 

Dda vipovoT milis kuTxuri siCqare misgan burTulas gamovardnis 
momentSi: 

𝜔 =
𝐽 +𝑚𝑎2

𝐽 + 𝑚ℓ2
𝜔0. 

 

p a s u x i:  𝜔 =
𝐽+𝑚𝑎2

𝐽+𝑚ℓ2
𝜔0. 

 
 
 

amocana  37.57 

     𝑀1 masisa da 2ℓ =180 sm sigrZis erTgvarovni 𝐴𝐵 Rero eyrdnoba 
wvets da horizontalurad mdgrad wonasworobaSia. Reros gaswvriv 

SeuZlia gadaadgileba or, TiToeuli 𝑀2 masis, birTvs, romlebic 
mimagrebulia ori erTnairi zambaris boloebze. Reros eniWeba 

brunviTi moZraoba vertikaluri RerZis garSemo 𝑛1=64br/wT 
Sesabamisi kuTxuri siCqariT, amasTan birTvebi mdebareobs 
simetriulad brunvis RerZis mimarT da maTi centrebi Sekavebulia 
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erTmaneTisagan 2ℓ1 =72sm manZilze. Semdeg Zafi gaiWreba, birTvebi 
Seasruleben gakveuli raodenobis rxevebs da Cerdebian zambarebis 

da xaxunis Zalis moqmedebiT 2ℓ1 =108sm manZilze erTmaneTisagan. 
CaTvaleT birTvebi nivTier wertilebad, zambarebis masebi 

ugulebelyofiT gansazRvreT Reros brunvaTa axali 𝑛 ricxvi. 
  a m o x s n a.   

   mocemul  meqanikur  sistemaze moqmedeben gare Zalebi: 𝑀1�⃗� −  𝐴𝐵 

Reros simZimis  Zala, 𝑀2�⃗� − TiToeuli birTvis simZimis Zala,  �⃗⃗� − 
kuTxovanas reaqcia (ix. Nnaxazi).            

   gamoviyenoT 𝑧 RerZis 
mimarT sistemis moZraobis 
raodenobis nakrebi    momentis 
cvlilebis Teorema: 

        
𝑑𝐾𝑧
𝑑𝑡

=∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) 

 

radgan gare Zalebi, an kveTen 𝑧 RerZs an paraleluria misi, amitom 

gare Zalebis nakrebi momenti 𝑧 RerZis mimarT 

         ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 0. 

maSasadame 

𝐾𝑧 = 𝐾1𝑧 = 𝐾2𝑧 = 𝑐𝑜𝑛𝑠𝑡. 

   sistemis moZraobis raodenobis ნაკრები momenti drois im 
momentSi, roca birTvebi  Sekavebulia ZafebiT: 

𝐾1𝑧 = 𝐾ღ + 2𝐾ბ., 
  განვსაზღვროთ 𝐴𝐵 Reroს moZraobis raodenobis momenti  𝑧 RerZis 
mimarT, რომელიც გადის მის მასათა ცენტრში 

𝐾ღ = 𝐽𝑧𝜔1 =
𝑀1(𝐴𝐵)

2

12
𝜔1 =

𝑀1(2ℓ)
2

12
𝜔1 

da birTvebis moZraobis raodenobis momenti  𝑧 RerZis mimarT 
(birTvebi CaTvaleT wertilovan masebad) 

𝐾ბ., = 𝑀2ℓ1
2𝜔1. 

maSin 

𝐾1𝑧 = (
𝑀1(2ℓ)

2

12
+ 2𝑀2ℓ1

2)𝜔1 = (
𝑀1ℓ

2

3
+ 2𝑀2ℓ1

2)
𝜋𝑛1
30

. 

 sistemis moZraobis raodenobis momenti drois im momentSi, roca 
Zafebi gadWrilia: 

𝐾2𝑧 = 𝐾ღ + 2𝐾ბ., 
  განვსაზღვროთ 𝐴𝐵 Reroს moZraobis raodenobis momenti  𝑧 RerZis 



 
239 

mimarT, რომელიც გადის მის მასათა ცენტრში 

𝐾ღ = 𝐽𝑧𝜔2 =
𝑀1(2ℓ)

2

12
𝜔2 

da birTvebis moZraobis raodenobis momenti  𝑧 RerZis mimarT  

𝐾ბ., = 𝑀2ℓ2
2𝜔2. 

maSin 

𝐾2𝑧 = (
𝑀1(2ℓ)

2

12
+ 2𝑀2ℓ2

2)𝜔2 = (
𝑀1ℓ

2

3
+ 2𝑀2ℓ2

2)
𝜋𝑛2
30

. 

gavutoloT erTmaneTs miRebuli mniSvnelobebi: 
 

(
𝑀1ℓ

2

3
+ 2𝑀2ℓ1

2)
𝜋𝑛1
30

= (
𝑀1ℓ

2

3
+ 2𝑀2ℓ2

2)
𝜋

30
 

Aaqedan  vipoviT 𝑛2-is mniSvnelobas: 
 

𝑛2 =
6𝑀2ℓ1

2 +𝑀1ℓ
2

6𝑀2ℓ2
2 +𝑀1ℓ2

𝑛1 =
6 ∙ 5 ∙ 362 + 2 ∙ 902

6 ∙ 5 ∙ 542 + 2 ∙ 902
= 34

ბრ

წთ
. 

p a s u x i:  𝑛2 =
6𝑀2ℓ1

2+𝑀1ℓ
2

6𝑀2ℓ2
2+𝑀1ℓ2

𝑛1=34 
ბრ

წთ
. 

 
 
 

amocana  37.58 

   mabrunavi amwis urika moZraobs mudmivi  
siCqariT amwis isris mimarT. amwis abruni 
Zravis gaSvebis Semdeg  warmoSobs mudmiv  

𝑚0 moments. gansazRvreT   amwis brunvis  
𝜔  kuTxuri   siCqare  urikas  brunvis 𝑥 
RerZamde       daSorebis        manZilze 
damokidebiT,  Tu urikas  wona  tvirTTan 

erTad    udris  𝑀, 𝐽 − amwis   inerciis 
momenti  (urikas gareSe)  brunvis RerZis 
mimarT;  brunva iwyeba im momentSi, roca 

urika  𝐴𝐵 −dan daSorebulia manZiliT. 
  a m o x s n a.    mocemul  meqanikur 

sistemaze  moqmedeben gare Zalebi (ix.  naxazi): 𝑀�⃗⃗⃗⃗� −urikas simZimis 

Zala,   �⃗⃗⃗� − amwis  simZimis Zala, 𝑚0 −momenti  �⃗⃗�𝐴 da �⃗⃗�𝐵 −sayrdenTa 
reaqciebi.            

  gamoviyenoT 𝑧 RerZis mimarT sistemis moZraobis raodenobis 
nakrebi    momentis cvlilebis Teorema: 

𝑥 

𝐴 

𝐵 
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𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
)                                  (1) 

gare Zalebis nakrebi momenti 𝑧 
RerZis mimarT 
 

         ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑚0. 

maSin (1) gantoleba miiRebs 
saxes: 

𝑑𝐾𝑧
𝑑𝑡

= 𝑚0. 
.am gantolebaSi movaxdinoT 
cvladTa gancaleba da Semdeg 
vaintegroT: 

∫ 𝑑

𝐾𝑧1

𝐾𝑧0

𝐾𝑧 = ∫𝑚0

𝑡

0

𝑑𝑡⟹ 

⟹𝐾1𝑧 − 𝐾0𝑧 = 𝑚0𝑡 
 

radgan 𝐾0𝑧 = 0, amitom sistemis kinetikuri momenti 𝑡  momentSi 
                       𝐾1𝑧 = 𝑚0𝑡.                     (2)       
Mmeores mxriv,  sistemis kinetikuri momenti 

𝐾1𝑧 = 𝐾ამ. + 𝐾უ, 

სადაც 𝐾ამ. − ამწის moZraobis raodenobis momentია, 𝐾ამ. = 𝐽𝜔;   
𝐾უ, −ურიკის moZraobis raodenobis momentია. 

 Uurika asrulebs rTul moZraobas: amwesTan erTad warmtan 

moZraobas  𝑣𝑒 = 𝜔𝑥 siCqariT da fardobiTs −   𝑣𝑟 = 𝑣  siCqariT. 
  Uurikas absoluturi siCqare; 

�⃗�𝑎 = �⃗�𝑒 + �⃗�𝑟. 
maSin  urikas moZraobis raodenobis momenti  

𝑀𝑧(𝑀�⃗�𝑎) = 𝑀𝑧(𝑀�⃗�𝑒) + 𝑀𝑧(𝑀�⃗�𝑟) = 𝑀𝑥
2𝜔, 

radgan 𝑀𝑧(𝑀�⃗�𝑟) = 0 (𝑀�⃗�𝑟  veqtori kveTs 𝑧 RerZs). 
   maSasadaame, 

𝐾1𝑧 = 𝐽𝜔 +𝑀𝑥
2𝜔 = (𝐽 +𝑀𝑥2)𝜔. 

  moZraobis raodenobis nakrebi momentis miRebuli mniSvneloba 

CavsvaT (2) tolobaSi;  
                (𝐽 + 𝑀𝑥2)𝜔 = 𝑚0𝑡.                    (3) 
   radgan urikas fardobiTi moZraoba aris    𝑣𝑟 = 𝑣  siCqariT 
Tanabri moZraoba, amitom 

𝑡 =
𝑥 − 𝑥0
𝑣

. 

𝑥 

𝐴 

𝐵 

𝑦 𝑥 

, 𝜔 

𝑧 

�⃗⃗� 

𝑀�⃗⃗⃗⃗� 

, �⃗⃗�𝐴  

, �⃗⃗�𝐵  

, 𝑥0  

, 𝑚0  

�⃗�𝑒 

�⃗� 𝑀�⃗� 

𝑀�⃗�𝑒  
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  maSin (3) gantolebidan ganvsazRvravT amwis brunviT kuTxur 
siCqares: 

𝜔 =
𝑚0

𝐽 + 𝑀𝑥2
𝑥 − 𝑥0
𝑣

. 

 

p a s u x i:      𝜔 =
𝑚0

𝐽+𝑀𝑥2
𝑥−𝑥0

𝑣
. 

 
 
 
 

amocana  37.59 

  SeinarCuneT wina amocanis pirobebi da ipoveT amwis brunvis  𝜔 
kuTxuri siCqare, Tu Zrava warmoSobs mabrun   moments, romelic 

𝑚0 − 𝛼𝜔 −is tolia, 𝑚0 da 𝛼 dadebiTi mudmivebia. 
a m o x s n a.    mocemul  meqanikur sistemaze  moqmedeben gare 

Zalebi (ix. naxazi): 𝑀�⃗� −urikas simZimis Zala, �⃗⃗� − amwis simZimis 

Zala, 𝑚მაბ = 𝑚0 − 𝛼𝜔 − მაბრუნი momenti, �⃗⃗�𝐴 da �⃗⃗�𝐵 −sayrdenTa 
reaqciebi.           

  gamoviyenoT  𝑧 RerZis mimarT sistemis  moZraobis raodenobis 
nakrebi    momentis cvlilebis Teorema: 

                         
𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧 (�⃗�𝑘

(𝑒)
)                      (1) 

gare Zalebis nakrebi momenti 𝑧 RerZis mimarT 
 

         ∑𝑀𝑧 (�⃗�𝑘
(𝑒)
) = 𝑚0 − 𝛼𝜔. 

maSin (1) gantoleba miiRebs saxes: 

                                           
𝑑𝐾𝑧

𝑑𝑡
= 𝑚0 − 𝛼𝜔.                                     (2)                 

Mmeqanikuri sistemis moZraobis raodenobis momenti  𝑧 RerZis 
mimarT  (ix. 37.58 amoacnis amoxsna): 

         𝐾1𝑧 = 𝐾ამ. + 𝐾უ, = 𝐽𝜔 +𝑀𝑥
2𝜔 = (𝐽 + 𝑀𝑥2)𝜔.          (3) 

gavawarmooT droiT (3) gamosaxuleba da miRebuli gamosaxuleba 
CavsvaT (2)_Si: 

               2𝑀𝑥
𝑑𝑥

𝑑𝑡
𝜔 + (𝐽 + 𝑀𝑥2)

𝑑𝜔

𝑑𝑡
= 𝑚0 − 𝛼𝜔.         (4) 

movaxdinoT cvladTa gardaqmna: 

𝑑𝜔

𝑑𝑡
=
𝑑𝜔

𝑑𝑥

𝑑𝑥

𝑑𝑡
= 𝑣

𝑑𝜔

𝑑𝑥
, 

sadac   𝑣 =
𝑑𝑥

𝑑𝑡
. 
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Aamis gaTvaliswinebiT (4) miiRebs saxes: 
 

 (2𝑀𝑥 + 𝛼)𝜔 + (𝐽 + 𝑀𝑥2)𝑣
𝑑𝜔

𝑑𝑥
−𝑚0 = 0.      (5)   

  movaxdinoT Casma 𝜔 = 𝑝𝑧. maSin 
𝑑𝜔

𝑑𝑥
=
𝑑𝑝

𝑑𝑥
𝑧 + 𝑝

𝑑𝑧

𝑑𝑥
. 

 CavsvaT es gamosaxuleba (5)_Si, miviRebT: 
  

(2𝑀𝑥 + 𝛼)𝑝𝑧 + 𝑣(𝐽 + 𝑀𝑥2) (
𝑑𝑝

𝑑𝑥
𝑧 + 𝑝

𝑑𝑧

𝑑𝑥
) −𝑚0 = 0. 

Ees gantoleba davSaloT  or gantolebad: 

               [(2𝑀𝑥 + 𝛼)𝑝 + 𝑣(𝐽 + 𝑀𝑥2)
𝑑𝑝

𝑑𝑥
] 𝑧 = 0,          (6) 

                    𝑣(𝐽 + 𝑀𝑥2)𝑝
𝑑𝑧

𝑑𝑥
−𝑚0 = 0.            (7)  

  amovxsnaT (6) gantoleba. radgan 𝑧 ≠ 0,  amitom 

(2𝑀𝑥 + 𝛼)𝑝 + 𝑣(𝐽 + 𝑀𝑥2)
𝑑𝑝

𝑑𝑥
= 0. 

  vipovoT  𝑝 − s mniSvneloba, romlis drosac sruldeba es piroba. 
movaxdinoT cvladTa gancaleba, miviRebT: 
 

(2𝑀𝑥 + 𝛼)𝑑𝑥

𝑣(𝐽 + 𝑀𝑥2)
= −

𝑑𝑝

𝑝
 

an 

(2𝑥 +
𝛼
𝑀𝑣

)𝑑𝑥

𝐽
𝑀 + 𝑥2

= −
𝑑𝑝

𝑝
. 

 
vaintegroT miRebuli toloba: 

∫
2𝑥𝑑𝑥

𝐽
𝑀
+ 𝑥2

+∫

𝛼
𝑀𝑣

𝑑𝑥

𝐽
𝑀
+ 𝑥2

= −∫
𝑑𝑝

𝑝
, 

 

𝑙𝑛 (
𝐽

𝑀
+ 𝑥2) +

𝛼

𝑀𝑣

1

√ 𝐽
𝑀

𝑎𝑟𝑐𝑡𝑔
𝑥

√ 𝐽
𝑀

= −𝑙𝑛𝑝. 

aqedan 
 

𝑝 =
1

𝐽
𝑀 + 𝑥2

𝑒
−
𝛼
𝑀𝑣

√
𝑀
𝐽
 𝑎𝑟𝑐𝑡𝑔√

𝑀
𝐽
𝑥
. 
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SemoviRoT aRniSvnebi: 

𝛼

𝑣
√
1

𝐽𝑀
= 𝜇,   √

𝐽

𝑀
= 𝑘, 

maSin  

                     𝑝 =
𝑀

𝐽+𝑀𝑥2
𝑒−𝜇 𝑎𝑟𝑐𝑡𝑔

𝑥

𝑘.                 (8) 
amovxsnaT (7) gantoleba. movaxdinoT cvladTa gancaleba Dda CavsvaT 

𝑝 -s nacvlad (8) gamosaxuleba. maSin 

𝑑𝑧 =
𝑚0𝑑𝑥

𝑣(1 +𝑀𝑥2)
=
𝑚0(𝐽 +𝑀𝑥

2)

𝑣(1 + 𝑀𝑥2)𝑀
𝑒𝜇 𝑎𝑟𝑐𝑡𝑔

𝑥
𝑘𝑑𝑥. 

Aaqedan miviRebT 

𝑧 =
𝑚0

𝑀𝑣
∫𝑒𝜇 𝑎𝑟𝑐𝑡𝑔

𝑥
𝑘𝑑𝑥.

𝑥

𝑥0

 

    maSin amwis kuTxuri siCqare 
 

𝜔 = 𝑝𝑧 =
𝑚0

𝑣(𝐽 + 𝑀𝑥2)
𝑒−𝜇 𝑎𝑟𝑐𝑡𝑔

𝑥
𝑘 ∫𝑒𝜇 𝑎𝑟𝑐𝑡𝑔

𝑥
𝑘𝑑𝑥.

𝑥

𝑥0

 

 

p a s u x i:    𝜔 =
𝑚0

𝑣(𝐽+𝑀𝑥2)
𝑒−𝜇 𝑎𝑟𝑐𝑡𝑔

𝑥

𝑘 ∫ 𝑒𝜇 𝑎𝑟𝑐𝑡𝑔
𝑥

𝑘𝑑𝑥.
𝑥

𝑥0
 

sadac 𝑘 = √
𝐽

𝑀
, 𝜇 =

𝛼

𝑣𝑥
√

1

𝐽𝑀
. 
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$38.  Teorema nivTier wertilTa sistemis 

kinetikuri energiis cvlilebis Sesaxeb. 

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 

   nivTier wertilTa sistemis kinetikuri energia ewodeba sistemis 
nivTier wertilTa kinetikuri energiebis jams, e.i.  

                    𝑇 = ∑
𝑚𝑘𝑣𝑘

2

2
.                             (38.1)       

 
  Tu meqanikuri sistema Sedgeba erTmaneTTan garkveuli saxiT 
SeerTebu;li  myari sxeulebisagan, maSin sistemis kinetikuri 
energia ganisazRvreba rogorc yvela sxeulis  kinetikuri 
energiebis jami 

                                                      𝑇 =∑𝑇𝑘 ,                                           ( 38.2) 

  

sadac  𝑇𝑘 − 𝑘 −uri sxeulis kinetikuri energiaa. 

  Mmyari sxeulis kinetikuri energiis gamosaTvleli formulebi 
misi moZraobis kerZo SemTxvevbSi. 
    Mmyari sxeulis gadataniTi moZraobisas 

                                                𝑇 =
𝑀𝑣2

2
.                                      (38.3) 

    uZravi RerZis garSemo brunvisas 

                       𝑇 =
𝐼𝑧𝜔

2

2
                                       (38.4) 

sadac   𝐼𝑧 –sxeulis inerciis momentia 𝑧  RerZis mimarT;  𝜔 − 
sxeulis brunvis kuTxuri siCqare.      
  .  brtyel-paraleluri moZraobisas 

                  𝑇 =
𝑀𝑣𝐶

2

2
+
𝐼𝐶𝑧𝜔

2

2
                                      (38.5) 

sadac  𝑣𝐶 −sxeulis masaTa centris siCqarea; 𝐼𝐶𝑧 − inerciis 
momenti  masaTa centrze gamavali  RerZis mimarT. 
   brtyel-paraleluri moZraobisas misi kinetkuri energia 
SegviZlia ganvsazRvroT rogorc myisi RerZis garSemo brunviTi 
moZraobis kinetikuri energia 

                       𝑇 =
𝐼𝑝𝜔

2

2
,                                      (38.6) 

sadac   𝐼𝑝 –sxeulis inerciis momentia im RerZis mimarT, romelic 

gadis siCqareTa myis centrze. 
Mmyari sxeulis sferuli moZraobisas 
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                      𝑇 =
𝐼𝜔𝜔

2

2
,                                      (38.7) 

sadac  𝐼𝜔  –sxeulis inerciis momentia brunvis myisi RerZis 

mimarT; 𝜔 − sxeulis absoluturi kuTxuri siCqare.    
    Mmyari sxeulis kinetikuri energia SeiZleba gamovTvaloT 
Semdegi formuliT: 

   𝑇 =
1

2
(𝐼𝑥𝜔𝑥

2 + 𝐼𝑦𝜔𝑦
2 +𝜔𝑧

2 + 𝐼𝑥𝑦𝜔𝑥𝜔𝑦 + 𝐼𝑦𝑧𝜔𝑧𝜔𝑦 + 𝐼𝑧𝑥𝜔𝑥𝜔𝑧),  (38.8)                    
sadac   

   𝐼𝑥, 𝐼𝑦,𝐼𝑧 − inerciis RerZuli momentebia; 𝐼𝑥𝑦, 𝐼𝑦𝑧 , 𝐼𝑧𝑥 − inerciis 

centridanuli momentebi; 𝜔𝑥, 𝜔𝑦, 𝜔𝑧 −absoluturi kuTxuri 

siCqaris gegmilebia moZrav sxeulTan dakavSirebuli 𝑂𝑥, 𝑂𝑦, 𝑂𝑧 −  
RerZebze. 

   Tu sakoordinato  𝑂𝑥, 𝑂𝑦, 𝑂𝑧  RerZebs miviRebT inerciis mTavar 
RerZebad (kerZo SemTxveva), maSin 

𝐼𝑥𝑦 = 𝐼𝑦𝑧 = 𝐼𝑧𝑥 = 0. 
Ada (38.8) miiRebs saxes: 

                  𝑇 =
1

2
(𝐼𝑥𝜔𝑥

2 + 𝐼𝑦𝜔𝑦
2 +𝜔𝑧

2),                          (38.9)                    
    (38.9)  formula gamoiyeneba sxeulis kinetikuri energiis 
gamosaTvlelad imSemTxvevaSi, roca igi monawileobs araumetes sami 
urTierTgadamkveTi RerZis mimarT brunviTi moZraobisas, Tu es 
RerZebi warmoadgenen inerciis mTavar RerZebs an maTi paraleluria. 
  Teorema kinetikuri energies cvlilebis Sesaxeb SeiZleba 
Caiweros diferencialur da integralur formebSi. 
  Ddiferencialuri forma 
 

                     𝑑𝑇 =∑𝑑𝐴(�⃗�𝑘
𝑒) +∑𝑑𝐴(�⃗�𝑘

𝑖),                              (38.10) 

    
    Mmeqanikuri sistemis kinetikuri energiis diferenciali udris 

Siga �⃗�𝑘
𝑖
 da gare �⃗�𝑘

𝑒
  Zalebis elementarul muSaobaTa jams. 

    Ees formula Cveulebriv gamoiyeneba maSin, rodesac moiTxoveba 
Mmeqanikuri sistemis romelime sxeulis moZraobis kanonis 
gansazRvra an im drois gansazRvra, romlis ganmavlobaSic xdeba 
misi moZraobis siCqaris gansazRvra. Aam SemTxvevaSi amocanis 
amoxsna  daiyvaneba diferencialuri gantolebis Sedgenaze da mis 
integrebaze. 
   integraluri anu sasruli forma 

            𝑇2 − 𝑇1 =∑𝐴(�⃗�𝑘
𝑒) +∑𝐴(�⃗�𝑘

𝑖),                                   (38.11) 

gviCvenebs, rom Mmeqanikuri sistemis kinetikuri energies cvlileba 
mis raime gadaadgilebaze udris sistemaze moqmedi Siga  da gare   
Zalebis muSaobaTa jams imave gadaadgilebaze. 
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    Ucvleli sistemisaTvis, magaliTad, absoluturad myari 
sxeulisaTvis an aseTi sxeulebis sistemisaTvis, romlebic 
erTmaneTtan dakavSirebulia uWimadi bmebiT, Siga Zalebis 
muSaobaTa jami udris nuls da  Teorema kinetikuri energiis 
cvlilebis Sesaxeb ase Caiwereba: 
  Ddiferencialuri forma 

                          𝑑𝑇 =∑𝑑𝐴(�⃗�𝑘
𝑒) = 𝑑𝐴𝑒 ,                                     (38.10′) 

integraluri anu sasruli forma 

                         𝑇2 − 𝑇1 =∑𝐴(�⃗�𝑘
𝑒) = 𝐴𝑒 ,                              (38.11′) 

sadac 𝑑𝐴𝑒, 𝐴𝑒 aris Sesabamisad sistemaze modebuli gare Zalebis 

elementaruli muSaoba da muSaoba sasrul gadaadgilebaze. 

  sruli meqanikuri energiis Senaxvis kanoni: 
  Tu meqanikur sistemaze moqmedeben mxolod potenciuri an 
konservatiuli Zalebi, e.i. Zalebi, romelTa muSaoba  ganisazRvreba 
sistemis wertilebis sawyisi da saboloo mdebareobebiT da ar 
arian damokidebuli am wertilebis traeqtoriaze, maSin meqanikuri 
sistemis nebismier mdebareobaSi kinetikuri da potenciuri 
energiebis jami mudmivi sididea: 

                               𝑇1  + Π1 = 𝑇2 + Π2.                              (38.12) 

meqanikuri sistemis potenciuri energia ganisazRvreba rogorc 
konservatiuli Zalebis MmuSaoba sistemis raime mdebareobidan 
nulovan mdebareobaSi gadaadgilebisas, romelSic sistemis 
wertilebis potenciuri energia nulis tolia(e.w. nulovani done). 

  Aam paragrafis amocanebis amoxsnis Tanmimdevroba: 
1. gamovsaxoT meqanikuri sistema bolo, xolo zogjer  sawyis 
mdebareobaSi; 
2. ucvleli  meqanikuri sistemis SemTxvevaSi vaCvenoT sistemaze 
moqmedi yvela gare Zala; 
3. CavweroT zogad SemTxvevaSi Teorema kinetikuri energiis 
cvlilebis Sesaxeb diferencialuri (formula (38.10)) an 
integraluri (formula (38.11)) formiT; 
4. Tu meqanikuri sistema ucvlelia da moZraobas iwyebs 
wonasworobis mdebareobidan, kinetikuri energia sawyis 
mdebareobaSi da Siga Zalebis muSaobaTa jami gavutoloT nuls. Tu 
meqanikuri sistema moZraobas iwyebs raRac siCqariT da moZraobs 
gaCerebamde, gavutoloT nulls kinetikuri energia saboloo 
mdebareobaSi; 
  5. ganvsazRvroT meqanikuri sistemis kinetikuri energia saboloo 
an sawyis mdebareobaSi, rogorc mocemul meqanikur sistemaSi 
kinetikuri energiebis jami, gamovsaxoT is amocanis pirobaSi 
miTiTebuli sxeulis saZiebeli kuTxuri siCqariT an  wiriTi 
siCqariT. amisaTvis saWiroa sqemaSi sxeulebis kuTxuri siCqareebis 
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da wiriTi siCqareebis mimarTulebebis Cveneba, am siCqareebs Soris 
kinematikuri kavSirebis dadgeniT.; 
  6. ganvsazRvroT sistemaze modebuli yvela gare Zalis an 
elementaruli muSaobaTa jami an am AZalebis MmuSaobaTa jami 
sistemis sasrul gadaadgilebaze gamovsaxoT ra is sasrul 
gadaadgilebaze im sxeulis gadaadgilebiT (kuTxuri an wrfivi), 
romlis siCqare amocanis pirobiT unda ganisazRvros; 
  7. CavsvaT kinetikuri energies da gare Zalebis muSaobebis 
gamosaxulebebi kinetikuri energiis cvlilebis Teoremis 
formulaSi, romelic Cawerilia p.2 da p.3-is Sesabamisad; 
  8. miRebuli gantolebidan gamovsaxoT saZiebeli sidide zogadi 
saxiT, Sedeg CavsvaT ricxviTi monacemebi da SevasruloT 
gamoTvlebi; 
  9. Teoremis diferencialuri formiT gamoyenebis SemTxvevaSi 
aucilebelia Sesruldes punqtebi 1-5, SevadginoT sxeulis 
moZraobis diferencialuri  gantoleba da miRebuli gantoleba 
vaintegroT sawyisi pirobebis gaTvaliswinebiT. 
 
 
 
 

amocanebi da amoxsnebi 
 

amocana  38.1 

    gamoTvaleT im  brtyeli  meqanizmis 
inetikuri energia, romelic Sedgeba sami 

𝐴𝐵, 𝐵𝐶 da 𝐶𝐷  Rerosagan ,  romlebic 

mimagrebulia    Werze    𝐴    da    𝐷 
cilindruli   saxsrebiT  da erTmaneT-

Tan SeerTebuli  𝐵 da 𝐶 saxsrebiT. ℓ   
sigrZis  𝐴𝐵 da 𝐶𝐷 TiToeuli Reros 

masa  udris 𝑀1; 𝐵𝐶 Reros masaa−𝑀2;  
amasTan 𝐵𝐶 = 𝐴𝐷. 𝐴𝐵  da 𝐵𝐶 
Reroebi brunaven  𝜔 kuTxuri 
iCqariT. 
 a m o x s n a.   ganvixiloT 
brtyeli meqanizmis moZraoba. 

vaCvenoT naxazze 𝐴𝐵 da 𝐶𝐷 
rgolebis  kuTxuri siCqareebi 

da   𝐴𝐵,   𝐵𝐶 da 𝐶𝐷  Reroebis 
simZimis Zalebi. ganvsazRvroT 
TiToeuli rgolis moZraobis 

xasiaTi.  𝐴𝐵 rgoli asrulebs 

𝐶 

𝐴 

𝐵 

𝐷 

𝜑 𝜑 ℓ 
ℓ 

𝐶 

𝐴 

𝐵 

𝐷 

𝜑 𝜑 ℓ ℓ 

𝑀1�⃗� 𝑀1�⃗� 𝑀2�⃗� 

�⃗�𝐶  
�⃗�𝐵 



 
248 

brunviT moZraobas  𝜔𝐴𝐵  kuTxuri siCqariT.  𝐶𝐷 rgoli asrulebs 

brunviT moZraobas  𝜔𝐶𝐷  kuTxuri siCqariT. 𝐵𝐶 rgoli asrulebs 

gadataniT moZraobas  �⃗�𝐵  siCqariT. radgan 𝐵 da 𝐶 wertilebis 
siCqareebi toli da paraleluria, amitom 

𝑣𝐵 = 𝜔𝐴𝐵 ∙ 𝐴𝐵 =  𝜔ℓ, 
𝑣𝐶 = 𝜔𝐶𝐷 ∙ 𝐶𝐷 =  𝜔ℓ. 

 Mmeqanizmis kinetikuri energia ganvsazRvroT rogorc calkeuli 
rgolebis kinetikuri energiebis jami: 

                 𝑇 = 𝑇𝐴𝐵 + 𝑇𝐵𝐶 + 𝑇𝐶𝐷.                   (1)    
 𝐴𝐵 da 𝐶𝐷  rgolebis kinetikuri energia: 
 

𝑇𝐴𝐵 =
1

2
𝐽𝐴𝜔𝐴𝐵

2 =
1

2

𝑀1(𝐴𝐵)
2

3
𝜔𝐴𝐵
2 =

1

6
𝑀1ℓ

2𝜔2, 

 

𝑇𝐶𝐷 =
1

2
𝐽𝐷𝜔𝐶𝐷

2 =
1

2

𝑀1(𝐶𝐷)
2

3
𝜔𝐶𝐷
2 =

1

6
𝑀1ℓ

2𝜔2. 

𝐵𝐶  rgolis kinetikuri energia: 

𝑇𝐵𝐶 =
1

2
𝑚𝐵𝐶𝑣𝐵

2 =
1

2
𝑀2ℓ

2𝜔2. 
maSin (1) formulis Tanaxmad Mmeqanizmis kinetikuri energia 
 

𝑇 =
1

6
𝑀1ℓ

2𝜔2 +
1

6
𝑀1ℓ

2𝜔2 +
1

2
𝑀2ℓ

2𝜔2 =
2𝑀1 + 3𝑀2

6
ℓ2𝜔2. 

 

p a s u x i:    𝑇 =
2𝑀1+3𝑀2

6
ℓ
2
𝜔2. 

 
 
 

 amocana  38.2 

     

  𝑀 masis erTgvarovani 𝐴𝐵 Rero eyrdnoba 𝐷 kuTxes da 𝐴 boloTi 

srialebs horizontaluri mimmarTvelis gaswvriv. 𝐸 sayrdeni 

moZraobs marjvniv mudmivi 𝑣 siCqariT. gansazRvreT Reros kinetikuri 

energia, rogorc  funqcia 𝜑 kuTxisa, Tu Reros sigrZea 2ℓ, xolo 𝐷 

wvetis amaRleba horizontaluri mimmarTvelidan udris 𝐻. . 
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   a m o x s n a.  ganvixiloT  𝐴𝐵 Reros brtyel-paraleluri 

moZraoba. vipovoT 𝐴𝐵 Reros siCqareTa myisi centri rogorc 𝐴 da 
𝐷 wertilebidan gavlebuli �⃗�𝐴 da �⃗�𝐵 siCqareebis marTobebis 
gadakveTis wertili (ix. Nnaxazi). ganvixiloT miRebuli samkuTxedebi 

∆𝐴𝐷𝐾 da 𝐴𝑃𝐷. ∆𝐴𝐷𝐾 − dan 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝐴𝐷 =
𝐷𝐾

𝑠𝑖𝑛𝜑
=

𝐻

𝑠𝑖𝑛𝜑
, 

∆𝐴𝑃𝐷 − dan 

𝐴𝑃 =
𝐴𝐷

𝑠𝑖𝑛𝜑
=

𝐻

𝑠𝑖𝑛2𝜑
. 

∆𝐴𝑃𝐶 − dan  vpoulobT 
 

𝐴 
𝐸 

𝐶 

𝐷 

𝐵 

𝐻 

𝑥 

𝜑 

𝐴 
𝐸 

𝐶 

𝐷 

𝐵 

𝐻 

𝑥 

𝜑 

𝜑 

�⃗�𝐷 

�⃗�𝐴 

�⃗�𝐸 

𝐾 

𝑀�⃗� 

𝑃 
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𝑃𝐶 = √𝐴𝑃2 + 𝐴𝐶2 − 2 ∙ 𝐴𝑃 ∙ 𝐴𝐶 ∙ 𝑐𝑜𝑠(900 − 𝜑) = 

= √
𝐻2

𝑠𝑖𝑛4𝜑
+ ℓ2 −

2𝐻ℓ

𝑠𝑖𝑛2𝜑
𝑐𝑜𝑠(900 − 𝜑) = √

𝐻2

𝑠𝑖𝑛4𝜑
+ ℓ2 −

2𝐻ℓ

𝑠𝑖𝑛𝜑
. 

 

ganvsazRvroT 𝐴𝐵 Reros kuTxuri siCqare: 

                      𝜔𝐴𝐵 =
𝑣𝐴

𝐴𝑃
=

𝑣𝐴

𝐻
𝑠𝑖𝑛2𝜑               (1) 

Dda  misi masaTa centris  𝐶 siCqare 

          𝑣𝐶 = 𝜔𝐴𝐵 ∙ 𝑃𝐶 =
𝑣𝐴

𝐻
𝑠𝑖𝑛2𝜑√

𝐻2

𝑠𝑖𝑛4𝜑
+ ℓ2 −

2𝐻ℓ

𝑠𝑖𝑛𝜑
.       (2) 

 𝐴𝐵 Reros kinetikuri energia, romelic asrulebs brtyel-
paralelur moZraobas: 

𝑇 =
1

2
𝑀𝑣𝐶

2 +
1

2
𝐽𝐶𝜔𝐴𝐵

2  

Aan (1) da (2) formulebis gaTvaliswinebiT 
 

𝑇 =
1

2
𝑀
𝑣2

𝐻2
𝑠𝑖𝑛4𝜑(

𝐻2

𝑠𝑖𝑛4𝜑
+ ℓ2 −

2𝐻ℓ

𝑠𝑖𝑛𝜑
) +

1

2

𝑀(2ℓ)2

12

𝑣2

𝐻2
𝑠𝑖𝑛4𝜑 = 

=
𝑀𝑣2

2
(1 +

4ℓ2

3𝐻2
𝑠𝑖𝑛4𝜑 −

2ℓ

𝐻
𝑠𝑖𝑛3𝜑). 

 

p a s u x i:    𝑇 =
𝑀𝑣2

2
(1 +

4ℓ2

3𝐻2
𝑠𝑖𝑛4𝜑 −

2ℓ

𝐻
𝑠𝑖𝑛3𝜑). 

 
 
 

amocana  38.3 

 
gamoTvaleT kulisuri meqa-

nizmis kinetikuri energia,  

Tu 𝑂𝐴 m rudmxaras iner-
ciis momenti naxazis sibrtyis 
marTobuli brunvis RerZis mi-

marT aris  𝐽𝑂,  mrudmxaras si-

grZe  aris  𝑎.  kulisis masa   𝑚. 
𝐴 qvis masa ugulebelyofilia. 

𝑂𝐴 mrudmxara brunavs 𝜔 
kuTxuri siCqariT. meqanizmis ra mdebareobisas aRwevs kinetikuri 
energia maqsimalur da minimalur mniSvnelobebs? 

𝜑 

𝐴 

𝑂 

𝑎 
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a m o x s n a. ganvixiloT kulisuri meqanizmis moZraoba, romelic 

Sedgeba 𝑂𝐴 mrudmxaras, 𝐴 qvis da 𝐴𝐾Kkulisisagan. vaCvenoT naxazze  

mocemuli Zalebi. meqanizmis  yvela nawilis siCqare gamovsaxoT 𝑂𝐴 
mrudmxaras mocemuli kuTxuri siCqariT. 
    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 𝐴 qva asrulebs rTul moZraobas, romelic Sedgeba kulisTan erTad 
warmtani moZraobisa da kulisis gaswvriv fardobiTi moZraobisagan. 

 𝐴 qvisaTvis absoluturi moZraoba warmoadgens 𝑂𝐴 mrudmxarasTan 

erTad 𝑎 radiusian wrewirze moZraobas: 
𝑣𝑎 = 𝜔𝑎. 

   𝐴 qvis warmtan siCqares vipoviT naxazidan  
 𝑣𝐴𝑒 = 𝑣𝐴𝑎𝑠𝑖𝑛𝜑 = 𝜔𝑎𝑠𝑖𝑛𝜑. 
  ganvsazRvroT 𝑂𝐴 mrudmxaras kinetikuri energia, romelic 
asrulebs brunviT moZraobas: 

𝑇𝑂𝐴 =
1

2
𝐽𝑂𝜔

2. 

  radgan 𝐴 qvis masa ugulebelyofilia, amitom misi kinetikuri 
energiaudris nuls.  
     ganvsazRvroT   kulisis kinetikuri energia, romelic asrulebs 
gadataniT moZraobas: 

𝑇𝐾 =
1

2
𝑚𝑣𝐾

2 =
1

2
𝑚𝜔2𝑎2𝑠𝑖𝑛2𝜑. 

 maSin kulisuri meqanizmis  kinetikuri energia 

𝑇 = 𝑇𝑂𝐴 + 𝑇𝐾 =
1

2
𝐽𝑂𝜔

2 +
1

2
𝑚𝜔2𝑎2𝑠𝑖𝑛2𝜑 = 

=
1

2
(𝐽𝑂 +𝑚𝑎

2𝑠𝑖𝑛2𝜑)𝜔2. 

𝜑 

𝐴 

𝑂 

𝑎 

• 

�⃗�𝐴𝑟 

𝑚�⃗� 

�⃗�𝐴𝑒 

�⃗�𝐴𝑎 

�⃗�𝐾 

𝐾 
𝜔 
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  kulisuri meqanizmis  kinetikuri energia maqsimalur mniSvnelobas 

miiRebs, roca 𝑠𝑖𝑛𝜑 = ±1, e.i. 

𝜑 =
𝜋

2
+ 𝑘𝜋 (𝑘 = 0,1,2,⋯ ). 

kulisuri meqanizmis  kinetikuri energia minimalur mniSvnelobas 

miiRebs, roca 𝑠𝑖𝑛𝜑 = 0, e.i. 
𝜑 = 𝑘𝜋 (𝑘 = 0,1,2,⋯ ). 

p a s u x i:    𝑇 =
1

2
(𝐽𝑂 +𝑚𝑎

2𝑠𝑖𝑛2𝜑)𝜔2. minimaluri  kinetikuri 

energia-kulisis ukiduresi mdebareobisas, maqsimaluri, rodesac 
kulisa gadis Sua mdebareobas. 
 
 

, amocana  38.4 

 
  gansazRvreT traqtoris muxluxis 
kinetikuri energia, Tu traqtori 

moZraobs 𝑣0  siCqariT.  borblebs 

Soris manZili aris ℓ, maTi 

radiusebia 𝑟, muxluxis jaWvis erTi 

grZivi metris masa aris Υ. 
a m o x s n a.  ganvixiloT 
traqtoris moZraoba. Mmuxluxis  
calkeuli nawilebi asruleben 
sxvadsxva moZraobas (ix. Nnaxazi). 

  muxluxis  ℓ sigrZis Υℓ masis  
𝐴𝐵  nawili asrulebs gadataniT 

moZraobas, romlis  siCqarea 2𝑣0  
da misi kinetikuri energia 

    𝑇𝐴𝐵 =
1

2
𝑚𝐴𝐵(2𝑣0)

2 = 2 Υℓ𝑣0
2. 

 muxluxis  𝜋𝑟 sigrZis  da  Υ𝜋𝑟 masis  𝐵𝐶 nawili. Mmisi kinetikuri 
energia 

𝑇𝐵𝐶 =
1

2
𝑚𝐵𝐶𝑣0

2 +
1

2
𝐽0𝜔

2 =
1

2
Υ𝜋𝑟𝑣0

2 +
1

2
Υ𝜋𝑟3

𝑣0
2

𝑟2
= Υ𝜋𝑟𝑣0

2. 

 

 Mmuxluxis 𝐶𝐷 nawili uZravad Zevs miwaze, amitom misi kinetikuri 

energia nulis tolia, e.i. 𝑇𝐶𝐷 = 0. 
   Mmuxluxis 𝐷𝐴 nawili asrulebs brtyel moZraobas. misi 

kinetikuri energia tolia muxluxis 𝐵𝐶 nawilis   kinetikuri 
energies, e.i. 

𝑇𝐵𝐶 = 𝑇𝐷𝐴 = Υ𝜋𝑟𝑣0
2. 

 

𝑟 �⃗�0 

ℓ 

�⃗�0 

ℓ 

�⃗�0 
𝜔 

𝐷 𝐶 

𝐴 𝐵 �⃗�𝐴𝐵 �⃗�𝐴𝐵 

𝜔 
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   traqtoris mTliani muxluxis kinetikuri energia 

𝑇 = 𝑇𝐴𝐵 + 𝑇𝐵𝐶 + 𝑇𝐶𝐷 + 𝑇𝐷𝐴 = 2 Υℓ𝑣0
2 + Υ𝜋𝑟𝑣0

2 + Υ𝜋𝑟𝑣0
2 = 

= 2 Υ(ℓ + 𝜋𝑟)𝑣0
2. 

p a s u x i:    𝑇 = 2 Υ(ℓ + 𝜋𝑟)𝑣0
2. 

 
 
 

amocana  38.5 
 
       gamoTvaleT    mrudmxara-
kulisuri  meqanizmis kinetikuri 
energia,  Tu  mrudmxaras    masa 

aris 𝑚1, misi sigrZe 𝑟, cocias 

masa 𝑚2, xolo barbacas sigrZe 
ℓ.    mrudmxara      MCaTvaleT 

erTgvarovan Rerod. 
Mmrudmxaras  brunvis 

kuTxuri siCqarea 𝜔. 
Bbarbacas masa 
ugulebelyofilia.  
  a m o x s n a. vaCvenoT 
naxazze mocemuli Zalebi: 

𝑚1�⃗� da 𝑚2�⃗�.       

  ganvixiloT   mrudmxara- 

barbaca            meqanizmis 

moZraoba.  𝐴 saxsris siCqare: 
    𝑣𝐴 = 𝜔𝑟. 

  ganvsazRvroT  𝐵   cocias 
siCqare. amisaTvis vipovoT 𝐴𝐵  barbacas OsiCqareTa myisi  centri,  

romelic agebis Tanxmad aris 𝑃  wertilSi.  
      SevadginoT proporcia: 

𝑣𝐴
𝐴𝑃

=
𝑣𝐵
𝐵𝑃
. 

   maSin  𝐵 cocias siCqare  

                    𝑣𝐵 =
𝑣𝐴∙𝐵𝑃

𝐴𝑃
=

𝜔𝑟∙𝐵𝑃

𝐴𝑃
.                 (1)         

   ganvixiloT  ∆𝑂𝐴𝐷: 𝑂𝐴 = 𝑟 − pirobis Tanaxmad, 𝐴𝐷 = 𝑟𝑠𝑖𝑛𝜑. 
∆𝐴𝐵𝐷 −dan vipoviT: 

𝐵𝐷 = √𝐴𝐵2 − 𝐴𝐷2 = √ℓ2 − 𝑟2𝑠𝑖𝑛2𝜑. 
Nnaxazidan Cans, rom  𝐵𝐷 = 𝐴𝐾, 𝐴𝐷 = 𝐾𝐵.  ∆𝐴𝐵𝐷 −dan 

ℓ 
𝐴 

𝐵 𝑂 𝜑 
𝑟 

ℓ 

𝐴 

𝐵 𝑂 𝜑 
𝑟 

𝐷 

• 𝑃 

𝑚2�⃗� 𝑚1�⃗� 

𝜔 

𝜔𝐴𝐵 

�⃗�𝐴 

�⃗�𝐵 

𝐾 • 
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𝐴𝑃 =
𝐴𝐾

𝑐𝑜𝑠𝜑
=
√ℓ2 − 𝑟2𝑠𝑖𝑛2𝜑

𝑐𝑜𝑠𝜑
, 

𝑃𝐾 = 𝐴𝑃 ∙ 𝑠𝑖𝑛𝜑 =
√ℓ2 − 𝑟2𝑠𝑖𝑛2𝜑

𝑐𝑜𝑠𝜑
𝑠𝑖𝑛𝜑. 

maSin 

𝐵𝑃 = 𝐾𝐵 + 𝑃𝐾 = 𝑟𝑠𝑖𝑛𝜑 +
√ℓ2 − 𝑟2𝑠𝑖𝑛2𝜑

𝑐𝑜𝑠𝜑
𝑠𝑖𝑛𝜑. 

CavsvaT   𝐴𝑃 da 𝐵𝑃 mniSvnelobebi (1) formulaSi, miviRebT: 
 

𝑣𝐵 = 𝜔𝑟
𝑟𝑠𝑖𝑛𝜑 +

√ℓ2 − 𝑟2𝑠𝑖𝑛2𝜑
𝑐𝑜𝑠𝜑 𝑠𝑖𝑛𝜑

√ℓ2 − 𝑟2𝑠𝑖𝑛2𝜑
𝑐𝑜𝑠𝜑

= 

= 𝜔𝑟(
𝑟𝑐𝑜𝑠𝜑

√ℓ2 − 𝑟2𝑠𝑖𝑛2𝜑
+ 1) 𝑠𝑖𝑛𝜑 = 𝜔𝑟

[
 
 
 

𝑠𝑖𝑛𝜑 +
𝑟

2ℓ

𝑠𝑖𝑛2𝜑

√1 − (
𝑟
ℓ
)
2
𝑠𝑖𝑛2𝜑]

 
 
 

. 

 𝑂𝐴Mmrudmxara  asrulebs brunviT moZraobas da misi kinetikuri 
energia 

𝑇𝑂𝐴 =
1

2
𝐽𝑂𝜔

2 =
1

2

𝑚1𝑟
2

3
𝜔2. 

𝐵 cocias kinetikuri energia, romelic asrulebs gadataniT 
moZraobas: 

𝑇𝐵 =
1

2
𝑚2𝑣𝐵

2 =
1

2
𝑚2

[
 
 
 

𝑠𝑖𝑛𝜑 +
𝑟

2ℓ

𝑠𝑖𝑛2𝜑

√1 − (
𝑟
ℓ
)
2
𝑠𝑖𝑛2𝜑]

 
 
 
2

𝑟2𝜔2. 

 
ganvsazRvroT mTliani meqanizmis kinetikuri energia: 

 

𝑇 = 𝑇𝑂𝐴 + 𝑇𝐵 =
1

2

𝑚1𝑟
2

3
𝜔2 + 

+
1

2
𝑚2

[
 
 
 

𝑠𝑖𝑛𝜑 +
𝑟

2ℓ

𝑠𝑖𝑛2𝜑

√1 − (
𝑟
ℓ
)
2
𝑠𝑖𝑛2𝜑]

 
 
 
2

𝑟2𝜔2 + 
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=
1

2

{
 

 
1

3
𝑚1 +𝑚2

[
 
 
 

𝑠𝑖𝑛𝜑 +
𝑟

2ℓ

𝑠𝑖𝑛2𝜑

√1 − (
𝑟
ℓ
)
2
𝑠𝑖𝑛2𝜑]

 
 
 
2

}
 

 

𝑟2𝜔2. 

 

p a s u x i:    𝑇 =
1

2
{
1

3
𝑚1 +𝑚2 [𝑠𝑖𝑛𝜑 +

𝑟

2ℓ

𝑠𝑖𝑛2𝜑

√1−(
𝑟

ℓ
)
2
𝑠𝑖𝑛2𝜑

]

2

}𝑟2𝜔2. 

 
 

amocana  38.6 
 

  amoxseniT wina amocana, Tu mxedvelobaSi miiReba barbacas 𝑚3 masa 

im momentSi, roca 𝑂𝐴Mmrudmxara cocias mimmarTvelis perpendiku-
larulia. 
  a m o x s n 
a.  

 
 
 
 
 
 
 
 
 

ganvixiloT mrudmxara-barbaca meqanizmis moZraoba. vaCvenoT naxazze  

mocemuli Zalebi: 𝑚1�⃗�, 𝑚2�⃗� da 𝑚3�⃗�. 
 𝑂𝐴Mmrudmxara  asrulebs brunviT moZraobas, amitom  𝐴 saxsris 
siCqare: 

    𝑣𝐴 = 𝜔𝑟. 
𝐴𝐵 barbaca asrulebs myis gadataniT moZraobas, amitom 

    𝑣𝐴 =  𝑣𝐵 = 𝑣𝐶 = 𝜔𝑟, 
𝜔𝐴𝐵 = 0. 

𝐵 cociac asrulebs gadataniT moZraobas. 
mTliani meqanizmis kinetikuri energia: 

𝑇 = 𝑇𝑂𝐴+𝑇𝐴𝐵 + 𝑇𝐵, 

• 
𝐶 

𝐴 

𝐵 
𝑂 𝜑 

𝜔 

�⃗�𝐶 

�⃗�𝐴 

�⃗�𝐵 

𝑚2�⃗� 

𝑚1�⃗� 

𝑚3�⃗� 
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sadac 

𝑇𝑂𝐴 =
1

2
𝐽𝑂𝜔

2 =
1

2
∙
1

3
𝑚1𝑟

2𝜔2, 𝑇𝐴𝐵 =
1

2
𝑚𝐴𝐵𝑣𝐶

2 =
1

2
𝑚3𝑟

2𝜔2, 

 

𝑇𝐵 =
1

2
𝑚𝐵𝑣𝐵

2 =
1

2
𝑚2𝑟

2𝜔2. 

maSin 

𝑇 =
1

2
∙
1

3
𝑚1𝑟

2𝜔2 +
1

2
𝑚3𝑟

2𝜔2 +
1

2
𝑚2𝑟

2𝜔2 = 

=
1

2
(
1

3
𝑚1 +𝑚2 +𝑚3) 𝑟

2𝜔2. 

 

p a s u x i:    𝑇 =
1

2
(
1

3
𝑚1 +𝑚2 +𝑚3) 𝑟

2𝜔2. 
 
 
 
 

amocana  38.7 

 
     horizontalur sibrtyeze 
mdebare planetaruli  meqanizmi 

moZraobaSi modis 𝑂𝐴  mrudmxaras 
saSualebiT, romelic aerTebs 

sami  I, II da III erTnairiTvlis 

RerZebs. I Tvali uZravia. 

𝑂𝐴Mmrudmxara brunavs 𝜔 kuTxuri siCqariT. yoveli Tvlis masa 

aris 𝑀1, radiusi – 𝑟, xolo mrudmxaras masa 𝑀2. gamoTvaleT  
meqanizmis kinetikuri energia, Tu Tvlebs CavTvliT erTgvarovan 

diskoebad, xolo mrudmxaras-erTgvarovan Rerod. ras etoleba III 
Tvalze  modebuli wyviZalis muSaoba? 
  a m o x s n a.  ganvixiloT planetaruli  meqanizmis  moZraoba. 
ganvsazRvroT  meqanizmis yvela nawilis moZraobis xasiaTi. 

𝑂𝐴Mmrudmxara  asrulebs 
brunviT moZraobas, amasTan 
(ix. naxazi): 

            𝑣𝐵 = 𝜔 ∙ 𝑂𝐵 = 2𝜔𝑟, 
            𝑣𝐴 = 𝜔 ∙ 𝑂𝐴 = 4𝜔𝑟. 
 𝐼𝐼 Tvali asrulebs brtyel-

paralelur moZraobas. 𝐼𝐼 
Tvlis OsiCqareTa myisi 

centri aris 𝑃  wertilSi.  

Aamitom 𝐼𝐼 Tvlis kuTxuri 

𝑂 

3 

𝑧 

1 

𝐴 

 

𝑂 

𝐼𝐼𝐼 𝐼𝐼 𝐼𝐼𝜔2 

𝐴 

𝜔 

𝐵 
• 
 

𝐾 
 • 

 �⃗�𝐵 

�⃗�𝐾 �⃗�𝐴 

𝜔2 

𝑃 
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siCqare 
 

𝜔2 =
𝑣𝐵
𝐵𝑃

=
2𝜔𝑟

𝑟
= 2𝜔. 

𝐾  wertilis siCqare 

𝑣𝐾 = 𝜔2 ∙ 𝑃𝐾 = 2𝜔 ∙ 2𝑟 = 4𝜔𝑟. 
   ganvixiloT 𝐼𝐼 Tvlis moZraoba. Aam Tvlis 𝐾 da 𝐴 wertilebis �⃗�𝐾  
da �⃗�𝐴 siCqareebi toli da paraleluria, maSasadame, es Tvali 
asrulebs gadataniT moZraobas  

𝑣𝐾 = 𝑣𝐴 = 4𝜔𝑟. 
siCqariT.  
meqanizmis kinetikuri energia: 

                     𝑇 = 𝑇𝑂𝐴+𝑇𝐼𝐼 + 𝑇𝐼𝐼𝐼 ,                (1)    
sadac    𝑇𝑂𝐴 − 𝑂𝐴Mmrudmxaras kinetikuri energiaa; 𝑇𝐼𝐼 da  𝑇𝐼𝐼𝐼 − 𝐼𝐼 
da III Tvlebis kinetikuri energiaa Sesabamisad. 
  gamovTvaloT TiToeuli maTgani: 

𝑇𝑂𝐴 =
1

2
𝐽𝑂𝜔

2 =
1

2
∙
1

3
𝑀2(𝑂𝐴)

2𝜔2 =
𝑀2 ∙ 16𝑟

2𝜔2

6
=
8𝑀2𝑟

2𝜔2

3
; 

 

𝑇𝐼𝐼 =
1

2
𝑀1𝑣𝐵

2 +
1

2
𝐽𝐵𝜔2

2 =
1

2
𝑀14𝑟

2𝜔2 +
1

2

𝑀1𝑟
2

2
4𝜔2 = 3𝑀1𝑟

2𝜔2;   

 

𝑇𝐼𝐼𝐼 =
1

2
𝑀1𝑣𝐴

2 =
1

2
𝑀116𝑟

2𝜔2 = 8𝑀1𝑟
2𝜔2.   

  maSin (1) formulis Tanaxmad 
 

𝑇 =
8𝑀2𝑟

2𝜔2

3
+ 3𝑀1𝑟

2𝜔2 + 8𝑀1𝑟
2𝜔2 =

𝑟2𝜔2

3
(33𝑀1 + 8𝑀2). 

 
 

p a s u x i:  𝑇 =
𝑟2𝜔2

3
(33𝑀1 + 8𝑀2); muSaoba udris nuls. 

 
 

amocana  38.8 

 

  wisqvilis 𝐴  da 𝐵 rbiebi Camo-

cmulia horizontalur 𝐶𝐷 RerZze, 

romelic brunavs  vertikaluri  𝐸𝐹  
RerZis garSemo;  yoveli  rbiis masa 
udris   200kg.  rbiaTa   diametrebi 
erTnairia da TiToeuli udris 1m-s. 

maT  Soris manZili 𝐶𝐷 = 1m.  

𝐴 

𝐶 
𝐵 

𝐷 
• 𝐸 

𝐹 
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gansazRvreT rbias kinetikuri 

energia,  roca  𝐶𝐷 RerZi asrulebs 20br/wT-s,    Tu    davuSvebT,   
rom inerciis   momentebis  gamoTvlisas 
rbiebi miRebulia  erTgvarovan Txel diskoebad 
  a m o x s n a.  wisqvilis 
rbiebi  monawileoben   ori 
gadamkveTi RerZis garSemo 
brunviT moZraobaSi. jer 
ganvixiloT mxolod erTer-

Ti maTgani, magaliTad 𝐵 
(ix. Nnaxazi). 
  gamoviyenoT Teorema gada-
mkveTi RerZebis irgvliv 
brunviTi moZraobebis Sekre-
bis Sesaxeb: 

:�⃗⃗⃗�𝑎 = �⃗⃗⃗�𝑒   + �⃗⃗⃗�𝑟. 
 Nnaxazze vaCvenoT kuTxuri 
siCqareebis paralelogrami. 
warmtani kuTxuri siCqare 

|�⃗⃗⃗�𝑒| =
2𝜋𝑛

60
=

2𝜋∙20

60
=

2,09(rad/wm). 

vipovoT 𝐷 wertilis  siCqare centrSi: 

           𝑣𝐷 = 𝜔1 ∙ 𝐷 = 2,09 ∙ 0,5 = 1,045(m/wm). 

Radgan adgili aqvs usrialod gorvas, amitom siCqareTa myisi centri 

fardobiT moZraobaSi mdebareobs 𝐾 wertilSi. vipovoT am wertilis 
fardobiTi kuTxuri siCqare: 

𝜔𝑟 =
𝑣𝐷

𝐷𝐾
=

1,045

0,5
= 2,09(rad/wm) 

 𝐵 rbiis myisi (absoluturi) kuTxuri siCqaris veqtori Zevs 𝑂 da 

𝐾  wertilebze gamaval  Ω myis RerZze. �⃗⃗⃗�𝑒  da �⃗⃗⃗�𝑟. veqtorebi 
urTierTmarTobulia, amitom 

|�⃗⃗⃗�𝑎| = √𝜔𝑒
2 +𝜔𝑟

2 = √2,092 + 2,092 = 2,95(rad/wm) 

 rbiis kinetikuri energia 

𝑇 =
1

2
𝐽Ω𝜔𝑎

2, 

sadac  𝐽Ω −rbiis inerciis momentia brunvis myisi RerZis mimarT. 

    gamovTvaloT inerciis momenti: 

𝐽Ω = 𝐽n +𝑚ℎ
2 = 𝐽y𝑐𝑜𝑠

2450 + 𝐽x𝑐𝑜𝑠
2900 + 𝐽z𝑐𝑜𝑠

2450 +𝑚ℎ2 = 

𝐴 

𝐶 

𝐵 

𝐷 
• 𝐸 

𝐹 
𝜔𝑒 

𝑥 
𝑂 

�⃗⃗⃗�𝑒 

�⃗⃗� 

Ω⃗⃗⃗ 

�⃗⃗⃗�𝑎 

�⃗⃗⃗⃗�𝒓 

ℎ 
𝑦 

𝑧 

• 
900 

𝐾 

450 

450 
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=
𝑚𝑟2

2
(
√2

2
)

2

+
𝑚𝑟2

2
∙ 0 +

𝑚𝑟2

4
(
√2

2
)

2

+𝑚(
𝑟√2

2
)

2

=
7

8
𝑚𝑟2 = 

=
7∙200∙0,52

8
= 43,75(kg.m2) 

maSin erTi 𝐵 rbiis kinetikuri energia 

𝑇𝐵 =
1

2
𝐽Ω𝜔𝑎

2 =
1

2
∙ 43,75 ∙ 2,952 = 191,5(n.m) 

xolo  orive rbiis kinetikuri energia 

𝑇 = 𝑇𝐴+𝑇𝐵 = 191,5 + 191,5 = 383(ნ. მ). 

p a s u x i:  383 ნ. მ.  

 

 

amocana  38.9      

 

kulisur meqanizmSi naxazis sibrtyis 

marTobuli 𝑂 RerZis garSemo 

𝑂𝐶Mmrudmxaras qanaobisas  𝐴 cocia 

gadaadgildeba 𝑂𝐶Mmrudmxaras gaswvriv 

da moZraobaSi  mohyavs 𝐴𝐵  Rero, 

romelic moZraobs  vertikalur 𝐾 

mimmarTvelebSi. 𝑅  sigrZisa da  𝑚1  

masis 𝑂𝐶Mmrudmxara CaTvaleT 

erTgvarovan Rerod; cocias masaa −𝑚2, 
xolo 𝐴𝐵  Reros masa −𝑚3,𝑂𝐾 = ℓ. gamosaxeT meqanizmis 

kinetikuri energia,  rogorc kuTxuri siCqarisa da  𝑂𝐶Mmrudmxaras 
mobrunebis kuTxis funqcia. cocia CaTvaleT wertilovan masad. 

a m o x s n a. ganvixiloT 
kulisuri meqanizmis moZraoba. 
ganvsazRvroT  meqanizmis yvela 
nawilis moZraobis xasiaTi.     
𝑂𝐶Mmrudmxara asrulebs  brunviT 

moZraobas  𝜔  kuTxuri siCqariT.. 

 𝐴 cocia asrulebs rTul mo-
Zraobas;   ganvsazRvroT    misi 

Warmtani 𝑣𝐴𝑒 da 𝑣𝐴  absoluturi 
 siCqareebi: 

𝐾 𝑂 
𝜑 

𝐴 

𝐶 

𝐵 
ℓ 

𝑅 

𝐾 
𝑂 

𝜑 

𝐴 𝐶 

𝐵 
ℓ 

𝑅 

𝜔 

�⃗�𝐴𝑒 
�⃗�𝐴𝑟 

�⃗�𝐴 

�⃗�𝐵 
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𝑣𝐴𝑒 = 𝜔 ∙ 𝑂𝐴 = 𝜔
ℓ

𝑐𝑜𝑠𝜑
, 

𝑣𝐴 =
𝑣𝐴𝑒
𝑐𝑜𝑠𝜑

= 𝜔
ℓ

𝑐𝑜𝑠2𝜑
. 

   𝐴𝐵  Rero asrulebs gadataniT moZraobas 𝑣𝐴 siCqariT, e.i. 

�⃗�𝐴 = �⃗�𝐵. 

  Mmeqanizmis kinetikuri energia  

𝑇 = 𝑇𝑂𝐶+𝑇𝐴 + 𝑇𝐴𝐵 ,  

sadac 𝑇𝑂𝐶 , 𝑇𝐴, 𝑇𝐴𝐵 − 𝑂𝐶Mmrudmxaras, 𝐴 cocias da 𝐴𝐵  Reros 
kinetikuri energiebia Sesabamisad.  
 vipovoT TiToeuli maTgani: 

𝑇𝑂𝐶 =
1

2
𝐽𝑂𝜔

2 =
1

2
∙
𝑚1𝑅

2

3
𝜔2, 

𝑇𝐴 =
1

2
𝑚𝐴𝑣𝐴

2 =
1

2
𝑚2

ℓ2

𝑐𝑜𝑠4𝜑
𝜔2, 

 𝑇𝐴𝐵 =
1

2
𝑚𝐴𝐵𝑣𝐴

2 =
1

2
𝑚3

ℓ2

𝑐𝑜𝑠4𝜑
𝜔2. 

maSin 

𝑇 =
1

2
∙
𝑚1𝑅

2

3
𝜔2 +

1

2
𝑚2

ℓ2

𝑐𝑜𝑠4𝜑
𝜔2 +

1

2
𝑚3

ℓ2

𝑐𝑜𝑠4𝜑
𝜔2 = 

=
𝜔2

6𝑐𝑜𝑠4𝜑
[𝑚1𝑅

2𝑐𝑜𝑠4 + 3ℓ2(𝑚2 +𝑚3)]. 

p a s u x i:  𝑇 =
𝜔2

6𝑐𝑜𝑠4𝜑
[𝑚1𝑅

2𝑐𝑜𝑠4 + 3ℓ2(𝑚2 +𝑚3)]. 

 
 

amocana  38.10      

 
  gamoTvaleT sistemis kinetikuri energia, romelic Sedgenilia ori 

Tvlisagan, erTmaneTTan SeerTebuli 𝐴𝐵 orTqmavlis sauRliTa da 

𝑂1𝑂2 ReroTi, Tu Tvlebi moZraobs 𝑣𝑜 siCqariT. TiToeuli Tvlis 

masa udris 𝑀1.  𝐴𝐵 sauRls da  maerTebeli 𝑂1𝑂2 Reros aqvs 

erTnairi masa 𝑀2.  Tvlebis masa Tanabrad ganawilebulia maTi 

fersos gaswvriv;  𝑂1𝐴 = 𝑂2𝐵 = 𝑟/2, sadac  𝑟 − Tvlebis radiusia. 
Tvlebi goravs usrialod horizontalur relsze. 
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a m o x s n a.. ganvixiloT mocemuli meqanizmis  moZraoba. 
ganvsazRvroT  meqanizmis yvela nawilis moZraobis xasiaTi (ix. 
naxazi) . 

  
 

 
 
 
 
 
 
 
 
 
 
 

 borali asrulebs  brtyel-paralelur moZraobas  𝑣0 siCqariT da  

𝜔 = 𝑣0/𝑟 / kuTxuri siCqariT..  

    𝑂1𝑂2 Rero  asrulebs gadataniT  moZraobas �⃗�0 siCqariT; 𝐴𝐵 

sauRli asrulebs gadataniT  moZraobas, radgan  �⃗�𝐴 = �⃗�𝐵, maSin 
 

𝑣𝐴 =
𝑣0
𝑟
√𝑟2 +

𝑟2

4
− 2

𝑟2

2
𝑐𝑜𝑠(900 + 𝜑) =

𝑣0√5+ 4𝑠𝑖𝑛𝜑

2
, 

  Mmeqanizmis kinetikuri energia  

𝑇 = 2𝑇ბორ+𝑇𝑂1𝑂2 + 𝑇𝐴𝐵,  

sadac 𝑇ბორ, 𝑇𝑂1𝑂2 , 𝑇𝐴𝐵 −Mბორბლიs, 𝑂1𝑂2  Reros da  𝐴𝐵 sauRliს 

kinetikuri energiebia Sesabamisad.  
  vipovoT TiToeuli maTgani: 

𝑇ბორ =
1

2
𝑀1𝑣0

2 +
1

2
𝑀1𝑟

2
𝑣0
2

𝑟2
= 𝑀1𝑣0

2, 

𝑇𝑂1𝑂2 =
1

2
𝑀2𝑣0

2, 

𝐴 𝐵 

𝑂1 𝑂2 
𝜑 𝜑 

𝐴 
𝐵 

𝑂1 𝑂2 

𝜑 𝜑 

𝜔 

�⃗�𝐴 �⃗�𝐵 

�⃗�𝑂 �⃗�𝑂 

𝑀1�⃗� 

𝑀2�⃗� 𝑀2�⃗� 

𝑀1�⃗� 

𝜔 
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 𝑇𝐴𝐵 =
1

2
𝑀2𝑣𝐴

2 =
1

8
𝑀2𝑣0

2(5 + 4𝑠𝑖𝑛𝜑). 
maSin  

𝑇 = 2𝑀1𝑣0
2 +

1

2
𝑀2𝑣0

2 +
1

8
𝑀2𝑣0

2(5 + 4𝑠𝑖𝑛𝜑) = 

 =
𝑣0
2

8
[16𝑀1 +𝑀2(9 + 4𝑠𝑖𝑛𝜑)]. 

p a s u x i:  𝑇 =
𝑣0
2

8
[16𝑀1 +𝑀2(9 + 4𝑠𝑖𝑛𝜑)]. 

 
 

 

amocana  38.11      

 

   𝑀  masis avtomobili moZraobs  𝑣  siCqariT wrfiv horizontalur 
gzaze. Aavtomobili  Tvlebis gzaze gorvis xaxunis koeficienti 

udris 𝑓გ , radiusi ki−𝑟, haeris aerodinamikuri winaRobis Zala 𝑅𝐶 

siCqaris kvadratis proporciulia: 𝑅𝐶 = 𝜇𝑀𝑔𝑣
2, sadac 𝜇 −  

koeficienti  damokidebulia avtomobilis formaze. gansazRvreT 

Zravas 𝑁 simZlavre, romelic gadaecema damyarebuli moZraobisas 
wamyvani Tvlebis RerZs. 
a m o x s n a.   ganvixiloT 
avtomobilis moZraoba masze 
modebuli Zalebis moqmedebiT. 
vaCvenoT naxazze mocemuli 

Zalebi:  𝑀�⃗� −  avtomobilis 

simZimis Zala, �⃗� −gzis jamuri 

reaqcia, 𝑀გ − gorvis xaxunis 

jamuri momenti,  �⃗⃗�𝐶 − haeris 

winaaRmdegobis Zala, agreTve, 
avtomobilis 𝑠 gadaadgileba da   

misi siCqare �⃗�. Aavtomobilis 

Tvlis kuTxuri siCqare 𝜔 = 𝑣/𝑟 
da moZraobisas Tvali mobrundeba kuTxiT 𝜑 =

𝑠

𝑟
. 

   gamoviyenoT kinetikuri energiis cvlilebis Teorema integraluri 
formiT: 

                  𝑇 − 𝑇0 = ∑𝐴(�⃗�𝑘
𝑒) + ∑𝐴(�⃗�𝑘

𝑖) = 0,               (1)      
radgan avtomobili  moZraobs Tanabrad, amitom 𝑇 − 𝑇0 = 0. 
  ganvsazRvroT avtomobilze moqmedi gare Zalebis muSaoba.    
 winaRobis Zalis muSaoba, imis gaTvaliswinebiT, rom avtomobili 

moZraobs 𝑣 = 𝑐𝑜𝑛𝑠𝑡  siCqariT: 

�⃗� 

𝑠 

�⃗⃗�𝐶 

�⃗� 𝑀�⃗� 

𝜔 
• 

𝑀გ 
�⃗� 
𝑟 
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𝐴𝐶 = −∫𝑅𝐶𝑑𝑠 = −𝜇𝑀𝑔𝑣
2𝑆.

𝑆

0

 

Ggorvis xaxunis momentis muSaoba 

𝐴𝑀 = −𝑀გ𝜑 = −𝑀𝑔𝑓გ
𝑠

𝑟
. 

danarCeni gare Zalebis muSaoba nulis tolia. 
  maSin 

∑𝐴(�⃗�𝑘
𝑒) = −𝑀𝑔(

𝑓გ

𝑟
+ 𝜇𝑣2)𝑠. 

  ganvsazRvroT avtomobilze moqmedi Siga Zalebis muSaoba. 
erTaderTi  ara gawonasworebuli Siga Zala aris Zravis 
mamoZravebeli Zala. maSasadame, 
 

∑𝐴(�⃗�𝑘
𝑖) = 𝐴მამ., 

sadac  𝐴მამ., − Zravis mamoZravebeli Zalaa. 
  CavsvaT miRebuli gamosaxulebebi (1) gantolebaSi, miviRebT 

𝐴მამ., −𝑀𝑔(
𝑓გ

𝑟
+ 𝜇𝑣2)𝑠 = 0 

an 

𝐴მამ., = 𝑀𝑔(
𝑓გ

𝑟
+ 𝜇𝑣2)𝑠. 

 
Zravis simZlavris gansasazRvravad gavawarmooT es toloba. maSin 

𝑁 =
𝑑𝐴მამ.,

𝑑𝑡
= 𝑀𝑔(

𝑓გ

𝑟
+ 𝜇𝑣2)

𝑑𝑠

𝑑𝑡
= 𝑀𝑔(

𝑓გ

𝑟
+ 𝜇𝑣2)𝑣. 

p a s u x i:   𝑁 = 𝑀𝑔 (
𝑓გ

𝑟
+ 𝜇𝑣2)𝑣. 

 
 
 
 

amocana  38.12      

 

  yinulis safxeki  𝑀  masis avtomobili moZraobs Tanbrad da 

wrfivad 𝑣  siCqariT horizontalur sibrtyeze. masaTa 𝐶 centris 

mdebareoba naCvenebia naxazze. gansazRvreT Zravas 𝑁 simZlavre, 
romelic gadaecema wamyvani Tvlebis RerZs, TuAavtomobilis  

Tvlebis yinulze gorvis xaxunis koeficienti udris 𝑓გ, srialis 

xaxunis koeficienti 𝐴 nawibursa da yinuls Soris ki−𝑓. borblebi 
goraven usrialod. 
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a m o x s n a.  ganvixiloT avtomobilis moZraoba. vaCvenoT naxazze 

mocemuli Zalebi:  𝑀�⃗� −  avtomobilis simZimis Zala, �⃗�ხახ. −სრიალის 

ხახუნის Zala, 𝑀გ − gorvis xaxunis jamuri momenti, �⃗⃗⃗� , �⃗⃗� − reaqciis 
Zalebi. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
avtomobili moZraobs wrfivad da  Tanabrad, amitom bmebis reaqciebis 
gansasazRvravad visargeblod statikis gantolebiT: 

∑𝑀𝐵(�⃗�𝑘
𝑒) = −𝑁ℓ +𝑀𝑔

2

3
ℓ = 0, 

saidanac 

𝑁 =
2

3
𝑀𝑔; 

∑𝐹𝑘𝑦 = 𝑁 + 𝑅 −𝑀𝑔 = 0, 

saidanac 

𝑅 = 𝑀𝑔 − 𝑁 =
1

3
𝑀𝑔. 

vipovoT  სრიალის ხახუნის Zala: 

𝐹ხახ. = 𝑓𝑁 =
2

3
𝑀𝑔𝑓 

Dda gorvis xaxunis jamuri momenti: 

𝐶 

𝐴 

1/3ℓ 2/3ℓ 

𝐶 

𝐴 

1/3ℓ 2/3ℓ 

• 𝑆 

�⃗�2ხახ 

�⃗⃗⃗� �⃗⃗� 

𝑟 

𝐵 

�⃗�ხახ �⃗�1ხახ 

𝑀გ 
�⃗� 

M�⃗� 
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𝑀გ = 𝑅𝑓გ=
1

3
𝑀𝑔𝑓გ. 

gamoviyenoT meqanikuri sistemis kinetikuri energiis cvlilebis 
Teorema integraluri formiT: 

            𝑇 − 𝑇0 = ∑𝐴(�⃗�𝑘
𝑒) + ∑𝐴(�⃗�𝑘

𝑖) = ∑𝐴𝑘
𝑒 + ∑𝐴𝑘

𝑖 . 
 

  avtomobili moZraobs mudmivi 𝑣  siCqariT, amitom misi kinetikuri 
energiis cvlileba aris nulis toli, e.i. 

𝑇 − 𝑇0 = 0. 
maSin 

∑𝐴𝑘
𝑒 +∑𝐴𝑘

𝑖
= 0. 

gare Zalebis muSaoba 𝑆  gadaadgilebaze: 

𝐴𝑘
𝑒 = 𝐴ხახ. + 𝐴გ + 𝐴 + 𝐴𝑅 . 

ganvsazRvroT სრიალის ხახუნის Zalis muSaoba: 

𝐴ხახ. = 𝐹ხახ.𝑆 = −
2

3
𝑀𝑔𝑓𝑆; 

gorvis xaxunis momentis muSaoba: 

𝐴გ = −𝑀გ𝜑 = −
1

3
𝑀𝑔𝑓გ

𝑠

𝑟
. 

   avtomobilis simZimis Zalis  muSaoba 𝐴  da reaqciis Zalebis 

muSaoba 𝐴𝑅 nulis tolia. 
  maSin 

𝐴𝑘
𝑒 = −

2

3
𝑀𝑔𝑓𝑆 = −

1

3
𝑀𝑔𝑓გ

𝑠

𝑟
= −

𝑀𝑔

3
(2𝑓 +

𝑓გ

𝑟
) 𝑆. 

Ees gamosaxuleba CavsvaT (1) gantolebaSi, miviRebT: 
 

−
𝑀𝑔

3
(2𝑓 +

𝑓გ

𝑟
) 𝑆 +∑𝐴𝑘

𝑖 = 0 

an 

∑𝐴𝑘
𝑖 =

𝑀𝑔

3
(2𝑓 +

𝑓გ

𝑟
)𝑆. 

 
 Siga Zalebis muSaoba xorcieldeba avtomobilis Zravis saSualebiT, 
amitom am Zravis simZlavre 

𝑁 =
𝑑(∑𝐴𝑘

𝑖 )

𝑑𝑡
=
𝑀𝑔

3
(2𝑓 +

𝑓გ

𝑟
) 𝑣. 
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p a s u x i:   𝑁 =
𝑀𝑔

3
(2𝑓 +

𝑓გ

𝑟
) 𝑣. 

 
 
 
 

amocana  38.13 

 

    60mm diametris  lilvze Camocmulia 50sm diametric mqnevara, 
romelic asrulebs 180br/wT-s. gansazRvreT lilvsa da sakisrebs 

Soris srialis xaxunis 𝑓 koeficienti, Tu amZravis gamorTvis 
momentidan gaCerebamde lilvi asrulebs 90bruns. Mmqnevaras masa  
CaTvaleT mis fersoze Tanabrad ganawilebulad.    
a m o x s n a 
 ganvixiloT lilvze Camocmuli mqnevaras brunva masze modebuli 

Zalebis moqmedebiT. vaCvenoT naxazze mocemuli Zalebi:  𝑀�⃗� −   

simZimis Zala, �⃗⃗⃗�𝐴  da �⃗⃗⃗�𝐵 − sayrdenebis reaqciebi, 𝑀𝐴 da 𝑀𝐵 − 
sayrdenebSi srialis xaxunis Zalebis momentebi, agreTve, mqnevaras 

kuTxuri gadaadgileba 𝜑. 
 
 
 
 
 
 
 
 
 
 
 
   gamoviyenoT kinetikuri energiis cvlilebis Teorema integraluri 
formiT: 

                   𝑇 − 𝑇0 = ∑𝐴(�⃗�𝑘
𝑒) + ∑𝐴(�⃗�𝑘

𝑖).                               (1) 

Ppirobis Tanaxmad mqnevara gaCerda, e.i. 𝑇 = 0. 
  ganvsazRvroT Mmqnevaras kinetikuri energia sawyis momentSi: 

𝑇 =
1

2
𝐽𝜔2 =

1

2
𝑀𝑅2𝜔2. 

   ganvsazRvroT gare Zalebis muSaoba mqnevaras  𝜑 kuTxiT 
mobrunebisas. 
  სრიალის xaxunis momentis muSaoba 𝐴 da 𝐵 sayrdenebSi: 

𝜔 

�⃗⃗⃗�𝐴 

�⃗⃗⃗�𝐵 

𝑀𝐴 

𝑀𝐵 

𝑀�⃗� 

𝜑 
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𝐴ხახ.𝐴 = −𝑀𝐴𝜑 = −𝑁𝐴𝑓𝑟𝜑, 
𝐴ხახ.𝐵 = −𝑀𝐵𝜑 = −𝑁𝐵𝑓𝑟𝜑. 

maSin 

∑𝐴(�⃗�𝑘
𝑒) = −(𝑁𝐴 +𝑁𝐵)𝑓𝑟𝜑. 

  Tu mqnevaras masaTa centri mdebareobs misi brunvis RerZze, maSin 
sayrdenebSi dinamikuri reaqciis mdgenelebi udris nuls, maSin 

𝑁𝐴 = 𝑁𝐵 =
𝑀𝑔

2
. 

maSasadame, 

∑𝐴(�⃗�𝑘
𝑒) = −𝑀𝑔𝑓𝑟𝜑. 

Siga Zalebis muSaoba udris nulls, e.i. 

∑𝐴(�⃗�𝑘
𝑖) = 0. 

miRebuli Sedegebi CavsvaT (1) gantolebaSi, gveqneba: 

−
1

2
𝑀𝑅2𝜔2 = −𝑀𝑔𝑓𝑟𝜑. 

Aaqedan ganvsazRvravT სრიალის xaxunis  koeficients: 

𝑓 =
𝑅2𝜔2

2𝑔𝑟𝜑
=

𝜋𝑅2𝑛2

302 ∙ 4𝑔𝑟𝑁
=

3,14 ∙ 1802 ∙ 0,52

900 ∙ 4 ∙ 9,81 ∙ 0,03 ∙ 90
= 0,07. 

p a s u x i:   𝑓 =0,07. 
 
 
 

amocana  38.14 

 

   0,5t. masis da   10sm diametris cilindruli lilvi, romelzec 
Camocmulia 3 t.. masis da 2 m diametris mqnevara Tvali, aRebul 
momentSi brunavs 60br/wT kuTxuri siCqariT, xolo Semdeg miSvebulia 
Tavis nebaze. ramden bruns gaakeTebs kidev lilvi gaCerebamde, Tu. 
sakisrebSi xaxunis koeficienti   udris 0,05-s? amocanis amoxsnisas 
mqnevaras masa  CaTvaleT mis fersoze Tanabrad ganawilebulad.    
a m o x s n a  ganvixiloT lilvze Camocmuli mqnevara Tvalis 

brunva masze modebuli Zalebis moqmedebiT:  𝑚ლ.�⃗� −   ლილვის 

simZimis Zala, 𝑚მქ..�⃗⃗⃗⃗� −   mqnevara Tvaliს simZimis Zala,  �⃗⃗⃗�𝐴  da �⃗⃗⃗�𝐵 − 
sayrdenebis  
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reaqciebi, 𝑀ხახ𝐴 da 𝑀ხახ𝐵 − sayrdenebSi srialis xaxunis Zalebis 

momentebi.(იხ. ნახაზი). 
  ganvsazRvroT  srialis xaxunis jamuri moment ი  𝑀ხახ   ლილვის  𝐴  და 

𝐵 sayrdenebშi: 

𝑀ხახ = 𝑀ხახ𝐴 + 𝑀ხახ𝐵 = 𝑁𝐴𝑓𝑟 + 𝑁𝐵𝑓𝑟 = (𝑚ლ. +𝑚მქ..)𝑔𝑓𝑟 = 

= (500 + 3000) ∙ 9,81 ∙ 0,05 ∙ 0,05 = 85,8(n.m) 
  gamoviyenoT kinetikuri energiis cvlilebis Teorema integraluri 
formiT: 

                        𝑇 − 𝑇0 = ∑𝐴𝑘
𝑒 + ∑𝐴𝑘

𝑖                   (1)      

radgan mocemuli sistema absoluturad myari sxeulia, amitom 

∑𝐴𝑘
𝑖 = 0. 

 moZraobis bolos mqnevara Tvali gaCerdeba da misi kinetikuri 

energia gaxdeba nuli, e.i. 𝑇 = 0. 
   maSin (1) gamosaxuleba miiRebs saxes: 

                              −𝑇0 = ∑𝐴𝑘
𝑒 .                       (2)   

    ganvsazRvroT mqnevara Tvlis kinetikuri energia moZraobis 
dasawyisSi. Llilvi asrulebs brunviT moZraobas da misi kinetikuri 
energia 

𝑇ლ = 𝐽𝑥
𝜔2

2
=
𝑚ლ.𝑟

2

2

𝜔2

2
=
𝑚ლ.𝑟

2

4
𝜔2. 

   mqnevara Tvali asrulebs brunviT moZraobas da misi kinetikuri 
energia 

𝑇მქ. = 𝐽𝑥
𝜔2

2
= 𝑚მქ.𝑅

2
𝜔2

2
=
𝑚მქ.𝑅

2

2
𝜔2. 

maSin 

𝑟 

�⃗⃗⃗�𝐴 

�⃗⃗⃗�𝐵 

𝑀ხახ𝐴 

𝑀ხახ𝐵 

𝑚ლ.�⃗⃗⃗⃗� 

𝑥 

𝑅 

𝑚ხახ.�⃗⃗⃗⃗� 

𝐵 

𝐴 
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𝑇0 = 𝑇ლ + 𝑇მქ. =
𝑚ლ.𝑟

2

4
𝜔2 +

𝑚მქ.𝑅
2

2
𝜔2 = (

𝑚ლ.𝑟
2 + 2𝑚მქ.𝑅

2

4
)𝜔2 = 

= (
500∙0,052+2∙3000∙12

4
) (

2𝜋∙60

60
)
2
= 59169,4(n.m) 

gare Zalebis muSaoba 

∑𝐴𝑘
𝑒 = 𝐴ლ + 𝐴მქ + 𝐴ხახ + 𝐴𝑁 . 

  Llilvis da mqnevara Tvlis simZimis Zalebis muSaobebi nulis 
tolia. 
  xaxunis momenti.s muSaoba 

                       𝐴ხახ = −𝑀ხახ𝜑 = −85,8𝜑.    
 

   𝐴 და 𝐵 sayrdenebშi reaqciis Zalebis muSaoba  𝐴𝑁 udris nuls. 
maSin 

                          𝐴𝑘
𝑒 = 𝐴ხახ = −85,8𝜑.   

miRebuli Sedegebi CavsvaT (2) gantolebaSi, gveqneba: 

−59 169,4 = −85,8. 
Aaqedan 

𝜑 = 689,6rad. 
Aan brunvebSi 

                    𝑛 =
𝜑

2𝜋
=

689,6

2∙3,14
= 109,8 br. 

p a s u x i:   109,8 br. 
 
 

 

amocana  38.15 

    𝑀  masis  da ℓ sigrZis  erTgvarovan 

 𝑂𝐴  Reros SeuZlia brunva mis boloze 
gamavali da naxazis sibrtyis marTobi 

uZravi 𝑂 RerZis garSemo.  𝑐 sixistis 
spiraluri zambara erTi boloTi 

mimagrebulia uZrav . 𝑂 RerZze, xolo 
meoreTi – Reroze. Rero wonasworobaSia 

da zambara aradeformirebulia. rogori 𝑣 
siCqare unda mivaniWoT Reros bolos, rom 
 igi vertikalidan gadaixaros  600 
kuTxiT? 
 

 a m o x s n a  ganvixiloT 𝑂𝐴  Reros  moZraoba masze modebuli 

Zalebis moqmedebiT:  𝑀�⃗� − simZimis Zala,  𝑚დრ = 𝑐𝜑− spiraluri 

𝑂 

600 

𝐴 
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zambarის დრეკადობის ძალის მომენტი. ვაჩვენოთ ნახაზზე  ღეროს საწყისი და 

საბოლოო მდებარეობები, აგრეთვე, მოქმედი ძალები. 

 
  gamoviyenoT kinetikuri energiis cvlilebis Teorema integraluri  
formiT 

     𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒      (1)      

 
saboloo mdebareobaSi Rero 
gaCerdeba da misi kinetikuri 
energia gaxdeba nuli,  

e.i. 𝑇 = 0. 
   maSin (1) gamosaxuleba miiRebs 
saxes: 

        −𝑇0 = ∑𝐴𝑘
𝑒 .        (2)   

  ganvsazRvroT Reros kinetikuri 
energia  sawyis mdebareobaSi: 
 

𝑇0 =
1

2
𝐽0𝜔

2 =
1

2
[𝐽𝐶 +𝑀(

ℓ

2
)
2

]𝜔2 = 

=
1

2
(
𝑀ℓ2

12
+
𝑀ℓ2

4
)
𝑣2

ℓ2
=
𝑀𝑣2

6
. 

 ganvsazRvroT gare Zalebis muSaoba, romelic Seesabameba Reros   
gadaxras 600 –ani kuTxiT mobrunebisas.: 

∑𝐴𝑘
𝑒 = 𝐴სიმძ + 𝐴დრ. 

სადაც სიმძიმის ძალის მუშაობა 

𝐴სიმძ = −𝑀𝑔ℎ = −𝑀𝑔(
ℓ

2
−
ℓ

2
𝑐𝑜𝑠600) = −

𝑀𝑔ℓ

4
; 

spiraluri zambaris drekadobis Zalis muSaoba 

𝐴დრ. = −∫𝑚დრ𝑑𝜑 = −
𝑐𝜑2

2

𝜑

0

= −
𝑐𝜋2

12
. 

maSin 

∑𝐴𝑘
𝑒 = −

𝑀𝑔ℓ

4
−
𝑐𝜋2

12
. 

miRebuli Sedegebi CavsvaT (2) gantolebaSi, gveqneba: 

−
𝑀𝑣2

6
= −

𝑀𝑔ℓ

4
−
𝑐𝜋2

12
. 

Aaqedan Reros bolo wertilis siCqare 
 

𝑂 

600 

𝐴′ 

𝐴 

• 
• 

𝑀�⃗� 

𝑀�⃗� 𝐶 

𝐶′ 

�⃗� 

𝑚დრ 

ℎ 



271 

𝑣 = √
9𝑀𝑔ℓ + 2𝑐𝜋2

6𝑀
. 

p a s u x i: 𝑣 = √
9𝑀𝑔ℓ+2𝑐𝜋2

6𝑀
. 

amocana 38.16 

  drekadi uWimari Zafis boloebze, 
romelic gadakidebulia sakmaod mcire 

𝐴 blokze, Camokidebulia  𝑀1 da  𝑀
masis tvirTebi. 𝑀1  masis tvirTs

SeuZlia sriali blokis RerZidan 𝑎
manZiliT daSorebul 𝐶𝐷 gluv 

vertikalur Reroze. 𝑀1 tvirTis 
simZimis centri sawyis momentSi 
mdebareobda blokis RerZTan erT 

doneze. simZimis Zalis moqmedebiT 𝑀1 
tvirTi  sawyisi siCqaris gareSe eSveba 

qveviT. ipoveT damokidebuleba 𝑀1 tvirTi  siCqaresa da  daSvebis ℎ
simaRles Soris. 
a m o x s n a.  ganvixiloT meqanikuri sistemis moZraoba, romelic 

Sedgeba 𝐸𝐾 uWimari ZafiT SeerTebuli 𝑀1 da  𝑀  masis 
tvirTebisagan (ix. naxazi) 
  gamoviyenoT meqanikuri sistemis  kinetikuri  energies  cvlilebis 
Teorema integraluri formiT: 

𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖 (1) 

sawyis mdebareobaSi sistema iyo wonasworobaSi, e.i. 𝑇0 = 0. Siga
Zalebis muSaoba udris nuls,  e.i.   

∑𝐴𝑘
𝑖 = 0.

maSin (1) gamosaxuleba miiRebs saxes: 

𝑇 = ∑𝐴𝑘
𝑒 .

(2)
ganvsazRvroT meqanikuri 

sistemis kinetikuri 
energia, 

rodesac 𝐸 tvirTi daeSva ℎ 
simaRleze: 

• 

• 𝐴 
𝐶 

𝐷 

M 
𝑀1 

ℎ 
𝑎 

• 

• 𝐴 
𝐶 

𝐷 

K 

�⃗� 

ℎ 
𝑎 

• 

ℎ𝐾 

�⃗�𝐾 
𝜑 

𝑀1�⃗� 

𝐸 
�⃗�𝑒 �⃗�𝑟 𝑀�⃗� 
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𝑇 = 𝑇𝐸 + 𝑇𝐾 ,

sadac 𝑇𝐸 , 𝑇𝐾 −Sesabamisad 𝐸 da 𝐾  tvirTebis kinetikuri energiebia:

𝑇𝐸 =
1

2
𝑀1𝑣

2,

𝑇𝐾 =
1

2
𝑀𝑣𝐾

2 . 

  vipovoT 𝐾 tvirTis  siCqare, romelic udris 𝐴𝐾 Zafis siCqares. 

Zafis   bolo 𝐸  wertilis absoluturi siCqare udris �⃗� −s, 

romelic Sedgeba warmtani  �⃗�𝑒 da fardobiTi �⃗�𝑟  siCqareebisagan: 

�⃗�𝑟 =
𝑑𝐴𝐸

𝑑𝑡
= �⃗�𝐾 .

siCqareTa paralelogramidan vipoviT (ix. Nnaxazi): 

𝑣𝑟 = 𝑣𝑐𝑜𝑠𝜑 = 𝑣
ℎ

√ℎ2 + 𝑎2
. 

maSin 

𝑇𝐾 =
1

2
𝑀

𝑣2ℎ2

ℎ2 + 𝑎2
. 

 ganvsazRvroT tvirTebis simZimis Zalebis muSaobebi 

𝐴𝐸 = 𝑀1𝑔ℎ, 

𝐴𝐾 = −𝑀𝑔ℎ𝐾 = −𝑀𝑔(√ℎ
2 + 𝑎2 − 𝑎),

maSin 

∑𝐴𝑘.
𝑒 = 𝑀1𝑔ℎ −𝑀𝑔(√ℎ

2 + 𝑎2 − 𝑎).
miRebuli mniSvnelobebi CavsvaT (2) gantolebaSi: 

1

2
𝑀1𝑣

2 +
1

2
𝑀

𝑣2ℎ2

ℎ2 + 𝑎2
= 𝑀1𝑔ℎ −𝑀𝑔 (√ℎ

2 + 𝑎2 − 𝑎)

da vipovoT  saZiebeli damokidebuleba: 

𝑣2 = 2𝑔(ℎ2 + 𝑎2)
𝑀1ℎ −𝑀(√ℎ

2 + 𝑎2 − 𝑎)

𝑀1(ℎ
2 + 𝑎2) + 𝑀ℎ2

. 

p a s u x i: 

𝑣2 = 2𝑔(ℎ2 + 𝑎2)
𝑀1ℎ −𝑀(√ℎ

2 + 𝑎2 − 𝑎)

𝑀1(ℎ
2 + 𝑎2) + 𝑀ℎ2

. 
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amocana 38.17 

 

  𝑀  masis tvirTs masze 

dadebuli 𝑀1 masis tvirTiT 
blokze gadkidebuli zonris 
saSualebiT moZraobaSi mohyavs 

horizontalur aragluv 𝐵𝐶 
sibrtyeze wonasworobaSi  

myofi 𝑀2  masis 𝐴 sxeuli. 𝑠1  
manZilze  daSvebis  Semdeg 𝑀 
tvirTi  gadis   rgolSi, 

romelic  Camoxsnis 𝑀1 
tvirTs,  ris Sedegac 𝑀  

tvirTi  kidev daeSveba  manZilze da gaCerdeba. gansazRvreT 𝐴 
sxeulisa da sibrtyes Soris dinamikuri xaxunis 𝑓 koeficienti, Tu  
zonaris masa, blokis xaxuni da misi masa ugulebelyofilia. 

mocemulia: 𝑀2 = 0,8kg, 𝑀=𝑀1=0,1kg, 𝑠1 = 50sm, 𝑠2 =30sm. 
  a m o x s n a.    ganvixiloT meqanikuri sistemis moZraoba  𝑀1�⃗�, 

𝑀2�⃗�, 𝑀�⃗� simZimis Zalebis da 𝐴 sxeulis xaxunis Zalis �⃗�ხახ  
moqmedebiT. 
    gamoviyenoT meqanikuri sistemis kinetikuri energiis cvlilebis 
Teorema integraluri formiT: 

                      𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖 .               (1) 
Siga Zalebis muSaoba udris  nuls,  e.i.    ∑𝐴𝑘

𝑖 = 0. 
    sawyis mdebareobaSi sistema iyo wonasworobaSi,  e.i.  . 𝑇0 = 0 da 
gzis boloSic wonasworobis mdebareobaSi iqneba, e.i. 𝑇 = 0. 
maSin (1) gamosaxuleba 
miiRebs saxes: 

∑𝐴𝑘
𝑒 = 0. 

Aan 

∑𝐴𝑘
𝑒 = 𝐴𝑀 + 𝐴𝑀1 + 𝐴𝑀2 +

+𝐴ხახ + 𝐴𝑁 = 0.         (2) 
  𝑀  masis tvirTis simZimis 
Zalis muSaoba 

𝐴𝑀 = 𝑀𝑔(𝑠1 + 𝑠2). 
   𝑀1  masis tvirTis simZimis 
Zalis muSaoba 

𝐴𝑀1 = 𝑀1𝑔𝑠1. 

𝑀 

• 
• 

• • 

𝐴 𝑀1 

𝐵 

𝐷 

𝐶 

𝑠2 

𝑠1 

• 

• 

• 

𝑠1 + 𝑠2 

 

𝑀�⃗� 

𝑀1�⃗� 
𝑀2�⃗� 

�⃗�ხახ 

 

�⃗⃗⃗� 

𝑀 

• 
• 

• • 

𝐴 𝑀1 

𝐵 

𝐷 

𝐶 

𝑠2 

𝑠1 
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     𝐴 sxeulis simZimis Zalis muSaoba   

                                 𝐴𝑀2 = 0. 
   𝐴 sxeulis xaxunis Zalis muSaoba 

𝐴ხახ = −|�⃗�ხახ  |(𝑠1 + 𝑠2) = −𝑀2𝑔𝑓(𝑠1 + 𝑠2). 

   𝑁 reaqciis Zalis muSaoba 

𝐴𝑁 = 𝟎. 
miRebuli mniSvnelobebi CavsvaT (2) gantolebaSi da vipovoT xaxunis 

𝑓 koeficienti: 

𝑓 =
𝑀(𝑠1 + 𝑠2) + 𝑀1𝑠1

𝑀2(𝑠1 + 𝑠2)
=
0,1(0,5 + 0,3) + 0,1 ∙ 0,5

0,8(0,5 + 0,3)
= 0,2 

p a s u x i:        𝑓 =
𝑀(𝑠1+𝑠2)+𝑀1𝑠1

𝑀2(𝑠1+𝑠2)
=0,2 

 
 
 

amocana 38.18 

 

   𝐿 sigrZis erTgvarovani Zafi, romlis erTi Zevs gluv 
horizontalur magidaze, moZraobs CamoSvebuli meore nawilis masis 

gavleniT.. gansazRvreT drois is 𝑇  Sualedi, romlis gavlis Semdeg 
Zafi Camovardeba  magididan, Tu cnobilia, rom sawyis momentSi 

CamoSvebuli nawilis sigrZe aris ℓ da sawyisi siCqare nulis tolia. 
 a m o x s n a.   ganvixiloT  erTgvarovani Zafis  nawilis 

moZraoba CamoSvebuli nawilis �⃗⃗� simZimis Zalis moqmedebiT (ix. 
Nnaxazi). 
 gamoviyenoT meqanikuri sistemis 
kinetikuri energiis cvlilebis 
Teorema integraluri formiT: 

      𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖      (1) 

  radgan Zafi uWimaria,  amitom Siga 
Zalebis muSaoba udris nuls, 

 e.i.        ∑𝐴𝑘
𝑖 = 0. 

sawyis momentSi Zafis siCqare 

nulis toli iyo, e.i. 𝑇0 = 0.  
amitom (1)  gantoleba miiRebs 
 saxes: 

                             𝑇 = ∑𝐴𝑘
𝑒 .                         (2)   

  ganvsazRvroT Zafis kinetikuri energia  

: 𝑇 =
1

2
𝑚𝑣2 

• • 

• 
ℓ 

𝑥 

�⃗⃗⃗� 

�⃗⃗�∗ 

�⃗⃗� 
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sadac 𝑚 −mTeli Zafis masaa; 𝑣 =
𝑑𝑥

𝑑𝑡
− Zafis siCqare, 𝑥 − Zafis 

CamoSvebuli nawilis sigrZe. 
ganvsazRvroT gare Zalebis muSaoba: 

∑𝐴𝑘
𝑒 = 𝐴𝑃∗ + 𝐴𝑃 + 𝐴𝑁. 

Mmagidaze mdebare Zafis nawilis simZimis Zalis muSaoba nulis 
tolia, e.i. 

                        𝐴𝑃∗ = 0. 

Zafis CamoSvebuli nawilis simZimis Zalis muSaoba 

𝐴𝑃 = ∫
𝑚

𝐿
𝑔𝑥𝑑𝑥 =

𝑥

ℓ

𝑚

2𝐿
𝑔(𝑥2 − ℓ2). 

Ggluvi magidis reaqciis Zalis muSaoba udris nuls. 
  maSasadame, 

∑𝐴𝑘
𝑒 = 𝐴𝑃 . 

miRebuli mniSvnelobebi SevitanoT (2) gantolebaSi: 

1

2
𝑚𝑣2 =

𝑚

2𝐿
𝑔(𝑥2 − ℓ2) 

an 

𝑣 =
𝑑𝑥

𝑑𝑡
= √

𝑔

𝐿
√𝑥2 − ℓ2. 

  ganvacaloT cvladebi da vaintegroT 
 

∫𝑑𝑡

𝑡

0

= √
𝐿

𝑔
∫

𝑑𝑥

√𝑥2 − ℓ2
.

𝐿

ℓ

 

maSin 

𝑡 = √
𝐿

𝑔
𝑙𝑛 (

𝐿 + √𝐿2 − ℓ2

ℓ
). 

p a s u x i:      𝑡 = √
𝐿

𝑔
𝑙𝑛 (

𝐿+√𝐿2−ℓ2

ℓ
). 

 
 
 
 

  



 
276 

amocana 38.19 

 
    2𝑎   sigrZis  wonadi erTgvarovani Zafi, romelic Camokidebulia 
gluv wkirze da wonasworobis mdebareobaSia, iwyebs moZraobas  

sawyisi siCqariT, gansazRvreT Zafis 𝑣0 siCqare im momentSi, rodesac 
igi Camocildeba wkirs. 
a m o x s n a 
   ganvixiloT  erTgvarovani 
Zafis   moZraoba simZimis Zalis 
moqmedebiT.  Zafis nawilis  
simZimis Zala (ix. Nnaxazi) 

�⃗⃗�𝑖 =
𝑚

2𝑎
𝑥�⃗�, 

sadac 𝑚 − mTliani Zafis masaa;  

𝑥 − Zafis nawilis  sigrZea. 
 

     𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖 .   (1)      

radgan Zafi uWimaria, amitom Siga 
Zalebis muSaoba udris nuls, 

 e.i.    ∑𝐴𝑘
𝑖 = 0. 

ganvsazRvroT Zafis kinetikuri energia moZraobis dasawyisSi 

: 𝑇0 =
1

2
𝑚𝑣0

2 

da maSin, roca igi Camova wkiridan: 

: 𝑇 =
1

2
𝑚𝑣2. 

ganvsazRvroT gare Zalebis muSaoba: 

∑𝐴𝑘
𝑒 = 𝐴𝐴𝐵 + 𝐴𝐵𝐶 . 

 Zafis  𝐴𝐵 nawilis  simZimis Zalis muSaoba 

𝐴𝐴𝐵 = ∫
𝑚𝑔

2𝑎

0

𝑎

𝑥𝑑𝑥 = −
𝑚𝑔𝑎

4
. 

Zafis  𝐵𝐶 nawilis  simZimis Zalis muSaoba 

𝐴𝐵𝐶 = ∫
𝑚𝑔

2𝑎

2𝑎

𝑎

𝑥𝑑𝑥 =
3𝑚𝑔𝑎

4
. 

maSin 

∑𝐴𝑘
𝑒 =

3𝑚𝑔𝑎

4
−
𝑚𝑔𝑎

4
=
𝑚𝑔𝑎

2
. 

 
miRebuli mniSvnelobebi CavsvaT (1) gantolebaSi: 

• • 

• 
�⃗⃗�𝑖
∗ 

𝑥 

𝑎 

𝐴 

𝐵 

𝐶 

• 
𝑎 

2𝑎 

�⃗� 

�⃗�0 

�⃗⃗�𝑖 

𝑦 
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1

2
𝑚𝑣2 −

1

2
𝑚𝑣0

2 =
𝑚𝑔𝑎

2
 

Dda vipovoT  Zafis siCqare im momentSi, rodesac igi Camocildeba 
wkirs:  

𝑣 = √𝑎𝑔 + 𝑣0
2. 

p a s u x i:      𝑣 = √𝑎𝑔 + 𝑣0
2. 

 
 

amocana 38.20 

 
   transportiori moZraobaSi 
modis  wonasworobis 

mdebareobidan mis qveda 𝐵 
borbalze SeerTebuli amZravis  
saSualebiT. amZravi am 
borbals aniWebs  mudmiv mabrun 

𝑀 moments.  gansazRvreT 

transportioris   lentis 𝑣 
siCqare misi 𝑠  gadaadgilebis 

saSualebiT, Tu asawevi 𝐴 
tvirTis masa aris 𝑀1, xolo erTnairi  𝑟 radiusisa da  𝑀2 masis 
borblebi warmoadgenen wriul cilindrebs. transportioris lenti, 

romlis masa igulebelyofilia, horizontTan adgens 𝛼 kuTxes. Lenti 
ar srialebs borblebze. 
 a m o x s n a. ganvixiloT mocemuli meqanikuri sistemis moZraoba. 

vaCvenoT naxazze 𝐴 tvirTissawyisi da saboloo mdebareoba, lilvis 

mobrunebis kuTxe da moqmedi Zalebi:  𝑀1�⃗�,  𝑀2�⃗� − simZimis Zalebi, 

𝑀 − mabruni momenti,   
   gamoviyenoT kinetikuri energiis cvlilebis Teorema integraluri 
formiT: 

                     𝑇 − 𝑇0 = ∑𝐴𝑘
𝑒 +∑𝐴𝑘

𝑖 .                       (1) 
radgan transportioris 
lenti uWimaria,  amitom 
iga   Zalebis   muSaoba 
udris nuls, 

 e.i.    ∑𝐴𝑘
𝑖 = 0. 

  transportiori moZra-
obaSi modis 
wonasworo-bis 
mdgomareobidan, e.i.   

𝑇0 = 0. 
  maSin (1) gantoleba 
miiRebs saxes: 

𝐴 

𝛼 

𝑀 
𝐵 

𝐶 
𝑟 

𝐴 

𝛼 

𝑀 

𝐵 

𝐶 
𝑟 h 

𝜑 

𝜔 

𝑠 �⃗� 

�⃗� 

𝑀1�⃗� 

𝑀2�⃗� 

𝑀2�⃗� 

𝜔 
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                          𝑇 = ∑𝐴𝑘
𝑒 .                   (2)    

   ganvsazRvroT meqanikuri sistemis  kinetikuri energia,  rodesac 𝐴 

tvirTi gadaadgilda  𝑠 manZilze: 

                   𝑇 = 𝑇𝐴 + 𝑇𝐵 + 𝑇𝐶 . 
𝐴  tvirTis kinetikuri energia   

𝑇𝐴 =
1

2
𝑀1𝑣

2. 

𝐵  da 𝐶 dolebis kinetikuri energia   

𝑇𝐵 =
1

2
𝐽0𝜔

2 =
1

2

𝑀2𝑟
2

2

𝑣2

𝑟2
=
𝑀2𝑣

2

4
, 

𝑇𝐶 =
1

2
𝐽0𝜔

2 =
1

2

𝑀2𝑟
2

2

𝑣2

𝑟2
=
𝑀2𝑣

2

4
, 

maSin 

𝑇 =
1

2
𝑀1𝑣

2 +
𝑀2𝑣

2

4
+
𝑀2𝑣

2

4
= (𝑀1 +𝑀2)

𝑣2

2
. 

vipovoT gare Zalebis muSaoba: 

∑𝐴𝑘
𝑒 = 𝐴𝐴 + 𝐴𝑀 . 

 𝐴 sxeulis simZimis Zalis muSaoba   

𝐴𝐴 = −𝑀1𝑔ℎ = −𝑀1𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼-. 
𝐵 dolze 𝑀 mabruni momentis muSaoba 

𝐴𝐴 = 𝑀𝜑 = 𝑀
𝑠

𝑟
. 

maSin   

∑𝐴𝑘
𝑒 = 𝑀

𝑠

𝑟
−𝑀1𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼. 

miRebuli mniSvnelobebi CavsvaT (2) gantolebaSi: 

(𝑀1 +𝑀2)
𝑣2

2
= 𝑀

𝑠

𝑟
−𝑀1𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼 

 
Dda vipovoT  transportioris lenti siCqare:  

𝑣 = √
2(𝑀−𝑀1𝑔∙𝑠𝑖𝑛𝛼)

𝑟(𝑀1+𝑀2)
. 𝑠. 

p a s u x i:        𝑣 = √
2(𝑀−𝑀1𝑔∙𝑠𝑖𝑛𝛼)

𝑟(𝑀1+𝑀2)
. 𝑠. 
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amocana 38.21 

 

  horizontalur 𝐶𝐷 mils Tavisuflad SeuZlia brunva vertikaluri  

𝐴𝐵 RerZis garSemo(ix. 37.56 amocanis naxazi). Mmilis SigniT RerZidan 

𝑀𝐶 = 𝑥0 manZilze Zevs 𝑀 burTula. drois Ggarkveul momentSi mils 

mianiWes 𝜔0 kuTxuri siCqare.  

   gansazRvreT  𝑀 burTulas siCqare im momentSi, roca igi 
gamovardeba milidan. milis inerciis momenti brunvis RerZis mimarT 

udris 𝐽. 𝐿 − Reros  sigrZe; xaxuni ugulebelyofilia da burTula 

CaTvaleT 𝑚 masis nivTier wertilad. 
 M m i T i T e b a. isargebleT 37.56 amocanis pasuxiT 
  a m o x s n a.        

      ganvixiloT 𝑀 burTulas 

moZraoba 𝐶𝐷 milis SigniT.GGA       
         gamoviyenoT materialuri 
wertilis kinetikuri energiis 
cvlilebis Teorema fardobiT 
moZraobaSi: 
 

𝑚𝑣𝑟
2

2
−
𝑚𝑣𝑟0

2

2
= 

=∑∫ 𝐹𝑖𝑑𝑆𝑟𝑐𝑜𝑠(�⃗�𝑖, �⃗�𝑟)

𝑀∗

𝑀

+∑∫ Φ𝑒𝑑𝑆𝑟𝑐𝑜𝑠(Φ⃗⃗⃗⃗𝑒 , �⃗�𝑟),             (1)

𝑀∗

𝑀

 

 

sadac �⃗�𝑟 −𝑀 burTulas siCqarea im momentSi, roca igi gamovardeba 
milidan.  
  sawyis momentSi 𝑀 burTula 𝐶𝐷 milis mimarT uZravia, e.i. 𝑣𝑟=0. 
  radgan 𝐶𝐷 mili brunavs horizontalur sibrtyeSi, amitom 𝑀 
burTulas  simZmis Zalis muSaoba 

∑∫ 𝐹𝑖𝑑𝑆𝑟𝑐𝑜𝑠(�⃗�𝑖, �⃗�𝑟)

𝑀∗

𝑀

= 0. 

  vipovoT warmtani Φ⃗⃗⃗⃗𝑒  inerciis Zalis muSaoba: 
 

∑∫ Φ𝑒𝑑𝑆𝑟𝑐𝑜𝑠(Φ⃗⃗⃗⃗𝑒 , �⃗�𝑟) = ∫𝑚𝜔2𝑥𝑑𝑥 = (
𝑚𝜔2𝑥2

2
)
𝑥0

𝐿𝐿

𝑥0

𝑀∗

𝑀

= 

 

𝑥 

𝐴 

𝐵 

 
𝐶 

𝑀∗ 
• 
𝑀 

• 
𝑥0 

𝑧 

Φ⃗⃗⃗⃗𝑒
∗  

𝜔 

�⃗⃗⃗�∗ 
�⃗�𝑟 

𝑚�⃗⃗⃗⃗� 
𝑚�⃗⃗⃗⃗� Φ⃗⃗⃗⃗𝑒 

�⃗⃗⃗� 

𝐿 

�⃗�𝐶 
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=
𝑚𝜔2𝐿2

2
−
𝑚𝜔2𝑥0

2

2
. 

  𝐶𝐷 milis kuTxuri siCqris  mniSvneloba misgan 𝑀 burTulas 
gamovardnis momantSi (ix. 37.56 amocanis amoxsna): 

𝜔 =
𝐽 +𝑚𝑥0

2

𝐽 + 𝑚𝐿2
𝜔0. 

maSin 

∫𝑚𝜔2𝑥𝑑𝑥 =
𝑚𝜔0

2

2

𝐿

𝑥0

[
𝐽 + 𝑚𝑥0

2

𝐽 + 𝑚𝐿2
(𝐿2 − 𝑥0

2)]. 

miRebuli mniSvnelobebi CavsvaT (1) gantolebaSi: 

𝑚𝑣𝑟
2

2
=
𝑚𝜔0

2

2
[
𝐽 + 𝑚𝑥0

2

𝐽 + 𝑚𝐿2
(𝐿2 − 𝑥0

2)] 

Dda vipovoT  𝑀 burTulas siCqare:  

𝑣𝑟 = 𝜔0√
𝐽 +𝑚𝑥0

2

𝐽 + 𝑚𝐿2
(𝐿2 − 𝑥0

2). 

p a s u x i:         

𝑣𝑟 = 𝜔0√
𝐽 +𝑚𝑥0

2

𝐽 + 𝑚𝐿2
(𝐿2 − 𝑥0

2) 

 

 

amocana 38.22 

 

  horizontalur  𝐴 baqanze, romelic moZraobs xaxunis gareSe, 

mudmivi fardobiTi 𝑢0  siCqariT gadaadgildeba 𝐵 sxeuli (ix. 

(36.11) amocanis naxazi). 𝐵 sxeulis damuxruWebisas mas da baqans 

Soris warmoiSoba xaxunis Zala. gansazRvreT 𝐵 sxeulis 𝐴 baqanze 
xaxunis Siga Zalebis mier Sesrulebuli muSaoba 𝐵 sxeulis 

damuxruWebidan 𝐴 baqanis mimarT mis  srul gaCerebamde, Tu maTi 

masebi saTanadod 𝑚 da  𝑀 – is 
tolia.. 
m i T i T e b a. isargebleT 36.9 
amocanis pasuxiT 
a m o x s n a.      ganvixiloT 
meqanikuri sistemis moZraoba, 

romelic Sedgeba 𝐴 baqnisa da 𝐵 
sxeulisagan, mocemuli   Zalebis 

  moqmedebiT.vaCvenoT naxazze 𝐵 

�⃗⃗�0 
𝐴 

𝐵 

�⃗� 

�⃗⃗�1 �⃗⃗�2 𝑚�⃗� 𝑀�⃗� 
𝑥 

�⃗⃗⃗� 
𝑠 
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sxeulissawyisi da saboloo mdebareobebi. gamoviyenoT meqanikuri  
sistemis  kinetikuri 
energiis cvlilebis Teorema: 

𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖    (1)                
gare Zalebis muSaoba (𝑚�⃗�   simZimis Zalis da �⃗⃗⃗� baqnis reaqciis) 
udris  nuls,  e.i.    ∑𝐴𝑘

𝑒 = 0. 
     ganvsazRvroT meqanikuri sistemis  kinetikuri energia sawyis 
momentSi: 

                       𝑇0 = 𝑇𝐴0 + 𝑇𝐵0                   (2) 
 𝐴 baqanis kinetikuri energia 

𝑇𝐴0 =
1

2
𝑀𝑣0

2. 

𝐵 sxeulis kinetikuri energia 

𝑇𝐵0 =
1

2
𝑚𝑣𝑎

2 =
1

2
𝑚(𝑢0 + 𝑣0)

2. 

maSin  (2) formulis Tanaxmad 

𝑇0 =
1

2
𝑀𝑣0

2 +
1

2
𝑚(𝑢0 + 𝑣0)

2. 

meqanikuri sistemis  kinetikuri energia saboloo mdebareobaSi: 

                     𝑇 =
1

2
(𝑚 +𝑀)𝑣2.                 (3) 

 (36.9) amocanis pasuxis Tanaxmad 

𝑣 = 𝑣0 +
𝑚

𝑚 +𝑀
𝑢0. 

    CavsvaT es gamosaxuleba (3) formulaSi, miviRebT:         

𝑇 =
1

2
(𝑚 +𝑀)(𝑣0 +

𝑚

𝑚 +𝑀
𝑢0)

2

= 

=
(𝑚 +𝑀)

2
𝑣0
2 +𝑚𝑣0𝑢0 +

𝑚2

2(𝑚 +𝑀)
𝑢0
2. 

CavsvaT  𝑇0-is da 𝑇 −s mniSvnelobebi (1) gantolebaSi: 
 

(𝑚 +𝑀)

2
𝑣0
2 +𝑚𝑣0𝑢0 +

𝑚2

2(𝑚 +𝑀)
𝑢0
2 −

1

2
𝑀𝑣0

2 −
1

2
𝑚(𝑢0 + 𝑣0)

2

=∑𝐴𝑘
𝑖  

Dda ganvsazRvroT xaxunis Zalis muSaoba: 

∑𝐴𝑘
𝑖 = −

1

2

𝑀𝑚

𝑚+𝑀
𝑢0
2. 

 

p a s u x i:       ∑𝐴𝑘
𝑖 = −

1

2

𝑀𝑚

𝑚+𝑀
𝑢0
2. 
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amocana 38.23 

 

   eleqtruli jalambris gaSvebisas 𝑟 
radiusis da 𝑀1Mmasis 𝐴 dolze mode-

bulia mabruni 𝑚მაბ. momenti,romelic 

mobrunebis 𝜑 kuTxis  
proporciulia; proporciulobisk oefi-

cienti udris 𝑎(ix. 37.42 amocanis 
naxazi). gansazRvReT asawevi 𝑀2Mmasisa   

𝐵 tvirTis siCqare misi awevis ℎ  sim-
aRleze damokidebulebiT. Ddoli 
CaTvaleT mTlian wriul cilindrad. 
gvarlis masa ugulebelyofilia.  
sawyis momentSi sistema wonasworobaSi 
iyo. 
  a m o x s n a. ganvixiloT 
meqanikuri sistemis moZraoba, romelic 

Sedgeba 𝐴 dolisa da 𝐵 tvirTisagan.  vaCvenoT naxazze sistemaze 

moqmedeben gare Zalebi:  𝑀1�⃗�  − dolis simZimis Zala,  𝑀2�⃗�  − 𝐵 

tvirTis  simZimis Zala, 𝑚მაბ. −  mabruni momenti, agreTve sistemis 

elemntebis gadaadgilebebi, romelic gamovsaxoT 𝐵 tvirTis 
gadaadgilebiT: 

𝜑 =
ℎ

𝑟
. 

  𝐴 dolis kuTxuri siCqare gamovsaxoT asawevi 𝐵   tvirTis 
siCqariT: 

𝜔 =
𝑣

𝑟
. 

gamoviyenoT meqanikuri sistemis kinetikuri energiis cvlilebis 
Teorema: 

                   𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                  (1) 

meqanikuri sistemis  kinetikuri energia sawyis momentSi: 

                       𝑇0 = 0.  
meqanikuri sistemis  kinetikuri energia saboloo mdebareobaSi: 

                      𝑇 = 𝑇𝐴 + 𝑇𝐵                           (2) 
 𝐴 dolis kinetikuri energia, romelic asrulebs brunviT moZraobas 

    

𝑇𝐴 =
1

2
𝐽0𝜔

2 =
1

2

𝑀1𝑟
2

2

𝑣2

𝑟2
=
𝑀1𝑣

2

4
. 

    𝐵   tvirTis kinetikuri energia, romelic asrulebs gadataniT 
moZraobas 

𝑂 

𝜑 

𝐵 

𝑚მაბ. 

• 

𝜑 

𝑀1�⃗�  

𝑀2�⃗�  
ℎ 

�⃗� 

�⃗⃗⃗� 
𝑟 
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𝑇𝐵 =
1

2
𝑀2𝑣

2. 
maSin (2) formulis Tanaxmad 

𝑇 = (𝑀1 + 2𝑀2)
𝑣2

4
. 

sistemis Siga Zalebis muSaoba udris  nuls,  e.i.   

∑𝐴𝑘
𝑖 = 0. 

      
sistemaze   modebuli gare Zalebis muSaoba 

                               ∑𝐴𝑘
𝑒 = 𝐴𝑀 + 𝐴𝐴 + 𝐴𝐵.                    (3) 

𝑚მაბ.  mabruni momentis muSaoba 

𝐴𝑀 = ∫𝑚მაბ.𝑑𝜑 = 𝑎∫ 𝜑𝑑𝜑 =

𝜑

0

𝜑

0

1

2
𝑎𝜑2 =

1

2
𝑎
ℎ2

𝑟2
. 

𝐴 dolis simZimis Zalis muSaoba 𝐴𝐴udris nuls. 

𝐵 tvirTis  simZimis Zalis muSaoba  

𝐴𝐵 = −𝑀2𝑔ℎ. 
 (3) formulis Tanaxmad 

 

∑𝐴𝑘
𝑒 =

1

2
𝑎
ℎ2

𝑟2
−𝑀2𝑔ℎ. 

miRebuli mniSvnelobebi CavsvaT (1) gantolebaSi: 
 

(𝑀1 + 2𝑀2)
𝑣2

4
=
1

2
𝑎
ℎ2

𝑟2
−𝑀2𝑔ℎ 

 Dda vipovoT asawevi tvirTis siCqare: 
 

𝑣 = √
2ℎ(𝑎ℎ − 2𝑀2𝑔𝑟

2)

𝑟2(𝑀1 + 2𝑀2)
. 

p a s u x i:   𝑣 = √
2ℎ(𝑎ℎ−2𝑀2𝑔𝑟2)

𝑟2(𝑀1+2𝑀2)
. 
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amocana 38.24 

  

  naxazze gamosaxulia jalambris amwe meqanizmi. 𝑀1Mmasis 𝐴 tvirTi 
aiweva zeviT 𝐶  blokze gadakidebuli 𝑟 radiusis da 𝑀2Mmasis 𝐵 
dolze daxveuli gvarlis 
saSualebiT. dolze modebulia 

mabruni 𝑚მაბ. momenti,romelic 
CarTvis momentidan dolis 

mobrunebis 𝜑 kuTxis kvadratis 

proporciulia  𝑚მაბ. = 𝑎𝜑
2, 

sadac 𝑎 mudmivi koeficientia. 

gansazRvreT 𝐴 tvirTis siCqare 

im momentSi, rocaigi ava ℎ 
simaRleze. dolismasa  CaTvaleT 

mis fersozeTanabrad  ganawilebulad.  𝑀3Mmasis 𝐶  bloki mTliani 
diskoa. gvarlis masa ugulebelyofilia.sawyis momentSi sistema 
wonasworobaSi iyo. 
a m o x s n a.  ganvixiloT meqanikuri sistemis moZraoba. vaCvenoT 

naxazze sistemaze moqmedeben gare Zalebi:  𝑀1�⃗� , 𝑀2�⃗� da, 𝑀3�⃗�  − 

simZimis Zalebi, 𝑚მაბ. −  mabruni momenti, �⃗⃗⃗�2,   �⃗⃗⃗�3 − bmebis 
reaqciebi. vaCvenoT naxazze sistemis sxeulebis sawyisi da saboloo 
mdebareobebi. 

   sistemis saboloo mdebareobisaTvis, rodesac 𝐴 tvirTi aiweva ℎ 
simaRleze, vaCvenoT moqmedi Zalebi,  sistemaSi Semavali sxeulebis 
siCqareebi, agreTve, maTi gadaadgilebebi sawyisi mdebareobidan 
saboloo mdebareobaSi. 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

gamoviyenoT meqanikuri sistemis kinetikuri energiis cvlilebis 

𝐵 
𝐴 

𝐶 

𝑚მაბ. 

𝐵 
𝐴 

𝐶 

𝑚მაბ. 

• 
𝜑 

𝜔2 

𝑂2 

𝑂3 

𝜔3 

𝑀1�⃗�   

𝑀2�⃗�   

𝑀3�⃗�   

ℎ   

𝑟 
�⃗� 

�⃗⃗⃗�3   

�⃗⃗⃗�2   

𝑟3 
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Teorema: 

                   𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                  (1) 
                 
  radgan gvarli SegviZlia ganvixiloT rogoc  uWimaria, amitom Siga 

Zalebis muSaoba udris nuls, e.i. ∑𝐴𝑘
𝑖 = 0. 

  sawyis mdebareobaSi  kinetikuri energia iyo nuli, e.i. 𝑇0 = 0. 
amis gaTvaliswinebiT (1) gantoleba miiRebs saxes: 

                   𝑇 = ∑𝐴𝑘.
𝑒                          (2) 

 ganvsazRvroT  sistemis  kinetikuri energia saboloo mdebareobaSi: 

𝑇 = 𝑇1 + 𝑇2 + 𝑇3 

    𝐴   tvirTis kinetikuri energia, romelic asrulebs gadataniT 
moZraobas 

𝑇1 =
1

2
𝑀1𝑣

2. 

  𝐵 da  𝐶   blokebis kinetikuri energia, romlebic asruleben 
brunviT moZraobas 

𝑇2 =
1

2
𝐽0𝜔2

2 =
𝑀2𝑟

2

2

𝑣2

𝑟2
=
𝑀2𝑣

2

2
, 

𝑇3 =
1

2
𝐽0𝜔3

2 =
1

2

𝑀3𝑟3
2

2

𝑣2

𝑟3
2
=
𝑀3𝑣

2

4
. 

  maSin (3) formulis Tanaxmad 

          𝑇 =
𝑀1𝑣

2

2
+
𝑀2𝑣

2

2
+
𝑀3𝑣

2

4
= (2𝑀1 + 2𝑀2 +𝑀3)

𝑣2

4
          (4) 

 
ganvsazRvroT gare Zalebis muSaoba sistemis sawyisi mdebareobidan  

saboloo mdebareobaSi gadaadgilebisas 

            ∑𝐴𝑘
𝑒 = 𝐴1 + 𝐴2 + 𝐴3 + 𝐴𝑚მაბ.

+ 𝐴𝑁2 + 𝐴𝑁3 .          (5) 
  𝐴  tvirTis simZimis Zalis muSaoba 

𝐴1 = −𝑀1𝑔ℎ. 
   𝐵  dolis da 𝐶 blokis  simZimis Zalebis muSaobebi udris nuls 

     𝐵  dolze   modebuli mabruni momentis  muSaoba   

𝐴𝑚მაბ.
= ∫ 𝑎𝜑2𝑑𝜑 =

𝑎𝜑3

3

𝜑

0

. 

   Tu dolis mobrunebis 𝜑  kuTxes gamovsaxavT gvarlis ℎ sigrZis 
saSualebiT: 

𝜑 =
ℎ

𝑟
, 

maSin 
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𝐴𝑚მაბ.
=
𝑎ℎ3

3𝑟3
. 

reaqciis Zalebis muSaobebi 𝐴𝑁2   da  𝐴𝑁3  udris nuls. 

maSin (5) formulis Tanaxmad 

               ∑𝐴𝑘
𝑒 =

𝑎ℎ3

3𝑟3
−𝑀1𝑔ℎ =

(𝑎ℎ2 − 3𝑀1𝑔ℎ𝑟
3)ℎ

3𝑟3
.              (6) 

 
(4) da (5) gamosaxulebebi CavsvaT (2) gantolebaSi: 
 

(2𝑀1 + 2𝑀2 +𝑀3)
𝑣2

4
=
(𝑎ℎ2 − 3𝑀1𝑔ℎ𝑟

3)ℎ

3𝑟3
.               

Dda vipovoT 𝐴  tvirTis siCqare im momentSi, rodesac igi ava  ℎ 
simaRleze: 

𝑣 = √
4ℎ(𝑎ℎ2 − 3𝑀1𝑔𝑟

3)

3𝑟3(2𝑀1 + 2𝑀2 +𝑀3)
. 

p a s u x i::   𝑣 = √
4ℎ(𝑎ℎ2−3𝑀1𝑔𝑟

3)

3𝑟3(2𝑀1+2𝑀2+𝑀3)
. 

 

 

amocana  38.25 

 

   rogori sawyisi kuTxuri siCqare unda mieniWos 𝑟 radiusis Tvlis 
RerZs daxrili sibrtyis udidesi daxris wrfis paralelurad, rom 

igi usrialo gorviT avides ℎ simaRleze daxril sibrtyeze, 

romelic horizontTan  𝛼 kuTxes qmnis. Ggorvis xaxunis koeficienti 

aris 𝑓გ  Tvali CaTvaleT erTgvarovan diskod. 

a m o x s n a..     ganvixiloT Tvlis გორვა daxril sibrtyზე მასზე  

მოდებული gare Zalebiს   

moqmedებით:  𝑀�⃗� − 

simZimis Zalა,  𝑚გორ. −  

გორვის ხახუნის momenti,  

�⃗⃗⃗� − bmis reaqcia. 
vaCvenoT naxazze 
Tvlis sawyisi da 
saboloo mdebareobebi, 
agreTve, masze moqmedi 
Zalebi, Tvlis RerZis 
siCqare da misi 
gadaadgileba.     

�⃗⃗⃗� 

𝑀�⃗� 

𝑀�⃗� �⃗⃗⃗� 

     

• 
 
• 
 

     

• 
 
• 
 

𝛼 

𝑠 

𝜑 
ℎ 

𝑚გორ. 

𝑚გორ. 

𝑟 
𝜔0 �⃗�0 

     

• 
 
• 
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 gamoviyenoT meqanikuri sistemis kinetikuri energiis cvlilebis 
Teorema: 

                   𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                 (1) 
                 
  radgan borbali SegviZlia CavTvaloT absoluturad myar sxeulad, 

amitom Siga Zalebis muSaoba udris nuls, e.i. ∑𝐴𝑘
𝑖 = 0. 

    Tvlis kinetikuri energia saboloo mdebareobaSi, rodesac igi 

gaCerda,  iyo nuli, e.i. 𝑇 = 0. 
amis gaTvaliswinebiT (1) gantoleba miiRebs saxes: 

                   −𝑇0 = ∑𝐴𝑘.
𝑒                          (2) 

   ganvsazRvroT  Tvlis kinetikuri energia sawyis mdebareobaSi, 
romelSic igi asrulebs  brtyel-paralelur moZraobas: 

                  𝑇0 =
𝑀𝑣0

2

2
+
1

2
𝐽𝐶𝜔0

2 =
𝑀𝑣0

2

2
+
1

2

𝑀𝑟2

2

𝑣0
2

𝑟2
=
3𝑀𝑣0

2

4
.                (3) 

  ganvsazRvroT Tvalze modebuli gare Zalebis muSaoba misi sawyisi 
mdebareobidan  saboloo mdebareobaSi gadaadgilebisas 

                ∑𝐴𝑘
𝑒 = 𝐴𝑀 + 𝐴𝑁 + 𝐴ხახ + 𝐴𝑚გორ.

.              (5) 
  თვლis simZimis Zalis muSaoba 

𝐴𝑀 = −𝑀𝑔ℎ. 

     sibrtyis  reaqciis  da xaxunis Zalebis muSaobebi udris nuls, 

e.i. 𝐴𝑁 = 𝐴ხახ = 0. 
  Ggorvis xaxunis momentis  muSaoba +  

𝐴𝑚გორ.
= −𝑚გორ.𝜑 = −𝑁𝑓გ

𝑠

𝑟
= −𝑀𝑔𝑐𝑜𝑠𝛼𝑓გ

ℎ

𝑟𝑠𝑖𝑛𝛼
= 

 

= −𝑀𝑔
𝑓გ

𝑟
ℎ𝑐𝑡𝑔𝛼. 

maSin (4) formulis Tanaxmad  

      ∑𝐴𝑘.
𝑒 = −(𝑀𝑔ℎ +𝑀𝑔

𝑓გ

𝑟
ℎ𝑐𝑡𝑔𝛼) = −𝑀𝑔ℎ (1 +

𝑓გ

𝑟
𝑐𝑡𝑔𝛼).   (5) 

 
(3) da (5) gamosaxulebebi CavsvaT (2) tolobaSi:  

−
3𝑀𝑣0

2

4
== −(1 +

𝑓გ

𝑟
𝑐𝑡𝑔𝛼)𝑀𝑔ℎ 

Dda vipovoT sawyisi siCqare 
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𝑣0 =
2

3
√3𝑔ℎ(1 +

𝑓გ

𝑟
𝑐𝑡𝑔𝛼) . 

 

p a s u x i:  𝑣0 =
2

3
√3𝑔ℎ (1 +

𝑓გ

𝑟
𝑐𝑡𝑔𝛼) . 

 
 

amocana  38.26 
   ori erTnairi masisa da radiusis cilindri xaxunis gareSe 
Camogordeba  daxril sibrtyeze. Ppirveli cilindri mTliania, xolo 
meores masa SeiZleba CaiTvalos Tanabrad ganawilebulad mis 
fersoze. ipoveT 
cilindrebis simZimis 
centrebis siCqareebs 
Soris damokidebuleba, 
roca isini daeSvebian 
erTsa da imave 
simaRleze. sawyis 
momentSi sistema 
wonasworobaSia. 
a m o x s n a.        
  ganvixiloT TiToeuli 

cilindris გორვა daxril 

sibrtyზე მასზე  

მოდებული mxolod 𝑀�⃗� 
simZimis Zalis 

moqmedებით.   vaCvenoT naxazze Tvlis sawyisi da saboloo 

mdebareobebi, agreTve, cilindris siCqare �⃗� da simaRle ℎ. . 
 gamoviyenoT meqanikuri sistemis kinetikuri energiis cvlilebis 
Teorema: 

𝑇 − 𝑇0 =∑𝐴𝑘.
𝑒 +∑𝐴𝑘

𝑖  

                 
  radgan cilindri SegviZlia CavTvaloT absoluturad myar 

sxeulad, amitom Siga Zalebis muSaoba udris nuls, e.i. ∑𝐴𝑘
𝑖 = 0. 

  Oorive cilindris kinetikuri energia sawyis mdebareobaSi,  e.i. 𝑇0 =
0, amitom 

                    𝑇 = ∑𝐴𝑘.
𝑒                          (1) 

   ganvsazRvroT  pirveli cilindris (mTliani) kinetikuri energia, 

romelSic igi daeSveba ℎ simaRleze: 

𝑀�⃗� 

𝑀�⃗� 

�⃗⃗⃗� 

     

• 
 
• 
 

𝛼 

ℎ 

𝑟 

�⃗�ხახ 

     

• 
 
• 
 

𝜔 

�⃗� 

�⃗⃗⃗� 
𝑂 

𝑂 
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           𝑇 =
𝑀𝑣1

2

2
+
1

2
𝐽𝐶𝜔1

2 =
𝑀𝑣1

2

2
+
1

2

𝑀𝑟2

2

𝑣1
2

𝑟2
=
3𝑀𝑣1

2

4
.                (2) 

  ganvsazRvroT cilindrze modebuli gare Zalebis muSaoba misi 
sawyisi mdebareobidan  saboloo mdebareobaSi gadaadgilebisas 

∑𝐴𝑘
𝑒 = 𝐴𝑀 + 𝐴𝑁 , 

    simZimis Zalis muSaoba 

𝐴𝑀 = 𝑀𝑔ℎ. 

     sibrtyis  reaqciis   Zalis muSaoba udris nuls, e.i. 𝐴𝑁 = 0. 
maSasadame 

                     ∑𝐴𝑘.
𝑒 = 𝑀𝑔ℎ.                          (3) 

 
  CavsvaT (2)  da (3) gamosaxulebebi (1) gantolebaSi da vipovoT 
Ppirveli cilindris siCqare: 

𝑣1 = √
4𝑔ℎ

3
. 

   ganvsazRvroT  meore cilindris kinetikuri energia, romlis masa 

Tanabradaa ganawilebuli mis fersoze, roca .igi daeSveba ℎ 
simaRleze: 

𝑇 =
𝑀𝑣2

2

2
+
1

2
𝐽0𝜔2

2 =
𝑀𝑣2

2

2
+
1

2
𝑀𝑟2

𝑣2
2

𝑟2
= 𝑀𝑣2

2.    

   
  cilindrze modebuli gare Zalebis muSaoba misi sawyisi 
mdebareobidan  saboloo mdebareobaSi gadaadgilebisas iseTivea 
rogorc pirvel SemTxvevaSi 

∑𝐴𝑘
𝑒 = 𝐴𝑀 + 𝐴𝑁 = 𝑀𝑔ℎ. 

  CavsvaT miRebuli mniSvnelobebi (1) tolobaSiDda vipovoT  meore 
cilindris siCqare: 

𝑣2 = √𝑔ℎ. 
 
 maSin cilindrebis siCqareebis Sefardeba iqneba: 

𝑣2
𝑣1
=
√3

2
. 

p a s u x i:    
𝑣2

𝑣1
=

√3

2
. 
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amocana  38.27 

 
    horizontalur  sibrtyeSi  mdebare 
epicikluri   meqanizmi   wonasworobis 

mdebareobidan  moZraobaSi modis masze 
modebuli mudmivi  mabruni  𝐿 momentiT.  
gansazRvreT mrudmxaras kuTxuri siCqare misi 

mobrunebis kuTxis saSualebiT, Tu  uZravi I 
Tvlis radiusia 𝑟1, moZravi II Tvlis radiusi  

𝑟2  da masa 𝑀1 , xolo 𝑂𝐴  mrudmxaras 

masa−𝑀2. II Tvali miiReT erTgvarovan diskod, xolo mrudmxara-
erTgvarovan Rerod. 
a m o x s n a. ganvixiloT 
meqanikuri sistemis  moZraoba, 

romelic Sedgeba  uZravi  I 
Tvlis, 𝑂𝐴  mrudmxaras da moZravi  II 
Tvlisagan.  vaCvenoT naxazze 
sistemis sxeulebis sawyisi da 

saboloo mdebareobebi, mabruni 𝐿 
momenti,  sistemaSi Semavali 
sxeulebis siCqareebi da maTi 
gadaadgilebebi. 
    gamoviyenoT  meqanikuri   
sistemis kinetikuri energiis 
cvlilebis Teorema: 

                   𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                  (1)      
  radgan  sistema ucvlelia, amitom  ∑𝐴𝑘

𝑖 = 0. 

sistema moZraobas iwyebs wonasworobis   mdebareobidan,  amitom 

𝑇0 = 0.  amis gaTvaliswinebiT (1) miiRebs saxes: 

                    𝑇 = ∑𝐴𝑘.
𝑒                          (2) 

ganvsazRvroT kinetikuri energia saboloo mdebareobaSi: 

𝑇 = 𝑇𝑂𝐴 + 𝑇𝐼𝐼 . 

  𝑂𝐴  mrudmxaras kinetikuri energia, romelic asrulebs  brunviT 

moZraobas 𝑂 wertilSi gamavali RerZis mimarT: 

𝑇𝑂𝐴 =
1

2
𝐽0𝜔

2 =
1

2
[𝐽𝐶 +𝑀2 (

𝑂𝐴

2
)
2

]𝜔2 = 

II 

I 

𝑂 

𝐴 𝑟2 

𝑟1 

L 

I

I 
I 𝑂 

𝐴 

𝑟2 
𝑟1 

�⃗�2 

L 

𝜔 𝐴 

𝜔2 𝜑
I

I 

𝜑2 
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=
1

2
[
𝑀2𝑂𝐴

2

12
+
𝑀2𝑂𝐴

2

4
]𝜔2 =

𝑀2(𝑂𝐴)
2𝜔2

6
=
𝑀2(𝑟1 + 𝑟2)

2

6
𝜔2. 

 II Tvlis kinetikuri energia, romelic asrulebs  brtyel-
paralelur moZraobas: 

𝑇𝐼𝐼 =
𝑀1𝑣2

2

2
+
1

2
𝐽𝐴𝜔2

2 =
𝑀1𝑣2

2

2
+
1

2

𝑀1𝑟2
2

2

𝑣2
2

𝑟2
2 =

3𝑀1𝑣2
2

4
.        

   gamovsaxoT II Tvlis 𝐴 centris siCqare 𝑂𝐴  mrudmxaras  kuTxuri 
siCqaris saSualebiT: 

𝑣2 = 𝜔(𝑟1 + 𝑟2). 
maSin 

𝑇𝐼𝐼 =
3𝑀1(𝑟1 + 𝑟2)

2

4
𝜔2,        

𝑇 =
3𝑀2(𝑟1 + 𝑟2)

2

6
𝜔2 +

3𝑀1(𝑟1 + 𝑟2)
2

4
𝜔2 = 

                                                           = (9𝑀1 + 2𝑀2)
(𝑟1+𝑟2)

2

12
𝜔2.         (3) 

 ganvsazRvroT cilindrze modebuli gare Zalebis muSaoba misi 
sawyisi mdebareobidan  saboloo mdebareobaSi gadaadgilebisas 

∑𝐴𝑘
𝑒 = 𝐴𝑀 + 𝐴𝐿 = 𝐴𝐿 , 

    radgam meqanizmi ganlagebulia horizontalur sibrtyeSi, amitom 

simZimis Zalis muSaoba 𝐴𝑀 nebismier  𝜑 gadadgilebaze udris nuls. 

   mabruni 𝐿 momentis muSaoba  𝜑 gadadgilebaze 

𝐴𝐿 = 𝐿 ∙ 𝜑. 
 maSasadame, 

                       ∑𝐴𝑘
𝑒 = 𝐿 ∙ 𝜑.                   (4)    

 
      (3) da (4) gamosaxulebebi CavsvaT (2) gantolebaSi: 
 

(9𝑀1 + 2𝑀2)
(𝑟1 + 𝑟2)

2

12
𝜔2 = 𝐿 ∙ 𝜑 

Dda vipovoT  mrudmxaras kuTxuri siCqare: 

𝜔 =
2

𝑟1 + 𝑟2
√

3𝐿 ∙ 𝜑

9𝑀1 + 2𝑀2
. 

         

p a s u x i:   𝜔 =
2

𝑟1+𝑟2
√

3𝐿∙𝜑

9𝑀1+2𝑀2
. 
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amocana  38.28 

 

  horizontalur sibrtyeSi mdebare muSta meqanizmSi 𝐴  eqscentriks 
ukuqceviT-gadataniT moZraobaSi mohyavs 𝐵 gorgolaWi 𝐷 StangTan 

erTad. 𝐸 zambara 

შeerTebulia 𝐷 StangTan 
da uzrunvelyofs mudmiv  
kontaqts gorgolaWis 
eqscentriksTan. 
Eeqscentrikis masa  udris 

𝑀 −s.. 𝑒 eqscentrisiteti 
misi radiusis naxevris 

tolia; zambaris sixistis koeficienti aris 𝑐. Stangis ukiduresi 
marcxena mdebareobisas zambara dauZabavia.  rogori kuTxuri siCqare 

unda mieniWos eqscentriks imisaTvis, rom man 𝐷 Stangi marcxena 
ukiduresi mdebareobidan gadaadgilos marjvena ukiduresi 
mdebareobaSi. gorgolaWis, Stangisa da  zambaris masa 
ugulebelyofilia. eqscentrisiteti CaTvaleT erTgvarovan wriul 
diskod. 

  a m o x s n a.    განვიხილოთ   muSta meqanizmiს moZraoba.  vaCvenoT 

naxazze meqanizmiს sawyisi da saboloo mdebareobebi. moZraobisas   𝐴  
eqscentriki mobrundeba  𝜑 = 𝜋, xolo 𝐵 gorgolaWi 𝐷 StangTan 

erTad gadaadgildeba   2𝑂𝑂1 = 2𝑒 = 𝑟. 
   gamoviyenoT meqanikuri  sistemis kinetikuri  energiis cvlilebis 
Teorema: 

                     𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                (1)      

sistema ucvlelia, amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0. 

saboloo mdebareobaSi sistema gaCerda da misi kinetikuri energia 

gaxda nuli, e.i.  𝑇 = 0.   
  amis gaTvaliswinebiT (1) miiRebs saxes: 

 

                  −𝑇0 = ∑𝐴𝑘.
𝑒                           (2)                         

 
 
 
 
 
 
 
 
 

𝐷 

𝑂 

𝐴 
𝑂1 

𝐵 
𝐸 

𝜑 
𝐴 

𝑂1 𝐵 
𝐸 

𝐷 

𝑂 

𝜔 
𝐵0 

• 𝑠 

𝐸0 
�⃗�დრ 
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  ganvsazRvroT kinetikuri energia sawyis mdebareobaSi.  radgan 

gaTvaliswinebulia mxolod 𝐴  eqscentrikis masa, amitom 

𝑇𝑂 = 𝑇𝐴. 

  𝐴  eqscentriki asrulebs  brunviT moZraobas 𝑂 wertilSi 
gamavali RerZis mimarT, amitom 

𝑇𝑂𝐴 =
1

2
𝐽0𝜔0

2 =
1

2
[𝐽0 +𝑀𝑒

2]𝜔0
2 =

1

2
[
𝑀𝑟2

2
+𝑀 (

𝑟

2
)
2

]𝜔0
2    = 

                         =
3𝑀𝑟2

8
𝜔2 .                                      (3)      

  Mmeqanizmi gadaadgildeba horizontalur sibrtyeSi, amitom 
eqscentrikis simZimis Zala muSaobas ar asrulebs.  

  muSaobas Seasrulebs mxolod zambaris drekadobis Zala �⃗�დრ.  Ees 
niSnavs, rom 

                ∑𝐴𝑘.
𝑒 = 𝐴დრ = −∫𝑐𝑥𝑑𝑥 = −

𝑐𝑠2

2

𝑠

0

= −
𝑐𝑟2

2
.              (4) 

(3) da (4) gamosaxulebebi CavsvaT (2) gantolebaSi: 

−
3𝑀𝑟2

8
𝜔2 = −

𝑐𝑟2

2
 

Dda vipovoT kuTxuri siCqare 
 

 𝜔 = 2√𝑐/(3𝑀). 

p a s u x i:     𝜔 = 2√𝑐/(3𝑀). 
 
 

amocana  38.29 

 

     ra manZils gaivlis gaCerebamde velosipedisti SeCerebuli 
saterfulebiT, Tu misi sawyisi siCqare iyo 9km/sT;  velosipedisa da 
velosipedistis saerTo masa aris 80kg, yoveli Tvlis masa =5kg,  
yoveli Tvlis masa igulisxmeba Tanabrad ganawilebulad 50sm 
radiusis wrewirze. Mmiwaze gorvis xaxunis koeficienti udris 0.5sm-s. 
  a m o x s n a.    ganvixiloT meqanikuri sistemis  moZraoba, 

romelic  sqemaze Sedgeba velosipedisa da velosipedistisagan.  
vaCvenoT naxazze velosipedis sawyisi da saboloo mdebareobebi., 

agreTve, masze moqmedi Zalebi: 𝑀�⃗�  − velosipedisa da 

velosipedistis  erTad simZimis Zala, 𝑚გორ. −   gorvis xaxunis 

momenti, �⃗⃗⃗�𝐴,   �⃗⃗⃗�𝐵 − bmebis reaqciebi, �⃗�ხახ𝐴,   �⃗�ხახ𝐵 − borblebis 
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xaxunis Zalebi, agreTve, velosipedis sawysis siCqare da misi gza 
gaCerebamde. 

 

 gamoviyenoT meqanikuri sistemis kinetikuri  energiიs  cvlilebis 
Teorema: 

                     𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                (1)    

radgan sistema ucvlelia, amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0. 

Ggzis bolos, rodesac velosipedi gaCerda  misi kinetikuri energia 

gaxda nuli, e.i.  𝑇 = 0.   
  amis gaTvaliswinebiT (1) miiRebs saxes: 

                   −𝑇0 = ∑𝐴𝑘.
𝑒                         (2)                         

ganvsazRvroT sistemis kinetikuri energia sawyis mdebareobaSi: 

𝑇0 = 2𝑇1 + 𝑇2. 

Bborblebis  kinetikuri energia,  romlebic asruleben  brtyel-
paralelur moZraobas: 

𝑇1 =
𝑀1𝑣0

2

2
+
1

2
𝐽0𝜔0

2 =
𝑀1𝑣0

2

2
+
1

2
𝑀1𝑅

2
𝑣0
2

𝑅2
= 𝑀1𝑣0

2.        

𝑚გორ 

�⃗�ხახ𝐵 �⃗�ხახ𝐴 
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velosipedisa da velosipedistis gadataniT moZravi nawilebis 
kinetikuri energia: 

𝑇2 =
𝑀𝑣0.

2

2
 

sistemis kinetikuri energia sawyis mdebareobaSi iqneba: 

 𝑇0 = 2𝑀1𝑣0
2 +

𝑀𝑣0.
2

2
= (2𝑀1 +

𝑀

2
) 𝑣0

2 = 312,5(n.m) 

ganvsazRvroT sistemaze modebuli gare Zalebis muSaoba misi sawyisi 
mdebareobidan  saboloo mdebareobaSi gadaadgilebisas 

         ∑𝐴𝑘
𝑒 = 𝐴𝑀 + 𝐴𝑁 + 𝐴ხახ + 𝐴𝑚გორ.

= 𝐴𝑚გორ.
, 

radgan  simZimis Zalebis 𝐴𝑀muSaoba,  �⃗⃗⃗�𝐴,   �⃗⃗⃗�𝐵 bmebis reaqciebis 
𝐴𝑁 muSaoba da xaxunis Zalis 𝐴ხახ muSaoba velosipedis 
horizontaluri moZraobisas udris nuls. 
  velosipedis  borblebis gorvis xaxunis momentis muSaoba 

𝐴𝑚გორ.
= −𝑚გორ. ∙ 𝜑 = −(𝑁𝐴 +𝑁𝐵)𝑓გ,𝜑

𝑠

𝑅
= 

= −(2 ∙ 5 + 80) ∙ 9,8 ∙ 0.005 ∙
𝑠

0,5
= −8,82𝑠. 

 𝑇0 Dda ∑𝐴𝑘
𝑒 miRebuli mniSvnelobebi CavsvaT (2) gantolebaSi 

−312,5 = −8,82𝑠 
Dda vipovoT  gaCerebamde  gavlili gza 

𝑠 = 35,4m. 
p a s u x i:    𝑠 = 35,4m. 

 
 

amocana  38.30 

  . 𝑀1Mmasis  𝐴  tvirTi qveviT uZrav  𝐷 
blokze gadadebuli gvarlis saSualebiT 

eweva zeviT moZrav 𝐶 blokze mimagrebuli 

𝑀2M  masis  𝐵 tvirTs. 𝐶  da 𝐷  blokebi 
CaTvaleT      erTgvarovan,    TiToeuli 

𝑀3Mmasis mTlian diskoebad. gansazRvreT 

𝐴 tvirTis siCqare im momentSi,  roca igi 

daeSveba  ℎ  simaRleze. G  gvarlis  masa, 
blokis fersoebze sriali da winaRobis 
Zalebi ugulebelyofilia.sawyis momentSi 
sistema wonasworobaSia. 

𝐷 

𝐴 

𝐶 

𝐵 
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  a m o x s n a ganvixiloT meqanikuri sistemis moZraoba. vaCvenoT 

naxazze saboloo mdebareoba, rodesac 𝐴 tvirTi  daeSveba ℎ 

simaRleze.  sistemaze  moqmedeben  gare  Zalebi:  𝑀1�⃗�   da  𝑀2�⃗� – 
 tvirTebis simZimis Zalebi,   𝑀3�⃗� − 𝐶 Dda 𝐷 blokebis simZimis 

Zalebi,   �⃗⃗⃗�𝐷 ,   �⃗� − bmebis 
reaqciis Zalebi.  vaCvenoT 
naxazze sistemis  sxeulebis 
siCqareTa  veqtorebi. 

gamovsaxoT isini  𝐴 tvirTis 
siCqariT: 

𝜔𝐷 =
𝑣
𝑟
, 

𝑣𝐶𝐷 = 𝑣, 

𝑣𝐶 = 𝑣𝐵 =
𝑣𝐶𝐷
2
=
𝑣

2
, 

𝜔𝐶 =
𝑣

2𝑟
. 

  𝐶  blokis da 𝐵 tvirTis 
gadaadgilebebi gamovsaxoT 

𝐴 tvirTis ℎ gadaadgilebiT.  
radgan    gadaadgilebebi 
siCqareebis proporciulia, 
amitom 

ℎ𝐶 = ℎ𝐵 =
ℎ

2
. 

 gamoviyenoT meqanikuri sistemis kinetikuri energies 
cvlilebis Teorema: 

                   𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                  

 radgan sistema ucvlelia, amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0. 

  sistema moZraobas iwyebs wonasworobis   mdebareobidan,  amitom 

𝑇0 = 0.  amis gaTvaliswinebiT (1) miiRebs saxes: 

                    𝑇 = ∑𝐴𝑘.
𝑒                          (2) 

ganvsazRvroT sistemiskinetikuri energia saboloo mdebareobaSi: 

                 𝑇 = 𝑇𝐴 + 𝑇𝐵 + 𝑇𝐶 + 𝑇𝐷 .                 (3) 
𝐴 Dda 𝐵 tvirTis kinetikuri energia, romlebic asruleben gadataniT 
moZraobas, gamoiTvleba formulebiT 

𝑇𝐴 =
𝑀1𝑣

2

2
, 

𝑇𝐵 = 
𝑀2𝑣𝐵

2

2
=
𝑀2(𝑣/2)

2

2
=
𝑀2𝑣

2

8
. 

𝐷 

𝐴 
Type equation here. 

𝐵 

• 

• 

𝑂 

• 

• 
𝐶 

• 
𝑀3�⃗� 

�⃗⃗⃗�𝐷 

𝜔𝐷 

𝜔𝐶 

ℎ𝐵 

ℎ𝐶  

 

ℎ 

𝑀1�⃗� 

𝑀2�⃗� 

𝑀3�⃗� 

�⃗�𝐶  

�⃗� 
�⃗� 

�⃗�𝐶𝐷 
�⃗� 
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moZravi 𝐶 blokis kinetikuri energia, romelic  asrulebs brtyel-
paralelur moZraobas, gamoiTvleba formuliT: 

𝑇𝐶 =
𝑀3𝑣𝐶

2

2
+
1

2
𝐽0𝜔𝐶

2 =
𝑀3𝑣𝐶

2

2
+
1

2

𝑀3𝑟
2

2

𝑣𝐶
2

𝑟2
=
3𝑀3𝑣

2

16
.        

   𝐷 blokis kinetikuri energia, romelic  asrulebs brunviT 
moZraobas, gamoiTvleba formuliT:     

𝑇𝐷 =
1

2
𝐽0𝜔𝐷

2 =
1

2

𝑀3𝑟
2

2

𝑣2

𝑟2
=
𝑀3𝑣

2

4
. 

maSin (3) formulis Tanaxmad 

𝑇 =
𝑀1𝑣

2

2
+
𝑀2𝑣

2

8
+
3𝑀3𝑣

2

16
+
𝑀3𝑣

2

4
= (8𝑀1 + 2𝑀2 + 7𝑀3)

𝑣2

16
.    (4) 

 ganvsazRvroT gare Zalebis muSaoba:  

           ∑𝐴𝑘
𝑒 = 𝐴𝐴 + 𝐴𝐵 + 𝐴𝐶 + 𝐴𝐷 + 𝐴𝑁 + 𝐴𝐺 .         (5) 

𝐴 tvirTis simZimis Zalis muSaoba: 

𝐴𝐴 = 𝑀1𝑔ℎ. 

𝐵 tvirTis simZimis Zalis muSaoba: 

𝐴𝐵 = −𝑀2𝑔ℎ𝐵 = −𝑀2𝑔
ℎ

2
. 

moZravi 𝐶 blokis simZimis Zalis muSaoba: 

𝐴𝐶 = −𝑀2𝑔ℎ𝐶 = −𝑀3𝑔
ℎ

2
. 

𝐷 blokis simZimis Zalis, �⃗⃗⃗�𝐷 ,   �⃗� − bmebis reaqciis Zalebis 
muSaobebi nulis tolia.  
   maSasadame, (5) formulis Tanaxmad 

                   ∑𝐴𝑘
𝑒 = (2𝑀1 −𝑀2 −𝑀3)

𝑔ℎ

2
.            (6)   

CavsvaT  (4) da (6) gamosaxulebebi  (2) gantolebaSi: 

(8𝑀1 + 2𝑀2 + 7𝑀3)
𝑣2

16
= (2𝑀1 −𝑀2 −𝑀3)

𝑔ℎ

2
 

Dda vipovoT  

𝑣 = 2√2𝑔ℎ
2𝑀1 −𝑀2 −𝑀3
8𝑀1 + 2𝑀2 + 7𝑀3

. 

p a s u x i:    𝑣 = 2√2𝑔ℎ
2𝑀1−𝑀2−𝑀3

8𝑀1+2𝑀2+7𝑀3
. 
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amocana  38.31 

  Tovlsawmendis wamyvan Tvalze - 𝐴 

dolze modebuliamudmivi mabruni 𝑚 
momenti.  𝐴 dolis masa  CaTvlilia  
Tanabrad ganawilebulad mis 

fersoze.  𝐷 Tovlis da 𝐵 faris 
da yvela gadataniTad moZravi 

nawilebis jamuri masa udris 𝑀2. Farisa da Tovlis miwasTan 

srialis xaxunis koeficienti udris 𝑓, xolo dolis miwaze gorvis 

xaxunis koeficienti−𝑓გ,. Ddolis masa udris 𝑀1, misi radiusi-𝑟. 
    gansazRvreT damokidebuleba 𝐵 faris mier  ganvlili  𝑆 
manZilisa da misi   siCqaris moduls Soris, Tu sawyis  momentSi 
sistema wonasworobaSia. 
  a m o x s n a. ganvixiloT 
meqanikuri sistemis 
moZraoba. vaCvenoT naxazze  
saangariSo sqema saboloo  
mdebareobisaTvis, rodesac 

𝐵 farma  gaiara 𝑆 manZili. 
Sistemaze  moqmedeben gare  

Zalebi: 𝑀1�⃗� –  𝐴 dolis  

simZimis Zala,   𝑀2�⃗� − 𝐵 
faris da Tovlis simZimis 

Zala,   �⃗⃗⃗⃗�𝐴  da   �⃗⃗⃗�𝐵𝐷 − 

reaqciis Zalebi,  �⃗�ხახ −   srialis xaxunis Zala, 𝑚 − mabruni 

momenti, 𝑚გორ − gorvis xaxunis momenti. 

  𝐴 dolis wrfivi siCqare �⃗� udris 𝐵 faris TovlTan erTad �⃗�𝐵𝐷   
siCqares. 
  gamoviyenoT meqanikuri sistemis kinetikuri energiis cvlilebis 
Teorema: 

                     𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                (1)  
 radgan sistema ucvlelia, amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0. 

  sistema moZraobas iwyebs wonasworobis   mdebareobidan,  amitom 

𝑇0 = 0.  amis gaTvaliswinebiT (1) miiRebs saxes: 

                    𝑇 = ∑𝐴𝑘.
𝑒                          (2) 

ganvsazRvroT sistemis kinetikuri energia saboloo mdebareobaSi, 

roca 𝐵 farma  gaiara 𝑆 manZili. 
 : 

𝐴 𝑚 

𝐷 

𝐵 

𝐴 𝑚 

𝐷 

𝐵 

�⃗�ხახ 

�⃗�ხახ 

𝑚გორ 

𝜑 

𝜔 

𝑟 

�⃗�𝐵𝐷 �⃗� 

�⃗⃗⃗�𝐵𝐷 

𝑀1�⃗� 𝑀2�⃗� 

�⃗⃗⃗�𝐴 

𝑠 
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                     𝑇 = 𝑇𝐴 + 𝑇𝐵𝐷 .                    (3) 
𝐴 Ddolis kinetikuri energia, romelic asrulebs brtyel-paralelur 
moZraobas, gamoiTvleba formuliT: 
 

𝑇𝐴 =
𝑀1𝑣

2

2
+
1

2
𝐽𝐶𝜔

2 =
𝑀1𝑣

2

2
+
1

2
𝑀1𝑟

2
𝑣2

𝑟2
= 𝑀1𝑣

2. 

 
𝐵 faris TovlTan erTad kinetikuri energia 

𝑇𝐵𝐷 = 
𝑀2𝑣𝐵𝐷

2

2
=
𝑀2𝑣

2

2
. 

maSin (3) formulis Tanaxmad 

                    𝑇 = (2𝑀1 +𝑀2)
𝑣2

2
.                 (4)   

ganvsazRvroT gare Zalebis muSaoba 𝑆 gadaadgilebaze:  

         ∑𝐴𝑘
𝑒 = 𝐴𝐴 + 𝐴𝐵𝐷 + 𝐴𝑁 + 𝐴𝑚 + 𝐴ხახ + 𝐴გორ.         (5) 

  Tovlsawmendi moZraobs horizontalur  zedapirze, amitom simZimis 

Zalebis muSaobebi 𝐴𝐴 da 𝐴𝐵𝐷 udris nuls. 

  �⃗⃗⃗�𝐴  da   �⃗⃗⃗�𝐵𝐷 − reaqciis Zalebis muSaobebic nulis tolia. 

mabruni 𝑚 momentis muSaoba  

𝐴𝑚 = 𝑚𝜑 = 𝑚
𝑠

𝑟
. 

srialis xaxunis Zalis muSaoba: 

𝐴ხახ = −𝐹ხახ𝑠 = −𝑁𝐵𝐷𝑓𝑠 = −𝑀2𝑔𝑓𝑠. 

Ggorvis xaxunis momentis muSaoba: 

𝐴გორ = −𝑀გორ𝜑 = −𝑁𝐴𝑓გ,
𝑠

𝑟
= −𝑀1𝑔

𝑓გ,

𝑟
𝑠. 

   maSasadame, (5) formulis Tanaxmad 

    ∑𝐴𝑘
𝑒 = 𝑚

𝑠

𝑟
−𝑀2𝑔𝑓𝑠 −𝑀1𝑔

𝑓გ,

𝑟
𝑠 = (𝑚 −𝑀1𝑔𝑓გ, −𝑀2𝑔𝑓𝑟)

𝑠

𝑟
.  (6)   

(4) da (2) gamosaxulebebi CavsvaT (2) gantolebaSi 

(2𝑀1 +𝑀2)
𝑣2

2
= (𝑚 −𝑀1𝑔𝑓გ, −𝑀2𝑔𝑓𝑟)

𝑠

𝑟
 

Dda vipovoT 𝐵 faris gavlili manZili 

𝑠 =
𝑟

2
∙

2𝑀1 +𝑀2
𝑚 −𝑀1𝑔𝑓გ, −𝑀2𝑔𝑓𝑟

𝑣2 
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p a s u x i:     𝑠 =
𝑟

2
∙

2𝑀1+𝑀2

𝑚−𝑀1𝑔𝑓გ,−𝑀2𝑔𝑓𝑟
𝑣2 

 
 

amocana 38.32 

   avtomobilis Zravis simZlavris  gadidebasTan dakavSirebiT misi 

siCqare swor horizontalur gzaze gaizarda 𝑣1 − dan  𝑣2 − mde.   am 

droSi man gaiara  𝑠 manZili. gansazRvreT Zravis mier Sesrulebuli 

muSaoba am gadaadgilebaze, Tu TiToeuli oTxi Tvlis masaa 𝑀1, 
𝑀2 −Zaris masa, 𝑟 − Tvlis radiusi, 𝑓გ, − Tvlis gzaze gorvis 

xaxunis koeficienti. Uusrialod mgoravi Tvlebi CaTvaleT 
erTgvarovan mTlian diskoebad. Zarasa da Tvlebis garda, yvela 
danarCeni nawilis kinetikuri energia ugulebelyofilia. 
a m o x s n a. ganvixiloT avtomobilis moZraoba. vaCvenoT naxazze 

avtomobilis sawyisi mdebareoba. 

 
 
   gamoviyenoT  meqanikuri  sistemis  kinetikuri energiis cvlilebis 
Teorema: 

                    𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖  

Ggzis dasawyisSi sistemis kinetikuri energia 

                     𝑇0 = 𝑇2 + 4𝑇1.                    (1) 

Zaris kinetikuri energia, romelic asrulebs gadataniT moZraobas, 
gamoiTvleba formuliT: 

�⃗⃗⃗�ხახ1 �⃗⃗⃗�ხახ2 

𝑚გორ              
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𝑇2 =
𝑀2𝑣0

2

2
. 

  erTi  Tvlis k inetikuri  energia,  romelic asrulebs   brtyel-
paralelur moZraobas, gamoiTvleba formuliT: 

         𝑇1 =
𝑀1𝑣0

2

2
+
1

2
𝐽0𝜔0

2 =
𝑀1𝑣0

2

2
+
1

2

𝑀1𝑟
2

2

𝑣0
2

𝑟2
=

3𝑀1𝑣0
2

4
.        (2) 

maSin (1) formulis Tanaxmad 

𝑇0 =
𝑀2𝑣0

2

2
+
3𝑀1𝑣0

2

4
= (6𝑀1 +𝑀2)

𝑣0
2

2
. 

ganvsazRvroT sistemis kinetikuri energia  gzis bolos 

                      𝑇 = 𝑇2 + 4𝑇1.                    (3) 

Zaris kinetikuri energia, romelic asrulebs gadataniT moZraobas 

𝑇2 =
𝑀2𝑣

2

2
 

erTi Tvlis kinetikuri energia, romelic asrulebs brtyel-
paralelur moZraobas, gamoiTvleba formuliT: 
 

𝑇1 =
𝑀1𝑣

2

2
+
1

2
𝐽0𝜔

2 =
𝑀1𝑣

2

2
+
1

2

𝑀1𝑟
2

2

𝑣2

𝑟2
=
3𝑀1𝑣

2

4
. 

maSin (3) formulis Tanaxmad 

          𝑇 =
𝑀2𝑣

2

2
+ 4(

3𝑀1𝑣
2

4
) = (6𝑀1 +𝑀2)

𝑣2

2
.           (4)   

ganvsazRvroT gare Zalebis muSaoba 𝑆 gadaadgilebaze:  

         ∑𝐴𝑘
𝑒 = 𝐴1 + 𝐴2 + 𝐴𝑁 + 𝐴ხახ + 𝐴გორ. = 𝐴გორ.            (5) 

Aavtomobili moZraobs horizontalur  zedapirze, amitom simZimis 

Zalebis muSaobebi 𝐴1 da 𝐴2 udris nuls. 

  xaxunis Zalis muSaoba 𝐴ხახ da    �⃗⃗⃗�𝐴  ,  �⃗⃗⃗�𝐵  reaqciis Zalebis  𝐴𝑁 
muSaobebic nulis tolia. 
Ggorvis xaxunis momentis muSaoba: 

       𝐴გორ = −𝑀გორ𝜑 = −𝑁𝐴𝑓გ,
𝑠

𝑟
= −(𝑀2 + 4𝑀1)𝑔𝑓გ,

𝑠

𝑟
.    (6)  

Siga Zalebis muSaoba-es Zravis muSaobaa, e.i. 

                            ∑𝐴𝑘
𝑖 = 𝐴𝑀.               (7) 

 
CavsvaT (7), (6), (4) da (2) gamosaxulebebi (2) gantolebaSi 
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(6𝑀1 +𝑀2)
𝑣2

2
− (6𝑀1 +𝑀2)

𝑣0
2

2
= −(𝑀2 + 4𝑀1)𝑔𝑓გ,

𝑠

𝑟
+ 𝐴𝑀. 

Dda vipovoT Zravis mier Sesrulebuli muSaoba 

𝐴𝑀 =
6𝑀1 +𝑀2

2
(𝑣2 − 𝑣0

2) +
𝑓გ,

𝑟
(𝑀2 + 4𝑀1)𝑔𝑠. 

 

p a s u x i:     𝐴𝑀 =
6𝑀1+𝑀2

2
(𝑣2 − 𝑣0

2) +
𝑓გ,

𝑟
(𝑀2 + 4𝑀1)𝑔𝑠. 

 
 
 

amocana  38.33 

   𝐵 −  saxsriani  𝐴𝐵𝐶 kibe   dgas 
 gluv horizontalur iatakze, sigrZe  

 𝐴𝐵 = 𝐵𝐶 = 2ℓ, masaTa centrebi 

mdebareobs Reroebis 𝐷 da 𝐸 
SuawertilebSi. Kkibis TiToeuli 
nawilis inerciis radiusi misi masaTa 
centrze gamavali RerZis mimarT 

udris  𝜌. 𝐵 saxsris daSoreba 

iatakidan aris ℎ.  drois garkveul 

momentSi 𝐹𝐺  mosaWimis gawyvetis 
gamo kibe iwyebs vardnas. saxsarSi xaxunis ugulebelyofiT 

gansazRvreT: 1) 𝐵 wertilis 𝑣  siCqare iatakze misi dartymis 

momentSi; 2) 𝐵 wertilis 𝑣  siCqare  im momentSi, roca  misi 

daSoreba iatakidan udris 
1

2
ℎ.  

  a m o x s n a. 1) ganvixiloT 𝐴𝐵𝐶 kibis moZraoba   𝐹𝐺 mosaWimis 
gawyvetis Semdeg. vaCvenoT saangariSo sqemaze (nax.1). mosaWimis sawyisi 
da saboloo mdebareobebi.  mosaWimis moZraobis dasaxasiaTeblad 
dacemis drois ganmavlobaSi  visargebloT sistemis  masaTa  centris 

moZraobis TeoremiT horizontalur  RerZze 𝑥 gegmilebSi: 

          𝑀�̈�𝐵 =∑𝐹𝑘𝑥
𝑒  

  radgan  ∑𝐹𝑘𝑥
𝑒 = 0  amitom 𝑥𝐵 = 𝑐𝑜𝑛𝑠𝑡 da 𝐵 saxsri imoZravebs 

𝐵𝐵′ vertikalze. 
  

• • 
𝐴 

𝐵 

𝐶 

𝐷 𝐸 

𝐹 𝐺 
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   𝐵 saxsris 𝑣 siCqaris 
sapovnelad visargebloT 
meqanikuri sistemis  kine-
tikuri energiis cvlile-
bis TeoremiT: 

 𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 +∑𝐴𝑘

𝑖  (1) 

radgan sistema ucv-
lelia, amitom Siga Zale-
bis muSaoba udris nuls, 

(1)e.i. ∑𝐴𝑘
𝑖 = 0. 

  saxsriani 𝐴𝐵𝐶 kibe mo-
Zraobas iwyebs wonaswo-
robis mdebareobidan,                                                                     nax.1. 

 amitom misi kinetikuri energia udris nuls, e.i. 𝑇0 = 0. amis 
gaTvaliswinebiT (1) miiRebs saxes: 

                    𝑇 = ∑𝐴𝑘.
𝑒                       (2) 

  ganvsazRvroT 𝐴𝐵 kibis kinetikuri energia iatakze misi dacemis 

momentSi 𝐵 saxsris siCqare mimarTulia vertikalurad qveviT, xolo 

kibis bolo  𝐴 wertilis  siCqare mimarTuli SeiZleba iyos mxolod 
iatakis gaswvriv. 

   vipovoT kibis siCqareTa myisi centri. amisaTvis �⃗�𝐵 da �⃗�𝐴 si-
Cqareebis sawyisi wertilebidan aRvmarToT am veqtorebis marTobebi. 

Aam marTobebis gadakveTis 𝐴′ wertili aris 𝐴𝐵𝐶 kibis siCqareTa 
myisi centri, maSasadame, dacemis momentSi kibe asrulebs myis 

brunviT moZraobas 𝐴′ wertilis irgvliv. 
   maSin  

𝑇𝐴𝐵 =
1

2
𝐽𝐴0𝜔

2 =
1

2
[𝐽𝐷 +𝑀(𝐴𝐷)

2]
𝑣2

(𝐴𝐵)2
= 

=
1

2
[𝑀𝜌2 +𝑀ℓ2]

𝑣2

4ℓ2
   =

𝑀(𝜌2 + ℓ2)𝑣2

8ℓ2
. 

analogiurad, 𝐵𝐶 kibis kinetikuri energia 

𝑇𝐵𝐶 =
𝑀(𝜌2 + ℓ2)𝑣2

8ℓ2
. 

   maSin saxsriani 𝐴𝐵𝐶 kibis kinetikuri energia dacemis momentSi

   𝑇 = 𝑇𝐴𝐵 + 𝑇𝐵𝐶 =
𝑀(𝜌2+ℓ2)𝑣2

8ℓ2
.              (3) 

ganvsazRvroT gare Zalebis muSaoba:  

• • 
𝐴 

𝐵 

𝐶 

𝐷 𝐸 

𝐹 𝐺 

ℎ 

𝐵′  𝐴ʹ 
𝐶ʹ 

𝑀�⃗� 

𝑀�⃗� 𝑀�⃗� 

𝑀�⃗� 
�⃗⃗⃗�𝐶 �⃗⃗⃗�𝐴 

�⃗�𝐵 

𝑥 
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                  ∑𝐴𝑘
𝑒 = 𝐴𝐴𝐵 + 𝐴𝐵𝐶 + 𝐴𝑁 .                     (4) 

𝐴𝐵 kibis simZimis  Zalis muSaoba 

𝐴𝐴𝐵 = 𝑀𝑔
ℎ

2
. 

𝐵𝐶 kibis simZimis  Zalis muSaoba 

𝐴𝐵𝐶 = 𝑀𝑔
ℎ

2
. 

�⃗⃗⃗�𝐴 da   �⃗⃗⃗�𝐵 − reaqciis Zalebis muSaobebic nulis tolia,e.i. 𝐴𝑁 = 0. 
 
  maSin (4) formulis Tanaxmad 

                     ∑𝐴𝑘
𝑒 = 2𝑀𝑔

ℎ

2
= 𝑀𝑔ℎ.                    (5) 

 
CavsvaT (3) da (5) gamosaxulebebi (2) gantolebaSi 
 

𝑀(𝜌2 + ℓ2)𝑣2

8ℓ2
= 𝑀𝑔ℎ 

da vipovoT 𝐵 saxsris siCqare: 

𝑣 = 2ℓ√
𝑔ℎ

𝜌2 + ℓ2
. 

2)  ganvsazRvroT   𝐵 saxsris siCqare im momentSi, rodesac 

iatakamde manZili iqneba 
ℎ

2
. vaCvenoT saangariSo sqemaze (nax.2) 

saxsriani 𝐴𝐵𝐶 kibis sawyisi da saboloo mdebareobebi. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Nnax.2. 

𝐴 𝐶 𝐶′ 𝐴′ 

𝐵 

𝐵′ 
• 

• • 

• • 

• • 

ℎ 
• 

�⃗⃗⃗�𝐴 
𝑁′⃗⃗⃗⃗⃗𝐴 

�⃗⃗⃗�𝐶 𝑁′⃗⃗⃗⃗⃗𝐶 

𝐻 𝐻 

𝑃 

�⃗�𝐵 

�⃗�𝐴 

𝑀�⃗� 

𝑀�⃗� 𝑀�⃗� 

ℎ/2 

ℎ/2 

𝑀�⃗� 
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visargebloT meqanikuri sistemis kinetikuri energiis cvlilebis 
TeoremiT: 

𝑇 − 𝑇0 =∑𝐴𝑘.
𝑒 +∑𝐴𝑘

𝑖  

radgan sistema ucvlelia, amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0.  saxsriani 𝐴𝐵𝐶 kibe  moZraobas iwyebs wonasworobis   

mdebareobidan,  amitom misi kinetikuri energia udris nuls, e.i. 𝑇0 =
0.  amis gaTvaliswinebiT: 

                    𝑇 = ∑𝐴𝑘.
𝑒                          (6) 

  ganvsazRvroT 𝐴𝐵 kibis kinetikuri energia im momentSi, rodesac 

iatakamde manZili iqneba 
ℎ

2
. 𝐵 saxsris siCqare mimarTulia vertika-

lurad qveviT, kibis bolo 𝐴 wertilis siCqare �⃗�𝐴 mimarTulia iata-

kis gaswvriv  horizontalurad marcxniv.  𝐴𝐵 kibis siCqareTa myisi 

centri mdebareobs 𝑃 wertilSi. 𝐴𝐵 kibis kuTxuri siCqare  vipovoT 
Tanafardobidan 

𝑣𝐵
𝐵′𝑃

=
𝑣𝐴
𝐴′𝑃

= 𝜔𝐴𝐵, 

Aan 

𝜔𝐴𝐵 =
𝑣𝐵
𝐵′𝑃

=
𝑣𝐵

√(𝐴′𝐵′)2 − (𝐴′𝑃)2
=

𝑣𝐵

√4ℓ2 − ℎ2/4
=

𝑣𝐵

√16ℓ2 − ℎ2
. 

𝐴𝐵 kibis kinetikuri energia, romelic asrulebs brtyel-paralelur 
moZraobas gamoiTvleba formuliT: 

𝑇𝐴𝐵 =
1

2
𝐽𝑝𝜔𝐴𝐵

2 =
1

2
[𝐽𝐷′ +𝑀(𝐷′𝑃)

2]𝜔𝐴𝐵
2 = 

=
1

2
[𝑀𝜌2 +𝑀ℓ2] (

𝑣𝐵

√16ℓ2 − ℎ2
)
2

   =
2(𝜌2 + ℓ2)𝑀𝑣𝐵

2

16ℓ2 − ℎ2
. 

Aanalogiurad  vipoviT  𝐵𝐶 kibis kinetikuri energias 
 

𝑇𝐵𝐶 =
2(𝜌2 + ℓ2)𝑀𝑣𝐵

2

16ℓ2 − ℎ2
 

𝐴𝐵𝐶 kibis kinetikuri energia 
 

𝑇 = 𝑇𝐴𝐵 + 𝑇𝐵𝐶 =
4(𝜌2+ℓ2)𝑀𝑣𝐵

2

16ℓ2−ℎ2
. 

 
ganvsazRvroT gare Zalebis muSaoba:  

                     ∑𝐴𝑘
𝑒 = 𝐴𝐴𝐵 + 𝐴𝐵𝐶 + 𝐴𝑁 .                  (8) 
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𝐴𝐵 da 𝐵𝐶 kibis simZimis  Zalebis muSaoba 

𝐴𝐴𝐵 = 𝑀𝑔𝐻 = 𝑀𝑔
ℎ

4
. 

𝐴𝐵𝐶 = 𝑀𝑔𝐻 = 𝑀𝑔
ℎ

4
. 

�⃗⃗⃗�𝐴 da   �⃗⃗⃗�𝐵 − reaqciis Zalebis muSaobebic nulis tolia,e.i. 𝐴𝑁 = 0. 
 
  maSin (8) formulis Tanaxmad 

                   ∑𝐴𝑘
𝑒 = 2𝑀𝑔

ℎ

4
= 𝑀𝑔

ℎ

2
.                     (9) 

 
CavsvaT (7) da (9) gamosaxulebebi (6) gantolebaSi 
 

2(𝜌2 + ℓ2)𝑀𝑣𝐵
2

16ℓ2 − ℎ2
= 𝑀𝑔

ℎ

2
 

da vipovoT 𝐵 saxsris siCqare: 

𝑣𝐵 =
1

2
√𝑔ℎ

16ℓ2 − ℎ2

2(𝜌2 + ℓ2)
. 

p a s u x i:    1) 𝑣 = 2ℓ√
𝑔ℎ

𝜌2+ℓ2
.   2) 𝑣𝐵 =

1

2
√𝑔ℎ

16ℓ2−ℎ2

2(𝜌2+ℓ2)
. 

 
 

 

 

amocana  38.34 

  2𝑎 sigrZis 𝐴𝐵 Rero vardeba ise, rom 
misi bolo srialebs gluv 
horizontalur iatakze. sawyis momentSi 
Reros ekava vertikaluri mdebareoba da 
wonasworobaSi iyo.  gansazRvreT Reros 
simZimis centris siCqare, rogorc 

iatakidan misi  daSorebis ℎ simaRlis 
funqcia. 
a m o x s n a. vaCvenoT naxazze Reros  

• 

2𝑎 

C 

ℎ 

𝐴 

𝐵 
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sawyisi da saboloo  

mdebareobebi. 𝐴𝐵 Reros 
moZraobis dasaxasiaTeb-lad 
dacemis  drois ganmavlobaSi 
visargebloT    sistemis    
masaTa centris     moZraobis   
TeoremiT horizontalur        

RerZze 𝑥 gegmilebSi: 

          𝑀�̈�𝐶 =∑𝐹𝑘𝑥
𝑒  

  radgan  ∑𝐹𝑘𝑥
𝑒 = 0,  da �̇�𝐶 =

𝑐𝑜𝑛𝑠𝑡 = 0 amitom  masaTa 

centris 𝑥𝐶 koordinati iqneba 

mudmivi da 𝐶 wertili 

imoZravebs  vertikalurad  qveviT.                   Nnax.1.             
  masaTa 𝐶 centris siCqaris gansasazRvravad visargebloT meqanikuri  
sistemis  kinetikuri energiis cvlilebis TeoremiT: 

                    𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖               (1)        

radgan 𝐴𝐵 Rero, amitom ∑𝐴𝑘
𝑖 = 0. 

  sawyis  mdebareobaSi 𝐴𝐵 Rero iyo wonasworobaSi,  amitom misi 

kinetikuri energia udris nuls, e.i. 𝑇0 = 0.   
    amis gaTvaliswinebiT (1) miiRebs saxes: 

                    𝑇 = ∑𝐴𝑘.
𝑒                          (2) 

  ganvsazRvroT 𝐴𝐵 Reros kinetikuri energia saboloo 
mdebareobaSi. Aam momentSi Rero  asrulebs brtyel-paralelur 

moZraobas da  𝐶 wertilis siCqare mimarTuli iqneba qveviT, xolo 

Reros 𝐴 bolos  siCqare, romelic srialebs gluv iatakze, 
mimarTuli iqneba marcxniv. 

   vipovoT 𝐴𝐵 Reros siCqareTa myisi centri. amisaTvis 𝐴 da  𝐶 
wertilebidan aRvmarToT  �⃗�𝐶  da �⃗�𝐴 siCqareebis  marTobebi. Aam 

marTobebis gadakveTis 𝑃 wertili aris 𝐴𝐵  Reros   siCqareTa myisi 
centri.  

  𝐴𝐵 kibis kuTxuri siCqare  vipovoT Tanafardobidan 
𝑣𝐶
𝐶′𝑃

=
𝑣𝐴
𝐴′𝑃

= 𝜔𝐴𝐵, 
Aan 

𝜔𝐴𝐵 =
𝑣𝐶
𝐶′𝑃

=
𝑣𝐶

√(𝐴′𝐶′)2 − (𝐶′𝑃)2
=

𝑣𝐶

√𝑎2 − ℎ2
. 

• 
2𝑎 𝐶 

ℎ 
𝐴 

𝐵ʹ 

𝐶ʹ 

𝐵 

�⃗�𝐴 
𝑁ʹ⃗⃗⃗⃗⃗𝐴 �⃗⃗⃗�𝐴 

𝑃 

𝑀�⃗� 

𝑀�⃗� 

�⃗�𝐶 

𝐻 
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vipovoT 𝐴𝐵 kibis kinetikuri energia, ganvixiloT ra misi moZraoba 

rogorc myisi brunva 𝑃 wertilis garSemo: 

𝑇 =
1

2
𝐽𝑝𝜔𝐴𝐵

2 =
1

2
[𝐽𝐶′ +𝑀(𝐶′𝑃)

2]𝜔𝐴𝐵
2 = 

=
1

2
[
𝑀(2𝑎)2

12
+𝑀(√𝑎2 − ℎ2)

2
]

𝑣𝐶
2

𝑎2 − ℎ2
=
4𝑎2 − 3ℎ2

6(𝑎2 − ℎ2)
𝑀𝑣𝐶

2 .  (3) 

ganvsazRvroT gare Zalebis muSaoba:  

            ∑𝐴𝑘
𝑒 = 𝐴𝐴𝐵 + 𝐴𝑁 = 𝐴𝐴𝐵 = 𝑀𝑔𝐻 = 𝑀𝑔(𝑎 − ℎ),              (4) 

radgan �⃗⃗⃗�𝐴 − reaqciis Zalis muSaoba nulis tolia,e.i. 𝐴𝑁 = 0. 
 
  CavsvaT (3) da (4) gamosaxulebebi (2) gantolebaSi 
 

4𝑎2 − 3ℎ2

6(𝑎2 − ℎ2)
𝑀𝑣𝐶

2  = 𝑀𝑔(𝑎 − ℎ) 

da vipovoT Reros masaTa centris siCqare: 

𝑣𝐶 = √
6𝑔(𝑎 − ℎ)(𝑎2 − ℎ2)

4𝑎2 − 3ℎ2
= √

6𝑔(𝑎 − ℎ)(𝑎 − ℎ)(𝑎 + ℎ)

4𝑎2 − 3ℎ2
= 

 

= (𝑎 − ℎ)√
6𝑔(𝑎 + ℎ)

4𝑎2 − 3ℎ2
. 

 

p a s u x i:     𝑣𝐶 = (𝑎 − ℎ)√
6𝑔(𝑎+ℎ)

4𝑎2−3ℎ2
.  

 
 
 
 
 

amocana  38.35 

    diferencialur jalambarSi ori xistad SeerTebuli 𝐾1 da 𝐾2 
lilvi,  𝑟1 da 𝑟2  radiusebiTa da 𝑂1𝑂2   RerZis mimarT saTanadod  

𝐽1 da 𝐽2  inerciis momentebiT, brunviT moZraobaSi modis  𝐴𝐵 

saxeluriT. moZravi 𝐶 bloki Camokidebulia uwon da uWimar Zafze, 

romlis marcxena Sto daxveulia 𝐾1 lilvze, xolo  marjvena −𝐾2 
lilvze. 𝐴𝐵 saxelurze modebulia mudmivi mabruni 𝑚 momenti.  𝐶 
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ბლokze Camokidebulia 𝑀 masis 𝐷 tvirTi. ipoveT saxeluris brunvis 

kuTxuri siCqare im momentSi, roca  𝐷 tvirTi ava 𝑠 simaRlis bolo 
wertilSi. sawyis momentSi sistema wonasworobaSia. saxelurisa da 
blokis masa ugulebelyofilia. 
a m o x s n a.   ganvixiloT diferencialuri jalambaris moZraoba 

SeerTebuli uWimar ZafiT 𝐶 blokze da 𝐷 tvirTze. 

   visargebloT meqanikuri  sistemis  kinetikuri energiis cvlilebis 
TeoremiT: 

                    𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                (1) 
 
  radgan sistema ucvlelia, amitom Siga Zalebis muSaoba udris 

nuls,  e.i.     ∑𝐴𝑘
𝑖 = 0.  sawyis momentSi   sistema  wonasworobSi  iyo, 

e.i.   𝑇0 = 0     amis gaTvaliswinebiT  (1) miiRebs saxes: 

                    𝑇 = ∑𝐴𝑘.
𝑒                          (2) 

  ganvsazRvroT sistemis yvela nawilis siCqare da gamovsaxoT isini 

saxeluris 𝜔 kuTxuri siCqariT: 

𝑣1 = 𝜔𝑟1,  𝑣2 = 𝜔𝑟2. 

𝐶 bloki asrulebs brtyel-paralelur moZraobas. SevadginoT 
proporcia: 

𝑣1
𝑅 − 𝑃𝐶

=
𝑣2

𝑅 + 𝑃𝐶
=
𝑣𝐶
𝑃𝐶

 

saidanac 

�⃗�2 

𝑂2 

𝐴 

𝐵 

𝐶 

𝐷 

𝑂1 
𝑟1 

𝑟2 

𝐾2 

𝐾1 
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𝑃𝐶 =
𝑣2 − 𝑣1
𝑣2 + 𝑣1

𝑅 =
𝑟2 − 𝑟1
𝑟2 + 𝑟1

𝑅, 

maSin 

𝑣𝐶 =
𝑣1 ∙ 𝑃𝐶

𝑅 − 𝑃𝐶
=
𝑟2 − 𝑟1
2

𝜔. 

𝐷 tvirTis siCqare udris 𝐶 blokis  RerZis siCqares: 

𝑣𝐷 = 𝑣𝐶 =
𝑟2 − 𝑟1
2

𝜔. 

ganvsazRvroT sistemis kinetikuri energia saboloo mdebareobaSi, 

roca 𝐷 tvirTi avida  𝑆 somaRleze: 
 : 

                   𝑇 = 𝑇1 + 𝑇2 + 𝑇𝐷 .                    (3) 
𝐾1 lilvis kinetikuri energia 

𝑇1 =
1

2
𝐽1𝜔

2, 

𝐾2 lilvis kinetikuri energia 

𝑇2 =
1

2
𝐽2𝜔

2, 
 

𝐷 tvirTis kinetikuri energia 

𝑂2 𝐴 

𝐵 

𝐶 

𝐷 

𝑂1 
𝑟1 

𝑟2 

𝐽2 

𝐽1 

𝜑 

�⃗⃗⃗⃗�1 �⃗⃗⃗⃗�2 

𝑠 

�⃗⃗⃗�1 

𝑃 

�⃗⃗⃗�𝐷 

�⃗⃗⃗�2 

�⃗⃗⃗�𝐶 

𝑀�⃗� 

𝑚 𝜔 
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𝑇𝐷 =
𝑀𝑣𝐷

2

2
=
𝑀(𝑟2 − 𝑟1)

2

8
𝜔2. 

 
maSin (3) formulis Tanaxmad 

                 𝑇 = [4(𝐽1 + 𝐽2) + 𝑀(𝑟2 − 𝑟1)
2]
𝜔2

2
          (4)   

ganvsazRvroT gare Zalebis muSaoba:  

                              ∑𝐴𝑘
𝑒 = 𝐴𝐷 + 𝐴𝑀 + 𝐴𝑁               (5)        

𝐷 tvirTis simZimis Zalis muSaoba 

𝐴𝐷 = −𝑀𝑔𝑠 

mabruni 𝑚 momentis muSaoba 

𝐴𝑀 = 𝑚𝜑 = 𝑚
2𝑠

𝑟2 − 𝑟1
. 

�⃗⃗⃗�1   da  �⃗⃗⃗�2     reaqciis Zalebis muSaoba nulis tolia,e.i. 𝐴𝑁 = 0. 
maSin (5) formulis Tanaxmad 

                           ∑𝐴𝑘
𝑒 = [2𝑚 −𝑀𝑔(𝑟2 − 𝑟1)]

𝑠

𝑟2−𝑟1
        (6)        

CavsvaT (4) da (6) gamosaxulebebi (2) gantolebaSi 
 

[4(𝐽1 + 𝐽2) + 𝑀(𝑟2 − 𝑟1)
2]
𝜔2

2
= [2𝑚 −𝑀𝑔(𝑟2 − 𝑟1)]

𝑠

𝑟2 − 𝑟1
 

 
Dda vipovoT saxeluris kuTxuri siCqare 
 

𝜔 = 2√2𝑠
2𝑚 −𝑀𝑔(𝑟2 − 𝑟1)

(𝑟2 − 𝑟1)[4(𝐽1 + 𝐽2) + 𝑀(𝑟2 − 𝑟1)
2]
. 

 

p a s u x i:    𝜔 = 2√2𝑠
2𝑚−𝑀𝑔(𝑟2−𝑟1)

(𝑟2−𝑟1)[4(𝐽1+𝐽2)+𝑀(𝑟2−𝑟1)
2]
. 

 

 
 

amocana  38.36 

 
  jalambari moZraobaSi modis Rveduri gadacemis saSualebiT, 

romelic aerTebs jalambris lilvze Camocmul II borbals Zravis 

lilvze Camocmul I borbalTan. 𝑀1 masis da 𝑟 radiusis I borbalze 
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moqmedebs 𝑀 mabruni momenti.  II borblis masa aris 𝑀2, misi 

radiusi –𝑅. jalambris dolis masa aris 𝑀3 masis da radiusi – 𝑟, 
xolo asawevi tvirTis masa −𝑀4. jalambari moZraobas iwyebs 

wonasworobis mdebareobidan.   gansazRvreT 𝑀4 tvirTis siCqare im 

momentSi, roca igi ava ℎ simaRleze.EE.Rvedisa da bagiris masebi da  
 

sakisrebSi ugulebelyofilia .borblebi da Rvedi CaTvaleT 
erTgvarovan wriul cilindrebad. 
a m o x s n a.    ganvixiloT mocemuli sistemis moZraoba. vaCvenoT 
naxazze sistemis mdebareoba sawyis momentSi. 

  visargebloT meqanikuri  sistemis  kinetikuri energiis cvlilebis 
TeoremiT: 

                    𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘.

𝑖                (1) 

radgan sistema ucvlelia, xolo Rvedi da gvarli uWimari, amitom 

Siga Zalebis muSaoba udris nuls, e.i. ∑𝐴𝑘
𝑖 = 0.   

 sawyis momentSi sistema  wonasworobSi iyo, e.i. 𝑇0 = 0.  
 amis gaTvaliswinebiT  (1) miiRebs saxes: 

                      𝑇 = ∑𝐴𝑘.
𝑒                         (2)    

   ganvsazRvroT sistemis kinetikuri energia, roca 𝐷 tvirTi avida  ℎ 
simaRleze: 
 : 

               𝑇 = 𝑇1 + 𝑇2 + 𝑇3 + 𝑇4.                    (3) 
𝐼 lilvis kinetikuri energia 
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𝑇1 =
1

2
𝐽𝑧′𝜔1

2 =
1

2

𝑀1𝑟
2

2
(
𝑅

𝑟
)
2 𝑣2

𝑟2
=
𝑀1(𝑅/𝑟)

2𝑣2

4
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

Dda 𝐼𝐼 lilvis kinetikuri energia 

𝑇2 =
1

2
𝐽𝑧𝜔2

2 =
1

2

𝑀2𝑅
2

2

𝑣2

𝑟2
=
𝑀2(𝑅/𝑟)

2𝑣2

4
. 

jalambris dolis kinetikuri energia 

𝑇3 =
1

2
𝐽𝑧𝜔2

2 =
1

2

𝑀3𝑟
2

2

𝑣2

𝑟2
=
𝑀3𝑣

2

4
. 

𝐷 tvirTis kinetikuri energia 

𝑇4 =
𝑀4𝑣𝐷

2

2
=
𝑀4𝑣

2

2
. 

 
maSin (3) formulis Tanaxmad 

𝑇 = [
𝑀1(𝑅/𝑟)

2

4
+
𝑀2(𝑅/𝑟)

2

4
+
𝑀3

4
+
𝑀4

2
] 𝑣2 =           

            = [𝑀1(𝑅/𝑟)
2 +𝑀2(𝑅/𝑟)

2 +𝑀3 + 2𝑀4]
𝑣 2

4
.                      (4) 

ganvsazRvroT gare Zalebis muSaoba:  

            ∑𝐴𝑘
𝑒 = 𝐴1 + 𝐴2 + 𝐴3 + 𝐴4 + 𝐴𝑁 + 𝐴𝑚.         (5) 
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I da 𝐼𝐼 lilvebis simZimis Zalebis muSaoba  𝐴1  da 𝐴2 udris 
nuls. 
 Ddolis simZimis Zalis muSaoba, agreTve bmebis reaqciis Zalebis 
muSaobebi udris nuls.   

  𝐷 tvirTis simZimis Zalis muSaoba 

𝐴4 = −𝑀4𝑔ℎ. 

  𝑀 mabruni momentis muSaoba 

𝐴𝑚 = 𝑚𝜑 = 𝑚
𝑅

𝑟

ℎ

𝑟
=
𝑚𝑅ℎ

𝑟2
 

maSin (5) formulis Tanaxmad 

            ∑𝐴𝑘
𝑒 =

𝑚𝑅

𝑟2
ℎ −𝑀4𝑔ℎ = (𝑚

𝑅

𝑟2
−𝑀4𝑔)ℎ.                   (6) 

(4) da (6) gamosaxuleba CavsvaT (2) gantolebaSi: 

[𝑀1(𝑅/𝑟)
2 +𝑀2(𝑅/𝑟)

2 +𝑀3 + 2𝑀4]
𝑣  2

4
= (

𝑚

𝑟2
−𝑀4𝑔)ℎ 

Dda vipovoT tvirTis siCqare 
    

𝑣 = 2√
ℎ[𝑚(𝑅/𝑟2) − 𝑀4𝑔]

𝑀1(𝑅/𝑟)
2 +𝑀2(𝑅/𝑟)

2 +𝑀3 + 2𝑀4
 

p a s u x i:  𝑣 = 2√
ℎ[𝑚(𝑅/𝑟2)−𝑀4𝑔]

𝑀1(𝑅/𝑟)
2+𝑀2(𝑅/𝑟)

2+𝑀3+2𝑀4
. 

 
 
 
 

amocana  38.37 

 
  amoxseniT wina amocana, Tu mxedvelobaSi miiReba im bagiris masa, 

romelzec Camokidebulia 𝑀4 tvirTi.  Bbagiris sigrZe aris ℓ, 
erTeuli sigrZis masa ki –𝑀. sawyis momentSi dolis lilvidan 

gadmokidebuli bagiris sigrZe iyo 2ℎ. 
a m o x s n a.   ganvixiloT mocemuli sistemis moZraoba. vaCvenoT 
naxazze sistemis mdebareoba sawyis momentSi. 

visargebloT meqanikuri  sistemis  kinetikuri energiis cvlilebis 
TeoremiT: 

                      𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖               (1) 
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radgan sistema ucvlelia, xolo Rvedi da gvarli uWimari, amitom 

Siga Zalebis muSaoba udris nuls, e.i. ∑𝐴𝑘
𝑖 = 0.   

sawyis momentSi sistema  wonasworobSi iyo, e.i. 𝑇0 = 0.  

 amis gaTvaliswinebiT  (1) miiRebs saxes: 

                      𝑇 = ∑𝐴𝑘.
𝑒                         (2)    

   ganvsazRvroT sistemis kinetikuri energia, roca 𝐷 tvirTi avida  ℎ 
somaRleze: 
 : 

                    𝑇 = 𝑇1 + 𝑇2 + 𝑇3 + 𝑇4 + 𝑇ბაგ.                (3) 

𝐼 lilvis kinetikuri energia 

𝑇1 =
1

2
𝐽𝑧′𝜔1

2 =
1

2

𝑀1𝑟
2

2
(
𝑅

𝑟
)
2 𝑣2

𝑟2
=
𝑀1(𝑅/𝑟)

2𝑣2

4
 

Dda 𝐼𝐼 lilvis kinetikuri energia 

𝑇2 =
1

2
𝐽𝑧𝜔2

2 =
1

2

𝑀2𝑅
2

2

𝑣2

𝑟2
=
𝑀2(𝑅/𝑟)

2𝑣2

4
. 

jalambris dolis kinetikuri energia 
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𝑇3 =
1

2
𝐽𝑧𝜔2

2 =
1

2

𝑀3𝑟
2

2

𝑣2

𝑟2
=
𝑀3𝑣

2

4
. 

𝐷 tvirTis kinetikuri energia 

𝑇4 =
𝑀4𝑣

2

2
. 

ℓ  sigrZis bagiris kinetikuri energia 

𝑇ბაგ =
𝑀ℓ𝑣2

2
 

 
maSin (3) formulis Tanaxmad 

               

        𝑇 = [𝑀1 (
𝑅

𝑟
)
2
+𝑀2 (

𝑅

𝑟
)
2
+𝑀3 + 2𝑀4 + 2𝑀ℓ]

𝑣 2

4
.                      (4) 

ganvsazRvroT gare Zalebis muSaoba:  

        ∑𝐴𝑘
𝑒 = 𝐴1 + 𝐴2 + 𝐴3 + 𝐴4 + 𝐴𝑁 + 𝐴𝑚 + 𝐴ბაგ.         (5) 

I da 𝐼𝐼 lilvebis simZimis Zalebis muSaoba  𝐴1  da 𝐴2 udris 
nuls. 

 Ddolis simZimis Zalis muSaoba 𝐴3, agreTve bmebis reaqciis 

Zalebis muSaobebi 𝐴𝑁  udris nuls.   

  𝐷 tvirTis simZimis Zalis muSaoba 

𝐴4 = −𝑀4𝑔ℎ. 

  𝑚 mabruni momentis muSaoba 

𝐴𝑚 = 𝑚𝜑1 = 𝑚
𝑅

𝑟
𝜑2 = 𝑚

𝑅

𝑟

ℎ

𝑟
= 𝑚

𝑅

𝑟2
ℎ. 

Bbagiris simZimis AZalis muSaoba 

𝐴ბაგ = ∫ 𝑀𝑔𝑥𝑑𝑥 = −
3

2

ℎ

2ℎ
𝑀𝑔ℎ2. 

 
maSin (5) formulis Tanaxmad 

               ∑𝐴𝑘
𝑒 = (𝑚

𝑅

𝑟2
−𝑀4𝑔 −

3

2
𝑀𝑔ℎ)ℎ.                    (6) 

(4) da (6) gamosaxuleba CavsvaT (2) gantolebaSi: 

[𝑀1(𝑅/𝑟)
2 +𝑀2(𝑅/𝑟)

2 +𝑀3 + 2𝑀4 + 2𝑀ℓ]
𝑣  2

4
=

= (𝑚
𝑅

𝑟2
−𝑀4𝑔 −

3

2
𝑀𝑔ℎ)ℎ 

Dda vipovoT tvirTis siCqare 
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𝑣 = 2√
ℎ [𝑚(𝑅/𝑟2) − 𝑀4𝑔 −

3
2
𝑀𝑔ℎ]

𝑀1(𝑅/𝑟)
2 +𝑀2(𝑅/𝑟)

2 +𝑀3 + 2𝑀4 + 2𝑀ℓ
 

p a s u x i: 

𝑣 = 2√
ℎ[𝑚(𝑅/𝑟2) −𝑀4𝑔]

𝑀1(𝑅/𝑟)
2 +𝑀2(𝑅/𝑟)

2 +𝑀3 + 2𝑀4
. 

 
 
 

amocana  38.38 

 
   𝑟 radiusis da 𝑀1 masis jalambris dolze  moqmedebs 𝑀 mabruni 

momenti.   Ddolze daxveuli gvarlis 𝐴 boloze mibmulia 𝑀2 masis 
tvirTi, romelic moZraobs zeviT horizontTan  𝛼 kuTxiT  daxril 
sibrtyeze. rogor kuTxur siCqares SeiZens jalambris  doli, roca 

igi mobrundeba 𝜑  kuTxiT? Daxril sibrtyeze tvirTis srialis 

xaxunis koeficienti udris 𝑓. gvarlis masa ugulebelyofilia. doli 
CaTvaleT erTgvarovan wriul cilindrad.  sawyis momentSi sistema 
wonasworobaSia. 
 

 
  
 
 
 
 

 

a m o x s n a.. ganvixiloT mocemuli sistemis moZraoba. vaCvenoT 
naxazze sistemis mdebareoba sawyis momentSi. 

visargebloT meqanikuri  sistemis  kinetikuri energiis cvlilebis 
TeoremiT: 

                    𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                 (1) 

radgan sistema ucvlelia,  amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0.   

  

𝑀2 

𝐴 

𝛼 

𝐿 

• 
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sawyis momentSi sistema  wonasworobSi iyo, e.i. 𝑇0 = 0.  
 amis gaTvaliswinebiT  (1) miiRebs saxes: 

                     𝑇 = ∑𝐴𝑘.
𝑒                         (2)    

   ganvsazRvroT sistemis kinetikuri energia, roca doli mobrundeba  

𝜑 kuTxiT: 
 : 

                                𝑇 = 𝑇2 + 𝑇დოლ.                           (3) 
𝑀2  ტვირთის kinetikuri energia 

𝑇2 =
1

2
𝑀2𝑣

2 =
𝑀2(𝜔𝑟)

2

2
=
𝑀2𝑟

2𝜔2

2
. 

dolis kinetikuri energia 

𝑇დოლ =
1

2
𝐽0𝜔

2 =
1

2

𝑀1𝑟
2

2
𝜔2 =

𝑀1𝑟
2𝜔2

4
. 

maSin (3) formulis Tanaxmad 

           𝑇 =
𝑀1𝑟

2𝜔2

4
+
𝑀2𝑟

2𝜔2

2
= (𝑀1 + 2𝑀2)

𝑟2𝜔2

4
.                       (4) 

ganvsazRvroT gare Zalebis muSaoba:  

               ∑𝐴𝑘
𝑒 = 𝐴დოლ + 𝐴2 + 𝐴ხახ + 𝐴𝑁 + 𝐴𝐿            (5) 

Ddolis simZimis Zalebis muSaoba  𝐴დოლ  udris nuls. 

 bmebis reaqciis Zalebis muSaobebi 𝐴𝑁  udris nuls.   

  𝑀2  tvirTis simZimis Zalis muSaoba 

𝐴2 = −𝑀2𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼 = −𝑀2𝑔𝑟𝜑 ∙ 𝑠𝑖𝑛𝛼. 

xaxunis Zalis muSaoba 

𝐴ხახ = −𝐹ხახ𝑠 = −𝑁𝑓𝑠 = −𝑀2𝑔𝑓𝑠 ∙ 𝑐𝑜𝑠𝛼 = −𝑀2𝑔𝑓𝑟𝜑 ∙ 𝑐𝑜𝑠𝛼 

𝑀2 

𝐴 

𝛼 

𝐿 

• 
• • 

𝑠 

�⃗⃗⃗� 

𝑀2�⃗� 

�⃗� 

𝑀1�⃗� 

�⃗⃗�0 

𝑂 
𝑟 

�⃗�0 

𝜔 

𝜑 

�⃗�ხახ 
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  𝐿 mabruni momentis muSaoba 

𝐴𝑚 = 𝐿𝜑 = 𝑚
𝑅

𝑟
𝜑2 = 𝑚

𝑅

𝑟

ℎ

𝑟
= 𝑚

𝑅

𝑟2
ℎ. 

BmaSin (5) formulis Tanaxmad 

            ∑𝐴𝑘
𝑒 = 𝐿𝜑 − (𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼)𝑀2𝑔𝑟𝜑 =                                         

                                 = [𝐿 − (𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼)𝑀2𝑔𝑟]𝜑                       (6) 

(4) da (6) gamosaxuleba CavsvaT (2) gantolebaSi: 

(𝑀1 + 2𝑀2)
𝑟2𝜔2

4
= [𝐿 − (𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼)𝑀2𝑔𝑟]𝜑 

Dda ganvsazRvroT jalambris dolis  kuTxuri siCqare 

𝜔 =
2

𝑟
√
𝐿 − (𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼)𝑀2𝑔𝑟

𝑀1 + 2𝑀2
𝜑. 

p a s u x i: 

𝜔 =
2

𝑟
√
𝐿 − (𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼)𝑀2𝑔𝑟

𝑀1 + 2𝑀2
𝜑. 

 
 

amocana  38.39 
 

  amoxseniT wina amocana, Tu mxedvelobaSia miRebuli im gvarlis 

masa, romelzec Camokidebulia 𝑀2 tvirTi. gvarlis sigrZe aris ℓ, 
gvarlis erTeuli sigrZis masa ki –𝑀. sawyis momentSi dolis 

lilvidan gadmokidebuli bagiris sigrZe iyo 𝑎. dolze daxveuli 
gvarlis potenciuri energiis cvlileba ugulebelyofilia. 

  

𝑀2 

𝐴 

𝛼 

𝐿 

• 
• • 

𝑠 

�⃗⃗⃗� 

𝑀2�⃗� 

�⃗� 

𝑀1�⃗� 

�⃗⃗�0 

𝑂 
𝑟 

�⃗�0 

𝜔 

𝜑 

�⃗�ხახ 
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a m o x s n a.    ganvixiloT mocemuli sistemis moZraoba. vaCvenoT 
naxazze sistemis mdebareoba sawyis momentSi. 

  visargebloT meqanikuri  sistemis  kinetikuri energiis cvlilebis 
TeoremiT: 

                    𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖               (1) 

radgan sistema ucvlelia,  amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0.   

 sawyis momentSi sistema  wonasworobSi iyo, e.i. 𝑇0 = 0.  
 amis gaTvaliswinebiT  (1) miiRebs saxes: 

                     𝑇 = ∑𝐴𝑘.
𝑒                         (2)    

   ganvsazRvroT sistemis kinetikuri energia, roca doli mobrundeba  

𝜑 kuTxiT: 
 : 

                       𝑇 = 𝑇2 + 𝑇დოლ + 𝑇გვ.                           (3) 
𝑀2  ტვირთის kinetikuri energia 

𝑇2 =
1

2
𝑀2𝑣

2 =
𝑀2(𝜔𝑟)

2

2
=
𝑀2𝑟

2𝜔2

2
. 

dolis kinetikuri energia 

𝑇დოლ =
1

2
𝐽0𝜔

2 =
1

2

𝑀1𝑟
2

2
𝜔2 =

𝑀1𝑟
2𝜔2

4
. 

 ℓ  sigrZis gvarlis kinetikuri energia 

𝑇გვ =
𝑀ℓ𝑣2

2
=
𝑀ℓ𝑟2𝜔2

2
 

maSin (3) formulis Tanaxmad 

     𝑇 =
𝑀1𝑟

2𝜔2

4
+
𝑀2𝑟

2𝜔2

2
+
𝑀ℓ𝑟2𝜔2

2
= (𝑀1 + 2𝑀2 + 2𝑀ℓ)

𝑟2𝜔2

4
     (4) 

ganvsazRvroT gare Zalebis muSaoba:  

         ∑𝐴𝑘
𝑒 = 𝐴დოლ + 𝐴2 + 𝐴გვ + 𝐴ხახ + 𝐴𝑁 + 𝐴𝐿          (5) 

Ddolis simZimis Zalebis muSaoba  𝐴დოლ udris nuls. 

 bmebis reaqciis Zalebis muSaobebi 𝐴𝑁 udris nuls.   

  𝑀2  tvirTis simZimis Zalis muSaoba 

𝐴2 = −𝑀2𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼 = −𝑀2𝑔𝑟𝜑 ∙ 𝑠𝑖𝑛𝛼. 

srialis xaxunis Zalis muSaoba 
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𝐴ხახ = −𝐹ხახ𝑠 = −𝑁𝑓𝑠 = −𝑀2𝑔𝑓𝑠 ∙ 𝑐𝑜𝑠𝛼 = −𝑀2𝑔𝑓𝑟𝜑 ∙ 𝑐𝑜𝑠𝛼. 

Ggvarlis simZimis Zalis muSaoba 

𝐴გვ = ∫ 𝑀𝑔𝑥𝑑𝑥 =
𝑀𝑔𝑥2

2
|
𝑎𝑠𝑖𝑛𝛼

(𝑎−𝑟𝜑)𝑠𝑖𝑛𝛼

=

(𝑎−𝑟𝜑)𝑠𝑖𝑛𝛼

𝑎𝑠𝑖𝑛𝛼

 

=
𝑀𝑔

2
[(𝑎 − 𝑟𝜑)2𝑠𝑖𝑛2𝛼 − 𝑎2𝑠𝑖𝑛2𝛼] =

𝑀𝑔

2
(𝑟2𝜑2 − 2𝑎𝑟𝜑)𝑠𝑖𝑛𝛼 = 

= −
𝑀𝑔𝑟

2
(2𝑎 − 𝑟𝜑)𝜑𝑠𝑖𝑛𝛼. 

  𝐿 mabruni momentis muSaoba 

𝐴𝑚 = 𝐿𝜑. 

BmaSin (5) formulis Tanaxmad 

∑𝐴𝑘
𝑒 = 𝐿𝜑 − (𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼)𝑀2𝑔𝑟𝜑 −

𝑀𝑔𝑟

2
(2𝑎 − 𝑟𝜑)𝜑𝑠𝑖𝑛𝛼 = 

=
1

2
[2𝐿 − 2𝑀2𝑔𝑟(𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼) − 𝑀𝑔𝑟(2𝑎 − 𝑟𝜑)𝑠𝑖𝑛𝛼]𝜑   (6) 

(4) da (6) gamosaxuleba CavsvaT (2) gantolebaSi: 

(𝑀1 + 2𝑀2 + 2𝑀ℓ)
𝑟2𝜔2

4
= 

=
1

2
[2𝐿 − 2𝑀2𝑔𝑟(𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼) − 𝑀𝑔𝑟(2𝑎 − 𝑟𝜑)𝑠𝑖𝑛𝛼]𝜑    

 
Dda ganvsazRvroT jalambris dolis  kuTxuri siCqare gvarlis masis 
gaTvaliswinebiT: 

𝜔 =
2

𝑟
√
2𝐿 − 2𝑀2𝑔𝑟(𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼) − 𝑀𝑔𝑟(2𝑎 − 𝑟𝜑)𝑠𝑖𝑛𝛼

𝑀1 + 2𝑀2 + 2𝑀ℓ
𝜑. 

p a s u x i: 

𝜔 =
2

𝑟
√
2𝐿 − 2𝑀2𝑔𝑟(𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼) − 𝑀𝑔𝑟(2𝑎 − 𝑟𝜑)𝑠𝑖𝑛𝛼

𝑀1 + 2𝑀2 + 2𝑀ℓ
𝜑. 
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amocana  38.40 

   𝑟1 radiusis da 𝑀1 masis jalam-

bris dolze moqmedebs 𝑀 mabruni 
momenti. dolze daxveuli gvarlis 

boloze mibmulia 𝑀2 masis 𝐶 Tvlis 
RerZi. Tvali migoravs zeviT sria-
lis gareSe daxrilsibrtyeze, rom-

lis daxra horizontTan 𝛼 −s 
tolia. rogor kuTxur siCqares Sei-

Zens jalambris  doli 𝑛 brunis Semdeg? Ddoli da Tvali CaTvaleT 
erTgvarovan wriul cilin-
drebad. sawyis momentSi sis-
tema wonasworobaSia. gvarlis 
masa da xaxuni ugulebelyo-
filia. 
a m o x s n a. ganvixiloT 
mocemuli sistemis moZraoba, 
romelic Sedgeba gvarliT Se-
erTebuli dolisa daTvlisa-
gan .  vaCvenoT naxazze siste-
mis mdebareoba sawyis momen-
tSi. 

   visargebloT meqanikuri   
sistemis  kinetikuri energiis 
cvlilebis TeoremiT: 

𝑇 − 𝑇0  = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                                  (1) 

radgan sistema ucvlelia,  amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0.   

 sawyis momentSi sistema  wonasworobSi iyo, e.i. 𝑇0 = 0.  
 amis gaTvaliswinebiT  (1) miiRebs saxes: 

                      𝑇 = ∑𝐴𝑘.
𝑒                         (2)    

   ganvsazRvroT sistemis kinetikuri energia saboloo mdebareobaSi, 

roca doli mobrundeba  𝜑 kuTxiT (𝜑 = 2𝜋𝑛): 

                                     𝑇 = 𝑇1 + 𝑇2.                           (3) 
jalambris dolის kinetikuri energia 

𝑇1 =
1

2
𝐽0𝜔

2 =
1

2

𝑀1𝑟1
2

2
𝜔2 =

𝑀1𝑟1
2𝜔2

4
. 

Tvlis kinetikuri energia, romelic asrulebs brrtyel-paralelur 
moZraobas: 

𝐶 𝑂 

𝐿 

𝛼 

�⃗⃗⃗� 

• 
𝑠 �⃗� 

𝑀2�⃗� 

𝑀1�⃗� 

𝑟1 
𝑟2 

𝜑 

𝜔 

�⃗⃗�0 

�⃗�0 

 

𝐶 𝑂 

𝐿 

𝛼 
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𝑇2 =
1

2
𝑀2𝑣

2 +
1

2
𝐽𝐶𝜔

2 =
1

2
𝑀2𝑣

2 +
1

2

𝑀2𝑟2
2

2

𝑣2

𝑟2
2 =

3𝑀2𝑟1
2𝜔2

4
. 

maSin (3) formulis Tanaxmad 

          𝑇 =
𝑀1𝑟1

2𝜔2

4
+
3𝑀2𝑟1

2𝜔2

4
= (𝑀1 + 3𝑀2)

𝑟1
2𝜔2

4
.                        (4) 

ganvsazRvroT gare Zalebis muSaoba:  

                    ∑𝐴𝑘
𝑒 = 𝐴1 + 𝐴2 + 𝐴𝑁 + 𝐴𝐿                (5) 

Ddolis simZimis Zalebis muSaoba  𝐴1 udris nuls. 

 bmebis reaqciis Zalebis muSaobebi 𝐴𝑁  udris nuls.   

 𝐶 Tvlis simZimis Zalis muSaoba 

𝐴2 = −𝑀2𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼 = −𝑀2𝑔𝑟1𝜑 ∙ 𝑠𝑖𝑛𝛼 = −2𝑀2𝑔𝑟1𝜋𝑛 ∙ 𝑠𝑖𝑛𝛼. 

  𝐿 mabruni momentis muSaoba 

𝐴𝐿 = 𝐿𝜑 = 2𝐿𝜋𝑛. 

BmaSin (5) formulis Tanaxmad 

  ∑𝐴𝑘
𝑒 = 2𝐿𝜋𝑛 − 2𝑀2𝑔𝑟1𝜋𝑛 ∙ 𝑠𝑖𝑛𝛼 =                                         

            = 2𝜋𝑛(𝐿 −𝑀2𝑔𝑟1𝑠𝑖𝑛𝛼).                              (6) 

(4) da (6) gamosaxuleba CavsvaT (2) gantolebaSi: 

(𝑀1 + 3𝑀2)
𝑟1
2𝜔2

4
= 2𝜋𝑛(𝐿 −𝑀2𝑔𝑟1𝑠𝑖𝑛𝛼) 

Dda ganvsazRvroT jalambris dolis  kuTxuri siCqare 

𝜔 =
2

𝑟1
√2𝜋𝑛

𝐿 −𝑀2𝑔𝑟1𝑠𝑖𝑛𝛼

𝑀1 + 3𝑀2
. 

p a s u x i: 

𝜔 =
2

𝑟1
√2𝜋𝑛

𝐿 −𝑀2𝑔𝑟1𝑠𝑖𝑛𝛼

𝑀1 + 3𝑀2
. 
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amocana  38.41 
 

  amoxseniT wina amocana gvarlis masisa  da Tvlis uZrav sibrtyeze 

gorvis xaxunis gaTvaliswinebiT, Tu gvarlis sigrZe aris ℓ, misi 

erTeuli sigrZis masa ki –𝑀. dolze dauxveveli gvarlis sigrZe 

−𝑎, gorvis xaxunis koeficienti 𝑓გ., Tvlis radiusi −𝑟2. dolze da-

xveuli gvarlis poten-
ciuri energiis cvli-
leba ugulebelyofi-
lia. 
a m o x s n a.  ganvi-
xiloT mocemuli siste-
mis moZraoba, romelic 
Sedgeba gvarlis, doli-
sa da Tvlisagan.  
   vaCvenoT naxazze sis-
temis  mdebareoba sa-
wyis momentSi. visargeb-
loT meqanikuri sistem-
is  kinetikuri energiis 
cvlilebis TeoremiT 

                𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                    (1) 

radgan sistema ucvlelia, amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0.   

 sawyis momentSi sistema  wonasworobSi iyo, e.i. 𝑇0 = 0.  
 amis gaTvaliswinebiT  (1) miiRebs saxes: 

                      𝑇 = ∑𝐴𝑘.
𝑒                         (2)    

   ganvsazRvroT sistemis kinetikuri energia saboloo mdebareobaSi, 

roca doli mobrundeba  𝜑 kuTxiT (𝜑 = 2𝜋𝑛): 

                                  𝑇 = 𝑇1 + 𝑇2 + 𝑇გვ.                        (3) 

jalambris dolის kinetikuri energia 

𝑇1 =
1

2
𝐽0𝜔

2 =
1

2

𝑀1𝑟1
2

2
𝜔2 =

𝑀1𝑟1
2𝜔2

4
. 

 𝐶 Tvlis kinetikuri energia, romelic asrulebs brtyel-paralelur 
moZraobas: 

𝑇2 =
1

2
𝑀2𝑣

2 +
1

2
𝐽𝐶𝜔

2 =
1

2
𝑀2𝑣

2 +
1

2

𝑀2𝑟2
2

2

𝑣2

𝑟2
2 =

3𝑀2𝑟1
2𝜔2

4
. 

gvarlis kinetikuri energia: 

𝐶 𝑂 

𝐿 

𝛼 

�⃗⃗⃗� 

• 

𝑠 
�⃗� 

𝑀2�⃗� 

𝑀1�⃗� 

𝜑 

𝜔 

�⃗⃗�0 

�⃗�0 

 

• 

𝑎 

𝑀�⃗� 𝑚გორ 

𝜑2 
𝜔2 
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𝑇გვ =
𝑀ℓ𝑣2

2
=
𝑀ℓ𝑟1

2𝜔2

2
. 

maSin (3) formulis Tanaxmad 

        𝑇 =
𝑀1𝑟1

2𝜔2

4
+
3𝑀2𝑟1

2𝜔2

4
+
𝑀ℓ𝑟1

2𝜔2

2
= 

                   = (𝑀1 + 3𝑀2 +  2𝑀ℓ)
𝑟1
2𝜔2

4
.                 (4) 

 
ganvsazRvroT gare Zalebis muSaoba:  

                ∑𝐴𝑘
𝑒 = 𝐴1 + 𝐴2 + 𝐴გვ + 𝐴𝑁 + 𝐴𝐿 + 𝐴გ.         (5) 

Ddolis simZimis Zalebis muSaoba  𝐴1 udris nuls. 

 bmebis reaqciis Zalebis muSaobebi 𝐴𝑁  udris nuls.   
  Tvlis simZimis Zalis muSaoba 

𝐴2 = −𝑀2𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼 = −𝑀2𝑔𝑟1𝜑 ∙ 𝑠𝑖𝑛𝛼 = −2𝑀2𝑔𝑟1𝜋𝑛 ∙ 𝑠𝑖𝑛𝛼. 

  𝐿 mabruni momentis muSaoba 

𝐴𝐿 = 𝐿𝜑 = 2𝐿𝜋𝑛. 

  Ggvarlis simZimis Zalis muSaoba 

𝐴გვ = ∫ 𝑀𝑔𝑥𝑑𝑥 =
𝑀𝑔𝑥2

2
|
𝑎𝑠𝑖𝑛𝛼

(𝑎−𝑠)𝑠𝑖𝑛𝛼

=
1

2
𝑀𝑔(𝑠 − 2𝑎)𝑠 ∙ 𝑠𝑖𝑛𝛼

(𝑎−𝑠)𝑠𝑖𝑛𝛼

𝑎𝑠𝑖𝑛𝛼

 

=
1

2
𝑀𝑔𝑟1(2𝑎 − 𝑟1𝜑)𝜑 ∙ 𝑠𝑖𝑛𝛼 = 2𝑀𝑔𝑟1(𝑎 − 𝑟1𝜋𝑛)𝜋𝑛𝑠𝑖𝑛𝛼. 

 
Ggorvis xaxunis momentis muSaoba 

𝐴გ. = −𝑀გ.𝜑2 = −𝑁𝑓გ.
𝑟1
𝑟2
𝜑 = −𝑀2𝑔𝑓გ.

𝑟1
𝑟2
2𝜋𝑛𝑐𝑜𝑠𝛼. 

BmaSin (5) formulis Tanaxmad 

            ∑𝐴𝑘
𝑒 = 2𝐿𝜋𝑛 − 2𝑀2𝑔𝑟1𝜋𝑛 ∙ 𝑠𝑖𝑛𝛼 −                                         

−𝑀2𝑔𝑓გ.
𝑟1
𝑟2
2𝜋𝑛𝑐𝑜𝑠𝛼 −𝑀2𝑔𝑓გ.

𝑟1
𝑟2
2𝜋𝑛𝑐𝑜𝑠𝛼 = 

 = 2𝜋𝑛 [𝐿 −𝑀2𝑔𝑟1 (𝑠𝑖𝑛𝛼 +
𝑓გ.

𝑟2
𝑐𝑜𝑠𝛼) −𝑀𝑔𝑟1(𝑎 − 𝑟1𝜋𝑛)𝑠𝑖𝑛𝛼]   (6)                                                    

(4) da (6) gamosaxuleba CavsvaT (2) gantolebaSi: 

(𝑀1 + 3𝑀2 +  2𝑀ℓ)
𝑟1
2𝜔2

4
= 
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= 2𝜋𝑛 [𝐿 −𝑀2𝑔𝑟1 (𝑠𝑖𝑛𝛼 +
𝑓გ.

𝑟2
𝑐𝑜𝑠𝛼) −𝑀𝑔𝑟1(𝑎 − 𝑟1𝜋𝑛)𝑠𝑖𝑛𝛼] = 

= 2𝜋𝑛 [𝐿 − 𝑔𝑟1 {𝑀2 (𝑠𝑖𝑛𝛼 +
𝑓გ.

𝑟2
𝑐𝑜𝑠𝛼) −𝑀(𝑎 − 𝑟1𝜋𝑛)𝑠𝑖𝑛𝛼}] 

 
Dda ganvsazRvroT jalambris dolis  kuTxuri siCqare gvarlis 
masisa da gorvis xaxunis momentis gaTvaliswinebiT: 

𝜔 =
2

𝑟1

√
2𝜋𝑛

𝐿 − 𝑔𝑟1 {𝑀2 (𝑠𝑖𝑛𝛼 +
𝑓გ.
𝑟2
𝑐𝑜𝑠𝛼) −𝑀(𝑎 − 𝑟1𝜋𝑛)𝑠𝑖𝑛𝛼}

(𝑀1 + 3𝑀2 +  2𝑀ℓ)
. 

p a s u x i: 

𝜔 =
2

𝑟1

√
2𝜋𝑛

𝐿 − 𝑔𝑟1 {𝑀2 (𝑠𝑖𝑛𝛼 +
𝑓გ.
𝑟2
𝑐𝑜𝑠𝛼) −𝑀(𝑎 − 𝑟1𝜋𝑛)𝑠𝑖𝑛𝛼}

(𝑀1 + 3𝑀2 +  2𝑀ℓ)
. 

 
 

 amocana  38.42 
 

   𝐴 Tvali daxril 𝑂𝐾 
sibrtyeze Camogorebisaseweva 

zeviT 𝐵 Tvals 𝐶 blokze 
gadakidebuli gvarlis 

saSualebiT daxril  𝑂𝑁 

sibrtyeze. 𝐶 bloki brunavs 

uZravi 𝑂 RerZis garSemo. 

gansazRvreT 𝐴 Tvlis RerZis siCqare 𝑂𝐾 daxrili sibrtyis udidesi 

daxris wrfis paralelurad 𝑠 manZilze moZraobisas. sawyis momentSi 
sistema wonasworobaSia. Oorive Tvali da bloki CaTvaleT erTnairi 
radiusisa da masis erTgvaroivan diskoebad. Ggvarlis masa 
ugulebelyofilia. 
a m o x s n a.. ganvixiloT mocemuli sistemis moZraoba. vaCvenoT 
naxazze sistemis  sawyisi  da saboloo mdebareobebi. 

visargebloT meqanikuri  sistemis  kinetikuri energiis cvlilebis 
TeoremiT: 

                    𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                 (1) 

  

𝑁 

𝐴 
𝐵 

𝐶 

𝐾 𝛼 𝛽 
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   .  
radgan sistema ucvlelia,  amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0.   

 sawyis momentSi sistema  wonasworobSi iyo, e.i. 𝑇0 = 0.  
 amis gaTvaliswinebiT  (1) miiRebs saxes: 

                     𝑇 = ∑𝐴𝑘.
𝑒                         (2)    

   ganvsazRvroT sistemis kinetikuri energia saboloo mdebareobaSi:  

                                𝑇 = 𝑇𝐴 + 𝑇𝐵 + 𝑇𝐶 .                        (3) 

 𝐴 da 𝐵 Tvlebis kinetikuri energia, romlebic asrulebs brtyel-
paralelur moZraobas: 

𝑇𝐴 =
1

2
𝑀𝑣2 +

1

2
𝐽𝜔2 =

1

2
𝑀𝑣2 +

1

2

𝑀𝑟2

2

𝑣2

𝑟2
=
3𝑀𝑣2

4
, 

𝑇𝐵 =
1

2
𝑀𝑣2 +

1

2
𝐽𝜔2 =

1

2
𝑀𝑣2 +

1

2

𝑀𝑟2

2

𝑣2

𝑟2
=
3𝑀𝑣2

4
 

  𝐶 blokis kinetikuri energia, romlebic asrulebs brunviT 
moZraobas: 

𝑇𝐶 =
1

2
𝐽𝜔2 =

1

2

𝑀𝑟2

2

𝑣2

𝑟2
=
𝑀𝑣2

4
. 

maSin (3) formulis Tanaxmad 

               𝑇 =
3𝑀𝑣2

4
+
3𝑀𝑣2

4
+
𝑀𝑣2

4
=

7𝑀𝑣2

4
.                (4) 

 
ganvsazRvroT gare Zalebis muSaoba:  

                  ∑𝐴𝑘
𝑒 = 𝐴𝐴 + 𝐴𝐵 + 𝐴𝐶 + 𝐴𝑁 .               (5) 

D 𝐴  Tvlis  simZimis Zalebis muSaoba   

𝑁 

𝐴 
𝐵 

𝐶 

𝐾 
𝛼 𝛽 

• 

• 

𝑠 
𝑠 𝑂 𝑟 

𝑀�⃗� 

𝑀�⃗� 

𝑀�⃗� 

�⃗⃗⃗�𝐴 

�⃗⃗⃗�𝐵 �⃗�0 

�⃗⃗�0 

𝑦 

𝑥 

𝜔 

𝜔 

𝜑 

𝑟 
𝑟 

�⃗�ხახ2 
�⃗�ხახ1 

�⃗� 

�⃗� 
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𝐴𝐴 = 𝑀𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼. 
𝐵 Tvlis  . simZimis Zalebis muSaoba   

𝐴𝐵 = −𝑀𝑔𝑠 ∙ 𝑠𝑖𝑛𝛽. 
𝐶 blokis . simZimis Zalebis muSaoba 𝐴𝐶  udris nuls.  

 bmebis reaqciis Zalebis muSaobebi 𝐴𝑁  udris nuls.   
BmaSin (5) formulis Tanaxmad 

             ∑𝐴𝑘
𝑒 = 𝑀𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼 −𝑀𝑔𝑠 ∙ 𝑠𝑖𝑛𝛽 = 𝑀𝑔𝑠(𝑠𝑖𝑛𝛼 − 𝑠𝑖𝑛𝛽).    (6) 

(4) da (6) gamosaxuleba CavsvaT (2) gantolebaSi: 

7𝑀𝑣2

4
=  𝑀𝑔𝑠(𝑠𝑖𝑛𝛼 − 𝑠𝑖𝑛𝛽) 

Dda vipovoT Tvlis RerZis siCqare 

𝑣 = 2√
1

7
𝑔𝑠(𝑠𝑖𝑛𝛼 − 𝑠𝑖𝑛𝛽). 

p a s u x i:     𝑣 = 2√1
7
𝑔𝑠(𝑠𝑖𝑛𝛼− 𝑠𝑖𝑛𝛽). 

 

 

amocana  38.43 
 

  amoxseniT wina amocana, YTu mxedvelobaSi miiReba daxril 
sibrtyeze Tvlebis gorvis xaxunis gaTvaliswinebiT; gorvis xaxunis 

koeficienti 𝑓გ.− s tolia, xolo Tvlebis radiusebi – 𝑟.  
a m o x s n a..ganvixiloT mocemuli sistemis moZraoba. vaCvenoT 
naxazze sistemis  sawyisi  da saboloo mdebareobebi 

 

 

 

 

 

 

 

 

 

𝑁 

𝐴 
𝐵 

𝐶 

𝐾 
𝛼 𝛽 

• 

• 

𝑠 
𝑠 𝑂 

𝑀�⃗� 

𝑀�⃗� 

𝑀�⃗� 

�⃗⃗⃗�𝐴 

�⃗⃗⃗�𝐵 �⃗�0 

�⃗⃗�0 

𝑦 

𝑥 

𝜔 

𝜔 

𝜑 

�⃗�ხახ2 
�⃗�ხახ1 

�⃗� 

�⃗� 
𝑚გორ 

𝑚გორ 
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visargebloT meqanikuri  sistemis  kinetikuri energiis cvlilebis 
TeoremiT: 

                    𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                 (1) 

radgan sistema ucvlelia,  amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0.   

 sawyis momentSi sistema  wonasworobSi iyo, e.i. 𝑇0 = 0.  
 amis gaTvaliswinebiT  (1) miiRebs saxes: 

                      𝑇 = ∑𝐴𝑘.
𝑒                         (2)    

   ganvsazRvroT sistemis kinetikuri energia saboloo mdebareobaSi 
(ix. 38.42 amocanis amoxsna):  

               𝑇 =
3𝑀𝑣2

4
+
3 𝑀𝑣2

4
+
𝑀𝑣2

4
=

7𝑀𝑣2

4
.                        (3) 

ganvsazRvroT gare Zalebis muSaoba Tvlebis gorvis xaxunis 
gaTvaliswin ebiT:  

            ∑𝐴𝑘
𝑒 = 𝐴𝐴 + 𝐴𝐵 + 𝐴𝐶 + 𝐴𝑁 + 𝐴გორ𝐴 + 𝐴გორ𝐵.        (4) 

D 𝐴  Tvlis  simZimis Zalebis muSaoba   

𝐴𝐴 = 𝑀𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼. 
𝐵 Tvlis  . simZimis Zalebis muSaoba   

𝐴𝐵 = −𝑀𝑔𝑠 ∙ 𝑠𝑖𝑛𝛽. 
𝐶 blokis . simZimis Zalebis muSaoba 𝐴𝐶  udris nuls.  

 bmebis reaqciis Zalebis muSaobebi 𝐴𝑁 udris nuls.   

D 𝐴  Tvlis  გორვის ხახუნის მომენტის muSaoba   

𝐴გორ𝐴 = −𝑚გორ𝜑 = −𝑁𝐴𝑓გ.
𝑠

𝑟
= −𝑀𝑔𝑓გ.

𝑠

𝑟
𝑐𝑜𝑠𝛼, 

𝐵  Tvlis  გორვის ხახუნის მომენტის muSaoba   

𝐴გორ𝐵 = −𝑚გორ𝜑 = −𝑁𝐵𝑓გ.
𝑠

𝑟
= −𝑀𝑔𝑓გ.

𝑠

𝑟
𝑐𝑜𝑠𝛽. 

BmaSin (4) formulis Tanaxmad 

∑𝐴𝑘
𝑒 = 𝑀𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼 −𝑀𝑔𝑠 ∙ 𝑠𝑖𝑛𝛽 −𝑀𝑔𝑓გ.

𝑠

𝑟
𝑐𝑜𝑠𝛼 −𝑀𝑔𝑓გ.

𝑠

𝑟
𝑐𝑜𝑠𝛽 = 

            = 𝑀𝑔𝑠 [𝑠𝑖𝑛𝛼 − 𝑠𝑖𝑛𝛽 −
𝑓გ.

𝑟
(𝑐𝑜𝑠𝛼 + 𝑐𝑜𝑠𝛽)].           (5) 

(3) da (5) gamosaxuleba CavsvaT (2) gantolebaSi: 

7𝑀𝑣2

4
=  𝑀𝑔𝑠 [𝑠𝑖𝑛𝛼 − 𝑠𝑖𝑛𝛽 −

𝑓გ.

𝑟
(𝑐𝑜𝑠𝛼 + 𝑐𝑜𝑠𝛽)] 

Dda vipovoT Tvlis RerZis siCqare 
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𝑣 = 2√
1

7
𝑔𝑠 [𝑠𝑖𝑛𝛼 − 𝑠𝑖𝑛𝛽 −

𝑓გ.

𝑟
(𝑐𝑜𝑠𝛼 + 𝑐𝑜𝑠𝛽)]. 

p a s u x i:     𝑣 = 2√
1

7
𝑔𝑠 [𝑠𝑖𝑛𝛼 − 𝑠𝑖𝑛𝛽 −

𝑓გ.

𝑟
(𝑐𝑜𝑠𝛼 + 𝑐𝑜𝑠𝛽)]. 

 

 

amocana  38.44 
 

. 𝑀1Mmasis 𝐴 tvirTze mibmulia uWimari Zafi, romelic gadadebulia  

𝑀2M masis  𝐷  b lokze  da  daxveulia  𝑀3M  masis  cilindruli 𝐵 
sagoravis  gverdiT zedapirze.    kuTxiT   daxril   sibrtyeze   𝐴  
tvirTis qveviT  moZraobisas 𝐷  bloki  brunavs, xolo 𝐵 sagoravi 

goravs zeviT srialis gareSe horizontTan 𝛽 kuTxiT daxril 

sibrtyeze. gansazRvreT 𝐴 tvirTis  siCqare mis mier gavlili  
manZilisagan damokidebulebiT, Tu sawyis momentSi sistema iyo 

wonasworobaSi.  𝐷  bloki  da 𝐵 sagoravi CavTvaleT erTgvarovan 
wriul cilindrebad. Zafis masa da xaxunis Zalebi 
ugulebelyofilia. 

   
 

 

 

 

 

 

 

 

a m o x s n a 

ganvixiloT mocemuli sistemis moZraoba. vaCvenoT naxazze sistemis  
sawyisi  da saboloo mdebareobebi. 
visargebloT meqanikuri  sistemis  kinetikuri energiis cvlilebis 
TeoremiT: 

                      𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖               (1) 

radgan sistema ucvlelia,  amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0.   

𝐵 

𝐴 

𝐷 

𝛼 

𝛽 
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 sawyis momentSi sistema  wonasworobSi iyo, e.i. 𝑇0 = 0.  
 amis gaTvaliswinebiT  (1) miiRebs saxes: 

                      𝑇 = ∑𝐴𝑘.
𝑒                         (2)    

   ganvsazRvroT sistemis kinetikuri energia saboloo mdebareobaSi:  

                                  𝑇 = 𝑇𝐴 + 𝑇𝐵 + 𝑇𝐶 .                         (3) 

    𝐴 tvirTis kinetikuri energia, romelic asrulebs gadataniT 
 
 
 
 
  

 

 

 

 

 

 

 

 

 

 
moZraobas 

𝑇𝐴 =
𝑀1𝑣

2

2
 

𝐷 blokis kinetikuri energia, romlebic asrulebs brunviT 
moZraobas: 

𝑇𝐷 =
1

2
𝐽𝐷𝜔𝐷

2 =
1

2

𝑀2𝑟𝐷
2

2

𝑣2

𝑟𝐷
2 =

𝑀2𝑣
2

4
. 

𝐵 sagoravis  kinetikuri energia, romelic asrulebs brtyel-
paralelur moZraobas: 

𝑇𝐵 =
1

2
𝑀3𝑣𝐵

2 +
1

2
𝐽𝐵𝜔𝐵

2 =
1

2
𝑀3𝑣𝐵

2 +
1

2

𝑀3𝑟𝐵
2

2

𝑣𝐵
2

𝑟𝐵
2 

 

1

4
𝑀3𝑣

2 +
1

4
𝑀3 (

𝑣

2
)
2

=
3𝑀3𝑣

2

16
. 

 
maSin (3) formulis Tanaxmad 

         𝑇 =
𝑀1𝑣

2

2
+
𝑀2𝑣

2

4
+
3𝑀3𝑣

2

16
= (8𝑀1 + 4𝑀2 + 3𝑀3)

𝑣2

16
     (4) 

                    

𝐵 

𝐴 
𝐷 

𝛼 

𝛽 

• 

�⃗⃗⃗�𝐵 

• 

• 𝑠 
𝑥 

𝑦 𝜑 

�⃗�ხახ 

�⃗⃗⃗�𝐴 

𝑀3�⃗� 

�⃗�𝐵𝐷 

�⃗�𝐵 �⃗�𝐴 

�⃗�0 
�⃗⃗�0 

𝑀1�⃗� 

𝑀2�⃗� 𝑠𝐵 

𝜔𝐷 

𝜔𝐵 

𝑂 
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ganvsazRvroT gare Zalebis muSaoba:  

                   ∑𝐴𝑘
𝑒 = 𝐴𝐴 + 𝐴𝐵 + 𝐴𝐷 + 𝐴𝑁.                 (5) 

 

D   𝐴 tvirTis simZimis Zalis muSaoba 

𝐴𝐴 = 𝑀1𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼, 

      𝐵 sagoravis  simZimis Zalis muSaoba 

𝐴𝐵 = −𝑀3𝑔𝑠𝐵  ∙ 𝑠𝑖𝑛𝛽 = −𝑀3𝑔
𝑠

2
 ∙ 𝑠𝑖𝑛𝛽. 

       𝐷 blokis simZimis Zalebis muSaoba  𝐴𝐷 udris nuls. 

  bmebis reaqciis Zalebis (�⃗⃗⃗�𝐴, �⃗⃗⃗�𝐵, �⃗�0, �⃗⃗�0, �⃗�ხახ) muSaobebi 𝐴𝑁  udris 
nuls.   

  BmaSin (5) formulis Tanaxmad 

∑𝐴𝑘
𝑒 = 𝑀1𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼 −𝑀3𝑔

𝑠

2
 ∙ 𝑠𝑖𝑛𝛽 =    

                  =
1

2
(2𝑀1𝑠𝑖𝑛𝛼 −𝑀3𝑠𝑖𝑛𝛽)𝑔𝑠.              (6) 

(4) da (6) gamosaxuleba CavsvaT (2) gantolebaSi: 

(8𝑀1 + 4𝑀2 + 3𝑀3)
𝑣2

16
   =  

1

2
(2𝑀1𝑠𝑖𝑛𝛼 −𝑀3𝑠𝑖𝑛𝛽)𝑔𝑠 

Dda vipovoT D 𝐴 tvirTis siCqare 

𝑣 = 2√2𝑔𝑠
2𝑀1𝑠𝑖𝑛𝛼 −𝑀3𝑠𝑖𝑛𝛽

8𝑀1 + 4𝑀2 + 3𝑀3
. 

p a s u x i:    𝑣 = 2√2𝑔𝑠
2𝑀1𝑠𝑖𝑛𝛼−𝑀3𝑠𝑖𝑛𝛽

8𝑀1+4𝑀2+ 3𝑀3
. 

 

amocana  38.45 

 
   amoxseniT wina amocana im  daSvebiT, rom  srialis da  gorvis 

xaxunis koeficientebi  saTanadod udris 𝑓 da  𝑓გ., sagoravis 

radiusebi ki – 𝑟.  
a m o x s n a.  ganvixiloT mocemuli sistemis moZraoba. vaCvenoT 
naxazze sistemis  sawyisi  da saboloo mdebareobebi 

  



 
333 

 

 

 

 

 

 

 

 

 

 

 

  visargebloT meqanikuri sistemis  kinetikuri energiis cvlilebis 
TeoremiT: 

                    𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                 (1) 
radgan sistema ucvlelia,  amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0.   

 sawyis momentSi sistema  wonasworobSi iyo, e.i. 𝑇0 = 0.  
 amis gaTvaliswinebiT  (1) miiRebs saxes: 

                      𝑇 = ∑𝐴𝑘.
𝑒                         (2)    

   ganvsazRvroT sistemis kinetikuri energia saboloo mdebareobaSi 
(ix. 38.44 amocanis amoxsna):  

         𝑇 =
𝑀1𝑣

2

2
+
𝑀2𝑣

2

4
+
3𝑀3𝑣

2

16
= (8𝑀1 + 4𝑀2 + 3𝑀3)

𝑣2

16
      (3) 

                    
ganvsazRvroT gare Zalebis muSaoba:  

             ∑𝐴𝑘
𝑒 = 𝐴𝐴 + 𝐴𝐵 + 𝐴𝐷 + 𝐴𝑁 + 𝐴ხახ𝐴 + 𝐴გორ𝐵.        (4) 

D   𝐴 tvirTis simZimis Zalis muSaoba 

𝐴𝐴 = 𝑀1𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼, 

      𝐵 sagoravis  simZimis Zalis muSaoba 

𝐴𝐵 = −𝑀3𝑔𝑠𝐵  ∙ 𝑠𝑖𝑛𝛽 = −𝑀3𝑔
𝑠

2
 ∙ 𝑠𝑖𝑛𝛽. 

       𝐷 blokis simZimis Zalebis muSaoba  𝐴𝐷 udris nuls. 

  bmebis reaqciis Zalebis (�⃗⃗⃗�𝐴, �⃗⃗⃗�𝐵, �⃗�0, �⃗⃗�0) muSaobebi 𝐴𝑁 udris nuls.  

𝐵 

𝐴 
𝐷 

𝛼 

𝛽 

• 

�⃗⃗⃗�𝐵 

• 

• 𝑠 
𝑥 

𝑦 𝜑 

�⃗�ხახ𝐵 

�⃗⃗⃗�𝐴 

𝑀3�⃗� 

�⃗�𝐵𝐷 

�⃗�𝐵 �⃗�𝐴 

�⃗�0 
�⃗⃗�0 

𝑀1�⃗� 

𝑀2�⃗� 
𝑠𝐵 

𝜔𝐷 

𝜑𝐵 

𝑂 

• 
𝑚გორ 

�⃗�ხახ𝐴 
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𝐴 tvirTis srialis xaxunis  Zalis muSaoba 

𝐴ხახ𝐴 = −𝐹ხახ𝑠 = −𝑁𝐴𝑓𝑠 = −𝑀1𝑔𝑓𝑠 ∙ 𝑐𝑜𝑠𝛼. 

 𝐵 sagoravis  გორვის ხახუნის მომენტის muSaoba 

𝐴გორ𝐵 = −𝑚გორ𝜑𝐵 = −𝑁𝐵𝑓გ.
𝑠𝐵
𝑟
= −𝑀3𝑔𝑓გ.

𝑠

2𝑟
𝑐𝑜𝑠𝛽. 

 
maSin (4) formulis Tanaxmad 

∑𝐴𝑘
𝑒 = 𝑀1𝑔𝑠 ∙ 𝑠𝑖𝑛𝛼 −𝑀3𝑔

𝑠

2
 ∙ 𝑠𝑖𝑛𝛽 −𝑀1𝑔𝑓𝑠 ∙ 𝑐𝑜𝑠𝛼

−𝑀3𝑔𝑓გ.
𝑠

2𝑟
𝑐𝑜𝑠𝛽 =    

     =
1

2
[2𝑀1(𝑠𝑖𝑛𝛼 − 𝑓𝑐𝑜𝑠𝛼) − 𝑀3 (𝑠𝑖𝑛𝛽 +

𝑓გ.

𝑟
𝑐𝑜𝑠𝛽)]𝑔𝑠.   (5) 

(4) da (5) gamosaxuleba CavsvaT (2) gantolebaSi: 

(8𝑀1 + 4𝑀2 + 3𝑀3)
𝑣2

16
     =  

=
1

2
[2𝑀1(𝑠𝑖𝑛𝛼 − 𝑓𝑐𝑜𝑠𝛼) − 𝑀3 (𝑠𝑖𝑛𝛽 +

𝑓გ.

𝑟
𝑐𝑜𝑠𝛽)]𝑔𝑠 

Dda vipovoT D 𝐴 tvirTis siCqare srialis  xaxunis da gorvis 
xaxunis momentis gaTvaliewinebiT: 

𝑣 = 2
√
2𝑔𝑠

2𝑀1(𝑠𝑖𝑛𝛼 − 𝑓𝑐𝑜𝑠𝛼) − 𝑀3 (𝑠𝑖𝑛𝛽 +
𝑓გ.
𝑟 𝑐𝑜𝑠𝛽)

8𝑀1 + 4𝑀2 + 3𝑀3
. 

p a s u x i: 

𝑣 = 2
√
2𝑔𝑠

2𝑀1(𝑠𝑖𝑛𝛼 − 𝑓𝑐𝑜𝑠𝛼) − 𝑀3 (𝑠𝑖𝑛𝛽 +
𝑓გ.
𝑟
𝑐𝑜𝑠𝛽)

8𝑀1 + 4𝑀2 + 3𝑀3
. 
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amocana  38.46 

   𝑀 masis tvirTi Camokidebulia ℓ 
sigrZis erTgvarovan uWimar gvarlze, 
romelic daxveulia horizontaluri 
brunvis RerZismqone cilindrul dolze. 
Ddolis inerciis momenti brunvis 

RerZis mimarT udris 𝐽 , misi radiusia 
𝑅,gvarlis erTeuli  sigrZis masa ki 𝑚. 
ipoveT tvirTis siCqare im momentSi, 
rodesac Camokidebuli gvarlis sigrZe 

udris 𝑥, Tu sawyis momentSi tvirTis  

siCqare 𝑣0 = 0, xolo dolze 

Camokidebuli  gvarlis sigrZe iyo 𝑥0. 
gvarlis sisqe, xaxuni dolis RerZSi da gvarlis potenciuri 
energiis  cvlileba ugulebelyofilia. 
 a m o x s n a.. ganvixiloT mocemuli sistemis moZraoba. vaCvenoT  
naxazze sistemis  sawyisi  da 
saboloo mdebareobebi. 

    visargebloT meqanikuri  
sistemis  kinetikuri energiis 
cvlilebis TeoremiT: 

      𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖        (1)       
radgan sistema ucvlelia,  amitom 
Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0.   

 sawyis momentSi sistema  

wonasworobSi iyo, e.i. 𝑇0 = 0.  
 amis gaTvaliswinebiT  (1) miiRebs 
saxes: 

         𝑇 = ∑𝐴𝑘.
𝑒           (2)    

   ganvsazRvroT sistemis kinetikuri 
 energia saboloo mdebareobaSi: 
             𝑇 = 𝑇𝐴 + 𝑇დ + 𝑇გვ.      (3) 

 𝐴 tvirTis kinetikuri energia, 
romelic asrulebs gadataniT 
moZraobas 

𝑇𝐴 =
𝑀𝑣2

2
 

 dolis kinetikuri energia, romlebic asrulebs brunviT moZraobas: 

     𝑇დ =
1

2
𝐽𝜔2 =

1

2
𝐽
𝑣2

𝑅2
. 

𝑥0 

𝑥 

A 

• 

• 

• 

• 

• 𝑑𝑥 

ℎ 

�⃗� 
𝑀�⃗� 

𝑚𝑥�⃗� 

𝑀დ�⃗� 

𝑥 

𝑦 

𝜑 

𝑅 

�⃗⃗⃗� 
𝜔 

𝑥0 

𝑥 

𝐴 
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gvarlis  kinetikuri energia, romlis TiToeuli wertilis asrulebs 
gadtaniT moZraobas: 

𝑇გვ =
𝑚ℓ𝑣2

2
, 

maSin (3) formulis Tanaxmad 

           𝑇 =
𝑀𝑣2

2
+
𝑚ℓ𝑣2

2
+
1

2
𝐽
𝑣2

𝑅2
= [(𝑀 +𝑚ℓ)𝑅2 + 𝐽]

𝑣2

2𝑅2
     (4) 

                    
ganvsazRvroT gare Zalebis muSaoba:  

                  ∑𝐴𝑘
𝑒 = 𝐴𝐴 + 𝐴დ + 𝐴გვ + 𝐴𝑁 .               (5) 

D   𝐴 tvirTis simZimis Zalis muSaoba 

𝐴𝐴 = 𝑀𝑔ℎ = 𝑀𝑔(𝑥 − 𝑥0). 

gvarlis  simZimis Zalis muSaoba 

𝐴გვ = ∫𝑚𝑔𝑥𝑑𝑥 =
𝑚𝑔

2
(𝑥2 − 𝑥0

2)

𝑥

𝑥0

. 

dolis simZimis Zalebis muSaoba  𝐴დ da   bmebis reaqciis Zalebis  

muSaoba 𝐴𝑁  udris nuls.   

  BmaSin (5) formulis Tanaxmad 

∑𝐴𝑘
𝑒 = 𝑀𝑔(𝑥 − 𝑥0) +

𝑚𝑔

2
(𝑥2 − 𝑥0

2) =    

              = [2𝑀 +𝑚(𝑥 + 𝑥0)]
𝑔(𝑥−𝑥0)

2
.                 (6)       

(4) da (6) gamosaxuleba CavsvaT (2) gantolebaSi: 

[(𝑀 +𝑚ℓ)𝑅2 + 𝐽]
𝑣2

2𝑅2
     =  [2𝑀 +𝑚(𝑥 + 𝑥0)]

𝑔(𝑥 − 𝑥0)

2
 

Dda vipovoT D 𝐴 tvirTis siCqare 

𝑣 = 𝑅√𝑔
[2𝑀 +𝑚(𝑥 + 𝑥0)](𝑥 − 𝑥0)

(𝑀 +𝑚ℓ)𝑅2 + 𝐽
. 

p a s u x i:  𝑣 = 𝑅√𝑔
[2𝑀+𝑚(𝑥+𝑥0)](𝑥−𝑥0)

(𝑀+𝑚ℓ)𝑅2+𝐽
. 
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amocana 38.47 

 

   𝑀1 masis  𝐴 tvirTi Camokidebulia 𝐿 
sigrZisa da  𝑀2 masis erTgvarovani 
bagiris boloze. bagiri gadakidebulia 
𝐵  blokze, romelic brunavs naxazis 

sibrtyis marTobuli  𝑂 RerZisgarSemo.  

bagiris meore bolomibmulia 𝐶 
sagoravis RerZze,romelic usrialod 
goravs uZrav horizontalur sibrtyeze.  

𝐵  bloki da 𝐶 sagoravi erTgvarovani  𝑟 
radiusisa da  𝑀3 masis wriuli 

diskoebia. horizontalur sibrtyeze  𝐶 sagoravis  gorvis xaxunis 
koeficienti udris 𝑓გ.. sawyis momentSi, roca sistema 

wonasworobaSi iyo, 𝐵  blokidan gadakidebuli bagiris sigrZe 

udrida ℓ. gansazRvreT 𝐴 tvirTis siCqare, rogorc misi 

vertikaluri  ℎ gadaadgilebis funqcia.     
a m o x s n a.     ganvixiloT mocemuli sistemis moZraoba. 

vaCvenoT naxazze sistemis  saboloo mdebareoba, roca 𝐴 tvirTi 

gadaadgilda ℎ manZilze da sawyisi mdebareoba. 

visargebloT meqanikuri  sistemis  kinetikuri energiis cvlilebis 
TeoremiT: 

                      𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖               (1) 
 

 

 

 

    

 

 

 
 
 
 
 
 
 
 
 

𝐶 𝐵 

𝐴 

𝑂 

𝑠 = ℎ 

𝐶 

(𝐿 − ℓ − ℎ −
𝜋𝑟

2
) 

𝜑𝐶 

�⃗� 

𝑟 𝑟 

𝜔𝐵 

𝜔𝐶 𝜋𝑟

2
 

𝐵 

𝑀1�⃗� 

�⃗� 

𝑀3�⃗� 𝑀𝐶𝐵�⃗� 

�⃗⃗⃗�𝐵 
�⃗⃗⃗�𝐶 

ℓ 
ℓ0 

ℎ 
𝑀3�⃗� 

𝑚გორ 
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radgan sistema ucvlelia,  amitom Siga Zalebis muSaoba udris nuls, 

e.i. ∑ 𝐴𝑘
𝑖 = 0.   

 sawyis momentSi sistema  wonasworobSi iyo, e.i. 𝑇0 = 0.  
   amis gaTvaliswinebiT  (1) miiRebs saxes: 

                      𝑇 = ∑𝐴𝑘.
𝑒                         (2)    

   ganvsazRvroT sistemis kinetikuri energia saboloo mdebareobaSi:  

                            𝑇 = 𝑇𝐴 + 𝑇𝐵 + 𝑇𝐶 + 𝑇ბაგ.                        (3) 
  𝐴 tvirTis kinetikuri energia, romelic asrulebs gadataniT 
moZraobas 

𝑇𝐴 =
𝑀1𝑣

2

2
 

   𝐵 blokis kinetikuri energia, romlebic asrulebs brunviT 
moZraobas: 

𝑇𝐵 =
1

2
𝐽𝐵𝜔𝐵

2 =
1

2

𝑀3𝑟
2

2

𝑣2

𝑟2
=
𝑀3𝑣

2

4
. 

   𝐶 sagoravis  kinetikuri energia, romelic asrulebs brtyel-
paralelur moZraobas: 

𝑇𝐶 =
1

2
𝑀3𝑣

2 +
1

2
𝐽𝐶𝜔𝐶

2 =
1

2
𝑀3𝑣

2 +
1

2

𝑀3𝑟
2

2

𝑣2

𝑟2
=
3𝑀3𝑣

2

4
 

      Bagiris   kinetikuri  energia, romlis  TiToeuli   wertilis 

asrulebs gadtaniT moZraobas �⃗�  siCqariT: 

𝑇ბაგ =
𝑀2𝑣

2

2
 

maSin (3) formulis Tanaxmad 

       𝑇 =
𝑀1𝑣

2

2
+
𝑀3𝑣

2

4
+
𝑀2𝑣

2

4
+
3𝑀3𝑣

2

4
= (𝑀1 +𝑀2 + 2𝑀3)

𝑣2

2
   (4) 

                    
ganvsazRvroT gare Zalebis muSaoba:  

            ∑𝐴𝑘
𝑒 = 𝐴𝐴 + 𝐴𝐵 + 𝐴ბაგ + 𝐴𝐶 + 𝐴𝑁 + 𝐴გორ𝐶 .         (5) 

D   𝐴 tvirTis simZimis Zalis muSaoba 

𝐴𝐴 = 𝑀1𝑔ℎ. 

     𝐵 blokis simZimis Zalebis muSaoba  𝐴𝐵 da      𝐶 sagoravis  

simZimis Zalis muSaoba  𝐴𝐶udris nuls. 

  bmebis reaqciis Zalebis (�⃗⃗⃗�𝐴, �⃗⃗⃗�𝐵, ) muSaobebi 𝐴𝑁  udris nuls.   

   Bbagiris simZimis Zalis muSaoba 
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𝐴ბაგ = ∫
𝑀2𝑔

𝐿
𝑥𝑑𝑥 =

𝑀2𝑔

2𝐿

ℓ0+ℎ

ℓ0

[(ℓ0 + ℎ)
2 − ℓ0

2] = 

=
𝑀2𝑔

2𝐿
(2ℓ0 + ℎ)ℎ =

𝑀2𝑔

2𝐿
(2ℓ + 2𝑟 + ℎ)ℎ. 

  𝐶 sagoravis  გორვის ხახუნის მომენტის muSaoba 

𝐴გორ𝐶 = −𝑚გორ𝜑𝐶 = −𝑁𝐶𝑓გ.
𝑠𝐶
𝑟
= −𝑁𝐶

𝑓გ.

𝑟
ℎ. 

   ganvsazRvroT 𝐶 sagoravis  reaqciis mniSvneloba 𝑁𝐶 : 

𝑁𝐶 = 𝑀3𝑔 +
𝑀2𝑔

2𝐿
(𝐿 − ℓ −

ℎ

2
−
𝜋𝑟

2
) = 

= 𝑔 [𝑀3 +𝑀2 (
1

2
−
ℓ

2𝐿
−
ℎ

4𝐿
−
𝜋𝑟

4𝐿
)]. 

BmaSasadame, 

𝐴ბაგ = −𝑔ℎ [𝑀3 +𝑀2 (
1

2
−
ℓ

2𝐿
−
ℎ

4𝐿
−
𝜋𝑟

4𝐿
)]
𝑓გ.

𝑟
. 

maSin (5) formulis Tanaxmad 

∑𝐴𝑘
𝑒 = 𝑀1𝑔ℎ +

𝑀2𝑔

2𝐿
(2ℓ + 2𝑟 + ℎ)ℎ − 

            −𝑔ℎ [𝑀3 +𝑀2 (
1

2
−

ℓ

2𝐿
−

ℎ

4𝐿
−
𝜋𝑟

4𝐿
)]

𝑓გ.

𝑟
.         (6) 

(4) da (6) gamosaxuleba CavsvaT (2) gantolebaSi: 

(𝑀1 +𝑀2 + 2𝑀3)
𝑣2

2
     =  𝑔ℎ {𝑀1 +

𝑀2
2𝐿
(2ℓ + 2𝑟 + ℎ) − 

−[𝑀3 +𝑀2 (
1

2
−
ℓ

2𝐿
−
ℎ

4𝐿
−
𝜋𝑟

4𝐿
)]
𝑓გ.

𝑟
} 

Dda vipovoT D 𝐴 tvirTis siCqare 

𝑣 =
√
 2𝑔ℎ {𝑀1 +

𝑀2

2𝐿
(2ℓ + 2𝑟 + ℎ) −

𝑓გ.
𝑟
[𝑀3 +𝑀2 (

1
2
−
ℓ
2𝐿
−
ℎ
4𝐿
−
𝜋𝑟
4𝐿
)]}

𝑀1 +𝑀2 + 2𝑀3

. 

p a s u x i: 

𝑣 =
√
 2𝑔ℎ {𝑀1 +

𝑀2

2𝐿
(2ℓ + 2𝑟 + ℎ) −

𝑓გ.
𝑟
[𝑀3 +𝑀2 (

1
2
−
ℓ
2𝐿
−
ℎ
4𝐿
−
𝜋𝑟
4𝐿
)]}

𝑀1 +𝑀2 + 2𝑀3
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 amocana  38.48 

 
   Hhorizontalur sibrtyeSi mdebare 
elifsografis  meqanizmi  moZraobaSi 

modis  mudmivi mabruni  𝑚0 momentis 

moqmedebiT, romelic  modebulia 𝑂𝐶  
mrudmxaraze.  sawyis  momentSi, roca 

𝜑 = 0, s meqanizmi s uZravia.  ipoveT 
mrudmxaras  skuTxuri  s siCqare  im  
momentSi, roca man gaakeTas meoTxedi  

brunva. Mmocemulia:  𝑀− 𝐴𝐵 sReros 

 masa, 𝑚𝐴 = 𝑚𝐵 = 𝑚, 𝐴   da 𝐵 cocias masebi, 𝑂𝐶 = 𝐴𝐶 = 𝐵𝐶 = ℓ; 
mrudmxaras masa da winaRobis Zalebi ugulebelyofilia. 
a m o x s n a.   ganvixiloT mocemuli sistemis moZraoba. vaCvenoT 

naxazze sistemis  saboloo mdebareoba, roca 𝑂𝐶 mrudmxara  

ASemobrundeba  𝜑 =
𝜋

2
 kuTxiT da sawyisi mdebareoba.  visargebloT 

meqanikuri  sistemis  kinetikuri energiis cvlilebis TeoremiT: 

                  𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                  (1) 
 
   Radgan    sistema   ucvlelia,  

amitom  ∑𝐴𝑘
𝑖 = 0.   

 sawyis momentSi sistema  

wonasworobSi  iyo, e.i. 𝑇0 = 0.  
 amis gaTvaliswinebiT  (1) miiRebs 
saxes: 

        𝑇 = ∑𝐴𝑘.
𝑒         (2)    

      Mmeqanizmi moTavsebulia 
horizontalur sibrtyeSi, amitom 
misi calkeuli nawilebis simZimis 
Zalebi muSaobas ar asruleben. 
muSaobas asrulebs mxolod   

mabruni 𝑚0 momenti: 

                   ∑𝐴𝑘
𝑒 = 𝐴𝑚0

= 𝑚0𝜑 = 𝑚0 ∙
𝜋

2
.                         (3) 

 ganvsazRvroT sistemis kinetikuri energia saboloo mdebareobaSi:  

                                   𝑇 = 𝑇𝐴 + 𝑇𝐵 + 𝑇𝐴𝐵.                        (4) 

  𝐴 cocias kinetikuri energia udris nuls, radgan 𝐴 wertilSi 

aris 𝐴𝐵  rgolis siCqareTa myisi centri. 

𝑇𝐴 =
𝑀1𝑣

2

2
 

𝑂 

𝑚0 

𝐴 

𝐵 

𝐶 

𝜑 

𝑂 �⃗�𝐵 

𝐴 

𝐵0 𝐶0 

𝐶 

𝜑 
𝐵 

𝜔𝐴𝐵 

𝜔 

𝑚0 

�⃗�𝐶  
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   𝐴𝐵 Reros kinetikuri energia, romlebic asrulebs myis brunviT 

moZraobas  𝜔𝐴𝐵 = 𝜔 kuTxuri siCqariT 𝐴 wertilSi  mdebare 
siCqareTa myisi centris irgvliv: 

𝑇𝐴𝐵 =
1

2
𝐽𝐴𝜔𝐴𝐵

2 =
1

2
[𝐽𝐶 +𝑀(𝐴𝐶)

2]𝜔𝐴𝐵
2 = 

==
1

2
[
𝑀(𝐴𝐵)2

12
+𝑀(𝐴𝐶)2]𝜔2 =

2𝑀ℓ2𝜔2

3
. 

   𝐵 cocias kinetikuri energia, romelic asrulebs gadataniT 
moZraobas  

𝑇𝐵 =
𝑚𝑣𝐵

2

2
=
𝑚(2ℓ𝜔)2

2
= 2𝑚ℓ2𝜔2. 

maSin (4) formulis Tanaxmad 
 

𝑇 =
2𝑀ℓ2𝜔2

3
+ 2𝑚ℓ2𝜔2 =

2ℓ2𝜔2

3
(𝑀 + 3𝑚). 

(3) da (4) gamosaxuleba CavsvaT (2) gantolebaSi: 

2ℓ2𝜔2

3
(𝑀 + 3𝑚) = 𝑚0 ∙

𝜋

2
 

Dda vipovoT mrudmxaras kuTxuri siCqare 

𝜔 =
1

2ℓ
√
3𝜋𝑚0

𝑀+ 3𝑚
. 

p a s u x i:    𝜔 =
1

2ℓ
√
3𝜋𝑚0

𝑀+3𝑚
. 

 
 
 

amocana  38.49 

 

 amoxseniT wina amocana  𝐶  saxsarSi  mudmivi 

winaRobis 𝑚წ  momentis gaTvaliswinebiT. 

a m o x s n a.  ganvixiloT mocemuli sistemis 
moZraoba. vaCvenoT naxazze sistemis saboloo 

mdebareoba, roca 𝑂𝐶 mrudmxara  ASemobrundeba  

𝜑 =
𝜋

2
 kuTxiT da sawyisi mdebareoba. 

      visargebloT meqanikuri  sistemis 
kinetikuri  energiis cvlilebis TeoremiT: 

       𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖               (1) 
radgan sistema ucvlelia,  amitom  ∑𝐴𝑘

𝑖 = 0.   
𝑂 �⃗�𝐵 

𝐴 

𝐶 

𝜑 
𝐵 

𝜔𝐴𝐵 

𝜔 

𝑚0 

�⃗�𝐶  

𝑚წ 

𝜑𝐶 
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 sawyis momentSi sistema  wonasworobSi iyo, e.i. 
 𝑇0 = 0.  
 amis gaTvaliswinebiT  (1) miiRebs saxes: 

                     𝑇 = ∑𝐴𝑘.
𝑒                          (2)    

     sistemis kinetikuri energia saboloo mdebareobaSi (ix. 38.48 
amocanis amoxsna) 

                         𝑇 =
2𝑀ℓ2𝜔2

3
+ 2𝑚ℓ2𝜔2 =

2ℓ2𝜔2

3
(𝑀 + 3𝑚).             (3) 

ganvsazRvroT gare Zalebis muSaoba: 

                     ∑𝐴𝑘
𝑒 = 𝐴𝑚0

+ 𝐴𝑚წ
 ,                              (4)                          

 Mmeqanizmi moTavsebulia horizontalur sibrtyeSi, amitom misi 
calkeuli nawilebis simZimis Zalebi muSaobas ar asruleben.  

: mabruni 𝑚0 momentis muSaoba 

                   𝐴𝑚0
= 𝑚0𝜑 = 𝑚0 ∙

𝜋

2
.                      

 winaRobis  𝑚წ momentis muSaoba 

        𝐴𝑚წ
= −𝑚წ𝜑𝑐 = −𝜋𝑚წ..                   

maSin (4) formulis Tanaxmad 

                                ∑𝐴𝑘
𝑒 = 𝑚0 ∙

𝜋

2
− 𝜋𝑚წ = (𝑚0 − 2𝑚წ)

𝜋

2
,               (5) 

radgan 𝜑𝑐 = 2𝜑 = 𝜋. 

 (3) da (5) gamosaxuleba CavsvaT (2) gantolebaSi: 

2ℓ2𝜔2

3
(𝑀 + 3𝑚) = (𝑚0 − 2𝑚წ)

𝜋

2
 

Dda vipovoT mrudmxaras kuTxuri siCqare winaRobis momentis 
gaTvaliwinebiT. 

𝜔 =
1

2ℓ
√
3𝜋(𝑚0 − 2𝑚წ)0

𝑀 + 3𝑚
. 

p a s u x i:   𝜔 =
1

2ℓ
√
3𝜋(𝑚0−2𝑚წ)0

𝑀+3𝑚
. 
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amocana  38.50 

   horizontalur sibrtyeSi 
mdebare epicikluri meqnizmis  

𝑂𝑂1 mrudmxaraze modebulia 

mabruni momentი 𝑀მაბ = 𝑀0 − 𝛼𝜔, 
sadac 𝑀0   da  𝛼   dadebiTi 

mudmivebia, xolo   𝜔 −  kuTxuri 

siCqare udris 𝑚  , satelitis masa 

−𝑀 (moZravi Tvali). gansazRvreT 
mrudmxaras   kuTxuri siCqare, 
rogorc drois funqcia,Tu mrudmxaramiRebulia erTgvarovan wriul 

diskod.. sawyis momentSi sistema wonasworobaSi iyo. uZravi kbilanas 

radiusia  𝑅. winaRobis Zalebi ugulebelyofilia. 
       m i T i T e b a. meqanikuri  
sistemis kinetikuri  energiis 
cvlilebis Teorema gamoiyeneT 
diferencialuri  saxiT. 
a m o x s n a.ganvixiloT 
mocemuli sistemis moZraoba. 
vaCvenoT naxazze sistemis 

mdebareoba drois 𝑡 momentSi, 
avRniSnoT mrudmxaras sawyis 
mdebareoba 

 gamoviyenoT meqanikuri  sistemis kinetikuri   energiis cvlilebis  
Teorema diferencialuri formiT: 

                                      𝑑𝑇 = ∑𝛿𝐴𝑘.
𝑒                                    (1) 

 
vipovoT sistemis kinetikuri energia: 

 

                                 𝑇 = 𝑇მრ + 𝑇𝐶                                                 (2) 
 

𝑂𝑂1 mrudmxaraს  kinetikuri energiა, romelic asrulebs brunviT 
moZraobas: 

𝑇მრ =
1

2
𝐽0𝜔

2 =
1

2
[
𝑚(𝑂𝑂1)

2

12
+𝑚(

𝑂𝑂1
2
)
2

]𝜔2 = 

=
𝑚(𝑂𝑂1)

2

6
𝜔2 =

𝑚(𝑅 + 𝑟)2

6
𝜔2. 

 

  𝐶 satelitis kinetikuri energiა, romelic asrulebs brtyel 
paralelur moZraobas: 

 

𝑀მაბ 𝑂1 

𝑂 

𝑀მაბ 
𝑂1 

𝑂 

𝑂1 𝜔 

𝐶 
𝜑 𝑟 𝑅 

�⃗�1 

𝜔1 
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𝑇𝐶 =
𝑀𝑣1

2

2
+
1

2
𝐽𝑂1𝜔1

2 =
𝑀𝑣1

2

2
+
1

2

𝑀𝑟2

2

𝑣1
2

𝑟2
=
𝑀𝑣1

2

4
=
3𝑀(𝑅 + 𝑟)2

4
𝜔2. 

 
maSin (2) formulis Tanaxmad 

𝑇 =
𝑚𝜔2(𝑅 + 𝑟)2

6
+
3𝑀𝜔2(𝑅 + 𝑟)2

4
= (

𝑚

3
+
3𝑀

2
)
(𝑅 + 𝑟)2

2
�̇�2. (3) 

vipovoT (3) gamosaxulebis diferencili: 

𝑑𝑇 = (
𝑚

3
+
3𝑀

2
) (𝑅 + 𝑟)2�̇�𝑑�̇� = (

𝑚

3
+
3𝑀

2
) (𝑅 + 𝑟)2

𝑑𝜑

𝑑𝑡
𝑑�̇�. (4) 

 
Mmeqanizmi moTavsebulia horizontalur sibrtyeSi, amitom misi 
calkeuli nawilebis simZimis Zalebi muSaobas ar asruleben.  

gamovTvaloT  mabruni 𝑀მაბ momentis elementaruli muSaoba 

            𝛿𝐴 = 𝑀მაბ𝑑𝜑 = (𝑀0 − 𝛼𝜔)𝑑𝜑 = (𝑀0 − 𝛼�̇�)𝑑𝜑     (5) 

 (4) da (5) gamosaxuleba CavsvaT (1) gantolebaSi: 

(
𝑚

3
+
3𝑀

2
) (𝑅 + 𝑟)2

𝑑𝜑

𝑑𝑡
𝑑�̇� = (𝑀0 − 𝛼�̇�)𝑑𝜑, 

 

SevkvecoT 𝑑𝜑 −ze, movaxdinoT cvladTa gancaleba da vaintegroT 
miRebuli toloba: 

(
𝑚

3
+
3𝑀

2
) (𝑅 + 𝑟)2∫

𝑑�̇�

𝛼�̇� − 𝑀0

𝜔

0

= −∫𝑑𝑡,

𝑡

0

 

  
1

2
(
𝑚

3
+
3𝑀

2
) (𝑅 + 𝑟)2𝑙𝑛 |

𝛼𝜔 −𝑀0
−𝑀0

| = −𝑡, 

𝛼𝜔 −𝑀0
−𝑀0

= 𝑒
−
𝛼𝑡
𝐽დაყ 

sadac   

𝐽დაყ. = (
𝑚

3
+
3𝑀

2
) (𝑅 + 𝑟)2. 

vipovoT mrudmxaras   kuTxuri siCqare 

𝜔 =
𝑀0
𝛼
(1 − 𝑒

−
𝛼
𝐽დაყ

𝑡
). 

p a s u x i:     𝜔 =
𝑀0

𝛼
(1 − 𝑒

−
𝛼

𝐽დაყ
𝑡
),  sadac   

𝐽დაყ. = (
𝑚

3
+
3𝑀

2
) (𝑅 + 𝑟)2. 
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amocana  38.51 

    amoxseniT wina amocana satelitis  𝑂1 RerZSi  xaxunis mudmivi 
momentიs 𝑀ხახ −isgaTvaliwinebiT. 
a m o x s n a.   ganvixiloT 
mocemuli sistemis moZraoba. vaCvenoT 

naxazze sistemis mdebareoba drois 𝑡 
momentSi. 
     gamoviyenoT meqanikuri  sistemis 
kinetikuri    energies    cvlilebis  
Teorema diferencialuri formiT: 

        𝑑𝑇 = ∑𝛿𝐴𝑘.
𝑒           (1) 

 
sistemis kinetikuri energia(ix. 38.50 amocanis amoxsna, formula (3)): 

𝑇 = (
𝑚

3
+
3𝑀

2
)
(𝑅+𝑟)2

2
𝜔2 =

1

2
𝐽დაყ.𝜔

2 =
1

2
𝐽დაყ.�̇�

2, 
sadac   

𝐽დაყ. = (
𝑚

3
+
3𝑀

2
) (𝑅 + 𝑟)2. 

maSin 

                        𝑑𝑇 = 𝐽დაყ.�̇�𝑑�̇� = 𝐽დაყ.
𝑑𝜑

𝑑𝑡
𝑑�̇�.               (2) 

 
  ganvsazRvroT  sistemaze moqmedi gare Zalebis elementarul 
muSaobaTa jami: 

                   ∑𝛿𝐴𝑘
𝑒 = 𝛿𝐴ბრ + 𝛿𝐴ხახ ,                                 (3)                          

 Mmeqanizmi moTavsebulia horizontalur sibrtyeSi, amitom   simZimis 
Zalebi muSaobas ar asruleben.  

გამოვთვალოთ satelitis   RerZSi  xaxunis momentიs 𝑀ხახ −is muSaoba 

                   .        𝛿𝐴ხახ = −𝑀ხახ 𝑑𝜑1,                         (4)    
sadac 𝜑1 −  satelitis mobunebis kuTxea mrudmxaras mimarT.                     
 radgan mobunebis kuTxe  kuTxuri siCqaris proporciulia, amitom 

𝜑

𝜑1
=
𝜔

𝜔1
. 

tolobidan 

𝜔𝑒
𝜔1

=
𝑟

𝑅
 

vipoviT 

𝜔1 =
𝜔𝑒𝑅

𝑟
=
𝜔𝑅

𝑟
 

maSin mobrunebis kuTxe 

𝑀მაბ 𝑂1 

𝑂 
𝜔 

𝐶 

𝜑 
𝑟 𝑅 

�⃗�1 

𝜔1 

𝜑1 

𝑀ხახ 
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𝜑1 =
𝜑𝑅

𝑟
 

da  (4) formulis Tanaxmad 

𝛿𝐴ხახ = −𝑀ხახ
𝑅

𝑟
𝑑𝜑. 

gamovTvaloT  mabruni 𝑀მაბ momentis elementaruli muSaoba 

𝛿𝐴ბრ = (𝑀0 − 𝛼�̇�)𝑑𝜑 
Aamis gaTvaliswinebiT (3) formulis Tanxamad miviRebT: 

  ∑𝛿𝐴𝑘
𝑒 = [(𝑀0 − 𝛼�̇�) − 𝑀ხახ

𝑅

𝑟
] 𝑑𝜑 = − [𝛼�̇� − (𝑀0 −

𝑅

𝑟
𝑀ხახ)] 𝑑𝜑, (5) 

 
(2) da (5) gamosaxuleba CavsvaT (1) diferencialur gantolebaSi: 

𝐽
დაყ.

𝑑𝜑
𝑑𝑡
𝑑�̇� = [𝛼�̇�− (𝑀0−

𝑅
𝑟
𝑀ხახ)]𝑑𝜑. 

 

SevkvecoT 𝑑𝜑 −ze, movaxdinoT cvladTa gancaleba da vaintegroT 
miRebuli toloba: 
  

𝐽დაყ.∫
𝑑�̇�

𝛼�̇� − (𝑀0 −
𝑅
𝑟
𝑀ხახ)

𝜔

0

= −∫𝑑𝑡,

𝑡

0

 

𝐽დაყ.𝑙𝑛 |
𝛼𝜔 − (𝑀0 −

𝑅
𝑟 𝑀ხახ)

−(𝑀0 −
𝑅
𝑟 𝑀ხახ)

| = −𝑡, 

𝛼𝜔 − (𝑀0 −
𝑅
𝑟
𝑀ხახ)

−(𝑀0 −
𝑅
𝑟 𝑀ხახ)

= 𝑒
−
𝛼
𝐽დაყ

𝑡
. 

vipovoT mrudmxaras   kuTxuri siCqare 

𝜔 =
𝑀0 −

𝑅
𝑟
𝑀ხახ

𝛼
(1 − 𝑒

−
𝛼
𝐽დაყ

𝑡
). 

p a s u x i:     𝜔 =
𝑀0−

𝑅

𝑟
𝑀ხახ

𝛼
(1 − 𝑒

−
𝛼

𝐽დაყ
𝑡
),  sadac   

𝐽დაყ. = (
𝑚

3
+
3𝑀

2
) (𝑅 + 𝑟)2. 
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amocana  38.52   

 

   horizontalur sibrtyeSi mdebare 
hipocikluri meqanizmismrudmxara 

brunavs 𝜔0 kuTxurisiCqariT. 
garkveul momentSi Zravas gamorTvis 
gamo satelitis (moZravi Tvali) 

RerZze xaxunis   mudmivi 𝑀ხახ 
momentიs moqmedebis Sedegad meqanizmi 

gaCerda. gansazRvreT damuxruWebis 𝜏 
dro da mrudmxarasmobrunebis 𝜑 

kuTxe am droSi, Tu misi masa −𝑀1 

satelitis masa−𝑀2;. 𝑅 da  𝑟 − saTanado radiusebia.mrudmxara 
CaTvaleT erTgvarovan vril Rerod., xolo sateliti  erTgvarovan 
wriul diskod. 
       m i T i T e b a. meqanikuri  sistemis kinetikuri  energiis 
cvlilebis Teorema gamoiyeneT diferencialuri  saxiT. 
a m o x s n a.    ganvixiloT mocemuli 
sistemis moZraoba, romelic Sedgeba 

𝑂𝑂1  mrudmxaras da ori Tvlisagan-1 
uZravi Tvali, meore moZravi  Tvali-
sateliti.  vaCvenoT naxazze sistemis 

mdebareoba drois 𝑡 momentSi, avRniSnoT 
mrudmxaras sawyis  mdebareoba  
gamoviyenoT meqanikuri  sistemis  
kinetikuri   energiis cvlilebis 
Teorema diferencialuri formiT: 

          𝑑𝑇 = ∑𝛿𝐴𝑘.
𝑒           (1) 

 
vipovoT sistemis kinetikuri energia: 

 

                              𝑇 = 𝑇მრ + 𝑇2                                                 (2) 
 

𝑂𝑂1 mrudmxaraს  kinetikuri energiა, romelic asrulebs brunviT 
moZraobas: 

𝑇მრ =
1

2
𝐽0𝜔

2 =
1

2

𝑀1(𝑂𝑂1)
2

3
𝜔2 =

1

2

𝑀1(𝑅 − 𝑟)
2

3
𝜔2 

 

  2 satelitis kinetikuri energiა, romelic asrulebs brtyel 
paralelur moZraobas: 

𝑇2 =
𝑀2𝑣2

2

2
+
1

2
𝐽𝑂1𝜔2

2 =
𝑀2𝑣2

2

2
+
1

2

𝑀𝑟2

2

𝑣2
2

𝑟2
=
3𝑀2𝑣2

2

4
𝜔2. 

𝑂1 

𝑂 

𝑂1 

𝑂 

2  

𝑀ხახ  

𝑟  

𝑅  

𝜑 
𝜔 
𝜔2 

𝜑2 

1 
�⃗�2 
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vipovoT  satelitis  RerZis  siCqare 

𝑣2 = 𝜔 ∙ 𝑂𝑂1 = (𝑅 − 𝑟)𝜔, 
maSin 

𝑇2 =
1

2

3𝑀2(𝑅 − 𝑟)
2

2
𝜔2 

 sistemis kinetikuri energia (2) formulis Tanaxmad 

𝑇 =
1

2

𝑀1(𝑅 − 𝑟)
2

3
𝜔2 +

1

2

3𝑀2(𝑅 − 𝑟)
2

2
𝜔2 =  

 

= (
𝑀1
3
+
3𝑀2
2
)
(𝑅 − 𝑟)2

2
𝜔2 =

1

2
𝐽დაყ.𝜔

2 =
1

2
𝐽დაყ.�̇�

2, 

sadac   

𝐽დაყ. = (
𝑀1
3
+
3𝑀2

2
) (𝑅 − 𝑟)2. 

 
vipovoT kinetikuri energiis diferencili: 

 

               𝑑𝑇 = 𝐽დაყ.�̇�𝑑�̇� = 𝐽დაყ.
𝑑𝜑

𝑑𝑡
𝑑�̇�.             (3) 

 
Mmeqanizmi moTavsebulia horizontalur sibrtyeSi, amitom misi 
calkeuli nawilebis simZimis Zalebi muSaobas ar asruleben,e.i.  

𝛿𝐴𝑘.
𝑒 = 𝛿𝐴ხახ. 

გამოვთვალოთ xaxunis momentიs 𝑀ხახ −is muSaoba 

                   .        𝛿𝐴ხახ = −𝑀ხახ 𝑑𝜑2,                          

satelitis mobrunebis 𝜑2 kuTxe  gamovsaxoT mrudmxaras 

mobrunebis 𝜑 kuTxe.: 

𝜑2 =
𝑅 − 𝑟

𝑟
𝜑, 

𝑑𝜑2 =
𝑅

𝑟
𝑑𝜑, 

maSin 

                    𝛿𝐴ხახ = −
𝑅

𝑟
𝑀ხახ 𝑑𝜑.                (4)   

  (3) da (4) gamosaxuleba CavsvaT (1) diferencialur gantolebaSi:  

                         𝐽დაყ.
𝑑𝜑

𝑑𝑡
𝑑�̇� = −

𝑅

𝑟
𝑀ხახ 𝑑𝜑.             (5)  

 SevkvecoT 𝑑𝜑 −ze, movaxdinoT cvladTa gancaleba da vaintegroT 
miRebuli toloba: 
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𝐽დაყ. ∫𝑑�̇�

0

𝜔0

= −
𝑅

𝑟
𝑀ხახ∫𝑑𝑡,

𝑡

0

 

−𝐽დაყ.𝜔0 = −
𝑅

𝑟
𝑀ხახ𝑡. 

Aaqedan vipoviT damuxruWebis dro 

𝜏 =
𝑟𝐽დაყ.

𝑅𝑀ხახ
𝜔0. 

    Mmrudmxaras mobrunebis 𝜑 kuTxis sapovnelad (5) diferencialur 
gantoleba CavweroT saxiT: 

                      𝐽დაყ.�̇�𝑑�̇� = −
𝑅

𝑟
𝑀ხახ 𝑑𝜑. 

 
miRebuli toloba vaintegroT 
 

𝐽დაყ. ∫�̇�𝑑�̇�

0

𝜔0

= −
𝑅

𝑟
𝑀ხახ∫ 𝑑𝜑

𝜑

0

 

 
saidanac miviRebT: 

𝐽დაყ.
𝜔0
2

2
== −

𝑅

𝑟
𝑀ხახ 𝜑. 

Mmrudmxaras mobrunebis 𝜑 kuTxe 
 

𝜑 =
1

2

𝑟𝐽დაყ.

𝑅𝑀ხახ
𝜔0
2. 

 

p a s u x i:    𝜏 =
𝑟𝐽დაყ.

𝑅𝑀ხახ
𝜔0;  𝜑 =

1

2

𝑟𝐽დაყ.

𝑅𝑀ხახ
𝜔0
2, sadac   

𝐽დაყ. = (
𝑚

3
+
3𝑀

2
) (𝑅 − 𝑟)2. 
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amocana  38.53 

 

 𝐶 jvarTava  𝑂1 uZravi RerZis 
garSemo brunviT moZraobaSi modis 

uZravi  𝑂  RerZis garSemobrunavi  

𝐴𝐵 erTgvarovani Reros saSulebiT     

(𝑂 da  𝑂1  RerZebinaxazis 
sibrtyis  marTobebia). Aam 

SemTxvevaSi 𝐴  da 𝐵 
cociebi,romlebic 𝐴𝐵  RerosTan  
saxsrebiTaa SeerTebuli, srialebs  

𝐶 jvarTavas orurTierTmarTob 
wrilSi. Rero brunavs  mudmivi 

𝑚მაბ  momentიs moqmedebiT. 

gansazRvreT  𝐴𝐵  Reros kuTxuri  
siCqare im momentSi, roca igi asrulebs meoTxed bruns, Tu sawyis 

momentSi, roca 𝜑 = 0,  mas hqonda 𝜔1  kuTxuri siCqare. 𝐴  da 𝐵 
cociebis saxsrebSi warmoSobili winaRobis momentis sidide 

𝑚მაბ −ze orjer naklebia. danarCeni winaRobia AZalebi 

ugulebelyofilia. Reros masa udris 𝑚; 𝐶 jvarTava  𝑂1 RerZis  

mimarT udris 𝐽; 𝑂𝑂1 = 𝑂𝐴 = 𝑂𝐵 = ℓ. 
a m o x s n a.  ganvixiloT mocemuli sistemis moZraoba. vaCvenoT 

naxazze sistemis saboloo mdebareoba, roca 𝐴𝐵  Rero  

ASemobrundeba  𝜑 =
𝜋

2
 kuTxiT da avRniSnoT sawyisi mdebareoba 

wyvetili xazebiT.   vipovoT jvarTavas kuTxuri siCqare saboloo 

mdebareobaSi.𝐴  da 𝐵 cociebi asruleben rTul moZraobas: 

absoluturs 𝐴𝐵  RerosTan erTad, warmtans- jvarTavasTan erTad, 
fardobiTs- jvarTavas Wrilis gaswvriv. 

  𝐴  da 𝐵 cociebis absoluturi siCqareebi gamovsaxoT  𝐴𝐵  Reros 
kuTxuri siCqariT: 

𝑣𝐴 = 𝑣𝐵 = 𝜔ℓ. 
   𝐴  da 𝐵  cociebis  siCqareTa   paralelogramidan  (ix. Nnaxazi) 
vpoulobT: 

𝑣𝐴
𝑒 = 𝑣𝐴𝑐𝑜𝑠45

0,    𝑣𝐵
𝑒 = 𝑣𝐴𝑐𝑜𝑠45

0.       
ganvsazRvroT   𝐶 jvarTavas  kuTxuri siCqare:                        

𝜑 
° 

° 
𝐴 

𝐵 

𝐶 

𝑂1 𝑂 
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𝜔𝐶 =
𝑣𝐴
𝑒

𝑂1𝐴
=
𝜔ℓ𝑐𝑜𝑠450

ℓ/𝑐𝑜𝑠450
= 𝜔𝑐𝑜𝑠2450 =

𝜔

2
. 

   ganvsazRvroT    jvarTavas  𝜔𝐶0 kuTxuri  siCqare  sawyis 

mdebareobaSi (𝐵0 mdebareoba). 
𝐵 cocias absoluturi siCqare 𝑣𝐵 udris warmtan  𝑣𝐵

𝑒 siCqares; 

𝑣𝐵 = 𝑣𝐵
𝑒 = 𝜔0 ∙ 𝑂𝐵0 = 𝜔ℓ. 

maSin 

𝜔𝐶0 =
𝑣𝐵
𝑒

𝑂1𝐵0
=
𝜔0ℓ

2ℓ
=
𝜔0
2
. 

 

ganvsazRvroT  𝐴  da 𝐵 cociebis mobruneis kuTxeebi maTi saxsrebis 
irgvliv. 

  ∆𝐴𝑂𝑂1 −dan vipoviT:: ∠𝑂1𝑂𝐴 = 𝜑 − agebis Tanaxmad; 

∠𝑂𝑂1𝐴 =
1800 − 𝜑

2
. 

maSin 

𝜑𝐴 = 90
0 − ∠𝑂𝑂1𝐴 =

𝜑

2
. 

Aanalogiurad vipoviT 

𝜑𝐵 =
𝜑

2
. 

450 
𝐵 

𝜔 

𝑂1 

𝑚ხახ 

𝐴 

° 

° 

𝐴0 

𝑂 
° 

450 

450 ° 

𝜑𝐵 

𝜑𝐴 

�⃗�𝐴 

�⃗�𝐵 

𝜔𝐶 

𝑚მაბ 

𝑚ხახ 

�⃗�𝐴
𝑒 

�⃗�𝐵
𝑒  

�⃗�𝐵
𝑟  

�⃗�𝐴
𝑟 

𝐵0 

�⃗�𝐵
𝑒  �⃗�𝐵 
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  visargebloT meqanikuri  sistemis   kinetikuri energiis cvlilebis 
TeoremiT: 

                     𝑇 − 𝑇0 = ∑𝐴𝑘.
𝑒 + ∑𝐴𝑘

𝑖                (1) 
  
ganvsazRvroT sistemis kinetikuri energia sawyis mdebareobaSi:  

𝑇0 = 𝑇𝐴𝐵 + 𝑇𝐶 . 
𝐴𝐵 Reros kinetikuri energia, romlebic asrulebs brunviT 
moZraobas: 

𝑇𝐴𝐵 =
1

2
𝐽0𝜔0

2 =
1

2

𝑚(2ℓ)2

12
𝜔0
2 =

𝑚ℓ2

6
𝜔0
2 

𝐶 jvarTavas kinetikuri energia, romlebic asrulebs brunviT 
moZraobas: 

𝑇𝐶 =
1

2
𝐽𝜔𝐶0

2 =
1

2
𝐽 (
𝜔0
2
)
2

=
𝐽

8
𝜔0
2. 

maSin 

                      𝑇0 =
1

6
𝑚ℓ2𝜔0

2 +
1

8
𝐽𝜔0

2 =
4𝑚ℓ2+3𝐽

24
𝜔0
2.            (2) 

 ganvsazRvroT sistemis kinetikuri energia saboloo mdebareobaSi:  

   𝑇 = 𝑇𝐴𝐵 + 𝑇𝐶 .                         
 𝐴𝐵 Reros kinetikuri energia, romlebic asrulebs brunviT 
moZraobas: 

𝑇𝐴𝐵 =
1

2
𝐽0𝜔

2 =
1

2

𝑚(2ℓ)2

12
𝜔2 =

1

6
𝑚ℓ2𝜔2 

 

𝐶 jvarTavas kinetikuri energia, romlebic asrulebs brunviT 
moZraobas: 

𝑇𝐶 =
1

2
𝐽𝜔𝐶

2 =
1

2
𝐽 (
𝜔

2
)
2

=
𝐽

8
𝜔2. 

maSin 

                     𝑇 =
1

6
𝑚ℓ2𝜔2 +

1

8
𝜔2 =

4𝑚ℓ2+3𝐽

24
𝜔2.               (3) 

 
  ganvsazRvroT gare Zalebis muSaoba:    

                      ∑𝐴𝑘
𝑒 = 𝐴𝐴 + 𝐴𝐵 + 𝐴ბრ.                  (4) 

 𝐴𝐵 Reroze modebuli mudmivi 𝑚მაბ  momentიs muSaoba 
 

𝐴ბრ = 𝑚მაბ𝜑 =
𝜋

2
𝑚მაბ. 

  𝐴  cocias  saxsarSi warmoqmnili winaaRmdegobis Zalebis momentis 
muSaoba:  
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𝐴𝐴 = −𝑚ხახ𝜑𝐴 = −
𝑚მაბ

2

𝜑

2
= −

1

4
𝑚მაბ

𝜋

2
= −

𝜋

8
𝑚მაბ. 

Aanalogiurad  𝐵  cocias  saxsarSi warmoqmnili winaaRmdegobis 
Zalebis momentis muSaoba:  

𝐴𝐵 = −𝑚ხახ𝜑𝐵 = −
𝑚მაბ

2

𝜑

2
= −

𝜋

8
𝑚მაბ. 

maSin (4) formulis Tanaxmad 

             ∑𝐴𝑘
𝑒 =

𝜋

2
𝑚მაბ. −

𝜋

8
𝑚მაბ −

𝜋

8
𝑚მაბ =

𝜋

4
𝑚მაბ.        (5) 

radgan sistema ucvlelia,  amitom  ∑𝐴𝑘
𝑖 = 0.   

CavsvaT (2), (3), (5) da (6)  gamosaxulebebi (1) gantolebaSi: 
4𝑚ℓ2 + 3𝐽

24
𝜔2 −

4𝑚ℓ2 + 3𝐽

24
𝜔0
2 =

𝜋

4
 

Dda vipovoT  𝐴𝐵 Reros kuTxuri siCqare: 

𝜔 = √
6𝜋𝑚მაბ

4𝑚ℓ2 + 3𝐽
+ 𝜔0

2 

p a s u x i:    𝜔 = √
6𝜋𝑚მაბ

4𝑚ℓ2+3𝐽
+𝜔0

2. 
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$39.  Mmyari sxeulis brtyel-paraleluri 

(brtyeli) moZraoba.  

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 

  Mmyari sxeulis brtyel-paraleluri moZraoba warmodgens ori 
martivi moZraobis jams-polusTan erTad gadataniT da am polusis 
irgvliv brunviTi moZraobis.  Aam paragrafis amocanebis amoxsinis 
dros polusad Rebuloben sxeulis masaTa centrs, maSin brtyel-
paraleluri moZraobis dinamikis Seswavlisas SeiZleba gamoviyenoT  
Teorema meqanikuri sistemis masaTa centris moZraobis Sesaxeb 
gadataniTi moZraobisas: 

                      𝑀�⃗�𝐶 = ∑ �⃗�𝑘
𝑒 = �⃗⃗�𝑒                      (39.1)       

 
Dda Teorema meqanikuri sistemis  kinetikuri momentis cvlilebis 
Teorema  masaTa centrze gamavi RerZis mimarT brunviT moZraobaSi:  

                  
𝑑𝐾𝐶𝑧

𝑑𝑡
= ∑𝑚𝐶𝑧(�⃗�𝑘

𝑒) = 𝑀𝐶𝑧
𝑒            (39.2) 

radgan kinetikuri momenti 𝐾𝐶𝑧brunviT moZraobaSi  

                       𝐾𝐶𝑧 = 𝐽𝐶𝑧𝜔,                  (39.3) 

Aamitom  Tu CavsvamT  (39.3)-s (39.2)-Si, miviRebT: 

                             𝐽𝐶𝑧
𝑑𝜔

𝑑𝑡
= 𝐽𝐶𝑧�̈� = ∑𝑚𝐶𝑧(�⃗�𝑘

𝑒) = 𝑀𝐶𝑧,
𝑒        (39.4) 

sadac   �̈� =
𝑑𝜔

𝑑𝑡
,  radgan 𝜔 =

𝑑𝜑

𝑑𝑡
, 𝜑 − sxeulis mobrunebis 

kuTxea. 

   (39.4) gantoleba-esMaris myari sxeulis brunviTi moZraobis 
diferencialuri gantoleba. 

 (39.1) veqtoruli toloba davagegmiloT  𝑥 da 𝑦 sakoordinato 
RerZebze, miviRebT or diferencialuri gantolebas, romlebic 
aRweren gadataniTi moZraobisasda romlebic (39.4) gantolebasTan 
erTad aRwers Mmyari sxeulis brtyel-paraleluri moZraobis 
dinamikas. 
  amgvarad, Mmyari sxeulis brtyel-paraleluri moZraobis 
diferencialuri gantolebebs aqvs saxe: 
 

                      {

𝑀�̈�𝐶 = ∑𝐹𝑘𝑥
𝑒 ,

𝑀�̈�𝐶 = ∑𝐹𝑘𝑦
𝑒 ,

𝐽𝐶𝑧�̈� = ∑𝑚𝐶𝑧(�⃗�𝑘
𝑒).

                  (39.5) 
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 (39.5) gantoleba saSualebas gvaZlevs  amovxsnaT brtyeli 
moZraobis dinamikis ori ZiriTadi amocana; 

  • moCemuli gare Zalebis safuZvelze ganvsazRvroT sxeulis 
masaTa centris moZraobis kanoni da masaTa centris  irgvliv 
brunviTi moZraobis kanoni; 

  • masaTa centris moZraobis mocemuli kanoni safuZvelze 

ganvsazRvroT gare Zalebis nakrebi momenti �⃗⃗�𝑒, xolo brunviTi 
moZraobis mocemuli kanonis safuZvelze - gare Zalebis nakrebi 

momenti 𝑀𝐶𝑧
𝑒 . 

   Ees gantolebebi, agreTve, saSualebas gvZlevs ganvsazRvroT erT-
erTi ucnobi gare Zala. 
  Mmocemuli paragrafis amocanebis amoxsnis Tanmimdevroba: 

1. avirCioT koordinatTa sistema (sakoordinato sistemis 

RerZebi). RerZebi mimvmarToT moZraobis mimarTulebiT; 

2.   gamovsaxoT sxeuli nebismier mdgomareobaSi da  

ganvsazRvroT moZraobis sawyisi pirobebi; 

3. Nnaxazze gamovsaxoT sxeulze moqmedi yvela gare Zala; 

4.   CavweroT Mmyari sxeulis brtyel-paraleluri moZraobis 

diferencialuri gantolebebi da maTi amoxsnis Sedegad 

saZiebeli sidideebi zogadi saxiT  moZraobis sawyisi 

pirobebis gaTvaliswinebiT; 

5. Aaucileblobis SemTxvevaSi miRebul gamosaxulebaSi SevitanoT 

ricxviTi mniSvnelobebi da gamovTavloT Sedegi. 

 

 

amocanebi da amoxsnebi 
 

amocana  39.1 

    mZime sxeuli  Sedgeba 80sm sigrZis 1kg masis 𝐵 
Rerosa  da  masze Mimagrebuli  20 sm radiusis da  
2kg masis   diskosgan.   sawyis   momentSi   Reros 
vertikaluri mdebareobisas sxeuls  mianiWes iseTi 

moZraoba, rom Reros  𝑀1  masaTa centris  siCqare 

nulis  tolia, xolo  diskos 𝑀2 masaTa  centris 
siCqare 360sm/wm-is da mimarTulia horizontalurad 
marjvniv.  ipoveT  sxeulis   Semdgomi   moZraobis 
kanoni, Tu mxedvelobaSi miiReba mxolod somZimis 
Zalis moqmedeba. 
    a m o x s n a.   Rero da disko warmoadgens  
erTiaen meqanikur sistemas, romlis masaTa centri 

mdebareobs 𝑀1𝑀2  monakveTze da  𝑀1 wertilidan  

• 

𝐴 

𝐵 

𝑀1 

𝑀2 
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daSorebulia 

𝑀1𝐶 =
𝑚1∙0+𝑚2∙𝑀1𝑀2

𝑚1+𝑚2
=

60∙2

1+2
= 40 (sm) 

manZiliT ( amgvarad, 𝐶 wertili emTxveva 𝐵 wertils). Radgan sawyis 

momentSi 𝑀1 wertilis siCqare 
nulis tolia, amitom is 
warmoadgens meqanikuri sistemis 
siCqareTa myis centrs, romelic 
asrulebs brtyel moZraobas. 
   maSin 

𝑣𝐵(𝑡 = 0) =
𝑣

𝑀1𝑀2
∙ 𝑀1𝐵 =

360

60
∙ 40 =

= 240 (sm). 
 

𝜔(𝑡 = 0) =
𝑣

𝑀1𝑀2
=

360

60
= 6 (rad/wm). 

   Mmyari sxeuli Semdgomi brtyeli 
 moZraoba  koordinatTa   sistemis  

mimarT, romlis centri 𝐵 

wertilSia, 𝑦  RerZi mimarTulia 
horizontalurad marjvniv, xolo  

𝑥 RerZi-qvemoT, aRiwerebaSemdegi 
saxis diferencialuri gantolebebiT: 

        𝑀�̈�𝐶 = 𝑀𝑔,      (1) 
𝑀�̈�𝐶 = 0,        (2) 

𝐽𝐶
𝑑𝜔

𝑑𝑡
= 0.         (3) 

 
(1)  gantolebidan gamomdinareobs, rom 

 

�̈�𝐶 = 𝑔, 

𝑥𝐶 =
𝑔𝑡2

2
+ 𝐶1𝑡 + 𝐶2. 

sawyisi pirobebis gaTvaliswinebiT  𝑥𝐶(0) = 0, �̇�𝐶(0) =0, 
ganvsazRvravT integrebis mudmivebs: 𝐶1 = 𝐶2 = 0. 
maSasadame, 

                       𝑥𝐶 =
𝑔𝑡2

2
.                      (4) 

(2)  gantolebidan gamomdinareobs, rom 

�̇�𝐶 = 𝐶3, 
𝑦𝐶 = 𝐶3𝑡 + 𝐶4. 

Aamis gaTvaliswinebiT 

    �̇�𝐶(0) = 𝑣𝐵(𝑡 = 0) = 240 sm/wm,  xolo 𝑦𝐶(0) = 0, maSin 
                          𝑦𝐶 = 240𝑡.                  (5)     

• 

𝐴 

𝐵 

𝑀2 

𝑀1 

• 
• 

𝐶 
40სმ 

 
 
 
20სმ 

𝑥 

𝑦 

�⃗� 
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 (5) tolobidan vRebulobT 

𝑡 =
𝑦𝐶
240

. 
 Ees mniSvneloba SevitanoT (4) formulaSi, miviRebT 

𝑥𝐶 =
980𝑦𝐶

2

2 ∙ 2402
 

an 

                         𝑦𝐶
2 = 117,5𝑥𝐶 .                  (6)   

(6) warmoadgens parabolis gantolebas. 

(3) gantolebidan gamomdinareobs, rom 𝜔 = 𝑐𝑜𝑛𝑠𝑡, e.i. 
𝜔 = 𝜔(𝑡 = 0) = 6 rad/wm.   

 

p a s u x i:    sxeuli Tanabrad brunavs 𝜔 = 6 rad/wm kuTxuri 

siCqariT misi masaTa centris garSemo, romelic Semoswers 𝑦2 =
117,5𝑥 parabolas (koordinatTa saTave moTavsebulia 𝐵 

wertilSia, 𝑦  RerZi mimarTulia horizontalurad marjvniv, xolo  

 𝑥 RerZi-qvemoT) 

 
 amocana  39.2 

     
   Kdisko  simZimis  Zalis  moqmedebiT  
vardeba vertikalur sibrtyeSi.  sawyis 
momentSi diskos  mianiWes 𝜔0  kuTxuri 

siCqare, xolo misi simZimis  𝐶 centrs, 
romelic   imyofeboda   koordinatTa 
saTaveSi, hqonda  horizontalurad 

mimarTuli 𝑣0 siCqare. gansazRvreT 

diskos  moZraobis   gantolebebi. 𝑥 da  
 𝑦    RerZebi     naCvenebia     naxazze.  
winaRobis Zalebi ugulebelyofilia. 
  a m o x s n a.   davweroT   diskos 
brtyeli moZraobis   diferencialuri 

gantolebebi simZimis Zalis moqmedebiT 𝑥 da  𝑦  RerZze gegmilebSi: 

                     𝑀�̈�𝐶 = 0,                       (1) 
                   𝑀�̈�𝐶 = 𝑀𝑔,                       (2) 
                     𝐽𝐶�̈� = 0,                        (3)       
sadac 𝑀 −diskos masa, 𝐽𝐶 −diskos inerciis momentia masaTa centrze 
gamavali RerZis mimarT. 
  (1)  gantolebidan gamomdinareobs, rom 

�̈�𝐶 = 0, 
                     𝑥𝐶 = 𝐶1𝑡 + 𝐶2.                  (4) 

𝑥 

𝑦 

𝑧 

𝐶 

�⃗�0 

𝜔0 
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sawyisi pirobebis gaTvaliswinebiT  𝑥𝐶(0) = 0, �̇�𝐶(0) = 𝑣0, 
ganvsazRvravT integrebis mudmivebs: 

𝐶1 = 𝑣0, 𝐶2 = 0. 
CavsvaT  𝐶1 da 𝐶2 − is mniSvnelobebi (4) gamosaxulebaSi,  miviRebT 

                       𝑥𝐶 = 𝑣0𝑡.                     
(2)  gantolebidan gamomdinareobs, rom 

�̈�𝐶 = 𝑔, 

𝑦𝐶 =
𝑔𝑡2

2
+ 𝐶3𝑡 + 𝐶4. 

Asawyisi pirobebis gaTvaliswinebiT: 

�̇�𝐶(0) = 0 ,  𝑦𝐶(0) = 0, 
ganvsazRvroT  𝐶3 da 𝐶4 integrebis mudmivebi: 

𝐶3 = 𝐶4 
maSin 

𝑦𝐶 =
𝑔𝑡2

2
. 

 (3)    gantolebidan gamomdinareobs, rom                    

𝜑 = 0, 
𝜑 = 𝐶5𝑡 + 𝐶6. 

radgan  �̇�(0) = 𝜔0, 𝜑(0) = 0, amitom 
𝐶5 = 𝜔0, 𝐶6. = 0.     

maSin 
𝜑 = 𝜔0𝑡. 

p a s u x i:   𝑥𝐶 = 𝑣0𝑡,  𝑦𝐶 =
𝑔𝑡2

2
,  𝜑 = 𝜔0𝑡,    sadac  𝜑            

diskos mobrunebis kuTxea, Sedgenili RerZsa da  im diametriT, 
romelsac sawyis momentSi horizontaluri mdebareoba hqonda. 

 
 

amocana  39.3 

 
     amoxseniT wina amocana im 

daSvebiT, rom 𝑚წ  aris winaRobis 

momenti, diskos masaTa   𝐶 centrze  
moZraobis sibrtyis marTobulad 
gamavali  moZravi horizontaluri 
RerZis garSemo  brunvisas, romelic 

diskos brunvis kuTxuri �̇� siCqaris 
proporciulia, amasTan 

proporciulobiskoeficienti aris  𝛽. 
diskos inerciis momenti am RerZis 

mimarT udris 𝐽𝐶 . 

𝑥 

𝑦 

𝑧 

𝐶 

�⃗�0 

𝜔0 

𝑚წ 
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a m o x s n a.   (1)  da (2) diferencialur gantolebebi (ix. N39.2 
amocanis amoxsna),  iseve rogorc sawyisi pirobebi rCeba  ucvleli, 
amitom maT amonaxsnebs eqneba igive saxe, rogoric wina amocanaSi. 

             𝐽𝐶�̈� = 0 
Ggantoleba   winaaRmdegobis Zalebis  
 gaTvaliwinebiT miiRebs saxes: 
 

𝐽𝐶
𝑑𝜔

𝑑𝑡
= −𝑚წ, 

sadac  𝑚წ =  𝛽𝜔 

   maSin 

                      𝐽𝐶
𝑑𝜔

𝑑𝑡
= −𝛽𝜔.                    (1) 

 
(1) gantolebaSi movaxdinoT cvladebis gancaleba: 

𝑑𝜔

𝜔
= −

𝛽

𝐽𝐶
𝑑𝑡, 

vaintegroT 
 

∫
𝑑𝜔

𝜔
= −

𝜔

𝜔0

𝛽

𝐽𝐶
∫𝑑𝑡,

𝑡

0

 

miviRebT 
 

𝑙𝑛𝜔|𝜔0
𝜔 = −

𝛽

𝐽𝐶
𝑡|
0

𝑡

, 

 

𝑙𝑛 𝜔 − 𝑙𝑛𝜔0 = −
𝛽

𝐽𝐶
𝑡, 

 

𝑙𝑛 
𝜔

𝜔0
= −

𝛽

𝐽𝐶
𝑡. 

saidanac 

                       𝜔 = 𝜔0𝑒
−
𝛽

𝐽𝐶
𝑡
.               (2) 

 

  𝜔 SevcvaloT 
𝑑𝜑

𝑑𝑡
−iT da (2) gadavweroT Semdegi saxiT 

𝑑𝜑 = 𝑒
−
𝛽
𝐽𝐶
𝑡
𝑑𝑡 

integrebis Sedegad miviRebT: 
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∫ 𝑑𝜑 =

𝜑

0

𝜔0∫𝑒
−
𝛽
𝐽𝐶
𝑡
𝑑𝑡,

𝑡

0

 

𝜑|0
𝜑
= −

𝐽𝐶𝜔0
𝛽

𝑒
−
𝛽
𝐽𝐶
𝑡
|
0

𝑡

, 

𝜑 =
𝐽𝐶𝜔0
𝛽

(1 − 𝑒
−
𝛽
𝐽𝐶
𝑡
). 

p a s u x i:   𝑥𝐶 = 𝑣0𝑡,  𝑦𝐶 =
𝑔𝑡2

2
,  𝜑 =

𝐽𝐶𝜔0

𝛽
(1 − 𝑒

−
𝛽

𝐽𝐶
𝑡
) 𝑡,    sadac  

𝜑  diskos mobrunebis kuTxea, Sedgenili RerZsa da  im diametriT, 
romelsac sawyis momentSi horizontaluri mdebareoba hqonda. 

 
 
 

 amocana  39.4 

 

   Aavtomobilis  𝑟 radiusis da  𝑀 masis  wamyvani Tvali moZraobs 

horizontalurad da wrfivad. Tvalze moqmedebs mabruni 𝑚 momenti.  
Tvlis inerciis radiusi  misi masaTa centrze gamavali da misi 

sibrtyis marTobuli RerZis mimarT aris 𝜌.  miwaze Tvlis srialis 

xaxunis koeficienti udris 𝑓. ra pirobas unda akmayofilebdes 
mabruni momenti, rom Tvali moZraobdes usrialo gorviT? Ggorvis 
winaRoba ugulebelyofilia. 
a m o x s n a. AvaCvenoT Tvalze moqmedi Zalebi (ix. Nnaxazi), 
agreTve, kuTxuri siCqare da masaTa centris siCqare. 
   CavweroT Tvlis moZraobis 
diferencialuri gantolebebi: 

           𝑀�̈�𝐶 = 𝐹ხახ,           (1) 
           𝑀�̈�𝐶 = 𝑁 − 𝐺,         (2) 
          𝐽𝐶𝑧�̈� = 𝑚 − 𝐹ხახ, 𝑟      (3) 
Sadac    𝐹ხახ − miwaze Tvlis srialis 

xaxunis   Zalaa;     𝐽𝐶𝑧 = 𝑀𝜌
2 − Tvlis 

inerciis momentia  misi centrze 
gamavali da misi   sibrtyis marTobuli 
RerZis mimarT (inerciis momenti masaTa  
centris mimarT). 
   Tvali rom usrialod goravdes, unda 
sruldebodes piroba: 

                                             𝐹ხახ ≤ 𝑓𝐺 = 𝑓𝑀𝑔.                     (4) 

𝐶 

𝑥 

�⃗� 

𝑦 

𝑟 

𝜔 

𝑚 

�⃗⃗⃗� 

𝑂 

�⃗�𝐶  

�⃗�ხახ 
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Tvlis moZraobis dros 𝑦𝐶 = 𝑟,  maSasadame, �̈�𝐶 = 0. maSin (2)-dan 

miviRebT, rom 𝑁 = 𝐺. radgan Tvali goravs usrialod, amitom �̈�𝐶 =

𝑟�̈�  da (1) da (3) gantolebebi Caiwereba aseTi saxiT: 
 

                     𝑀𝑟�̈� = 𝐹ხახ,                       (5) 
                                               𝑀𝜌2�̈� = 𝑚 − 𝐹ხახ, 𝑟                   (6) 
(5) gantolebidan vipovoT 

�̈� =
𝐹ხახ

𝑀𝑟
 

Dda  es gamosaxuleba CavsvaT (6) gantolebaSi. maSin miviRebT: 

𝑚 = (𝑟 +
𝜌2

𝑟
)𝐹ხახ =

𝑟2 + 𝜌2

𝑟
𝐹ხახ 

 
  (4) formulis gaTvaliswinebiT sabolood miviRebT: 

 

𝑚 ≤ 𝑓𝑀𝑔
𝑟2 + 𝜌2

𝑟
. 

p a s u x i:  𝑚 ≤ 𝑓𝑀𝑔
𝑟2+𝜌2

𝑟
. 

  
 
 

amocana  39.5 

 
   amoxseniT wina amocana gorvis xaxunis gaTvaliwinebiT, Tu gorvis 

xaxunis koeficienti udris 𝑓გ. 
a m o x s n a. Aam SemTxvevaSi 39.4 amocanis amoxsnaSi naxazze 
naCveneb Zalebs daemateba gorvis xaxunis momenti (ix. Nnaxazi). 

𝑚გ = 𝑓გ𝑁 = 𝑓გ𝑀𝑔. 
 ise rogorc wina amocanis amoxsnisas aqac miviRebT: 

       𝑀𝑟�̈� = 𝐹ხახ,           (1) 
𝑀𝜌2�̈� = 𝑚 − 𝐹ხახ, 𝑟 − 𝑓გ𝑀𝑔    (2)  
(1) gantolebidan vipovoT 

        �̈� =
𝐹ხახ

𝑀𝑟
 

Dda  es gamosaxuleba CavsvaT (2)  
gantolebaSi. maSin miviRebT: 

 

𝑚 =
𝑟2 + 𝜌2

𝑟
𝐹ხახ + 𝑓გ𝑀𝑔 

   mxedvelobaSi miviRoT, rom  

𝐶 

𝑥 

�⃗� 

𝑦 

𝑟 

𝜔 

𝑚გ 

�⃗⃗⃗� 

𝑂 

�⃗�𝐶  

�⃗�ხახ 

𝑚 
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 𝐹ხახ

≤ 𝑓𝐺 = 𝑓𝑀𝑔, 
maSin sabolood miviRebT: 

𝑚 ≤ 𝑓𝑀𝑔
𝑟2 + 𝜌2

𝑟
+ 𝑓გ𝑀𝑔. 

p a s u x i:  𝑚 ≤ 𝑓𝑀𝑔
𝑟2+𝜌2

𝑟
+ 𝑓გ𝑀𝑔. 

 

 

 

, amocana  39.6 

 

   Aavtomobilis    amyoli Tvlis RerZi moZraobs horizontalurad 

da wrfivad. Tvlis RerZze modebulia  horizontaluri  �⃗� Zala. 
Tvlis inerciis radiusi  misi masaTa centrze gamavali da misi 

sibrtyis marTobuli RerZis mimarT aris 𝜌.  miwaze Tvlis srialis 

xaxunis koeficienti udris 𝑓, Tvlis radiusi – 𝑟, xolo masa –𝑀. ra 

pirobas unda akmayofilebdes �⃗� Zala imisaTvis, rom Tvalma igoros  
usrialod? Ggorvis winaRoba ugulebelyofilia. 
a m o x s n a.   CavweroT Tvlis 
brtyeli moZraobis diferencialuri 
gantolebebi gare Zalebis moqmedebiT (ix. 
Nnaxazi),: 

      𝑀�̈�𝐶 = 𝐹 − 𝐹ხახ,        (1) 
      𝑀�̈�𝐶 = 𝑁 −𝑀𝑔,        (2) 
      𝑀𝜌2�̈� = 𝐹ხახ, 𝑟.         (3) 
 

radgan  �̈�𝐶 = 0, amitom 𝑁 = 𝑀𝑔. 
 maSin 

                𝐹ხახ = 𝑓𝑁 = 𝑓𝑀𝑔 
 radgan Tvali goravs  usrialod,  amitom  �̈�𝐶 = 𝑟�̈�  da (1) da (3) 
gantolebebi Caiwereba aseTi saxiT: 

𝑀�̈�𝐶 = 𝐹 − 𝑓𝑀𝑔, 

𝑀𝜌2
�̈�𝐶
𝑟
= 𝑓𝑀𝑔𝑟. 

maSin 

𝐹 − 𝑓𝑀𝑔 = 𝑓
𝑀𝑔𝑟2

𝜌2
. 

   Aaqedan miviRebT, rom Zalis zRvruli mniSvneloba, romlis 
drosac Tvali goravs usrialod,  

𝐹 =
𝑓𝑀𝑔(𝑟2 + 𝜌2)

𝜌2
. 

𝐶 

𝑥 

M�⃗� 

𝑦 

𝑟 

�⃗⃗⃗� 

�⃗� 

 

�⃗�ხახ 
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maSasadame, usrialod  gorvas adgili eqneba, Tu 

 

𝐹 ≤
𝑓𝑀𝑔(𝑟2 + 𝜌2)

𝜌2
. 

 

p a s u x i:    𝐹 ≤
𝑓𝑀𝑔(𝑟2+𝜌2)

𝜌2
. 

 
 

amocana  39.7 

 
   amoxseniT wina amocana gorvis xaxunis gaTvaliwinebiT, Tu gorvis 

xaxunis koeficienti udris 𝑓გ. 
a m o x s n a.   gorvis xaxunis momentis 
gaTvaliswinebiT    39.6 amocanis amoxsnaSi 
Seicvleba mxolod  (3) gantoleba da Tu 
gaviTvaliswinebT, rom  gorvis xaxunis 
momenti 

𝑚გ = 𝑓გ𝑁, 
maSin Ees gantoleba miiRebs saxes: 

𝑀𝜌2�̈� = 𝑓𝑁𝑟 − 𝑓გ𝑁 

 CavatarebT ra igive moqmedebebs, rac wina 
amocanaSi,  miviRebT: 

𝐹 ≤
𝑓𝑀𝑔(𝑟2 + 𝜌2) − 𝑓გ𝑀𝑔𝑟

𝜌2
. 

p a s u x i:    𝐹 ≤
𝑓𝑀𝑔(𝑟2+𝜌2)−𝑓გ𝑀𝑔𝑟

𝜌2
. 

 

amocana  39.8 

 

   avtomobilis  misabmeli  moZrobs  

Senelebulad     gaCerebamde      𝑤0  
aCqarebiT.   amasTan erT-erT  Tvalze  
muxruWi  ar  CairTo.  Tvlis   wneva  

gzaze  udris  𝑁.   miwaze   Tvlis 

srialis xaxunis koeficienti udris 𝑓, 
mocemulia: 𝑟–Tvlis  radiusi, 𝑚–masa, 
𝜌 −inerciis  radiusi.  gansazRvreT 
Tvlis mis RerZze  

horizontaluri wnevis 𝑆 Zala. 

𝐶 

𝑥 

M�⃗� 

𝑦 

𝑟 

�⃗⃗⃗� 

�⃗� 

 

�⃗�ხახ 

𝑚გ 

𝑥 

m�⃗� 

𝑦 

�⃗⃗⃗� 

�⃗� 

 

�⃗�ხახ 

𝑆 

 • 
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a m o x s n a.   CavweroT avtomobilis misabmelis Tvlis brtyeli 
moZraobis diferencialuri gantolebebi gare Zalebis moqmedebiT  
(ix. Nnaxazi),: 

𝑚𝑤0 = 𝑆 − 𝑓𝑁, 
𝑚𝜌2�̈� = 𝑓𝑁𝑟. 

1) usrialod gorvis dros unda Sesruldes 

Ppiroba::  𝑤0 ≤ 𝑟�̈�. 

  maSasadame, roca 𝑤0 ≤ 𝑓
𝑁

𝑚

𝑟2

𝜌2
 

𝑆 = 𝑚𝑤0 + 𝑓𝑁 = 𝑚𝑤0 +𝑚
𝜌2�̈�

𝑟
== 𝑚𝑤0 (1 +

𝑟2

𝜌2
). 

2) srialiT gorvis dros 

𝑓𝑁 ≠
𝑚𝜌2�̈�

𝑟
, 

e.i. Tu 𝑤0 ≤ 𝑓
𝑁

𝑚

𝑟2

𝜌2
, maSin wneva   𝑆 = 𝑚𝑤0 + 𝑓𝑁. 

 

p a s u x i:    1) 𝑤0 ≤ 𝑓
𝑁

𝑚

𝑟2

𝜌2
,  𝑆 = 𝑚𝑤0 (1 +

𝑟2

𝜌2
) ; 

 

               2) 𝑤0 ≤ 𝑓
𝑁

𝑚

𝑟2

𝜌2
,  𝑆 = 𝑚𝑤0 + 𝑓𝑁. 

 
 

 

 

 amocana  39.9 

 

   𝑟 radiusis Tvali A goravs  wamyvani moZraobs wrfiv 

horizontalur relsze, masze modebuli  mabruni 𝑚მაბ =
5

2
𝑓𝑀𝑔𝑟 

momentis moqmedebiT, sadac .𝑓 aris srialis 

xaxunis koeficienti, 𝑀 − Tvlis masa. 
gansazRvreT Tvlis relsTan  Sexebis 
wertilis siCqare(gasrialebis siCqare).  
Tvlis masa Tanabradaa ganawilebuli mis 
fersoze.  Ggorvis xaxuni ugulebelyofilia. 
sawyis momentSi Tvali uZravi iyo.   
  a m o x s n a.   CavweroT Tvlis brtyeli 
moZraobis diferencialuri gantolebebi 
masze modebuli Zalebis moqmedebiT (ix. 
Nnaxazi),: 

         𝑀�̈�𝐶 = 𝐹ხახ,              (1) 

𝐶 

𝑥 

M�⃗� 

𝑦 

𝑟 

�⃗⃗⃗� 

�̇�𝐶 

�⃗�ხახ 

𝑚მაბ 
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         𝑀�̈�𝐶 = 𝑁 −𝑀𝑔,           (2) 
         𝑀𝑟2�̈� = 𝑚მაბ − 𝐹ხახ, 𝑟.     (3) 
 

radgan �̈�𝐶 = 0 amitom   (2) gantolebis 

Tanaxmad  𝑁 = 𝑀𝑔. 
 maSin 

                𝐹ხახ = 𝑓𝑁 = 𝑓𝑀𝑔 
 radgan Tvali goravs  usrialod,  

amitom  �̈�𝐶 = 𝑟�̈�  da (3) gantoleba Caiwereba aseTi saxiT: 

𝑀𝑟�̈�𝐶 =
5

2
𝑓𝑀𝑔𝑟 − 𝑓𝑀𝑔𝑟 =

3

2
𝑓𝑀𝑔𝑟 , 

aqedan 

�̈�𝐶 =
3

2
𝑓𝑔, 

�̇�𝐶 =
3

2
𝑓𝑔𝑡. 

 
aseTi siCqare aqvsTvlis fersos wertilebs. (1) gantolebidan 

gamomdinareobs, rom  �̇�𝐶 = 𝑓𝑔𝑡.   amitom  adgili eqneba srials, 
romlis siCqare 

𝒗 =
3

2
𝑓𝑔𝑡 − 𝑓𝑔𝑡 =

𝑓𝑔𝑡

2
. 

p a s u x i:    𝒗 =
𝑓𝑔𝑡

2
. 

 
 
 

amocana  39.10 

 
  amoxseniT wina amocana gorvis xaxunis gaTvaliwinebiT, Tu gorvis 

xaxunis koeficienti 𝑓გ =
1

4
𝑓𝑟. 

a m o x s n a.  Aam SemTxvevaSi 39.9 
amocanis amoxsnaSi Seicvleba mxolod 
Tvlis brunvis (3) diferencialuri 
gantoleba. gorvis xaxunis momenti 

𝑚გ = 𝑓გ𝑀𝑔, 
maSin Ees gantoleba miiRebs saxes: 

𝑀𝑟2�̈� = 𝑚მაბ −  𝐹ხახ𝑟 − 𝑓გ𝑀𝑔, 

    𝑀𝑟2�̈� =
5

2
𝑓𝑀𝑔𝑟 − 𝑓𝑀𝑔𝑟 − 𝑓გ𝑀𝑔 = 

=
3

2
𝑓𝑀𝑔𝑟 −

𝑓𝑟

4
𝑀𝑔 =

5𝑓𝑀𝑔𝑟

4
. 

𝐶 

𝑥 

M�⃗� 

𝑦 

𝑟 

�⃗⃗⃗� 

�̇�𝐶 

�⃗�ხახ 

𝑚მაბ 𝑚გ 
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saidanac 

�̈� =
5𝑓𝑔

4𝑟
, 

�̇�𝐶 =
5𝑓𝑔𝑡

4
. 

maSasadame, srialis siCqare gorvis xaxunis gaTvaliwinebiT 

𝑣 =
5𝑓𝑔𝑡

4
− 𝑓𝑔𝑡 =

𝑓𝑔𝑡

4
. 

p a s u x i:    
𝑓𝑔𝑡

4
. 

 
 

amocana  39.11 

   horizontaluri RerZis mqone erTgvarovani cilindri simZimis 
Zalis moqmedebiT Camogordeba aragluv daxril sibrtyeze, romlis 

srialis xaxunis koeficienti aris 𝑓. gansazRvreT horizontTan  
sibrtyis daxris kuTxe da cilindris RerZis aCqareba im pirobiT, 
rom cilindris moZraobisas srials 
adgili ara aqvs. Ggorvis winaRoba 
ugulebelyofilia. 
a m o x s n a. ganvixiloT 
cilindris  brtyeli moZraoba masze  

modebuli Zalebis moqmedebiT    (ix. 

Nnaxazi). SevadginoT 
diferencialuri gantolebebi: 

  𝑀�̈�𝐶 = ∑𝐹𝑘𝑥
𝑒 = 𝐺𝑠𝑖𝑛𝛼− 𝐹ხახ,   (1) 

  𝑀�̈�𝐶 = ∑𝐹𝑘𝑦
𝑒 = 𝑁 − 𝐺𝑐𝑜𝑠𝛼,    (2) 

                                       𝐽𝐶𝑧�̈� =

∑𝑚𝐶𝑧(�⃗�𝑘
𝑒) =  𝐹ხახ𝑟.               (3) 

radgan  

𝐽𝐶𝑧 =
𝑚𝑟2

2
,   �̈� =

�̈�𝐶

𝑟
, 

maSin (3) gantoleba miiRebs saxes: 
 

𝑚𝑟2

2

�̈�𝐶
𝑟
=  𝐹ხახ𝑟. 

aqedan 

                      
𝑚�̈�𝐶

2
=  𝐹ხახ                     (4) 

 Aam gamosaxulebis  gaTvaliswinebiT (1) miiRebs saxes: 

𝑚�̈�𝐶 = 𝑚𝑔𝑠𝑖𝑛𝛼 −
𝑚�̈�𝐶
2

 

Aan  

𝑥 𝛼 

𝑦 

�⃗�ხახ 

�⃗⃗⃗� 

�⃗� 

     

• 
 
• 
 

𝜔 

𝐶 
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3𝑚�̈�𝐶
2

= 𝑚𝑔𝑠𝑖𝑛𝛼. 

Aaqedan 

�̈�𝐶 = 𝑎𝐶 =
2

3
𝑔𝑠𝑖𝑛𝛼. 

maSin (4) formulis Tanaxmad 

 𝐹ხახ =
𝑚�̈�𝐶
2

=
1

3
𝑚𝑔𝑠𝑖𝑛𝛼. 

  sibrtyis daxris kuTxis gansazRvrisaTvis, romlis drosac iwyeba 
sriali, visargebloT damokidebulebiT: 

 𝐹ხახ ≤ 𝐹ხახ
𝑚𝑎𝑥 = 𝑓𝑁, 

sadac  𝑁 = 𝐺𝑐𝑜𝑠𝛼. 
  maSin 

1

3
𝑚𝑔𝑠𝑖𝑛𝛼 ≤ 𝑓𝑚𝑔𝑐𝑜𝑠𝛼 

aqedan 

𝑡𝑔𝛼 ≤ 3𝑓, 
𝛼 ≤ 𝑎𝑟𝑐𝑡𝑔3𝑓. 

p a s u x i:    𝛼 ≤ 𝑎𝑟𝑐𝑡𝑔3𝑓; 𝑎𝐶 =
2

3
𝑔𝑠𝑖𝑛𝛼. 

 

 

 

 

amocana  39.12 

 

   erTgvarovani mTliani wriuli 
disko srialis gareSe goravs  

horizontTan 𝛼 kuTxiT daxril 
sibrtyeze.  diskos brunvis RerZi 

udidesi daxris wrfesTan adgens 𝛽 
kuTxes. gansazRvreT diskos masaTa 
centris aCqareb, Tu misi gorva  
xdeba mxolod erT vertikalur 
sibrtyeSi.. 
a m o x s n a.ganvixiloT diskos brtyeli moZraoba masze 

modebuli Zalebis moqmedebiT (ix. Nnaxazi). SevadginoT brtyeli 
moZraobis diferencialuri 
gantolebebi: 

 𝑀�̈�𝐶 = ∑𝐹𝑘𝑥
𝑒 = 𝐺𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛽− 𝐹ხახ, (1) 

  𝑀�̈�𝐶 = ∑𝐹𝑘𝑦
𝑒 = −𝑁 + 𝐺𝑐𝑜𝑠𝛼,   (2) 

   𝐽𝐶𝑧�̈� = ∑𝑚𝐶𝑧(�⃗�𝑘
𝑒) =  𝐹ხახ𝑟.   (3) 

radgan diskos inerciis momenti 

�⃗⃗⃗� 

�⃗� 

     

• 
 
• 
 

𝛼 𝑥 

�⃗�ხახ 

𝑦, 

𝑥1 

𝑦1 

𝐶 

𝑥1 

𝑥 

• 
𝐶 𝛽 

𝜔 

 𝐹ხახ
,   
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misi masaTa centrze gamavali  
RerZis mimarT 

    𝐽𝐶𝑧 =
𝑚𝑟2

2
,   �̈� =

�̈�𝐶

𝑟
, 

maSin (3) gantoleba miiRebs 
saxes: 

𝑚𝑟2

2

�̈�𝐶
𝑟
=  𝐹ხახ𝑟. 

Aaqedan 

𝑚�̈�𝐶
2

=  𝐹ხახ. 

(1) gantolebidan gvaqvs: 

𝑚�̈�𝐶 = 𝑚𝑔𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛽 −  𝐹ხახ. 
SevkriboT  bolo ori gantoleba, miviRebT: 

3𝑚�̈�𝐶
2

= 𝑚𝑔𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛽. 

Aaqedan  vipoveT diskos masaTa centris aCqareba 

�̈�𝐶 = 𝑎𝐶 =
2

3
𝑔𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛽. 

p a s u x i:    𝑎𝐶 =
2

3
𝑔𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛽. 

 
 
 

amocana  39.13 

 
  horizontaluri RerZis mqone  erTgvarovani cilindri sakuTari 
simZimis moqmedebiT srialiT  gordeba  daxril sibrtyeze, romlis  

srialis xaxunis koeficienti aris 𝑓. gansazRvreT horizontTan  

sibrtyis daxris  𝛼 kuTxe da 
cilindris RerZis aCqareba. 
a m o x s n a.    SevadginoT 
cilindris srialiT 

 brtyeli moZraobis diferencialuri 
 gantolebebi masze modebuli 

Zalebis  moqmedebiT (ix. Nnaxazi).  
   :𝑀�̈�𝐶 = ∑𝐹𝑘𝑥

𝑒 = 𝐺𝑠𝑖𝑛𝛼− 𝐹ხახ,  (1) 

   𝑀�̈�𝐶 = ∑𝐹𝑘𝑦
𝑒 = 𝑁 − 𝐺𝑐𝑜𝑠𝛼,   (2) 

   𝐽𝐶𝑧�̈� = ∑𝑚𝐶𝑧(�⃗�𝑘
𝑒) =  𝐹ხახ𝑟.   (3) 

 Uusrialod    gorviT     moZraoba 

 SesaZlebelia, Tu sruldeba  piroba (ix. 39.11 amocanis amoxsna)  𝛼 ≤
𝑎𝑟𝑐𝑡𝑔3𝑓. 

𝑥 𝛼 

𝑦 

�⃗�ხახ 

�⃗⃗⃗� 

�⃗� 

     

• 
 
• 
 

𝜔 

𝐶 
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    maSasadame, roca 𝛼 ≥ 𝑎𝑟𝑐𝑡𝑔3𝑓 cilidri igorebs srialiT da 

xaxunis   𝐹ხახ  Zalas eqneba zRvruli mniSvneloba: 

𝐹ხახ = fN = 𝑓𝐺𝑐𝑜𝑠𝛼 = 𝑓𝑚𝑔𝑐𝑜𝑠𝛼 .  
maSin (1) gantoleba  miiRebs saxes: 

𝑚�̈�𝐶 = 𝑚𝑔𝑠𝑖𝑛𝛼 − 𝑓𝑚𝑔𝑐𝑜𝑠𝛼. 
Aaqedan vipoviT cilindris RerZis aCqarebas: 

�̈�𝐶 = 𝑔(𝑠𝑖𝑛𝛼 − 𝑓𝑐𝑜𝑠𝛼). 
 

p a s u x i:   𝛼 ≥ 𝑎𝑟𝑐𝑡𝑔3𝑓, �̈�𝐶 = 𝑔(𝑠𝑖𝑛𝛼 − 𝑓𝑐𝑜𝑠𝛼). 
 
 
 

 amocana  39.14 

 

   𝑟 radiusis  erTgvarovani Tvali Ausrialod goravs horizontTan  

 kuTxiT daxril sibrtyeze. gorvis xaxunis  𝑓გ  koeficientis 

rogori mniSvnelobis SemTxvevaSi imoZravebs Tvlis centri Tanabrad, 
xolo Tvali Seasrulebs Tanabar brunvas misi sibrtyis marTobul 
da masaTa centrze gamavali RerZis garSemo? 

 a m o x s n a. ganvixiloT diskos brtyeli  moZraoba masze 
modebuli Zalebis  moqmedebiT (ix. 

Nnaxazi). SevadginoT brtyeli 

moZraobis  diferencialuri 
gantolebebi: 

𝑀�̈�𝐶 = ∑𝐹𝑘𝑥
𝑒 = 𝐺𝑠𝑖𝑛𝛼− 𝐹ხახ,  (1)            

𝑀�̈�𝐶 = ∑𝐹𝑘𝑦
𝑒 = −𝑁 + 𝐺𝑐𝑜𝑠𝛼, (2)             

 𝐽𝐶𝑧�̈� = ∑𝑚𝐶𝑧(�⃗�𝑘
𝑒) =  𝐹ხახ𝑟 − 𝑚გ. (3) 
   

radgan   pirobis  Tanaxmad 𝑣𝐶 =

𝑐𝑜𝑛𝑠𝑡, amitom �̈�𝐶 = 0.  maSin (1) 
gantolebidan gvaqvs                             

:𝐺𝑠𝑖𝑛𝛼 =  𝐹ხახ. 
(3) gantolebidan, miviRebT: 

            𝐹ხახ =
𝑚გ

𝑟
 

Ggorvis xaxunis momenti 

𝑚გ = 𝑓გ𝑁 = 𝑓გ𝐺𝑐𝑜𝑠𝛼.  N 
maSasadame, 

𝐺𝑠𝑖𝑛𝛼 =
𝑚გ

𝑟
=
𝑓გ𝐺𝑐𝑜𝑠𝛼.

𝑟
 

Aaqedan 

𝑥 𝛼 

𝑦 

�⃗�ხახ 

�⃗⃗⃗� 

�⃗� 

     

• 
 
• 
 

𝜔 

𝐶 

𝑚გ 
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𝑓გ = 𝑟𝑡𝑔𝛼. 
p a s u x i:    𝑓გ = 𝑟𝑡𝑔𝛼. 
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   𝑀 masis da 𝑟 radiusis  erTgvarovani 
sagoravis     dolze,     romelic  Zevs 
horizontalur iatakze, daxveulia Zafi, 

romelzec modebulia  horizontTan    

kuTxiT    daxrili   𝑇  Zala.  dolis 

radiusia 𝑎,  xolo  sagoravis inerciis 

radiusi  −𝜌.  ipoveT  sagoravis RerZis 
moZraobis kanoni.  
a m o x s n a.  ganvixiloT sagoravis gorva masze modebuli 

Zalebis  moqmedebiT (ix. Nnaxazi). SevadginoT brtyeli moZraobis 
diferencialuri gantolebebi: 

             𝑚�̈�𝐶 = ∑𝐹𝑘𝑥
𝑒 = 𝑇𝑐𝑜𝑠𝛼− 𝐹ხახ,             (1) 

             𝑚�̈�𝐶 = ∑𝐹𝑘𝑦
𝑒 = −𝐺 + 𝑁 + 𝑇𝑠𝑖𝑛𝛼,          (2) 

               𝐽𝐶𝑧�̈� = ∑𝑚𝐶𝑧(�⃗�𝑘
𝑒) =  𝐹ხახ𝑟 − 𝑇 ∙ 𝑎         (3) 

 
  Radgan   adgili  aqvs   usrialod 
gorvas, Aamitom  

�̈� =
�̈�𝐶
𝑟
,    𝐽𝐶𝑧 = 𝑚𝜌

2 

Dda (1) da (3) gantolebebi  Caiwereba  
Semdegi saxiT:  

𝑚𝑟�̈�𝐶 = 𝑇𝑟𝑐𝑜𝑠𝛼− 𝐹ხახ𝑟 

𝑚𝜌2
�̈�𝐶
𝑟
=  𝐹ხახ𝑟 − 𝑇 ∙ 𝑎 

SevkriboT miRebuli gantolebebi: 
 

𝑚�̈�𝐶 (𝑟 +
𝜌2

𝑟
) = 𝑇(𝑟𝑐𝑜𝑠𝛼 − 𝑎). 

aqedan 

�̈�𝐶 =
𝑇𝑟(𝑟𝑐𝑜𝑠𝛼 − 𝑎)

𝑚(𝑟2 + 𝜌2)
. 

Ees gantoleba vaintegroT  orjer 
 

° 
• 

𝑟 𝑎 

𝑂 

𝛼 

𝑇 

𝑨 
�⃗� 

�⃗⃗⃗� 
𝑥 

𝑦 
𝜑 

�⃗�ხახ 

° 
• 
𝑎 

𝑂 

𝛼 

𝑇 

𝑨 𝑟 
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�̇�𝐶 =
𝑇𝑟(𝑟𝑐𝑜𝑠𝛼 − 𝑎)

𝑚(𝑟2 + 𝜌2)
𝑡 + 𝐶1, 

 

𝑥𝐶 =
𝑇𝑟(𝑟𝑐𝑜𝑠𝛼 − 𝑎)

𝑚(𝑟2 + 𝜌2)

𝑡2

2
+ 𝐶1𝑡 + 𝐶2. 

  Mmocemulia sawyisi pirobebi: 𝑡 = 0, 𝑥0 = 0, �̇�0 = 0, romlis 

gamoyenebiT vipoviT integrebis mudmivebs: 𝐶1 = 𝐶2 = 0. 
 maSin sagoravis RerZis moZraobis kanons eqneba saxe: 

𝑥𝐶 =
𝑇𝑟(𝑟𝑐𝑜𝑠𝛼 − 𝑎)

2𝑚(𝑟2 + 𝜌2)
𝑡2. 

p a s u x i:   𝑥𝐶 =
𝑇𝑟(𝑟𝑐𝑜𝑠𝛼−𝑎)

2𝑚(𝑟2+𝜌2)
𝑡2;  𝑥 RerZi mimarTulia marcxnidan 

marjvniv. 
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  𝑀  masis  erTgvarovani  𝐴𝐵 Rero 
Camokidebulia Werze ori vertikaluri Zafis 
saSualebiT, romlebic boloebiT 
mimagrebulia RerosTan. ipoveT erT-erTi 
Zafis daWimuloba meoris gawyvetis momentSi. 
   m i T i T e b a. vadgenT  Zafis   gawyvetis 
momentis   Semdeg    Zalian   mcire   drois  
SualedisaTvis  moZraobis   diferencialur 
gantolebebs ise, rom ugulebelvyofT Reros mimarTulebas da meore 
Zafidan misi masaTa centris daSorebis manZilis cvlilebas. 

a m o x s n a.    erT-erTi Zafis gawyvetis momentSi 𝐴𝐵 Rero 
asrulebs brtyel moZraobas. vaCvenoT 
naxazze Reroze moqmedi AZalebi.   
SevadginoT Reros moZraobis 
diferencialuri gantolebebi: 

       𝑚�̈�𝐶 = ∑𝐹𝑘𝑥
𝑒 = 𝐺 − 𝑇,        (1) 

       𝐽𝐶�̈� = ∑𝑚𝐶𝑧(�⃗�𝑘
𝑒) = 𝑇

ℓ

2
,       (2) 

sadac  𝐽𝐶 −Reros inerciis momentia, 

𝐽𝐶 =
𝑀ℓ2

12
,   �̈� =

�̈�𝐶
ℓ/2

=
2�̈�𝐶
ℓ
. 

maSin (2) gantoleba miiRebs saxes: 

𝑀ℓ2

12

2�̈�𝐶
ℓ
=
𝑇ℓ

2
. 

aqedan 

𝐴 𝐵 

𝐴 𝐵 

ℓ/2 

• 
𝐶 

�⃗� 

�⃗⃗� 

𝑥 

ℓ 
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𝑀�̈�𝐶 = 3𝑇. 
 
Aam gamosaxulebis gaTvaliswinebiT (1) gantoleba miiRebs saxes: 

𝐺 − 𝑇 = 3𝑇 
Aaqedan vipoviT Zafis daWimuloba meoris gawyvetis momentSi: 

𝑇 =
𝐺

4
=
𝑀𝑔

4
. 

 

p a s u x i:   𝑇 =
𝑀𝑔

4
.  
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  𝑀  masis   erTgvarovani   𝐴𝐵  Rero 

Camokidebulia 𝑂 wertilze Reros sigrZis 
mqone ori Zafis saSualebiT. 
gansazRvreTYerT-erTi Zafis daWimuloba 
meoris gawyvetis momentSi  (ix. 39.16 
amocanis miTiTeba). 

a m o x s n a.  vaCvenoT naxazze 𝐴𝐵 
Reroze moqmedi AZalebi erT-erTi Zafis 
gawyvetis momentSi.    CavweroT Reros brtyeli moZraobis 

diferencialuri gantolebebi Zafis gawyvetis momentSi 𝐵 
wertilSi: 

                         𝑚�̈�𝐶 = ∑𝐹𝑘𝑥
𝑒 = 𝑇𝑐𝑜𝑠600,                             (1) 

                           𝑚�̈�
𝐶
= ∑ 𝐹𝑘𝑦

𝑒 = 𝐺 − 𝑇𝑠𝑖𝑛600,                            (2) 

                            𝐽𝐶�̈� = ∑𝑚𝐶𝑧(�⃗�𝑘
𝑒) = 𝑇

ℓ

2
𝑠𝑖𝑛600,                   (3) 

Reros inerciis momenti masaTa centrSi  
gamavali RerZis mimarT  

𝐽𝐶 =
𝑀ℓ2

12
 

SevadginoT kidev erTi gantoleba, 

romelis daamyarebs kavSirs �̈�𝐶 , �̈�𝐶 da 
�̈� sidideebs Soris. 
  (1)Dda (2) gantolebebis Tanaxmad  Zafis 

gawyvetis Semdeg Reros masaTa centri −𝐶 
wertili moZraobs erTdroulad rogorc 

𝑥, ise 𝑦 RerZebis gaswvriv, xolo 𝐴𝐵 
Rero asrulebs rTul moZraobas, 
romelis SeiZleba warmovadginoT rogorc 

brunvebi 𝐴 da 𝑂 wertilebSi gamavali 

𝐴 𝐵 

𝑂 

𝐴 𝐵 

𝑂 

ℓ 

ℓ/2 
• 
𝐶 

�⃗⃗� 

�⃗� 

𝑦 

𝑥 

600 
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paraleluri RerZebis irgvliv. 
    radgan 

𝜑1 = −
𝑦𝐶
ℓ/2

, 

𝜑2 =
𝑥𝐶
𝐶𝑂

=
𝑥𝐶

(ℓ/2)𝑡𝑔600
 

(mobrunebis kuTxis uaryofiT mimarTulebad aRebulia saaTis isris 
brunvis mimarTuleba), maSin 

𝜑 = 𝜑1 + 𝜑2 =
2𝑥𝐶

ℓ𝑡𝑔600
−
2𝑦𝐶
ℓ
. 

maSin 

ℓ

2
�̈� = �̈�𝐶  𝑡𝑔60

0 − �̈�𝐶 

da 

                  
ℓ

2
𝑀�̈� = 𝑀�̈�𝐶  𝑡𝑔30

0 −𝑀�̈�𝐶 .              (4) 
   (3)  gantolebidan miviRebT: 

𝑀ℓ2

12
�̈� = 𝑇

ℓ

2
𝑠𝑖𝑛600 

Aanu 

𝑀
ℓ

2
�̈� = −3𝑇𝑠𝑖𝑛600. 

  Ees gamosaxuleba SevitanoT (4)-Si da (1) da (2) gantolebebis 
gaTvaliswinebioT, miviRebT: 

−3𝑇𝑠𝑖𝑛600 = 𝑇𝑐𝑜𝑠600𝑡𝑔300 − 𝐺 + 𝑇𝑠𝑖𝑛600, 
𝐺 = 𝑇(3𝑠𝑖𝑛600 + 𝑐𝑜𝑠600𝑡𝑔300 + 𝑠𝑖𝑛600). 

Aaqedan 

𝑇 =
𝐺

3𝑠𝑖𝑛600 + 𝑐𝑜𝑠600𝑡𝑔300 + 𝑠𝑖𝑛600
= 

=
𝑀𝑔

3𝑠𝑖𝑛600 + 𝑐𝑜𝑠600𝑡𝑔300 + 𝑠𝑖𝑛600
= 0,266𝑀𝑔. 

 

p a s u x i:    𝑇 = 0,266𝑀𝑔. 
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  2ℓ sigrZis da 𝑀  masis  erTgvarovani 

Txeli  Rero Zevs or  𝐴 da 𝐵  sayrdenze;  
Reros    masaTa  𝐶    centri    Tanabari 
manZiliT aris daSorebuli sayrdenebidan 

• 
𝐴 𝐵 𝐶 
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ise, rom 𝐶𝐴 = 𝐶𝐵 = 𝑎; yovel sayrdenze 

wneva udris 
1

2
𝑃 −s. rogor Seicvleba 

𝐴  sayrdenze wneva im momentSi, roca 𝐵 
sayrdeni ucbad Camocildeba?  (ix. 39.16 
amocanis miTiTeba). 

a m o x s n a.   𝐵 sayrdenis 
mocildebis Semdeg Rero Seasrulebs 
brtyel moZraobas (ix. naxazi). 
  koordinatTa sistemis saTave avirCioT 
Reros masaTa centrSi da SevadginoT 
Reros moZraobis diferencialuri 
gantolebebi: 

           𝑀�̈�𝐶 =∑𝐹𝑘𝑦
𝑒 = 𝑀𝑔 − 𝑅𝐴,      (1)    

 

         𝐽𝐶�̈� =∑𝑚𝐶𝑧(�⃗�𝑘
𝑒) =𝑅𝐴 ∙ 𝑎      (2) 

   cnobilia, rom 

𝐽𝐶 =
𝑀ℓ2

3
,   �̈� =

�̈�𝐶
𝑎
, 

maSin (2) gantoleba miiRebs saxes: 

𝑀ℓ2

3

�̈�𝐶
𝑎
= 𝑅𝐴 ∙ 𝑎, 

Aan 

𝑀�̈�𝐶 =
3𝑎2𝑅𝐴
ℓ2

. 

 
CavsvaT es gamosaxuleba (1) gantolebaSi, miviRebT: 

3𝑎2𝑅𝐴
ℓ2

= 𝑀𝑔 − 𝑅𝐴, 

aqedan 
 

𝑅𝐴 =
𝑀𝑔ℓ2

ℓ2 + 3𝑎2
 

 

  ganvsazRvroT wnevis cvlileba 𝐴  sayrdenze, Tu 𝑅𝐴
სტ
=

𝑀𝑔

2
: 

 

∆𝑅𝐴 = 𝑅𝐴 − 𝑅𝐴
სტ
=

𝑀𝑔ℓ2

ℓ2 + 3𝑎2
−
𝑀𝑔

2
=

ℓ2 − 3𝑎2

2(ℓ2 + 3𝑎2)
𝑀𝑔. 

 

p a s u x i:    𝐴  sayrdenis wneva miiRebs 
ℓ2−3𝑎2

2(ℓ2+3𝑎2)
𝑀𝑔 −s tol namats. 

• 
𝐴 𝐶 𝐵 

𝑎 

ℓ ℓ 

𝑎 

𝑦 

�⃗⃗�𝐴 

𝑚�⃗� 

휀 
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amocana  39.19 

     𝑚   masis   wriuli    𝐴   cilindris  Sua  
nawilze  daxveulia  wvrili  Zafi,    romlis 

𝐵  bolo  damagrebulia  uZravad.   cilindri 
vardeba   usawyiso   siCqariT.    gansazRvreT  

Cilindris  RerZis  𝑣  siCqare  im   momentSi,  
roca igi Camova ℎ manZilze da  ipoveT Zafis  

𝑇 daWimuloba. 
a m o x s n a.   koordinatTa sistemis saTave 
avirCioT wertilSi da davweroT ori 
diferencialuri gantoleba: 

           𝑚�̈�𝐴 = 𝑚𝑔 − 𝑇,                     (1) 
                             𝐽𝐴𝑧�̈� = 𝑇 ∙
𝑅                             (2) 

cnobilia, rom 

                    𝐽𝐴𝑧 =
𝑚𝑅2

2
,   �̈� =

�̈�𝐴
𝑅
, 

  maSin (2) gantoleba miiRebs saxes: 

𝑚𝑅2

2

�̈�𝐴
𝑅
=  𝑇 ∙ 𝑅 

an 

                          
1

 2
𝑚�̈�𝐴 =  𝑇.                         (3)    

SevkriboT (1)  da (3) gantolebebi: 

3

 2
𝑚�̈�𝐴 =  𝑚𝑔     

an 

              �̈�𝐴 = 
2

3
𝑔.                   (4)    

gardavqmnaT �̈�𝐴  Semdegnairad: 

             �̈�𝐴 =
𝑑�̇�𝐴

𝑑𝑡
=

𝑑𝑥𝐴

𝑑𝑡

𝑑�̇�𝐴

𝑑𝑥𝐴
= �̇�𝐴

𝑑�̇�𝐴

𝑑𝑥𝐴
.            (5)      

CavsvaT (5) gamosaxuleba (4) tolobaSi, miviRebT: 

               �̇�𝐴𝑑�̇�𝐴 =
2

3
𝑔𝑑𝑥𝐴.                   (6)             

vaintegroT (6) gamosaxuleba: 
 

∫�̇�𝐴𝑑�̇�𝐴 = ∫
2

3
𝑔𝑑𝑥𝐴,

ℎ

0

𝑣

0

 

miviRebT 

𝐵 

𝐴 

𝑅 ℎ 

𝐴0 

𝐵 

𝐴 

𝑅 ℎ 

𝐴0 

𝑦 

𝑥 

�⃗⃗� 

𝑚�⃗� 

• 
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�̇�𝐴
2

2
|
0

𝑣

=
2

3
𝑔𝑥𝐴,|

0

ℎ

 

anu 

𝑣 =
2

3
√3𝑔ℎ. 

Zafis  𝑇 daWimulobis gansasazRvravad (4) gamosaxuleba CavsvaT (1) 
gantolebaSi: 

2

3
𝑚𝑔 = 𝑚𝑔 − 𝑇. 

saidanac 

𝑇 =
1

3
𝑚𝑔. 

 

p a s u x i:    𝑣 =
2

3
√3𝑔ℎ;    𝑇 =

1

3
𝑚𝑔. 
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        𝑀  masis da   𝑟 radiusis 
erTgvarovan wriul cilindrze 
daxveulia ori Runvadi Zafi ise, rom 
maTi xviebi simetriulia fuZeebiis 
paraleluri Sua sibrtyis mimarT. 

cilindri moTavsebulia daxril  𝐴𝐵  
sibrtyeze  ise, rom misi  msaxvelebi 
udidesi daxris wrfis 
perpendikularulia, xolo Zafebis 

bolo  𝐶 wertilebi  damagrebulia 
zemoaRniSnuli Sua sibrtyis 

simetriulad 𝐴𝐵  sibrtyidan 2𝑟 
manZilze.. cilindri iwyebs 
moZraobas usawyiso siCqariT daxril  
sibrtyeze  xaxunis gadalaxviT, 

romlis koeficienti aris 𝑓. 
gansazRvreT cilindris masaTa 

centris mier  𝑡 droSi gavlili 𝑠 
manZili da orive Zafis  𝑇 
daWimuloba, Tu igulisxmeba, rom  𝑡 
drois ganmavlobaSi arc erTi Zafi 
bolomde ar gadmoexveva. 
a m o x s n a. moZraobisas 
cilindrze moqmedeben  Zalebi: 

     

𝛼𝛼 

𝑟𝑟 

𝐵𝐵 

     

• 
 
• 
 

𝐷𝑥 

𝐴 

𝐶 

𝑀�⃗� 

• 
 
• 
     

• 
 
• 

휀 
�⃗�ხახ 

     

• 
 
• 
 

𝐷 

𝐴 

𝐶 

�⃗⃗⃗� 
𝑇′⃗⃗⃗⃗  
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𝑀�⃗� −AsimZimis Zala, �⃗⃗⃗� − normaluri reaqcia, �⃗�ხახ −  srialis xaxunis 

Zala, 𝑇′⃗⃗⃗⃗ − ori  Zafis daWimuloba (ix. Nnaxazi). Aam Zalebis 
moqmedebiT is asrulebs  brtyel moZraobas.  SevadginoT cilindris 
moZraobis diferencialuri gantolebebi: 

           𝑀�̈�𝐶 = ∑𝐹𝑘𝑥
𝑒 = −𝑇′ − 𝐹ხახ +𝑀𝑔𝑠𝑖𝑛𝛼,             (1) 

           𝑀�̈�𝐶 = ∑𝐹𝑘𝑦
𝑒 = −𝑀𝑔𝑐𝑜𝑠𝛼 + 𝑁,                     (2)                    

               𝐽𝐶�̈� = ∑𝑚𝐶𝑧(�⃗�𝑘
𝑒) =𝑇′𝑟 − 𝐹ხახ r.                   (3)  

  (2)   gantolebidan vipoviT:  

𝑁 = 𝑀𝑔𝑐𝑜𝑠𝛼. 
amitom 

𝐹ხახ = 𝑓𝑁 = 𝑓𝑀𝑔𝑐𝑜𝑠𝛼. 
 
cnobilia, rom 

                    𝐽𝐶𝑧 =
𝑀𝑟2

2
,   �̈� =

�̈�𝐶
𝑟

 

maSin  (3) gantoleba ase Caiwereba: 

                      
𝑀�̈�𝐶

2
= 𝑇′ − 𝐹ხახ.                  (4) 

 
SevkriboT (1) da (4) gantolebebi:, miviRebT: 
 

3𝑀�̈�𝐶
2

= −2𝐹ხახ +𝑀𝑔𝑠𝑖𝑛𝛼 = 𝑀𝑔(𝑠𝑖𝑛𝛼 − 2𝑓𝑐𝑜𝑠𝛼) 

Aaqedan 

                 �̈�𝐶 =
𝑑�̇�𝐶

𝑑𝑡
=

2

3
𝑔(𝑠𝑖𝑛𝛼 − 2𝑓𝑐𝑜𝑠𝛼)                   (5) 

 
ganvacaloT cvladebi (5) gamosaxulebaSi da vaintgroT: 

𝑑�̇�𝐶 =
2

3
𝑔(𝑠𝑖𝑛𝛼 − 2𝑓𝑐𝑜𝑠𝛼)𝑑𝑡, 

�̇�𝐶 =
𝑑𝑥𝐶
𝑑𝑡

=
2

3
𝑔(𝑠𝑖𝑛𝛼 − 2𝑓𝑐𝑜𝑠𝛼)𝑡 + 𝐶1. 

roca  𝑡 = 0,      𝑣𝐶0 = 0,  maSin 𝐶1. = 0. 
Aamis gaTvaliswinebiT 

𝑠 = 𝑥𝐶 =
𝑔𝑡2

3
(𝑠𝑖𝑛𝛼 − 2𝑓𝑐𝑜𝑠𝛼). 

 (5) gamosaxuleba CavsvaT (4) gantolebaSi da vipovoT Zafis  𝑇′ 
daWimuloba: 

𝑀𝑔

2
(𝑠𝑖𝑛𝛼 − 2𝑓𝑐𝑜𝑠𝛼) = 𝑇′ − 𝑓𝑀𝑔𝑐𝑜𝑠𝛼. 

  aqedan 
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𝑇′ =
1

3
𝑀𝑔(𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼). 

radgan  

𝑇′ = 𝑇, 
maSin 

𝑇 =
1

6
𝑀𝑔(𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼). 

p a s u x i:    

𝑠 =
1

3
𝑔(𝑠𝑖𝑛𝛼 − 2𝑓𝑐𝑜𝑠𝛼)𝑡2;    𝑇 =

1

6
𝑀𝑔(𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼). 

cilindri darCeba uZravad, Tu 𝑡𝑔𝛼 < 2𝑓. 
 
 

 
amocana  39.21  

 

    𝑀1  da 𝑀2  masis ori cilindruli 

lilvi Camogordeba   horizontTan  𝛼 
da 𝛽 kuTxiT  daxril or sibrtyeze. 
lilvebi SeerTebulia uWimari ZafiT, 
romlis boloebi daxveulia lilvebze 
da damagrebulia  maTze. gansazRvreT  
Zafis daWimuloba da misi aCqareba 
daxril sibrtyeebze moZraobisas. 
Llilvebi CaTvaleT erTgvarovan wriul cilindrebad. Zafis masa 
ugulebelyofilia. 

a m o x s n a. ganvixiloT 𝐶1    
lilvis moZraoba 𝑀1�⃗� simZimis 
Zalis da �⃗⃗� Zafis daWimulobis 
Zalis moqmedebiT (ix. Nnaxazi). 
  vTvliT, rom Zafi moZraobs  
lilvis moZraobis imarTulebiT 
da misi masaTa centris aCqareba 

udris lilvis �̈�1  da Zafis �̈�0   
aCqarebebis jams: 

�̈�𝐶1 = �̈�1 + �̈�0. 

  SevadginoT 𝐶1    lilvis 
brtyeli moZraobis diferencialuri gantolebebi: 

              𝑀1(�̈�1 + �̈�0) = ∑𝐹𝑘𝑥
𝑒 = 𝑀1𝑔𝑠𝑖𝑛𝛼 − 𝑇,             (1) 

                𝐽𝐶1휀1 = ∑𝑚𝐶1𝑧(�⃗�𝑘
𝑒) =𝑇𝑟1.                      (2)                    

• 
𝛼 𝛽 

• 

𝑥2 𝑀1�⃗� 𝑀2�⃗� 𝑥1 

�̈�1 

𝐶1 𝐶2 �⃗⃗⃗�2 

�⃗⃗⃗�1 

�̈�2 

�̈�0 

�⃗⃗�′ �⃗⃗� 

• 
𝛼 𝛽 

• 
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Aaseve- 𝐶2    lilvis brtyeli moZraobis diferencialuri 

gantolebebi 𝑀2�⃗� simZimis Zalis da 𝑇′⃗⃗⃗⃗  Zafis daWimulobis Zalis 

moqmedebiT da �̈�𝐶2 = �̈�2 + �̈�0 tolobis gaTvaliswinebiT: 

            𝑀2(�̈�2 + �̈�0) = ∑𝐹𝑘𝑥
𝑒 = 𝑀2𝑔𝑠𝑖𝑛𝛽 − 𝑇′,                (3) 

                      𝐽𝐶2휀2 = 𝑇′𝑟2.                           (4)    
   vipovoT lilvebis inerciis momentebi: 
 

𝐽𝐶1 =
𝑀1𝑟1

2

2
,      𝐽𝐶2 =

𝑀2𝑟2
2

2
. 

    maSin (2) da (4) gantolebebi miiRebs saxes 
 

                      
 𝑀1𝑟1𝜀1

2
= 𝑇,                              (5) 

                      
𝑀2𝑟2𝜀2

2
= 𝑇′.                     (6) 

  imis gaTvaliswinebiT, rom  𝑇 = 𝑇′, miviRebT: 
 𝑀1𝑟1휀1
2

=
𝑀2𝑟2휀2
2

 

an 

               𝑀1𝑟1휀1 = 𝑀2𝑟2휀2 = 2𝑇.                  (7) 
 

radgan 𝑥1 = 𝑟1𝜑1, 𝑥2 = 𝑟2𝜑2, maSin �̈�1 = 𝑟1�̈�1, �̈�2 = 𝑟2�̈�2, sadac 
�̈�1 = 휀1, �̈�2 = 휀2. 
   Ees Tanafardobebi SevitanoT (7) gamosaxulebaSi: 

                     𝑀1�̈�1 = 𝑀2�̈�2.                   (8) 

 gamovakloT (1) gantolebas (3): 

𝑀1(�̈�1 − �̈�0) − 𝑀2(�̈�2 − �̈�0) = 𝑀1𝑔𝑠𝑖𝑛𝛼 −𝑀2𝑔𝑠𝑖𝑛𝛽 

Dda (8) tolobis gaTvaliswinebiT miviRebT: 

�̈�0(𝑀1 +𝑀2) = 𝑀1𝑔𝑠𝑖𝑛𝛼 −𝑀2𝑔𝑠𝑖𝑛𝛽, 
Aaqedan 

�̈�0 = 𝑔
𝑀1𝑠𝑖𝑛𝛼 −𝑀2𝑠𝑖𝑛𝛽

𝑀1 +𝑀2
. 

  es gamosaxuleba SevitanoT (1) gantolebaSi: 
 

𝑀1�̈�1 +
𝑀1𝑔(𝑀1𝑔𝑠𝑖𝑛𝛼 −𝑀2𝑔𝑠𝑖𝑛𝛽)

𝑀1 +𝑀2
= 𝑀1𝑔𝑠𝑖𝑛𝛼 − 𝑇. 

maSin, Tu gaviTvaliswinoT, rom    𝑀1�̈�1 = 2𝑇, miviRebT: 
 

3𝑇 = 𝑀1𝑔𝑠𝑖𝑛𝛼 −
𝑀1𝑔(𝑀1𝑔𝑠𝑖𝑛𝛼 −𝑀2𝑔𝑠𝑖𝑛𝛽)

𝑀1 +𝑀2
. 
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Aam bolo tolobidan ganvsazRvravT Tokis daWimulobas: 
 

𝑇 = 𝑔
𝑀1𝑀2(𝑠𝑖𝑛𝛼 + 𝑠𝑖𝑛𝛽)

3(𝑀1 +𝑀2)
. 

p a s u x i:     
 

𝑇 = 𝑔
𝑀1𝑀2(𝑠𝑖𝑛𝛼 + 𝑠𝑖𝑛𝛽)

3(𝑀1 +𝑀2)
;     �̈�0 = 𝑔

𝑀1𝑠𝑖𝑛𝛼 −𝑀2𝑠𝑖𝑛𝛽

𝑀1 +𝑀2
. 

 

 
amocana  39.22 

      gansazRvreT  𝑅 radiusis 
erTgvarovani naxevarwriuli diskos 
mcire   rxevebis   periodi;    igi  Zevs  
aragluv horizontalur sibrtyeze da 
SeuZlia masze usrialo gorva. 
  a m o x s n a.   SevadginoT   myari 
sxeulis  brtyeli moZraobis 
diferencialuri gantolebebi. 
koordinatTa saTave avirCioT sxeulis 
sibrtyesTan Sexebis wertili (ix. 
Nnaxazi).) 
   gaviTvaliswinoT, rom 

                    𝐶𝐷 =
4

3

𝑅

𝜋
= ℓ, 

sadac 𝐶 wertili - naxevarwriuli 
diskos masaTa centria. 
  maSin 

    𝑚�̈�𝐶 = ∑𝐹𝑘𝑥
𝑒 = −𝐹ხახ,          (1) 

   𝑚�̈�𝐶 = ∑𝐹𝑘𝑦
𝑒 = −𝑚𝑔 + 𝑁,       (2)                    

𝐽𝐶�̈� =∑𝑚𝐶𝑧(�⃗�𝑘
𝑒) = 

    = 𝐹ხახ(R − ℓ𝑐𝑜𝑠𝜑) − 𝑁ℓ𝑠𝑖𝑛𝜑.  (3) 

(2)   gantolebidan 

        𝑁 = 𝑚�̈�𝐶 +𝑚𝑔.       (4) 
CavxvaT (1)  da (4) gamosaxulebebi (3) 
gantolebaSi: 

     𝐽𝐶�̈� = −(R − ℓ𝑐𝑜𝑠𝜑)𝑚�̈�𝐶 −
            (𝑚�̈�𝐶 +𝑚𝑔)ℓ𝑠𝑖𝑛𝜑.         (5) 
radgan  diskos goravs usrialod, amitom 

𝑥𝐶 = 𝑅𝜑 − ℓ𝑠𝑖𝑛𝜑, 
𝑦𝐶 = 𝑅 − ℓ𝑐𝑜𝑠𝜑, 

𝑥𝐶 

• 
C 

𝑅 

𝑥 

𝑦 

O 

𝜑 

𝑦𝐶 

𝑥𝐶 

• 
C 

𝑅 

𝑥 

𝑦 

O 

𝜑 

𝑦𝐶 

 
𝐷 

�⃗�ხახ 

𝑚�⃗� 

�⃗⃗⃗� 
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    vinaidan ganixileba mcire rxevebi, romlisTvisac   𝑠𝑖𝑛𝜑 ≈ 𝜑,    
𝑐𝑜𝑠𝜑 = 1, amitom 

𝑥𝐶 = (𝑅 − ℓ)𝜑,      �̈�𝐶 = (𝑅 − ℓ)�̈�; 
𝑦𝐶 = 𝑅 − ℓ, �̈�𝐶 = 0.    

maSin   (5) gantoleba miiRebs saxes: 

𝐽𝐶�̈� = −𝑚(𝑅 − ℓ)
2�̈� − 𝑚𝑔ℓ𝜑 

an 

                 �̈� +
𝑚𝑔ℓ

𝐽𝐶+𝑚(𝑅−ℓ)
2𝜑 = 0.                  (6) 

vipovoT naxevarwriuli diskos inerciis momenti 

𝐽𝐶 = 𝐽𝐷 −𝑚ℓ
2 =

𝑚𝑅2

2
−𝑚ℓ2 =

𝑚

2
(𝑅2 − 2ℓ2). 

maSin (6) gantoleba miiRebs saxes 

�̈� +
2𝑔ℓ

(𝑅2 − 2ℓ2) + 2(𝑅 − ℓ)2
𝜑 = 0 

an 

�̈� + 𝑘2𝜑 = 0, 
sadac 

𝑘2 =
2𝑔ℓ

(𝑅2 − 2ℓ2) + 2(𝑅 − ℓ)2
. 

vipovoT rxevis periodi: 

𝑇 =
2𝜋

𝑘
= 2𝜋√

(𝑅2 − 2ℓ2) + 2(𝑅 − ℓ)2

2𝑔ℓ
. 

Bbolo gamosaxulebaSi SevitanoT  ℓ =
4

3

𝑅

𝜋
 mniSvneloba da 

gardaqmnis Semdeg miviRebT: 

𝑇 =
𝜋

2𝑔
√2𝑔(9𝜋 − 16)𝑅. 

 

p a s u x i:   𝑇 =
𝜋

2𝑔
√2𝑔(9𝜋 − 16)𝑅.  
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$40. giroskopis miaxloebiTi Teoria.  

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 

  giroskopi ewodeba simetriulMmyar sxeuls, romelic brunavs mis 
RerZze arsebuli uZravi wertilis irgvliv. aseT sxeuls 
warmoadgens brziala an mZime erTgvarovani disko, romelsac 
erTdroulad SeuZlia brunva ori an meti erT wertilSi 
urTierTgadamkveTi RerZebis garSemo. maSasadame, giroskopis 
moZraoba SegviZlia ganvixiloT rogorc sferuli, e.i. rogorc 
sxeulis moZraoba erTi uZravi wertiliT, an Sedgenili moZraoba 
urTierTgdamkveTi RerZebis irgvliv. Aamitom giroskopis Teoriis 
amocanebis dasmisa da amoxsnisas mizanSewonilia sferuli an 
Sedgenili moZraobebis terminologiiT sargebloba. 
  Aamgvarad, sferuli moZraobisas sxeulis mdebareoba uZrav 

RerZebSi ganisazRvreba eileris kuTxeebiT: 𝜓 − precesiis  kuTxe, 

𝜑 − sakuTari brunvis kuTxe, 휃 − nutaciis kuTxe. amasTan uZravi 

koordinatTa sistema aRiniSneba 𝑂𝑥𝑦𝑧 −iT, xolo sxeulTan 

dakavSirebuli moZravi- 𝑂𝑥1𝑦1𝑧1 − iT, sadac 𝑧1 − sxeulis 
simetriis RerZia.  maSin sferuli moZraobis terminologiis  

Tanaxmad  sxeulis brunva 𝑧1 RerZis garSemo aris sakuTari brunva, 
xolo Sedgenili moZraobis terminologiiT-fardobiTi. amasTan 
brunvis kuTxuri siCqare-es aris sakuTari brunvis kuTxuri siCqare 
an fardobiTi moZraobis kuTxuri siCqare, romelic aRiniSneba 

Sesabamisad 𝜔𝜑 = �̇� an 𝜔𝑟. 

  sferuli moZraobis terminologiis  Tanaxmad  sxeulis brunvas 𝑧 
RerZis garSemo ewodeba  precesia, xolo Sedgenili moZraobis 
terminologiiT-warmtani moZraoba. kuTxuri siCqare aRiniSneba 

Sesabamisad 𝜔𝜓 = �̇� (precesiis kuTxuri siCqare) an 𝜔𝑒 (warmtani 
moZraobis kuTxuri siCqare). 

   nutaciis kuTxe 휃-es aris kuTxe 𝑧  da 𝑧1 RerZebs  Soris. Tu 

휃 = 𝑐𝑜𝑛𝑠𝑡, maSin 𝜔𝜓 = 𝑐𝑜𝑛𝑠𝑡 da 𝜔𝜑 = 𝑐𝑜𝑛𝑠𝑡 da adgili aqvs e.w. 

regularul precesias, romelic mniSvnelovan rols TamaSobs 
teqnikaSi, kerZod, iseT mowyobilobebSi, romlebic warmoadgenen 
giroskopebs. 

  Aam paragrafis amocanebs  xsnian giroskopebis elementaruli, 
anu miaxloebiTi TeoriiT. Aam Teoriis arsi mdgomareobs imaSi, rom 
swrafadmbrunavi giroskopis precesiis kuTxuri siCqare mcirea 
sakuTari brunvis kuTxuri siCqaresTan SedarebiT, xolo nutaciis 
kuTxe praqtikulad rCeba mudmivi. Aamitom giroskopis absoluturi 
kuTxuri siCqare 

                            �⃗⃗⃗� = �⃗⃗⃗�𝜑.                       (40.1)       
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maSin  swrafadmbrunavi giroskopis kinetikuri momenti uZravi 𝑂 
wertilis mimarT:  

                         �⃗⃗⃗�𝑂 = 𝐽𝑂 �⃗⃗⃗� =𝐽𝑂 �⃗⃗⃗�𝜑.              (40.2) 
Dda is mimarTulia sakuTari brunvis RerZis gaswvriv. 
   rezalis Teoremis Tanaxmad 

                 
𝑑�⃗⃗⃗�𝑂

𝑑𝑡
= ∑𝑀𝑂(�⃗�𝑘

𝑒) = �⃗⃗�,               (40.3) 

sadac �⃗⃗� − �⃗⃗⃗�𝑂 veqtoris bolo wertilis siCqarea. geometriulad �⃗⃗� 
udris gare Zalebis nakrebi moments 𝑂 wertilis mimarT:  

�⃗⃗⃗�𝑂
𝑒 =∑𝑀𝑂(�⃗�𝑘

𝑒), 
e.i. 

                                �⃗⃗� = �⃗⃗⃗�𝑂
𝑒 .                         (40.4) 

   Aamitom, Tu �⃗⃗⃗�𝑂
𝑒 ≠ 0, maSin �⃗⃗⃗�𝑂 kinetikuri momentis veqtoris 

bolo wertili moZraobs �⃗⃗� siCqariT. es niSnavs, rom giroskopis 

sakuTari brunvis RerZi ibrunebs precesiis RerZis irgvliv 𝜔𝜓 

kuTxuri siCqariT. maSin �⃗⃗� siCqare SeiZleba ganisazRvros sxeulis 
nebismieri wertilis siCqaris analogiurad uZrvi RerZis garSemo 
brunvis dros elieris formuliT: 

�⃗� = �⃗⃗⃗� × 𝑟, 
sadac 𝑟 − mocemuli wertilis radius-veqtoria gavlebuli brunvis 
RerZis nebismieri wertilidan.  
amitom 

                                        �⃗⃗� = �⃗⃗⃗�𝜓 × �⃗⃗⃗�𝑂 = �⃗⃗⃗�𝜓 × 𝐽𝑂 �⃗⃗⃗�𝜑.               (40.5) 
 
   (40.4)  da (40.5) gamosaxulebebia saSualebas gvaZlevs  

ganvsazRvroT precesiis kuTxuri siCqare 𝜔𝜓, Tu cnobilia 

sakuTari brunvis kuTxuri siCqare da gare Zalebis nakrebi momenti, 
radgan 

                |�⃗⃗⃗�𝑂
𝑒 | = |�⃗⃗⃗�𝜓 × 𝐽𝑂 �⃗⃗⃗�𝜑| = 𝐽𝑂𝜔𝜓𝜔𝜑𝑠𝑖𝑛휃.          (40.6) 

Aaqedan  

                     𝜔𝜓 =
|�⃗⃗⃗�𝑂

𝑒 |

𝐽𝑂𝜔𝜑𝑠𝑖𝑛𝜃
.                       (40.7) 

 
Tu cnobilia  precesiis kuTxuri siCqare  da sakuTari brunvis 
kuTxuri siCqare, maSin gare Zalebis nakrebi momenti SeiZleba 
ganisazRvros (40.6) formuliT. 
    Tu giroskopi warmoadgens diskos, romelic brunavs gadamkveTi 
RerZebis irgvliv (nax.40.1), amasTan sakuTari brunvis  RerZi 

damagrebulia  𝐴 da  𝐵 sayrdenebSi, maSin gare Zalebis nakrebi 
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momenti  RerZebis gadakveTi 𝑂  wertilis mimarT Seiqmneba am 

sayrdenebis reaqciebiT, romlebic moTavsebulia �⃗⃗⃗�𝑂
𝑒  veqtoris da, 

maSasadame, �⃗⃗� veqtoris marTob sibrrtyeSi. Tu giroskopi 
moTavsebulia sayrdenebis simetriulad, maSin maTi reaqciebis 
sidide 

                  𝑅𝐴 = 𝑅𝐵 =
𝐽𝑂𝜔𝜓𝜔𝜑𝑠𝑖𝑛𝜃

𝐴𝐵
.              (40.8)   

 
 
 
 

 
 
 
 
 
 
 

Nnax. 40.1 

  Tavis mxriv, sayrdenebSi warmoiqmneba �⃗⃗⃗�𝐴 da �⃗⃗⃗�𝐵  wnevebi, 
romlebic sididiT reaqciebis tolia, magram mimarTulebiT maTi 
sapirispiroa, e.i. 

�⃗⃗⃗�𝐴 = −�⃗⃗�𝐴,   �⃗⃗⃗�𝐵 = −�⃗⃗�𝐵.    

  Tu  mbrunav giroskopze movdebT giroskopis inerciis Zalebis 

nakreb moments uZravi 𝑂  wertilis mimarT �⃗⃗⃗�𝑂
ინ, maSin dalamberis 

principis Tanaxmad miviRebT gawonasworebul ZalTa sistemas: 

                �⃗⃗⃗�𝑂
𝑒 + �⃗⃗⃗�𝑂

ინ = 0 ⟹ �⃗⃗⃗�𝑂
ინ = −�⃗⃗⃗�𝑂

𝑒 .          (40.9)     
    radgan 

              �⃗⃗⃗�𝑂
𝑒 = �⃗⃗⃗�𝜓 × 𝐽𝑂 �⃗⃗⃗�𝜑 = 𝐽𝑂 �⃗⃗⃗�𝜓 × �⃗⃗⃗�𝜑.          (40.10) 

Aamitom  

                �⃗⃗⃗�𝑂
ინ = −𝐽𝑂 �⃗⃗⃗�𝜓 × �⃗⃗⃗�𝜑 = 𝐽𝑂 �⃗⃗⃗�𝜑 × �⃗⃗⃗�𝜓.         (40.11) 

  Ggiroskopebis TeoriaSi  𝐽𝑂 �⃗⃗⃗�𝜑 × �⃗⃗⃗�𝜓 gamosaxulebas ewodeba 

giroskopuli momenti da  aRiniSneba �⃗⃗⃗�𝑟 − iT.  Aamgvarad, 

                      �⃗⃗⃗�𝑟 = �⃗⃗⃗�𝑂
ინ = 𝐽𝑂 �⃗⃗⃗�𝜑 × �⃗⃗⃗�𝜓.            (40.12) 

 giroskopuli momenti SeiZleba ganvixiloT, rogorc giroskopuli 
wyvilZalis momenti, romlis Semadgeneli Zalebia sayrdenebSi 
warmoqmnili wnevis Zalebi, e.i. 

�⃗⃗⃗�𝑟 = �⃗⃗⃗�(�⃗⃗⃗�𝐴, �⃗⃗⃗�𝐵). 

 �⃗⃗⃗⃗⃗�𝐴 

𝐴 

𝑂 

𝐵 

 𝜔𝜑 
 𝑧 

 𝑧1 

 𝑥  �⃗⃗⃗⃗⃗�𝐵 

 �⃗⃗⃗⃗�𝐴 

 �⃗⃗⃗⃗�𝐵 

 �⃗⃗⃗⃗� 

 �⃗⃗⃗⃗⃗�𝜑  �⃗⃗⃗⃗�𝑂 

 �⃗⃗⃗�𝑟 

 �⃗⃗⃗⃗⃗�𝜓 

 �⃗⃗⃗⃗⃗�𝑂

𝑒
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    Aam Zalebis mniSvnelobebi ganisazRvreba formuliT: 

𝑁𝐴 = 𝑁𝐵 =
|�⃗⃗⃗�𝑟|

𝐴𝐵
=
𝐽𝑂𝜔𝜓𝜔𝜑𝑠𝑖𝑛휃

𝐴𝐵
, 

 
romelic (40.8) formulis analogiuria. 
  Ggiroskopuli wyvilZalebis moqmedeba ganisazRvreba Jukovskis 
wesiT: 
   Tu  swrafadmbrunav giroskops mivaniWebT precesiul moZraobas, 
maSin warmoiqmneba giroskopuli wyvilZala, romelic cdilobs 
giroskopis RerZi moaTavsos precesiis RerZis  paralelurad, ise, 
rom am RerZebis mimarTulebebis TanadamTxvevis Semdeg orive 
brunvas hqondes erTnairi mimarTuleba. 
 
  Mmocemuli paragrafis amocanebis amoxsnis Tanmimdevroba: 

1.   Nnaxazze gamovsaxoT giroskopze moqmedi yvela gare Zala 

(sayrdenebis reaqcia, simZimis Zala, gare Zalebis nakrebi 

momentis da giroskopuli momentis mimarTulebebi); 

2.   avirCioT uZravi 𝑂𝑥𝑦𝑧 da moZravi- 𝑂𝑥1𝑦1𝑧1 koordinatTa 

sistema, 𝑧1 RerZi mimvmarToT giroskopis simetriis RerZis 

gaswvriv, 𝑧 − ki precesiis RerZis gaswvriv; 

3.   vaCvenoT naxazze kinetikuri momentis, sakuTari brunvis 

kuTxuri siCqaris da precesiis kuTxuri siCqaris 

mimarTulebebi; 

4.  CavweroT mocemuli amocanisaTvis rezalis Teorema an 

wonasworobis gantoleba giroskopuli momentis gamoyenebiT 

(40.9) formuklis saxiT. statikuri wnevis (reaqciebis)  

gansazRvrisas SesaZlebelia wonasworobis sxva gantolebebis 

Cawerac. . 

amocanebi da amoxsnebi 
 

amocana  40.1 

      bzriala brunavs saaTis isris 

moZraobis mimarTulebiT Tavisi 𝑂𝐴 
RerZis garSemo mudmivi 𝜔=600 wm-1  
kuTxuri siCqariT. 𝑂𝐴 RerZi 
daxrilia 

vertikalTan; RerZis qveda 𝑂 bolo 

uZravia; bzriala masaTa  𝐶 centri 
mdebareobs 𝑂𝐴 RerZze 𝑂𝐶 =30sm  
manZilze 𝑂 wertilidan.  

𝑧 

𝐴 

𝑂 

𝐶 
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Bbzrialas inerciis radiusi RerZis mimarT aris 10sm. gansazRvreT 

bzrialas 𝑂𝐴 RerZis moZraobis kanoni, Tu  davuSvebT, rom Zalian 

didi  𝜔 kuTxuri siCqarisas bzrialas moZraobaTa raodenobis  

nakrebi momenti mimarTulia 𝑂𝐴 RerZis gaswvriv da 𝐽𝜔  tolia. 
      a m o x s n a.   gamoviyenoT rezalis Teorema 

𝑑�⃗⃗⃗�𝑂
𝑑𝑡

=∑𝑀𝑂(�⃗�𝑘
𝑒) = �⃗⃗� 

 

  bzrialas sakuTari brunvis 𝑧1 RerZi mimvmarToT 𝑦𝑧  sibrtyeSi. 

maSin �⃗⃗⃗�𝑜(𝑚�⃗�)   veqtors aqvs  𝑥 RerZis sapirispiro mimarTuleba, 

xolo �⃗⃗⃗�𝑂 kinetikuri momentis veqtoris bolo wertilis �⃗⃗� 
siCqaresac rezalis Teoremis Tanaxmad aqvs igive  mimarTuleba. 

Pprecesiis  kuTxuri siCqaris veqtori �⃗⃗⃗�𝜓  mimarTulia 𝑧 RerZis 
gaswvriv qveviT. maSin rezalis Teorema ase Caiwereba 

                      �⃗⃗� = �⃗⃗⃗�𝑜(𝑚�⃗�),                            (1) 
saidanac vipoviT 𝑢 −s:                        

                      𝑢 = 𝜔𝜓𝐾𝑜𝑠𝑖𝑛휃,                          (2)   
sadac  𝐾𝑜 = 𝐽𝑧1𝜔𝜑 . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Mmagram  𝐽𝑧1 = 𝐽 = 𝑚𝜌
2,  maSin 
𝑢 = 𝜔𝜓𝜔𝜑𝑚𝜌

2𝑠𝑖𝑛휃. 
vipovoT gare Zalebis nakrebi  momenti  𝑂  wertilis mimarT: 

                𝑀𝑜(𝑚�⃗�) = 𝑚𝑔 ∙ 𝑂𝐶 ∙ 𝑠𝑖𝑛휃.                  (3) 

(2) da (3) gamosaxulebebi CavsvaT (1) gantolebaSi 

𝑧 

𝐴 

𝑂 

𝐶 

𝑚�⃗� 

𝑥 

y 
�⃗⃗⃗�𝑂 

�⃗⃗⃗�𝜑 

�⃗⃗⃗�𝜓 

휃 �⃗⃗� 

𝜔𝜓 𝑧1 

𝜔𝜑 

�⃗⃗⃗�𝑜(𝑚�⃗�)    
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𝜔𝜓𝜔𝜑𝑚𝜌
2𝑠𝑖𝑛휃 = 𝑚𝑔 ∙ 𝑂𝐶 ∙ 𝑠𝑖𝑛휃 

Dda vipovoT kuTxuri siCqare: 

𝜔𝜓 =
𝑔 ∙ 𝑂𝐶

𝜔𝜑𝜌
2
=

9,8 ∙ 0,3

0,12 ∙ 600
= 0,49 (წმ−1). 

p a s u x i:  𝑂𝐴 RerZi   brunavs 𝑂𝑧   vertikaluri RerZis garSemo 

saaTis isris moZraobis mimarTulebiT mudmivi  𝜔=0,49 wm-1  kuTxuri 
siCqariT ise, rom aRwers wriul konuss. 
 

 

amocana  40.2 

    30sm diametris  bzriala, romelsac aqvs diskos forma, brunavs 
Tavisi simetriis RerZis garSemo 80 wm-1  kuTxuri siCqariT. disko 
Camocmulia misi simetriis RerZis gaswvriv mdebare 20sm sigrZis 
RerZze. gansazRvreT bzrialas regularuli precesiis kuTxuri 
siCqare, Tu misi moZraobaTa raodenobis  nakrebi momenti mimarTulia 

simetriis RerZis gaswvriv da 𝐽𝜔  tolia. 
  a m o x s n a. CavTvaloT, rom sakuTari brunvis  RerZi 

mimarTulia 𝑂𝑦𝑧  sibrtyeSi  
da disko 
brunavs saaTis isris sawi-
naaRmdego mimarTulebiT  

(ix. Nnaxazi). maSin �⃗⃗⃗�𝑂 veqtori 
mimarTuli  iqneba 𝑧1 RerZis 

gaswvriv, xolo �⃗⃗⃗�𝑜(𝑚�⃗�)  
veqtors eqneba 𝑥 RerZis 

sapirispiro mimarTuleba,  �⃗⃗⃗�𝑂 
kinetikuri momentis veqtoris 

bolo wertilis �⃗⃗� siCqares 
rezalis Teoremis Tanaxmad 

eqneba �⃗⃗⃗�𝑜(𝑚�⃗�) veqtoris  
mimarTuleba. 

  maSasadame,Pprecesiis kuTxuri siCqaris veqtori �⃗⃗⃗�𝜓 mimarTulia 𝑧 
RerZis  gaswvriv zeviT.  
    CavweroT rezalis Teorema: 

�⃗⃗� = �⃗⃗⃗�𝑜(𝑚�⃗�), 
  vipovoT  �⃗⃗⃗�𝑂 veqtoris bolo wertilis �⃗⃗� siCqare:                        
                     𝑢 = 𝜔𝜓𝐾𝑜𝑠𝑖𝑛휃,                          (1)   

sadac  𝐾𝑜 = 𝐽𝑧1𝜔𝜑 =
𝑚𝑟2

2
𝜔𝜑. 

𝑧 

𝑂 

�⃗⃗⃗�𝜑 

𝑚�⃗� 

𝑥 

y 

휃 

𝜔𝜓 
𝑧1 

𝜔𝜑 �⃗⃗⃗�𝑜(𝑚�⃗�)    

�⃗⃗� 

𝐶 �⃗⃗⃗�𝑂 
�⃗⃗⃗�𝜓 
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  Mmagram, radgan 𝐽𝑧1 = 𝐽 =
𝑚𝑟2

2
,  amitom 

                 𝑢 = 𝜔𝜓𝜔𝜑
𝑚𝑟2

2
𝑠𝑖𝑛휃.                   (2) 

vipovoT gare Zalebis nakrebi momenti  𝑂  wertilis mimarT: 

                    𝑀𝑜(𝑚�⃗�) = 𝑚𝑔 ∙ 𝑂𝐶 ∙ 𝑠𝑖𝑛휃.           (3) 

(2) da (3) gamosaxulebebi CavsvaT (1) gantolebaSi 

𝜔𝜓𝜔𝜑
𝑚𝑟2

2
𝑠𝑖𝑛휃 = 𝑚𝑔 ∙ 𝑂𝐶 ∙ 𝑠𝑖𝑛휃 

 
Dda vipovoT kuTxuri siCqare: 

𝜔𝜓 =
𝑔 ∙ 𝑂𝐶 ∙ 2

𝑟2𝜔𝜑
=
9,8 ∙ 0,2 ∙ 2

0,152 ∙ 80
= 2,15 (რად/წმ). 

 

p a s u x i:  2,18რად/წმ.  
 

 
 

         amocana  40.3 

   turbina, romlis lilvi gemis grZivi RerZis paraleluria, 
asrulebs 1500br/wT-s. mbrunavi nawilebi iwonis 6t-s, inerciis 

radiusi 𝜌 =0,7m. gansazRvreT sakisrebze giroskopuli wneva, Tu gemi 
vertikaluri RerZis garSemo aRwers  cirkulacias da wamSi 

mobrundeba 100-iT. sakisrebs Soris manZili ℓ =2,7m. 
a m o x s n a.     gemis   cirkulacia vertikaluri RerZis garSemo 
– es aris iZulebiTi precesia    
RerZis garSemo  (ix. Nnaxazi). 
  radgan turbina brunavs 

sakuTari brunvis 𝑧1 RerZis 
garSemo, amitom Jukovskis 
wesis Tanaxmad warmoiqmneba 
giroskopuli momenti,  
romelic cdilobs giroskopis 
RerZi moabrunos precesiis 
RerZis paralelurad. Aamitom 

sakisrebSi warmoiqmneba �⃗⃗⃗�𝐴 da 
�⃗⃗⃗�𝐵  wnevebi, romlebic �⃗⃗�𝐴 da 
�⃗⃗�𝐵  reaqciebis sapirispiroa. 

radgan 𝑁𝐴 = 𝑁𝐵 = 𝑁, amitom  
                             𝑀𝑟 = 𝑁ℓ = 𝐽𝑧1𝜔𝜑𝜔𝜓,                 (1) 

𝑧 

�⃗⃗�𝐴  
𝐵 

𝜔𝜓 

𝑧1 

𝜔𝜑 

𝑂 

�⃗⃗⃗�𝑟 

�⃗⃗⃗�𝑂
𝑒
𝑟
 

𝐴  

�⃗⃗⃗�𝐵  

�⃗⃗�𝐵  

�⃗⃗⃗�𝜓  

�⃗⃗⃗�𝜑  

�⃗⃗⃗�𝐴  

�⃗⃗⃗�𝑂  

�⃗⃗�  
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sadac  𝐽𝑧1 = 𝑀𝜌
2;   𝜔𝜓 =

10𝜋

180
=

𝜋

18
;  𝜔𝜑 =

𝜋𝑛

30
. 

 
(1)  Fformulidan vipoviT giroskopul wnevas: 

 

𝑁 =
𝜔𝜓𝑀𝜌

2 𝜋𝑛
30

ℓ
=

𝜋
18 ∙ 6 ∙ 10

3 ∙ 0,72 ∙
𝜋 ∙ 1500
30

2,7
= 

=
𝜋2 ∙ 103 ∙ 0,72 ∙ 50

3 ∙ 2,7
= 30,4(კნ) 

 p a s u x i:  30,4kn. 

 

 
 

         amocana  40.4 

  gansazRvreT gemze dadgmuli 
swrafmavali turbinis sakisrebze 
maqsimaluri giroskopuli wneva, 
Tu gemi ganicdis 90 amplitudiT 
da 15 wm periodiT grZiv rxevas 
rotoris RerZis 
perpendikularuli RerZis 
garSemo.turbinis 3500kg. Mmasisa 
da 0,6 inerciis radiusis mqone 
rotori akeTebs 3000br/wT. 
Sakisrebs Soris manZilia 2m. 
Aa m o x s n a. ganvsazRvroT kinetikuri momenti turbinis masaTa 

centrze gamavali grZivi 𝑧1 RerZis mimarT (ix. Nnaxazi).  
 
 
 
 
 
 
 
 

  

 

 

 
 
 

 
 

𝑂 
�⃗⃗�𝐴 �⃗⃗�𝐵 

�⃗⃗⃗�𝐵 

�⃗⃗⃗�𝐴 𝐴 

𝐵 

𝑧1 

 ℓ/2 

𝜔𝜑 

�⃗⃗⃗�𝜑 

�⃗⃗⃗�𝜓 

𝜔𝜓 

 �⃗⃗⃗�𝑂 

 �⃗⃗⃗�𝑟 

 �⃗⃗⃗�𝑂
𝑒  

 ℓ 

𝑧 
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𝐾𝑜 = 𝐽𝑧1𝜔𝜑 = 𝑚𝜌
2
𝜋𝑛

30
= 3500 ∙ 0,62 ∙

3,14 ∙ 3000

30
= 

= 395640  (kg.m2/wm) 
   vigulisxmoT, rom grZivi rxeva mimdinareobs kanoniT: 

𝜓 = 𝜓0𝑠𝑖𝑛 (
2𝜋

𝑇
𝑡). 

maSin kuTxuri siCqare 

𝜔𝜓 =
𝑑𝜓

𝑑𝑡
=
2𝜋

𝑇
𝑐𝑜𝑠 (

2𝜋

𝑇
𝑡) ; 

 

𝜔𝜓(max) =
2𝜋𝜓

𝑇
=

2∙3,14∙3,14∙9

15∙180
= 0,0657  (rad/wm) 

 
  Ggiroskopuli momenti 

𝑀𝑟 = 𝑀𝑂
𝑒 = 𝑅𝐴ℓ, 

sadac 𝑅𝐴 = 𝑅𝐵 − sakisrebis reaqciebia; 𝑀𝑟 = 𝐽𝑧1𝜔𝜓𝜔𝜑 . 
 maSin 

𝐽𝑧1𝜔𝜓𝜔𝜑 = 𝑅𝐴ℓ. 
Aaqedan 

       𝑅𝐴 = 𝑅𝐵 =  
𝐽𝑧1𝜔𝜓𝜔𝜑

ℓ
=

395640∙0,0657

2
= 12996,8ნ=13(კნ). 

 wnevis Zalebi sakisrebis reqciebis tolia da  mimarTulia maT 
sapirispirod. 
p a s u x i:  13kn. 

 

  

   amocana  40.5 

    gansazRvreT saartilerio 
yumbaris simetriis RerZis mier 
masaTa centris traeqtoriis 
mxebis garSemo sruli  

Semobrunebis 𝑇 dro. Ees  
moZraoba xdeba haeriswinaRobis 

𝐹 = 6,72kn Zalis  moqmedebis gamo, 
romelic  mimarTulia mxebis 
paralelurad da modebulia 
yumbaris RerZze masaTa centridan  

ℎ =0,2m manZilze. yumbaris moZraobis raodenobis momenti misi 

simetriis RerZis mimarT udris 1850kg∙ მ2/wm-s. 

ℎ 

𝑂 

𝐴 
𝜏 

�⃗� 
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a m o x s n a.  mxebis 
garSemo yumbaris simetriis 
RerZis brunviskuTxuri 
siCqare ganisazRvreba 
rezalis Teoremis Tanaxmad: 

�⃗⃗� = �⃗⃗⃗�𝑂
𝑒 , 

sadac 

𝑢 = 𝐾𝑧1𝜔𝜓𝑠𝑖𝑛𝛼; 

   𝑀𝑂
𝑒 = 𝐹ℎ𝑠𝑖𝑛𝛼. 

maSin 

𝐾𝑧1𝜔𝜓𝑠𝑖𝑛𝛼 = 𝐹ℎ𝑠𝑖𝑛𝛼. 
saidanac 

𝜔𝜓 =
𝐹ℎ

𝐾𝑧1
. 

Aam gantolebaSi  gaviTvaliswinoT formula 

𝜔𝜓 =
2𝜋

𝑇
 

 
Dda  ganvsazRvroT yumbaris simetriis RerZis sruli Semobrunebis 
dro 

𝑇 =
2𝜋

𝜔𝜓
=
2𝜋𝐾𝑧1
𝐹ℎ

=
2 ∙ 3,14 ∙ 1850

6,72 ∙ 103 ∙ 0,2
= 8,64(წმ) 

 
p a s u x i:  8,64wm. 
 

 

 

amocana  40.6 
   orTqlmavali moZraobaSi modis turbiniT, romlis RerZi Tvlebis 
RerZis paraleluria da brunavs Tvlebis brunvis mimarTulebiT 
ise,rom asrulebs 1500br/wT-s. mbrunavi nawilebis inerciis momenti 

brunvis RerZis mimarT 𝐽𝑧 = 20kgm2. rogoria relsebze damatebiTi 

wneva, Tu orTqlmavali moZraobs 250m radiusis wrewiris rkalze 
15m/wm siCqariT? relsebs Soris manZilia 1,5m. 
a m o x s n a.  
ganvsazRvroT kinetikuri momenti turbinis masaTa centrze gamavali 

grZivi 𝑧1 RerZis mimarT (ix. Nnaxazi).  

𝐾𝑜 = 𝐽0𝑧1𝜔𝜑 = 𝐽0𝑧1
𝜋𝑛

30
= 200 ∙

3,14 ∙ 1500

30
= 

= 31400  (kg.m2/wm) 
  

𝛼 

𝑂 

𝐴 
𝜏 

�⃗� ℎ 

• 

𝑧1 

 
�⃗⃗⃗�𝑂  

𝜔𝜓 

𝜔𝜑 
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rezalis Teoremis Tanaxmad: 

�⃗⃗� = �⃗⃗⃗�𝑂
𝑒 . 

maSin 

   𝑀𝑂
𝑒 = 𝑢 = 𝜔𝜓 = 𝐾𝑂

𝑣

𝑅
= 31400 ∙

15

250
= 1884(ნ. მ) 

  turbinis Ggiroskopuli momenti: 

𝑀𝑟 = 𝑀𝑂
𝑒 = 𝑅𝐴 ∙ 𝐴𝐵. 

  Aaqedan dinamikuri reaqciebi: 

𝑅𝐴 = 𝑅𝐵 =
𝑀𝑟
𝐴𝐵

=
1884

1,5
= 1256(ნ). 

  dinamikuri wnevebi   �⃗⃗⃗�𝐴 da �⃗⃗⃗�𝐵 tolia  dinamikuri reaqciebis da 
mimarTulia maT sapirispirod. 
 
p a s u x i:  erT relsze-1256n qveviT, meoreze-1256n zeviT. 
 

   amocana  40.7 
 
   rbiebian samsxvrevelaSi yoveli rbia 

iwonis 𝑀 =1200kg; misi RerZis mimarT 

inerciis radiusi 𝜌 = 0,4 m. radiusi 
𝑅 =0,5m. rbias brunvis myisi RerZi gadis 
jamis fskerTan  rbias Sexebis monakveTis 
Sua wertilze.  gansazRvreT rbias wneva 
jamis horizontalur fskerze, Tu 
vertikaluri RerZis garSemo misi brunvis 

warmtani siCqare Seesabameba 𝑛 =60br/wT-s. 

𝑥 

𝑧 

𝑦 

𝐴 

𝑧1 

ℓ 

𝐵 

𝑅 

𝜔𝜑 
�⃗⃗⃗�𝜑 

�⃗⃗⃗�𝜓 

𝜔𝜓 
�⃗⃗⃗�𝑟           

�⃗⃗⃗�𝑂
𝑒  

�⃗⃗�𝐴
𝐴 

�⃗⃗⃗�𝐴  

�⃗⃗⃗�𝐵  

�⃗⃗�𝐵
𝐴 

�⃗⃗⃗�𝑂 
da 

�⃗⃗⃗�𝐵 

�⃗⃗�  

𝑅 
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  a m o x s n a.  avirCioT 𝑥  
da 𝑧 sakoordinato RerZebis 

saTave 𝑂  wertilSi (𝑥1  da 𝑧1 
moZravi RerZebia). SemoviRoT 

aRniSvnebi: 𝜔1 − 𝑧 RerZis 
garSemo rbias brunvis 
kuTxuri siCqare (precesiis 

kuTxuri siCqare); 𝜔2 − 𝑧1 
RerZis garSemo rbias brunvis 
kuTxuri siCqare (sakuTari 

brunvis kuTxuri siCqare); 𝜔 − 
absoluturi kuTxuri siCqare. 
   rbias myisi brunvis RerZi mimarTulia  𝑂𝐴 wrfis gaswvriv, amitom 

�⃗⃗⃗� = �⃗⃗⃗�1 + �⃗⃗⃗�2 = �⃗⃗⃗�𝜓 + �⃗⃗⃗�𝜑. 
  radgan ∆𝑂𝐴𝐶~∆𝑂𝐸𝐷, amitom  

𝜔1
𝜔2

=
𝐴𝐶

𝑂𝐶
=
𝑅

ℓ
, 

sadac  𝑂𝐶 = ℓ. 
vipovoT 

𝜔2 = 𝜔1
ℓ

𝑅
 

an 

𝜔𝜑 = 𝜔𝜓
ℓ

𝑅
. 

   �⃗⃗�𝐴 da �⃗⃗�𝐵 dinamikuri  reaqciebis qmnian wyvilZalas momentiT 

𝑀𝑟 = 𝑀𝑂
𝑒 = 𝑅𝐴ℓ  da udris giroskopul moments: 

𝑀𝑟 = 𝐽𝐶𝑧1𝜔1𝜔2, 

sadac   𝐽𝐶𝑧1 = 𝑚𝜌
2.  maSin 

𝑀𝑟 =
𝑚𝜌2𝜔1

2ℓ

𝑅
. 

vipovoT  dinamikuri  reaqciebi: 

𝑅𝐴 = 𝑅𝑂 =
𝑀𝑟
ℓ
=
𝑚𝜌2𝜔1

2

𝑅
. 

 Ggiroskopuli wneva sididiT udris dinamikur reaqciebs, e.i. 

𝑁𝐴 = 𝑅𝐴 =
𝑚𝜌2𝜔1

2

𝑅
. 

  maSasadame, rbias sruli wneva fskerze: 

𝑁 = 𝑚𝑔 +𝑁𝐴 = 𝑚(𝑔 +
𝜌2𝜔1

2

𝑅
), 

• 
𝐶 

𝑧1 

�⃗⃗⃗�𝑟 

�⃗⃗⃗�𝑂 

𝐴 

𝑂 𝐷 

𝐸 
𝑅 

𝑧 

𝑥1 
�⃗⃗⃗�1 

�⃗⃗�𝑂 
�⃗⃗⃗�𝐴 

𝑚�⃗� 

�⃗⃗�𝐴 
�⃗⃗⃗� 

�⃗⃗⃗�𝜑 
�⃗⃗⃗�𝑂
𝑒  

 

𝜔𝜓 𝜔𝜑 
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sadac  𝜔1 =
𝜋𝑛

30
= 2𝜋. 

 
Tu am gamosaxulebaSi SevitanT ricxviT monacemebs, miviRebT: 

𝑁 = 1200(9,81 +
0,42 ∙ 4𝜋2

0,5
) = 26900(ნ) = 26,9(კნ). 

p a s u x i:   𝑁=26,9kn. 
 
 

amocana  40.8 
    

   𝑀 =1400kg  masis da 𝑎 =0,5m  
radiusis wyviTvali, romlis 

inerciis radiusi 𝜌 =

√0,55𝑎,.Tanabrad moZraobs 𝑣=20m/wm  
siCqariT, 𝑅=200m   radiusis 
wrewiris rkalze  horizontalur 
sibrtyeSi. gansazRvreT 

wyvilTvalis wneva relsebze, Tu relsebs Soris manZilia ℓ =1,5m. 
 a m o x s n a.  avirCioT 𝑂𝑥1𝑦1𝑧1 moZravi sakoordinato sistemis 

saTave 𝑂  wertilSi. Ggare Zalebia: �⃗⃗�𝐴 da �⃗⃗�𝐵 reaqciebi da 𝑀�⃗�/2 
simZimis Zala (ix. Nnaxazi) 

 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

   vTqvaT, wyvilTvali brunavs 𝑧 RerZis garSemo saaTis isris 

moZraobis sapirispiro mimarTulebiT. maSin  �⃗⃗⃗�𝜓 veqtori mimarTuli 

iqneba zeviT, xolo �⃗⃗⃗�𝜑 −qveviT. vipovoT dinamikuri reaqciebi. 

𝑎 

ℓ 

𝑥 

𝑧 

𝑦 

𝐴 

𝑧1 

ℓ 

𝐵 

𝑅 

𝜔𝜑 �⃗⃗⃗�𝜑 

�⃗⃗⃗�𝜓 

𝜔𝜓 
�⃗⃗⃗�𝑟           

�⃗⃗⃗�𝑂
𝑒  

�⃗⃗�𝐴 

�⃗⃗⃗�𝐴  

�⃗⃗⃗�𝐵  

�⃗⃗⃗�𝑂 
da 

�⃗⃗⃗�𝐵 

�⃗⃗�  

Φ⃗⃗⃗⃗ინ 

�⃗⃗�𝐴ინ 

�⃗⃗�𝐵 

�⃗⃗�𝐵ინ 

�⃗⃗�𝐵 

𝑀�⃗�/2 𝑀�⃗�/2 
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rezalis Teoremis Tanaxmad: 

𝑑�⃗⃗⃗�𝑂
𝑑𝑡

= �⃗⃗⃗�𝑂
𝑒 = �⃗⃗� = �⃗⃗⃗�𝜓 × �⃗⃗⃗�𝑂 = �⃗⃗⃗�𝜓 × 𝐽𝑧1 �⃗⃗⃗�𝜑 . 

ganvsazRvroT gare Zalebis nakrebi momenti: 

𝑀𝑂
𝑒 = 𝑅𝐵ℓ = 𝑀𝑟 = 𝐽𝐶𝑧1𝜔𝜓𝜔𝜑. 

Aaqedan 

𝑅𝐵 =
𝐽𝐶𝑧1𝜔𝜓𝜔𝜑

ℓ
, 

sadac 𝜔𝜓 =
𝑣

𝑅
;  𝐽𝐶𝑧1 = 𝑀𝜌

2 = 0,55𝑎2𝑀; 𝜔𝜑 =
𝑣

𝑎
 

maSin 

𝑅𝐵 =
𝑀𝜌2𝑣2

𝑅𝑎ℓ
=
0,55𝑀𝑎𝑣2

𝑅𝑎ℓ
= 770(ნ) 

Dda  mimarTulia zeviT, xolo 𝑅𝐴 = 𝑅𝐵, magram mimarTulia qveviT. 
  Mmagram wyvilTvalis wriul rkalze moZraobisas warmoiqmneba 
damatebiTi dinamikuri reaqciis Zalebi centridanuli inerciis 

Zalebis gamo, romelic mimarTulia 𝑂𝑧1 RerZis gaswvriv: 

Φინ = 𝑀𝑎𝑛 = 𝑀
𝑣2

𝑅
. 

   inerciis Zalebis Sedegad warmoqmnili  dinamikuri reaqciis 

Zalebi avRniSnoT  R𝐴ინ da R𝐵ინ − iT. maSin dalamberis principis 
Tanaxmad SegviZlia CavweroT: 

∑𝑀𝑂(�⃗�𝑘
𝑒) = R𝐵ინ ℓ − 𝑎Φინ = 0, 

∑𝑀𝑂(�⃗�𝑘
𝑒) = R𝐴ინ ℓ − 𝑎Φინ = 0. 

   aqedan 

R𝐴ინ = R𝐵ინ =
𝑎Φინ

ℓ
=
𝑎𝑀𝑣2

𝑅ℓ
.  

   ricxviTi monacemebis Casmis Sedegad miviRebT: 

R𝐴ინ = R𝐵ინ =
1400 ∙ 0,75 ∙ 202

200 ∙ 1,5
= 1400(ნ). 

   რადგან გიროსკოპული და ცენტრიდანული დინამიკური რეაქციები 

მიმართულია ერთ მხარეს, ამიტომ 

𝑁𝐴 = 𝑁𝐵 = 𝑅𝐴 + R𝐴ინ = 770 + 1400 = 2170(ნ). 
statikuri reaqciebi 

𝑅𝐴
სტ
= 𝑅𝐵

სტ
=
𝑀𝑔

2
=
1400 ∙ 9,8

2
= 6860(ნ) 

  Oorive   reaqcia mimarTulia zeviT.  
    Tvlebis   jamuri wneva udris jamur reaqciebs da maT 
sawinaaRmdegod aris mimarTuli. 
  maSin 
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|�⃗⃗⃗�𝐴| = 𝑅𝐴
სტ
− 𝑅𝐴 = 6,86 − 2,17 = 4,69(კნ), 

|�⃗⃗⃗�𝐵| = 𝑅𝐴
სტ
+ 𝑅𝐴 = 6,86 + 2,17 = 9,03(კნ). 

S e n i S v n a. Tu SevcvliT wyvilTvalis mobrunebis mimarTulebas 
sapirispiroTi, maSinTvlebis wnevis sidide iqneba: 

𝑁𝐴 = 6,86 + 2,17 = 9,03(კნ), 
𝑁𝐵 = 6,86 − 2,17 = 4,69(კნ). 

zogad SemTxvevaSi   SegviZlia  ase  CavweroT: 

𝑁 = 6,86 ± 2,17kn. 
p a s u x i:   𝑁 = 6,86 ± 2,17kn. 
 
 
 

amocana  40.9 
 
  naxazze gamosaxulia 
gasaxsneli  
xidis mosabrunebeli nawilis 

kvanZi. 𝐴𝐵  Llilvi masaze 

mimagrebuli da masTan 𝛼 
kuTxiT daxrili   𝐶𝐷 da 𝐶𝐸 
ReroebiT brunavs 𝜔0 kuTxuri 

siCqariT. am dros 𝐾 da 𝐿 
kbilanebi, romlebic  

Tavisufladaa Camocmuli 𝐶𝐷 da 
𝐶𝐸 Reroebze usrialod goravs 
uZrav horizontalur brtyel 
kbilanaze. gansazRvreT 

TiToeuli  𝑀  masis 𝐾 da 𝐿 kbilanebis damatebiTi dinamikuri 
wnevebi uZrav horizontalur kbilanaze, Tu TiToeuli  kbilanas 

radiusi udris 𝑟. moZravi kbilanebi CaTvaleT mTlian erTgvarovan 
diskoebad. 

a m o x s n a.  vipovoT kbilanas 𝑂𝑧1 RerZis  irgvliv brunvis 
kuTxuri siCqare. gaviTvaliswinoT, rom 

�⃗⃗⃗� = �⃗⃗⃗�𝜓 + �⃗⃗⃗�𝜑 = �⃗⃗⃗�1 + �⃗⃗⃗�0, 
sadac �⃗⃗⃗� − absoluturi   kuTxuri   siCqrea.  kuTxuri  siCqareebis 

𝑟 

𝐴 

𝐵 

𝐾 
𝐿 

𝐸 𝐷 
𝐶 

𝜔0 

𝑟 
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mimarTulebebi  naCvenebia naxazze. Nnaxazidan Cans,  rom 𝜔0 = 𝜔1,  
 

radgan  brunvis myisi  𝐶𝑆 RerZi   𝐶𝐸 kuTxis biseqtrisaa.  
 vipovoT giroskopuli momenti: 

�⃗⃗⃗�𝑟 = 𝐽𝑧1(�⃗⃗⃗�1 × �⃗⃗⃗�0) 
an 

�⃗⃗⃗�𝑟 = 𝐽𝑧1 �⃗⃗⃗�𝜑 × �⃗⃗⃗�𝜓, 
 

                        |�⃗⃗⃗�𝑟| = 𝐽𝑧1𝜔0𝜔1𝑠𝑖𝑛𝛼 = 𝐽𝑧1𝜔0
2𝑠𝑖𝑛𝛼,         (1) 

gaviTvaliswinoT, rom  

𝐽𝑧1 =
1

2
𝑀𝑟2. 

maSin  (1)-dan miviRebT: 

                                                        𝑀𝑟 =
𝑀𝑟2𝜔0

2𝑠𝑖𝑛𝛼

2
.                  (2) 

Mmeores mxriv, 

           𝑀𝑟 = 𝑀𝐶
𝑒 = 𝑀𝐶(�⃗⃗�𝑆) = 𝑅𝑠𝑟.            (3)               

(2) da (3) gamosaxulebebidan miviRebT: 

𝑅𝑠 =
𝑀𝑟2𝜔0

2𝑠𝑖𝑛𝛼

2
.                   

Ddinamikuri wneva 𝑁𝑠 = 𝑅𝑠. 
 

p a s u x i:   
𝑀𝑟2𝜔0

2𝑠𝑖𝑛𝛼

2
.                   

 
 
 

𝑟 

𝐴 

𝐵 

𝐾 
𝐿 

𝐸 
𝐷 

𝐶 

�⃗⃗⃗�1=�⃗⃗⃗�𝜑 

𝑟 
𝑟 

�⃗⃗⃗�𝜓 = �⃗⃗⃗�0 

𝑧 

𝑆 

�⃗⃗�𝑆 

�⃗⃗⃗� 

𝑟 

𝑧1 
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amocana  40.10 
 

 𝑎 =20sm toli gverdis mqone kvadratuli 

CarCo  brunavs vertikaluri 𝐴𝐵  RerZis 

garSemo 𝜔1=2wm-1  kuTxuri siCqariT. 

CarCos diagonaluri 𝐶𝐷  RerZis  garSemo 

brunavs 𝑟 =10sm radiusis mqone 𝑀  disko 
𝜔 =300wm-1  kuTxuri siCqariT. gansazRvreT 

𝐴 da 𝐵 sayrdenebze gverdiTi damatebiTi 
dinamikuri  wnevebis fardobaSesabamis 
statikur  wnevebTan. CarCos masa 
ugulebelyofilia.  diskos masa 
Tanabradaa ganawilebuli misi fersos 
gaswvriv. 
a m o x s n a.  visargebloT 
statikis gantolebiT 

∑𝐹𝑘𝑥 = 0 

an 

     𝑋𝐵
სტ
− 𝑋𝐴

სტ
= 0,        (1) 

 

              ∑𝑀𝐴(�⃗�𝑘) = 0 
an 

        𝐺
𝑎

2
− 𝑋𝐵

სტ
∙ 𝐴𝐵 = 0.    (2) 

vipovoT statikuri reaqciebi (ix. 
naxazi): 
 

   𝑋𝐴
სტ
= 𝑋𝐵

სტ
= 

𝐺𝑎

2∙𝐴𝐵
=

𝑀𝑔𝑎

2∙𝐴𝐵
.    (3) 

CarCos brunvisas warmoiqmneba giroskopuli momenti 

 𝑀𝑟 = 𝐽𝜔𝜔1𝑠𝑖𝑛45
0. 

maSin dinamikuri reaqciebi 

𝑋𝐴
დინ

= 𝑋𝐵
დინ

=
 𝑀𝑟

𝐴𝐵
=
√2𝐽𝜔𝜔1
2 ∙ 𝐴𝐵

, 

sadac  𝐽 −inerciis momentia. 
  radgan diskos masa Tanabradaa ganawilebuli misi fersos gaswvriv, 

amitom 𝐽 = 𝑀𝑟2 da, maSasadame,  

               𝑋𝐴
დინ

= 𝑋𝐵
დინ

=
𝑀𝑟2𝜔𝜔1

√2∙𝐴𝐵
.                    (4) 

  (3) da (4) gamosaxulebebis gaTvaliswinebiT ganvsazRvravT saZiebel 
Tanafardobas: 

𝑦 
𝐵 

𝐴 

𝑎 

𝐷 

𝐸 

𝑀 

𝑦 

𝐵 

𝐴 

𝑎 

𝐷 

𝐸 

𝑀 

450 

�⃗⃗⃗�𝜑 = �⃗⃗⃗� 

�⃗⃗⃗�1 = �⃗⃗⃗�𝜓 

�⃗�𝐵 

𝑥 

�⃗�𝐴 

�⃗⃗�𝐴 

�⃗� 
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𝑋𝐴
დინ

𝑋𝐴
სტ

=
𝑋𝐵

დინ

𝑋𝐵
სტ

=
𝑀

√2 ∙ 𝐴𝐵
:
𝑀𝑔𝑎

2 ∙ 𝐴𝐵
=
√2𝑟2𝜔𝜔1.    

𝑔𝑎
= 4,32. 

p a s u x i:   4,32n. 
 
 
 

 amocana  40.11 

  𝑎 radiusisda 2𝑀 masis Tvali 

brunavs horizontaluri 𝐴𝐵  

RerZis garSemo 𝜔1 kuTxuri 

siCqariT; 𝐴𝐵  RerZi brunavs 𝐶𝐷  
vertikaluri RerZis garSemo 

mudmivi 𝜔2  kuTxuri siCqariT;  
brunvaTa mimarTuleba naCvenebia 

isrebiT. gansazRvreT 𝐴 da 𝐵 
sakisrebze  𝑁𝐴 da 𝑁𝐵  wnevebi, 

Tu  𝐴𝑂 = 𝑂𝐵 = ℎ; igulisxmeba, 
rom masa Tanabradaa ganawilebu-
li mis  fersoze. 
a m o x s n a. erTdroulad ori 
RerZis irgvliv Tvlis brunvisas 
warmoiqmneba giroskopuli momenti 

�⃗⃗⃗�𝑟 = 𝐽𝑧1(�⃗⃗⃗�1 × �⃗⃗⃗�2), 
romelic  veqtoruli  namravlis ganmartebis Tanaxmad mimarTulia 

𝑂𝑥 RerZis gaswvriv (ix. Nnaxazi).  garda  �⃗⃗⃗�𝑟 −sa Tvalze moqmedebs 

simZimis Zala �⃗� = 2𝑀�⃗�. 
   Ddinamikuri wonasworobis gantolebas aqvs saxe: 

∑𝐹𝑘𝑦 = 0, 

an 

                        𝑅𝐴 + 𝑅𝐵 − 2𝑀𝑔 = 0,            (1) 
 

          ∑𝑀𝐴(�⃗�𝑘) = 0 
an 

                  −𝑅𝐴ℎ + 𝑅𝐵ℎ +  𝑀𝑟 = 0.              (2) 
radgan Tvlis masa Tanabradaa ganawilebuli mis  fersoze, amitom 

�⃗⃗⃗�1  da �⃗⃗⃗�2 veqtorebs Soris kuTxe udris 900, maSin 

𝐽𝑧1 = 2𝑀𝑎
2, 

                      𝑀𝑟 = 2𝑀𝑎
2𝜔1𝜔2.                 (3)   

 (1)  gantoleba   gavamravloT ℎ − ze,  miRebuls  gamovakloT  (2) 

𝐶 

𝐷 

𝐴 𝐵 
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gantoleba da gaviTvaliswinoT (3) gantoleba, maSin miviRebT 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2𝑅𝐴ℎ − 2𝑀𝑔ℎ − 2𝑀𝑎
2𝜔1𝜔2 = 0. 

maSasadame, 

𝑅𝐴 = 𝑀𝑔(1 +
𝑎2𝜔1𝜔2
𝑔ℎ

). 

 (1)  gantoleba  gavamravloT ℎ − ze, miRebuls mivumatoT (2) 

gantoleba da gaviTvaliswinoT (3) gantoleba, maSin miviRebT 

2𝑅𝐵ℎ − 2𝑀𝑔ℎ + 2𝑀𝑎
2𝜔1𝜔2 = 0. 

aqedan 

𝑅𝐵 = 𝑀𝑔(1 −
𝑎2𝜔1𝜔2
𝑔ℎ

), 

sadac   𝜔1 = 𝜔𝜑,  𝜔2 = 𝜔𝜓. 

   Tu   
𝑎2𝜔1𝜔2

𝑔ℎ
> 1, maSin �⃗⃗�𝐵 veqtora aqvs naxazze naCvenebi 

mimarTulebis    sapirospiro   mimarTuleba.  𝐴 da 𝐵    sakisrebze  
 𝑁𝐴 da 𝑁𝐵  wnevebi ricxobrivad sayrdenebis reaqciebis  tolia, e.i. 

𝑁𝐴 = 𝑅𝐴, 𝑁𝐵 = 𝑅𝐵, magram mimarTulebiT maTi sapirispiroa. 

p a s u x i:   𝑁𝐴 = 𝑀𝑔 (1 +
𝑎2𝜔1𝜔2

𝑔ℎ
) ;  𝑁𝐵 = 𝑀𝑔 (1 −

𝑎2𝜔1𝜔2

𝑔ℎ
), 

  

𝐷 

𝐴 𝐵 

 

𝑂 

�⃗⃗�𝐴 

𝑧1 

𝑧 

𝑥 

�⃗⃗⃗�𝑟 

�⃗⃗�𝐵 

�⃗� 

�⃗⃗⃗�1 

�⃗⃗⃗�2 
𝜔1 
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amocana  40.12 
 
   umartivesi girotaxometri Se-
dgeba giroskopisagan, romlis 
CarCo Sekavebulia xelsawyos 
korpusze mimagrebuli ori 
zambariT. giroskopis inerciis 
momenti Tavisufali brunvis 

RerZis mimarT udris  𝐽, giro-
skopis kuTxuri siCqare tolia 
𝜔. gansazRvreT is   kuTxe, 
romelzec mobrundeba girosko-
pis RerZi mis CarCosTan erTad, 
Tu xelsawyo dadgmulia manqana-

ze, romelic brunavs 𝜔1 kuTxu-

ri siCqariT CarCos brunvis 𝑦 
RerZis marTobuli 𝑥 RerZis gar-
Semo. zambaris sixistis koefi-

cienti udris 𝑐; CaTvaleT  kuTxe mcired. manZili CarCos brunvis 

RerZidan zambaramde udris 𝑎. 
 a m o x s n a.  erTdroulad ori RerZis irgvliv Tvlis brunvisas 
Sedegad  irotaxometrze moq-
medebs giroskopuli momenti 

�⃗⃗⃗�𝑟 = 𝐽(�⃗⃗⃗�𝜑 × �⃗⃗⃗�𝜓). 

�⃗⃗⃗�𝑟  veqtori  mimarTulia 𝑦 
RerZis gaswvriv (ix. Nnaxazi)  

da cdilobs  CarCo  𝑧 isar-
Tan erTad moabrunos  𝑦 Rer-
Zis irgvliv. Tavis mxriv, 
zambara deformirdeba da 
warmoiqmneba drekadobis Za-

la, romlis momenti 𝑦 Rer-

Zis 𝑀𝑦(�⃗�დრ) mimarT awonas-

worebs  𝑀𝑟 −s, e.i. 

𝑀𝑦(�⃗�დრ) =  𝑀𝑟. 

   radgan  �⃗⃗⃗�𝜓 ⊥ �⃗⃗⃗�𝜑 da 
𝑠𝑖𝑛900 = 1, amitom 

 𝑀𝑟 = 𝐽𝜔𝜓𝜔𝜑. 

vinaidan  𝐹დრ = 2𝑐𝑎, 
amitom 

𝑀𝑦(�⃗�დრ) = 𝐹დრ𝑎 = 2𝑐𝑎
2. 
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 CavsvaT (2) da (3) gamoosaxulebebi (1) gantolebaSi, miviRebT: 

2𝑐𝑎2 = 𝐽𝜔1𝜔. 
aqedan 

 =
𝐽𝜔

2𝑐𝑎2
𝜔1, 

sadac   𝜔1 = 𝜔𝜓,  𝜔 = 𝜔𝜑. 

p a s u x i:    =
𝐽𝜔

2𝑐𝑎2
𝜔1. 

 
 

 

$41.  kinetostatikis meTodi.  

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 

  Kkinetostatikis meTodi- dinamikis amocanebis amoxsnis zogadi 
meTodia, romlis gamoyenebiT moZraobis gantolebebs, e.i. dinamikis 
gantolebebs, miecema “wonasworobis”, e.i. statikis gantolebebis 
saxe. 
  meTodi emyareba materialuri wertilis an meqanikuri sistemisa-
Tvis dalamberis principis gamoyenebas. am principis Tanaxmad 
SemoaqvT aTvlis inerciuli sistemis mimarT aCqarebiT moZravi 
materialuri wertilis an materialur wertilTa sistemis inerciis 
Zalebi,  inerciis Zalebs uwodeben dalamberis Zalebs, an ubralod 
inerciis Zalebs. 

  SevTanxmdeT, rom inerciis AZalebi avRniSnoT Φ⃗⃗⃗⃗ − iT, e.i. ise, 
rogorc  wertilis fardobiTi moZraobis SemTxvevaSi da 
CavTvaloT, rom is udris wertilis masisa da misi aCqarebis 
namravls aRebuls minus niSniT, e.i. 

                      Φ⃗⃗⃗⃗ = −𝑚�⃗�,                            (41.1)       
Dan dekartis sakoordinato sistemis rerZebze gegmilebSi:  

             Φ𝑥 = −𝑚�̈�,Φ𝑦 = −𝑚�̈�,Φ𝑧 = −𝑚�̈�.         (41.2) 
materialuri wertilis mrudwiruli moZraobisas inerciis zala 
SeiZleba davSaloT or mdgenelad: inerciis mxebi Zala da 
normaluri Zala, amastan 

                 Φ⃗⃗⃗⃗𝜏 = −𝑚�⃗�𝜏,  Φ⃗⃗⃗⃗𝑛 = −𝑚�⃗�𝑛,           (41.3) 

sadac 𝑎𝜏 =
𝑑𝑣

𝑑𝑡
;    𝑎𝑛 =

𝑣2

𝜌
. 

   vTqvaT, araTavisufali materialuri wertili moZraobs aqtiuri 

Zalebis tolqmedis �⃗� da masze dadebuli bmis reaqciis Zalebis 

tolqmedis �⃗⃗� moqmedebiT. maSin wertilis dinamikis meore kanonis 
Tanaxmad wertili SeiZens aCqarebas: 
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                          �⃗� =
�⃗�+�⃗⃗�

𝑚
.                 (41.4)                         

Aam wertilis inerciis Zala 

Φ⃗⃗⃗⃗ = −𝑚�⃗� = −(�⃗� + �⃗⃗�). 
toloba, romelic gamosaxavs dalamberis princips araTavisufali 
materialuri wertilisaTvis, SegviZlia CavweroT aseTi saxiT: 

                      𝐹⃗⃗⃗⃗ + �⃗⃗� + Φ⃗⃗⃗⃗ = 0.                 (41.5) 
e.i. araTavisufali materialuri wertilisaTvis aqtiuri Zalebis, 
reaqciis Zalebis da inerciis Zalebis geometriuli jami drois 
nebismier momentSi udris nuls. 
  dalamberis principi araTavisufali materialuri wertilisaTvis 
SeiZleba ase Camoyalibdes: 
  Tu meqanikuri sistemis yvela wertilze movdebT moZraobs 
aqtiuri Zalebis tolqmeds, bmis reaqciis Zalebis tolqmeds, 
agreTve fiqtiur inerciis zalebs, maSin miRebuli sistema iqneba 
nulis eqvivalenturi, e.i. meqanikuri sistema pirobiTad iqneba 
wonasworobaSi. 
  Statikidan cnobilia, rom Tu  ZalTa sistemis moqmedebiT sxeuli 
wonasworonaSia, maSin am Zalebis nakrebi veqtori da nakrebi 
momenti raime centris mimarT udris nuls. Aamitom dalamberis 
pricipi meqanikuri sistemisaTvis SeiZleba Caiweros saxiT: 

                   ∑ �⃗�𝑘 + ∑ �⃗⃗�𝑘 + ∑ Φ⃗⃗⃗⃗𝑘 = 0,            (41.6) 
 

              ∑ �⃗⃗⃗�𝑂(�⃗�𝑘) + ∑ �⃗⃗⃗�𝑂(�⃗⃗�𝑘) + ∑ �⃗⃗⃗�𝑂(Φ⃗⃗⃗⃗𝑘) = 0,     (41.7) 
 
  (41.6) da (41.7) gantolebebSi miTiTebuli Zalebi saTanadod 
warmoadgenen aqtiuri Zalebis, reaqciis Zalebis da sistemis yvela 
wertilis inerciis Zalebis nakreb veqtorebs. 
   Aamgvarad, araTavisufali meqanikuri sistemisaTvis aqtiuri Zale-
bis, reaqciis Zalebis da sistemis yvela wertilis inerciis Zalis 
nakrebi veqtorebis geometriuli jami, agraTve, am Zalebis nakrebi 
momentebis geometriuli jami raime centris mimarT udris nuls. 

  saswavlo literaturaSi SeiZleba Segvxvdes meqnikuri siste-
misaTvis dalamberis principis Semdegi formulireba: 
  araTavisufali meqanikuri sistemisaTvis Siga da gare Zalebis, 
agreTve, sistemis yvela wertilis inerciis Zalis nakrebi veqto-
rebis geometriuli jami, agraTve, am Zalebis nakrebi momentebis 
geometriuli jami raime centris mimarT udris nuls. 
   aseTi formulireba savsebiT dasaSvebia, magram damatebiT unda 
SevTanxmdeT, rom gare Zalebsi aqtiur ZalebTan erTad unda Se-
vides meqanikur sistemaze dadebuli gare bmebis reaqciis Zalebic. 
 Siga bmebis reaqciebi, rogorc meqanikuri sistemis sxeulebs Soris 
urTierTqmedebis Zalebi Siga Zalebis Tvisebis Tanaxmad urTierT-
wonasworobaSia. 
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   Aamgvarad, (41.6) da (41.7) gantolebebis Sedgenisas es Zalebi unda 
gamoiricxos. maSin miviRebT: 

                     ∑ �⃗�𝑘
𝑒 + ∑ Φ⃗⃗⃗⃗𝑘 = 0,                 (41.8) 

 

                  ∑ �⃗⃗⃗�𝑂(�⃗�𝑘
𝑒) + ∑ �⃗⃗⃗�𝑂(Φ⃗⃗⃗⃗𝑘) = 0.            (41.9) 

   Kkinetostatikis meTodiT amocanebis amoxsnisas mniSvnelovania 
myari sxeulis inerciis Zalebis nakrebi veqtoris da nakrebi 
momentis gansazRvreba misi nebismieri moZraobisas. maTi ganmarteba 
dafuZnebulia statikidan cnobili puansos meTodze nebismier 
ZalTa sistemis mocemul centrze dayvanis Sesaxeb. mitom SegviZlia 
Cavwerot, rom myari sxeulis moZraobisas masze modebuli ZalTa 

sistema inerciis Zalebis nakrebi veqtoris Φ⃗⃗⃗⃗∗da masaTa centris 

mimarT nakrebi momentis �⃗⃗⃗�𝐶
Φ  eqvivalenturia: 

Φ⃗⃗⃗⃗∗ =∑Φ⃗⃗⃗⃗𝑘 = −∑𝑚𝑘�⃗�𝑘 =−∑𝑚𝑘

𝑑2𝑟𝑘
𝑑𝑡2

= 

               = −
𝑑2

𝑑𝑡2
∑𝑚𝑘𝑟𝑘 = −

𝑑2

𝑑𝑡2
(𝑀𝑟𝐶) = −𝑀�⃗�𝐶 ,        (41.10) 

             �⃗⃗⃗�𝐶
Φ = ∑ �⃗⃗⃗�𝐶(Φ⃗⃗⃗⃗𝑘) = −∑(𝑟𝑘 ×𝑚𝑘 �⃗�𝑘).        (41.11) 

   
   (41.10) da (41.11) formulebs   myari sxeulis moZraobis kerZo 
SemTxvevebSi aqvT saxe:  

  • gataniTi moZraobisas 

                 Φ⃗⃗⃗⃗∗ = −𝑀�⃗�𝐶 ,    �⃗⃗⃗�𝐶
Φ = 0;              (41.12) 

  •  myari sxeulis masaTa centrze gamavali RerZis garSemo 
brunviTi moZraobisas: 

                    Φ⃗⃗⃗⃗∗ = 0, �⃗⃗⃗�𝐶
Φ = −𝐽𝐶휀,⃗⃗⃗              (41.13) 

sadac  𝐽𝐶 − myari sxeulis inerciis momentia masaTa centrze 
gamavali RerZis mimarT; 

  •  myari sxeulis brunva RerZis garSemo, romelic ar gadis 
masaTa centrze: 

                  Φ⃗⃗⃗⃗∗ = −𝑀�⃗�𝐶 , �⃗⃗⃗�𝑂
Φ = −𝐽𝑂휀,⃗⃗⃗           (41.14) 

  •  myari sxeulis brtyeli moZraoba: 

                 Φ⃗⃗⃗⃗∗ = −𝑀�⃗�𝐶 , �⃗⃗⃗�𝐶
Φ = −𝐽𝐶휀,⃗⃗⃗            (41.15) 

  myari sxeulis brunviTi moZraobisas RerZis garSemo, romelic ar 
gadis masaTa centrze da brtyeli moZraobisas inerciis Zalebis 

nakrebi veqtoris Φ⃗⃗⃗⃗∗ modebulia masaTa centrze. Tu wertilebis 

inerciis Zalebs daviyvanT raime 𝑂 centrze, romelic ar 
mdebareobs brunvis RerZze, maSin  

Φ⃗⃗⃗⃗∗ = −𝑀�⃗�𝐶 , 
Mmagram modebulia 𝑂 wertilze da  
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�⃗⃗⃗�𝑂
Φ = −𝐽𝑂휀,⃗⃗⃗ 

sadac 𝐽𝑂 − myari sxeulis inerciis momentia brunvis RerZis mimarT. 
     dayvanis centrad SegviZlia miviRoT sxeulis iseTi wertili, 
romlis mimarT inerciis Zalebis nakrebi momenti udris nuls. maSin 
yvela wertilis inerciis Zalebi eqvivalenturia erTi tolqmedi 
Zalis, romelic inerciis Zalebis nakrebi veqtoris tolia romlis 

moqmedebis fuZe 𝑂 wertilidan daSorebuli iqneba  

𝑑 =
𝑀𝑂
Φ

Φ∗
 

manZiliT. 
   Aanalogiur Sedegamde mivalT myari sxeulis brtyeli moZrao-
bisas. 
  Tu (41.8) da (41.9) gantolebebs CavwerT saxiT: 

          ∑ �⃗�𝑘
𝑒 −

𝑑�⃗⃗�

𝑑𝑡
= 0,                      (41.8′) 

         ∑ �⃗⃗⃗�𝑂(�⃗�𝑘
𝑒) −

𝑑�⃗⃗⃗�𝑂

𝑑𝑡
= 0,                     (41.9′) 

    maSin (41.8′) gamosaxuleba warmoadgens moZraobis raodenobis 
cvlilebis Teoremas, xolo (41.9′) gamosaxuleba- moZraobis 
raodenobis momentis (kinetikuri momentis) cvlilebis Teoremas.      
  (41.8) da (41.8′),  (41.9) da (41.9′)  formulebis SedarebiT, miviRebT 
sistemis inerciis Zalebis nakrebi veqtoris da nakrebi momentis 
gamosaTvlel formulebs sistemis moZraobis raodenobis da 
kinetikuri momentis saSualebiT: 

  Φ⃗⃗⃗⃗∗ = ∑ Φ⃗⃗⃗⃗𝑘 = −
𝑑�⃗⃗�

𝑑𝑡
,                   (41.16) 

         �⃗⃗⃗�𝑂
Φ = ∑ �⃗⃗⃗�𝑂(Φ⃗⃗⃗⃗𝑘) = −

𝑑�⃗⃗⃗�𝑂

𝑑𝑡
.                   (41.17) 

radgan  sistemis moZraobis raodenoba  �⃗⃗� = 𝑀�⃗�𝐶, amitom 

           Φ⃗⃗⃗⃗∗ = −𝑀
𝑑�⃗⃗�𝐶

𝑑𝑡
= −𝑀�⃗�𝐶 .                  (41.10′) 

  (41.17) veqtoruli toloba davagegmiloT sxeulis brunvis 𝑧  
RerZze, miviRebT 

            𝑀𝑧
Φ = ∑𝑀𝑧(Φ⃗⃗⃗⃗𝑘) = −

𝑑𝐾𝑧

𝑑𝑡
.             (41.18)              

    radgan sxeulis kinetikuri momenti brunvis 𝑧  RerZis mimarT 
gamoiTvleba formuliT 𝐾𝑧 = 𝐽𝑧𝜔, amitom 

             𝑀𝑧
Φ = −𝐽𝑧

𝑑𝜔

𝑑𝑡
= −𝐽𝑧휀,                (41.19)       

sadac 𝐽𝑧 −myari sxeulis inerciis momentia 𝑧 RerZis mimarT; 

휀 −sxeulis brunvis kuTxuri aCqareba. 
   (41.19) formuliT gamoiTvleba myari sxeulis inerciis Zalebis 
nakrebi momenti mis nebismier wertilze gamavali brunvis RerZis 
mimarT.      
     Mmocemuli paragrafis amocanebis amoxsnis Tanmimdevroba: 
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1.   gamovsaxoT naxazze sxeuli an meqanikuri sistema (sxeulTa 

sistema), romlis moZraoba ganixileba amocanaSi; 

2.   gamovsaxoT Nnaxazze sxeulze an sxeulTa sistemaze moqmedi 

yvela gare Zala, maT Soris  gare bmebis reaqciis Zalebic, 

agreTve, yvela sxeulis inerciis Zala; 

3.   sxeulis (sxeulTa sistemis) inerciis Zalebis nakrebi  veq-

tori da nakrebi momenti ganvsazRvroT maTi moZraobis xasia-

Tis mixedviT (41.12)-(41.15) formulebis gamoyenebiT, gamovsaxoT 

ra isini erT-erTi sxeulis wrfivi an kuTxuri aCqarebiT; 

4.    avirCioT koordinatTa sistema (sakoordinato sistemis Rer-

Zebi); 

5. ASevadginoT aucilebeli “wonasworobis” gantolebebi (stati-

kis gantolebebi) erT-erTi sxeulis an meqanikur sistemasi 

semavali TiToeuli sxeulisaTvis, winaswar davyoT sistema 

calkeul sxeulebad da vaCvenoT maT soris urTierTqmedebis 

Zalebi;  

6.   amovxsnaT miRebuli gantolebaTa sistema da ganvsazRvroT 

saZiebeli sidideebi. 

 

amocanebi da amoxsnebi 
 

amocana  41.1 

  .gansazRvreT 20sm radiusis erTgvarovani wriuli diskos simZimis 

Zala; disko brunavs RerZis garSemo kanoniT: 𝜑 = 3𝑡2. RerZi gadis 
diskos centrze misi sibrtyis marTobulad, diskos mxebi inerciis 
Zalebis nakrebi momenti aris 4n.sm. 
    a m o x s n a.    diskos inerciis 

Zalebis nakrebi momentia 𝑧  RerZis mimarT 
(ix. naxazi): 

�⃗⃗⃗�𝑧
Φ = −𝐽𝑧휀,⃗⃗⃗ 

Aan sididiT 

      𝑀𝑧
Φ = 𝐽𝑧휀.      (1) 

Ddiskos inerciis momenti 

𝐽𝑧 =
𝑚𝑅2

2
=
𝐺𝑅2

2𝑔
, 

aCqareba 

휀 = �̈� = 6𝑡. 
maSin (1) 

𝑀𝑧
Φ 

𝜑 

휀 

𝑧 

�⃗� 
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𝑀𝑧
Φ =

𝐺𝑅2

2𝑔
∙ 휀. 

Aaqedan 

𝐺 =
2𝑔𝑀𝑧

Φ

휀𝑅2
=
2 ∙ 9,81 ∙ 4 ∙ 10−2

6 ∙ 202 ∙ (10−2)2
= 3,27(ნ) 

 
p a s u x i:  3,27 n.   

 
 

amocana  41.2 

    𝑀 masis  da ℓ sigrZis erTgvarovani wvrili Rero brunavs mis 

biloze marTobulad gamavali RerZis garSemo kanoniT: 𝜑 = 𝑎𝑡2. 
ipoveT Reros nawilakebis Φ𝑛 centridanuli  da  Φ𝜏 mxebi inerciis 
Zalebis tolqmedis sidide, mimarTuleba da modebis wertili. 
     Aa m o x s n a.  Tanabari brunvisas Reros centridanuli da 
mxebi inerciis Zalebi (ix. Nnaxazi): 

                  Φ⃗⃗⃗⃗𝑛 = −𝑀�⃗�𝐶
𝑛  ,   Φ⃗⃗⃗⃗𝜏 = −𝑀�⃗�𝐶

𝜏 ,                     (1) 

sadac  �⃗�𝐶
𝑛 − Reros masaTa centris centriskenuli aCqarebaa; �⃗�𝐶

𝜏 − 
Reros masaTa centris brunviTi (mxebi) aCqareba. 
A   am Zalebis sidideebi 

                  Φ𝑛 = 𝑀𝑎𝐶
𝑛  ,   Φ𝜏 = 𝑀𝑎𝐶

𝜏 ,                      (2) 

 ganvsazRvroT Reros masaTa centris centriskenuli da brunviTi 
aCqarebebi: 

 

MAM 𝑎𝐶
𝑛 =

1

2
𝜔2ℓ, 𝑎𝐶

𝜏 =
1

2
휀ℓ, 

sadac  𝜔 = 2𝑎𝑡;  휀 = 2𝑎. 
A  maSin 

                        M𝑎𝐶
𝑛 = 2𝑎2𝑡2ℓ,    𝑎𝐶

𝜏 = 𝑎ℓ.              (3) 
 

 Tu (3) gamosaxulebebs CavsvamT (2) gamosaxulebebSi, miviRebT: 
 

Φ𝑛 = 2𝑀𝑎
2ℓ𝑡2,   Φ𝜏 = 𝑀𝑎ℓ.       

  

ℓ/2 ℓ/2 

• 
D 

C 

𝑂 

𝑦 

𝑥 

𝑧 

𝜑 

ℎ 

𝑀𝑦
Φ 

Φ⃗⃗⃗⃗𝜏 

Φ⃗⃗⃗⃗𝑛 
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mxebi inerciis Zalebis tolqmedis moqmedebis fuZis gansasazRvravad  

vipovoT inerciis Zalebis nakrebi momenti brunvis 𝑂𝑦 RerZis mimarT: 

𝑀𝑦
Φ = 𝐽𝑦휀 =

𝑚ℓ2

2
∙ 2𝑎 =

2

3
𝑀𝑎ℓ2. 

 radgan   inerciis Zalebis nakrebi momenti  udris mxebi inerciis 

Zalebis tolqmeds 𝑂 wertilis mimarT, amitom SegviZlia 

ganvsazRvroT  manZili   Φ⃗⃗⃗⃗𝜏 moqmedebis fuZidan brunvis RerZamde: 

ℎ =
𝑀𝑦
Φ

Φ𝜏
=

2
3
𝑀𝑎ℓ2

𝑀𝑎ℓ
=
2

3
ℓ. 

 

p a s u x i:   mxebi inerciis Zalebis    Φ𝜏 = 𝑀𝑎ℓ tolqmedi  
mimarTulia Reros marTobulad da modebulia wertilze, romelic 

brunvis RerZidan daSorebulia  
2

3
ℓ manZiliT;  inerciis 

centridanuli  Zalebis Φ𝑛 = 2𝑀𝑎
2ℓ𝑡2  tolqmedi  mimarTulia 

brunvis RerZidan Reros gaswvriv. 
 
 
 

amocana  41.3 

 

     𝑀 masis  da   𝑅 radiusis Tvali usrialod goravs wrfiv 
horizontalur relsze. gansazRvreT  inerciis Zalebis nakrebi  
veqtori da nakrebi  momenti, Tvlis  moZraobis sibrtyis 

marTobulad mis masaTa  𝐶 centrze gamavali RerZis mimarT. masaTa  

𝐶 centri moZraobs 𝑥𝐶 =
𝑎𝑡2

2
, kanoniT, sadac 𝑎 dadebiTi mudmivi 

sididea. 𝑥 RerZi mimarTulia relsis gaswvriv. 
a m o x s n a.  Tvali asrulebs 
brtyel moZraobas (ix. naxazi), 
maSasadame, misi inerciis Zalebi 

daiyvaneba nakreb veqtorze Φ⃗⃗⃗⃗∗ Dda 
nakreb momentze moZraobis sibrtyis  

marTobi 𝐶𝑧 RerZis mimarT, sadac 𝐶 
wertili- Tvlis masaTa centria. 

  inerciis Zalebis nakrebi veqtori 
sididiT 

Φ∗ = 𝑀𝑎𝐶 = 𝑀�̈�𝐶 = 𝑀𝑎, 

  Φ⃗⃗⃗⃗∗  veqtori mimarTulia �⃗�𝐶 veqtoris sapirispirod. 
      maSin inerciis Zalebis nakrebi  momenti 

𝐶 �⃗�𝐶 

𝑦 

𝑀𝐶
Φ 

z 
𝑥𝐶 

𝑥 

Φ⃗⃗⃗⃗∗ 

𝑂 

휀 
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𝑀Φ = 𝐽𝐶𝑧휀 =
𝑀𝑟2

2

�̈�𝐶
𝑟
=
𝑀𝑟2

2

𝑎

𝑟
=
𝑀𝑎𝑟

2
. 

    

p a s u x i:  inerciis Zalebis nakrebi veqtori sididiT tolia 𝑀𝑎 
da mimarTulia 𝑥 RerZis gaswvriv; inerciis Zalebis nakrebi  

momentis absoluturi sidide 
𝑀𝑎𝑟

2
 tolia. 

 
 

amocana  41.4 

 

   gamoTvaleT planetaruli meqanizmis 

II  moZravi  Tvlis  inerciis  Zalebis  
Nakrebi  veqtori  da nakrebi  momenti,  
moZraobis sibrtyis  marTobulad  mis  
masaTa   centrze   gamavali    RerZis  
mimarT.  𝑂𝐶 mrudmxara brunavs mudmivi 
𝜔 kuTxuri siCqariT. II Tvlis masa 

aris  𝑀, Tvlebis radiusi udris 𝑟.  
a m o x s n a.   II  Tvali asrulebs 
brtyel moZraobas, amitom misi inerciis Zalebi daiyvaneba nakreb 

veqtorze Φ⃗⃗⃗⃗∗, romelic  modebulia 𝐶 masaTa centrze: 

Φ⃗⃗⃗⃗∗ = −𝑀�⃗�𝐶 , 
Φ∗ = 𝑀𝑎𝐶 = 𝑀𝜔

2 2𝑟 = 2𝑀𝜔2𝑟 

Dda nakreb momentze �⃗⃗⃗�𝐶
Φ.        

   Aam SemTxvevaSi  

𝑀𝐶
Φ = 𝐽𝐶𝑧휀 = 0, 

radgan 𝜔 = 𝑐𝑜𝑛𝑠𝑡, 휀 = 0. 
p a s u x i:  inerciis Zalebis    

nakrebi veqtori 𝑂𝐶 mrudmxaras  
paraleluria da udris 2𝑀𝜔2𝑟;  
inerciis Zalebis nakrebi momenti   
nulis tolia. 
 

  

I 

O 

II 

C 

𝑟 

𝑟 

I 

O 

II 

C 
Φ⃗⃗⃗⃗∗ 

𝑟 

𝑟 

𝜔 
�⃗�𝐶
I 

z 
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    2ℓ sigrZis    da   𝑀 masis   
 erTgvarovani 𝐴𝐵 Reros 𝐴 
bolo gadaadgildeba 

horizontalur mimmarTvelze 𝐸 
sabrjenis saSualebiT mudmivi  

𝑣 siCqariT ise, rom Rero 

yovelTvis eyrdnoba 𝐷  kuTxes. 
gansazRvreT Reros inerciis 
Zalebis  nakrebi veqtori  da 

nakrebi momenti  𝜑 kuTxeze  

damokidebulebiT im RerZis mimarT, romelic gadis Reros masaTa  𝐶 
centrze moZraobis sibrtyis 
perpendikularulad. 
a m o x s n a. inerciis 
Zalebis nakrebi  veqtori    

       Φ⃗⃗⃗⃗∗ = −𝑀�⃗�𝐶 .   
inerciis Zalebis nakrebi 
momenti    

      𝑀⃗⃗⃗⃗⃗𝐶
Φ = −𝐽𝐶휀,⃗⃗⃗ 

𝐴𝐵 Rero asrulebs brtyel 

moZraobas, 𝑃 − wertili smc 
(ix. naxazi). 
  Reros kuTxuri siCqare 

              𝜔 =
𝑣𝐴
𝐴𝑃
, 

sadac   

A𝐴𝑃 =
𝐴𝐷

𝑠𝑖𝑛𝜑
, 𝐴𝐷 =

𝐻

𝑠𝑖𝑛𝜑
. 

maSin 

              𝜔 =
𝑣𝐴𝑠𝑖𝑛

2𝜑

𝐻
. 

 Reros kuTxuri aCqareba 

휀 =
𝑑𝜔

𝑑𝑡
=
𝑣𝐴
𝐻
∙ 2𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜑

𝑑𝜑

𝑑𝑡
=
2𝑣𝐴

2

𝐻2
𝑠𝑖𝑛3𝜑𝑐𝑜𝑠𝜑. 

   inerciis Zalebis nakrebi momenti  𝐶𝑧 RerZis mimarT, romelic 
moZraobis sibrtyis marTobulia 

𝑀𝐶𝑧
Φ = −𝐽𝐶𝑧휀𝑧, 

 sadac   𝐽𝐶𝑧 =
𝑀ℓ2

3
;   휀𝑧 =  휀. 

    maSin 

𝑥 

𝑦 

𝑂 

𝐴 𝐸 

𝐵 

𝐷 

𝐻 
𝐶 

𝜑 

𝑧 
𝑥 

𝑦 

𝑂 

𝐴 𝐸 

𝐵 

𝐷 

𝐻 
𝐶 

𝜑 

• 
휀 

𝑃 
𝜑 

𝜔 

�⃗�𝐶𝑦 

�⃗�𝐶𝑥 

𝑀𝐶𝑧
Φ  

Φ⃗⃗⃗⃗𝑥

∗
 

Φ⃗⃗⃗⃗𝑦

∗
 

�⃗�𝐶𝐴 

�⃗⃗⃗�𝑨 
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𝑀𝐶𝑧
Φ = −

2𝑣𝐴
2

𝐻2
𝑠𝑖𝑛3𝜑𝑐𝑜𝑠𝜑 ∙

𝑀ℓ2

3
= −

2

3
𝑀ℓ2

𝑣𝐴
2

𝐻2
𝑠𝑖𝑛3𝜑𝑐𝑜𝑠𝜑. 

Reros masaTa  𝐶 centris siCqare vipovoT siCqareTa Sekrebis 
Teoremis gamoyenebiT brtyel moZraobaSi: 

�⃗�𝐶 = �⃗�𝐴 + �⃗�𝐶𝐴 
an 

𝑣𝐶𝑥 = 𝑣𝐴 − 𝑣𝐶𝐴𝑠𝑖𝑛𝜑, 
 

𝑣𝐶𝑦 = 𝑣𝐶𝐴𝑐𝑜𝑠𝜑, 
sadac   

𝑣𝐶𝐴 = 𝜔ℓ =
𝑣𝐴ℓ

𝐻
 𝑠𝑖𝑛2𝜑. 

maSin 

𝑣𝐶𝑥 = 𝑣𝐴 −
𝑣𝐴ℓ

𝐻
 𝑠𝑖𝑛3𝜑, 

𝑣𝐶𝑦 =
𝑣𝐴ℓ

𝐻
 𝑠𝑖𝑛2𝜑𝑐𝑜𝑠𝜑. 

 
gavawarmooT es toloba droiT da gaviTvaliswinoT, rom  

𝜔 =
𝑑𝜑

𝑑𝑡
, 

Dda  ganvsazRvroT masaTa  𝐶 centris aCqarebis gegmilebi 𝑥 da 𝑦 
RerZebze: 

𝑎𝐶𝑥 = −
𝑣𝐴ℓ

𝐻
∙  3𝑠𝑖𝑛2𝜑𝑐𝑜𝑠𝜑 ∙ 𝜔 = −3

𝑣𝐴
2ℓ

𝐻2
𝑠𝑖𝑛4𝜑𝑐𝑜𝑠𝜑, 

𝑎𝐶𝑦 =
𝑣𝐴ℓ

𝐻
 (2𝑠𝑖𝑛𝜑𝑐𝑜𝑠2𝜑 − 𝑠𝑖𝑛2𝜑𝑠𝑖𝑛𝜑) ∙ 𝜔 =

𝑣𝐴
2ℓ

𝐻2
𝑠𝑖𝑛3𝜑(3𝑐𝑜𝑠2𝜑 − 1). 

  inerciis Zalebis  nakrebi veqtoris  gegmilebi 𝑥 da 𝑦 RerZebze: 
 

Φ𝑥
∗ = −𝑀𝑎𝐶𝑥 = 3𝑀

𝑣𝐴
2ℓ

𝐻2
𝑠𝑖𝑛4𝜑𝑐𝑜𝑠𝜑, 

Φ𝑦
∗ = −𝑀𝑎𝐶𝑦 = 𝑀

𝑣𝐴
2ℓ

𝐻2
𝑠𝑖𝑛3𝜑(1 − 3𝑐𝑜𝑠2𝜑). 

p a s u x i:  ΦΦ𝑥
∗ = 3𝑀

𝑣𝐴
2ℓ

𝐻2
𝑠𝑖𝑛4𝜑𝑐𝑜𝑠𝜑; 

Φ𝑦
∗ = 𝑀

𝑣𝐴
2ℓ

𝐻2
𝑠𝑖𝑛3𝜑(1 − 3𝑐𝑜𝑠2𝜑); 𝑀𝐶𝑧

Φ = −
2

3
𝑀ℓ2

𝑣𝐴
2

𝐻2
𝑠𝑖𝑛3𝜑𝑐𝑜𝑠𝜑. 
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amocana  41.6 

 

   wina amocanis monacemebiT gansazRvreT Reros 𝑁𝐷 dinamikuri 

wneva 𝐷  kuTxeze. 

a m o x s n a.    𝐷 kuTxeze Reros 

𝑁𝐷   dinamikuri wnevis 
gansasazRvravad gamoviyenoT 
dalamberis principi. vaCvenoT  
naxazze dinamikuri Zalebi: inerciis 

Zalebi Φ⃗⃗⃗⃗𝑥
∗  da Φ⃗⃗⃗⃗𝑦

∗  , inerciis Zalebis 

momenti 𝑀𝐶𝑧
Φ , reaqciis Zalebi −𝑋⃗⃗⃗⃗⃗⃗ �⃗�, 

  𝑌⃗⃗⃗⃗𝐴 da �⃗⃗�𝐷 .  

   �⃗⃗�𝐷 reaqciis Zalas vipoviT  
gantolebidan 

∑�⃗⃗⃗�𝐴(F⃗⃗𝑘) = 0. 

𝑅𝐷 ∙ 𝐴𝐷 −𝑀𝐶𝑧
Φ −Φ𝑥

∗ ∙ 𝐴𝐶 ∙ 𝑠𝑖𝑛𝜑 + Φ𝑦
∗ ∙ 𝐴𝐶 ∙ 𝑐𝑜𝑠𝜑 = 0 

an 

𝑅𝐷 =
𝑀𝐶𝑧
Φ +Φ𝑥

∗ ∙ 𝐴𝐶 ∙ 𝑠𝑖𝑛𝜑 − Φ𝑦
∗ ∙ 𝐴𝐶 ∙ 𝑐𝑜𝑠𝜑

𝐴𝐷
. 

visargeblod wina amocanis amoxsnis SedgebiT, miviRebT 

𝑅𝐷 = (
2

3
𝑀ℓ2

𝑣2

𝐻2
𝑠𝑖𝑛3𝜑𝑐𝑜𝑠𝜑 +3𝑀

𝑣2ℓ

𝐻2
𝑠𝑖𝑛4𝜑𝑐𝑜𝑠𝜑 ∙ ℓ𝑠𝑖𝑛𝜑 − 

−
𝑀
𝑣2ℓ
𝐻2

𝑠𝑖𝑛3𝜑(1 − 3𝑐𝑜𝑠2𝜑)ℓ𝑐𝑜𝑠𝜑)

𝐻/𝑠𝑖𝑛𝜑
= 

=
𝑀𝑣2ℓ2

𝐻3
𝑠𝑖𝑛4𝜑𝑐𝑜𝑠𝜑 (

2

3
+ 3𝑠𝑖𝑛2𝜑 − 1 + 3𝑐𝑜𝑠2𝜑) =

=
8𝑀𝑣2ℓ2

3𝐻3
𝑠𝑖𝑛4𝜑𝑐𝑜𝑠𝜑. 

p a s u x i:  𝑁𝐷 =
8𝑀𝑣2ℓ2

3𝐻3
𝑠𝑖𝑛4𝜑𝑐𝑜𝑠𝜑. 

 
  

𝑥 

𝑦 

𝑂 

𝐴 𝐸 

𝐵 

𝐷 

𝐻 

𝐶 

𝜑 

𝑀𝐶𝑧
Φ  

Φ⃗⃗⃗⃗𝑥
∗  

Φ⃗⃗⃗⃗𝑦
∗  

�⃗⃗�𝐴 

�⃗�𝐴 

�⃗⃗�𝐷 
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amocana  41.7 

  

  troleibusis  Senelebis    eqsperimentalurad  gansasazRvravad  
gamoiyeneba    siTxiani    aqselerometri, 
romelic Sedgeba  vertikalur  sibrtyeSi  
mdebare  da zeTiT   avsebuli  milisagan. 
gansazRvreT troleibusis damuxruWebisas 
misi Seneleba, Tu  am  dros  siTxis done 
moZraobis  mimarTulebis  mxares mdebare 

milis  boloSi    aiweva  ℎ2  simaRleze, 

xolo mopirdapire mxares daiweva ℎ1 
donemde.  Aaqselerometris mdebareoba 

naCvenebia naxazze: 𝛼1 = 𝛼2 = 45
0, ℎ1 =25mm, ℎ2 = 75mm. 

a m o x s n a.  gamoviyenoT dalamberis principi siTxis 
svetebisaTvis milis sxvadsxva nawilebSi cal-calke (nax. 1 da 2).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
            Nnax.1                                  nax..2   

vaCvenoT naxazze: inerciis Zalebi Φ⃗⃗⃗⃗1 da  Φ⃗⃗⃗⃗2, milis kedlebis  

reaqciebi  �⃗⃗⃗�1 da  �⃗⃗⃗�2, simZimis Zalebi G⃗⃗⃗1 da  G⃗⃗⃗2, siTxis 

hidrostatikuri wnevis Zalebi   S⃗⃗1 = −S⃗⃗2. 
  avirCioT koordinatTa RerZebi 𝑥1 da 𝑥2, maSin 
 

{
∑𝐹𝑥1 = 0,

∑𝐹𝑥2 = 0;
 

 

                {
−𝑆1 +Φ1𝑐𝑜𝑠𝛼1 + G1𝑠𝑖𝑛𝛼1 = 0,
−𝑆2 +Φ2𝑐𝑜𝑠𝛼2 − G2𝑠𝑖𝑛𝛼2 = 0,

          (1) 

• 

ℓ2 
𝑥2 

ℎ2 

Φ⃗⃗⃗⃗2 

G⃗⃗⃗2
,  

N⃗⃗⃗2
,  

S⃗⃗2
,  

�⃗�  

�⃗�  

𝑥1 

• 
Φ⃗⃗⃗⃗1 

G⃗⃗⃗1 
S⃗⃗1 ℎ1 

�⃗⃗⃗�1 

ℓ1 

𝛼1 

ℎ1 

�⃗� 

ℎ2 

𝛼2 𝛼1 
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sadac  Φ1 = m1𝑎;  Φ2 = m2𝑎;  G1 = m1𝑔; G2 = m2𝑔. 

   gamovsaxoT siTxis masa milis orive boloSi misi 𝜌 simkvriviT: 

                                   {
m1 = 𝜌ℓ1 = 𝜌

ℎ1

𝑠𝑖𝑛𝛼1
,

m2 = 𝜌ℓ2 = 𝜌
ℎ2

𝑠𝑖𝑛𝛼2

.              (2) 

   SevkriboT (1) sistemis gantolebebi da CavsvaT (20 gamosaxulebebi: 

𝜌
ℎ1

𝑠𝑖𝑛𝛼1
𝑎𝑐𝑜𝑠𝛼1 + 𝜌

ℎ1
𝑠𝑖𝑛𝛼1

𝑔𝑠𝑖𝑛𝛼1 +  𝜌
ℎ2

𝑠𝑖𝑛𝛼2
𝑎 𝑐𝑜𝑠𝛼2 − 

−𝜌
ℎ2

𝑠𝑖𝑛𝛼2
𝑔𝑠𝑖𝑛𝛼2 = 0. 

Aaqedan 

𝑎 =
𝑔(ℎ2 − ℎ1)

ℎ2𝑐𝑡𝑔𝛼2 + ℎ1𝑐𝑡𝑔𝛼1
=
𝑔(ℎ2 − ℎ1)𝑡𝑔𝛼1𝑡𝑔𝛼2
ℎ2𝑡𝑔𝛼1 + ℎ1𝑡𝑔𝛼2

= 0,5𝑔. 

 

p a s u x i:  𝑎 =
𝑔(ℎ2−ℎ1)𝑡𝑔𝛼1𝑡𝑔𝛼2

ℎ2𝑡𝑔𝛼1+ℎ1𝑡𝑔𝛼2
= 0,5𝑔. 

 
 

amocana  41.8 

 

    rogori aCqarebiT unda 
moZraobdes horizontalur 
sibrtyeze prizma, romlis gverdiTi 

waxnagi horizontTan adgens 𝛼 
kuTxes, rom am gverdiT waxnagze 
mdebare tvirTi ar gadaadgildes 
prizmis mimarT? 
a m o x s n a.    ganvixiloT 
tvirTis wonasworoba  prizmaze 
dalamberis principis gamoyenebiT.  

vaCvenoT naxazze tvirTze moqmedi Zalebi: simZimis Zala G⃗⃗⃗, inerciis 

Zala Φ⃗⃗⃗⃗ = −𝑚�⃗�, sibrtyis  reaqcia �⃗⃗⃗�.  maSin 

∑𝐹𝑘𝑥 = 0, 

 e.i.                                               𝐺𝑠𝑖𝑛𝛼 − Φcosα = 0 
an                                                𝑚𝑔𝑠𝑖𝑛𝛼 −macosα = 0. 
Aaqedan prizmis aCqareba 

𝑎 = 𝑔𝑡𝑔𝛼. 
p a s u x i:   𝑎 = 𝑔𝑡𝑔𝛼. 
 

• 
Φ⃗⃗⃗⃗ 

N⃗⃗⃗ 

G⃗⃗⃗ α 
x 
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   liTonis Zelakze  gamWimavi da SemkumSavi 
Zalebis swrafad, rigrigobiT moqmedebisas maTi 

gavlenis gamosarkvevad liTonis 𝐴  Zelaks zeda 

boloTi miamagreben  𝐵𝐶𝐷 mrudmxara meqanizmis 𝐵 

cociaze, xolo qveda boloze hkideben 𝑄 tvirTs. 
ipoveT Zelakis gamWimavi Zala im SemTxvevaSi, 

roca 𝑂𝐶 mrudmxara 𝑂RerZis garSemo brunavs 𝜔 
mudmivi kuTxuri siCqariT. 
  m i T i T e b a.  

gamosaxuleba√1 − (
𝑟

ℓ
)
2
𝑠𝑖𝑛2𝜑 unda gavSaloT 

mwkrivad Dda ukuvagdoT mwkrivis yvela wevri, 

romlebic Seicaven  
𝑟

ℓ
 fardobis orze  maRal 

xarisxebs. 

a m o x s n a.   vipovoT  𝐵 wertilis  

koordinati. SemoviRoT aRniSvna ∠𝐶𝐵𝑂 = 𝛽. 
maSin 

              𝑂𝐵 = 𝑟𝑐𝑜𝑠𝜑 + ℓ𝑐𝑜𝑠𝛽             (1) 
sinusebis Teoremis Tanaxmad 

𝑟

𝑠𝑖𝑛𝛽
=

ℓ

𝑠𝑖𝑛𝜑
       

𝑠𝑖𝑛𝛽 =
𝑟𝑠𝑖𝑛𝜑

ℓ
 .      

Tu  gaviTvaliswinebT, rom 

𝑐𝑜𝑠𝛽 = √1 − 𝑠𝑖𝑛2𝛽 = √1 − (
𝑟

ℓ
)
2

𝑠𝑖𝑛2𝜑 ,   

maSin (1) formulis Tanaxmad miviRebT: 

     𝑂𝐵 = 𝑟𝑐𝑜𝑠𝜑 + ℓ√1 − (
𝑟

ℓ
)
2
𝑠𝑖𝑛2𝜑         (2) 

SemoviRoT aRniSvna 
𝑟

ℓ
= 𝜆. 

gaviTvaliswinoT, rom 
𝑟

ℓ
≪ 1, 𝜑 = 𝜔𝑡,  xolo 

√1 − 𝜆2𝑠𝑖𝑛2𝜑 = 1 −
𝜆2

2
𝑠𝑖𝑛2𝜑,          

maSin  (2) gamosaxuleba miiRebs saxes: 

𝑂 
• 

• 

• 

𝜑 

𝑟 

𝐶 

𝑀 

𝐴 

𝐵 

ℓ 

𝑂 • 
• 

• 

𝜑 

𝑟 

𝐶 

𝑀 

𝐴 

𝐵 

ℓ 

Φ⃗⃗⃗⃗ 

• 

𝑥 

�⃗⃗⃗� 

𝑀�⃗� 

𝜔 

𝛽 
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𝑂𝐵 = 𝑟𝑐𝑜𝑠𝜑 + ℓ√1 − 𝜆2𝑠𝑖𝑛2𝜑 = 𝑟𝑐𝑜𝑠𝜑 + ℓ(1 −
𝜆2

2
𝑠𝑖𝑛2𝜑) = 

= 𝑟 (𝑐𝑜𝑠𝜑 +
𝜆

4
𝑐𝑜𝑠2𝜑) + ℓ −

𝜆

4
𝑟 = 

= 𝑟 (𝑐𝑜𝑠𝜔𝑡 +
𝜆

4
𝑐𝑜𝑠2𝜔𝑡) + ℓ −

𝜆𝑟

4
. 

Ees gamosaxuleba  gavawarmooT droiT orjer: 

𝑣𝐵 =
𝑑

𝑑𝑡
(𝑂𝐵) = 𝑟𝜔 (𝑠𝑖𝑛𝜔𝑡 −

𝜆

2
𝑠𝑖𝑛2𝜔𝑡), 

𝑎𝐵 =
𝑑𝑣𝐵
𝑑𝑡

= 𝑟𝜔2(−𝑐𝑜𝑠𝜔𝑡 − 𝜆𝑐𝑜𝑠2𝜔𝑡). 

 

   sistemaze movdoT aqtiuri Zala 𝑀�⃗�  da inerciis Zala Φ⃗⃗⃗⃗  da 
vipovoT 

Φ = M𝑎𝐵 = 𝑀𝜔
2(𝑐𝑜𝑠𝜔𝑡 + 𝜆𝑐𝑜𝑠2𝜔𝑡). 

    maSin Zelakis gamWimavi Zala 
 

 𝑁 = 𝑀𝑔 +Φ = 𝑀𝑔 +𝑀𝜔2 (𝑐𝑜𝑠𝜔𝑡 +
𝑟

ℓ
𝑐𝑜𝑠2𝜔𝑡). 

 

p a s u x i:  𝑁 = 𝑀𝑔 +Φ = 𝑀𝑔 +𝑀𝜔2 (𝑐𝑜𝑠𝜔𝑡 +
𝑟

ℓ
𝑐𝑜𝑠2𝜔𝑡). 
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 gansazRvreT sabruni amwis 𝐴 aquslisa 

 da 𝐵 sakisris sayrdenTa reaqciebi, 

roca igi eweva 3t masis   𝐸 tvirTs  
1

3
𝑔 aCqarebiT. Aamwis masa udris 2t da  

modebulia mis masaTa 𝐶 centrze.  𝐷  
urikis masa udris 0,5t. amwe da urika 
uZravia. zomebi naCvenebia naxazze. 
a m o x s n a. vaCvenoT naxazze 

aqtiuri Zalebi, reaqciis Zalebi  �⃗�𝐴  , 

�⃗⃗�𝐴  , �⃗�𝐵 da inerciis Zalebi.      
     ganvsazRvroT inerciis Zala 

Φ𝐸 = 𝑚𝐸𝑎𝐸 = 3000 ∙
1

3
𝑔 = 1000𝑔. 

𝑦 

𝑥 

5მ 

5მ 

2მ 𝐸 

𝐴 

𝐶 

𝐷 
𝐵 



 
417 

   SevadginoT wonasworobis gantolebebi. dalamberis principis 
Tanaxmad: 

                    ∑𝐹𝑘𝑥 = 𝑋𝐴 + 𝑋𝐵 = 0,                       (1) 
           ∑𝐹𝑘𝑦 = 𝑌𝐴 − (𝑚𝐶 +𝑚𝐸 +𝑚𝐷)𝑔 − Φ𝐸 = 0,             (2) 

          ∑𝑀𝐴(�⃗�𝑘) = −5𝑋𝐵 − 2𝑚𝐶𝑔 − 5(𝑚𝐸 +𝑚𝐷)𝑔 − 5Φ𝐸 = 0   (3) 
(2) gantolebidan vipoviT 

𝑌𝐴 = (𝑚𝐶 +𝑚𝐸 +𝑚𝐷)𝑔 + Φ𝐸 = 

= (2000 + 3000 + 500)𝑔 = 63900(ნ) 

(3) gantolebidan 

𝑋𝐵 = −
1

5
[2𝑚𝐶𝑔 + 5(𝑚𝐸 +𝑚𝐷)𝑔 + 5Φ𝐸] = 

= −
1

5
[2000𝑔 ∙ 2 + (500 + 3000)𝑔 ∙ 5

+ 1000𝑔 ∙ 5] == −52100(ნ). 
G(1)  gantolebidan  gamomdinareobs, rom 

𝑋𝐴 = −𝑋𝐵 = 52, 1kn. 
p a s u x i:     𝑋𝐴 = −𝑋𝐵 = 52, 1kn; 𝑌𝐴 = 63,9kn. 
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   gansazRvreT wina amocanaSi ganxiluli sabruni amwis 𝐴 saquslisa 

 da 𝐵 sakisris sayrdenTa reaqciebi, roca  𝐷  urika gadaadgildeba 

marcxniv 0,5𝑔aCqarebiT da 𝐸 tvirTi Camoxsnilia. Uurikis masaTa 𝐶 

centri  𝐵 sayrdenis donezea.  
a m o x s n a.    vaCvenoT naxazze 

aqtiuri Zalebi,  reaqciis Zalebi  �⃗�𝐴 , 

�⃗⃗�𝐴 , �⃗�𝐵 da inerciis Zalebi. 
      ganvsazRvroT inerciis Zala 

Φ𝐷 = 𝑚𝐷𝑎𝐷 = 0,5𝑚𝐷𝑔 = 250𝑔 = 

= 250𝑔 = 250 ∙ 9,8 = 2450 (n). 
 SevadginoT wonasworobis gantolebebi  
dalamberis principis Tanaxmad: 

    ∑𝐹𝑘𝑥 = 𝑋𝐴 + 𝑋𝐵 +Φ𝐷 = 0      (1) 
    ∑𝐹𝑘𝑦 = 𝑌𝐴 −𝑚𝐶𝑔 −𝑚𝐷𝑔 = 0    (2)   

     ∑𝑀𝐴(�⃗�𝑘) = −5𝑋𝐵 − 2𝑚𝐶𝑔 − 5𝑚𝐷𝑔 − 5Φ𝐷 = 0.             (3) 
 
(2) gantolebidan vipoviT 

      𝑌𝐴 = (𝑚𝐶 +𝑚𝐷)𝑔 = (2000 + 500)9,8 = 24 500(ნ) 

𝑦 

𝑥 
𝐴 

𝐶 

𝐷 
𝐵 

𝑚𝐶�⃗� 

�⃗�𝐴 

�⃗�𝐵 

�⃗⃗�𝐴 

�⃗� 

Φ⃗⃗⃗⃗𝐷 

𝑦 

𝑥 

𝑚𝐸�⃗� 

𝐸 

𝐴 

𝐶 

𝐷 
𝐵 

• 

𝑚𝐷�⃗� 

Φ⃗⃗⃗⃗𝐸 �⃗�𝐴 

�⃗�𝐵 

�⃗⃗�𝐴 
𝑚𝐶�⃗� 
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(3) gantolebidan 

𝑋𝐵 = −
1

5
(2𝑚𝐶𝑔 + 5𝑚𝐷𝑔 + 5Φ𝐷) = 

= −
1

5
[2000 ∙ 2 + 500 ∙ 5 + 250    ∙ 5]9,8 = −15190(n) 

G(1)  gantolebidan  gamomdinareobs, rom 

𝑋𝐴 = −𝑋𝐵 −Φ𝐷 . 
maSin 

𝑋𝐴 = −15190 − 2450𝑔 = 12750(n). 

p a s u x i:     𝑋𝐴 = 12.8  kn;   𝑋𝐵=-15,2kn;  𝑌𝐴 = 24,5kn. 
 
 

 

amocana  41.12 

   boranze, romelic mibmulia napirze ori paraleluri bagiriT, 
Sedis 12km/sT siCqariT 7t masis satvirTo manqana, muxruWebi aCerebs 

manqanas 3m manzilze. gansazRvreT bagirebis 𝑇 daWimuloba, Tu 
boranis zedapirze Tvlebis xaxunis Zala mudmivia da boranis masa 
da aCqareba ugulebelyofilia. 
a m o x s n a. vaCvenoT naxazze moqmedi aqtiuri Zalebi:  bagirebis 

𝑇  daWimuloba   da inerciis Zala  Φ = 𝑚𝑎. 
aCqareba vipovoT kinematikis formulebis gamoyenebiT: 

                 𝑣0 − 𝑎𝑡 = 0,      (1) 

        𝑣0𝑡 −
𝑎𝑡2

2
= 𝑠.     (2) 

 (1)  gantolebidan 

𝑡 =
 𝑣0
𝑎
. 

CavsvaT es formula  

𝑣0
2

𝑎
−
𝑣0
2

2𝑎
= 𝑠. 

aqedan 

𝑎 =
𝑣0
2

2𝑠
= (

12 000

3600
)
2

∙
1

2 ∙ 3
= 1,85(მ/წმ2) 

ახლა ganvsazRvroT inerciis Zala 
Φ = 𝑚𝑎 = 7000 ∙ 1,85 = 12950(ნ). 

Semdeg SevadginoT gantoleba: 

∑𝐹𝑘𝑥 = Φ− 2T = 0   

Dda ganvsazRvroT bagirebis daWimulobebi 

 

• 
Φ⃗⃗⃗⃗ 

T⃗⃗⃗ 

T⃗⃗⃗ 

a⃗⃗ 
𝑥 
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𝑇 =
Φ

2
= 6475(ნ). 

p a s u x i:     𝑇=6,48n. 
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  𝑀 masis   avtomobili 

moZraobs wrfivad 𝑤 aCqarebiT. 
gansazRvreT avtomobilis wina 
da ukana Tvlebis normaluri 

wneva, Tu misi masaTa 𝐶 centri 
mdebareobs  ℎ  simaRleze 
gruntis zedapiridan.  wina da 
ukana RerZebis  daSoreba 
masaTa centrze gamavali  
vertikalidan saTanadod aris 

𝑎  da 𝑏. Tvlebis  brunvis inerciis Zalebis momentebi  
ugulebelyofilia.  rogor unda moZraobdes avtomobili, rom wina 
da ukana Tvlebis wneva toil iyos? 
a m o x s n a. vaCvenoT naxazze aqtiuri Zalebi, reaqciis Zalebi  

�⃗⃗⃗�𝐴 , �⃗⃗⃗�𝐵 da inerciis Zala. 
  ganvsazRvroT inerciis Zala 

Φ = 𝑀𝑤. 
  SevadginoT wonasworobis gantolebebi  
dalamberis principis Tanaxmad: 

∑𝐹𝑘𝑦 = 𝑁𝐵 +𝑁𝐴 −𝑀𝑔 = 0      (1)   

              ∑𝑀𝐵(�⃗�𝑘) = Φℎ +𝑁𝐴(𝑎 + 𝑏) −𝑀𝑔𝑏 = 0           (2) 
  (2) gantolebidan vipoviT 

𝑁𝐴 =
𝑀𝑔𝑏 −Φℎ

𝑎 + 𝑏
=
𝑀(𝑔𝑏 − wℎ)

𝑎 + 𝑏
 

(1) gantolebidan 

𝑁𝐵 = 𝑀𝑔 − 𝑁𝐴 =
𝑀(𝑔𝑏 + wℎ)

𝑎 + 𝑏
, 

Aavtomobilis  aCqarebas  vipoviT tolobidan  𝑁𝐴 = 𝑁𝐵: 
𝑀(𝑔𝑏 − wℎ)

𝑎 + 𝑏
=
𝑀(𝑔𝑏 + wℎ)

𝑎 + 𝑏
, 

w = −
g((a − b)

2h
. 

 

p a s u x i:  𝑁𝐴 =
𝑀(𝑔𝑏−wℎ)

𝑎+𝑏
;  𝑁𝐵 =

𝑀(𝑔𝑏+wℎ)

𝑎+𝑏
; 

𝑥 𝐴 𝐵 𝑂 

𝑦 

𝑎 𝑏 

�⃗⃗⃗⃗� 

ℎ 

𝐶 

�⃗⃗⃗�ხახ𝐴 𝑀�⃗� 

�⃗⃗⃗⃗�𝐴 
�⃗⃗⃗⃗�𝐵 

Φ⃗⃗⃗⃗ 

�⃗⃗⃗�ხახ𝐵 
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avtomobilis damuxruWebisas w =
g((a−b)

2h
 SenelebiT. 
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ra 𝑤 aCqarebiT eSveba 𝑀1 masis  tvirTi, Tu igi zeviT eweva 𝑀2 
masis  tvirTs polispastis saSualebiT?  rogoria 𝑀1  tvirTis 
Tanabri moZraobis piroba?  Bblokebisa da gvrlis masebi 
ugulebelyofilia. 

m i T i T e b a: 𝑀2 tvirTis aCqareba   4-jer naklebia 𝑀1 tvirTis 
aCqarebaze. 
a m o x s n a. gamoviyenoT dalamberis 
principi. amisaTvis azrobriv gavaCeroT 
moZravi sistema:  masze moqmed Zalebs 

davumatoT Φ⃗⃗⃗⃗1    da Φ⃗⃗⃗⃗2  inerciis Zalebi, 

romlebsac aqvT  𝑀1  da 𝑀2  tvirTebis 
aCqarebebis sapirispiro mimarTuleba (ix. 
Nnaxazi).    

miTiTebis Tanaxmad 𝑎1 = 𝑎, 𝑎2 = 𝑎/4.  
maSin   

Φ1 = 𝑀1𝑎1 = 𝑀1𝑎, 

       Φ2 = 𝑀2𝑎2 =
𝑀2𝑎

4
.            (1) 

ganvixiloT 𝑀1 masis  tvirTis moZraoba. 
Bbmisagan ganTavisuflebis principis 
Tanaxmad bagiris moqmedeba SevcvaloT misi  

T⃗⃗⃗1   reaqciiT. 
   gamoviyenoT  dalamberis principi  da 

SevadginoT “wonasworobis” gantoleba 𝑦 

RerZze  gegmilebSi 𝑀1�⃗� simZimis Zalis, Φ⃗⃗⃗⃗1    

inerciis Zalis da T⃗⃗⃗1   Zalis moqmedebiT: 

∑𝐹𝑘𝑦 = 0   

an 

T1 +Φ1 −M1𝑔 = 0. 
aqedan 

T1 = M1𝑔−Φ1. 
 

  Aaxla ganvixiloT 𝑀1 masis  tvirTis da moZravi blokebis 
“wonasworoba: 

∑𝐹𝑘𝑦 = 0   
Aan 

• 

𝑀2 

𝑀1 
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4T2 −Φ2 −M2𝑔 = 0. 
aqedan 

T2 =
Φ2+M2𝑔

4
. 

   Tu  gaviTvaliswinebT,  rom   T1 = T2, 
miviRebT 

4(M1𝑔−Φ1) = Φ2 +M2𝑔. 

  CavsvaT  (1) formula  miRebul 

gamosaxulebaSi da ganvsazRvroT  𝑀1 
masis  tvirTis  aCqareba: 

4M1𝑔 − 4M1𝑎 = 𝑀2
𝑎

4
+ M2𝑔. 

𝑎 = 4𝑔
4M1 −𝑀2
16M1 +𝑀2

. 

Tanabari moZraobis dros 𝑎 = 0  
maSasadame, 

4M1 −𝑀2 = 0 
an 

M1

𝑀2
=
1

4
. 

p a s u x i:  𝑎 = 4𝑔
4M1−𝑀2

16M1+𝑀2
;   
M1

𝑀2
=

1

4
. 
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    M  masis gluvi soli, romlis 

wverosTan mdebare kuTxe aris 2𝛼, 
Gaswevs erTmaneTisagan or M1 
masis firfitas, romlebic 
uZravad mdebareoben gluv 
horizontalur magidaze. 
gansazRvreT solisa da 
firfitebis moZraobis 
gantolebebi da solis wneva  
TiToeul firfitaze. 

• 

Φ⃗⃗⃗⃗2 
𝑀2�⃗⃗⃗� 

𝐶 

• 

• 

• 

• 

𝑀1�⃗⃗⃗� 

�⃗⃗⃗�2 �⃗⃗⃗�2 

�⃗⃗⃗�2 �⃗⃗⃗�2 

�⃗⃗⃗�1 

Φ⃗⃗⃗⃗1 

�⃗⃗⃗�/4 

�⃗⃗⃗� 

𝑦 
�⃗⃗⃗⃗� 

2𝛼 
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a m o x s n a.    ganvixiloT solis moZraoba. solze moqmedi 

firfitebis  �⃗⃗⃗� reaqciebi 
erTmaneTis tolia (ix. Nnax. 1), 
radgan firfitebis masebi tolia.  
Sedegad soli imoZravebs 

vertikalurad qveviT raime �⃗� 
aCqarebiT. 
  gavaCeroT azrobriv solis 
moZraoba,   moqmed Zalebs 

davumatoT Φ⃗⃗⃗⃗    inerciis Zala, 

romelic mimarTulia �⃗� aCqarebis 
sapirispirod. 
   Ddalamberis principis anaxmad 
solze moqmedi  ZalTa  sistema                                       
                                                                                                          nax.1. 
wonasworobaSia. SevadginoT gantoleba: 

∑𝐹𝑘𝑦 = 0   

Aan               𝑀𝑔 −Φ+ 2𝑁𝑠𝑖𝑛𝛼 = 0.                  (1)   
inerciis Zala           

                      
Φ = 𝑀𝑎.        (2)        

 gamoviyenoT Ddalamberis 
principi marjvena 
firfitisaTvis(nax.2), CavweroT 
gantoleba    

∑𝐹𝑘𝑦 = 0   
Aan    
  𝑀𝑔 −Φ+ 2𝑁𝑠𝑖𝑛𝛼 = 0.   (3)   
inerciis Zala  am SemTxvevaSi          

                                              
Φ1 = 𝑀1𝑎1.                          

(4) 
 Nnax.2 –dan miviRebT 

damokidebulebas    𝑎  da 𝑎1 aCqarebebs Soris:                
                                                 𝑎1 = 𝑎𝑡𝑔𝛼.                          (5)            
(3) gantolebidan     

                                                𝑁 =
𝑀1𝑎𝑡𝑔𝛼

𝑐𝑜𝑠𝛼
.                           (6)  

 CavsvaT (6) da (2) gamosaxulebebi (1) gantolebaSi: 

𝑀𝑔 −𝑀𝑎 + 2𝑀1𝑎𝑡𝑔
2𝛼 = 0. 

Aaqedan, Tu gaviTvaliswinebT, rom 

𝛼 𝛼 

𝛼 • 𝛼 

Φ⃗⃗⃗⃗ 

𝑀�⃗� �⃗⃗⃗⃗� �⃗⃗⃗⃗� 

�⃗⃗⃗� 

1 

𝑦 

�⃗⃗⃗� 

1 

𝑀1�⃗⃗⃗� 

�⃗⃗⃗⃗�1 

�⃗⃗⃗�1 

�⃗⃗⃗⃗� 

Φ⃗⃗⃗⃗1 

𝑥 

𝛼 

𝛼 

�⃗⃗⃗�2 

�⃗⃗⃗�1 
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𝑡𝑔2𝛼 =
𝑡𝑔𝛼

𝑐𝑡𝑔𝛼
, 

ganvsazRvravT aCqarebas 

                         𝑎 = 𝑔
𝑀

𝑀 + 2𝑀1𝑡𝑔
2𝛼
= 𝑔

𝑀𝑐𝑡𝑔𝛼

𝑀𝑐𝑡𝑔𝛼 + 2𝑀1𝑡𝑔𝛼
.             (7) 

solis moZraobis kanoni: 

𝑠 =
𝑎𝑡2

2
, 

sadac  𝑎   aCqareba ganisazRvreba (7) formuliT. 
firfitisaTvis 

𝑠1 =
𝑎1𝑡

2,

2
 

sadac  𝑎1 = 𝑎𝑡𝑔𝛼. 
wnevis Zala 

𝑁 =
𝑀1𝑎1
𝑐𝑜𝑠𝛼

. 

p a s u x i:   solis moZraobis gantoleba 𝑠 =
𝑎𝑡2

2
, 

sadac   𝑎 = 𝑔
𝑀𝑐𝑡𝑔𝛼

𝑀𝑐𝑡𝑔𝛼+2𝑀1𝑡𝑔𝛼
, firfitis moZraobis gantoleba 

𝑠1 =
𝑎1𝑡

2,

2
, sadac  𝑎1 = 𝑎𝑡𝑔𝛼. wnevis Zala 𝑁 =

𝑀1𝑎1

𝑐𝑜𝑠𝛼
. 
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  M1 masis 𝐴 tvirTs qveviT daSve-
bisas  uWimari  da uwoni Tokis sa-
SualebiT, romelic gadakidebulia 

uZrav 𝐶 blokze,  moZraobaSi mohyavs 

M2  masis   𝐵   tvirTi.  ipoveT  𝐷 
magidis wneva iatakze, Tu misi  masa 

udris M3. 
a m o x s n a. jer ganvixiloT 
meqanikuri sistema, romelic Sed-

geba 𝐷 magidis, 𝐶 blokis da 𝐴 
da 𝐵  tvirTebisagan. azrobriv 
gavaCeroT tvirTebis moZraoba da 
sistemaze moqmed Zalebs davama-
toT inerciis Zalebi (nax.1).: 

Φ⃗⃗⃗⃗1 = −𝑀1�⃗�1,   Φ⃗⃗⃗⃗2 = −𝑀2�⃗�2 
   Radgan   sididiT 𝑎1 = 𝑎2 = 𝑎, 
amitom           

                                     nax.1 

𝐶 

𝐴 

𝐵 

𝐷 

𝐶 

𝐴 

𝐵 

𝐷 • 

• 

• 

M2�⃗� 

M1�⃗� 

M3�⃗� �⃗⃗�2 

�⃗�1 

�⃗⃗�1 

Φ⃗⃗⃗⃗2 �⃗�1 

Φ⃗⃗⃗⃗1 

𝑦 
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   Φ1 = 𝑀1𝑎, Φ2 = 𝑀2𝑎.                  (1) D 
dalamberis principis  Tanaxmad miRebuli meqanikuri sistema aris 
gawonsworebuli. kerZod, yvela Zalebis gegmilebis jami vertikalur    

 𝑦  RerZze udris nuls, maSin 

             𝑅 −𝑀1𝑔 −𝑀2𝑔 −𝑀3𝑔 + Φ1 = 0,          (2) 
sadac 𝑅 −iatakis mxridan magidis fexebze jamuri reaqciaa. 
    (2) gantolebidan (1) tolobebis gaTvaliswinebiT vipoviT 

                𝑅 = (𝑀1 +𝑀2 +𝑀3)𝑔 − M1𝑎.            (3) 
  Semdeg ganvixiloT 𝐴  tvirTis moZraoba (nax.2). 
Bbmisagan ganTavisuflebis principis Tanaxmad 

Zafis moqmedeba SevcvaloT misi �⃗⃗�𝐴 daWimulobiT. 
     gamoviyenoT     dalamberis   principi   da 

SevadginoT tvirTis “wonasworobis” gantoleba  𝑦  
RerZze gegmilebSi: 

∑𝐹𝑘𝑦 = 0   
Aan                                                                                      

                  𝑇𝐴 +Φ1 −𝑀1𝑔 = 0.           (4)                                            
 
 (4) gantolebidan                                          nax.2 

                 𝑇𝐴 = 𝑀1𝑔 − Φ1 = 𝑀1𝑔 −M1𝑎.          (5)   
    ganvixiloT 𝐵  tvirTis moZraoba, 

romelzec moqmedebs  M2�⃗�  simZimis  Zala,    

bmis 𝑁2  reaqcia, inerciis  Zala Φ⃗⃗⃗⃗2  da 
Tokis daWimuloba  �⃗⃗�𝐵 (nax.3). 
  gamoviyenoT dalamberis principi da 

SevadginoT 𝐵 tvirTis “wonasworobis” 

gantoleba 𝑥  RerZze gegmilebSi: 

∑𝐹𝑘𝑥 = 0   
Aan 

               𝑇𝐵 −Φ2 = 0.                       nax.3 
aqedan 

            𝑇𝐵 = Φ2 = M2𝑎.        (6)   
     ganvixiloT 𝐶 blokis wonasworoba, 
romelzec moqmedebs DdaWimulobis Zalebi 

  �⃗⃗�𝐴
′ da �⃗⃗�𝐵

′ , agreTve, sayrdenebis reaqcie-

bi X⃗⃗⃗0  da Y⃗⃗⃗0 (nax.4). 
    SevadginoT momentebis gantoleba 𝑂  
 wertilis mimarT:  

na.x.4 

𝐴 • 
M1�⃗� 

Φ⃗⃗⃗⃗1 

𝑦 

�⃗⃗�𝐴 

�⃗� 

𝐵 

• 
M2�⃗� 

Φ⃗⃗⃗⃗2 𝑥 

�⃗⃗⃗�2 

�⃗� 

�⃗⃗�𝐵 

𝑂 
𝐶 

𝑦 

𝑟 𝑥 

�⃗⃗�𝐵
′  

�⃗⃗�𝐴
′ 

Y⃗⃗⃗𝑂 

X⃗⃗⃗𝑂 
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∑𝑀0 = 0   
Aan                                                            

−𝑇𝐴
′𝑟 + 𝑇𝐵

′𝑟 = 0. 

aqedan 

𝑇𝐴
′ = 𝑇𝐵

′ 
an 

                       𝑇𝐴 = 𝑇𝐵.                      (7) 
(5) da (6) gamosaxulebebi CavsvaT (7) tolobaSi: 

𝑀1𝑔 −M1𝑎 = M2𝑎, 
aqedan 

𝑎 =
𝑀1

𝑀1 +𝑀2
𝑔. 

   Ees gamosaxuleba CavsvaT (3) formulaSi, miviRebT: 

𝑅 = (𝑀1 +𝑀2 +𝑀3 −
𝑀1
2

𝑀1 +𝑀2
)𝑔. 

 Mmagidis wneva iatakze  udris jamur 𝑅 reaqcias, e.i. 𝑅 = 𝑁. 
 

p a s u x i:   𝑁 = (𝑀1 +𝑀2 +𝑀3 −
𝑀1
2

𝑀1+𝑀2
)𝑔. 

 

 

amocana  41.17 

 

 M1 masis  𝐴  tvirTi eSveba Zirs 𝐷 daxril sibrtyeze, romelic 

horizontTan qmnis 𝛼 kuTxes da 

moZraobaSi mohyavs M2 masis  𝐵  
tvirTi uWimari  da uwoni Zafis 
saSualebiT, romelic gadakidebulia 

uZrav  𝐶 blokze. ipoveT iatakis  𝐸 
Sverilze daxril 𝐷 sibrtyis wnevis  
horizontaluri mdgeneli.  
  

𝐸 
𝛼 

𝐴 

𝐶 

𝐵 

𝐷 
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a m o x s n a.  Nnax.1 –ze  vaCvenoT inerciis Zalebi Φ⃗⃗⃗⃗1 da  Φ⃗⃗⃗⃗2, 
romlebic  unda movdoT moZrav 

𝐴 da  𝐵  sxeulebze: 
 

Φ1 = 𝑀1𝑎, Φ2 = 𝑀2𝑎.   (1) 
 Ddalamberis principis Tanaxmad 
  CavweroT meqanikuri  sistemis  
“wonasworobis”  piroba aqtiuri 
Zalebis, bmebis reaqciebis da 

inerciis Zalis 𝑥 RerZze 
gegmilebSi:                  

 

∑𝐹𝑘𝑥 = 0   
Aan                                                                                                                                      nax.1    

 𝑅𝐸 −Φ1𝑐𝑜𝑠𝛼 = 0. N 
saidanac (1) tolobebis gaTvaliswinebiT, miviRebT: 

        𝑅𝐸 = M1𝑎𝑐𝑜𝑠𝛼.       (2)             
 dalamberis principis Tanaxmad 

ganvixiloT 𝐴 tvirTis wonasworoba 

masze moqmedi M1�⃗� simZimis Zalis,  �⃗⃗�𝐴 
Zafis daWimulobis da Φ⃗⃗⃗⃗1 inerciis 
Zalis  moqmedebiT da davweroT 

“wonasworobis”  gantoleba 𝑥1  RerZze 
gegmilebSi (nax.2): 

   ∑𝐹𝑘𝑥1 = M1𝑔𝑠𝑖𝑛𝛼 −  𝑇𝐴 −Φ1 = 0.  (3) 
 Aaqedan 
 𝑇𝐴 = M1𝑔𝑠𝑖𝑛𝛼 −Φ1 = M1𝑔𝑠𝑖𝑛𝛼−M1𝑎. (4)   
  Semdeg  ganvixiloT 𝐵 tvirTis wonasworoba               nax.2 

 masze moqmedi M2�⃗� simZimis Zalis,  �⃗⃗�𝐵 Zafis 

daWimulobis da Φ⃗⃗⃗⃗2 inerciis Zalis moqmedebiT.  

SevadginoT    “wonasworobis” gantoleba 𝑦  RerZze                                 
gegmilebSi (nax.3):                                                

       ∑𝐹𝑘𝑦 = 𝑇𝐵 −M2𝑔 − Φ2 = 0           (5) 
aqedan 

        𝑇𝐵 = M2𝑔 + Φ2 = M2𝑔 +M2𝑎.         (6)   
     ganvixiloT 𝐶 blokis wonasworoba, romelzec 

moqmedebs DdaWimulobis Zalebi   �⃗⃗�𝐴
′  da  �⃗⃗�𝐵

′ da  
sayrdenebis reaqciebi  X⃗⃗⃗0  da Y⃗⃗⃗0(nax.4).                      nax.3 
    SevadginoT momentebis gantoleba 𝑂  wertilis mimarT: 

𝑦 

Φ⃗⃗⃗⃗2 

M2�⃗� 

T⃗⃗⃗𝐵 

�⃗� 
• 

𝑥1 𝛼 

Φ⃗⃗⃗⃗1 

M1�⃗� 

�⃗� 
• 

T⃗⃗⃗𝐴 
N⃗⃗⃗1 

𝐸 

𝛼 

𝐴 

𝐶 

𝐵 

Φ⃗⃗⃗⃗1 
𝑟 

Φ⃗⃗⃗⃗2 

M2�⃗� 

M1�⃗� 

�⃗� 
�⃗⃗⃗� 

R⃗⃗⃗𝐸 
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∑𝑀0(�⃗�𝑘) = 0   
Aan                                                      

𝑇𝐵
′𝑟 − 𝑇𝐴

′𝑟 = 0. 

aqedan 

𝑇𝐴
′ = 𝑇𝐵

′ 
an 

               𝑇𝐴 = 𝑇𝐵.    (7) 
              
 (4) da (6) gamosaxulebebi CavsvaT (7) tolobaSi:         na.x.4 

M1𝑔𝑠𝑖𝑛𝛼 − M1𝑎 = M2𝑔 +M2𝑎, 
aqedan 

𝑎 =
𝑀1𝑠𝑖𝑛𝛼 −M2

𝑀1 +𝑀2
𝑔. 

   Ees gamosaxuleba CavsvaT (2) formulaSi, miviRebT: 

𝑅𝐸 = 𝑀1𝑔
𝑀1𝑠𝑖𝑛𝛼 − M2

𝑀1 +𝑀2
𝑐𝑜𝑠𝛼. 

 Ees ki udris solis wnevas Sverilze, e.i. 𝑁 = 𝑅𝐸 

p a s u x i:  𝑁 = 𝑀1𝑔
𝑀1𝑠𝑖𝑛𝛼−M2

𝑀1+𝑀2
𝑐𝑜𝑠𝛼. 

 

 
amocana  41.18 

 
    𝑀 masis  da   ℓ sigrZis erTgvarovani Rero brunavs  mudmivi 𝜔 
kuTxuri  siCqariT uZravi vertikaluri RerZis garSemo, romelic 
Reros marTobia da  gadis mis boloze. gansazRvreT gamWimavi Zala 

Reros im ganivkveTSi, romelic brunvis RerZidan daSorebulia 𝑎 
manZiliT. 
a m o x s n a. Rerodan 

brunvis RerZidan 𝑎 
manZilze gamovyoT 
daStrixuli nawili (ix. 
naxazi). Ggamoyofil 

nawilSi warmoiqmneba 𝑆 
Zala, romelic 
warmoadgens gamoyofili 
nawilis rTierTqmedebis 
Zalas danarCen nawilTan.  
  Ddalamberis principis Tanaxmad gamoyofil nawilze movdoT 
centridanuli inerciis Zala da davweroT “wonasworobis”  

gantoleba 𝑥  RerZze gegmilebSi: 

𝑦 

𝑂 

𝜔 

𝑥 

𝑎 

(ℓ + 𝑎)/2 

ℓ 

• 
𝐶 

𝑆 Φ⃗⃗⃗⃗ც 

𝑂 𝐶 

𝑦 

𝑟 𝑥 

�⃗⃗�𝐵
′  

�⃗⃗�𝐴
′ 

Y⃗⃗⃗𝑂 
X⃗⃗⃗𝑂 
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                      ∑𝐹𝑘𝑥 = 0,  Φც − 𝑆 = 0,                         (1)              
 centridanuli inerciis Zala 

                        Φც = 𝑀1𝑎ც.                   (2)   
  ganvsazRvroT Reros gamoyofili nawilis masa 

                                                     𝑀1 =
ℓ − 𝑎

ℓ
𝑀 

Dda Reros an nawilis  masaTa 𝐶 centris centriskenuli aCqareba: 

                                                 𝑎ც =
ℓ + 𝑎

2
𝜔2. 

  Nnapovni mniSvnelobebi SevitanoT (2) gamosaxulebaSi da (1) 

gantolebidan ganvsazRvroT 𝑆: 

        𝑆 =
𝑀(ℓ2−𝑎2)

2ℓ
𝜔2. 

  𝑆  Zala ricxobrivad udris gamWimav 𝐹 Zalas, e.i. 𝐹 = 𝑆. 

p a s u x i:    𝐹 =
𝑀(ℓ2−𝑎2)

2ℓ
𝜔2. 

 

 
amocana  41.19 

 
    𝑀 masis  erTgvarovani marTkuTxa firfita 
Tanabrad brunavs  vertikaluri RerZis garSemo 

mudmivi 𝜔 kuTxuri  siCqariT. gansazRvreT 
brunvis RerZze gamaval kveTSi  moqmedi 
firfitis gamxleCi Zala, Tu is mimarTulia  
brunavis RerZis marTobulad. 
a m o x s n a.   Aazrobriv gavWraT firfita 
brunvis  RerZis   gaswvriv  da  ganvixiloT  
marjvena firfita (ix.  

naxazi). movdoT 𝑆 Zala, romelic 
warmoadgens gansaxilveli nawilis 
urTierTqmedebis Zalas ukugdebul 
nawilTan.  
  Nnaxevarfirfitis vertikaluri RerZis 

garSemo mudmivi 𝜔 kuTxuri  siCqariT 
brunvisas warmoiqmneba centridanuli 
inerciis Zala: 

          Φც =
𝑀

2
𝑎𝐶ც =

𝑀

2

𝑎

2
𝜔2 =

𝑀𝑎

4
𝜔2. 

Ddalamberis principis Tanaxmad davweroT 

“wonasworobis”  gantoleba 𝑥  RerZze 
gegmilebSi: 

𝑎 

𝜔 

𝑎 

𝑎 

𝜔 

𝑥 

𝑦 

𝐶 

0,5𝑀�⃗� 

𝑆  Φ⃗⃗⃗⃗ც 

  

𝑂2 

𝑂1 
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∑𝐹𝑘𝑥 = 0,  Φც − 𝑆 = 0,   

aqedan 

𝑆 = Φც =
𝑀𝑎

4
𝜔2. 

   Ffirfitis gamWimavi Zala udris 𝑆 Zalas. 

p a s u x i:   
𝑀𝑎

4
𝜔2.  

 

 

amocana  41.20 

 
    𝑀 masis  da   𝑅 radiusis erTgvarovani 

wriuli disko brunavs  mudmivi 𝜔 kuTxuri 
siCqariT Tavisi vertikaluri RerZis 
garSemo.gansazRvreT diametris gaswvriv moqmedi 
diskos gamxleCi Zala.  
a m o x s n a. 
 Aazrobriv gavWraT disko diametris gaswvriv da 
ganvixiloT marjvena naxevardisko (ix. 

Nnaxazi). movdoT 𝑆 Zala, romelic 
warmoadgens gansaxilveli nawilis 
urTierTqmedebis Zalas ukugdebul nawilTan. 

naxevardiskos masaTa 𝐶 centrze movdoT 
centridanuli inerciis Zala: 

                      Φც =
𝑀

2
𝑎𝐶ც =

𝑀

2
𝑥𝐶𝜔

2, 

sadac 𝑥𝐶 =
4𝑅

3𝜋
. 

maSin 

                    Φც =
𝑀

2

4𝑅

3𝜋
𝜔2 =

2

3

𝑀𝑅

𝜋
𝜔2. 

 
  Ddalamberis principis Tanaxmad davweroT “wonasworobis”  

gantoleba 𝑥  RerZze gegmilebSi: 

∑𝐹𝑘𝑥 = 0,  Φც − 𝑆 = 0,   

aqedan 

𝑆 = Φც =
2𝑀𝑅

3𝜋
𝜔2. 

   Ffirfitis gamWimavi Zala udris 𝑆 Zalas. 

p a s u x i:   
2𝑀𝑅

3𝜋
𝜔2.  

𝑅 

𝜔 

𝜔 

𝑥 

𝑦 

𝐶 

0,5𝑀�⃗� 

𝑆  Φ⃗⃗⃗⃗ც 

  

𝑥𝐶 
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 amocana  41.21 

 
   𝑀 masis da ℓ sigrZis wvrili, wrfivi, 

erTgvarovani Rero brunavs  mudmivi 𝜔 
kuTxuri  siCqariT uZravi 𝑂 wertilis 
garSemo (sferuli saxsari) da aRwers 

konusur zedapirs  𝑂𝐴A RerZiTa da 𝐶 
wveroTi. gansazRvreT Reros gadaxra 

vertikaluri mdebareobidan da 𝑁 wneva  𝑂 
saxsarze. 
 a m o x s n a. MmoZravi aTvlis sistema- 𝑥 
da 𝑦 RerZebi-avirCioT ise, rom Rero 

mdebareobdes 𝑂𝑥𝑦 sibrtyeSi. vaCvenoT naxazze Reroze moqmedi gare 
Zalebi: simZimis Zala da saxsrebis reaqciis Zalebi.  
  dalamberis principis Tanaxmad am Zalebs davamatoT Reros nerciis 
Zala.  radgan Rero brunavs  mudmivi kuTxuri  siCqariT,  amitom 
Reros TiToeuli 𝑘 −uri elementis inerciis Zala 

                    Φ𝑘ც = ∆𝑀𝑎𝑘ც, 

sadac 𝑎𝑘ც = ℎ𝑘𝜔
2 (ℎ𝑘-𝑘 −uri 

elementidan brunvis RerZamde 
manZilia). 
   maSin 

 Φ𝑘ც = ∆𝑀ℎ𝑘𝜔
2. 

    inerciis Yyvela Zala Φ𝑘ც 
proporciulia ℎ𝑘 −si, paraleluri 
Zalebis epiura adgens samkuTxeds da 
isini SegviZlia SevcvaloT 
tolqmediT, romelic inerciis 
Zalebis nakrebi  momentis tolia da 
misi moqmedebis fuZe gaivlis am 

samkuTxedis masaTa centrze 
2

3
ℓ   

manZilze, e.i. 𝐷  wertilze.  
    inerciis Zalebis nakrebi veqtori 

Φც
∗ = 𝑀𝑎𝐶ც, 

sadac   𝑎𝐶ც −masaTa 𝐶 centris centriskenuli aCqarebaa: 

𝑎𝐶ც =
1

2
𝜔2𝑠𝑖𝑛𝜑. 

maSin 

Φც
∗ =

𝑀ℓ𝜔2

2
𝑠𝑖𝑛𝜑. 

                                

𝑂 

𝜑 

𝐴 

𝐵 
𝜔 

ℎ𝑘  
 

𝐴 

𝐵 𝜔 

• 

• 
• 
• 
𝐷 

𝐶 

𝑂 

𝑀�⃗� 

𝑥 

𝑦 

�⃗⃗�0 

�⃗�0 

Φ⃗⃗⃗⃗ც
∗  

Φ⃗⃗⃗⃗𝑘ც 

2/3ℓ 
𝜑 
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   Ddalamberis principis Tanaxmad  Reroze modebuli gare Zalebi  
da inerciis Zalebi qmnian gawonasworebul ZalTa sistemas. 
  miRebuli brtyel ZalTa sistemisaTvis SevadginoT “wonasworobis” 
sami gantoleba: 

              ∑𝑀0(�⃗�𝑘) = Φც
∗ 2

3
ℓ𝑐𝑜𝑠𝜑 −𝑀𝑔

ℓ

2
𝑠𝑖𝑛𝜑 = 0,       (1) 

                     ∑𝐹𝑘𝑥 = 𝑋0 +Φც
∗ = 0,               (2) 

                     ∑𝐹𝑘𝑦 = 𝑌0 −𝑀𝑔 = 0.               (3) 
  CavsvaT Φც

∗ −s mniSvneloba (1) gantolebaSi, miviRebT: 

𝑀ℓ𝜔2

2
𝑠𝑖𝑛𝜑 ∙

2

3
ℓ𝑐𝑜𝑠𝜑 −𝑀𝑔

ℓ

2
𝑠𝑖𝑛𝜑 = 0 

an 

ℓ𝜔2

3
𝑐𝑜𝑠𝜑 −

𝑔

2
= 0. 

aqedan 

𝑐𝑜𝑠𝜑 =
3𝑔

2ℓ𝜔2
, 

 

𝜑 = 𝑎𝑟𝑐𝑐𝑜𝑠
3𝑔

2ℓ𝜔2
. 

  (2) da (3) gantolebebidan ganvsazRvroT reaqciis Zalebi 

𝑋0 = −Φც
∗ = −

𝑀ℓ𝜔2

2
𝑠𝑖𝑛𝜑, 

𝑌0 = 𝑀𝑔. 
wneva saxsarze 

𝑁 = √𝑋𝑂
2 + 𝑌𝑂

2 

an 
 

𝑁 = √𝑀2𝑔2 +
𝑀2 ℓ2𝜔4 𝑠𝑖𝑛2𝜑

4
= √𝑀2𝑔2 +

𝑀2 ℓ2𝜔4 

4
(1 − 𝑐𝑜𝑠2𝜑) 

= √𝑀2𝑔2 +
𝑀2 ℓ2𝜔4 

4
(1 −

9𝑔2

4 ℓ2𝜔4
) = 

=
𝑀ℓ𝜔2

2
√1 +

4𝑔2

 ℓ2𝜔4
−

9𝑔2

4 ℓ2𝜔4
=
𝑀ℓ𝜔2

2
√1 +

7𝑔2

 4ℓ2𝜔4
. 

 

p a s u x i:  𝜑 = 𝑎𝑟𝑐𝑐𝑜𝑠
3𝑔

2ℓ𝜔2
;  𝑁 =

1

2
𝑀ℓ𝜔2√1+

7𝑔2

 4ℓ2𝜔4
. 
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amocana  41.22 

 

   centridanul taxometrSi ori wvrili, 

wrfivi  𝑎 da 𝑏 sigrZis erTgvarovani 
Rero xistad SeerTebulia erTmaneTTan 

marTi kuTxiT, romlis  𝑂 wvero saxsriT 
SeerTebulia  vertikalur lilvTan. 

lilvi brunavs mudmivi 𝜔 kuTxuri  

siCqariT. ipoveT damokidebuleba 𝜔 –sa 

da im 𝜑 kuTxes Soris, romelsac  𝑎 
sigrZis Reroadgens vertikalTan. 

a m o x s n a.   SemoviRoT sakoordinato RerZebi 𝑂𝑧𝑦 mbrunav 
ReroebTan erTad. Bbmisagan ganTavisuflebis principis  Tanaxmad 

vaCvenoT naxazze  𝑂 saxsris reaqciis Zalebi �⃗⃗�0  . da   𝑍0. 
Ddalamberis principis Tanaxmad  Reroebze movdoTa inerciis Zalebi 
(ix. 41..21 amocanis amoxsna): 

Φ1ც
∗ = 𝑚1𝑎𝐶1ც,  Φ2ც

∗ = 𝑚2𝑎𝐶2ც, 

sadac 𝑚1,𝑚2 − Reroebis masebia;  𝑎𝐶1ც, 𝑎𝐶2ც, −Reroebis masaTa 

centrebis centriskenuli aCqarebebia. 

  Tu erTeuli sigrZis Reros simkvrives avRniSnavT 𝜌 −Ti, maSin 
                       𝑚1 = 𝜌𝑎,𝑚2 = 𝜌𝑏.                (1) 
  Reroebis masaTa 𝐶 centris centriskenuli aCqarebebi Sesabamisad 
tolia 

𝑎𝐶1ც =
𝑎

2
𝜔2𝑠𝑖𝑛𝜑, 𝑎𝐶2ც =

𝑏

2
𝜔2𝑐𝑜𝑠𝜑.   

Φ⃗⃗⃗⃗1ც 

𝜔 

2/3𝑏 𝜑 

�⃗�0 

𝑂 2/3𝑎 

Φ⃗⃗⃗⃗2ც 

�⃗⃗�0 

�⃗�0 

𝑧 

𝑦 

• 

• 
• 

• 
𝐶2 

𝑚1�⃗�𝑔 

𝑚2�⃗�𝑔 

𝐷2 

𝐶1 

𝐷1 

𝜔 

𝑏 
𝜑 

𝑂 𝑎 
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maSin 

               Φ1ც
∗ = 𝜌

𝑎2𝜔2

2
𝑠𝑖𝑛𝜑, Φ2ც

∗ = 𝜌
𝑏2𝜔2

2
𝑐𝑜𝑠𝜑       (2) 

   inerciis Zalebis toqmedis modebis wertilebia 𝐷1  da 𝐷2   
Sesabamisad.  
Ddalamberis principis Tanaxmad  Reroze modebuli gare Zalebi  da 
inerciis Zalebi qmnian gawonasworebul ZalTa sistemas. miRebuli 

brtyel ZalTa sistemisaTvis SevadginoT “momentebis gantoleba  𝑂 
centris mimarT:   

∑𝑀0(�⃗�𝑘) =
𝑎

2
𝑚1𝑔𝑠𝑖𝑛𝜑 −

𝑏

2
𝑚2𝑔𝑐𝑜𝑠𝜑 −

2

3
Φ1ც
∗ 𝑐𝑜𝑠𝜑 + 

+
2

3
𝑏Φ2ც

∗ 𝑠𝑖𝑛𝜑 = 0. 

  miRebul tolobaSi CavsvaT  (1) da (2) gamosaxulebebi: 

𝑎2

2
𝜌𝑔𝑠𝑖𝑛𝜑 −

𝑏2

2
𝜌𝑔𝑐𝑜𝑠𝜑 − 𝜌

𝑎2𝜔2

2
𝑠𝑖𝑛𝜑 ∙

2

3
𝑎𝑐𝑜𝑠𝜑 + 

𝜌
𝑏2𝜔2

2
𝑐𝑜𝑠𝜑 ∙

2

3
𝑏𝑠𝑖𝑛𝜑 = 0. 

 aqedan  vipoviT damokidebulebas  𝜔 –sa da im 𝜑 kuTxes Soris: 

𝜔2 = 3𝑔
𝑏2𝑐𝑜𝑠𝜑 − 𝑎2𝑠𝑖𝑛𝜑

(𝑏3 − 𝑎3)𝑠𝑖𝑛2𝜑
. 

p a s u x i:  𝜔2 = 3𝑔
𝑏2𝑐𝑜𝑠𝜑−𝑎2𝑠𝑖𝑛𝜑

(𝑏3−𝑎3)𝑠𝑖𝑛2𝜑
. 

 
 

amocana  41.23 

  wvrili, wrfivi,  erTgvarovani 𝐴𝐵  

Rero saxsrovnad SeerTebulia 𝑂 
wertilSi  vertikalur lilvTan. 

lilvi brunavs  mudmivi 𝜔 kuTxuri  
siCqariT. gansazRvreT vertikalidan 

Reros gadaxris  𝜑 kuTxe, Tu  

𝑂𝐴 = 𝑎 da 𝑂𝐵 = 𝑏. 
a m o x s n a.  SemoviRoT 

sakoordinato RerZebi 𝑂𝑧𝑦 mbrunav 
ReroebTan erTad. Bbmisagan 
ganTavisuflebis principis  Tanaxmad 

  vaCvenoT naxazze  𝑂 saxsris reaqciis Zalebi �⃗⃗�0  da 𝑍0. (ix. naxazi). 
 
Ddalamberis principis Tanaxmad  Reroebze movdoTa inerciis Zalebi 
(ix. 41.21 amocanis amoxsna): 

𝜔 

𝑏 

𝜑 

𝑎 

𝐵 

O 

𝐴 
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Φ1ც
∗ = 𝑚1𝑎𝐶1ც,  Φ2ც

∗ = 𝑚2𝑎𝐶2ც, 

sadac 𝑚1,𝑚2 − Reros TiToeuli nawilis masebia;  𝑎𝐶1ც, 𝑎𝐶2ც   − 
𝑂𝐴   da  𝑂𝐵 Reroebis masaTa  centrebis centriskenuli 
aCqarebebia. 

  
  Tu erTeuli sigrZis Reros simkvrives avRniSnavT 𝜌 −Ti, maSin 
                       𝑚1 = 𝜌𝑎,𝑚2 = 𝜌𝑏.                (1) 
  𝑂𝐴   da  𝑂𝐵 Reroebis masaTa  centris centriskenuli 
aCqarebebi Sesabamisad tolia 

𝑎𝐶1ც =
𝑎

2
𝜔2𝑠𝑖𝑛𝜑, 𝑎𝐶2ც =

𝑏

2
𝜔2𝑐𝑜𝑠𝜑.   

maSin 

            Φ1ც
∗ = 𝜌

𝑎2𝜔2

2
𝑠𝑖𝑛𝜑, Φ2ც

∗ = 𝜌
𝑏2𝜔2

2
𝑐𝑜𝑠𝜑.          (2) 

   inerciis Zalebis toqmedis modebis wertilebia 𝐷1  da 𝐷2   
Sesabamisad.  
Ddalamberis principis Tanaxmad  Reroze modebuli gare Zalebi  da 
inerciis Zalebi qmnian gawonasworebul ZalTa sistemas. miRebuli 

brtyel ZalTa sistemisaTvis SevadginoT “momentebis gantoleba  𝑂 
centris mimarT:   

∑𝑀0(�⃗�𝑘) =
𝑎

2
𝑚1𝑔𝑠𝑖𝑛𝜑 −

𝑏

2
𝑚2𝑔𝑐𝑜𝑠𝜑 −

2

3
Φ1ც
∗ 𝑐𝑜𝑠𝜑 + 

+
2

3
𝑏Φ2ც

∗ 𝑠𝑖𝑛𝜑 = 0. 
  miRebul tolobaSi CavsvaT  (1) da (2) gamosaxulebebi: 

𝜔 

2/3𝑏 

𝜑 

2/3𝑎 

𝐴 

𝐵 

O 

𝑚1�⃗� 

𝐶1 

• 

• • 

• 

𝐷1 

𝐷2 

𝐶2 

𝑚2�⃗� 
𝑦 

 
�⃗⃗�0 

 

�⃗�0 

 

𝑧 

 

Φ⃗⃗⃗⃗2ც 

 

Φ⃗⃗⃗⃗1ც 
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𝑎2

2
𝜌𝑔𝑠𝑖𝑛𝜑 −

𝑏2

2
𝜌𝑔𝑐𝑜𝑠𝜑 − 𝜌

𝑎2𝜔2

2
𝑠𝑖𝑛𝜑 ∙

2

3
𝑎𝑐𝑜𝑠𝜑 − 

−𝜌
𝑏2𝜔2

2
𝑠𝑖𝑛𝜑 ∙

2

3
𝑏𝑐𝑜𝑠𝜑 = 0. 

[
1

2
𝑔(𝑎2 − 𝑏2) −

𝜔2

3
(𝑎3 − 𝑏3)𝑐𝑜𝑠𝜑] 𝑠𝑖𝑛𝜑 =0, 

Aan 

1

2
𝑔(𝑎2 − 𝑏2) −

𝜔2

3
(𝑎3 − 𝑏3)𝑐𝑜𝑠𝜑 = 0. 

aqedan  vipoviT   vertikalidan Reros gadaxris 𝜑 kuTxis: 

𝑐𝑜𝑠𝜑 =
3𝑔(𝑎2 − 𝑏2)

2𝜔2(𝑏3 + 𝑎3)
=

3𝑔(𝑎 − 𝑏)

2𝜔2(𝑎2 − 𝑎𝑏 + 𝑏2)
. 

p a s u x i:     𝑐𝑜𝑠𝜑 =
3𝑔(𝑎−𝑏)

2𝜔2(𝑎2−𝑎𝑏+𝑏2)
. 

 
 

$42. brunavi myari sxeulis wneva  

brunvis RerZze 

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 

    aseTi tipis amocanebis amosaxsnelad gamoiyeneba dalamberis 
principi. 
  uZravi RerZis garSemo mbrunav sxeulze, garda aqtiuri Zalebisa 
da sayrdenebis reaqciebisa, modeben am sxeulis  inerciis Zalebs da 
Rebuloben gawonasworebul ZalTa sistemas, romlisTvisac adgenen 
statikis aucilebel gantolebebs. saidanac pouloben srul 
reaqciis Zalebs. Mmagram rig amocanebSi moiTxoveba ganisazRvros 
mxolod dinamikuri  reaqciebi an wneva RerZze, romelic 
gamowveulia gauwonasworebeli masis brunviT an imiT, rom brunvis 
RerZi ar aris inerciis mTavari RerZi.  Aamitom RerZze dinamikuri 
wnevebis gansazRvrisas SesaZlebelia amocanis amoxsnis Semdegi 
xerxebi. 
  1.  amocanis piroba saSualebas iZleva ganisazRvros mbrunavi 
masebis inerciis Zalebi da maTi modebis wertilebi cnobili 
formulebiT. maSin sxeulze  inerciis Zalebs da dinamikur  
reaqciebs  da adgenen statikis aucilebel gantolebebs. Aam tipis 
amocanebs miekuTvneba amocanebi romlebSic vertikalur an 
horizontalur mbrunav lilvze uwoni Reroebis saSualebiT 
amagreben wertilovan masebs an erTgvarovan Reroebs. 
  Ees amocanis amoxsnis yvelaze martivi gzaa, radgan moiTxoveba 
inerciis Zalebis gansazRvra da wonasworobis gantolebebis 
Sedgena.  amasTan, unda gvaxsovdes, rom Reros inerciis Zala 

          Φ⃗⃗⃗⃗ = −𝑀�⃗�𝐶                                 
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Dmodebulia ara masaTa centrSi, aramed mbrunavi lilvis RerZidan 
2

3
ℓ manZilze.( ℓ-  Reros sigrZea). 

  2. zogierTi amocanis amoxsnisas gamoiyeneba vertikaluri an 
horizontaluri RerZis garSemo mbrunavi sxeulis wonasworobis 
gantolebebi, romelzec moqmedebs inerciis Zalebi. Aase magaliTad, 
Tu sxeuli brunavs vertikaluri RerZis garSemo, romlis qveda 

sayrdeni 𝐴 saquslea, xolo zeda-  𝐵 saxsari, maSin 𝐴𝑥𝑦𝑧 
sakoordinato RerZebSi, sadac 𝐴𝑧 RerZi mimarTulia lilvis 

RerZis gaswvriv, xolo koordinatTa saTave 𝐴 wertilSia, es 
gantolebebi miiRebs saxes: 

       

{
 
 

 
 
∑𝑋𝑘 = 0, 𝑋𝐴

დ
+ 𝑋𝐵

დ
+𝑀𝜔2𝑥𝐶 +𝑀휀𝑦𝐶 = 0,

∑𝑌𝑘 = 0, 𝑌𝐴
დ
+ 𝑌𝐵

დ
+𝑀𝜔2𝑦𝐶 −𝑀휀𝑥𝐶 = 0,

∑𝑀𝑥(�⃗�𝑘) = 0, −𝑌𝐵
დ
𝐻 − 𝜔2𝐽𝑦𝑧 + 휀𝐽𝑧𝑥 = 0,

∑𝑀𝑦(�⃗�𝑘) = 0, 𝑋𝐵
დ
𝐻 + 𝜔2𝐽𝑧𝑥 + 휀𝐽𝑦𝑧 = 0,

      (42.1) 

sadac 𝐻 − sayrdenebs Soris manZilia (manZili  𝐴  da  𝐵 
wertilebs Soris ) 
  (42.16) gantolebebis  amoxsnis Sedegad, miviRebT: 
 

         

{
 
 
 

 
 
 𝑋𝐴

დ
= 1
𝐻
(𝜔2𝐽𝑧𝑥+휀𝐽𝑦𝑧)−𝑀𝜔

2𝑥𝐶−𝑀휀𝑦𝐶,

𝑋𝐵
დ
=− 1

𝐻
(𝜔2𝐽𝑧𝑥+휀𝐽𝑦𝑧) ,

𝑌𝐴
დ
=− 1

𝐻
(휀𝐽𝑧𝑥−𝜔

2𝐽𝑦𝑧)−𝑀𝜔
2𝑦𝐶+𝑀휀𝑥𝐶,

𝑌𝐵
დ
= 1
𝐻
(휀𝐽𝑧𝑥−𝜔

2𝐽𝑦𝑧) .

          (42.2)   

   (42.2) gantolebebidan gmomdinareobs, rom dinamikuri wnevebi 

nulis tolia, Tu A𝑥𝐶 = 𝑦𝐶 = 0, 𝐽𝑦𝑧 ≠ 0, 𝐽𝑧𝑥 ≠ 0,  e.i. rodesac 

brunvis RerZi gadis sxeulis masaTa centrSi, magram  ar 
warmoadgens inerciis mTavar RerZs, maSin reaqciebi 

         

{
 
 
 

 
 
 
{
𝑋𝐴

დ
= 1
𝐻
(𝜔2𝐽𝑧𝑥+휀𝐽𝑦𝑧) ,

𝑋𝐵
დ
=− 1

𝐻
(𝜔2𝐽𝑧𝑥+휀𝐽𝑦𝑧)

⟹ 𝑋𝐴
დ
=−𝑋𝐵

დ
,

{
𝑌𝐵

დ
= 1
𝐻
(휀𝐽𝑧𝑥−𝜔

2𝐽𝑦𝑧) ,

𝑌𝐴
დ
=− 1

𝐻
(휀𝐽𝑧𝑥−𝜔

2𝐽𝑦𝑧)
⟹ 𝑌𝐴

დ
=−𝑌𝐵

დ
.

             (42.3) 

Tanabari brunvis dros 휀 = 0,  maSin 
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         {
𝑋𝐴

დ
= 1
𝐻
𝜔2𝐽𝑧𝑥, 𝑋𝐵

დ
=− 1

𝐻
𝜔2𝐽𝑧𝑥,

𝑌𝐴
დ
= 1
𝐻
𝜔2𝐽𝑦𝑧, 𝑌𝐵

დ
=− 1

𝐻
𝜔2𝐽𝑦𝑧.  

             (42.4) 

  Tu koordinatTa saTave  𝑂 arCeulia 𝐴𝐵 monakveTis SuaSi, 

e.i. 𝑂𝐴 = 𝑂𝐵 = ℎ, maSin  (42.1)-(42.4) formulebSi 𝐻 −is 
nacvlad unda davweroT  2ℎ. 
 3. es xerxi gulisxmobs inerciis tenzoris gamoyenebas. inericuli  
Zalebis nakrebi momenti koordinatTa saTavis mimarT gamoiTvleba 
formuliT 

                    �⃗⃗⃗�𝑜
ინ = −

𝑑(𝐽�⃗⃗⃗⃗�)

𝑑𝑡
= −𝐽휀⃗ − �⃗⃗⃗� × (𝐽�⃗⃗⃗�),          (42.5) 

sadac 𝐽 − inerciis tenzoria: 

                𝐽 = |

𝐽𝑥 −𝐽𝑥𝑦 −𝐽𝑥𝑧
−𝐽𝑥𝑦 𝐽𝑦 −𝐽𝑦𝑧
−𝐽𝑥𝑧 −𝐽𝑦𝑧 𝐽𝑧

|.            (42.6) 

 

Tu 𝑂𝑥𝑦𝑧 koordinatTa  sistemaSi RerZebi warmoadgenen mTavar 
centralur RerZebs, amitom 

                    𝐽 = |

𝐽𝑥 0 0
0 𝐽𝑦 0

0 0 𝐽𝑧

|.                (42.7) 

Tu lilvi brunavs mudmivi kuTxuri siCqariT, maSin inericuli  
Zalebis nakrebi momenti 

                               �⃗⃗⃗�𝑜
ინ = −�⃗⃗⃗� × (𝐽�⃗⃗⃗�),                (42.8) 

    Ddinamikur wnevebs 𝑋𝐴
დ
, 𝑌𝐴

დ
, 𝑋𝐵

დ
 da  𝑌𝐵

დ
 vipoviT, Tu (42.5) an 

(42.8) veqtorul gamosaxulebebs davagegmilebT sakoordinato 
RerZebze da miRebul gamosaxulebebs CavsvamT lilvis 

wonasworobis gantolebebSi, romlebic Cawerilia  𝑂𝑥 da 𝑂𝑦 
RerZebis mimarT momentebSi. 
  Aam xerxis mTavari Rirseba aris misi universaluroba. Mmas aqvs 
cxadi upiratesoba maSin, roca cnobilia sxeulis inerciis mTavari 
RerZebi da ar aris aucilebeli inerciis centridanuli momentebis 
gamoTvla. 
       Mmocemuli paragrafis amocanebis amoxsnis Tanmimdevroba: 

1. avirCioT 𝑂𝑥𝑦𝑧 koordinatTa sistema, Tu is ar aris miTiTebuli 

amocanis pirobaSi. amasTan,  𝑧 RerZi  mivmarToT brunvis RerZis 

gaswvriv, xolo 𝑥 da 𝑦 RerZebi marjvena koordinatTa sistemis 
Sesabamisad.; 
 2.  gamovsaxoT Nnaxazze aqtiuri Zalebi, sayrdneebis reaqciis 
Zalebi  da mbrunavi masebis inerciis Zaleb; 
3. SevadginoT (42.1) saxis wonasworobis gantolebebi. 



 
438 

4. miRebuli gantolebebidan ganvsazRvrot sayrdenebis reaqciebi. 
wnevebi sayrdenebze  sididT toli iqneba  reaqciebis, magram 
mimarTuli iqneba maT sapiroporod; 
5. meore an mesame xerxiT amocanis amoxsnisas  unda avirCioT 
koordinatTa sistema, vaCvenoT sayrdenebis reaqciebi, xolo Semdeg 
SevadginoT aucilebeli gantolebebi. 

 

 
amocanebi da amoxsnebi 

 

amocana  42.1 

 3000kg masis mqnevara Tvlis masaTa centri mdebareobs lilvis 
horizontaluri RerZidan 1mm manzilze; sakisrebis daSoreba Tvlidan 
urTierTtolia. ipoveT wneva sakisrebze, roca lilvi asrulebs 
1200br/wT-s. mqnevaras aqvs brunvis RerZis marTobuli simetriis 
sibrtye.  . 
    a m o x s n a.  
   
 
 
 

Φ⃗⃗⃗⃗ინ 
 
 
 
  
 
 
                                         nax.1 
  ganvsazRvroT  mqnevaras kuTxuri siCqare 

𝜔 =
𝜋𝑛

30
=
1200𝜋

30
= 40𝜋. 

     sakisrebze moqmedebs simZimis Zala  𝑚�⃗�   da centridanuli 

inerciis Zala Φ⃗⃗⃗⃗ინ , romelic warmoiqmneba 𝑘 eqscentrisitetis 
Sedegad (nax.1).  amitom bmebis reaqciebs aqvT statikuri da 
dinamikuri mdgenelebi:. 

�⃗⃗�𝐵 = �⃗⃗�𝐵
სტ
+ �⃗⃗�𝐵

დ
, 

�⃗⃗�𝐷 = �⃗⃗�𝐷
სტ
+ �⃗⃗�𝐷

დ
. 

    SevadginoT  wonasworobis gantolebebi (nax.2) da ganvsazRvroT   
  

ℓ 

𝐴 

𝐶 𝐵 𝐷 

𝑘 ℓ 

• 

Φ⃗⃗⃗⃗ინ 

 

𝑚�⃗� 
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nax.2 
reaqciebis statikuri mdgenelebi:. 

              ∑𝑀𝐵(�⃗�𝑘) = 0, 𝑅𝐷
სტ
 ∙ 2ℓ − 𝑚𝑔ℓ = 0,         (1) 

              ∑𝑀𝐷(�⃗�𝑘) = 0,−𝑅𝐵
სტ
 ∙ 2ℓ + 𝑚𝑔ℓ = 0,      (2) 

sadac  2ℓ − 𝐵𝐷 −s sigrZea. 
(1) Ggantolebidan vipoviT 

𝑅𝐷
სტ
=

𝑚𝑔

2
=

3000∙9,8

2
= 14 700 (n) 

(2)  gantolebidan  

𝑅𝐵
სტ
=

𝑚𝑔

2
=

3000∙9,8

2
= 14 700 (n) 

     ganvsazRvroT   reaqciebis  dinamikuri  mdgenelebi (nax.3), 
 
 
 
 
 
 
 
 
 

nax.3 
romlebic paraleluria centridanuli inerciis Zalis. 
gaviTvaliswinoT, rom 

   Φინ = 𝑚𝑎𝐶 = 𝑚𝜔
2𝑘 = 3000 ∙ (40 ∙ 3,14)2 ∙ 1 ∙ 10−3 = 47 326 n). 

 SevadginoT  wonasworobis gantolebebi: 

∑𝑀𝐵(�⃗�𝑘) =Φინ ∙ ℓ − 𝑅𝐷
დ
∙ 2ℓ = 0, 

∑𝑀𝐷(�⃗�𝑘) =𝑅𝐵
დ
∙ 2ℓ −  Φინ ∙ ℓ = 0. 

miRebuli gantolebebidan gvaqvs 

𝑅𝐵
დ
= 𝑅𝐷

დ
=
Φინ

2
=
47 326

2
= 23 663(ნ) 

p a s u x i:  TiToeul sakisarze wneva aris ori Zalis tolqmedi, 
romelTagan erTi udris 1500kg-s da mimarTulia vertikalis gaswv-
riv, xolo meore-2400kg-s da mimarTulia im wrfis paralelurad, 
romelic Tvlis geometriul centrs aerTebs masaTa centrTan.   

 
 

𝑚�⃗�    �⃗⃗�𝐵
სტ

 �⃗⃗�𝐷
სტ

 

𝐵    𝐷    

Φ⃗⃗⃗⃗ინ     

�⃗⃗�𝐷
დ

 

𝐵    𝐷    

�⃗⃗�𝐵
დ
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amocana  41.2 
       𝑀 masis erTgvarovani wriuli disko Tanabrad brunavs 𝜔 
kuTxuri siCqariT mis sibrtyeSi 

mdebare da masaTa 𝐶  centridan 

𝑂𝐶 = 𝑎 manZiliT daSorebuli RerZis 

garSemo. gansazRvreT 𝐴  saquslesa 

da 𝐵  sakisarze dinamikuri reaqciebi, 

Tu  𝑂𝐵 = 𝑂𝐴. 𝑥 da 𝑦 RerZebi  
uZravad dakavSirebulia diskosTan. 
.a m o x s n a.  vaCvenoT naxazze 
dinamikuri reaqciebi:  

�⃗�𝐴
დ
, �⃗⃗�𝐴

დ
, �⃗�𝐵

დ
 da  �⃗⃗�𝐵

დ
. 

   radgan disko Tanabrad brunavs, e.i. 

𝜔 = 𝑐𝑜𝑛𝑠𝑡,  diskos masaTa 𝐶  
centris aCqareba 

𝑎𝐶 = 𝜔
2 ∙ 𝑂𝐶 = 𝜔2 ∙ 𝑎. 

  maSin centridanuli inerciis Zala mimarTulia  𝑦 RerZis gaswvriv 
da sididiT udris 

Φინ = 𝑀𝜔
2𝑎. 

D dalamberis principis gamoyenebiT SevadginoT wonasworobis 
gantolebebi: 

                    ∑𝑋𝑘 = 0, 𝑋𝐴
დ
+ 𝑋𝐵

დ
= 0,            (1) 

                    ∑𝑌𝑘 = 0, 𝑌𝐴
დ
+ 𝑌𝐵

დ
+Φინ = 0,       (2) 

              ∑𝑀𝑥1(�⃗�𝑘) = 0, −Φინ ∙ 𝑂𝐴 − 𝑌𝐵
დ
∙ 𝐴𝐵 = 0,    (3) 

                   ∑𝑀𝑦1(�⃗�𝑘) = 0, 𝑋𝐵
დ
∙ 𝐴𝐵 = 0.          (4) 

 
  (4) da (1) gantolebebidan vipoviT 

            𝑋𝐵
დ
= 0,     𝑋𝐴

დ
= 0; 

(3)  da (2) gantolebebidan 

       𝑌𝐵
დ
= −

Φინ

2
= −

𝑀𝑎𝜔2

2
, 

       𝑌𝐴
დ
= −Φინ − 𝑌𝐵

დ
= −

𝑀𝑎𝜔2

2
. 

maSin 

           𝑌𝐴 = −𝑌𝐴
დ
=
𝑀𝑎𝜔2

2
, 

          𝑌𝐵 = −𝑌𝐵
დ
=
𝑀𝑎𝜔2

2
. 

𝑥 

𝐶 

𝑦 

𝑧 

𝐵 

𝐴 

𝑂 

𝑥 

𝐶 Φ⃗⃗⃗⃗ინ 

𝑧 

𝐵 

𝐴 

𝑂 

𝜔 

�⃗�𝐵
დ

 

𝑦1 

𝑥1 

�⃗�𝐴
დ

 �⃗⃗�𝐴
დ

 

�⃗⃗�𝐵
დ

 

𝑦 

𝑀�⃗� 

𝑎 
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p a s u x i:  𝑋𝐴 = 𝑋𝐵 = 0;  
 

𝑌𝐴 = 𝑌𝐵 =
𝑀𝑎𝜔2

2
. 

 
 

amocana  42.3 

 
    amoxseniT wina amocana  im  
daSvebiT, rom winaRobis Zalebis 
arsebobisas  diskos   kuTxuri    
siCqare      klebulobs  kanoniT:  

𝜔 = 𝜔0 − 휀0𝑡,  sadac  𝜔0 da 휀0 
dadebiTi mudmivebia. 
.a m o x s n a. vaCvenoT naxazze 

dinamikuri reaqciebi: �⃗�𝐴
დ
, �⃗⃗�𝐴

დ
, �⃗�𝐵

დ
 da  

�⃗⃗�𝐵
დ

,  agreTve, centridnauli Φ⃗⃗⃗⃗ცენ   

da brunviTi  Φ⃗⃗⃗⃗ბრ  inerciis Zalebi: 

Φცენ = 𝑀𝑎𝜔
2,   Φბრ = 𝑀𝑎휀. 

   radgan 휀 = �̇� = −휀0,  amitom  
Φბრ = 𝑀𝑎휀0. 

Φ⃗⃗⃗⃗ბრ − მიმართულება ნაჩვენებია 

კუთხური აჩქარების ნიშნის  

გათვალისწინებით. 
  D dalamberis principis gamoyenebiT SevadginoT wonasworobis 
gantolebebi: 

                 ∑𝑋𝑘 = 0, 𝑋𝐴
დ
+ 𝑋𝐵

დ
−Φბრ = 0,          (1) 

                    ∑𝑌𝑘 = 0, 𝑌𝐴
დ
+ 𝑌𝐵

დ
+Φცენ = 0,       (2) 

             ∑𝑀𝑥1(�⃗�𝑘) = 0, −Φცენ ∙ 𝑂𝐴 − 𝑌𝐵
დ
∙ 𝐴𝐵 = 0,    (3) 

             ∑𝑀𝑦1(�⃗�𝑘) = 0, 𝑋𝐵
დ
∙ 𝐴𝐵 − Φბრ ∙ 𝐴0 = 0.      (4) 

 
  (4) gantolebebidan vipoviT 

                𝑋𝐵
დ
=
Φბრ

2
=
𝑀𝑎휀0
2

; 

(1)   gantolebebidan 

   𝑋𝐴
დ
= −𝑋𝐵

დ
+Φბრ = −

𝑀𝑎휀0
2

+𝑀𝑎휀0 =
𝑀𝑎휀0
2

; 

(3)   gantolebebidan 

𝑥 

𝐶 

Φ⃗⃗⃗⃗ბრ 

𝑧 

𝐵 

𝐴 

𝑂 

𝜔 

�⃗�𝐵
დ

 

𝑦1 

𝑥1 

�⃗�𝐴
დ

 �⃗⃗�𝐴
დ

 

�⃗⃗�𝐵
დ

 

𝑦 

𝑀�⃗� 

𝑎 

Φ⃗⃗⃗⃗ცენ 

휀 
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       𝑌𝐵
დ
= −

Φცენ

2
= −

𝑀𝑎𝜔2

2
; 

(2)   gantolebebidan 

       𝑌𝐴
დ
= −Φცენ − 𝑌𝐵

დ
=
𝑀𝑎𝜔2

2
−𝑀𝑎𝜔2 = −

𝑀𝑎𝜔2

2
. 

Llilvis dinamikuri wnevebi sayrdenebze sididiT udris bmebis 
dinamikur reaqciebs da mimarTulia maT sapirispirod. 
Aamitom 

𝑋𝐴 = −   𝑋𝐴
დ
= −

𝑀𝑎휀0
2

, 𝑋𝐵 = − 𝑋𝐵
დ
= −

𝑀𝑎휀0
2

; 

           𝑌𝐴 = −𝑌𝐴
დ
=
𝑀𝑎𝜔2

2
,           𝑌𝐵 = −𝑌𝐵

დ
=
𝑀𝑎𝜔2

2
. 

 

p a s u x i:  𝑋𝐴 = 𝑋𝐵 = −
𝑀𝑎𝜀0

2
,      𝑌𝐴 = 𝑌𝐵 =

𝑀𝑎𝜔2

2
. 

 

 
amocana  42.4 

 

     vertikalur,  휀 kuTxuri aCqarebiT  

TanabaraCqarebulad mbrunav 𝐴𝐵 RerZze 

mimagrebulia ori 𝐶 da 𝐷 tvirTi, ori 

urTierTmarTob da 𝐴𝐵 RerZis marTobi 

𝑂𝐶 = 𝑂𝐷 = 𝑟 Reroebis  saSualebiT. 

gansazRvreT 𝐴𝐵 RerZis dinamikuri 

wnevebi  𝐴 saquslesa da  𝐵 sakisarze.𝐶 

da 𝐷 tvirTebi TiToeuli 𝑀 masis 
wertilovan masebad. Reroebis masa 
ugulebelyofilia. sawyis momentSi  

sistema wonasworobaSi iyo. 𝑥 da 𝑦  
RerZebi  ucvlelad dakavvSirebulia  ReroebTan. 

a m o x s n a. vaCvenoT naxazze dinamikuri reaqciebi: �⃗�𝐴
დ
, �⃗⃗�𝐴

დ
, �⃗�𝐵

დ
 da  

�⃗⃗�𝐵
დ

,  agreTve, inerciis Zalebi: 

Φ𝐷ცენ = Φ𝐶ცენ = 𝑀𝑟𝜔
2;   . 

Φ𝐷ბრ = Φ𝐶ბრ = 𝑀𝑟휀. 
   gaviTvaliswinoT, rom  𝜔 = 휀𝑡,  maSin 

Φ𝐷ცენ = Φ𝐶ცენ = 𝑀𝑟(휀𝑡)2. 
 

𝑥 

• 
휀⃗ 

𝑧 

𝐵 

𝐴 

𝑂 

𝐶 • 

𝐷 

ℎ 

ℎ 

𝑦 
�⃗⃗⃗� 
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dalamberis principis gamoyenebiT SevadginoT wonasworobis 
gantolebebi: 

           ∑𝑋𝑘 = 0, 𝑋𝐴
დ
+ 𝑋𝐵

დ
+Φ𝐷ბრ +Φ𝐶ცენ = 0,        (1) 

           ∑𝑌𝑘 = 0, 𝑌𝐴
დ
+ 𝑌𝐵

დ
+Φ𝐷ცენ −Φ𝐶ბრ = 0,        (2) 

      ∑𝑀𝑥1(�⃗�𝑘) = 0, −Φ𝐷ცენ ∙ ℎ − 𝑌𝐵
დ
∙ 2ℎ + Φ𝐶ბრ ∙ ℎ = 0,   (3) 

      ∑𝑀𝑦1(�⃗�𝑘) = 0, 𝑋𝐵
დ
∙ 2ℎ + Φ𝐷ბრ ∙ ℎ + Φ𝐷ცენ ∙ ℎ = 0.    (4) 

 
  (4) gantolebebidan vipoviT 

      𝑋𝐵
დ
=
Φ𝐷ბრ +Φ𝐶ცენ

2
=
𝑀𝑟휀 +𝑀𝑟(휀𝑡)2

2
= −

𝑀𝑟휀

2
(1 + 휀𝑡2); 

(1)   gantolebebidan 

   𝑋𝐴
დ
=−𝑋𝐵

დ
−Φ𝐷ბრ−Φ𝐶ცენ = 

 

=
𝑀𝑟휀

2
(1 + 휀𝑡2) − 𝑀𝑟(휀𝑡)2 − 

−𝑀𝑟휀 = −
𝑀𝑟휀
2
(1+ 휀𝑡2); 

(3)   gantolebebidan 

       𝑌𝐵
დ
=
Φ𝐶ბრ −Φ𝐷ცენ

2
= 

=
𝑀𝑟휀 −𝑀𝑟(휀𝑡)2

2
= 

= −
𝑀𝑟휀

2
(휀𝑡2 − 1); 

(2)   gantolebebidan 

       𝑌𝐴
დ
= −Φ𝐷ცენ − 𝑌𝐵

დ
+Φ𝐶ბრ = 

=
𝑀𝑟휀

2
(1 − 휀𝑡2) − 𝑀𝑟(휀𝑡)2 +𝑀𝑟휀 = −

𝑀𝑟휀

2
(휀𝑡2 − 1). 

Llilvis dinamikuri wnevebi sayrdenebze sididiT udris bmebis 
dinamikur reaqciebs da mimarTulia maT sapirispirod. 
Aamitom 

𝑋𝐴 = 𝑋𝐵 = −
𝑀

2
𝑟휀(1 + 휀𝑡2); 

   𝑌𝐴 =  𝑌𝐵 =
𝑀𝑟휀

2
(휀𝑡2 − 1). 

p a s u x i:    𝑋𝐴 = 𝑋𝐵 = −
𝑀

2
𝑟휀(1 + 휀𝑡2),   

𝑥 

𝐶 

Φ⃗⃗⃗⃗𝐶ცენ 

𝑧 

𝐵 

𝐴 

𝑂 

�⃗�𝐵
დ

 

𝑦1 

𝑥1 

�⃗�𝐴
დ

 
�⃗⃗�𝐴

დ
 

�⃗⃗�𝐵
დ

 

𝑦 

Φ⃗⃗⃗⃗𝐷ცენ 

휀 

• 
• 

�⃗⃗⃗� 

ℎ 

ℎ 

𝐷 

Φ⃗⃗⃗⃗𝐷ბრ 

Φ⃗⃗⃗⃗𝐶ბრ 
휀⃗ 
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    𝑌𝐴 = 𝑌𝐵 =
𝑀𝑟𝜀

2
(휀𝑡2 − 1). 

 

 

amocana  42.5 

    2ℓ sigrZis  𝐴𝐵 Rero, romlis 

boloebze moTavsebulia 𝑀 masis 
toli tvirTebi, Tanabrad brunavs 

Reros Sua 𝑂  wertilze gamavali 
vertikaluri RerZis garSemo   

𝜔 kuTxuri siCqariT. 𝑂 wertilis 

daSoreba  .  𝐶  sakisridan udris 
𝑎 −s, xolo 𝐷 saqusledan- 𝑏. kuTxe 

𝐴𝐵 Rerosa da 𝑂𝑧  RerZs Soris 

inarCunebs mudmiv  𝛼 mniSvnelobas.  

gansazRvreT 𝐶  sakisarsa da 𝐷 
saqusleze wnevis gegmilebi im 

momentSi, roca Rero   𝑂𝑦𝑧  sibrtyeSia. Reros masa da tvirTebis 
zomebi  ugulebelyofilia.  
  a m o x s n a. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

   naxazze vaCvenoT tvirTebis simZimis Zalebi da  𝐷 saquslis  da  

𝐶  sakisaris reaqciebi.  
  ganvsazRvroT tvirTebis inerciis Zalebi da movdoT isini lilze: 

Φ𝐴ცენ = 𝑀𝑎𝐴 = 𝑀ℓ𝜔
2𝑠𝑖𝑛𝛼, 

𝑥 

𝑧 

𝐶 

𝐷 

𝑂 

𝑎 

𝑏 

𝑦 

𝐵 

𝛼 

𝐴 

𝑥 

𝑧 

𝐶 

𝐷 

𝑂 

ℓ 

𝐵 

𝛼 

𝐴 

Φ⃗⃗⃗⃗𝐵ცენ 

 

Φ⃗⃗⃗⃗𝐴ცენ 

 
�⃗�𝐴 

 

�⃗�𝐵 

 

𝑀�⃗� 

𝑀�⃗� 
�⃗�𝐷 

�⃗�𝐶 

�⃗⃗�𝐷 

�⃗⃗�𝐶 

�⃗�𝐷 

𝑦 ℓ 
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Φ𝐵ცენ = 𝑀𝑎𝐵 = 𝑀ℓ𝜔
2𝑠𝑖𝑛𝛼. 

Φ⃗⃗⃗⃗𝐴ცენ  da Φ⃗⃗⃗⃗𝐵ცენ  veqtorebimimarTulia Sesabamisi centriskenuli 

aCqarebebis  veqtorebis sapirispirod: 

�⃗�𝐴 = �⃗�𝐴ცენ da  �⃗�𝐵 = �⃗�𝐵ცენ. 
 dalamberis principis gamoyenebiT SevadginoT wonasworobis 
gantolebebi: 

                 ∑𝑋𝑘 = 0, 𝑋𝐶 + 𝑋𝐷 = 0,                (1) 
           ∑𝑌𝑘 = 0, 𝑌𝐶 + 𝑌𝐷 +Φ𝐵ცენ −Φ𝐴ცენ = 0,         (2) 

                  ∑𝑍𝑘 = 0, 𝑍𝐷 − 2𝑀𝑔 = 0,              (3) 

∑𝑀𝑥(�⃗�𝑘) = 0, −Φ𝐴ცენ ∙ ℓ𝑐𝑜𝑠𝛼 − Φ𝐵ცენ ∙ ℓ𝑐𝑜𝑠𝛼 −      

                   −𝑌𝐶𝑎 + 𝑌𝐷 ∙ 𝑏 = 0,                   (4)   

               ∑𝑀𝑦(�⃗�𝑘) = 0, 𝑋𝐶𝑎 − 𝑋𝐷𝑏 = 0.            (5) 

                     ∑𝑀𝑧(�⃗�𝑘) = 0.                    (6) 
 
  (1)   da  (5) gantolebebidan vRebulobT:  

𝑋𝐶 = 𝑋𝐷 = 0. 
 (2) da (4) gantolebebidan Φ𝐴ცენ da Φ𝐵ცენ  mniSvnelobebis 

gaTvaliswinebiT  vipoviT 

−𝑌𝐶 = 𝑌𝐷 =
2𝑀ℓ2𝜔2𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼

𝑎 + 𝑏
=
𝑀ℓ2𝜔2𝑠𝑖𝑛2𝛼

𝑎 + 𝑏
, 

(3) gantolebebidan vRebulobT:  

𝑍𝐷 = 2𝑀𝑔. 
   wnevebi 𝐷 saquslesa  da  𝐶  sakisarze mimarTulia napovni 
reaqciebis sapirispirod, e.i. pasuxebi unda CavweroT mopirdapire 
niSniT.  
 

p a s u x i:  𝑋𝐶 = 𝑋𝐷 = 0; 𝑌𝐶 = −𝑌𝐷 =
𝑀ℓ2𝜔2𝑠𝑖𝑛2𝛼

𝑎+𝑏
; 𝑍𝐷 = −2𝑀𝑔. 
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amocana  42.6 

 velosipedis Sua 𝐴𝐵 RerZis  boloebze 

Camocmulia ori erTnairi ℓ sigrZisa da 
𝑀1  masis 𝐴𝐶  da 𝐵𝐷   Reroebi, 
romlebic erTmaneTTan qmnian 1800 kuTxes.  

2𝑎 sigrZisa da 𝑀2  masis 𝐴𝐵 RerZi 

brunavs mudmivi 𝜔 kuTxuri siCqariT 𝐸 
da 𝐹 sakisrebSi, romlebic 

ganlagebulia simetriulad  2𝑏 
manZilze. gansazRvreT 𝑁𝐸 da 𝑁𝐹 
sakisrebze  wnevebi im momentSi, roca 

𝐴𝐶 mrudmxara mimarTulia vertikalurad 
zeviT. yoveli mrudmxaras masa CaTvaleT  
Tanabrad ganawilebulad misi RerZis gaswvriv. 

  a m o x s n a.   meqanikur sistemaze moqmed  simZimis Zalebs da 𝐸 

da 𝐹 sayrdenebis reaqciebs davumatoT  inerciis Zalebi: 

 
 
 
 
 
 
 
 
 
 
 
 
 

Φ𝐴ცენ = 𝑀1𝑎𝐶1ცენ = 𝑀1𝜔
2 ℓ

2
 , Φ𝐵ცენ = 𝑀1𝑎𝐶2ცენ = 𝑀1𝜔

2 ℓ

2
, 

romelTa mimarTulebebi 𝐶1 da  𝐶2  wertilebis (Sesabamisad 𝐴𝐶  da 

𝐵𝐷 Reroebis Suawertilebi) centriskenuli aCqarebebis sapirispiroa 
(ix. Nnaxazi). 
   dalamberis principis gamoyenebiT SevadginoT brtyel paralelur 
ZalTa sistemis wonasworobis gantolebebi: 

∑𝑌𝑘 = 0, 

 an               

𝐶 

𝐴 

𝐷 

𝐵 

𝐸 𝐹 

2𝑎 

2𝑏 

𝐶 

𝐴 

𝐷 

𝐵 

𝐸 𝐹 

2𝑎 
𝑦 

�⃗⃗�𝐹 𝐶1 

𝐶2 

�⃗⃗�𝐸 

𝑥 
𝑂 

• 

• 
• 

Φ⃗⃗⃗⃗𝐴𝐶ცენ

= 

Φ⃗⃗⃗⃗𝐵𝐷ცენ

= 

𝑀1�⃗� 

 

𝑀1�⃗� 

 

𝑀2�⃗� 
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              −Φ𝐴ცენ−2𝑀1𝑔+𝑅𝐸+𝑅𝐹−𝑀2𝑔−Φ𝐵ცენ = 0.      (1) 
 

∑𝑀𝑂(�⃗�𝑘) = 0, 

Aan 

        −Φ𝐴ცენ𝑎+𝑀1𝑔𝑎−𝑅𝐸𝑏+𝑅𝐹𝑏−𝑀2𝑔𝑎−Φ𝐵ცენ𝑎 = 0.     (2) 
 
   Ggamartivebis Semdeg (1) gantoleba miiRebs saxes:         

                  𝑅𝐸 + 𝑅𝐹 − 2𝑀1𝑔 −𝑀2𝑔 = 0.            (3) 
  (2)   gantoleba Φ𝐴ცენ  da Φ𝐵ცენ  mniSvnelobebis gaTvaliswinebiT 

ase Caiwereba: 

                     𝑅𝐹 − 𝑅𝐸 −
𝑀1ℓ𝑎𝜔

2

𝑏
= 0.             (4) 

SevkriboT (3)Dda (4) gantolebebi da vipovoT 

𝑅𝐹 =
1

2
𝑀2𝑔 + 𝑀1𝑔 +

𝑀1ℓ𝑎𝜔
2

2𝑏
. 

  Semdeg (3) gantolebas gamovakloT (40 gantoleba, miviRebT: 

𝑅𝐸 =
1

2
𝑀2𝑔 + 𝑀1𝑔 −

𝑀1ℓ𝑎𝜔
2

2𝑏
. 

 𝑁𝐸 da 𝑁𝐹  wnevebi  sakisrebze sididiT tolia 𝑅𝐸 da 𝑅𝐹 
reaqciebis, magram mimarTulia  maT sapirispirod. 
 

p a s u x i:  wneva 𝑁𝐸 =
1

2
𝑀2𝑔 +𝑀1𝑔 −

𝑀1ℓ𝑎𝜔
2

2𝑏
, roca 𝑁𝐸 > 0,  

mimarTulia vertikalurad qveviT, xolo, roca 𝑁𝐸 < 0 −zeviT.  

wneva  𝑁𝐹 =
1

2
𝑀2𝑔 +𝑀1𝑔 +

𝑀1ℓ𝑎𝜔
2

2𝑏
 mimarTulia vertikalurad 

qveviT. 
 

 

 

amocana  42.7 

 horizontalur 𝐴𝐵 lilvze, 
romelic brunavs mudmivi 

𝜔 kuTxuri siCqariT, mimagrebulia 

mis  marTobulad ori toli ℓ  
sigrZis  Rero, romlebic 
moTavsebulia  
uTierTperpendikularul 𝑥 

𝑧 

𝐸 

𝑦 

ℓ 

ℓ 
2𝑎 2𝑎 𝑎 𝑎 

𝜔 𝐴 𝐵 
𝑂 
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sibrtyeebSi. ReroTa boloebze moTavsebulia erTnairi 𝑚  masis 
𝐷  da 𝐸  burTulebi. gansazRvreT lilvis dinamikuri wnevebi 𝐴  
da 𝐵 sayrdenebze. Reroebis mdebareoba naCvenebia naxazze. 
burTulebi miRebulia nivTier wertilebad da ReroTa masa 
ugulebelyofilia. 
  a m o x s n a.    lilvis 
dinamikuri           wnevebis  

gansazRvrisaTvis  𝐴  da 𝐵  
sayrdenebze unda  
gaviTvaliswinoT 
centridanuli inerciis 

momentebi.  radgan 𝜔 =
𝑐𝑜𝑛𝑠𝑡, amitom 

Φ𝐸
ცენ

= Φ𝐷
ცენ

= 𝑚ℓ𝜔2. 
     dalamberis principis 
gamoyenebiT  SevadginoT 
wonasworobis gantolebebi: 

                 ∑𝑋𝑘 = 0, 𝑋𝐴
დ
+ 𝑋𝐵

დ
+Φ𝐸

ცენ
= 0,          (1) 

                    ∑𝑌𝑘 = 0, 𝑌𝐴
დ
+ 𝑌𝐵

დ
+Φ𝐷

ცენ
= 0,       (2) 

         ∑𝑀𝑥(�⃗�𝑘) = 0, −𝑌𝐴
დ
∙ 3𝑎 − Φ𝐷

ცენ
𝑎+𝑌𝐵

დ
∙ 3𝑎 = 0,    (3) 

         ∑𝑀𝑦(�⃗�𝑘) = 0, 𝑋𝐴
დ
∙ 3𝑎−𝑋𝐵

დ
∙ 3𝑎 − Φ𝐸

ცენ
𝑎 = 0.     (4) 

  (1)   da  (4) gantolebebidan vpoulobT:  

𝑋𝐴
დ
= −

1

3
Φ𝐸

ცენ
= −

1

3
𝑚ℓ𝜔2, 

𝑋𝐵
დ
= −

2

3
Φ𝐸

ცენ
= −

2

3
𝑚ℓ𝜔2. 

Analogiurad  (2)   da  (3) gantolebebidan miviRebT: 

 𝑌𝐴
დ
= −

2

3
Φ𝐷

ცენ
= −

2

3
𝑚ℓ𝜔2, 

 𝑌𝐵
დ
= −

1

3
Φ𝐷

ცენ
= −

1

3
𝑚ℓ𝜔2; 

𝑅𝐴
დ
= √𝑋𝐴

2 + 𝑌𝐴
2 =

√5

3
𝑚ℓ𝜔2, 

𝑅𝐵
დ
= √𝑋𝐵

2 + 𝑌𝐵
2 =

√5

3
𝑚ℓ𝜔2, 

  lilvis dinamikuri wnevebi 𝐴  da 𝐵 sayrdenebze sididiT udris 
sayrdenebis napovn dinamikur reaqciebs, e.i. 

𝑥 

𝑧 

𝐸 

𝑦 

ℓ 

ℓ 
2𝑎 2𝑎 𝑎 𝑎 

𝜔 

𝐴 

𝐵 
𝑂 

Φ⃗⃗⃗⃗𝐷
ცენ

 

�⃗⃗�𝐴
დ

 

�⃗�𝐴
დ

 
�⃗�𝐵

დ
 

�⃗⃗�𝐵
დ

 

Φ⃗⃗⃗⃗𝐸
ცენ
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𝑁𝐴 = 𝑁𝐵 =
√5

3
𝑚ℓ𝜔2. 

p a s u x i:  𝑁𝐴 = 𝑁𝐵 =
√5

3
𝑚ℓ𝜔2. 

 
 

 amocana  42.8 

  mudmivi  𝜔 kuTxuri siCqariT 

mbrunav vertikalur 𝐴𝐵 
lilvzexistad mimagrebulia ori Rero.   

𝐸 Rero lilvTan qmnis  𝜑 kuTxes; 𝑂𝐷 

Rero 𝑂𝐸 Rerosa  da 𝐴𝐵 lilvze 
gamavali sibrtyis perpendikularulia. 

cnobilia   zomebi:     𝑂𝐸 = 𝑂𝐷 = ℓ; 
𝐴𝐵 = 2𝑎. Reroebis boloebze 

mimagrebulia ori erTnairi 𝑚  masis  
burTulebi.  gansazRvreT lilvis 

dinamikuri wnevebi  𝐴  da 𝐵 
sayrdenebze. 𝐷  da 𝐸  burTulebi 
miRebulia wertilovan masebad.  Reroebis masa ugulebelyofilia. 
  a m o x s n a.  

   lilvis dinamikuri wnevebi  𝐴  
da 𝐵 sayrdenebze warmoiqmneba 

mxolod Φ⃗⃗⃗⃗𝐷
ცენ

 da  Φ⃗⃗⃗⃗𝐶
ცენ

 inerciis 

Zalebis  arsebobis gamo, romlebic 
naxazzea naCvenebi. isini 
mimarTulia   brunvis RerZidan  

Sesabamisad  𝐷 da 𝐸 wertilebis  
centriskenuli aCqarebebis 
sapirispirod.    dalamberis 
principis  gamoyenebiT SevadginoT  
wonasworobis gantolebebi: 

 
                 ∑𝑋𝑘 = 0,

𝑋𝐴
დ
+ 𝑋𝐵

დ
+Φ𝐷

ცენ
= 0,          (1) 

                ∑𝑌𝑘 = 0, 𝑌𝐴
დ
+ 𝑌𝐵

დ
+Φ𝐸

ცენ
= 0,           (2) 

         ∑𝑀𝑥(�⃗�𝑘) = 0, 𝑌𝐴
დ
∙ 𝑎 − Φ𝐸

ცენ
ℓ𝑐𝑜𝑠𝜑−𝑌𝐵

დ
∙ 𝑎 = 0,    (3) 

               ∑𝑀𝑦(�⃗�𝑘) = 0, −𝑋𝐴
დ
∙ 𝑎+𝑋𝐵

დ
∙ 𝑎 = 0.        (4) 

𝑥 

• 

𝑧 

𝐵 

𝐴 

𝑂 

D • 

E 𝑎 

𝑎 

𝑦 

𝜔 

ℓ 𝜑 

ℓ 

Φ⃗⃗⃗⃗𝐷
ცენ

 
𝑥 

�⃗�𝐸 

𝑧 

𝐵 

𝐴 

𝑂 

�⃗�𝐵
დ

 

�⃗�𝐴
დ

 
�⃗⃗�𝐴

დ
 

�⃗⃗�𝐵
დ

 

𝑦 

• 

• 

𝜔 

𝐷 

Φ⃗⃗⃗⃗𝐶
ცენ

 

�⃗�𝐷 

𝜑 
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  (1) - (4) gantolebebSi:  

                  Φ𝐷
ცენ

= 𝑚𝑎𝐷 = 𝑚ℓ𝜔2,                                      (5) 

                                        Φ𝐸
ცენ

= 𝑚𝑎𝐸 = 𝑚ℓ𝜔
2ℓ𝑠𝑖𝑛𝜑.            (6) 

  (1)   da  (4) gantolebebidan   (5) gamosaxulebis gaTvaliswinebiT 
vRebulobT: 

𝑋𝐴
დ
= 𝑋𝐵

დ
= −

1

2
𝑚ℓ𝜔2. 

   lilvis dinamikuri wnevebis gegmilebs 𝑂𝑥  RerZze  aqvT napovni 
reaqciebis sapirispiro niSani, e.i. 

𝑋𝐴 = −𝑋𝐴
დ
,    𝑋𝐵 = −𝑋𝐵

დ
. 

maSin 

𝑋𝐴 = 𝑋𝐵 =
𝑚ℓ𝜔2

2
. 

  (2)   da  (3) gantolebebidan   (6) gamosaxulebis gaTvaliswinebiT 
vRebulobT: 

𝑌𝐴
დ
= −

𝑚ℓ𝜔2(𝑎 − ℓ𝑐𝑜𝑠𝜑)𝑠𝑖𝑛𝜑

2𝑎
; 

𝑌𝐵
დ
= −

𝑚ℓ𝜔2(𝑎 + ℓ𝑐𝑜𝑠𝜑)𝑠𝑖𝑛𝜑

2𝑎
 

  lilvis dinamikuri wnevebis gegmilebs 𝑂𝑦  RerZze  aqvT napovni 
reaqciebis sapirispiro niSani, e.i. 

𝑌𝐴 = −𝑌𝐴
დ
,    𝑌𝐵 = −𝑌𝐵

დ
. 

p a s u x i:  𝑋𝐴 = 𝑋𝐵 =
𝑚ℓ𝜔2

2
;  𝑌𝐴 =

𝑚ℓ𝜔2(𝑎−ℓ𝑐𝑜𝑠𝜑)𝑠𝑖𝑛𝜑

2𝑎
; 

 

𝑌𝐵 =
𝑚ℓ𝜔2(𝑎 + ℓ𝑐𝑜𝑠𝜑)𝑠𝑖𝑛𝜑

2𝑎
. 

 
 
 

amocana  42.9 

   gamoiyeneT  34.1 amocanis pirobebi da gansazRvreT muxla  lilvis   

𝐾 da  𝐿 sakisrebze dinamikuri reaqciebi. lilvi brunavs Tanabari 

𝜔  kuTxuri siCqariT.  amoxsnis dros SeiZleba isargebloT 34.1 da 
34.23 amocanis pasuxebiT 
  a m o x s n a. 
visargebloT 34.1 da 34.23 amocanis amoxsniT da CavweroT: 

𝑥𝐶 = 𝑦𝐶 = 0, 

𝐼𝑥𝑧 = −
3

2
𝑚𝑑(𝑎 + 𝑏), 
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𝐼𝑦𝑧 = − 
√3

2
𝑚𝑑(𝑎 + 𝑏), 

𝐼𝑥𝑦 = 0. 
 
   gamovTvaloT inerciuli Zalebis nakrebi momenti:  koordinatTa 
saTavis mimarT: 

�⃗⃗⃗�𝑜
ინ = −

𝑑(𝐽�⃗⃗⃗�)

𝑑𝑡
= −�⃗⃗⃗� × (𝐽�⃗⃗⃗�), 

sadac 
 

𝐽 = |

𝐽𝑥 −𝐽𝑥𝑦 −𝐽𝑥𝑧
−𝐽𝑥𝑦 𝐽𝑦 −𝐽𝑦𝑧
−𝐽𝑥𝑧 −𝐽𝑦𝑧 𝐽𝑧

| − muxla  lilvis inerciis tenzoria 𝑂  

wertilSi (koordinatTa saTave); �⃗⃗⃗� = |
0
0
𝜔
|-kuTxuri siCqaris veqtoria. 

  inerciuli Zalebis nakrebi momentis gegmilebi sakoordinato 
RerZebze  

𝑀𝑥
ინ = 𝐽𝑦𝑧𝜔

2, 𝑀𝑦
ინ = −𝐽𝑥𝑧𝜔

2,     𝑀𝑧
ინ = 0. 

  Aamitom momentebis gantoleba sakoordinato RerZebis mimarT 
miiRes saxes: 

∑𝑀𝑥 (�⃗�𝑘) = 0, 𝑌𝐾 (2𝑎 + 𝑏 +
𝑏

2
) − 𝑌𝐿 (2𝑎 + 𝑏 +

𝑏

2
) + 𝐽𝑦𝑧𝜔

2 = 0;      

∑𝑀𝑦 (�⃗�𝑘) = 0,−𝑋𝐾 (2𝑎 + 𝑏 +
𝑏

2
) + 𝑋𝐿 (2𝑎 + 𝑏 +

𝑏

2
) − 𝐽𝑥𝑧𝜔

2 = 0.      

   roca  𝑋𝐾 = −𝑋𝐿 da  𝑌𝐾 = −𝑌𝐿, maSin  

𝑋𝐾 = −𝑋𝐿 =
3

2
𝑚𝑑

(𝑎 + 𝑏)𝜔2

4𝑎 + 3𝑏
, 

𝑌𝐾 = −𝑌𝐿 =
√3

2
𝑚𝑑

(𝑎 + 𝑏)𝜔2

4𝑎 + 3𝑏
. 

p a s u x i:   𝑋𝐾 = −𝑋𝐿 =
3

2
𝑚𝑑

(𝑎+𝑏)𝜔2

4𝑎+3𝑏
;   

𝑌𝐾 = −𝑌𝐿 =
√3

2
𝑚𝑑

(𝑎 + 𝑏)𝜔2

4𝑎 + 3𝑏
. 
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amocana  42.10 

  erTgvarovani 𝐾𝐿 Rero imagrebulia 

휀 kuTxuri aCqarebiT  Tanabrad 

aCqarebulad mbrunav 𝐴𝐵 vertikalur  

RerZze  𝛼  kuTxiT . gansazRvreT  𝐴𝐵 

RerZis dinamikuri wnevebi   𝐴 
saquslesa da 𝐵 sakisarze, Tu  𝑀 aris  

Reros masa, 2ℓ − misi sigrZe. 𝑂𝐴 =

𝑂𝐵 = ℎ/2. Sawyis  momentSi sistema 
wonasworobaSi iyo. 
  a m o x s n a.         gamovTvaloT 
inerciuli Zalebis nakrebi 
momenti:  koordinatTa saTavis 
mimarT (ix. Nnax.1): 

�⃗⃗⃗�𝑜
ინ = −

𝑑(𝐽�⃗⃗⃗�)

𝑑𝑡
= 

= −𝐽휀⃗ − �⃗⃗⃗� × (𝐽�⃗⃗⃗�). 
inerciis tenzori  ganvsazRvroT  

𝑂𝑥′𝑦′𝑧′ mTavar centralur 
RerZebSi, e.i. 

       𝐽 =

|

|

𝑀ℓ2

3
0 0

0
𝑀ℓ2

3
0

0 0
𝑀ℓ2

3

|

|

, 

N                                         nax.1 

�⃗⃗⃗� = |
0

−𝜔𝑠𝑖𝑛𝛼
𝜔𝑐𝑜𝑠𝛼

|,     휀⃗ = |
0

−휀𝑠𝑖𝑛𝛼
휀𝑐𝑜𝑠𝛼

|. 

 Ggamravlebis Sedagad miviRebT: 
 

�⃗⃗⃗�𝑜
ინ = 𝑖

𝑀ℓ2

3
𝜔2𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼 − 𝑗′⃗⃗⃗

𝑀ℓ2

3
휀𝑠𝑖𝑛𝛼. 

SevniSnoT, rom  𝑗′⃗⃗⃗ orti mimarTulia 𝑂𝑦′  RerZis gaswvriv. 
  ASevadginoT momentebis gantoleba  𝑂𝑥  da  𝑂𝑦  sakoordinato 
RerZebis mimarT: 

𝑥 

𝑧 
𝐵 

𝐴 

𝑂 

ℎ
/2 

𝑦 

𝛼 
𝐿 

𝐾 
ℎ
/2 

ℓ 

ℓ 

𝑥(𝑥′) 

𝑧 
𝐵 

𝐴 

𝑂 

ℎ/2 

𝑦 

𝛼 
𝐿 

𝐾 
ℎ/2 

ℓ 

ℓ 

𝑦′ 

�⃗�𝐵
დ

 

 

�⃗�𝐴
დ

 

 

�⃗⃗�𝐵
დ

 

 

�⃗⃗�𝐴
დ

 

 

�⃗⃗⃗� 

 

휀⃗ 
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∑𝑀𝑥 (�⃗�𝑘) = 0,   𝑌𝐴
დ ℎ

2
−   𝑌𝐵

დ ℎ

2
+
𝑀ℓ2

3
𝜔2𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼 = 0; 

 

∑𝑀𝑦 (�⃗�𝑘) = 0,  −𝑋𝐴
დ ℎ

2
+   𝑋𝐵

დ ℎ

2
−
𝑀ℓ2

3
휀𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼 = 0.      

   roca    𝑌𝐴
დ
= −  𝑌𝐵

დ
 da   𝑋𝐴

დ
= −  𝑋𝐵

დ
, maSin  

 𝑋𝐴
დ
= −  𝑋𝐵

დ
= −

𝑀ℓ2

6ℎ
휀𝑠𝑖𝑛2𝛼, 

  𝑌𝐴
დ
= −  𝑌𝐵

დ
=
𝑀ℓ2𝜔2

6ℎ
𝑠𝑖𝑛2𝛼 =

𝑀ℓ2휀2𝑡2

6ℎ
𝑠𝑖𝑛2𝛼, 

sadac   𝜔 = 휀𝑡. 

p a s u x i:    𝑋𝐴
დ
= −  𝑋𝐵

დ
= −

𝑀ℓ2

6ℎ
휀𝑠𝑖𝑛2𝛼;   

  𝑌𝐴
დ
= −  𝑌𝐵

დ
=
𝑀ℓ2휀2𝑡2

6ℎ
𝑠𝑖𝑛2𝛼. 

 
 S e n i S v n a. es amocana 
SesaZlebelia amoixsnas am 
paragrafis meTodur 
miTiTebebSi aRwerili pirveli 
xerxiT.  
  Nnax.2-ze  vaCvenoT dinamikuri 

 reaqciebi: Φ⃗⃗⃗⃗1
ცენ
 da Φ⃗⃗⃗⃗2

ცენ
 

centridanuli, agreTve, Φ⃗⃗⃗⃗1
ბრ
  da 

 Φ⃗⃗⃗⃗2
ბრ
  brunviTi  inerciis  

Zalebi,  romlebic modebulia 

𝐶1  da 𝐶2 wertilebSi (𝑂𝐶1 =

𝑂𝐶2 =
2ℓ

3
): 

                                                                                             
                                                       nax.2 

                              {
Φ1

ცენ
= Φ2

ცენ
=

𝑀

2

ℓ

2
𝜔2 𝑠𝑖𝑛𝛼,

Φ1
ბრ = Φ2

ბრ =
𝑀

2

ℓ

2
휀 𝑠𝑖𝑛𝛼.

             (1)              

SevadginoT wonasworobis gantolebebi: 

             ∑𝑋𝑘 = 0, 𝑋𝐴
დ
+ 𝑋𝐵

დ
+Φ1

ბრ −Φ2
ბრ = 0,        (2) 

             ∑𝑌𝑘 = 0, 𝑌𝐴
დ
+ 𝑌𝐵

დ
+Φ1

ცენ
−Φ2

ცენ
= 0,       (3) 

𝑥 

𝑧 
𝐵 

𝐴 

𝑂 

ℎ/2 

𝑦 

𝛼 
𝐿 

𝐾 
ℎ/2 

ℓ 

ℓ 

𝑦′ 

�⃗�𝐵
დ

 

 

�⃗�𝐴
დ

 

 

�⃗⃗�𝐵
დ

 

 

�⃗⃗�𝐴
დ

 

 

𝜔 
휀 • 

• 

Φ⃗⃗⃗⃗2
ცენ

 

Φ⃗⃗⃗⃗1
ცენ

 

Φ⃗⃗⃗⃗2
ბრ 

Φ⃗⃗⃗⃗1
ბრ 
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∑𝑀𝑥(�⃗�𝑘) = 0,−𝑌𝐵
დ
∙
ℎ

2
+ 𝑌𝐴

დ
∙
ℎ

2
− Φ1

ცენ 2

3
ℓ𝑐𝑜𝑠𝛼 − 

                   −Φ1
ცენ 2

3
ℓ𝑐𝑜𝑠𝛼 = 0                   (4) 

∑𝑀𝑦(�⃗�𝑘) = 0,  𝑋𝐵
დ
∙
ℎ

2
− 𝑋𝐴

დ
∙
ℎ

2
+ Φ1

ბრ
2

3
ℓ𝑐𝑜𝑠𝛼 − 

                   +Φ2
ბრ 2

3
ℓ𝑐𝑜𝑠𝛼 = 0                   (5) 

   (2) gantolebebidan (1) gamosaxulebis gaTvaliswinebiT vRebulobT: 
   𝑋𝐴

დ
= −𝑋𝐵

დ
.                     

 (3)    gantolebebidan  
                      𝑌𝐴

დ
= −  𝑌𝐵

დ
.                     (6)    

   (4) gantolebebidan (6) gamosaxulebis gaTvaliswinebiT vRebulobT:  

  𝑌𝐴
დ
= −  𝑌𝐵

დ
=
𝑀ℓ2𝜔2

6ℎ
𝑠𝑖𝑛2𝛼 =

𝑀ℓ2휀2𝑡2

6ℎ
𝑠𝑖𝑛2𝛼, 

xolo  (5)    gantolebebidan  

 𝑋𝐴
დ
= −  𝑋𝐵

დ
= −

𝑀ℓ2

6ℎ
휀𝑠𝑖𝑛2𝛼. 

   maSasadame, 𝐵 (  𝑋𝐵
დ
,   𝑌𝐵

დ
) sakisaris reaqciis gegmilebis 

mimarTulebebi naxazze naCvenebis sapirispiroa. Tavis mxriv, 
dinamikuri  wnevebi  sayrdenebze 
reaqciebis sapirispiroa. 

 
 

amocana  42.11 

 
  𝑀 masis 𝑂𝐴𝐵𝐷 erTgvarovani 
marTkuTxa firfita, romlisgverdebia 

𝑎 da 𝑏  da 𝑂𝐸 lilvze mimagrebulia 

𝑂𝐴 gverdiT brunavs mudmivi 𝜔  
kuTxuri siCqariT.. sayrdenebs Soris 

manZili 𝑂𝐸 = 2𝑎. gamoTvaleT 𝑂 da 𝐸  
sayrdenebze  lilvis dinamikuri wnevis 
 gverdiTi Zalebi. 
a m o x s n a.       vipovoT firfitis 
inerciis momentebi  nax.1-ze naCvenebi 
RerZebis mimarT: 

𝐽𝑥 =
𝑀(𝑎2 + 𝑏2)

12
,   𝐽𝑥𝑦 = 0, 𝐽𝑥𝑧 = 0, 

𝑥 

𝑧 
𝐸 

𝐷 𝑂 
b 𝑦 

�⃗⃗⃗� 

𝐴 𝐵 

𝑎 

2𝑎 

�⃗�𝑂
დ

 

 

�⃗⃗�𝑂
დ

 

 

�⃗�𝐸
დ

 

 

�⃗⃗�𝐸
დ

 

 

𝑥 

𝑧 

𝐸 

𝐷 𝑂 
b 𝑦 

�⃗⃗⃗� 

𝐴 𝐵 

𝑎 

2𝑎 
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𝐽𝑦 = 
𝑀𝑎2

3
,  𝐽𝑦𝑧 = 

𝑀𝑎𝑏

4
  , 𝐽𝑧 = 

𝑀𝑏2

3
 

Dda inerciuli Zalebis nakrebi momenti 

�⃗⃗⃗�𝑜
ინ = −�⃗⃗⃗� × (𝐽�⃗⃗⃗�) = −𝑖

𝑀𝑎𝑏𝜔2

4
. 

    SevadginoT wonasworobis gantolebebi: 

∑𝑌𝑘 = 0, 𝑌𝑂
დ
+ 𝑌𝐸

დ
+
𝑀𝑏𝜔2

2
= 0, 

                         

∑𝑀𝑥(�⃗�𝑘) = 0,  𝑌𝐸
დ
∙ 2𝑎 −

𝑀𝑎𝑏

4
𝜔2 = 0. 

  AmiRebuli gantolebebidan vpoulobT: 

𝑌𝑂
დ
= −𝑌𝐸

დ
−
𝑀𝑏𝜔2

2
= −

3𝑀𝑏𝜔2

8
, 

𝑌𝐸
დ
= −

𝑀𝑏𝜔2

8
. 

�⃗�𝑂
დ

   da  �⃗�𝐸
დ
  reaqciebi nulis tolia, radgan firfita mdebareobs 

𝑂𝑦𝑧sibrtyeSi. 
     Ddinamikuri wnevis Zalebi 𝑁0𝑥, 𝑁𝐸𝑥 , 𝑁0𝑦, 𝑁𝐸𝑦   sididiT udris 𝑂 

da 𝐸  sayrdenebis  napovn reaqciebs da aqvT sapirispiro 
mimarTuleba, e.i.  

𝑁0𝑥 = −𝑋𝑂
დ
= 0,𝑁𝐸𝑥 = −𝑋𝐸

დ
= 0, 

𝑁0𝑦 = −𝑌𝑂
დ
=

3

8
𝑀𝑏𝜔2, 𝑁𝐸𝑦 = −𝑌𝐸

დ
=

1

8
𝑀𝑏𝜔2. 

 

p a s u x i:  𝑁0𝑥 = 𝑁𝐸𝑥 = 0; 𝑁0𝑦 =

−
3

8
𝑀𝑏𝜔2;   𝑁𝐸𝑦 =

1

8
𝑀𝑏𝜔2.    

 
 S e n i S v n a. es amocana 
SesaZlebelia amoixsnas am paragrafis 
meTodur miTiTebebSi aRwerili 
pirveli xerxiT.  Ffirfitaze  
movdoT  centridanuli inerciis 
Zala 

                                            Φინ = 𝑀𝑎𝐶
ცენ

= 𝑀𝜔2
𝑏

2
.                              (1) 

𝑥 

𝑧 
𝐸 

𝐷 𝑂 
b 𝑦 

�⃗⃗⃗� 

𝐴 𝐵 

𝑎 

2𝑎 

�⃗�𝑂
დ

 

 

�⃗⃗�𝑂
დ

 

 

�⃗�𝐸
დ

 

 

�⃗⃗�𝐸
დ

 

 

Φ⃗⃗⃗⃗ინ. 
 

ნახ.2 



 
456 

radgan firfita mdebareobs 𝑂𝑦𝑧   sibrtyeSi, amitom  �⃗�𝑂
დ

  =�⃗�𝐸
დ

=0. 

  𝑂𝑦𝑧 sibrtyeSi  mdebare paralelur ZalTa sistemisaTvis 
SevadginoT wonasworobis ori gantoleba:                                
                                                           

              ∑𝑌𝑘 = 0, 𝑌𝑂
დ
+ 𝑌𝐸

დ
+  Φინ = 0,             (2)      

            ∑𝑀𝑥(�⃗�𝑘) = 0, −𝑌𝐸
დ
∙ 2𝑎 +  Φინ ∙

𝑎

2
= 0.         (3) 

  (3) Ggantolebidan (1) gamosaxulebis gaTvaliswinebiT miviRebT: 

𝑌𝐸
დ
= −

1

2
𝑎 ∙ 𝑀𝜔2

𝑏

2
∙
1

2𝑎
= −

𝑀𝑏𝜔2

8
. 

(2) Ggantolebidan (1) gamosaxulebis gaTvaliswinebiT miviRebT: 

𝑌𝑂
დ
= −𝑌𝐸

დ
−  Φინ =

𝑀𝑏𝜔2

8
−
𝑀𝑏𝜔2

2
= −

3𝑀𝑏𝜔2

8
 

�⃗⃗�𝐸
დ

    da �⃗⃗�𝑂
დ
  reaqciebi  mimarTulia nax.2 naCvenebi mimarTulebebis 

sapirispirod. 
 
 
 

amocana  42.12 

  𝑀 masis,  2ℓ sigrZis da  𝑟 
radiusis marTiwriuli cilindri 

brunavs  misi masaTa 𝑂  centrze 

gamavali vertikaluri 𝑂𝑧  RerZis 
garSemo mudmivi 𝜔 kuTxuri siCqariT, 

romlis 
drosac 

cilindris 𝑂휁  
RerZsa  da 

brunvis 𝑂𝑧  
RerZs Soris 𝛼 
kuTxe  
inarCunebs 
mudmiv  mniSvnelobas. manZili saquslesa da 

sakisars Soris 𝐻1𝐻2 = ℎ. gansazRvreT 

gverdiTi wnevebi: 𝑁1  saquslesa   da 𝑁2  
sakisarze (nax.1).     
a m o x s n a. ganvsazRvroT inerciis 

tenzori 𝜉,휂,휁RerZebSi (nax.2): 
 

𝑧 

𝐻2 

휁 

 

𝐻1 

𝛼 

𝑂 

𝑧 

𝐻2 휁 

𝐻1 

𝛼 

𝑂 

𝜉 
𝑥 휂 

�⃗⃗� 
𝑖 

𝑗 

�⃗⃗⃗� 

�⃗⃗⃗�2 

�⃗⃗⃗�1 
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𝐽 =

|

|

𝑀𝑟2

4
+
𝑀ℓ2

3
0 0

0
𝑀𝑟2

4
+
𝑀ℓ2

3
0

0 0
𝑀𝑟2

2

|

|

 

 
  gaviTvaliswinoT, rom  

  �⃗⃗⃗� = −𝜔𝑠𝑖𝑛𝛼 ∙ 𝑗 + 𝜔𝑐𝑜𝑠𝛼 ∙ �⃗⃗�   da 
vipovoT inerciuli Zalebis nakrebi  momenti: 

            �⃗⃗⃗�𝑜
ინ = −�⃗⃗⃗� × (𝐽�⃗⃗⃗�) = 

= −||

𝑖 𝑗 �⃗⃗�
0 −𝜔𝑠𝑖𝑛𝛼 𝜔𝑐𝑜𝑠𝛼

0 −(
𝑀𝑟2

4
+
𝑀ℓ2

3
)𝜔𝑠𝑖𝑛𝛼

𝑀𝑟2

2
𝜔𝑐𝑜𝑠𝛼

|| = 

 

= �⃗�
𝑀𝑟2

2
𝜔2𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼− �⃗�

𝑀𝑟2

4
𝜔2𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼− 

 

−�⃗�
𝑀ℓ

2

3
𝜔2𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼 = �⃗�(

𝑀𝑟2

4
−
𝑀ℓ

2

3
)𝜔2𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼. 

 𝑂𝑥  RerZis mimarT momentebis gantolebidan ganvsazRvroT gverdiTi 
wnevis Zalebi saqusleze da sakisarze, romlebic sididiT tolia, 
magram urTierTsapirispiro mimarTulebiT: 

𝑁 =
|�⃗⃗⃗�𝑜

ინ|

ℎ
=
𝑀𝜔2𝑠𝑖𝑛2𝛼

2ℎ
(
ℓ2

3
−
𝑟2

4
). 

p a s u x i:   �⃗⃗⃗�1    da  �⃗⃗⃗�2  wnevebs aqvT erTnairi sidideebi  

𝑀𝜔2𝑠𝑖𝑛2𝛼

2ℎ
(
ℓ2

3
−
𝑟2

4
) da  mimarTulia erTmaneTis sawinaaRmdegod. 
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amocana  42.13 

 

   gamoTvaleT 𝐴 da 𝐵  sakisrebze 
wnevebi orTqlis turbinis  Txeli 

erTgvarovani  wriuli 𝐶𝐷 diskos  𝐴𝐵  
RerZis garSemo  brunvisas,  Tu 

davuSvebT, rom 𝐴𝐵 gadis diskos   

masaTa  𝑂 centrze, magram milisis  
araswori gaburRvis gamo igi.  diskos 
sibrtyis perpendikularTan  adgens 

𝐴𝑂𝐸 = 𝛼 = 0,02 radian kuTxes. 

mocemulia: diskos masa 3,27kg, misi radiusi  20sm, kuTxuri siCqare 

30000br/wT, manZili 𝑂𝐴 =50sm, 𝑂𝐵 =30sm. 𝐴𝐵  RerZi ganixileba 

rogorc absoluturad myari da vRebulobT, rom  𝑠𝑖𝑛2𝛼=2𝛼.  
a m o x s n a  ganvsazRvroT statikuri wnevis AZalebi sakisrebSi: 

∑𝑀𝐴(�⃗�𝑘) = 0,  𝑅𝐵
სტ
∙ 𝐴𝐵 − 𝐺 ∙ 𝐴𝑂 = 0, 

∑𝑀𝐵(�⃗�𝑘) = 0,  𝐺 ∙ 𝑂𝐵 − 𝑅𝐴
სტ
∙ 𝐴𝐵 = 0, 

sadac  𝐺 = 𝑚𝑔. 
   aqedan 

  𝑅𝐵
სტ
= 𝑚𝑔 ∙

𝐴𝑂

𝐴𝐵
= 3,27 ∙ 9,8 ∙

50

80
= 20,0(ნ), 

 𝑅𝐴
სტ
= 𝑚𝑔 ∙

𝑂𝐵

𝐴𝐵
= 3,27 ∙ 9,8 ∙

30

80
= 12,01(ნ). 

 
 
 
 
 
 
 
 
 
 
 
 

     𝑁𝐴  da 𝑁𝐵 statikuri wnevis Zalebi sididT udris reaqciebs 
sakisrebSi, e.i. 

𝑁𝐴 =  𝑅𝐴
სტ
,   𝑁𝐵 =  𝑅𝐵

სტ
. 

     

𝑂 

𝐵 

𝛼 

𝐶 

𝐷 𝐸 

𝐹 

𝐴 

𝑥 

𝑦 

𝑧 

𝑂 

𝐵 

𝑥1 

𝛼 

𝐶 

𝐷 

𝑧1 

𝐸 

𝐹 

𝐴 

𝑦1 

�⃗⃗�𝐵 �⃗⃗�𝐴 

�⃗� 
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ganvsazRvroT dinamikuri wnevis AZalebi sakisrebSi: 

∑𝑌𝑘 = 0,  𝑅𝐴
დ
+  𝑅𝐵

დ
= 0 ⟹  𝑅𝐴

დ
= − 𝑅𝐵

დ
; 

∑𝑀𝑥(�⃗�𝑘) = 0,  𝑅𝐵
დ
∙ 𝑂𝐵 − 𝑅𝐴

დ
∙ 𝐴𝑂 − 𝐽𝑦𝑧𝜔

2 = 0. 

 
gamovTvaloT doskos centridanuli inerciis momentebi: 

𝐽𝑦𝑧 =
1

2
(𝐽𝑧1 − 𝐽𝑦1)𝑠𝑖𝑛2𝛼, 

 

sadac  𝐽𝑧1 =
𝑚𝑟2

2
;   𝐽𝑦1 =

𝑚𝑟2

4
;  𝑟 − diskos radiusia. 

 maSin 

𝐽𝑦𝑧 =
1

2
(
𝑚𝑟2

2
−
𝑚𝑟2

4
) 𝑠𝑖𝑛2𝛼 =

𝑚𝑟2

8
𝑠𝑖𝑛2𝛼. 

maSasadame, 

 𝑅𝐵
დ
=

𝐽𝑦𝑧𝜔
2

𝐴𝑂 + 𝑂𝐵
= 𝜔2

𝑚𝑟2𝑠𝑖𝑛2𝛼

8𝐴𝐵
= (

𝜋𝑛

30
)
2 2𝑚𝑟2𝛼

8𝐴𝐵
= 

 

=
3,27 ∙ 0,22 ∙ 2 ∙ 0,02 ∙ (3,14 ∙ 30000)2

8 ∙ 0,8 ∙ 302
= 8064(ნ), 

 

 𝑅𝐴
დ
= − 𝑅𝐵

დ
= −8064(ნ), 

სადაც 𝜔 =
𝜋𝑛

30
. 

     dinamikuri wnevebi sakisrebSi  mimarTulebiT   sakisrebis 

დინამიკური reaqciebis sapirispiroa.  

p a s u x i:   diskos  woniT gamowveuli wneva 𝐴  sakisarze aris 
12,01n,  𝐵 -ze=20,0n. diskos brunviT gamowveuli წნევebi   sakisrebze 
sididiT erTamaneTis tolia da udris 8,06n-s da mimarTulia 
urTirTsawinaaRmdegod. 
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amocana  42.14 

 

    orTqlis turbinis  wriuli  
diskos araswori awyobis  gamo  

diskos  sibrtye 𝐴𝐵  RerZTan 

adgens 𝛼 kuTxes,  xolo diskos 

masaTa  𝐶 centri ar 
mdebareobs am  RerZze. 

Eqscentrisiteti 𝑂𝐶 = 𝑎.  
gamoTvaleT  gverdiTi 

dinamikuri wnevebi   𝐴 da 𝐵 
sakisrebze, Tu diskos  masa 

udris 𝑀, misi radiusi 𝑅 , 
𝐴𝑂 = 𝑂𝐵 = ℎ; diskos brunvis kuTxuri siCqare mudmivia da udris 

𝜔.  
M m i T i T e b a: isargebleT  34.27 amocanis pasuxiT 

a m o x s n a   34.28 amocanis 
amoxsnis Tanaxmad diskos  
centridanuli inerciis 
momentebi 

   𝐼𝑥𝑦 = 𝐼𝑧𝑦 = 0, 

   𝐼𝑥𝑧 =
1

2
𝑀 (

𝑅2

4
+ 𝑎2) 𝑠𝑖𝑛2𝛼. 

 ganvsazRvroT damatebiTi 
inamikuri  reaqciebi (ix. 

Nnaxazi) 

 𝑋𝐴
დ
+ 𝑋𝐵

დ
= −𝑀𝜔2𝑥𝐶 −𝑀휀𝑦𝐶(1) 

               𝑌𝐴
დ
+ 𝑌𝐵

დ
=

−𝑀𝜔2𝑦𝐶 +𝑀휀𝑥𝐶 ,              (2) 
                𝑌𝐴

დ
ℎ − 𝑌𝐵

დ
ℎ = 𝜔2𝐽𝑦𝑧 − 휀𝐽𝑧𝑥 ,               (3) 

               𝑋𝐵
დ
ℎ − 𝑋𝐴

დ
ℎ = −𝜔2𝐽𝑧𝑥 − 휀𝐽𝑦𝑧.              (4) 

radgan  𝜔 = 𝑐𝑜𝑛𝑠𝑡,  amitom 
휀 = 0; 𝑦𝐶 = 0, 𝑥𝐶 = −𝑂𝐶 ∙ 𝑐𝑜𝑠𝛼 = −𝑎 ∙ 𝑐𝑜𝑠𝛼 

maSin (1)-(4) gantolebebi miiRebs saxes: 

               𝑋𝐴
დ
+ 𝑋𝐵

დ
= 𝜔2𝑀𝑎 ∙ 𝑐𝑜𝑠𝛼,              (5) 

                    𝑌𝐴
დ
+ 𝑌𝐵

დ
= 0,                      (6) 

                    𝑌𝐴
დ
ℎ − 𝑌𝐵

დ
ℎ = 0,                   (7) 

      𝑋𝐵
დ
ℎ − 𝑋𝐴

დ
ℎ = −𝜔2𝐽𝑧𝑥 = −𝜔2

1

2
𝑀(

𝑅2

4
+ 𝑎2) 𝑠𝑖𝑛2𝛼.    (8) 

𝑦 

𝑥 

𝐶 

𝑂 

𝛼 
𝑧 

𝑧1 

ℎ ℎ 

• 

𝐴 𝐵 

𝑦 

𝑥 

𝐶 

𝑂 

𝛼 
𝑧 

𝑧1 

ℎ ℎ 

• 

𝐴 𝐵 

�⃗⃗�𝐴
დ

 

 

�⃗�𝐴
დ

 

 

�⃗�𝐵
დ

 

 

�⃗⃗�𝐵
დ
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amovxsnaT (6) da (7) gantolebebi, miviRebT 

𝑌𝐴
დ
= 𝑌𝐵

დ
= 0 

(8) gantoleba gavyoT Y ℎ −ze, miRebuli gantoleba jer SevkriboT 
(5) gantolebasTan, xolo Sedeg  is gamovakloT (5)-s: 

𝑋𝐵
დ
= −

𝜔2𝑀

2
[
𝑠𝑖𝑛2𝛼

2ℎ
(
𝑅2

4
+ 𝑎2) − 𝑎 ∙ 𝑐𝑜𝑠𝛼], 

 

𝑋𝐴
დ
=
𝜔2𝑀

2
[
𝑠𝑖𝑛2𝛼

2ℎ
(
𝑅2

4
+ 𝑎2) + 𝑎 ∙ 𝑐𝑜𝑠𝛼]. 

 
dinamikuri wnevebi sakisrebis reaqciebis sapirispirod aris 
mimarTuli, e.i.  

𝑁𝐴𝑥 = 𝑋𝐴 = −𝑋𝐴
დ
,   𝑁𝐵𝑥 = 𝑋𝐵 = −𝑋𝐵

დ
. 

 

  p a s u x i:    𝑌𝐴 = 𝑌𝐵 = 0;   

𝑋𝐴 = −
𝑀

2
[
𝑠𝑖𝑛2𝛼

2ℎ
(
𝑅2

4
+ 𝑎2) + 𝑎 ∙ 𝑐𝑜𝑠𝛼]𝜔2, 

𝑋𝐵 =
𝑀

2
[
𝑠𝑖𝑛2𝛼

2ℎ
(
𝑅2

4
+ 𝑎2) − 𝑎 ∙ 𝑐𝑜𝑠𝛼]𝜔2. 

 
 
 

amocana  42.15  

  𝑀 masis  da 𝑅 radiusis  
erTgvarovani wriuli disko 

Camocmulia 𝐴𝐵 RerZze, 

romelic gadis diskos  𝑂 
wertilze da diskos 

simetriis  𝐶𝑧1 RerZTan  

adgens 𝛼 kuTxes. 𝑂𝐿 aris  𝑧 
RerZis gegmili diskos 

sibrtyeze, amasTan 𝑂𝐸 = 𝑎,  
𝑂𝐾 = 𝑏. gamoTvaleT  
gverdiTi dinamikuri wnevebi    

𝐴 da 𝐵 sakisrebze, Tu disko 

brunavs mudmivi 𝜔 kuTxuri siCqariT da 𝐴𝑂 = 𝑂𝐵 = ℎ;   
m i T i T e b a: isargebleT  
34.28 amocanis pasuxiT 
  a m o x s n a.    34.28  amocanis   amoxsnis   Tanaxmad diskos   

𝑦1 

 

𝑥 𝑥1 

 

𝐶 

𝑂 
𝑧 

𝑧1 

 

𝑦 𝛼 

𝐿 

𝐸 

𝐾 

ℎ ℎ 
𝐴 𝐵 
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centridanuli inerciis  momentebi 

𝐼𝑥𝑧 = 𝑀(𝑎2 +
1

4
𝑅2) 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼; 

   𝐼𝑦𝑧 =  𝑀𝑎𝑏𝑠𝑖𝑛𝛼. 
ganvsazRvroT damatebiTi dinamikuri   reaqciebi (ix. Nnaxazi) 

               𝑋𝐴
დ
+ 𝑋𝐵

დ
= −𝑀𝜔2𝑥𝐶 −𝑀휀𝑦𝐶 ,             (1) 

               𝑌𝐴
დ
+ 𝑌𝐵

დ
= −𝑀𝜔2𝑦𝐶 +𝑀휀𝑥𝐶 ,             (2) 

                𝑌𝐴
დ
ℎ − 𝑌𝐵

დ
ℎ = 𝜔2𝐽𝑦𝑧 − 휀𝐽𝑧𝑥,              (3) 

               𝑋𝐵
დ
ℎ − 𝑋𝐴

დ
ℎ = −𝜔2𝐽𝑧𝑥 − 휀𝐽𝑦𝑧 .             (4) 

radgan  𝜔 = 𝑐𝑜𝑛𝑠𝑡,  amitom 
휀 = 0; 𝑦𝐶 = 0, 𝑥𝐶 = −𝑂𝐸 ∙ 𝑐𝑜𝑠𝛼 = −𝑎 ∙ 𝑐𝑜𝑠𝛼, 𝑦𝐶 = −𝑂𝐾 = −𝑏 

maSin (1)-(4) gantolebebi miiRebs saxes: 

                𝑋𝐴
დ
+ 𝑋𝐵

დ
= 𝜔2𝑀𝑎 ∙ 𝑐𝑜𝑠𝛼,               (5) 

                 𝑌𝐴
დ
+ 𝑌𝐵

დ
= 𝜔2𝑀𝑏,                    (6) 

                𝑌𝐴
დ
ℎ − 𝑌𝐵

დ
ℎ = 𝜔2𝑀𝑎 ∙ 𝑠𝑖𝑛𝛼,             (7) 

              𝑋𝐵
დ
ℎ − 𝑋𝐴

დ
ℎ = −𝜔2

1

2
𝑀(

𝑅2

4
+ 𝑎2) 𝑠𝑖𝑛2𝛼.    (8) 

amovxsnaT (6) da (7) gantolebebi, miviRebT 

2𝑌𝐴
დ
= 𝜔2𝑀𝑏 + 𝜔2𝑀𝑏

𝑎

ℎ
𝑠𝑖𝑛𝛼 ⟹ 𝑌𝐴

დ
=
𝜔2𝑀𝑏

2
(1 +

𝑎

ℎ
𝑠𝑖𝑛𝛼). 

 

2𝑌𝐵
დ
= 𝜔2𝑀𝑏 − 𝜔2𝑀𝑏

𝑎

ℎ
𝑠𝑖𝑛𝛼 ⟹ 𝑌𝐵

დ
=
𝜔2𝑀𝑏

2
(1 −

𝑎

ℎ
𝑠𝑖𝑛𝛼). 

 
Semdeg amovxsnaT (1) da (4) gantolebebi, miviRebT 
: 

𝑦1 

 

𝑥 𝑥1 

′ 

𝐶 

𝑂 
𝑧 

𝑧1 

 

𝑦 
𝛼 

𝐿 

𝐸 

𝐾 

ℎ ℎ 
𝐴 

𝐵 
�⃗⃗�𝐴

დ
 

 

�⃗�𝐴
დ

 

 
�⃗�𝐵

დ
 

 

�⃗⃗�𝐵
დ
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2𝑋𝐵
დ
= 𝜔2𝑀𝑎 ∙ 𝑐𝑜𝑠𝛼 −

𝜔2𝑀

2ℎ
(
𝑅2

4
+ 𝑎2) 𝑠𝑖𝑛2𝛼 ⟹ 

⟹ 𝑋𝐵
დ
=
𝜔2𝑀

2
[𝑎 ∙ 𝑐𝑜𝑠𝛼 − (

𝑅2

4
+ 𝑎2)

𝑠𝑖𝑛2𝛼

2ℎ
], 

2𝑋𝐴
დ
= 𝜔2𝑀𝑎 ∙ 𝑐𝑜𝑠𝛼 +

𝜔2𝑀

2ℎ
(
𝑅2

4
+ 𝑎2) 𝑠𝑖𝑛2𝛼 ⟹ 

 

⟹ 𝑋𝐴
დ
=
𝜔2𝑀

2
[𝑎 ∙ 𝑐𝑜𝑠𝛼 + (

𝑅2

4
+ 𝑎2)

𝑠𝑖𝑛2𝛼

2ℎ
]. 

 
dinamikuri wnevebi sakisrebis reaqciebis sapirispirod aris 
mimarTuli, e.i.  

𝑁𝐴𝑥 = 𝑋𝐴 = −𝑋𝐴
დ
,   𝑁𝐵𝑥 = 𝑋𝐵 = −𝑋𝐵

დ
, 

𝑁𝐴𝑦 = 𝑌𝐴 = −𝑌𝐴
დ
,   𝑁𝐵𝑦 = 𝑌𝐵 = −𝑌𝐵

დ
. 

 

  p a s u x i:      

𝑋𝐴 = −
𝜔2𝑀

2
[𝑎 ∙ 𝑐𝑜𝑠𝛼 − (

𝑅2

4
+ 𝑎2)

𝑠𝑖𝑛2𝛼

2ℎ
] ; 

𝑋𝐵 =
𝜔2𝑀

2
[𝑎 ∙ 𝑐𝑜𝑠𝛼 + (

𝑅2

4
+ 𝑎2)

𝑠𝑖𝑛2𝛼

2ℎ
] ; 

𝑌𝐴 = −
𝑀𝑏

2
(1 +

𝑎

ℎ
𝑠𝑖𝑛𝛼)𝜔2;  𝑌𝐵 = −

𝑀𝑏

2
(1 −

𝑎

ℎ
𝑠𝑖𝑛𝛼)𝜔2. 
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amocana  42.16  

 

  𝑀 masis erTgvarovani marTkuTxa  
firfita Tanabrad brunavs  Tavisi 

 𝐴𝐵 diagonalis garSemo 𝜔 
kuTxuri siCqariT. gansazRvreT 

firfitis dinamikuri wnevebi 𝐴 da 

𝐵 sayrdenebze, Tu gverdebis 

sigrZebia   𝑎 da 𝑏.  
a m o x s n a.    
gamovTvaloT sayrdenebs Soris 
manZili (ix. naxazi): 

      𝐴𝐵 = √𝑎2 + 𝑏2. 
dinamikuri  reaqciebis 
gansazRvrisaTvis gamoviyenoT  
dalamberis principi: 

 ∑𝑌𝑘 = 0, 𝑌𝐴
დ
+ 𝑌𝐵

დ
= 0, (1) 

 ∑ 𝑋𝑘 = 0, 𝑋𝐴
დ
+ 𝑋𝐵

დ
= 0, (2) 

       ∑𝑀𝑥(�⃗�𝑘) = 0, 𝑌𝐵
დ √𝑎2+𝑏2

2
− 𝑌𝐴

დ √𝑎2+𝑏2

2
− 𝜔2𝐽𝑦𝑧 = 0    (3) 

        ∑𝑀𝑥(�⃗�𝑘) = 0, 𝑋𝐴
დ √𝑎2+𝑏2

2
− 𝑋𝐵

დ √𝑎2+𝑏2

2
+ 𝜔2𝐽𝑥𝑧 = 0 .  (4) 

  radgan 𝐶𝑥 RerZi inerciis mTavari RerZia, amitom 𝐽𝑥𝑧=0.  
amovxsnaT erTad  (2) da (4) gantolebebi, miviRebT: 

𝑋𝐴
დ
= 𝑋𝐵

დ
= 0. 

gamovTvaloT 𝐽𝑧1  da 𝐽𝑦1: 

𝐽𝑦1 =
𝑀𝑎2

12
,   𝐽𝑧1 =

𝑀𝑏2

12
.  

MmaSin, Tu gaviTvaliswinebT, rom 

𝑠𝑖𝑛𝛼 =
𝑏

√𝑎2 + 𝑏2
, 𝑐𝑜𝑠𝛼 =

𝑎

√𝑎2 + 𝑏2
, 

ganvsazRvravT firfitis centridanul moments: 

𝐽𝑦𝑧 =
1

2
(𝐽𝑦1 − 𝐽𝑧1)𝑠𝑖𝑛2𝛼 = (𝐽𝑦1 − 𝐽𝑧1)𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼 = 

= (
𝑀𝑎2

12
−
𝑀𝑏2

12
)

𝑏

√𝑎2 + 𝑏2

𝑎

√𝑎2 + 𝑏2
=
𝑀𝑎𝑏(𝑎2 − 𝑏2)

12(𝑎2 + 𝑏2)
. 

  amovxsnaT erTad  (1) da (3) gantolebebi, miviRebT: 

𝑌𝐴
დ
+ 𝑌𝐵

დ
= 0, 

𝑧 

𝑥 

𝑦 

𝐴 𝐶 
𝐵 

𝑎 

𝑏 

𝑧 

𝑥(𝑥1) 

𝑦 

𝐴 

𝑎 

𝐵 

𝑏 

𝐶 

𝑧1 

𝑦1 

�⃗�𝐴
დ

 

 

�⃗⃗�𝐴
დ

 

 

�⃗⃗�𝐵
დ

 

 

�⃗�𝐵
დ

 

 

𝛼 
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𝑌𝐵
დ
− 𝑌𝐴

დ
=

2𝜔2

√𝑎2 + 𝑏2
𝐽𝑦𝑧 =

𝑀𝑎𝑏𝜔2(𝑎2 − 𝑏2)

6(𝑎2 + 𝑏2)3/2
. 

SevkriboT es gantolebebi, miviRebT: 
 

𝑌𝐵
დ
=
𝑀𝑎𝑏𝜔2(𝑎2 − 𝑏2)

12(𝑎2 + 𝑏2)3/2
. 

maSin (1) gantolebidan gvaqvs: 
 

𝑌𝐴
დ
= −

𝑀𝑎𝑏𝜔2(𝑎2 − 𝑏2)

12(𝑎2 + 𝑏2)3/2
. 

  p a s u x i:     𝑋𝐴 = 0, 𝑌𝐴 = −
𝑀𝑎𝑏𝜔2(𝑎2−𝑏2)

12(𝑎2+𝑏2)
3
2

;    

𝑋𝐵 = 0,    𝑌𝐵 =
𝑀𝑎𝑏𝜔2(𝑎2 − 𝑏2)

12(𝑎2 + 𝑏2)3/2
. 

 
 
 

amocana  42.17  

 

  rogori 𝜔 kuTxuri siCqariT unda 
brunavdes   Tavisi  kaTetis garSemo 
marTkuTxa  samkuTxedis formis  

firfita  𝐴𝐵𝐷. rom qveda 𝐵 sayrdenze  
gverdiTi wneva iyos nulis toli? 
manZili sayrdenebs Soris CaTvaleT  

𝐴𝐵  kaTetis tolad. 
a m o x s n a.  imisaTvis, rom   

dinamikuri  reaqciebi 𝐵 sayrdenze  
iyos nuli, unda sruldebodes piroba 
(ix. Nnaxazi): 

∑𝑀𝐴(�⃗�𝑘) = 0, Φინℎ − 𝐺
1

3
𝑎 = 0  

(1) 
vipovoT inerciis Zala: 

  Φინ = 𝑚𝑎𝐶
ცენ

=
1

3
𝑚𝑎𝜔2. 

  gansazRvreT  inerciis AZalis  
moqmedebis fuZis mdebareoba 
 

                    ℎ =
|𝑀𝐴

Φ|

Φინ
, 

𝑥 

𝑦 

𝑧 

𝐵 

𝐴 

𝐷 

𝑎 𝑂 • 𝐶 
1

3
𝑎 

𝑥 

𝑦 

𝑧 

𝐵 

𝐴 

𝐷 

𝑎 

𝑂 • 
𝐶 
ℎ Φ⃗⃗⃗⃗ინ 

 

�⃗� 

�⃗�𝐶
ცენ
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sadac 

          |𝑀𝐴
Φ| = 𝜔2𝐽𝑦𝑧 = 𝜔

2
𝑚𝑎2

12
. 

maSin 

ℎ =
𝜔2𝑚𝑎2

12

3

𝑚𝑎𝜔2
=
𝑎

4
. 

(1)  gantoleba miiRebs saxes 

𝑚𝑎𝜔2

3

𝑎

4
=
𝑚𝑔𝑎

3
. 

aqedan 

𝜔2 =
4𝑔

𝑎
, 𝜔 = 2√

𝑔

𝑎
. 

 

p a s u x i:     𝜔 = 2√
𝑔

𝑎
. 

 
 
 
 
 

amocana  42.18  

  amwis mbrunavi nawili Sedgeba 𝐿 sigrZisa da 𝑀1 masis 𝐶𝐷 

isrisagan,  𝐸  sapirwonisa da TiToeuli 𝑀2 masis  𝐾  tvirTisagan 
(ix. 34.31 amocanis naxazi). Mmudmivi mamuxruWebeli momentis CarTvis 

Semdeg amwe,romelic brunavda 𝑛 =1,5 br/wT Sesabamisi kuTxuri 
siCqariT, Cerdeba 2wm-is Semdeg. 
 ganixileT isari, rogorc erTgvarovani wvrili Zeli, xolo 

sapirwone tvirTiT wertilovan masebi; gansazRvreT amwis 𝐴 da 𝐵 
sayrdenTa dinamikuri reaqciebi damuxruWebis bolos. Aamwis 

sayrdenebs Soris manZili 𝐴𝐵 =3m, 𝑀1 =8t, 𝑀2 =5t, 𝛼 = 450, 
𝐿 =30m. ℓ =10m. mTeli sistemis masaTa centri imyofeba  brunvis 

RerZzea; 𝑥  da 𝑦  RerZebi dakavSirebulia amwesTan; 𝐶𝐷 isari 

mdebareobs  𝑦𝑧 sibrteSi. 
   m i T i T e b a: isargebleT 34.34 amocanis pasuxiT ( davuSvaT 

𝑀2 = 𝑀1). 
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a m o x s n a.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   34.31 amocanis amoxsnidan viciT, rom 

𝐼𝑥𝑦 = 𝐼𝑥𝑧 = 0, 

𝐼𝑦𝑧 =
𝑀2+

1
3
𝑀1

2
𝐿2𝑠𝑖𝑛2𝛼−𝑀2𝐿ℓ𝑠𝑖𝑛𝛼. 

  ganvsazRvroT sayrdenebis dinamikuri  reaqciebi (ix. Nnaxazi): 

               𝑋𝐴
დ
+ 𝑋𝐵

დ
= −𝑀𝜔2𝑥𝐶 −𝑀휀𝑦𝐶 ,             (1) 

               𝑌𝐴
დ
+ 𝑌𝐵

დ
= −𝑀𝜔2𝑦𝐶 +𝑀휀𝑥𝐶 ,             (2) 

                −𝑌𝐵
დ
𝐴𝐵 = 𝜔2𝐽𝑦𝑧 − 휀𝐽𝑧𝑥,                 (3) 

                𝑋𝐵
დ
𝐴𝐵 = −𝜔2𝐽𝑧𝑥 − 휀𝐽𝑦𝑧 .              (4) 

 radgan amwis masaTa centri imyofeba  brunvis 𝐴𝐵 RerZze, amitom  

𝑥𝐶 = 𝑦𝐶 = 0. dinamikuri  reaqciebi aucilebelia ganisazRvros 

amwis damuxruWebis bolos, amitom 𝜔 = 0. vipovoT amwis kuTxuri 
Seneleba damuxruWebis momentSi: 

𝜔 = 𝜔0 + 휀𝑡. 
radgan  𝜔 = 0,  amitom  

휀 = −
𝜔0
𝑡
= −

𝜋𝑛

30𝑡
. 

 am gantolebis gaTvaliswinebiT (1)-(4) miiRebs saxes: 

                       𝑋𝐴
დ
+ 𝑋𝐵

დ
= 0,                  (5) 

                       𝑌𝐴
დ
+ 𝑌𝐵

დ
= 0,                  (6) 

                        −𝑌𝐵
დ
𝐴𝐵 = 0,                  (7) 

𝑧 

𝑦 
𝐴 

𝐷 

ℓ 

𝐸 

𝐵 

𝑎 
𝐾 

ℎ 

𝛼 

𝐿 

• 

• 
• 𝐶 

𝑀2�⃗� 

𝑀1�⃗� 

𝑀2�⃗� 

𝑥 �⃗�𝐴
დ

 

 

�⃗⃗�𝐴
დ

 

 

�⃗�𝐵
დ

 

 

�⃗⃗�𝐵
დ
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            𝑋𝐵
დ
𝐴𝐵 =

𝜋𝑛

30𝑡
(
𝑀2+

1

3
𝑀1

2
𝐿2𝑠𝑖𝑛2𝛼 −𝑀2𝐿ℓ𝑠𝑖𝑛𝛼).    (8) 

amovxsnaT (7) da (6) gantolebebi erTad, miviRebT: 

𝑌𝐴 = −   𝑌𝐵 = 0. 
(8) gantolebidan  vipoviT: 

𝑋𝐵
დ
=

𝜋𝑛

𝐴𝐵30𝑡
(
𝑀2 +

1
3
𝑀1

2
𝐿2𝑠𝑖𝑛2𝛼 −𝑀2𝐿ℓ𝑠𝑖𝑛𝛼) = 

=
3,14 ∙ 1,5

3 ∙ 30 ∙ 2
(
5000 +

8000
3

2
∙ 302 ∙ 𝑠𝑖𝑛900 − 5000 ∙ 30 ∙ 10 ∙∙ 𝑠𝑖𝑛450)

= 62 525(ნ) = 62,5(კნ). 
maSin (5) gantolebis Tanaxmad   

𝑋𝐴
დ
= −𝑋𝐵

დ
=-62,5კნ. 

SeniSvna; amocanaTa krebulSi pasuxi arasworia. 
 

p a s u x i:        𝑌𝐴 = −  𝑌𝐵=0,     𝑋𝐵 = − 𝑋𝐴 = 62,5kn. 
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$43.  Sereuli amocanebi 

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 

     
     Sereuli amocanebis amoxsnisaTvis moiTxoveba dinamikis Yyvela 
Teoremis codna 
    Mmocemuli paragrafis amocanebis amoxsnis Tanmimdevroba: 
  1. gamovsaxoT sxeuli, romlis moZraoba ganixileba.; 
  2. gamovsaxoT Nnaxazze sxeulze moqmedi Zalebi, maT Soris 
sayrdneebis reaqciis Zalebic; 
  3. CavweroT zogadi saxiT gamosayenebuli Teoremebi (Teoremis 
Sedegebi) an gantolebebi;. 
4. SevadginoT mocemuli amocanisaTvis analizuri gamosaxulebebi  
da zogadi saxiT vipovoT saziebeli sidideebi.. 
 

amocanebi da amoxsnebi 
 

amocana  43.1  

  2ℓ sigrZis erTgvarovani 𝐴𝐵 
koWi  damagrebuli boloebiT 
horizontalur mdgomareobaSia. 

Ggarkveul momentSi 𝐴 bolo 
Tavisuflldeba da koWi vardeba 

ise, rom igi brunavs  𝐵  boloze 
gamavali horizontaluri RerZis  
 garSemo; im momentSi, roca koWi vertikaluria, Tavisufldeba misi 

𝐵 boloc. gansazrvreT koWis Semdgomi moZraobisas masaTa centris 

traeqtoria da 𝜔 kuTxuri siCqare. 
  a m o x s n a.    rodesac  koWi 
miaRwevs vertikalur mdebareobas da 

Tavicufldeba bmisagan,  𝐵  wertilSi 
xorcieldeba  gadasvla brunviTi 
moZraobidan brtyel moZraobaSi. 

gamovTvaloT koWis masaTa centris 𝑣𝐶 
siCqare da 𝜔 kuTxuri siCqare (ix. 
naxazi). 

 Kkinetkuri energiis cvlilebis 
Teoremis Tanaxmad 

𝑇 − 𝑇0 =∑𝐴𝑘
𝑒
 

𝐴 
𝐵 𝑦 

𝑥 

2ℓ 

• 

𝐴 

𝐵 

ℓ 

y 

C 
𝜔 

𝑚�⃗� 

�⃗�𝐶  

ℓ 
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radgan koWma brunva daiwyo wonasworobidan, amitom 𝑇0 = 0  da 
                   𝑇 = ∑𝐴𝑘

𝑒 ,                   (1)        
koWis kinetikuri energia 

𝑇 =
1

2
𝐽𝐵𝜔

2, 

sadac  𝐽𝐵 =
1

3
𝑚(2ℓ)2 =

4

3
𝑚ℓ2 −  Reros inerciis momentia. 

maSin 

                     𝑇 =
2

3
𝑚ℓ2𝜔2.                  (2)            

Ggare Zalebis muSaobaTa jami xasiaTdeba  𝑚�⃗�  simZimis AZalis 
muSaobiT, rodesac  koWi horizontaluri mdebareobidan  gadadis 

vertikalur mdebareobaSi, e.i. roca igi mobrundeba 𝜑 =
𝜋

2
 kuTxiT. 

amasTan, masaTa  𝐶 centri daeSveba  ℓ  manZilze, amitom 

                     ∑𝐴𝑘
𝑒 = 𝑚𝑔ℓ.                   (3) 

 
   CavsvaT (2) da (3) gamosaxulebebi (1) formulaSi, miviRebT: 

2

3
𝑚ℓ2𝜔2 = 𝑚𝑔ℓ. 

aqedan 

                      𝜔 = √
3𝑔

2ℓ
.                      (4) 

   vipovoT masaTa centris  siCqare 

                     𝑣𝐶 = 𝜔ℓ = √
3

2
𝑔ℓ.                 (5) 

 
   SevadginoT koWis brtyeli moZraobis  diferencialuri 
gantolebebi 

                     𝑚�̈�𝐶 = 𝑚𝑔,                     (6) 
                             𝑚�̈�𝐶 = 0,                      (8) 

                     𝐽𝐶
𝑑𝜔

𝑑𝑡
= 0.                       (9)       

 
(6)  gantolebidan gamomdinareobs, rom 

 

                  �̈�𝐶 = 𝑔 ⟹ {
�̇�𝐶 = 𝑔𝑡 + 𝐶1,

𝑥𝐶 =
𝑔𝑡2

2
+ 𝐶1𝑡 + 𝐶2.

        (9) 

visargebloT sawyisi pirobebiT: 

𝑡 = 0, 𝑥𝐶(0) = ℓ, �̇�𝐶(0) =0, 
da ganvsazRvroT integrebis mudmivebi: 𝐶1 = 0, 𝐶2 = ℓ, 
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maSasadame, 

                       𝑥𝐶 =
𝑔𝑡2

2
+ ℓ.                 (10)    

(7)  gantolebidan gamomdinareobs, rom 

                      {
�̇�𝐶 = 𝐶3,

𝑦𝐶 = 𝐶3𝑡 + 𝐶4.
                (11)                                

visargebloT sawyisi pirobebiT: 

𝑡 = 0, 𝑦𝐶(0) = 0, �̇�𝐶(0) =  𝑣𝐶, 
da (11) sistemidan ganvsazRvroT integrebis mudmivebi: 𝐶3 =  𝑣𝐶 ,
𝐶4 = 0. 
maSin 

𝑦 =  𝑣𝐶𝑡. 
aqedan 

𝑡 =
𝑦

 𝑣𝐶
. 

     CavsvaT  𝑡 −s miRebuli mniSvneloba (10) formulaSi  da 
ganvsazRvroT traeqtoriis gantoleba koordinatuli formiT: 

𝑥 =
𝑔𝑦2

2𝑣2
+ ℓ. 

 miRebul gantolebaSi CavsvaT (5) gamosaxuleba 
 

𝑥 =
2𝑔𝑦2

2 ∙ 3𝑔ℓ
+ ℓ, 

saidanac 

                            𝑦2 = 3ℓ𝑥 − 3ℓ2.                              
 
  (8) gantilebidan gamomdinareobs, rom 

𝜔 = 𝑐𝑜𝑛𝑠𝑡. 

p a s u x i:  parabola  𝑦2 = 3ℓ𝑥 − 3ℓ2;  𝜔 = √
3𝑔

2ℓ
.                       
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amocana  43.2 

  ℓ sigrZis  mZime erTgvarovani  Rero zeda 

boloTi Camokidebulia horizontalur 𝑂  RerZze 
vertikalur   mdebareobaSi      Reros   mianiWes  

𝜔0 = 3√
𝑔

ℓ
 k uTxuri siCqare. Nnaxevari brunvis 

Semdeg Rero Sordeba 𝑂  RerZs. ipoveT Reros 
Semdgomi moZraobisas masaTa centris traeqtoria 

da  brunvis 𝜔 kuTxuri siCqare. 
a m o x s n a.     ganvsazRvroT Reros  masaTa 

centris  𝑣𝐶 siCqare da  𝜔 kuTxuri siCqare  𝑂  
wertilidan misi mocilebis momentSi.  

    masaTa centris  𝑣𝐶 siCqares vipoviT Kkinetkuri energiis 
vlilebis Teoremis gamoyenebiT: 

                     𝑇 − 𝑇0 =∑𝐴𝑘
𝑒                          (1) 

M  mocemul SemTxvevaSi Reros kinetikuri 
 energia sawyis momentSi: 

       𝑇0 =
1

2
𝐽0𝜔0

2 =
1

2

1

3
𝑚ℓ2 ∙ 9

𝑔

ℓ
=

3

2
𝑚𝑔ℓ.   (2)  

 
Reros kinetikuri energia saboloo (umaRles)   
mdebareobaSi 

                𝑇 =
1

2
𝐽0𝜔

2 =
1

6
𝑚ℓ2𝜔2.               (3) 

   gamovTvaloT  gare Zalebis (𝑚�⃗� simZimis 
Zala)  muSaoba Reros umdablesi mdebareobidan 
umaRles  mdebareobaSi gadaadgilebisas, e.i. roca Rero mobrundeba 

𝜑 = 𝜋 kuTxiT da misi masaTa  𝐶 centri aiwevs  ℎ = ℓ  simaRleze, 
amitom 

                     ∑𝐴𝑘
𝑒 = −𝑚𝑔ℓ.                   (4) 

   CavsvaT (2)-(4) gamosaxulebebi (1) formulaSi, miviRebT: 

1

6
𝑚ℓ2𝜔2 −

3

2
𝑚𝑔ℓ = −𝑚𝑔ℓ ⟹ 𝜔 = √

3𝑔

ℓ
. 

ganvsazRvroT  masaTa centris  𝑣𝐶 siCqare: 

𝑣𝐶 = 𝑚
ℓ

2
= √

3𝑔ℓ

4
. 

     SevadginoT Reros brtyeli moZraobis  diferencialuri 
gantolebebi 

• ℓ 

y 

C 

• 
𝑥 

• 

𝑂 

ℓ/2 

y 

C 

𝜔 

𝑚�⃗� 

�⃗�𝐶  

ℓ/2 

• 𝑥 
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                      𝑚�̈�𝐶 = 0,                      (5) 
                             𝑚�̈�𝐶 = −𝑚𝑔,                   (6) 

                      𝐽𝐶
𝑑𝜔

𝑑𝑡
= 0.                      (7)       

 
(5)  gantolebidan gamomdinareobs, rom 

                    {
�̇�𝐶 = 𝐶1,

𝑥𝐶 = 𝐶1𝑡 + 𝐶2.
                 (8) 

    visargebloT sawyisi pirobebiT: 

𝑡 = 0, 𝑥𝐶(0) = 0, �̇�𝐶(0) =-𝑣𝐶 , 
da ganvsazRvroT integrebis mudmivebi: 𝐶1 = −𝑣𝐶 , 𝐶2 = 0, 
maSasadame, 

𝑥𝐶 = −𝑣𝐶𝑡. 
aqedan 

𝑡 =
𝑥𝐶
 𝑣𝐶
. 

 
(6) gantolebidan gamomdinareobs, rom 

                  {
�̇�𝐶 = −𝑔𝑡 + 𝐶3,

𝑦𝐶 = −
𝑔𝑡2

2
+ 𝐶3𝑡 + 𝐶4.

              (9)                                

visargebloT sawyisi pirobebiT: 

𝑡 = 0, 𝑦𝐶(0) =
ℓ

2
, �̇�𝐶(0) = 0, 

da (9) sistemidan ganvsazRvroT integrebis mudmivebi: 

𝐶3 = 0, 𝐶4 =
ℓ

2
. 

maSin 

𝑦𝐶 = −
𝑔𝑡2

2
+
ℓ

2
. 

     CavsvaT  𝑡 =
𝑥𝐶

 𝑣𝐶
 mniSvneloba miRebuli formulaSi  da 

ganvsazRvroT Reros masaTa centris   traeqtoriis gantoleba 
koordinatuli formiT: 

𝑦𝐶 = −
𝑔𝑥𝐶

2

2𝑣𝐶2
+
ℓ

2
. 

 miRebul gantolebaSi CavsvaT 𝑣𝐶 − s gamosaxuleba, miviRebT: 
 

𝑦𝐶 =
ℓ

2
−
4𝑔𝑥𝐶

2

2 ∙ 3𝑔ℓ
 

saidanac 
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𝑦𝐶 =
ℓ

2
−
2

3ℓ
𝑥𝐶

2 − 

 
parabolis gantoleba. 
 

p a s u x i:  parabola  𝑦𝐶 =
ℓ

2
−

2

3ℓ
𝑥𝐶

2;  𝜔 = √
3𝑔

ℓ
. 

 
 
 

amocana  43.3 

     𝑀1Mda  𝑀2 masisa  da  𝑟1Mda  𝑟2  
radiusis or erTgvarovan wriul 
cilindze daxveulia ori Runvadi 
Zafi, romelTa xviebi simetriulia.  
cilindris fuZeebis paraleluri 
saSualo sibrtyeebis mimarT 
cilinrdTa RerZebi horizontaluria, 
amasTan maTi msaxvelebi udidesi 

qanobis wrfeebis marTobulia. 𝐴 
cilindris RerZi uZravia.; 𝐵 
cilindri   wonasworobis 
mdebareobidan vardeba  simZimis Zalis 
gavleniT.     gansazRvreT moZraobis 

dawyebidan 𝑡 drois Semdeg: 
1) cilindrebis  𝜔1Mda  𝜔2  

kuTxuri siCqareeebi; 

2)  𝐵 cilindris  masaTa centris   

mier gavlili 𝑠 manZili;  

3) Zafebis 𝑇 daWimulobebi, Tu 𝑡 
momentSi Zafebi kidev rCebian 
daxveuli orive cilindrze. 
a m o x s n a.   azrobriv 
gavaCeroT meqanikuri sistema 
gavawonasworoT ra is meore 

cilindris   Φ⃗⃗⃗⃗2 inerciis   ZaliT   

da   𝑀1
Φ
 da 𝑀2

Φ inerciis Zalebis 
momentebiT (nax.1): 

Φ2 = 𝑀2𝑎2 = 𝑀2(𝑎2
𝑒 + 𝑎2

𝑟)
= 𝑀2(휀1𝑟1 + 휀2𝑟2), 

𝑂1 

𝐵 

• 

𝐴 

• 
𝑟2 

𝑟1 

𝑂2 

𝑂1 

𝐵 

 

• 

𝑀1�⃗�  

𝑀2�⃗�  

𝐴 

• 𝑟2 

𝑟1 

𝑀1
Φ 

𝑀2
Φ 

휀1 

𝑂2 

Φ⃗⃗⃗⃗2 

�⃗�2 
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                                            𝑀1
Φ = 𝐽1휀1 =

1

2
𝑀1𝑟1

2휀1,                               (1) 

                                                 𝑀2
Φ = 𝐽2휀2 =

1

2
𝑀2𝑟2

2휀2.          

   amasTan gaviTvaliswineT, rom warmtani �⃗�2
𝑒  da  fardobiTi �⃗�2

𝑟 
aCqarebebis veqtorebi paraleluria da, MmaSasadame, maTi Sekreba 
algebrulad              Nnax.1 
SesaZlebelia, agreTve, is ,rom orive cilindri erTgvarovania, e.i. 

𝐽1 =
1

2
𝑀1𝑟1

2,   𝐽2 =
1

2
𝑀2𝑟2

2.  

  “wonasworobis” gantolebad aviRoT gantoleba 

∑𝑀𝑂1 = 0, 

an 

        𝑀1
Φ +𝑀2

Φ +Φ2(𝑟1 + 𝑟2) − M2𝑔(𝑟1 + 𝑟2) = 0.            (2) 

  (1)-is gaTvaliswinebiT (2) gantoleba Rebulobs saxes: 

𝑀1𝑟1
2휀1 +𝑀2𝑟2

2휀2 + 2𝑀2(휀1𝑟1 + 휀2𝑟2) − 2M2𝑔(𝑟1 + 𝑟2) = 0, 
an 

(𝑀1𝑟1
2+2𝑀2𝑟1

2+2𝑀2𝑟1𝑟2)휀1+ (3𝑟2
2+2𝑟1𝑟2)M2휀2−

                                 −2M2𝑔(𝑟1+𝑟2)= 0,                    (3)    
    
 
 
 
 
 
 
 
 
 
 
 
 
 

           Nnax.2.                                 Nnax.3.    
 
Tu  cilindrebs ganvixilavT cal-calke da gaviTvaliswinebT, rom   

𝐵 cilindri asrulebs brtyel moZraobas, maSin miviRebT: 

   𝐴 cilindrisaTvis (nax.2):   

∑𝑀𝑂1 = 0, 

an 

                     𝑀1
Φ
− 𝑇𝑟1 = 0;                    (4) 

𝑇 

𝑂1 

 

• 

𝑀1�⃗�  

𝐴 𝑟1 

𝑀1
Φ 

휀1 

�⃗⃗� 

𝑀2�⃗�  

• 
𝑟2 

𝑀2
Φ 

𝑂2 

Φ⃗⃗⃗⃗2 

�⃗�2 
𝐵 휀2 

𝑦 
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   𝐵 cilindrisaTvis (nax.3):   

∑𝑀𝑂2 = 0, 

an 

                      𝑀2
Φ
− 𝑇𝑟2 = 0;                   (5)        

 

 (4) da (5) tolobebidan ganvsazRvroT 𝑇 daWimulobebi da 
gavutoloT erTmaneTs: 

  𝑀1
Φ

𝑟1
=
  𝑀2

Φ

𝑟2
,  

Aaqedan  (1) gamosaxulebebis gaTvaliswinebiT miviRebT: 

                    𝑀1𝑟1휀1 = 𝑀2𝑟2휀2.                   (6) 
    (6) tolobidan gamomdinareobs, rom 

휀2 =
𝑀1𝑟1
𝑀2𝑟2

휀1. 

 
   Ees  gamosaxuleba CavsvaT (3) formulaSi: 

(3𝑀1𝑟1
2 + 3𝑀1𝑟1𝑟2 + 2𝑀2𝑟1

2 + 2𝑀2𝑟1𝑟2)휀1 − 2M2𝑔(𝑟1 + 𝑟2) = 0     

Dda gardaqmnis Semdeg miviRebT: 

𝑟1(3𝑀1 + 2𝑀2)(𝑟1 + 𝑟2)휀1 = 2M2𝑔(𝑟1 + 𝑟2).     
Aaqedan 

휀1 =
2𝑀2𝑔

𝑟1(3𝑀1 + 2𝑀2)
. 

   휀1 −is es mniSvneloba CavsvaT 휀2 −is  gamosaxulebaSi, maSin 

휀2 =
2𝑀1𝑔

𝑟1(3𝑀1 + 2𝑀2)
. 

 
  (4) gantolebidan vipovoT Zafebis daWimulobebi: 

𝑇 =
𝑀1𝑀2𝑔

3𝑀1 + 2𝑀2
. 

     
radgan moZraoba daiwyo wonasworobis mdebareobidan, e.i. 

 𝜔1(0) = 0,𝜔2(0) = 0, amitom 𝑡 momentSi cilindrebis kuTxuri 
siCqareebi iqneba: 

𝜔1 = 휀1𝑡 =
2𝑀2𝑔

𝑟1(3𝑀1 + 2𝑀2)
𝑡, 
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𝜔2 = 휀2𝑡 =
2𝑀1𝑔

𝑟2(3𝑀1 + 2𝑀2)
𝑡. 

 

  𝐵 cilindris  masaTa centris   𝑎2 aCqarebas vipoviT  Φ2 −is 
gamosaxulebidan [ix. Fformula (1)]: 

𝑎2 = 𝑎2
𝑒 + 𝑎2

𝑟 = 휀1𝑟1 + 휀2𝑟2 =
2(𝑀1 +𝑀2)𝑔

3𝑀1 + 2𝑀2
 

  Aaqedan, imis gaTvaliswinebiT, rom  �̇�(0) = 0, 𝑠(0) = 0,  miviRebT: 
 

𝑠 =
𝑎2𝑡

2

2
=
(𝑀1 +𝑀2)𝑔

3𝑀1 + 2𝑀2
𝑡2. 

 

p a s u x i:  1) 𝜔1 =
2𝑀2𝑔

𝑟1(3𝑀1+2𝑀2)
𝑡;  𝜔2 =

2𝑀1𝑔

𝑟2(3𝑀1+2𝑀2)
𝑡; 

2) 𝑠 =
(𝑀1+𝑀2)𝑔

3𝑀1+2𝑀2
𝑡2;   3) 𝑇 =

𝑀1𝑀2𝑔

3𝑀1+2𝑀2
. 
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  𝑎 sigrZis   erTgvarovani 𝐴𝐵 Rero 
mdebareobs vertikalur sibrtyeSi 

horizontTan  𝜑0 kuTxiT ise, rom 𝐴 
boloTi eyrdnoba gluv kedels, xolo 𝐵 
boloTi gluv  horizontalur iataks. 
Semdeg Reros misces vardnis saSualeba 
sawyisi siCqaris gareSe. 1) gansazRvreT 
Reros kuTxuri siCqare da aCqareba; 2)  

ipoveT, rogor 𝜑0 kuTxes qmnis Rero 
horizontTan im momentSi, roca igi 
scildeba kedels. 

a m o x s n a.     1) Kkinetkuri energiis cvlilebis Teoremis 
gamoyenebiT: 

                                       𝑇 − 𝑇0 =∑𝐴𝑘
𝑒  ,                                            (1) 

sadac 𝑇0 −kinetikuri energiaa roca 𝜑 = 𝜑0, 𝑇0 = 0; 𝑇 −kinetikuri 

energia 𝜑 kuTxis nebismieri mniSvnelobisaTvis gamoiTvleba 
formuliT (kenigis Teorema): 

𝑇 =
𝑚

2
(�̇�𝐶

2 + �̇�𝐶
2) + 𝐽𝐶

�̇�2

2
[�̇�𝐶 =

𝑎

2
�̇�𝑠𝑖𝑛𝜑, �̇�𝐶 = −

𝑎

2
�̇�𝑐𝑜𝑠𝜑 

̇
𝐽𝐶 =

𝑚𝑎2

12
] = 

𝐴 

𝐵 

• 

𝜑0 

𝑚�⃗� 
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=
𝑚

2
(
𝑎2

4
�̇�2𝑠𝑖𝑛2𝜑 +

𝑎2

4
�̇�2𝑐𝑜𝑠2𝜑) +

𝑚𝑎2

12
∙
�̇�2

2
=
𝑚𝑎2�̇�2

6
. 

  𝑚�⃗� simZimis Zalis muSaoba kuTxis 𝜑0 −dan 𝜑 −mde cvlilebisas 
(ix.Nnaxazi): 

        ∑𝐴𝑘
𝑒 =

𝑚𝑔𝑎

2
(𝑠𝑖𝑛𝜑0 − 𝑠𝑖𝑛𝜑). 

 
MmaSin (1) gantoleba miiRebs saxes: 

      
𝑚𝑎2�̇�2

6
=
𝑚𝑔𝑎

2
(𝑠𝑖𝑛𝜑0 − 𝑠𝑖𝑛𝜑). 

aqedan 

               �̇�2 =
3𝑔

𝑎
(𝑠𝑖𝑛𝜑0 − 𝑠𝑖𝑛𝜑). 

maSasadame,  𝐴𝐵 Reros kuTxuri siCqare 

           �̇� = √
3𝑔

𝑎
(𝑠𝑖𝑛𝜑0 − 𝑠𝑖𝑛𝜑).                (2) 

 (2) toloba gavawarmooT droiT da 
vipovoT Reros kuTxuri aCqareba: 

𝑑�̇�2

𝑑𝑡
= 2 �̇��̈� = −

3𝑔

𝑎
�̇�𝑐𝑜𝑠𝜑, 

aqedan 

�̈� = −
3𝑔

2𝑎
𝑐𝑜𝑠𝜑. 

     2)   kedlis reaqcia 𝐴 wertilSi     
 

𝑁𝐴 = 𝑚�̈�𝐶 =
𝑚𝑎

2
(�̈�𝑠𝑖𝑛𝜑 + �̇�2𝑐𝑜𝑠𝜑) = 

=
𝑚𝑎
2

[−
3𝑔
2𝑎
𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝜑+

3𝑔
𝑎 (𝑠𝑖𝑛𝜑0−𝑠𝑖𝑛𝜑)𝑐𝑜𝑠𝜑]. 

Ddrois im momentSi, roca Rero mocildeba kedels, 𝑁𝐴 = 0, e.i. 

𝑠𝑖𝑛𝜑1 =
2

3
𝑠𝑖𝑛𝜑0. 

 

p a s u x i:  1) �̇� = √
3𝑔

𝑎
(𝑠𝑖𝑛𝜑0 − 𝑠𝑖𝑛𝜑); 2) �̈� = −

3𝑔

2𝑎
𝑐𝑜𝑠𝜑; 

  3) 𝑠𝑖𝑛𝜑1 =
2

3
𝑠𝑖𝑛𝜑0. 

 

 

𝐴 

𝐵 

• 

𝜑0 

𝑚�⃗� �⃗⃗⃗�𝐵 

�⃗⃗⃗�𝐴 
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amocana  43.5 

     gamoiyeneT wina amocanis pirobebi, gansazRvreT Reros kuTxuri  
siCqare da misi qveda bolos siCqare Reros iatakze dacemis momentSi. 

   a m o x s n a.    kedlidan 𝐴𝐵 Reros  mocilebis momentSi misi 
masaTa centris siCqaris horizontaluri mdgeneli mudmivia da udris: 
 

𝑣𝐶𝑥 =
𝑎

2
�̇�𝑠𝑖𝑛𝜑

|𝜑=𝑎𝑟𝑐𝑠𝑖𝑛
2
3
𝑠𝑖𝑛𝜑

=
𝑎

2
√
3𝑔

𝑎
(𝑠𝑖𝑛𝜑0 −

2

3
𝑠𝑖𝑛𝜑0) ∙

2

3
𝑠𝑖𝑛𝜑0 = 

=
𝑎

2
√
𝑔

𝑎
𝑠𝑖𝑛𝜑0 ∙

2

3
𝑠𝑖𝑛𝜑0 =

1

3
𝑠𝑖𝑛𝜑0√𝑔𝑎𝑠𝑖𝑛𝜑0. 

   kedlidan mocilebis momentSi 𝐴𝐵 Rero asrulebs myis-gadataniT 
moZraobas, amitom   

𝑣𝐵 = 𝑣𝐶𝑥 =
1

3
𝑠𝑖𝑛𝜑0√𝑔𝑎𝑠𝑖𝑛𝜑0. 

𝐴𝐵 Reros  kinetikuri energia kedlidan mocilebis Semdeg: 

𝑇 =
𝑚

2
(𝑣𝐶𝑥

2 + 𝑣𝐶𝑦
2 ) +

𝑚𝑎2

12

�̇�2

2
= 

=
𝑚

2
(
𝑔𝑎

9
�̇�2𝑠𝑖𝑛3𝜑0 +

𝑎2

4
�̇�2𝑐𝑜𝑠2𝜑) +

𝑚𝑎2�̇�2

24
; 

iatakze dacemisas, e.i. roca 𝜑 = 0, 

𝑇|𝜑=0 =
𝑚𝑔𝑎

18
𝑠𝑖𝑛3𝜑0 +

𝑚𝑎2�̇�2

6
. 

   Aamgvarad,  gamoviyenebT ra  kinetikuri energiis cvlilebis 

Teoremas drois 𝜑 = 𝑎𝑟𝑐𝑠𝑖𝑛 2
3
𝑠𝑖𝑛𝜑 momentidan 𝜑 = 0 momentamde 

SualedSi, vipoviT Reros kuTxur siCqares dacemis momentSi 

𝑚𝑔𝑎

18
𝑠𝑖𝑛3𝜑0 +

𝑚𝑎2�̇�2

6
−
𝑚𝑔𝑎

6
𝑠𝑖𝑛𝜑0 =

𝑚𝑔𝑎

2
(
2

3
𝑠𝑖𝑛𝜑0 − 𝑠𝑖𝑛0), 

𝑚𝑎2�̇�2

6
=
𝑚𝑔𝑎

2
𝑠𝑖𝑛𝜑0 (1 −

1

9
𝑠𝑖𝑛2𝜑0), 

Aaqedan 

�̇�
|𝜑=0 =

√
3𝑔
𝑎 (1−

1
9
𝑠𝑖𝑛2𝜑0)𝑠𝑖𝑛𝜑0. 

p a s u x i:  �̇� = √
3𝑔

𝑎
(1 −

1

9
𝑠𝑖𝑛2𝜑0) 𝑠𝑖𝑛𝜑0;    

𝑣𝐵 =
1

3
𝑠𝑖𝑛𝜑0√𝑔𝑎𝑠𝑖𝑛𝜑0. 
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amocana  43.6 

 

  Txeli erTgvarovani marTkuTxa 

formis  𝐴𝐵𝐶𝐷 ficari midgmulia 
vertikalur kedelze da eyrdnoba 

or uTavo gluv 𝐸 da 𝐹 lursmans;  
garkveul momentSi ficari iwyebs 
vardnas  wrfis garSemo brunviTi 
umniSvnelo mcire kuTxuri 

siCqariT.  gansazRvreT, rogor 𝛼 
kuTxes qmnis ficari kedelTan im 
momentSi, roca  igi Camovardeba 
lursmnebidan. Fficris sriali 
lursmnebze maTgan dacilebamde 
gamoricxulia. 
a m o x s n a. Kkinetkuri energiis cvlilebis Teoremis gamoyenebiT: 

                                       𝑇 − 𝑇0 =∑𝐴𝑘
𝑒  , 

sadac  𝑇0 = 0;   𝑇 =
𝑚∙𝐴𝐵2

3

�̇�2

2
; 

∑𝐴𝑘
𝑒 = 𝑚𝑔

𝐴𝐵

2
(1 − 𝑐𝑜𝑠𝜑),   𝜑 = ∠𝐵𝐴𝐵1 = 𝛼. 

  masaTa  centris (mocemul SemTxvevaSi  

𝐶 wertili) moZraobis Sesaxeb Teoremis  
safuZvelze CavwerT: 

       𝑚�̈�𝐶′ = 𝑁𝑥, 𝑚�̈�𝐶′ = 𝑁𝑦 −𝑚𝑔. 
   vipovoT dafis kuTxuri siCqare 

�̇� =
𝑚 ∙ 𝐴𝐵2 ∙ �̇�2

6
=
𝑚 ∙ 𝐴𝐵

2
(1 − 𝑐𝑜𝑠𝜑), 

aqedan 

               �̇�2 =
3𝑔 ∙ (1 − 𝑐𝑜𝑠𝜑)

𝐴𝐵
,           (1) 

 Ees gamosaxul;eba gavawarmooT droiT da vipovoT kuTxuri aCqareba  

2 �̇��̈� =
3𝑔𝑠𝑖𝑛𝜑

𝐴𝐵
�̇�, 

                                            �̈� =
3𝑔𝑠𝑖𝑛𝜑

2𝐴𝐵
.                                       (2) 

Ddafis masaTa centris koordinatebi (ix. Nnaxazi): 

𝑥𝐶′ =
𝐴𝐵

2
∙ 𝑠𝑖𝑛𝜑, 𝑦𝐶′ =

𝐴𝐵

2
∙ 𝑐𝑜𝑠𝜑, 

Aaqedan 
 

𝐶1 

𝐴 

𝐵 
C 

𝐷 
𝐹 

𝐵1 

𝐸 

𝐶1 

𝐴 

𝐵 
C 

𝐷 
𝐹 

𝐵1 

𝑀�⃗� 

𝜑 

𝐸 

C′ 
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𝑥𝐶′̇ =
𝐴𝐵

2
∙ �̇�𝑐𝑜𝑠𝜑, �̇�𝐶′ = −

𝐴𝐵

2
∙ �̇�𝑠𝑖𝑛𝜑; 

 

�̈�𝐶′ =
𝐴𝐵

2
∙ ( �̈�𝑐𝑜𝑠𝜑 − �̇�2𝑠𝑖𝑛𝜑), 

                         �̈�𝐶′ = −
𝐴𝐵

2
∙ ( �̈�𝑠𝑖𝑛𝜑 + �̇�2𝑐𝑜𝑠𝜑).                       (3) 

   reaqciis horizontaluri mdgeneli Seicvlis mimarTulebas, roca 

𝑁𝑥 = 𝑚�̈�𝐶 = 0, e.i. roca 
                      �̈�𝑐𝑜𝑠𝜑 − �̇�2𝑠𝑖𝑛𝜑 = 0.            (4) 
   
  CavsvaT (1) da (2) gamosaxulebebi (4) gantolebaSi da ganvsazRvroT 

𝜑1 kuTxe, romlis drosac   reaqciis horizontaluri mdgeneli 𝑁𝑥 
Seicvlis mimarTulebas: 

3𝑔𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜑

2𝐴𝐵
−
3𝑔(1 − 𝑐𝑜𝑠𝜑)𝑠𝑖𝑛𝜑

𝐴𝐵
= 0 

Aan 
𝑐𝑜𝑠𝜑1 − 2 + 2𝑐𝑜𝑠𝜑1 = 0, 

saidanac 

𝑐𝑜𝑠𝜑1 =
2

3
,   𝜑1 = 𝛼1 = 𝑎𝑟𝑐𝑐𝑜𝑠

2

3
= 48011′. 

 reaqciis vertikaluri mdgeneli 𝑁𝑦 Seicvlis mimarTulebas roca   

 𝑁𝑦 = 𝑚�̈�𝐶 +𝑚𝑔 = 0, e.i. roca 

�̈�𝐶′ + 𝑔 = 0 
    CavsvaT (3) gamosaxuleba miRebul gantolebaSi da ganvsazRvroT 

𝜑2 kuTxe, romlis drosac moxdeba dafis mocileba lursmnebidan: 

−
𝐴𝐵

2
∙ ( �̈�𝑠𝑖𝑛𝜑 + �̇�2𝑐𝑜𝑠𝜑) + 𝑔 = 0, 

−
1

2
∙ [ 
3𝑠𝑖𝑛2𝜑

2
+ 3(1 − 𝑐𝑜𝑠𝜑)𝑐𝑜𝑠𝜑] + 1 = 0, 

 

4 − 3𝑠𝑖𝑛2𝜑 − 6𝑐𝑜𝑠𝜑 + 6𝑐𝑜𝑠2𝜑 = 0, 
6𝑐𝑜𝑠2𝜑 − 6𝑐𝑜𝑠𝜑 + 1 = 0. 

maSin 

𝑐𝑜𝑠𝜑2 =
3 ± √9 − 9

9
=
1

3
, 
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𝜑2 = 𝛼2 = 𝑎𝑟𝑐𝑐𝑜𝑠
1

3
= 70032′. 

p a s u x i:  𝛼1 = 𝑎𝑟𝑐𝑐𝑜𝑠
2

3
= 48011′;   𝛼2 = 𝑎𝑟𝑐𝑐𝑜𝑠

1

3
= 70032′. 
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   ori disko  brunavs erTi da imave RerZis garSemo  𝜔1 da 𝜔2 
kuTxuri siCqareebiT. diskoTa inerciis momentebi am RerZis mimarT 

aris  𝐽1  da 𝐽2. gansazRvreT kinetikuri energiis danakargi im 
SemTxvevaSi, roca orive disko uecriv SeerTebuli iqneba ReroTi. 
Reros masa ugulebelyofilia. 
  a m o x s n a. 
 
 
 
 
 
 
 
 
 
 
 
  radgan Mmbrunav diskoze moZravi gare Zalebis momentebi brunvis 
RerZis mimarT udris nuls ( ix. naxazi), amitom kinetikuri momenti 
brunvis RerZis mimarT rCeba mudmivi (gare Zalebis veqtorebi kveTen 
brunvis RerZs) 
  maSasadame, 

  𝐽1𝜔1 + 𝐽2𝜔2 = (𝐽1 + 𝐽2)𝜔, 

𝜔 =
𝐽1𝜔1 + 𝐽2𝜔2
𝐽1 + 𝐽2

, 

sadac  𝜔 −diskoebis kuTxuri siCqarea maTi SeerTebis Semdeg. 
    Kkinetikuri energiis danakargis gansasazRvravad gamoviyenoT  
kinetkuri energiis cvlilebis Teorema: 

∆𝑇 = 𝑇2 − 𝑇1, 
sadac 𝑇2 −sistemis kinetkuri energiaa diskoebis SeerTebamde; 𝑇1 − 
sistemis kinetkuri energia diskoebis SeerTebis Semdeg. 
        vipovoT 

𝑇2 =
𝐽1𝜔1

2

2
+
𝐽2𝜔2

2

2
, 

𝐵 

𝐴 
𝜔2 𝑧 • • 

�⃗�𝐴 
�⃗�𝐵 

�⃗⃗�𝐵 �⃗⃗�𝐴 

𝜔1 

𝑚1�⃗� 𝑚2�⃗� 

𝐽1 𝐽2 
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𝑇1 =
1

2
(𝐽1 + 𝐽2) (

𝐽1𝜔1 + 𝐽2𝜔2
𝐽1 + 𝐽2

)
2

. 

maSin 

∆𝑇 =
𝐽1𝜔1

2

2
+
𝐽2𝜔2

2

2
−
1

2
(𝐽1 + 𝐽2) (

𝐽1𝜔1 + 𝐽2𝜔2
𝐽1 + 𝐽2

)
2

= 

=
1

2
𝐽1𝜔1

2 +
1

2
𝐽2𝜔2

2 −
1

2

𝐽1
2𝜔1

2 + 2𝐽1𝜔1𝐽2𝜔2 + 𝐽2
2𝜔2

2

𝐽1 + 𝐽2
= 

=
1

2

𝐽1𝐽2
𝐽1 + 𝐽2

(𝜔1 − 𝜔2)
2. 

p a s u x i:  ∆𝑇 =
1

2

𝐽1𝐽2

𝐽1+𝐽2
(𝜔1 − 𝜔2)

2. 
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   𝐴  sxeuli brunavs 𝑂𝑂′ RerZis 

garSemo  𝜔𝐴 kuTxuri siCqariT 

xaxunis gareSe. 𝐴  sxeulSi  𝑂1𝑂1
′  

RerZze moTavsebulia 𝐵 rotori, 

romelic brunavs  𝜔𝐵 kuTxuri 

siCqariT imave mimarTulebiT. 𝑂𝑂′ 
da 𝑂1𝑂1

′  RerZebi mdebareobs erT 

wrfeze. 𝐴  sxeulis da 𝐵 rotoris  
inerciis momentebi am wrfis mimarT 

Sesabamisad aris 𝐽𝐴  da 𝐽𝐵 . 
ugulebelvyoT danakargebi da 
ganvsazRvroT muSaoba, romelic 

unda Seasrulos 𝐴  sxeulSi   

dayenebulma  Zravam, imisaTvis, rom 𝐵 rotors mieniWos iseTi 

kuTxuri siCqare, romlis drosac 𝐴  sxeuli  gaCerdes. 

.  a m o x s n a.  𝐴  sxeulis da 𝐵 rotorisaTvis  gamoviyenoT 
meqanikuri sistemis kinetikuri momentis cvlilebis Teorema  
 

𝑑𝐾𝑧
𝑑𝑡

=∑𝑀𝑧(�⃗�𝑘
𝑒). 

    Aam SemTxvevaSi Zravis momenti-Siga faqtoria, romelic moqmedebs 

rogorc 𝐴  sxeulze, ise 𝐵 rotorze. maSasadame sistemis kinetikuri 
momenti mudmivia, e.i. 

𝑶𝟏
′
 𝑨 

𝑩 

𝑂 

𝑂′ 

𝑶𝟏 
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𝐽𝐴𝜔𝐴 + 𝐽𝐵(𝜔𝐴 + 𝜔𝐵) = 𝐽𝐵𝜔, 

𝜔 =
𝐽𝐴
𝐽𝐵
𝜔𝐴 + 𝜔𝐴 + 𝜔𝐵. 

     visargebloT Kkinetikuri energiis cvlilebis TeoremiT:  
         𝑇 − 𝑇0 = 𝐴, 

sadac 𝐴  Zravis muSaobaa.  
    meqanikuri sistemis sawyisi Kkinetkuri energia 

𝑇0 =
𝐽𝐴𝜔𝐴

2

2
+
𝐽𝐵(𝜔𝐴 + 𝜔𝐵)

2

2
. 

    meqanikuri sistemis saboloo Kkinetkuri energia 
 

𝑇 =
𝐽𝐵𝜔

2

2
=
1

2
𝐽𝐵 (

𝐽𝐴
𝐽𝐵
𝜔𝐴 + 𝜔𝐴 + 𝜔𝐵)

2

. 

   maSin muSaoba, romelic unda Seasrulos Zravam: 

𝐴 =
1

2
𝐽𝐵 (

𝐽𝐴
𝐽𝐵
𝜔𝐴 + 𝜔𝐴 + 𝜔𝐵)

2

−
𝐽𝐴𝜔𝐴

2

2
−
𝐽𝐵(𝜔𝐴 + 𝜔𝐵)

2

2
= 

=
1

2
𝐽𝐵 (

𝐽𝐴
2

𝐽𝐵
2 𝜔𝐴

2 + 𝜔𝐴
2 + 𝜔𝐵

2 + 2
𝐽𝐴
𝐽𝐵
𝜔𝐴
2 + 2

𝐽𝐴
𝐽𝐵
𝜔𝐵 + 2𝜔𝐴𝜔𝐵) − 

−
1

2
𝐽𝐴𝜔𝐴

2 −
1

2
𝐽𝐵𝜔𝐴

2 − 𝐽𝐵𝜔𝐴𝜔𝐵 −
1

2
𝐽𝐵𝜔𝐵

2 = 

=
1

2
𝐽𝐴 [𝜔𝐴

2 (1 +
𝐽𝐴
𝐽𝐵
) + 2𝜔𝐴𝜔𝐵]. 

 

p a s u x i:  𝐴 =
1

2
𝐽𝐴 [𝜔𝐴

2 (1 +
𝐽𝐴

𝐽𝐵
) + 2𝜔𝐴𝜔𝐵]. 

. 
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  𝑚 masisa  da  𝑟  radiusis borbalze,  
romelic winaaRmdegobis gareSe  brunavs  

horizontaluri 𝑂 RerZis garSemo 𝜔0 
kuTxuri siCqariT, gadadebulia  gvarli. 
gvarlis boloebze  mibmulia  ori tvirTi. 

TiToeuli   tvirTis masa 𝑀 = 2𝑚. CaTvaleT 
borbali erTgvarovan diskod da tvirTebis 
sawyisi siCqare nulis tolad da gansazRvreT 
ra siCqariT imoZraveben isini mas Semdeg, 
roca gvarli Sewyvets srials borbalze. ipoveT, agreTve, diskoze  
 gvarlis xaxunis Zalis muSaoba. 

𝑂 
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  a m o x s n a. meqanikuri sistemisaTvis (borbali da ori tvirTi)  
gamoviyenoT kinetikuri momentis 
cvlilebis Teorema:  

𝑑𝐾𝑜𝑧

𝑑𝑡
= ∑𝑀𝑧(�⃗�𝑘

𝑒). 

radgan ∑𝑀𝑧(�⃗�𝑘
𝑒) = 0, amitom  

𝐾𝑜𝑧 = 𝑐𝑜𝑛𝑠𝑡. 
maSin 

             𝐽𝜔0 = 𝐽𝜔 + 2𝑀𝑣𝑟, 
sadac 𝑣 − tvirTis siCqarea, 

𝑣 = 𝜔𝑟. 
maSasadame, 

    
𝑚𝑟2

2
𝜔0 =

𝑚𝑟2

2
𝜔 + 2 ∙ 2𝑚𝜔𝑟2, 

saidanac 

                        𝜔 =
𝜔0
9
. 

maSasadame, TiToeuli tvirTis siCqare 

𝑣 = 𝜔𝑟 =
1

9
𝜔0𝑟. 

   xaxunis AZalis muSaobis  𝐴ხახ gansasazRvravad visargebloT 
meqanikuri sistemisKkinetkuri energiis cvlilebis TeoremiT, 
mxedvelobaSi miviRoT, rom tvirTebis simZimis Zalebis jamuri 
muSaoba udris nuls:  

      𝐴ხახ =    𝑇 − 𝑇0 [𝑇 =
𝐽𝜔2

2
+ 2 ∙

𝑀𝑣2

2
, 𝑇0 =

𝐽𝜔0
2

2
] ⟹ 

⟹ 𝐴ხახ =
𝐽𝜔0

2

2
−
𝐽𝜔2

2
−2 ∙

2𝑚𝑣2

2
=
1
2
(𝐽𝜔0

2− 𝐽𝜔2−4𝑚𝜔2𝑟2)= 

=
1

2
(
𝑚𝑟2𝜔0

2

2
−
𝑚𝑟2

2
∙
𝜔0
2

92
− 4𝑚

𝜔0
2

92
𝑟2) = 

=
1

2
𝑚𝑟2𝜔0

2 (
1

2
−
1

2
∙
1

81
−
4

81
) =

2

9
𝑚𝑟2𝜔0

2. 

, 

p a s u x i:   𝑣 =
1

9
𝜔0𝑟; 𝐴ხახ =

2

9
𝑚𝑟2𝜔0

2.      

 

 

 

 

 

𝑂 

• 

• 

𝑧 

𝑟 

𝜔 

𝑥 

𝑦 

𝑀�⃗� 

�⃗�0 

�⃗⃗�0 

𝑀�⃗� 

𝑀�⃗� 

𝑀�⃗� 
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  𝑀 masis myari sxeuli qanaobs 
naxazis sibrtyis marTobuli 

horizontaluri 𝑂 RerZis garSemo. 

manZili masaTa  𝐶 centridan  
dakidebis RerZamde aris 𝑎. sxeulis 
inerciis radiusi naxazis sibrtyis 
marTobulad masaTa  centrze gamavali 

RerZis mimarT 𝜌 − s tolia. sawyis 
momentSi sxeuli wonasworobis 

mdebareobidan gadaxrili iyo 𝜑0  
kuTxiT da gauSves usawyiso siCqariT. 

gansazRvreT RerZis reaqciis AZalis ori  �⃗⃗� da �⃗⃗⃗� mdgeneli, 
romelTagan erTi mimarTulia dakidebis wertilze da masaTa  
centrze gamavali wrfis  gaswvriv, xolo meore mis marTobulad. 

gamosaxeT 𝑅 da 𝑁 rogorv vertikalidan sxeulis gadaxris 𝜑 kuTxis 
funqcia. 
  a m o x s n a.     
   ganvixiloT sxeulis  
gxeviTi moZraoba. 
  SevadginoT sxeulis 
brunviTi  moZraobis 
diferencialuri  gantoleba 
RerZis im mimarT, romelic  

gadis 𝑂 wertilSi  naxazis 
sibrtyis marTobulad  
 

                𝐽�̈� = −𝐺𝑎𝑠𝑖𝑛𝜑. 
radgan  𝐽 = 𝑀(𝜌2 + 𝑎2),  
amitom 
 

�̈� = −
𝑔𝑎

𝜌2 + 𝑎2
𝑠𝑖𝑛𝜑, 

an 

�̇�𝑑�̇� = −
𝑔𝑎

𝜌2 + 𝑎2
𝑠𝑖𝑛𝜑𝑑𝜑. 

vaintegroT miRebuli gamosaxuleba: 

�̇�2

2
=

𝑔𝑎

𝜌2 + 𝑎2
𝑐𝑜𝑠𝜑𝑑𝜑 + 𝐶. 

gaviTvaliswinoT sawyisi  pirobebi: 𝑡 = 0, 𝜑 = 𝜑0, �̇� = 0  da  
vipovoT integrebis mudmivi: 

• 

• 𝐶 

𝑎 

𝜑 

�⃗⃗⃗� 
�⃗⃗� 

𝑂 

• 

𝑥 

• 𝐶 

𝜑 

�⃗⃗⃗� 
�⃗⃗� 

𝑂 

𝑦 

�⃗� 

𝑀Φ 
Φ⃗⃗⃗⃗𝑛 Φ⃗⃗⃗⃗𝜏 

�⃗�𝐶
𝑛 

�⃗�𝐶
𝜏  
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𝐶 = −
𝑔𝑎

𝜌2 + 𝑎𝑠
𝑐𝑜𝑠𝜑0. 

  maSin 

�̇�2

2
=

𝑔𝑎

𝜌2 + 𝑎2
𝑐𝑜𝑠𝜑 −

𝑔𝑎

𝜌2 + 𝑎2
𝑐𝑜𝑠𝜑0 =

𝑔𝑎

𝜌2 + 𝑎𝑠
(𝑐𝑜𝑠𝜑 − 𝑐𝑜𝑠𝜑0). 

  inerciis Zalebi daviyvanoT rxevis 𝑂 centrze: 

Φ⃗⃗⃗⃗𝜏 = −𝑀�⃗�𝐶
𝜏 , Φ⃗⃗⃗⃗𝑛 = −𝑀�⃗�𝐶

𝑛,   �⃗⃗⃗�Φ = −𝐽𝑂휀.⃗⃗⃗ 
  𝑂 sayrdenis   reaqciebis sapovnelad gamoviyenoT dalamberis 
principi: 

                                  ∑𝐹𝑘𝑥 = 0,−𝑅 + 𝐺𝑐𝑜𝑠𝜑 + Φ𝑛 = 0,         (1) 
                 ∑𝐹𝑘𝑦 = 0, 𝑁 − 𝐺𝑠𝑖𝑛𝜑−Φ𝜏 = 0           (2) 

ganvsazRvroT  Φ𝑛 da   Φ𝜏: 

Φ𝑛 = 𝑀𝑎𝐶
𝑛 = 𝑀𝜔2𝑎 = 𝑀

2𝑔𝑎

𝜌2 + 𝑎𝑠
(𝑐𝑜𝑠𝜑 − 𝑐𝑜𝑠𝜑0)𝑎 = 

=
2𝑀𝑔𝑎2

𝜌2+𝑎𝑠
(𝑐𝑜𝑠𝜑− 𝑐𝑜𝑠𝜑0), 

sadac 𝜔 = �̇�.  
  maSin (1) gantolebidan miviRebT RerZis reaqciis pirvel mdgenels: 
 

𝑅 = 𝑀𝑔𝑐𝑜𝑠𝜑 +
2𝑀𝑔𝑎2

𝜌2 + 𝑎𝑠
(𝑐𝑜𝑠𝜑 − 𝑐𝑜𝑠𝜑0). 

radgan 

Φ𝜏 =  𝑀𝑎𝐶
𝜏 = 𝑀휀𝑎 = 𝑀 (−

𝑔𝑎

𝜌2 + 𝑎𝑠
𝑠𝑖𝑛𝜑) 𝑎 = −

𝑀𝑔𝑎2

𝜌2 + 𝑎𝑠
𝑠𝑖𝑛𝜑, 

sadac 휀 = �̈�, maSin (2) gantolebidan miviRebT RerZis reaqciis meore 
mdgenels: 

𝑁 = 𝐺𝑠𝑖𝑛𝜑+Φ𝜏 = 𝑀𝑔𝑠𝑖𝑛𝜑 −
𝑀𝑔𝑎2

𝜌2 + 𝑎2
𝑠𝑖𝑛𝜑 = 

= 𝑀𝑔𝑠𝑖𝑛𝜑 (1 −
𝑎2

𝜌2+𝑎2
) = 𝑀𝑔

𝜌2

𝜌2+𝑎2
𝑠𝑖𝑛𝜑. 

 

p a s u x i:   𝑅 = 𝑀𝑔𝑐𝑜𝑠𝜑 +
2𝑀𝑔𝑎2

𝜌2+𝑎𝑠
(𝑐𝑜𝑠𝜑 − 𝑐𝑜𝑠𝜑0); 

𝑁 = 𝑀𝑔
𝜌2

𝜌2 + 𝑎2
𝑠𝑖𝑛𝜑. 
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    mZime erTgvarovani   cilindri, Rebulobs umniSvnelo mcire 
siCqares, usrialo gorviT 

eSveba  𝐴𝐵 horizontaluri 

baqnidan, romlis 𝐵 napiri 
wawvetebulia da cilindris 
msaxvelis paraleluria. 
cilindris fuZis radiusi aris 

𝑟. baqnidan cilindris 
moSorebis momentSi cilindris 

RerZze da  𝐵 napirze gamavali 
sibrtye vertikaluri 
mdebareobidan  gadaxrilia 

𝐶𝐵𝐶1 = 𝛼  kuTxiT.  
gansazRvreT cilindris kuTxuri siCqare baqnidan daSorebis 

momentSi da 𝛼kuTxe. Ggorvis xaxuni da haeris winaarmdegoba 
ugulebelyofilia. 
  a m o x s n a.   vaCvenoT  

naxazze centridanuli Φ⃗⃗⃗⃗ც  da 

tangencialuri Φ⃗⃗⃗⃗𝜏   inerciis 

Zalebi da  𝑚�⃗�   simZimis Zala. 
     baqnidan cilindris moSorebis 

momentSi საყრდენის რეაქციები  

ნულის ტოლია.  დალამბერის 

პრინციპის საფუძველზე შევადგინოთ 

განტოლება   �⃗⃗� ღერძზე გეგმილებში: 

𝑚𝑔𝑐𝑜𝑠𝛼 − Φც = 0, 

sadac  Φც = 𝑚𝜔2𝑟. 
    maSin 

                     𝜔2𝑟 = 𝑔𝑐𝑜𝑠𝛼.                     (1) 
   CavTvaloT, rom baqnidan cilindris moSorebis momentamde igi 

brunavda 𝐵 wertilis irgvliv da  CavweroT meqanikuri 
sistemisKkinetikuri energiis cvlilebis Teorema: 

                  𝑇 − 𝑇0 =∑𝐴𝑘
𝑒 .   

   radgan sawyis siCqares vTvliT nulis tolad, amitom 𝑇0 = 0. 
amitom 

                          𝑇 = ∑𝐴𝑘
𝑒 .                    (2) 

𝐶1 

𝐶 

𝐴 

𝐵 

𝛼 

𝐶1 
𝐶 

𝐴 

𝐵 

𝛼 �⃗⃗��⃗⃗�Q⃗⃗⃗Φ⃗⃗⃗⃗𝜏 

Φ⃗⃗⃗⃗𝑛 

�⃗⃗⃗� 

𝑚�⃗� 
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  vipovoT cilindris Kkinetikuri energia baqnidan cilindris 
moSorebis momentSi: 
 

𝑇 =
𝐽𝐵𝜔

2

2
, 

sadac   𝐽𝐵 = 𝐽𝐶 +𝑚𝑟
2 −hiugens-Steineris Teoremis Tanaxmad, 

𝐽𝐶 =
𝑚𝑟2

2
− erTgvarovani   cilindris  inerciis momentia masaTa 

centrze gamavali RerZis mimarT. 
maSin 

𝐽𝐵 =
𝑚𝑟2

2
+𝑚𝑟2 =

3𝑚𝑟2

2
, 

                      𝑇 =
3

4
𝑚𝑟2𝜔2.                  (3)   

 vipovoT gare Zalebis muSaoba 

                       ∑𝐴𝑘
𝑒 = 𝑚𝑔𝑟.                    (4) 

  CavsvaT (3) da (4) gamosaxulebebi (2) gantolebaSi: 

3

4
𝑚𝑟2𝜔2 = 𝑚𝑔𝑟(1 − 𝑐𝑜𝑠𝛼), 

Aaqedan 

                           𝑟𝜔2 =
4

3
𝑔(1 − 𝑐𝑜𝑠𝛼).                

(5) 
 
  gavutoloT erTmaneTs (1) da (5) gamosaxulebebis marjvena nawilebi: 

𝑔𝑐𝑜𝑠𝛼 =
4

3
𝑔(1 − 𝑐𝑜𝑠𝛼), 

saidanac vRebulobT: 

𝑐𝑜𝑠𝛼 =
4

7
, 𝛼 = 𝑎𝑟𝑐𝑐𝑜𝑠

4

7
= 55,10. 

 CavsvaT 𝑐𝑜𝑠𝛼 −s mniSvneloba (1) gantolebaSi     

𝑟𝜔2 =
4

7
𝑔 

Dda ganvsazRvroT cilindris kuTxuri siCqare baqnidan daSorebis 
momentSi: 

𝜔 = 2√
𝑔

7𝑟
. 

p a s u x i:     𝜔 = 2√
𝑔

7𝑟
;   𝛼 = 𝑎𝑟𝑐𝑐𝑜𝑠

4

7
= 55,10. 
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  yinulis safxeki  avtomobili moZraobs wrfivad horizontalur 

sibrtyeze. masaTa 𝐶 centris mdebareoba naCvenebia  38.12 amocanis 

naxazze. Zravis CarTvis momentSi avtomobils hqonda  𝑣 −s toli  
siCqare.  ipoveT gza, romelsac gaivlis avtomobili gaCerebamde, Tu 

𝑓გ − Aavtomobilis  Tvlebis yinulze gorvis xaxunis koeficientia, 

𝑓 − srialis xaxunis koeficienti 𝐴 safxekis nawibursa da yinuls 

Soris,  usrialod mgoravi 𝑟 radiusis Tvlebis masebi 
ugulebelyofilia. 
  a m o x s n a. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 ganvsazRvroT �⃗⃗⃗�𝐴 , �⃗⃗⃗�𝐵 reaqciebi da  �⃗�𝐴ხახ  xaxunis Zala (ix. Nnaxazi) 
im pirobiT, rom ar aris gaTvaliswinebuli gorvis xaxunis momenti 
da wina Tvlebis reaqciebi. amisaTvis SevadginoT “wonasworobis” ori 
gantoleba: 

                        ∑𝑀𝐴(�⃗�𝑘) = 0, − 𝑚𝑔
1

3
ℓ + 𝑁𝐵ℓ = 0,           (1) 

            ∑𝑀𝐵(�⃗�𝑘) = 0,𝑚𝑔
2

3
ℓ − 𝑁𝐴ℓ = 0,            (2) 

(1)  da  (2)  gantolebebidan miviRebT: 

                       𝑁𝐵 =
1

3
𝑚𝑔,   𝑁𝐴 =

2

3
𝑚𝑔 .                    (3) 

vipovoT 

               𝐹𝐴ხახ = 𝑓𝑁𝐴 =
2

3
𝑓𝑚𝑔                          (4) 

Dda  gorvis xaxunis  momenti 

                   𝑀გ = 𝑓გ𝑁𝐵 =
1

3
𝑓გ𝑚𝑔.                          (5) 

  gamoviyenooT meqanikuri sistemisKkinetikuri energiis cvlilebis 
Teorema: 

                      𝑇 − 𝑇0 = ∑𝐴𝑘
𝑒 = 𝐴( �⃗�𝐴ხახ) + 𝐴(𝑀გ).      (6) 

𝐶 

𝐴 

1/3ℓ 2/3ℓ 

• 
𝑟 

𝐵 

�⃗�𝐴ხახ �⃗�𝐵ხახ 

𝑀გ 

m�⃗� 

�⃗⃗⃗�𝐴 
�⃗⃗⃗�𝐵 
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     radgan 𝑠 manZilis gavlis Semdeg avtomobili gaCerda, amitom 

𝑇 −saboloo kinetikuri energia-udris nuls, xolo sawyisi 
kinetikuri energia 

                        𝑇0 =
𝑚𝑣0

2

2
.                     (7)          

    ganvsazRvroT xaxunis Zalis muSaoba. (4) gamosaxulebis 
gaTvaliswinebiT 

             𝐴( �⃗�𝐴ხახ) = −𝐹𝐴ხახ𝑠 = −
2

3
𝑓𝑚𝑔𝑠.            (8) 

gorvis xaxunis momentis muSaoba 

                   𝐴(𝑀გ) = −𝑀გ𝜑 = −
1

3
𝑓გ𝑚𝑔

𝑆

𝑟
.              (9) 

CavsvaT (7)-(9) gamosaxulebebi (6) gantolebaSi: 

𝑚𝑣0
2

2
=
2

3
𝑓𝑚𝑔𝑠 +

1

3
𝑓გ𝑚𝑔

𝑆

𝑟
. 

Dda vipovoT gza, romelsac gaivlis avtomobili gaCerebamde: 

𝑆 =
𝑣0
2

2𝑔

3𝑟

2𝑓𝑟 + 𝑓გ
. 

p a s u x i:     𝑆 =
𝑣0
2

2𝑔

3𝑟

2𝑓𝑟+𝑓გ
. 

 
 
 

 amocana  43.13 

  vertikaluri RerZis mqone wriuli cilindris(romelsac SeuZlia 
uxaxunod brunva am RerZis garSemo) gverdiT zedapirze amoWrilia 
gluvi xraxnuli Rari asvlis 𝛼 kuTxiT. sawyis momentSi cilindri 
wonasworobaSia. RarSi CauSveben mZime burTulas, romelic Cavardeba 
da usawyiso siCqariT aiZulebs cilindrs ibrunos. Mmocemulia: 

cilindris  𝑀 masa, misi 𝑅 radiusi, burTula 𝑚  masa. burTulas 

daSoreba centridan miRebulia 𝑅- is tolad. cilindris inerciis 

momenti aris  
1

2
𝑀𝑅2.  ipoveT is kuTxuri   𝜔 siCqare, romelic 

eqneba cilindrs im momentSi, roca burTula Camovardeba ℎ 
simaRleze. 
  a m o x s n a. 
  gamoviyenoT meqanikuri sistemis kinetikuri momentis cvlilebis 

Teorema  𝑧 RerZis mimarT: 

                   
𝑑𝐾𝑧

𝑑𝑡
= ∑𝑀𝑧(�⃗�𝑘

𝑒) = 0.                (1) 

radgan  ∑𝑀𝑧(�⃗�𝑘
𝑒) = 0, amitom 𝐾𝑧 = 𝑐𝑜𝑛𝑠𝑡, e.i. 𝐾𝑧 = 𝐾𝑧0. 

  sawyis momentSi meqanikuri sistema iyo wonasworobaSi, amitom 
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                            𝐾𝑧0 = 0.                        (2) 

  meqanikuri sistemis kinetikuri momenti 𝑧 RerZis mimarT drois 
nebismier momentSi: 

                         𝐾𝑧 = 𝐾𝑧1 + 𝐾𝑧2.               (3) 
 

 gamovTvaloT  cilindris kinetikuri momenti 𝐾𝑧1: 

                  𝐾𝑧1 = −𝐽𝑧𝜔 = −
1

2
𝑀𝑅2𝜔.              (4) 

gamovTvaloT  burTulas kinetikuri momenti 𝐾𝑧2: 
𝐾𝑧2 = 𝑚𝑣𝑎𝑅, 

sadac   

           �⃗�𝑎 = �⃗�𝑒 + �⃗�𝑟 ,   |�⃗�𝑎| = 𝑣𝑎 = 𝑣𝑟𝑐𝑜𝑠𝛼 − 𝑣𝑒 .         
radgan    𝑣𝑒 = 𝜔𝑅, amitom 
                 𝑣𝑎 = 𝑣𝑟𝑐𝑜𝑠𝛼 − 𝜔𝑅                   (5)             

maSin burTulas kinetikuri momenti 

               𝐾𝑧2 = 𝑚(𝑣𝑟𝑐𝑜𝑠𝛼 − 𝜔𝑅)𝑅.              (6) 
CavsvaT (4) da (6) gamosaxulebebi (3) formulaSi: 

𝐾𝑧 = −
1

2
𝑀𝑅2𝜔 +𝑚(𝑣𝑟𝑐𝑜𝑠𝛼 − 𝜔𝑅)𝑅 = 0 

an 

 (
1

2
𝑀+𝑚)𝑅𝜔 = 𝑚𝑣𝑟𝑐𝑜𝑠𝛼. 

saidanac 

                                    𝑣𝑟 =
(𝑀 + 2𝑚)𝑅𝜔

2𝑚𝑐𝑜𝑠𝛼
.                                                        (7) 

 gamoviyenooT meqanikuri sistemisKkinetikuri energiis cvlilebis 
Teorema: 

𝑇 − 𝑇0 =∑𝐴𝑘
𝑒 , 

sadac  𝑇0 = 0, vinaidan 𝑣0 = 0; 

∑𝐴𝑘
𝑒 = 𝑚𝑔ℎ. 

maSin 

                      𝑇 = 𝑚𝑔ℎ.                       (8) 
 sistemisKkinetikuri energia 
                      𝑇 = 𝑇1 + 𝑇2.                    (9)            
cilindrisKkinetikuri energia 

𝑇1 = 𝐽𝑧
𝜔2

2
=
𝑀𝑅2𝜔2

4
. 

burTulasKkinetikuri energia 
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                        𝑇2 =
𝑚𝑣2

2
,                     (10)    

sadac 

𝑣2 = 𝑣𝑟
2 + 𝑣𝑒

2 + 2𝑣𝑟𝑣𝑒𝑐𝑜𝑠(180
0 − 𝛼) = 𝑣𝑟

2 + 𝑣𝑒
2 − 2𝑣𝑟𝑣𝑒𝑐𝑜𝑠𝛼. 

maSin  

               𝑇2 =
𝑚

2
(𝑣𝑟

2 + 𝑣𝑒
2 − 2𝑣𝑟𝑣𝑒𝑐𝑜𝑠𝛼).           (11) 

CavsvaT (11) da (12) gamosaxulebebi (10) formulaSi: 
 

𝑇 =
𝑀𝑅2𝜔2

4
+
𝑚

2
(𝑣𝑟

2 + 𝑣𝑒
2 − 2𝑣𝑟𝑣𝑒𝑐𝑜𝑠𝛼) = 

 

=
𝑀𝑅2𝜔2

4
+
𝑚𝑣𝑟

2

2
+
𝑚𝑅2𝜔2

2
−𝑚𝑅𝑣𝑟𝑅𝜔𝑐𝑜𝑠𝛼 = 

                =
𝑅2𝜔2

4
(𝑀 + 2𝑚) +

𝑚

2
(𝑣𝑟

2 − 2𝑣𝑟𝑅𝜔𝑐𝑜𝑠𝛼),               (12) 

 
xolo (7)  (12)-Si da vipovoT  sistemisKkinetikuri energia: 
 

𝑇 =
𝑅2𝜔2

4
(𝑀 + 2𝑚) +

𝑚

2
[
(𝑀 + 2𝑚)2𝑅2𝜔2

4𝑚2𝑐𝑜𝑠2𝛼
−
(𝑀 + 2𝑚)𝑅2𝜔2

2𝑚
] = 

=
𝑅2𝜔

2

4
(𝑀+2𝑚)+

1
8
(𝑀+2𝑚)

2𝑅2𝜔
2

𝑚𝑐𝑜𝑠2𝛼
−
(𝑀+2𝑚)𝑅2𝜔

2

2𝑚
= 

=
(𝑀+2𝑚)𝑅2𝜔

2

8

(𝑀+2𝑚𝑠𝑖𝑛2𝛼)

𝑚𝑐𝑜𝑠2𝛼
. 

A 
CavsvaT miRebuli gamosaxuleba (8) gantolebaSi: 
 

(𝑀 + 2𝑚)𝑅2𝜔2

8

(𝑀 + 2𝑚𝑠𝑖𝑛2𝛼)

𝑚𝑐𝑜𝑠2𝛼
= 𝑚𝑔ℎ 

 
aqedan ganvsazRvroT 

𝜔2 =
8𝑚2𝑔ℎ𝑐𝑜𝑠2𝛼

(𝑀 + 2𝑚)𝑅2(𝑀 + 2𝑚𝑠𝑖𝑛2𝛼)
 

da cilindris kuTxuri siCqare: 

𝜔 =
2𝑚𝑐𝑜𝑠𝛼

𝑅
√

2𝑔ℎ

(𝑀 + 2𝑚)(𝑀 + 2𝑚𝑠𝑖𝑛2𝛼)
. 
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p a s u x i:     𝜔 =
2𝑚𝑐𝑜𝑠𝛼

𝑅
√

2𝑔ℎ

(𝑀+2𝑚)(𝑀+2𝑚𝑠𝑖𝑛2𝛼)
. 

 
 

$44.  dartyma 

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
     
    dartyma ewodeba movlenas, romlis drosac usasrulod mcire 
drois SualedSi, e.i. TiTqmis myisierad, sistemis wertilebis 
siCqareebi icvlebian sasruli sididiT. dartymiTi movlena SeiZleba 
ganvixiloT rogoc bmebis erTjeradi myisieri dadeba an moxsna. 
magaliTad,  gadataniT moZravi sxeulis dajaxeba sxva uZrav 
sxeulTan an bmebis perioduli  dadeba an moSoreba (Wedva, Stampva 
da a. S.).  
     Zala, romelic moqmedebs usasrulod mcire drois 𝜏 SualedSi, 
magram aRwevs Zalian didi mniSvnelobas,ewodeba d a r t y m i s Z a l a 

da aRiniSneba �⃗�დ −iT. Ddrois Sualeds, romlis ganmavlobaSi xdeba 

dartyma, dartymis xangrZlivoba ewodeba. 
  radgan dartymis Zalebi Rebuloben Zalian did mniSvnelobebs da 
dartymis momentSi SeuZliaT Seicvalon mniSvnelovan sazRvrebSi, 
amitom dartymisas sxeulebis urTierTqmedebis sazomad iReben ara 
TviT dartymis Zalebs, aramed maT impulsebs. 
   Ddartymis Zalis impulsi ewodeba veqtorul sidides 

                                                                    𝑆დარ = ∫ �⃗⃗⃗⃗�დ𝑑𝑡.
𝜏

0

                                          (44.1) 

      Ddartymis TeoriaSi aradartymiTi Zalebis impulsebs (mag. 
simZimis Zalis) maTi simciris gamo dartymiTi Zalebis impulsebTan 
SedarebiT ugulebelyofen. sxeulis wertilebis gadaadgilebebi 
dartmis drois SualedSi, aseve, SegviZlia ugulebelvyoT, radgan 
am gadaddgilebebs aqvT 𝜏 sididis  rigi..  
    Mmravali sidide, romlebic Ddartymis movlenis 
damaxasaiTebelia,  miiReba materialuri wertilis da meqanikuri 
sistemis dinamikis ZiriTadi Teoremebis gamoyenebiT, kerZod: 
moZraobis raodenobis cvlilebis Teoremis, masaTa centris 
moZraobis Sesaxeb Teoremis, kinetikuri momentis da kinetikuri 
energiis cvlilebis Teoremebis. 
   Teorema materialuri wertilis  moZraobis raodenobis 
cvlilebis Sesaxeb dartymis dros.  vTqvaT, wertilis siCqare 

dartymis dasawyisSi ariss �⃗�, xolo dartymis bolos −�⃗⃗⃗⃗�.  maSin 
                   𝑚�⃗⃗� − 𝑚�⃗� = 𝑆დარ                      (44.2)    
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e.i. materialuri wertilis  moZraobis raodenobis cvlileba 
dartymis ganmavlobaSi udris wertilze modebuli dartymis Zalis 
impulss. 
   (44.2) gantoleba warmoadgens dartymis Teoriis ZiriTad 
gantolebas da am SemTxvevaSi aqvs iseTive mniSvneloba, rogoric 

dinamikis ZiriTad kanons- 𝑚�⃗� = �⃗� materialuri wertilis  
moZraobis Seswavlisas aradartymiTi Zalebis moqmedebis dros. 
    Teorema meqanikuri sistemis  moZraobis raodenobis cvlilebis 

Sesaxeb dartymis dros.  𝑘 −uri wertilisaTvis gvaqvs 

                𝑚𝑘 �⃗⃗�𝑘 −𝑚𝑘�⃗�𝑘 = 𝑆𝑘დარ

𝑒
 + 𝑆𝑘დარ

𝑖
 ,                (44.3) 

sadac  𝑆𝑘დარ

𝑒
 , 𝑆𝑘დარ

𝑖
− dartymis gare da Siaga Zalebis impulsebia 

Sesabamisad. 

     Mmeqanikuri sistemisaTvis, Tu avjamavT (44.3) gantolebebs 𝑘 
indeqsis mimarT da gaviTvaliswinebT, rom Siga (maT Soris 

dartymis)   Zalebis Tvisebis Tanaxamad  ∑𝑆𝑘დარ
𝑖 = 0, miviRebT: 

                   �⃗⃗� − �⃗⃗�0 = ∑𝑆𝑘დარ
𝑒 ,               (44.4) 

  e.i. meqanikuri sistemis  moZraobis raodenobis cvlileba 
dartymis ganmavlobaSi udris sistemis wertilebze modebuli gare 
Zalebis dartymis impulsebis veqtorul jams. 

   davagegmiloT (44.4)   𝑂𝑥𝑦𝑧 koordinatTa sistemis RerZebze, 
miviRebT: 

                        {

𝑄𝑥 − 𝑄0𝑥 = ∑𝑆𝑘𝑥
𝑒 ,

𝑄𝑦 − 𝑄0𝑦 = ∑𝑆𝑘𝑦
𝑒 ,

𝑄𝑧 − 𝑄0𝑧 = ∑𝑆𝑘𝑧
𝑒 .

                       (44.5) 

  Tu ∑𝑆𝑘დარ
𝑒 = 0,  maSin, rogorc (44.4) gantolebidan Cans 

meqanikuri sistemis  moZraobis raodenoba dartymis ganmavlobaSi 
ar icvleba. 
    Teorema masaTa centris moZraobis Sesaxeb dartymis dros. 
  gamovsaxoT sistemis  moZraobis raodenoba masaTa centris  
siCqariT: 

                 �⃗⃗� = 𝑀�⃗⃗�𝐶 ,    �⃗⃗�0 = 𝑀�⃗�𝐶 .             (44.6) 
maSin 44.4) gantoleba (44.6)-is gaTvaliswinebiT miiRebs saxes: 

                 𝑀(𝑢⃗⃗⃗⃗⃗𝐶 − �⃗�𝐶) = ∑𝑆𝑘დარ
𝑒 ,             (44.7) 

   davagegmiloT (44.47  𝑂𝑥𝑦𝑧 koordinatTa sistemis RerZebze, 
miviRebT; 

                 {

𝑀(𝑢𝐶𝑥 − 𝑣𝐶𝑥) = ∑𝑆𝑘𝑥
𝑒 ,

𝑀(𝑢𝐶𝑦 − 𝑣𝐶𝑥) = ∑𝑆𝑘𝑦
𝑒 ,

𝑀(𝑢𝐶𝑧 − 𝑣𝐶𝑧) = ∑𝑆𝑘𝑧
𝑒 .

             (44.8) 

    Teoremis Sedegebi: 
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1. Tu ∑𝑆𝑘დარ
𝑒 = 0, maSin �⃗⃗�𝐶 = �⃗�𝐶 , e.i. sistemis  moZraobis 

raodenoba da  masaTa centris  siCqare ar icvleba, Tu 

sistemis wertilebze modebuli gare Zalebis dartymis 

impulsebis veqtoruli jami udris nuls 

2. Tu ∑𝑆𝑘𝑥
𝑒 = 0, maSin 𝑢𝐶𝑥 = 𝑣𝐶𝑥 , e.i. sistemis  moZraobis 

raodenobis da  masaTa centris  siCqaris gegmilebi 𝑂𝑥 
RerZze ar icvleba, Tu sistemis wertilebze modebuli 

gare Zalebis dartymis impulsebis gegmilebis jami 𝑂𝑥 
RerZze udris nuls. 

 

  Teorema meqanikuri sistemis  kinetikuri momentis cvlilebis 

Sesaxeb dartymis dros. 

     jer ganvixiloT raime centris mimarT meqanikuri sistemis  

kinetikuri momentis cvlileba dartymis dros.  

   gavamravloT veqtorulad (44.2) veqtoruli toloba marcxnidan 

𝑟 radius-veqtorze, romelic iqneba erTi da igive dartymamde da 

dartymis Semdeg. miviRebT: 

                  𝑟 × 𝑚�⃗⃗� − 𝑟 ×𝑚�⃗⃗� = 𝑟 × 𝑆დარ .            (44.9) 

  Ees Tanafrdoba warmoadgens  𝑂 centris mimarT  wertilis 

kinetikuri momentis cvlilebis Teoremas dartymis dros.      

  gamoviyenoT analogiuri moqmedeba meqanikuri sistemis 𝑘 −uri 

wertilisaTvis (44.3) gantolebisaTvisaTvis da avjamavT miRebul 

gantolebebs 𝑘 indeqsis mimarT, miviRebT: 

           �⃗⃗⃗�0 − �⃗⃗⃗�0
საწ
= ∑ �⃗⃗⃗�0(𝑆𝑘დარ

𝑒 ),               (44.10) 

sadac �⃗⃗⃗�0 = ∑(𝑟⃗⃗⃗⃗ 𝑘 ×𝑚𝑘 �⃗⃗�𝑘) − 𝑂 centris mimarT  meqanikuri sistemis  

kinetikuri momentia dartymis Semdeg;  

    �⃗⃗⃗�0
საწ
= ∑(𝑟⃗⃗⃗⃗ 𝑘 ×𝑚𝑘�⃗�𝑘) − 𝑂 centris mimarT  meqanikuri sistemis  

kinetikuri momentia dartymamde. 

    Uunda aRiniSnos, rom  sistemis wertilebze modebuli Siga 

Zalebis dartymis impulsebis veqtoruli jami udris nuls Siga 

Zalebis Tvisebis Tanaxmad.  

    Aamgvarad, raime centris mimarT meqanikuri sistemis  kinetikuri 

momentis cvlileba dartymis ganmavlobaSi udris imave centris 

mimarT gare Zalebis dartymis impulsebis momentebis veqtorul 

jams. 
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   ganvixiloT RerZis mimarT meqanikuri sistemis  kinetikuri 

momentis cvlileba dartymis dros.  

    davagegmiloT (44.10) toloba  𝑂𝑥𝑦𝑧 koordinatTa sistemis 
RerZebze, miviRebT; 

               

{
 
 

 
 𝐾𝑥 − 𝐾𝑥

საწ
= ∑𝑀𝑥(�⃗⃗�𝑘დარ

𝑒
),

𝐾𝑦 − 𝐾𝑦
საწ

= ∑𝑀𝑦(�⃗⃗�𝑘დარ

𝑒
),

𝐾𝑧 − 𝐾𝑧
საწ

= ∑𝑀𝑧(�⃗⃗�𝑘დარ

𝑒
).

             (44.11) 

  Tu dartymas ganicdis myari sxeuli, romelic brunavs uZravi 

RerZis, magaliTad, 𝑂𝑧 RerZis) garSemo, maSin 
𝐾𝑧 = 𝐽𝑧𝜔, 

𝐾𝑧
საწ
= 𝐽𝑧𝜔0, 

sadac 𝐽𝑧 −sxeulis inerciis momentia brunvis   𝑂𝑧 RerZis mimarT; 

𝜔 da 𝜔0- Sesabamisad sxeulis brunvis kuTxuri siCqareebia 
dartymamde da dartymis Semdeg. 
   maSin (44.11) tolobebidan bolo miiRebs saxes: 

𝐽𝑧(𝜔−𝜔0) =∑𝑀𝑧(𝑆𝑘დარ
𝑒 ), 

Aan 

                  𝜔−𝜔0 =
∑𝑀𝑧(𝑆𝑘დარ

𝑒 )

𝐽𝑧
.                    (44.12) 

   (44.12) tolobaSi ar Sedis sayrdenebis reaqciis dartymis Zalebis 
momentebi, radgan isini kveTen  brunvis RerZs, xolo sayrdenebSi  
xaxunis Zalebis dartymis impulsebs ugulebelyofen.  
  Teoremidan gamomdinare Sedegebi: 

1.  Tu ∑ �⃗⃗⃗�0(𝑆𝑘დარ
𝑒 ) = 0,    maSin (44.10) tolobidan gamomdinareobs, 

centris mimarT kinetikuri momentis Senaxvis kanoni dartymis dros:   

           �⃗⃗⃗�0 = �⃗⃗⃗�0
საწ
= 𝑐𝑜𝑛𝑠𝑡.              (44.13) 

2. Tu, magaliTad, ∑𝑀𝑧(𝑆𝑘დარ
𝑒 ) = 0, maSin (44.11) tolobidan 

gamomdinareobs, RerZis mimarT kinetikuri momentis Senaxvis kanoni 
dartymis dros:   

           𝐾𝑧 = 𝐾𝑧
საწ
= 𝑐𝑜𝑛𝑠𝑡.              (44.13′) 

   ganvixiloT wertilis dartyma uZrav zedapirze. SesaZlebelia 
ori SemTxveva-pirdapiri dartyma da iribi dartyma. 
    Ddartymas ewodeba pirdapiri, Tu dajaxebis momentSi �⃗�  
wertilis siCqare mimarTulia Sexebis wertilze gamavali zedapiris 
normalis gaswvriv. dartymis Semdeg materialuri wertili 

zedapirs moSordeba zogad SemTxvevaSi raime �⃗⃗� siCqariT, romelic  
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isev zedapiris normalis gaswvriv aris mimarTuli.dartymis Semdeg 

�⃗⃗� siCqaris sididis Sefardebas dartymamde �⃗�  siCqaris sididesTan 
ewodeba aRdgenis koeficienti dartymisas: 

                         𝑘 =
𝑢

𝑣
.     (44.14)      

  Tu 𝑘 = 1, maSin dartymas ewodeba absoluturad drekadi; Tu 

𝑘 = 0,  maSin dartymas ewodeba absoluturad aradrekadi; Tu 0 <
𝑘 < 1, maSin dartymas ewodeba nawilobriv drekadi. 

    Tu sxeuli vardeba 𝐻 simaRlidan, xolo dartymis Semdeg adis 

ℎ simaRleze, maSin 

                 𝑘 =
𝑢

𝑣
=

√2𝑔ℎ

√2𝑔𝐻
= √

ℎ

𝐻
.              (44.15)             

  Ddartymas ewodeba iribi, Tu dajaxebis momentSi  wertilis �⃗� 

siCqare zedapiris normalTan adgens raRac 𝛼  kuTxes.  𝛼  kuTxes 
ewodeba d a c e m i s kuTxe.  zogad SemTxvevaSi,  wertilis �⃗� 

siCqare zedapiris normalTan adgens raRac 𝛽  kuTxes., romelsac  
a r e k v  l i s kuTxe ewodeba.  iribi dartymisas 

                        𝐾 =
𝑡𝑔𝛼

𝑡𝑔𝛽
.                 (44.16)        

  Oori moZravi sxeulis (magaliTad, birTvebis) urTierTdajaxebisas 
dartymas ewodeba pirdapiri  centraluri dartyma, Tu sxeulebis 

Sexebis wertilშi gavlebuli saerTo normali gadis masaTa 
centrSi, xolo masTa centris siCqareebi dartymamde mimarTulia am 
normalis gaswvriv, romelsac dartymis wrfe ewodeba. 

   vTqvaT,Ppirveli sxeulis masaa 𝑚1, xolo meoresi −𝑚2. maTi 

masTa centris siCqareebi dartymamde Sesabamisad udris �⃗�1 da �⃗�2 , 
xolo dartymis bolos �⃗⃗�1  da �⃗⃗�2  da mimarTuli arian dartymis 
wrfis gaswvriv.   imisaTvis, rom dartyma Sesruldes, dratymamde 

unda Sesruldes utoloba 𝑣1 > 𝑣2, xolo dartymis Semdeg-𝑢2 ≥
𝑢1. 
   Aam SemTxvevaSi 

                              𝑘 = −
𝑢1.−𝑢2
𝑣1−𝑣2

.                        (44.17) 

 Tu dartymaSi monawile sxeulebs ganvixilavT erT sistemad, maSin 
dartymis impulsebi aris Siga da, radgan 

∑𝑆𝑘
𝑒 = 0, 

maSin moZraobis raodenoba dartymamde da dartymis Semdeg ar 
Seicvleba, e.i. 

                𝑚1𝑣1 +𝑚2𝑣2 = 𝑚1𝑢1 +𝑚2𝑢2.        (44.18) 
    amovxsnaT (44.17) da (44.18) gantolebebi erTad, miviRebT 
sxeulebis siCqareebis gamosaTvlel formulebs dartymis Semdeg: 
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                 {

𝑢1 = 𝑣1− (1+𝑘) 𝑚2
𝑚1+𝑚2

(𝑣1−𝑣2),

𝑢2 = 𝑣2+ (1+𝑘) 𝑚1
𝑚1+𝑚2

(𝑣1−𝑣2).
            (44.19) 

  Aabsoluturad drekadi  dajaxebisas (𝑘 = 1)   (44.19) formulebs 
aqvs saxe: 

                     {

𝑢1 = 𝑣1−
2𝑚2

𝑚1+𝑚2
(𝑣1−𝑣2),

𝑢2 = 𝑣2+
2𝑚1

𝑚1+𝑚2
(𝑣1−𝑣2).

               (44.20) 

  Aabsoluturad aradrekadi  dajaxebisas (𝑘 = 0)   �⃗⃗�1  da �⃗⃗�2 
siCqareebi sididiT erTmaneTis tolia. maSin (44.18) tolobebidan an 
(44.19) formulebidan gamomdinareobs, rom 

                 𝑢1 = 𝑢2 = 𝑢 =
𝑚1𝑣1+𝑚2𝑣2

𝑚1+𝑚2
.          (44.21) 

  roca  𝑚1 = 𝑚2, (44.20)  formulidan miviRebT, rom 𝑢1 = 𝑣2,  
𝑢2 = 𝑣1, e.i. absoluturad drekadi dajaxebisas sxeulebi cvlian 
siCqareebs/ 

  Tu meore birTvi  dartymamde  moZraobs 𝑣2 siCqariT  pirveli 

birTvis Sesaxvedrad, maSin (44.19)-(44.21) formulebSi 𝑣2 siCqare 
unda ganvixiloT rogorc gegmili RerZze, romelic mimarTulia 
pirveli birTvis moZraobis mimarTulebiT da unda aviRoT minus 
niSniT 
   Kkinetikuri energies cvlilebis Teorema ori sxeulis 
dartymisas. 

  Ddrekadi dartymisas (0 < 𝑘 < 1) adgili aqvs kinetikuri 
energies danakargs: 

    𝑇0 − 𝑇1 =
1 − 𝑘

1 + 𝑘
[
1

2
𝑚1(𝑣1 − 𝑢1)

2 +
1

2
𝑚2(𝑣2 − 𝑢2)

2]   (44.22) 

 Aan 

                  𝑇0 − 𝑇1 = (1 − 𝑘2)
𝑚1𝑚2

2(𝑚1 +𝑚2)
(𝑣1 − 𝑣2)

2       (44.23) 

  Dabsoluturad aradrekadi dartymisas (𝑘 = 0), 𝑢1 = 𝑢2 = 𝑢. 
maSin 

                𝑇0 − 𝑇1 =
1

2
𝑚1(𝑣1 − 𝑢)

2 +
1

2
𝑚2(𝑣2 − 𝑢)

2   (44.24) 

 (44.24) formula aris karnos Teoremis maTematikuri gamosaxuleba, 
romelic Camoyalibdeba Semdegnirad: 
       Oori sxeulis  sistemis absoluturad aradrekadi 
dartymisasKkinetikuri energiis danakargi udris im kinetikur 
energias, romelic eqneboda sistemas, Tu misi sxeulebi 
imoZravebdnen dakarguli siCqareebiT. 
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   dakarguli siCqareebi  ewodeba dartymaSi monawile sxeulebis 

siCqareTa  xvaobas dartymade da dartymis Semdeg, e.i. (𝑣1 − 𝑢)  da  
(𝑣2 − 𝑢). 
  Kkarnos Teoremis kerZo SemTxvevebi. 
   vTqvaT, 𝑣2 = 0 (sxeuli uZravia). maSin 

                       𝑇0 =
1

2
𝑚1𝑣1

2,                 (44.25) 
               

   𝑇1 =
1

2
(𝑚1 +𝑚2)𝑢

2 =
1

2
(𝑚1 +𝑚2) (

𝑚1𝑣1
𝑚1 +𝑚2

)
2

= 

=
1
2
𝑚1𝑣1

2 𝑚1
𝑚1+𝑚2

=
𝑚1

𝑚1+𝑚2
   𝑇0. 

 SesaZlebelia ori SemTxveva: 

• Tu 𝑚1 ≫ 𝑚2,  maSin  𝑇1 ≅ 𝑇0,  e.i. kinetikuri energiis dakargva ar 
xdeba (ximinjis Casoba, lursmnis CarWoba da a.S.); 

• Tu 𝑚1 ≪ 𝑚2,  maSin  
𝑚1

𝑚1+𝑚2
≈ 0,  MmaSasadame,     𝑇1 ≈ 0, e.i. 

dartymisasa mTlianad ikargeba kinetikuri energia, romelic 

ixarjeba sxeulebis  deformaciaze (metalis Wedva, moqlovna da 

sxva) 

    Ddartymis centri- es aris sxeulis wertili, romelzec gadis 
dartymis Zalis impulsi, romelic ar iwvevs dartymiT reaqciebs 
sayrdenebSi. Tu movdebT sxeulze dartymiT impulss, romelic 
brunavs raime sayrdenebSi uZravi RerZis garSemo, maSin am 
sayrdenebSi warmoiqmneba dartymiTi reaqciebi.   magram 
SesaZlebelia iseTi pirobebic, romlis drosac dartymiTi 
reaqciebi iqneba nulis toli. PpraqtikaSi amas didi mnisvneloba 
aqvs; dartymisas reaqciis impulsebis qarmoqmna arasasurveelia, 
radgan Seizleba moxdes konstruqciis nawilebis rRveva. 

   imisaTvis, rom 𝑧 RerZze damagrebul sxeulze dartymisas  
sayrdenebSi  ar warmoiqmnas dartymiTi reaqciebi, aucilebelia 
Semdegi pirobebis Sesruleba: 

  • drtymis Zalis impulse unda mdebareobdes 𝑧 RerZis marTob da 

𝑂 wertilSi gamaval  𝑂𝑥𝑦 sibrtyeSi, romlisTvisac 𝑧 RerZi aris 
inerciis mTavari RerZi; 

  • dartyma mimarTuli unda iyos 𝑧 RerZsa da     masaTa 𝐶 centrze 
gamavali sibrtyis marTobulad’ 
  • dartymis zalis impulse aucielebelia modebuli iyos brunvis 
RerZis im mxares, sadac imyofeba sxeulis   masaTa  centri 

                                ℎ =
𝐽𝑧
𝑀𝑑

                         (44.26)     
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manZilze, sadac  𝐽𝑧 − sxeulis inerciis   momentia brunvis RerZis 
mimarT; 𝑀-  sxeulis masaa; 𝑑 − manZili brunvis RerZidan sxeulis   
masaTa  centramde.      
   (44.26) formula emTxveva  fizikuri saqanis ℓდაყ dayvanili sigrZis 

gamosaTvlel formulas misi horizontaluri 𝑧 RerZis  garSemo 

brunvisas; wertils, რომელიც დაკიდების ღერძისაგან დაშორებულია 

ℓდაყ  მანძილით , ეწოდება fizikuri saqnis რხევის ცენტრი. ამიტომ 

დარტყმის ცენტრი ემთხვევა fizikuri saqnis რხევის ცენტრს. 
    M am paragrafis paragrafis amocanebis amoxsnis Tanmimdevroba: 
  1. gamovsaxoT naxazze dartymaSi monawile sxeulebi, maTi 
siCqareTa veqtorebi dartymamde da dartymis Semdeg; 
  2. gamovsaxoT Nnaxazze RerZebi(RerZi), romelTa gamoyeneba 
amocanis amoxsnisas aucilebelia; 
  3. sxeulis moZraobis xasiaTis, dartymis Taviseburebis  da 
saboloo Sedegebis gaTvaliswinebiT gamoviyenoT Sesabamisi 
Teoremebi, e.i. visargebloT formulebiT  (44.2), (44.4), (44.5), (44.7), 
(44.8), (44.10)-(44.12)  da (44.22)-(44.24), an Teoremis SedegebiT; dartymisas 
aRdgenis  koeficientis, dartymis Semdeg siCqareebis da masaTa 
centris mdebareobis  gansazRvrisas ukeTesia visargebloT (44.14)-
(44.17),  (44.19), (44.20) da (44.26) formulebiT; 
4. im amocanebis amoxsnisas, romlebSic ganixileba iribi dartyma, 
umjobesia sxeulebis siCqareTa veqtorebi davSaloT mdgenelebadD 
Sexebis saerTo wertilSi gavlebuli normalis da mxebis gaswvriv, 
SeviswavloT am mdgenelebis cvlilebis xasiaTi da ganvsazRvroT 
maTi sidideebi dartymis Semdeg; 
5. saZiebeli sidideebi gamovsaxoT zogadi formiT, Semdeg ki 
gamovTvaloT maTi mniSvnelobebi ricxviTi monacemebis safuZvelze. 
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amocanebi da amoxsnebi 
 

amocana  44.1  

  urnalis  𝐴 kuti vardeba 4,905m simaRlidan da ejaxeba 𝐵 grdemls, 
romelic damagrebulia zambaraze. Kkutis masaa 10kg, grdemlis-5kg. 
gansazRvreT, rogori siCqariT daiwyeba dartymis Semdeg uros 

moZraoba, Tu kuti imoZravebs masTan erTad(ნახ.1).   
 
a m o x s n a.  visargebloT moZraobis raodenobis Senaxvis kanoniT 
dartymisas: 

       𝑚1𝑣1 = (𝑚1 +𝑚2)𝑣. 
 

 

 

 

 

 

 

 

 

 

 

 

 

                      ნახ.1                                                       ნახ.2 

 

რadgan (ნახ.2) 

𝑣1 = √2𝑔ℎ = √2 ∙ 9,81 ∙ 4,905 = 9,81(m/wm), 
maSin 

𝑣 =
 𝑚1𝑣1

(𝑚1+𝑚2
=

10∙9,81

10+5
= 6,54  (m/wm). 

p a s u x i:    6,54  (m/wm).                 
 
 

amocana  44.2 

   𝑀1Mmasis 𝐴   tvirTi vardeba ℎ simaRlidan 

sawyisi siCqariT da ecema  𝑀2 masis 𝐵 filaze, 

romelic damagrebulia 𝑐 sixistis mqone zambariT. 
gansazRvreT dartymis შemdeg zambaris kumSvis 
sidide  𝑆, Tu aRdgenis koeficienti nulis tolia. 

ℎ 

𝐴 

𝐵 

• 
𝐴 

𝐵 ℎ 

𝐴 

𝐵 

𝑚1�⃗� 

• 

• 

𝑚2�⃗� 
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a m o x s n a.   zambaris udidesi SekumSvis sidide udris  
satatikuri SekumSvis da firfitis harmoniuli  rxevebis amplitudis 
jams dartymis Semdeg, e.i. 

            𝑠 =
𝑀1𝑔

𝑐
+ 𝑎,              (1) 

    

sadac  𝑎 − 𝑥 = asin (𝑘𝑡 + 𝛼) harmoniuli 
xevebis amplitudaa.  
  viciT, rom roca 𝑡 = 0 

𝑥0 = −
𝑀1𝑔
𝑐 , 

 

�̇�0 = −
𝑀1

𝑀1 +𝑀2
√2𝑔ℎ, 

miviRebT 

𝑎𝑠𝑖𝑛𝛼 = −
𝑀1𝑔

𝑐
, 

𝑎𝑘 𝑐𝑜𝑠𝛼 = √2𝑔ℎ
𝑀1

𝑀1 +𝑀2
. 

GgamovricxoT miRebuli gantolebebidan 𝛼 da gaviTvaliswinoT, rom 

𝑘 = √
𝑐

𝑀1 +𝑀2
, 

maSin miviRebT: 

𝑎2(𝑠𝑖𝑛2𝛼 + 𝑐𝑜𝑠2𝛼) = 𝑎2 = (
𝑀1𝑔

𝑐
)
2

+
2𝑔ℎ𝑀1

2

𝑘2(𝑀1 +𝑀2)2
= 

= (
𝑀1𝑔

𝑐
)
2

+
2𝑔ℎ𝑀1

2

𝑐(𝑀1 +𝑀2)
, 

aqedan 

𝑎 = √
𝑀1
2𝑔2

𝑐2
+

2𝑔ℎ𝑀1
2

𝑐(𝑀1 +𝑀2)
 

maSin  (1) formulis Tanaxmad 

𝑠 =
𝑀1𝑔

𝑐
+ √

𝑀1
2𝑔2

𝑐2
+

2𝑔ℎ𝑀1
2

𝑐(𝑀1 +𝑀2)
. 

 
S e n i S v n a. amocanis pirobaSi ufro koreqtulad unda 
dasmuliyo kiTxva: ipoveT zambaris maqsimaluri SekumSvis sidide.E 
 

ℎ 

𝐴 

𝐵 

𝑀1�⃗� 

• 

• 

𝑀2�⃗� 
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p a s u x i:   𝑠 =
𝑀1𝑔

𝑐
+√

𝑀1
2𝑔2

𝑐2
+

2𝑔ℎ𝑀1
2

𝑐(𝑀1+𝑀2)
. 

 
 

amocana  44.3 
  aRdgenis koeficientis cdiT gansazRvrisaTvis xelsawyoSi sacdeli 
masalisagan damzadebuli burTula sawyisi siCqaris gareSe minis 

vertikalur milSi mocemuli ℎ1=50sm simaRlidan daecema imave 
masalis uZrav horizontalur filas. gansazRvreT aRdgenis 

koeficienti, Tu dartymis Semdeg burTula avida ℎ2=45sm simaRleze. 

a m o x s n a.   aRdgenis koeficienti dartymisas udris dartymis 
Semdeg 𝑢 siCqaris Sefardebas da dartymamde 𝑣 siCqaresTan, e.i. 

𝑘 =
𝑢

𝑣
=
√2𝑔ℎ2

√2𝑔ℎ1
= √

ℎ2
ℎ1
= √

45

50
= 0,95. 

 

p a s u x i:  𝑘 = √
ℎ2

ℎ1
= 0,95. 

 
 

 

amocana  44.4 

  drekadi burTula vardeba ℎ  simaRlidan vertikalze da ecema 
gluv horizontalur filaze, axteba misgan zeviT, isev ecema imave 
filaze da a.S. agrZelebs aseT moZraobas. ipoveT burTulas mier 

gavlili manzili, Tu aRdgenis koeficienti 𝑘 −s tolia. 
a m o x s n a. 
  gza, romelsac drekadi burTula gaivlis BgaCerebamde 

                  𝑠 = ℎ + 2ℎ1 + 2ℎ2 +⋯+ 2ℎ𝑛.        (1)    
 AaRdgenis koeficienti dartymisas(ix. Nnaxazi) 

𝑘 = √
ℎ1
ℎ
⟹ ℎ1 = 𝑘

2ℎ, 

𝑘 = √
ℎ2
ℎ1
⟹ ℎ2 = 𝑘2ℎ1 = 𝑘

4ℎ, 

𝑘 = √
ℎ3
ℎ2
⟹ ℎ3 = 𝑘2ℎ2 = 𝑘6ℎ. 
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Aamgvarad, Cans kanonzomiereba   ℎ𝑛 = 𝑘2𝑛ℎ. 
 

 
 
 
 
 
 
CavsvaT ℎ𝑛 − is miRebuli mniSvneloba (1) gantolebaSi da vipovoT 
geometriuli progresiis jami, romelic iqneba burTulas mier 
gaCerebamde gavlili manZili:       

𝑠 = ℎ + 2𝑘2ℎ + 2𝑘4ℎ + 𝑘6ℎ +⋯+ 2𝑘2𝑛ℎ = 

= ℎ + 2ℎ(𝑘2 +𝑘4 + 𝑘6 +⋯+ 𝑘2𝑛) = ℎ + 2ℎ∑𝑘2𝑛 =

∞

𝑛=1

 

= ℎ (1 +
2𝑘2

1 − 𝑘2
) =

1 + 𝑘2

1 − 𝑘2
ℎ,     0 ≤ 𝑘 < 1. 

p a s u x i:   𝒔 =
1+𝑘

2

1−𝑘
2ℎ. 

 
  

amocana  44.5 

 

     𝑚1Mda  𝑚2 masisa  da  A 𝑘 aRdgenis koeficientiani ori 
burTula gadataniT moZraobs erTi da igive mimarTulebiT. rogori 

unda iyos maTi �⃗�1 da �⃗�2 siCqareebi imisaTvis, rom dartymis Semdeg 

𝑚1 sxeuli, romelic ejaxeba, gaCerdes, xolo 𝑚2 sxeulma miiRos 

mocemuli 𝑢2  siCqare? 
a m o x s n a. 
  CavweroT sxeulebis siCqareebis gamosaTvleli formulebi 
dartymis Semdeg: 

               𝑢1 = 𝑣1 −
𝑚2(1+𝑘)

𝑚1+𝑚2
(𝑣1 − 𝑣2),             (1)                

               𝑢2 = 𝑣2 +
𝑚1(1+𝑘)

𝑚1+𝑚2
(𝑣1 − 𝑣2).             (2)  

 
moZraobis raodenobis Senaxvis kanonis Tanaxmad dartymisas: 

                𝑚1𝑢1 +𝑚2𝑢2 = 𝑚1𝑣1 +𝑚2𝑣2.            (3) 
 
(1)  Ggantolebas gamovakloT (2) gantoleba, miviRebT 

ℎ 
ℎ1 ℎ1 

ℎ𝑛 ℎ𝑛 
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𝑢1 − 𝑢2 = −𝑘(𝑣1 − 𝑣2), 
Aaqedan 

                      𝑣2 = 𝑣1 +
𝑢1−𝑢2

𝑘
.                 (4) 

maSin (3) formulis Tanaxmad 

       𝑚1𝑢1 +𝑚2𝑢2 = 𝑚1𝑣1 +𝑚2𝑣1 +𝑚2

(𝑢1 − 𝑢2)

𝑘
, 

saidanac  

𝑣1 =
 𝑚1𝑢1 +𝑚2𝑢2
𝑚1 +𝑚2

−
𝑚2(𝑢1 − 𝑢2)

𝑘(𝑚1 +𝑚2)
. 

miRebuli gamosaxuleba CavsvaT (4)  formulaSi: 

𝑣2 =
 𝑚1𝑢1 +𝑚2𝑢2
𝑚1 +𝑚2

−
𝑚2(𝑢1 − 𝑢2)

𝑘(𝑚1 +𝑚2)
+
𝑢1 − 𝑢2
𝑘

= 

=
 𝑚1𝑢1 +𝑚2𝑢2
𝑚1 +𝑚2

+
𝑚1(𝑢1 − 𝑢2)

𝑘(𝑚1 +𝑚2)
. 

Ddartymis Semdeg 𝑢1 = 0,  amitom 

𝑣1 =
𝑚2𝑢2

𝑚1 +𝑚2
+

𝑚2𝑢2
𝑘(𝑚1 +𝑚2)

=
1 + 𝑘

𝑘

𝑚2

𝑚1 +𝑚2
𝑢2, 

 

𝑣2 =
𝑚2𝑢2

𝑚1 +𝑚2
−

𝑚1𝑢2
𝑘(𝑚1 +𝑚2)

=
𝑘𝑚2 −𝑚1

𝑘(𝑚1 +𝑚2)
𝑢2. 

 

p a s u x i:  𝑣1 =
1+𝑘

𝑘

𝑚2

𝑚1+𝑚2
𝑢2;  𝑣2 =

𝑘𝑚2−𝑚1

𝑘(𝑚1+𝑚2)
𝑢2. 

 

S e n i S v n a. amocanaTa krebulSi 𝑣2 −  is  gamosaxulebaSi 
arasaworad aris dasmuli plius da minus niSnebi. 

 
 

 

amocana  44.6 

   
   12t masis orTqlis uro 5m/wm-is siCqariT ecema grdemlze, romlis 
masa gamosawedi rkinis naWriT  aris 250t. ipoveT gamosaWedi  naWris 

mier STanTqmuli 𝐴1  muSaoba da 𝐴2  muSaoba, dakarguli saZirkvlis 

Seryevaze, da uros margi qmedebis  휂 koeficienti; dartyma 
aradrekadia. 
a m o x s n a. 
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    𝐴1  muSaoba, romelic გamosaWedi  naWris mier STanTqmeba, 
gamovTvaloT rogorc dartymamde da dartymis Semdeg  kinetikuri 
energiebis sxvaoba: 

𝑇0 − 𝑇 =∑𝐴𝑖
𝑒

𝑛

𝑖=1

, 

sadac  

𝑇0 =
𝑚უ𝑣უ

2

2
;   𝑇 =

𝑚u2

2
, 𝑚 = 𝑚უ +𝑚გრ. 

moZraobis raodenobis Senaxvis kanonis Tanaxmad: 

𝑚უ𝑣უ = 𝑚𝑢, 
maSin 

𝐴1  =
𝑚უ𝑣უ

2

2
−
𝑚u2

2
=
12 ∙ 103 ∙ 52

2
−
262 ∙ 103

2
∙ (
5 ∙ 12

262
)
2

= 

 

= 150 ∙ 103 ∙ (1 −
6

131
) =

150 ∙ 103 ∙ 125

131
= 

= 143 ∙ 103(ნ ∙ მ) = 143კნ ∙ მ. 
     𝐴2  muSaoba, რომელიც იხარჯება dakarguli saZirkvlis Seryevaze, 

განვსაზღვროთ  rogorc dartymamde kinetikuri energiiს  da იმ 

ენერგიის sxvaoba, რომელის  შთაინთქმება  გamosaWedi  naWris mier: 

𝐴2 =
𝑚უ𝑣უ

2

2
− 𝐴1 =

12 ∙ 103 ∙ 52

2
− 143 ∙ 103 = 

= 6,83 ∙ 103(ნ ∙ მ) = 6,83(კნ ∙ მ). 
  გამოვთვალოთ  uros margi qmedebis  휂 koeficienti: 

휂 =
𝐴1 − 𝐴2
𝐴1

=
143 − 9,83

143
= 0,95 

p a s u x i:    𝐴1=143 კნ∙მ; 𝐴2 = 6,83 კნ∙მ; 휂 = 0.95. 

 

 

amocana  44.7 

     𝑚1 =10kg   masis uro namzads abrtyelebs sasurvel zomebamde 70 

dartymiT. ramdeni dartymiT Seasrulebs igive operacias 𝑚2 =100kg   
masis uro, Tu amZravi meqanizmi mas mianiWebs igive siCqares, rasc 

aniWebs pirvel uros. Ggrdemlis masa  𝑀=200kg. dartyma  
absoluturad aradrekadia. 
a m o x s n a.    10 da 100kg masis uroebis muSaobisas STanTqmuli 
energiebis tolobis pirobidan (formula (44.44)) SegviZlia davweroT: 

𝐴 = 70 [
10𝑣2

2
−
210𝑣2

2
(
10

210
)
2
] = 𝑁 [

100𝑣2

2
−
300𝑣2

2
(
100

300
)
2
],   
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Aaqedan ganvsazRvravT, Tu ramdeni 𝑁 dartymis Semdeg  gaabrtyelebs 

namzads 𝑚2 =100kg   masis uro: 

N𝑁 = 10. 
p a s u x i:  10 dartyma. 

 

 

amocana  44.8 

 

   ipoveT absoluturad drekadi dartymis Semdeg ori iseTi 
erTnairi birTvis siCqare, romlebic moZraoben erTmaneTis 

Sesaxvedrad 𝑣1 da 𝑣2 siCqareebiT. 
a m o x s n a.    gamovsaxoT birTvebis  mdebareoba dartymamde (ix. 
naxazi). 
 

 

 

 
 

   (44.19) formulis Tanaxmad vipovoT pirveli burTulas 𝑢1 da 𝑢2 
siCqareebi Ddartymis Semdeg, Tu viciT, rom  𝑚1 = 𝑚2 = 𝑚,   𝑘 = 1: 
            

𝑢1 = 𝑣1 − (1 + 𝑘)
𝑚2

𝑚1 +𝑚2

(𝑣1 + 𝑣2) = 𝑣1 − 2
𝑚

2𝑚
(𝑣1 + 𝑣2) = −𝑣2, 

 

𝑢2 = −𝑣2 + (1 + 𝑘)
𝑚1

𝑚1 +𝑚2

(𝑣1 + 𝑣2) = −𝑣2 + 2
𝑚

2𝑚
(𝑣1 + 𝑣2) = 𝑣1. 

  miviReT, rom  𝑢1 = −𝑣2, 𝑢2 = 𝑣1, e.i.  burTulebi dajaxebis 
Semdeg  gacvlian siCqareebs. 
 
p a s u x i:  burTulebi dajaxebis Semdeg  gacvlian siCqareebs. 
 
  

 amocana  43.9 

      ori erTnairi 𝐴  da 𝐵 burTula moZraobs erTmaneTis 
Sesaxvedrad. rogori damokidebuleba unda iyos siCqareebs Soris 

dajaxebamde, rom dajaxebis Semdeg 𝐴 burTula  gaCerdes? Ddartymis 

aRdgenis koeficienti aris 𝑘. 
  a m o x s n a. 
  gamovsaxoT birTvebis  mdebareoba dartymamde (ix. naxazi). 
 

 

 

• 
𝐶1 

• 
𝐶2 �⃗�2 �⃗�1 

𝑥 

• 
𝐶1 

• 
𝐶2 �⃗�𝐵 �⃗�𝐴 

𝑥 
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   (44.19) formulis Tanaxmad vipovoT 𝐴 burTulas 𝑢𝐴 siCqare 
Ddartymis Semdeg,: 
            

𝑢𝐴 = 𝑣𝐴 − (1 + 𝑘)
𝑚𝐵

𝑚𝐴 +𝑚𝐵

(𝑣𝐴 + 𝑣𝐵). 

Ppirobis Tanaxmad   𝑚𝐴 = 𝑚𝐵 = 𝑚,   𝑢𝐴 = 0,  e.i. 
 

0 = 𝑣𝐴 − (1 + 𝑘)
𝑚

2𝑚
(𝑣𝐴 + 𝑣𝐵) 

Aan 

0 =
𝑣𝐴
𝑣𝐵
−
1

2
(1 + 𝑘) (

𝑣𝐴
𝑣𝐵
+ 1). 

aqedan 

𝑣𝐴
𝑣𝐵

1 − 𝑘

2
=
1 + 𝑘

2
, 

𝑣𝐴
𝑣𝐵
=
1 + 𝑘

1 − 𝑘
 

 

p a s u x i:   
𝑣𝐴

𝑣𝐵
=

1+𝑘

1−𝑘
. 

 
amocana  44.10 

   𝐴 sxeuli, romlis siCqare 3-jer metia 𝐵 sxeulis siCqareze, 
ejaxeba  mas. ras unda udrides am sxeulebis masebis Sefardeba, rom 

dajaxebis Semdeg  𝐴 sxeuli  gaCerdes? Ddartymis aRdgenis 
koeficienti aris 0,8. 
  a m o x s n a. 
    gamovsaxoT birTvebis  mdebareoba dartymamde (ix. naxazi). 
 

 

 

 
 

   (44.19) formulis Tanaxmad vipovoT 𝐴 burTulas 𝑢𝐴 siCqare 
Ddartymis Semdeg,: 
            

𝑢𝐴 = 𝑣𝐴 − (1 + 𝑘)
𝑚𝐵

𝑚𝐴 +𝑚𝐵

(𝑣𝐴 − 𝑣𝐵). 

• 
𝐶1 

• 
𝐶2 �⃗�𝐵 �⃗�𝐴 

𝑥 

𝐴 𝐵 
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Ppirobis Tanaxmad   
𝑣𝐴

𝑣𝐵
= 3,   𝑢𝐴 = 0,  maSin 

 

0 = 𝑣𝐴 − (1 + 𝑘)
𝑚𝐵

𝑚𝐴 +𝑚𝐵

(𝑣𝐴 − 𝑣𝐵) = 

=
𝑣𝐴

𝑣𝐵
− (1 + 𝑘)

𝑚𝐵

𝑚𝐴 +𝑚𝐵
(
𝑣𝐴

𝑣𝐵
− 1) 

Aan 

3 − 3,6 ∙
𝑚𝐵

𝑚𝐴 +𝑚𝐵

= 0. 

aqedan 
 

𝑚𝐵

𝑚𝐴 +𝑚𝐵
=

1

1,2
⟹

𝑚𝐴

𝑚𝐵

+ 1 = 1,2⟹
𝑚𝐴

𝑚𝐵

= 0,2 ⟹
𝑚𝐵

𝑚𝐴

= 5. 

 

p a s u x i:   
𝑚𝐵

𝑚𝐴
= 5. 

 
 

amocana  44.11 

 

    gansazRvreT  ori burTulas  𝑚1 da  𝑚2 masebis fardoba or 
SemTxvevaSi: 1) pirveli burTula wonasworobaSia; xdeba centraluri 
dajaxeba, ris Sedegadac meore burTula wonasworobaSi rCeba; 2) 
burTulebi erTmaneTs xvdeba toil da urTierTsawinaaRmdegod 
mimarTuli siCqareebiT da centraluri dajaxebis Semdeg meore 

burTula wonasworobaSi rCeba. D aRdgenis koeficienti aris 𝑘. 
  a m o x s n a.     gamovsaxoT birTvebis  mdebareoba dartymamde 
(ix. naxazi). 
 

 

 

 
 

   (44.19) formulis Tanaxmad vipovoT meore burTulas 𝑢2 siCqare 
Ddartymis Semdeg: 

𝑢2 = −𝑣2 + (1 + 𝑘)
𝑚1

𝑚1 +𝑚2

(𝑣1 + 𝑣2). 

  Aamocanis pirobis Tanaxmad 𝑢2 = 0,   𝑣1 = 0.     
maSin 

0 = −𝑣2 + (1 + 𝑘)
𝑚1

𝑚1 +𝑚2
𝑣2. 

radgan  𝑣2 ≠ 0, maSin 

• 
𝐶1 

• 
𝐶2 �⃗�2 �⃗�1 

𝑥 
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1 + 𝑘 =
𝑚1 +𝑚2

𝑚1
= 1 +

𝑚2

𝑚1
⟹

𝑚2

𝑚1
= 𝑘. 

2) vipovoT meore burTulas 𝑢2 siCqare Ddartymis Semdeg: 

𝑢2 = −𝑣2 + (1 + 𝑘)
𝑚1

𝑚1 +𝑚2

(𝑣1 + 𝑣2). 

Aamocanis pirobis Tanaxmad  �⃗�1 = −�⃗�2, 𝑢2 = 0.  maSasadame, 

0 = −𝑣2 + (1 + 𝑘)
𝑚1

𝑚1 +𝑚2
2𝑣2. 

radgan  𝑣2 ≠ 0, maSin 

1 = 2(1 + 𝑘)
𝑚1

𝑚1 +𝑚2
⟹ 2(1 + 𝑘) =

𝑚1 +𝑚2

𝑚1
= 1 +

𝑚2

𝑚1
⟹ 

 

⟹
𝑚2

𝑚1

= 1 + 2𝑘. 

p a s u x i:   1) 
𝑚2

𝑚1
= 𝑘;    2) 

𝑚2

𝑚1
= 1 + 2𝑘. 

 

 

 

amocana  44.12 

  sami, 𝑚1, 𝑚2  da  𝑚3 masis, absoluturad drekadi burTula Zevs 
gluv RarSi erTmaneTisagan garkveul manZilze. Pirveli burTula, 
gaSvebuli garkveuli sawyisi siCqariT, ejaxeba meore gaCerebul 
burTulas, romelic iwyebs moZraobas da Tavis mxriv ejaxeba mesame 
gaCerebul burTulas. rogori sididis unda iyos meore burTulas 

𝑚2 masa, rom mesame burTulam miiRos udidesi siCqare? 
  a m o x s n a.      radgan sistemis moZraobis raodenoba dartymis 
dros rCeba ucvleli, amitom mesame burTulas udidesi siCqare eqneba 
im SemTxvevaSi, roca pirveli da meore burTulebis dajaxebis Semdeg 
pirveli rCeba wonasworobaSi (meores siCqare maqsimaluria), xolo 
meore da mesame burTulebis dajaxebis Semdeg meore burTula 
gaCerdeba. 

 maSasadame,   (44.19) formulis Tanaxmad pirveli Ddartymis Semdeg: 

𝑢1 = 𝑣1 − (1 + 𝑘)
𝑚2

𝑚1 +𝑚2

(𝑣1 − 𝑣2). 

  Aamocanis pirobis Tanaxmad 𝑘 = 1,   𝑣2 = 0,  radgan unda 

Sesruldes piroba 𝑢1, amitom   

0 = 𝑣1 −
2𝑚2

𝑚1 +𝑚2
𝑣1 ⟹

𝑚2

𝑚1 +𝑚2
=
1

2
, 

radgan pirobis Tanaxmad  𝑣1 ≠ 0. 
 Mmeore dartmisaTvis   
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𝑢2
′ = 𝑣2

′ − (1 + 𝑘)
𝑚3

𝑚3 +𝑚2

(𝑣2
′ − 𝑣3). 

sadac  𝑣2
′ − meore burTulas siCqarea pirveli dartymis Semdeg 

meore dartymamade;  𝑢2
′ − meore burTulas siCqarea  meore dartymis 

Semdeg, 𝑢2
′ = 0; 𝑣3 − mesame burTulas siCqarea dartymamade. 

   Ppirobis Tanaxmad 𝑣3 = 0. maSin 

0 = 𝑣2
′ −

2𝑚3

𝑚3 +𝑚2
𝑣2
′ . 

radgan  𝑣2
′ = 0. maSin 

𝑚3

𝑚3 +𝑚2
=
1

2
. 

  gavaerTianoT orive Sedegi da ganvsazRvroT  𝑚2 − is mniSvneloba, 
romlis drosac mesame burTula miiRebs udides siCqares: 

𝑚2

𝑚1 +𝑚2
=

𝑚3

𝑚3 +𝑚2
⟹

𝑚1

𝑚2
+ 1 =

𝑚2

𝑚3
+ 1⟹ 𝑚2 = √𝑚1𝑚3. 

 

p a s u x i:  𝑚2 = √𝑚1𝑚3. 

  
 

amocana  44.13 

   𝑣1 siCqaris mqone 𝑚1 masis burTula moZraobisas xvdeba 𝑚2 masis 
uZravi burTula  ise, rom misi siCqare dajaxebisas maTi centrebis 

SemaerTebel wrfesTan adgens 𝛼  kuTxes. gansazRvreT: 1) pirveli 
burTulas siCqare dartymis Semdeg, Tu dartyma absoluturad 
aradrekadia; 2) TiToeuli burTulas siCqare dartymis Semdeg, Tu 

dartyma aris drekadi, xolo aRdgenisa koeficienti – 𝑘. 
  a m o x s n a. 
   1) burTulebi axorcieleben pirdapir dartymas, maSin (44.19) 
formulis Tanaxmad  pirveli burTulas siCqare dartymis Semdeg 

𝑢1𝑥 = 𝑣1𝑥 − (1 + 𝑘)
𝑚2

𝑚1 +𝑚2

(𝑣1𝑥 − 𝑣2𝑥), 

sadac  𝑢1𝑥  da 𝑣1𝑥 −pirveli burTulas siCqaris gegmilia 𝑂𝑥 
RerZze Sesabamisad dartymis Semdeg da dartymamde (ix. Nnaxazi).          

  Aamocanis pirobis Tanaxmad 𝑘 = 1,   𝑣2 = 0, maSasadame, 
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𝑢1𝑥 = 𝑣1𝑐𝑜𝑠𝛼 −
𝑚2

𝑚1 +𝑚2
𝑣1𝑐𝑜𝑠𝛼 =

𝑚1

𝑚1 +𝑚2
𝑣1𝑐𝑜𝑠𝛼, 

 

𝑢1𝑦 = 𝑣1𝑦 = −𝑣1𝑠𝑖𝑛𝛼. 
maSin 

𝑢1 = √𝑢1𝑥
2 + 𝑢1𝑦

2 = √(
𝑚1

𝑚1 +𝑚2
𝑣1𝑐𝑜𝑠𝛼)

2

+ (𝑣1𝑠𝑖𝑛𝛼)
2 = 

= 𝑣1√𝑠𝑖𝑛
2𝛼 + (

𝑚1

𝑚1 +𝑚2
)
2

𝑐𝑜𝑠2𝛼. 

2) pirveli burTulas siCqare: 

𝑢1𝑥 = 𝑣1𝑐𝑜𝑠𝛼 − (1 + 𝑘)
𝑚2

𝑚1 +𝑚2
𝑣1𝑐𝑜𝑠𝛼 = 

= 𝑣1𝑐𝑜𝑠𝛼 [1 − (1 + 𝑘)
𝑚1

𝑚1 +𝑚2
] = 𝑣1

𝑚1 − 𝑘𝑚2

𝑚1 +𝑚2
𝑐𝑜𝑠𝛼, 

𝑢1𝑦 = 𝑣1𝑦 = −𝑣1𝑠𝑖𝑛𝛼. 
     maSin pirveli burTulas siCqare dartymis Semdeg 

𝑢1 = √𝑢1𝑥
2 + 𝑢1𝑦

2 = √𝑣1
2𝑐𝑜𝑠2𝛼 (

𝑚1 − 𝑘𝑚2

𝑚1 +𝑚2
)
2

+ 𝑣1
2𝑠𝑖𝑛2𝛼 = 

= 𝑣1√𝑠𝑖𝑛
2𝛼 + (

𝑚1 − 𝑘𝑚2

𝑚1 +𝑚2
)
2

𝑐𝑜𝑠2𝛼. 

vipovoT meore burTulas siCqare dartymis Semdeg, radgan 𝑣2 = 0,   
maSin 

𝑢2 = 𝑣2 + (1 + 𝑘)
𝑚1

𝑚1 +𝑚2

(𝑣1𝑥 − 𝑣2) = (1 + 𝑘)
𝑚1

𝑚1 +𝑚2
𝑣1𝑐𝑜𝑠𝛼 = 

= 𝑣1
𝑚1(1 + 𝑘)

𝑚1 +𝑚2
𝑐𝑜𝑠𝛼. 

p a s u x i:   1) 𝑢1 = 𝑣1√𝑠𝑖𝑛
2𝛼 + (

𝑚1

𝑚1+𝑚2
)
2
𝑐𝑜𝑠2𝛼;  ; 

• 
𝐶1 

• 
𝐶2 

�⃗�1 

𝑦 

𝑥 𝛼 
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2) 𝑢1 = 𝑣1√𝑠𝑖𝑛2𝛼 + (
𝑚1−𝑘𝑚2

𝑚1+𝑚2
)
2
𝑐𝑜𝑠2𝛼; 𝑢2 = 𝑣1

𝑚1(1+𝑘)

𝑚1+𝑚2
𝑐𝑜𝑠𝛼. 

 
 

amocana  44.14 

   absoluturad drekadi burTula, romlis centri moZraobs 

horizontalur wrfeze 𝑣 siCqariT, xvdeba 𝛼 kuTxiT gluv sibrtyes. 
gansazRvreT burTulas siCqare dartymis Semdeg. 
  a m o x s n a.    burTulas uZrav sibrtyeze 
iribi dajaxebisas (ix. naxazi) aRdgenis 
koeficienti 

𝑘 =
𝑡𝑔𝛼

𝑡𝑔𝛽
. 

 radgan dartyma absoluturad drekadia, amitom  

𝑘 = 1.  maSin 𝛼 = 𝛽  
da   𝑢 = 𝑣. 
p a s u x i  dacemis kuTxe etoleba  kuTxes, siCqareebi dartymamde 
da dartymis Semdeg moduliT tolia. 

 

 

amocana  44.15 

    foladis  burTula ecema 450  kuTxiT foladis horizontalur 
filaze da aityorccneba vertikalidan 600  kuTxiT.  gansazRvreT 
dartymisas aRdgenis koeficienti 
  a m o x s n a.     burTulas uZrav 

sibrtyeze iribi dajaxebisas (ix. ნaxazi) 
aRdgenis koeficienti 

𝑘 =
𝑡𝑔𝛼

𝑡𝑔𝛽
=
𝑡𝑔450

𝑡𝑔600
=

1

1,73
= 0,58,. 

sadac 𝛼 −  dacemis kuTxea; 𝛽 − arekvlis.  

p a s u x i:     𝑘 = 0,58. 

 
amocana  44.16 

    burTula  𝑣 siCqariT daxrilad ejaxeba 
 gluv horizontalur sibrtyes da 

aityorcneba  iqidan 𝑣1 =
𝑣√2

2
 siCqariT. 

gansazRvreT 𝛼  dacemisa da  𝛽   arekvlis 

𝛽 

𝛼 

�⃗⃗� 

�⃗� 

450 600 �⃗⃗� �⃗� 

𝛼 𝛽 �⃗⃗� 

�⃗� 
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kuTxeebi, Tu  dartymisas aRdgenis koeficienti 𝑘 =
√3

3
. 

  a m o x s n a.  visargebloT moZraobis 
raodenobis cvlilebis TeoremiT dartymisas 

         𝑚𝑣1⃗⃗ ⃗⃗ − 𝑚�⃗� = 𝑆.⃗⃗ ⃗           (1) 
 (1) veqtoruli toloba davagegmiloT �⃗⃗� da 

𝜏  RerZebze (ix. Nnaxazi), miviRebT: 

                 {
𝑣1𝜏−𝑣𝜏 = 0,

𝑣1𝑛−𝑣𝑛 =
𝑆
𝑚
.
        (2) 

cxadia, rom 
                 

{
 |𝑣𝑛| = 𝑣𝑐𝑜𝑠𝛼;   𝑣𝜏 = 𝑣𝑠𝑖𝑛𝛼,
𝑣1𝑛 = 𝑣1𝑐𝑜𝑠𝛽;   𝑣1𝜏 = 𝑣1𝑠𝑖𝑛𝛽.

                       (3) 

amitom 

                   𝑣1𝑠𝑖𝑛𝛽 = 𝑣𝑠𝑖𝑛𝛼.                         (4) 
aqedan 

                   𝑠𝑖𝑛𝛽 =
𝑣

  𝑣1
𝑠𝑖𝑛𝛼 = √2𝑠𝑖𝑛𝛼.               (4) 

   visargebloT formuliT: 

  𝑣1 = 𝑣√𝑠𝑖𝑛2𝛼 + 𝑘2𝑐𝑜𝑠2𝛼 
Dda vipovoT 

(
  𝑣1
𝑣
)
2

= 𝑠𝑖𝑛2𝛼 + 𝑘2(1 − 𝑠𝑖𝑛2𝛼) 

an 

𝑠𝑖𝑛2𝛼(1 − 𝑘2) + 𝑘2 = (
  𝑣1
𝑣
)
2

. 

aqedan   

𝑠𝑖𝑛𝛼 = √
(
  𝑣1
𝑣
)
2
− 𝑘2

(1 − 𝑘2)
= √

1
2 −

1
3

1 −
1
3

=
1

2
. 

maSin dacemis kuTxe  

. 
  (5) gantolebidan vipoviT arekvlis kuTxes: 

𝑠𝑖𝑛𝛽 =
√2

2
⟹ 𝛽 =

𝜋

4
. 

p a s u x i:  Φ 𝛼 =
𝜋

6
;      𝛽 =

𝜋

4
.  

 

 

 

𝛼 𝛽 
�⃗�1 

�⃗� 

�⃗⃗� 

𝑆 

𝜏 

𝐴 
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amocana  44.17 

 
     ori erTnairi absoluturad 
drekadi  burTula erTnairi sididis 

𝑣  siCqareebiT  ejaxeba erTmaneTs. 
marcxena burTulas siCqare 
dartymamde mimarTulia centrebis 
wrfis gaswvriv marjvniv, marjvenasi 
dartymamde imave centrebis wrfesTan  

adgens 𝛼 kuTxes (ix. Nnaxazi).  
gansazRvreT burTulebis siCqareebi dartymis Semdeg. 

  a m o x s n a. gamovTvaloT 
burTulebis centrebis siCqareebis 

gegmilebi �⃗⃗� da 𝜏 RerZebze 
dartymamde:: 

       𝑣1𝑛 = 𝑣1 = 𝑣, 𝑣1𝜏 = 0;     (1) 
      𝑣2𝑛 = −𝑣2𝑐𝑜𝑠𝛼 = −𝑣𝑐𝑜𝑠𝛼,  
(2) 

      𝑣2𝜏 = 𝑣2𝑠𝑖𝑛𝛼 = 𝑣𝑠𝑖𝑛𝛼 
Dda saerTo  siCqaris gegmili �⃗⃗� RerZebze absoluturad drekadi 
dartymis Semdeg: 

                            𝑢𝑛 =
𝑚1𝑣1𝑛+𝑚2𝑣2𝑛

𝑚1+𝑚2
.                 (3)   

  CavsvaT (3) gantolebSi cnobili sidideebi, gaviTvaliswinoT, rom  

𝑚1 = 𝑚2 = 𝑚, maSin 

                    𝑢𝑛 =
𝑣−𝑣𝑐𝑜𝑠𝛼

2
=

𝑣(1−𝑐𝑜𝑠𝛼)

2
.                 (4)   

  burTulebis centrebis siCqareebis gegmilebi 𝜏 RerZze dartymis 
Semdeg: 

                       𝑢1𝜏 = 𝑣1𝜏 = 0,                      (5) 
                      𝑢2𝜏 = 𝑣2𝜏 = 𝑣𝑠𝑖𝑛𝛼                    (6) 
da �⃗⃗� RerZebze absoluturad drekadi dartymisas: 

                      𝑢1𝑛 = 2𝑢𝑛 − 𝑣1𝑛,                     (7) 
                      𝑢2𝑛 = 2𝑢𝑛 − 𝑣2𝑛,                     (8) 
Aan  (1), (2) da (4) gamosaxulebis gaTvaliswinebiT 

𝑢1𝑛 = 𝑣(1 − 𝑐𝑜𝑠𝛼) − 𝑣 = −𝑣𝑐𝑜𝑠𝛼, 
𝑢2𝑛 = 𝑣(1 − 𝑐𝑜𝑠𝛼) + 𝑣𝑐𝑜𝑠𝛼 = 𝑣. 

p a s u x i:  Φ𝑢1𝑛 = −𝑣𝑐𝑜𝑠𝛼; 𝑢2𝑛 = 𝑣; 𝑢2𝜏 = 𝑣𝑠𝑖𝑛𝛼. �⃗⃗� RerZi 
mimarTulia centrebis wrfis gaswvriv marjvniv, xolo 𝜏 −   RerZi-
zeviT. 

 
  

• • 𝑂1 • 𝑂2 

�⃗� 
�⃗�  𝛼 

𝜏 

• • 𝑂1 • 𝑂2 

�⃗�2 
�⃗�1  𝛼 

𝜏 

�⃗⃗� 
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amocana  44.18 

   gvaqvs 𝑅 radiusis  sami erTnairi burTula: 𝑀1,𝑀2 da 𝑀3. 
manZili centrebs Soris 𝐶1 𝐶2 = 𝑎.  gansazRvreT 𝐶1 𝐶2 wrfis marTob 

romel 𝐴𝐵  wrfeze unda iyos mesame  burTulas 𝐶2 centri    

imisaTvis , rom mesame burTula miiRebs garkveul siCqares 𝐴𝐵 
mimarTulebiT da  𝑀2  burTulas dajaxebis Semdeg ki centralurad 

daejaxeba 𝑀1  burTulas. igulisxemeba absoluturad drekadi 
burTulebi. 
  a m o x s n a.   avRniSnoT 
manZili 𝐶2 centridan 𝐴𝐵  

wrfemde, romelic udris 𝐵𝐶2, 
𝑥 −iT. moZraobisas, maTi saerTo 
siCqare mimarTuli iqneba maT 
centrebze  gamavali normalis 
gaswvriv (ix. Nnaxazi. maSin 
imisaTvis, rom  𝑀3 burTula 

centralurad daejaxos 𝑀1 
burTulas aucilebelia, rom  
misi siCqare mimarTuli iyos 
urTierT dartmaSi monawile 
zedapirebis normalis gaswvriv 

(normali gadis 𝑀1 da  𝑀3 
burTulebis masaTa centrebSi) amitom  

𝑀3 burTulas siCqare  𝑀2  burTulas dajaxebis Semdeg unda iyos  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

mimarTuli 𝐶1 𝐶3 wfris gaswvriv, romelic paraleluria 𝑀1da 𝑀3 
burTulebis Sexebis wertilSi gavlebuli 𝑛23  normalis 

𝐶3 

𝐶1 𝐶2 

• 

𝑀3 

𝑀2 
𝑀1 

𝐴 

𝐵 • 

• 

• 

𝐶3 

𝐶1 
𝐶2 • 

𝑀3 

𝑀2 
𝑀1 

𝑥 

𝐵 
• 

• 

• 

𝐴 

𝜏23 

𝑅 

𝑅 

• 

𝑅 

�⃗⃗�23 
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marTobulad.  maSin ∆𝐶1 𝐶3𝐶2 –marTkuTxaa da msgavsia ∆ 𝐶3𝑩𝐶2, 
amitom 

𝐶2𝐶3
𝑥

=
𝐶1𝐶2
𝐶3

 

an 

2𝑅

𝑥
=
𝑎

2𝑅
. 

aqedan 

𝑥 = 𝐵𝐶2 =
4𝑅2

𝑎
. 

p a s u x i:  𝐴𝐵  wrfis daSoreba 𝐶2  centridan aris  𝐵𝐶2 =
4𝑅2

𝑎
. 

 
 
 

amocana  44.19 

  Senobis saZirkvlis qveS niadagis gasamagreblad 𝑀 =50kg masis 

boZs Caasoben urnaliT, romlis   𝑀1 = 450kg masis sacemi  vardeba 
ℎ =2m simaRlidan usawyiso siCqariT. Uukanaskneli 10  dartymisas 
boZi Cavida 𝛿 =5sm siRrmeSi. gansazRvreT niadagis saSualo winaRoba 
boZis Casobisas.  Ddartyma aradrekadia. 
  a m o x s n a. 
  gamovTvaloT kinetikuri energies danakargi aradrekadi dartymisas: 

                                 𝑇1 − 𝑇2 =
𝑀1𝑀

2(𝑀1 +𝑀)
(𝑣1𝑛 − 𝑣2𝑛)

2,                          (1) 

sadac    𝑇1 − sitemis kinetikuri energiaa dartymis dasawyisSi; 𝑇2 − 
sitemis kinetikuri energiaa dartymis bolos. 

   radgan boZi dartymis dasawyisSi iyo uZravi, amitom 𝑣2𝑛 = 0, 
xolo 

𝑣1𝑛 = √2𝑔ℎ = √2 ∙ 9,8 ∙ 2 = 6,26(m/wm). 
   sitemis kinetikuri energia dartymis dasawyisSi udris sacemis 
kinetikur energias: 

  𝑇1 =
  𝑀1𝑣1𝑛

2

2
. 

maSin (1) gamosaxuleba miiRebs saxes: 

  𝑀1𝑣1𝑛
2

2
− 𝑇2 =

𝑀1𝑀𝑣1𝑛
2

2(𝑀1 +𝑀)
. 

  aqedan   

  𝑇1 =
  𝑀1𝑣1𝑛

2

2
(1 −

𝑀

𝑀1 +𝑀
) =

450 ∙ 6,262

2
(1 −

50

500
) = 7935. 

   Tolobidan 
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10𝑇2 = 𝑆 ∙ 𝛿 
 ganvsazRvroT niadagis saSualo winaRoba boZis Casobisas:  

𝑆 =
10𝑇2
𝛿

=
10 ∙ 7935

0,05
= 1 590 000(ნ) = 1590(კნ). 

p a s u x i:  𝑆 =1590kn. 
 
 

amocana  44.20 

   𝑚1  da 𝑚2 masis  ori 

burTula Camokidebulia ℓ1  
da ℓ2 sigrZis   
paralelur Zafze ise, rom 
maTi centrebi erT 
simaRleze arian. Ppirveli 
burTula gadaxares 

vertikalidan  𝛼1 kuTxiT  
da Semdeg gauSves usawyiso 
siCqariT. gansazRvreT 

meore burTulas 𝛼2 
udidesi gadaxris kuTxe, Tu 
aRdgenis koeficienti aris 

𝑘.  
  a m o x s n a.   
visargebloT kinetikuri 
energiis cvlilebis 
TeoremiT da gansazRvroT pirveli burTulas siCqare  
dartymamde (ix. Nnaxazi): 

𝑚1𝑣
2

2
= 𝑚1𝑔ℎ1, 

sadac ℎ1 = ℓ1(1 − 𝑐𝑜𝑠𝛼1). 
   maSin 

  
𝑚1𝑣

2

2
= 

= 𝑚1𝑔ℓ1(1 − 𝑐𝑜𝑠𝛼1). 
 aqedan 

𝑣2 = 2𝑔ℓ1(1 − 𝑐𝑜𝑠𝛼1).   (1) 
   burTulebis siCqareebis gegmilebi  𝑛 RerZze, romelic gadis 
burTulebis masaTa centrebze dartymamde: 

𝑣1𝑛 = 𝑣, 𝑣2𝑛 = 0. 
   ganvsazRvroT burTulebis saerTo siCqaris gegmili 𝑛 RerZze 
dartymis Semdeg: 

�⃗⃗� • 
• 

• 
• 𝐴 𝐵 

ℎ1 

𝑚1�⃗⃗⃗� 
𝑚2�⃗⃗⃗� 

ℓ2 

𝛼1 
𝛼2 

𝐵 𝐴0 
ℓ1 

�⃗⃗�2𝑛 

�⃗�1𝑛 
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𝑢𝑛 =
𝑚1𝑣1𝑛 + 𝑚2𝑣2𝑛

𝑚1 + 𝑚2

=
𝑚1𝑣

𝑚1 + 𝑚2

 

Dda meore burTulas siCqaris gegmili 𝑛 RerZze dartymis Semdeg: 

𝑢2𝑛 = 𝑢𝑛 + 𝑘(𝑢𝑛 − 𝑣2𝑛) = 𝑢𝑛(1 + 𝑘) =
𝑚1𝑣

𝑚1 +𝑚2

(1 + 𝑘). 

 𝑢2𝑛  siCqare warmoadgens meore birTvis sawyis siCqares, e.i. 

𝑢2𝑛 = 𝑣0.   
 Kkinetikuri energiis cvlilebis safuZvelze SevadginoT gantoleba 
meore burTulasaTvis: 

−  
𝑚2𝑣0

2

2
= −𝑚2𝑔ℎ2 = −𝑚2𝑔ℓ2(1 − 𝑐𝑜𝑠𝛼2) 

an 

𝑢2𝑛
2

2
= 𝑔ℓ2(1 − 𝑐𝑜𝑠𝛼2). 

aqedan 

1 − 𝑐𝑜𝑠𝛼2 =
𝑢2𝑛
2

2𝑔ℓ2
=

1

2𝑔ℓ2

𝑚1
2𝑣2

(𝑚1 +𝑚2)
2
(1 + 𝑘)2 = 

=
𝑚1
2(1 + 𝑘)2ℓ1

(𝑚1 +𝑚2)
2ℓ2

(1 − 𝑐𝑜𝑠𝛼1). 

Ggardaqmnis Semdeg miviRebT: 

𝑠𝑖𝑛2
𝛼2
2
=
𝑚1
2(1 + 𝑘)2ℓ1

(𝑚1 +𝑚2)
2ℓ2

𝑠𝑖𝑛2
𝛼1
2
 

an 

𝑠𝑖𝑛
𝛼2
2
=
𝑚1(1 + 𝑘)

𝑚1 +𝑚2

√
ℓ1
ℓ2
∙ 𝑠𝑖𝑛

𝛼1
2
. 

p a s u x i:  𝑠𝑖𝑛
𝛼2

2
=

𝑚1(1+𝑘)

𝑚1+𝑚2
√
ℓ1

ℓ2
∙ 𝑠𝑖𝑛

𝛼1

2
. 
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amocana  44.21 

   sartyami manqanis qanqara Sedgeba 10sm  

radiusis da 5sm sisqis foladis  𝐴 diskosa da 
2sm diametris da 90sm sigrZis foladis  mrgvali 
  𝐵 Rerosagan.  Hhorizontaluri sibrtyidan 

(romelSiac mdebareobs brunvis  𝑂 RerZi) ra ℓ  
manZilze unda movaTavsoT   manqanis mier 

dasamsxvrevi 𝐶 Zelaki, rom  RerZi ar ganicdides 
dartymas, Tu dartymis  mimarTulebas miviRebT 
horizontalurad. 
  a m o x s n a.     brunvis Rerze ar moxdeba 
dartyma, Tu dasamsxvrevi 𝐶 Zelaki moTavsebulia 
dartymis centrSi, romlis mdebareoba 
ganisazRvreba formuliT 
 

                ℓ =
𝐽0𝑧

𝑚𝑥
,              (1) 

sadac 𝑚 −sistemis masaa; 𝑥 − sistemis 

masaTa  centris koordinati; 𝐽0𝑧 − sistemis 
inerciis momentia  𝑂 wertilze gamavali  
RerZis mimarT.  
   SemoviRoT aRniSvnebi: 𝑚1 − Reros masa, 

𝑎 −Reros sigrZe, 𝑟 −Reros diametri, 

𝑚2 −disos masa, 𝑅 −disos diametri, 

𝛿 −disos sisqe. 
  vipovoT sistemis inerciis momenti 

 𝐽0𝑧 =  𝐽𝐵+  𝐽𝐴, 

sadac  𝐽𝐵 =
𝑚1𝑎

2

3
;  𝐽𝐴 =

𝑚2𝑅
2

2
+𝑚2𝑥2

2. 
      maSin 

                   𝐽0𝑧 =
𝑚1𝑎

2

3
+
𝑚2𝑅

2

2
+𝑚2𝑥2

2.               (2) 
   ganvsazRvroT Reros masa 

𝑚1 = 𝜌𝜋𝑟
2𝑎 

Dda diskos masa 

𝑚2 = 𝜌𝜋𝑅
2𝛿. 

  vipovoT sistemis masaTa centris mdebareoba (ix. Nnaxazi), Tu 
gaviTvaliswinebT, rom 

𝑥1 =
𝑎

2
, 𝑥2 = 𝑎 + 𝑅:  

𝑚𝑥 =∑𝑚𝑘𝑥𝑘 = 𝑚1𝑥2 +𝑚2𝑥𝑘 

an 

• 𝐴 

𝑂 • 

ℓ 𝐵 

𝐶 

• 𝐴 

𝑥1 

𝑂 • 

ℓ 𝐵 

𝐶 

• 
𝑥2 
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     𝑚𝑥 = 𝜌𝜋𝑟2𝑎
𝑎

2
+ 𝜌𝜋𝑅2𝛿(𝑎 + 𝑅) = 𝜌𝜋 [

𝑟2𝑎2

2
+ 𝑅2𝛿(𝑎 + 𝑅)].   (3) 

 CavsvaT   (2) da (3) gamosaxulebebi (1) gantolebaSi da ganvsazRvroT 
saZiebeli manZili: 

ℓ =

𝑚1𝑎
2

3
+
𝑚2𝑅

2

2
+𝑚2𝑥2

2

𝜌𝜋 [
𝑟2𝑎2

2
+ 𝑅2𝛿(𝑎 + 𝑅)]

=
2𝑟2𝑎3 + 3𝑅4𝛿 + 6𝑅2𝑥2

2𝛿

6 [
𝑟2𝑎2

2
+ 𝑅2𝛿(𝑎 + 𝑅)]

=. 

=
2𝑟2𝑎3 + 3𝑅4𝛿 + 6𝑅2𝑥2

2𝛿

3[𝑟2𝑎2 + 2𝑅2𝛿(𝑎 + 𝑅)]
= 97,5(სმ). 

p a s u x i:  ℓ = 97,5(სმ). 
 

amocana  44.22 

  ipoveT srolis sawarmoeblad 
marTkuTxa  samiznes dartymis centri. 

samiznes simaRle aris ℎ. 
  a m o x s n a.   dartymis impulsi 
unda iyos brunvis  RerZsa da  masaTa 
centrze gamavali  sibrtyis 
perpendikularuli, e.i. samiznes 
sibrtyis. .brunvis RerZis marTobi 
sibrtye, romelSic mdebareobs 
dartymis impulsi,  unda mogvces 

brunvis RerZze gadakveTis 𝑂 
wertili, romlisTvisac es RerZi 
warmoadgens inerciis mTavar RerZs. 
aseTi Tviseba aqvs wertils, 

romelic mdebareobs 𝑂𝑦 RerZze da 
romelsic samiznes sibrtye kveTs 
mis simetriis sibrtyes (ix. Nnaxazi).  

dartymis centramde 𝑂𝑀 = 𝑠 
manZils vipoviT fizikuri saqanis 
dayvanili sigrZis gamosaTvleli 
formulidan: 

                              𝑠 =
𝐽𝑦

𝑚𝑥𝐶
, 

sadac 𝑥𝐶 =
ℎ

2
;    𝐽𝑦 =

𝑚ℎ2

3
. 

  maSin 

𝑠 =
𝑚ℎ2

3𝑚 ∙ ℎ/2
=
2

3
ℎ. 

p a s u x i:  𝑠 =
2

3
ℎ.  

𝑀 
ℎ 

𝑠 

𝑀 

ℎ 
𝑠 

𝑂 

𝑧 

𝑥 

𝑦 

• 
𝐶 
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amocana  44.23 

  gansazRvreT samkuTxa sasroli 

samiznes dartymis 𝐾 centris 

mdebareoba. samiznes simaRle aris ℎ 
a m o x s n a.  dartymis impulsi 
ar gadaecema  RerZis damagrebis 
wertilebs, Tu is firfitis 
sibrtyis marTobulia da amasTan 

sruldeba piroba: 𝐽𝑥𝑦 = 0, e.i. 

samiznes brunvis 𝑦 RerZi 𝑂 
wertilisaTvis unda iyos inerciis 
mTavari RerZi (ix. Nnaxazi). 
Mocemul SemTxvevaSi es piroba 

sruldeba, radgan 𝑥 RerZi aris 

simetriis RerZi da 𝐾 wertili 
mdebareobs am RerZze. 
 ganvsazRvroT 𝑠 manZili 

𝑂 wertilidan dartymis 𝐾 
centramde: 

            𝑠 = 𝑂𝐾 =
𝐽𝑦

𝑀𝑥𝐶
,            (1)                           

sadac  𝐽𝑦 − samiznes inerciis momentia 𝑂𝑦 RerZis mimarT; 𝑥𝐶 − 

manZili brunvis RerZidan samiznes masaTa 𝐶 centramde. 
 Hhiugens-Steineris Teoremis Tanaxmad visargebloT  34.12 amocanis 
amoxsniT da ganvsazRvroT 

 𝐽𝑦 =
1

8
𝑀ℎ2 +𝑀(

ℎ

3
)
2

=
1

6
𝑀ℎ2. 

 viciT ra, rom 𝑥𝐶 = ℎ/3, vipoviT dartymis centris mdebareoba: 

𝑠 =
𝑀ℎ2/6

𝑀ℎ/3
=
ℎ

2
. 

p a s u x i:  𝑠 = ℎ/2. 
 

 

amocana  44.24 

 
   ori  borbali brunavs erT sibrtyeSi TavianTi RerZebis garSemo 

𝜔10  da 𝜔20  kuTxuri siCqareebiT.  gansazRvreT borbalTa 𝜔1  da 
𝜔2  kuTxuri siCqareebi mas Semdeg, rac maTze Camocmuli iqneba 

Rvedi; borblebi miRebulia 𝑅1  da 𝑅2  radiusebis erTnairi 

ℎ 

𝑠 
𝐾 

ℎ 

𝑠 

𝐾 

𝑦 

𝑥 

𝑂 

𝐶 • 
𝑥𝐶 
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simkvrivis wriul diskoebad; Rvedis masa da sriali 
ugulebelyofilia. 
a m o x s n a.    ganixileba SemTxveva, rodesac moZravi sxeuli 
ganicdis dartymas imis gamo, rom masze Camoacvamen Rveds. TiToeul 

moZrav borbalze modebuli gare dartymis 𝑆 impulsi  mocemul 
SemTxvevaSi aris Rvedis daWimulobis Zalis dartymis impulsi (ix. 
Nnaxazi). amasTan,  
 
 
 
 
 
 
 
 
 
 
uZravi RerZis garSemo mbrunavi myari sxeulis kuTxuri siCqare 
dartymis drois ganmavlobaSi icvleba sididiT, romelic udris 
brunvis RerZis mimarT dartymis impulsis momentis Sefardebas imave 
RerZis mimarT inerciis momentTan: 

                        𝜔 = 𝜔0 +
𝑚𝑧(𝑆)

𝐽𝑧
,                     (1)   

  gamoviyenoT (1) formula pirveli da meore borblisaTvis, miviRebT 
gantolebaTa sistemas: 

                        𝜔1 = 𝜔10 −
𝑆𝑅1

𝐽1
,                     (2)   

 

                        𝜔2 = 𝜔20 +
𝑆𝑅2

𝐽2
.                     (3) 

   gavamravloT (2) gantoleba  𝑅2𝐽1 −ze, xolo (3) gantoleba 

𝑅1𝐽2 −ze d amiRebuli gantolebebi SevkriboT. Sedegad miviRebT:AA 

             𝜔1𝑅2𝐽1 +𝜔2𝑅1𝐽2 = 𝜔10𝑅2𝐽1 +𝜔20𝑅1𝐽2.           (4) 
  MmxedvelobaSi miviRoT, rom  RvedebiT SeerTebuli borblebi 
ibruneben erTad da Rvedebis sriali ugulebelyofilia, kavSiri 
borblebis kuTxuri siCqareebs Soris ganisazRvreba tolobiT: 

 𝜔1𝑅1 = 𝜔2𝑅2.  Aaqedan 

                        𝜔2 =
 𝜔1𝑅1

𝑅2
.                        (5) 

  CavsvaT (5) gamosaxuleba (4) formulaSi da vipovoT 

                 𝜔1 =
𝑅2(𝜔10𝑅2𝐽1+𝜔20𝑅1𝐽2)

𝑅2
2𝐽1+𝑅1

2𝐽2
.                (6) 

maSin (5) formulis Tanaxmad 

                   𝜔2 =
𝑅1(𝜔10𝑅2𝐽1+𝜔20𝑅1𝐽2)

𝑅2
2𝐽1+𝑅1

2𝐽2
.                (7) 

−𝑆 

𝑂1 

𝑅1 

𝜔1 𝑂2 
𝜔2 

𝑅2 

𝑆 
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  radgan, amocanis pirobis Tanaxmad, borblebi warmoadgenen 
erTnairi simkvrivis wriul  diskoebs,  amitom 

𝐽1 =
1

2
𝑀1𝑅1

2 =
1

2
(𝜌𝜋𝑅1

2ℎ)𝑅1
2 =

1

2
𝜌𝜋ℎ𝑅1

4, 

𝐽2 =
1

2
𝑀2𝑅2

2 =
1

2
(𝜌𝜋𝑅2

2ℎ)𝑅2
2 =

1

2
𝜌𝜋ℎ𝑅2

4, 

sadac 𝜌 −simkvrivea; ℎ −diskos sisqe;  𝑀1, 𝑀2 −  borblebis masebi: 

𝑀1 = 𝜌𝜋𝑅1
2ℎ, 𝑀2 = 𝜌𝜋𝑅2

2ℎ. 
  CavsvaT 𝐽1  da 𝐽2 mniSvnelobebi (6) da (7) formulebSi da 
gardaqmnis Semdeg CavweroT saboloo Sedegi: 

 

 𝜔1 =
𝜔10𝑅2

2𝑅1
4 +𝜔20𝑅2

5𝑅1

𝑅2
2𝑅1

4 + 𝑅2
4𝑅1

2 =
𝜔10𝑅1

3 +𝜔20𝑅2
3

𝑅1(𝑅1
2 + 𝑅2

2)
, 

 𝜔2 =
𝜔10𝑅2𝑅1

5 +𝜔20𝑅1
2𝑅2

4

𝑅2
2𝑅1

4 + 𝑅2
4𝑅1

2 =
𝜔10𝑅1

3 +𝜔20𝑅2
3

𝑅2(𝑅1
2 + 𝑅2

2)
. 

p a s u x i:    𝜔1 =
𝜔10𝑅1

3+𝜔20𝑅2
3

𝑅1(𝑅1
2+𝑅2

2)
;   𝜔2 =

𝜔10𝑅1
3+𝜔20𝑅2

3

𝑅2(𝑅1
2+𝑅2

2)
. 
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   balistikuri qanqara, romelic  
gamoiyenebaHyumbaris siCqaris  
gansasazRvravad, Sedgeba 

horizontalur   𝑂 RerZze 

Camokidebuli 𝐴𝐵 cilindrisagan;  

cilindri erTi 𝐴   bolodan   Riaa 
da Sevsebulia qviSiT. cilindrSi 
Sesuli yumbara iwvevs  qanqaras 

mobrunebas misi 𝑂 RerZis   garSemo 

garkveuli kuTxiT. Mmocemulia: 𝑀 − 

qanqaras masa;  𝑂𝐶 = ℎ − manZili  

misi  masaTa 𝐶 centridan 𝑂 RerZamde; 

𝜌 −inerciis radiusi 𝑂 RerZis  mimarT;  𝑚 − yumbaris masa;  𝑂𝐷 =
𝑎 − manZili  dartymis moqmedebis wrfidan RerZamde; 𝛼 − qanqaras 

gadaxris kuTxe. gansazRvreT yumbaris 𝑣 siCqare, Tu davuSvebT, rom 

qanqaras RerZi ar ganicdis dartymas, amasTan  𝑎ℎ = 𝜌2. 
a m o x s n a. 

• 𝑂 

𝐶 
× 

𝐴 𝐵 

𝐷 
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    gamovsaxoT naxazze qanqaras da yumbaris masaTa centrebi 

dartymamade da dartymis Semdeg (ix. Nnaxazi). 

Qqanqaraze dartymis dros imoqmedebs dartymis 𝑆 impulsi, romelic 
yumbaris moZraobis raodenobis tolia:   

                      𝑆 = 𝑚�⃗⃗� −  𝑚𝑣,⃗⃗⃗ ⃗                    (1) 
sadac  �⃗⃗� = 0 − yumbaris saboloo siCqarea; �⃗� − sawyisi (saZiebeli) 
siCqarea.     
   amasTan dartymis  impulsis momenti 𝑂 RerZis  mimarT iwvevs 
sistemis (qanqara-yumbara) kinetikuri momentis cvlilebas imave 
RerZis mimarT, e.i. 

                          𝐽𝐴𝜔 = 𝑚𝑣𝑎,                     (2) 
sadac  𝜔 −qanqaras kuTxuri siCqarea yumbaris moxvedris momentSi; 

𝐽𝐴 − qanqaras yumbarasTan erTad inerciis momentia 𝐴 RerZis mimarT. 

   vipovoT 𝐽𝐴: 
                          𝐽𝐴 = 𝑀𝜌

2 +𝑚𝑎2.                 (3) 
  reaqtiuli dartymis impulsi 𝐴 RerZze ar warmoiqmneba, Tu  𝐷  
wertili am rerZisaTvis iqneba dartymis centri, e.i. (1) formulis 
Tanaxmad (ix. 44.23 amocanis amoxsna 

    𝑎 = 𝑂𝐷 =
𝐽𝑦

𝑀𝑦𝐶
=
𝑀𝜌2

𝑀ℎ
=
𝜌2

ℎ
⟹ 𝜌2 = 𝑎ℎ. 

  CavsvaT 𝜌2 −is es mniSvneloba (3) formulaSi da miviRebT: 

𝐽𝐴 = 𝑀𝑎ℎ +𝑚𝑎
2 = 𝑎(𝑀ℎ +𝑚𝑎). 

maSin (2) formulis Tanaxmad 

𝜔𝑎(𝑀ℎ +𝑚𝑎) = 𝑚𝑣𝑎, 
aqedan 

                      𝑣 =
𝑀ℎ+𝑚𝑎

𝑚
𝜔.                        (4) 

• 

ℎ 

𝐶 
× 

𝐴 𝐵 

𝐷 

• 

• 

• 𝐷1 

𝐶1 

𝛼 
𝑎 

𝑂 

�⃗� 
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  qanqaras kuTxuri siCqaris gansasazRvravad visargebloT 
kinetikuri energiis cvlilebis TeoremiT: 
                       𝑇 − 𝑇0 = ∑𝐴𝑘

𝑒 ,                      (5) 
romelic gamoviyenoT yumbara-qanqaras sisitemis gadaadgilebisaTvis 

dartymis Semdeg. radgan saboloo siCqare nulis tolia, amitom  𝑇 =
0: 

𝑇0 =
1

2
𝐽𝐴𝜔

2 =
1

2
𝑎(𝑀ℎ +𝑚𝑎)𝜔2, 

∑𝐴𝑘
𝑒 = −𝑀𝑔ℎ(1 − 𝑐𝑜𝑠𝛼) − 𝑚𝑔𝑎(1 − 𝑐𝑜𝑠𝛼) = 

= −𝑔(𝑀ℎ +𝑚𝑎)(1 − 𝑐𝑜𝑠𝛼) = −𝑔(𝑀ℎ +𝑚𝑎)2𝑠𝑖𝑛2
𝛼

2
. 

  CavsvaT es gamosaxuleba (5) formulaSi da gardaqmnis Semdeg 
miviRebT 

𝜔 = 2√
𝑔

𝑎
𝑠𝑖𝑛

𝛼

2
. 

   Aam gamosaxulebis gaTvaliswinebiT vipoviT yumbaris siCqares (4) 
formuliT: 

𝑣 =
2(𝑀ℎ +𝑚𝑎)

𝑚
√
𝑔

𝑎
𝑠𝑖𝑛

𝛼

2
. 

p a s u x i:   𝑣 =
2(𝑀ℎ+𝑚𝑎)

𝑚
√
𝑔

𝑎
𝑠𝑖𝑛

𝛼

2
. 
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amocana  44.26 

   𝑀 masis da ℓ sigrZis erTgvarovani 
Rero, romelic mimagrebulia  Tavisi zeda 

boloTi 𝑂 cilindrul saxsarTan, vardeba 
horizontaluri mdebareobidan usawyiso 
siCqariT.  vertikalur mdebareobaSi igi 

ejaxeba 𝑚 masis  tvirTs da amoZravebs mas 
horizontalur mqise sibrtyeze. srialis 
xaxunis koeficienti aris 𝑓. ipoveT 
tvirTis mier gavlili manZili, Tu 
dartyma aradrekadia. 

a m o x s n a.  dartymis 𝑆 impulsis 
gansasazRvravad gamoviyenoT 
kinetikuri momentis  cvlilebis 
Teorema dartymisas (nax.1): 

                      𝐾𝑧 − 𝐾𝑧
(0)
=∑𝑀𝑧(𝑆

𝑒) 

an 

                        𝐽𝑧(𝜔 − 𝜔0) = −𝑆ℓ.     
(1) 
kinetikuri energiis cvlilebis 
Teoremis Tanaxmad: 
          𝑇1 − 𝑇0 = ∑𝐴𝑘

𝑒         
(2) 
 Reros kinetikuri energia tvirTTan  
dajaxebis momentSi 

𝑇1 =
1

2
𝐽𝑧𝜔1

2 =
1

2

1

3
𝑀ℓ2𝜔1

2 =
1

6
𝑀ℓ2𝜔1

2 

radgan moZraoba daiwyo wonasworobis  

mdgomareobidan, 𝑇0 = 0.                        nax.1 
  Reros 𝜑 = 𝜋/2  kuTxiT mobrunebisas misi masaTa centri daeSveba 

ℎ = ℓ/2 manZiliT, amitom 

∑𝐴𝑘
𝑒 = 𝑀𝑔

ℓ

2
. 

CavsvaT es mniSvneloba (2) formulaSi: 

1

6
𝑀ℓ2𝜔1

2 = 𝑀𝑔
ℓ

2
 

da miviRebT 

𝜔1 = √
3𝑔

ℓ
. 

• 

𝑚 

𝑂 

𝑀 
ℓ 

• 

𝑚 

𝑂 

𝑀 
ℓ 𝐶 

𝑥 

𝑦 

𝑧 

𝜔 

𝑀�⃗� 
• 

−𝑆 𝑆 

�⃗⃗�𝑂 
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  CvasvaT 𝜔1 −is mniSvneloba (1) formulaSi da gaviTvaliswinoT, 

rom  𝜔0 = 𝜔1, miviRebT 

𝑆 =
   𝐽𝑧(𝜔0 − 𝜔)

ℓ
=

1
3
𝑀ℓ2(𝜔1 − 𝜔)

ℓ
=
1

3
𝑀ℓ√

3𝑔

ℓ
−
1

3
𝑀ℓ𝜔 = 

                           = 𝑀√
𝑔ℓ

3
−
1

3
𝑀𝑣,                 (3)                  

sadac  𝑣 = 𝜔ℓ − Reros bolos (romliTac is ejaxeba tvirTs) 
siCqarea. 
    Mmeores mxriv, radgan dartyma aradrekadia, amitom Tu  CavsvamT    

 𝑆 = 𝑚𝑣    mniSvnelobas (3) formulaSi , miviRebT: 
 

𝑣 (
1

3
𝑀+𝑚)= 𝑀√

𝑔ℓ

3
, 

                           𝑣 =
𝑀√3𝑔ℓ

𝑀+3𝑚
.                      (4) 

  Aaradrekadi dartymis Semdeg tvirTi 

iwyebs moZraobas xaoian zedapirze  𝑢0 
siCqariT (nax.2), romelic  
gamoisaxeba (4) formuliT Senelebuli 
 aCqarebiT: 

                       𝑚𝑎 = −𝐹ხახ 
ან 

                 𝑚𝑎 = −𝑓𝑚𝑔, 
                         𝑎 = −𝑓𝑔. 
  AgaviTvaliswinoT, rom tvirTis                    nax.2 
saboloo siCqare  𝑢 = 0 da gavlili  𝑠  manZili vipovoT  formuliT: 
:                

𝑠 =
𝑢2 − 𝑢0

2

2𝑎
=
𝑣2

2𝑓𝑔
=
3ℓ

2𝑓
∙

𝑀2

(𝑀 + 3𝑚)2
. 

  SevniSnoT, rom Tu ganvixilvT sistemas Rero-tvirTi da CavTvliT, 
rom dartymis impulsi  tvirTis mxridan udris nuls xaxunis Zalis 
sasruli sididis  da dartymis drois simciris gamo, maSin (10 
formula miiRebs saxes: 

    𝐽𝑧(𝜔 − 𝜔0) = −𝑚𝑣ℓ, 
sadac  𝜔 = 𝑀/ ℓ, radgan dartyma aradrekadia. Aadvilad 
davrwmundebiT, rom am SemTxvevaSi Sedegi ar Seicvleba. 

p a s u x i:   𝑠 =
3ℓ

2𝑓
∙

𝑀2

(𝑀+3𝑚)2
. 

 

 

𝑚�⃗� 

�⃗�ხახ 

�⃗⃗⃗� 

�⃗⃗�0 

ℓ 
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amocana  44.27 

  kvadratuli fuZis mqone erTgvarovani marTi prizma dgas 
horizontalur sibrtyeze da SeuZlia 

brunva amave sibrtyeSi mdebare 𝐴𝐵  
wibos garSemo.  prizmis fuZis wibo 

aris 𝑎. misi simaRle aris-3 𝑎, 
masa−3 𝑚. 𝐴𝐵  wibos mopirdapire 

waxnagis Sua 𝐶  wertilze ejaxeba  

horizontaluri siCqariT 𝑚 masis  
burTula. miiReT, rom dartyma 
aradrekadia da burTulas masa 
Tavmoyrilia mis centrSi, romelic 

dartymis Semdeg rCeba 𝐶  wertilSi. 

gansazRvreT  𝑣 siCqaris umciresi 
mniSvneloba, rodesac prizma 
gadayiravdeba. 
a m o x s n a.  dartymis Zalebis 

momenti 𝑂1𝑦1 ღერძის მიმართ udris 
nuls, radgan dartymis datvirTebi 

modebulia am RerZze mdebare 𝐴 da 𝐵 
wertilebze (ix naxazi). Aაmitom 
moZraobis raodenobis momenti 
dartymamde da dartymis Semdeg ar 
icvleba, e.i.  

                   3𝑎𝑚𝑣 =   𝐽𝑦1𝜔,            
(1) 

sadac   𝐽𝑦1 = 𝐽𝑦1
ბურ

+ 𝐽𝑦1
პრ. 

     burTulas inerciis momenti 

𝐽𝑦1
ბურ

= 𝑚ℎ1
2 = 𝑚 [𝑎2 + (

3

2
𝑎)

2

]

=
13

4
𝑚𝑎2. 

  Hhiugens-Steineris Teoremis სafuZvelze prizmis inerciis momenti 

 

𝐽𝑦1
პრ = 𝐽𝑦 + 3𝑚ℎ

2, 
sadac 

𝐽𝑦 = ∫(𝑥2 + 𝑧2)𝑑𝑚 = 𝛾( ∫ ∫ ∫ 𝑥2𝑑𝑥𝑑𝑦𝑑𝑧 +

3𝑎/2

−3𝑎/2

𝑎/2

−𝑎/2

𝑎/2

−𝑎/2(𝑀)
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+ ∫ ∫ ∫ 𝑧2𝑑𝑥𝑑𝑦𝑑𝑧

3𝑎/2

−3𝑎/2

𝑎/2

−𝑎/2

𝑎/2

−𝑎/2

) =
5

2
𝑚𝑎2. 

Sedegad 

𝐽𝑦1
პრ =

5

2
𝑚𝑎2 + 3𝑚 [𝑎2 + (

3

2
𝑎)

2

] = 10𝑚𝑎2. 

  𝐽𝑦1 =
13

4
𝑚𝑎2 + 10𝑚𝑎2 =

53

4
𝑚𝑎2. 

maSin (1) formulidan miviRebT 

                           𝜔 =
6𝑣

53𝑎
.                        (2) 

  siCqaris umciresi mniSvnelobis gansasazRvravad, rodesac prizma 
gadayiravdeba, gamoviyenoT kinetikuri energiis cvlilebis Teorema: 

                       𝑇1 − 𝑇0 = ∑𝐴𝑘
𝑒 .                      (3) 

 vipovoT (3) formulaSi Semavali sidideebi: 𝑇 = 0, radgan prizma 
daiwyebs gadayiravebas Zalian mcire siCqariT; 

𝑇0 =   𝐽𝑦1
𝜔2

2
=
53

4
𝑚𝑎2 ∙

1

2
∙
62

532
∙
𝑣2

𝑎2
=

9

106
𝑚𝑣2, 

∑𝐴𝑘
𝑒 = −(𝑚ბურ +𝑚პრ)𝑔∆ℎ𝐶 . 

  masaTa centris koordinatebi dartymis momentSi 

𝑥1𝐶 =
𝑚𝑎 +

1
2
∙ 3𝑚𝑎

4𝑚
=
5

8
𝑎, 

 

𝑦1𝐶 =
3

2
𝑎. 

  maSin 

∆ℎ𝐶 = √𝑥1𝐶
2 + 𝑦1𝐶

2 −
3

2
𝑎 =

1

8
𝑎, 

∑𝐴𝑘
𝑒 = −

1

2
𝑚𝑔𝑎. 

CavsvaT miRebuli mniSvnelobebi (3) formulaSi, miviRebT: 

9

106
𝑚𝑣2 =

1

2
𝑚𝑔𝑎. 

  aqedan 

𝑣 =
1

3
√53𝑔𝑎. 

p a s u x i:     𝑣 =
1

3
√53𝑔𝑎. 
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 amocana  44.28 

  baqanze, romelzec  moTavsebulia 

𝐴𝐵  tvirTi, 𝑣 siCqariT migoravs 

horizontalur relsebze. Bbaqnis 𝐵   
wibosTan aris Sverili, romelic 
baqanze win srialis saSualebas ar  

aZlevs,  magram  ar uSlis  mas  𝐵 
wibos   garSemo brunvas. 

mocemulia: ℎ − tvirTis masaTa  

centris daSoreba baqnis zedapiridan , 𝜌 − tvirTis inerciis 

radiusi 𝐵 wibos mimarT.  gansazRvreT 𝐵  wibos  garSemo tvirTis 

brunvis kuTxuri 𝜔  siCqare 
baqnis uecari gaCerebisas. 
a m o x s n a.      vaCvenoT 

naxazze tvirTis brunva 𝐵  
wibos   garSemo.   baqnis 
uecari gacerebisas xdeba 

dartyma. D 𝐵  wibos   dartymis  

impulsis momenti D 𝐵 wertilze 
gamavali da naxazis sibrtyis  
marTobi sibrtyis mimarT, 
udris  nuls (ixileT 44.26 da 
44.27 amocanis amoxsna). maSin 
gantoleba 

�⃗⃗⃗�𝐵 − �⃗⃗⃗�𝐵0 =∑𝑀𝐵(�⃗⃗⃗�𝑘დარ

𝑒
)    

 miiRebs saxes 

                                               JB 𝜔 − 𝑀𝑣ℎ = 0,                        (1) 
 

sadac         JB = Mρ
2. 

 
   (1)   gantolebidan vRebulobT: 

𝜔 =
𝑀𝑣ℎ

 JB
=
𝑣ℎ

ρ2
. 

p a s u x i:    𝜔 =
𝑀𝑣ℎ

 JB
=

𝑣ℎ

ρ2
. 

  
 
 

 

 

 

• • 

�⃗� ℎ 

𝐴 𝐵 𝐶 

• • 

�⃗� 

ℎ 

𝐴 

𝑎 

𝐶 
𝑏 

𝜔 
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amocana  44.29 

    wina amocanis pirobebSi, Tu tvirTs CavTvliT erTgvarovan 
marTkuTxa paralelepipedad, romlis wibo baqnis gaswvriv udris 4m-s 

da simaRle-3m-s; ganvsazRvroT rogori 𝑣 siCqarisas moxdeba tvirTis 
gadayiraveba. 
a m o x s n a.     meqanikuri sistemis kinetikuri energiis 
cvlilebis Teoremis Tanaxmad: 
                       𝑇 − 𝑇0 = ∑𝐴𝑘

𝑒 ,                      (1) 

sadac   𝑇0 =
1

2
  𝐽𝐵𝜔

2. 
  44.28 amocanaSi Cven vipoveT, rom 

𝜔 =
𝑀𝑣ℎ

 JB
=
𝑀𝑣𝑏

 2JB
, 

maSin 

𝑇0 =
1

2

𝑀2𝑣2𝑏2

 2JB
. 

Hhiugens-Steineris Teoremis safuZvelze 

𝐽𝐵 = 𝐽𝐶 +𝑀 ∙ 𝐵𝐶2 =
𝑀

12
(𝑎2 + 𝑏2) + 𝑀 [(

𝑎

2
)
2

+ (
𝑏

2
)
2

] = 

=
𝑀

12
(𝑎2 + 𝑏2). 

Aam gamosaxulebis gaTvaliswinebiT 

                       𝑇0 =
3𝑀

8

𝑣2𝑏2

𝑎2+𝑏2
.                      (2) 

      radgan gadayiraveba xdeba masata centris umaRles 

mdebareobidan nulovani kuTxuri siCqariT, amitom 𝑇 = 0. 
    vipovoT 

               ∑𝐴𝑘
𝑒 = −𝑚𝑔ℎ𝐶 = −𝑀𝑔(

√𝑎2+𝑏2

2
−
𝑏

2
).           (3) 

CavsvaT (2) da (3) gamosaxulebebi (1) formulaSi da vipovoT 

𝑣2 =
4g

3𝑏2
(√𝑎2 + 𝑏2 − 𝑏) (𝑎2 + 𝑏2) = 

=
4 ∙ 9,8

3 ∙ 9
(√42 + 32 − 3) (42 + 32) = 72,59. 

maSin 

𝑣 = √72,59 = 8,52  (მ/წმ) ≈ 30,7(კმ/სთ). 

p a s u x i:    𝑣 = 30,7(კმ/სთ). 
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$45.  cvladi masis wertilisa da sistemis 

(cvladi Semadgenloba) dinamika 

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
   
    Kklasikur meqanikaSi relativisturi meqanikisagan gansxvavebiT 
 TiToeuli wertilis an sistemis  nawilakis masa moZraobis dros 

iთvleba mudmivad, romelic  ar aris damokidebuli sxeulis 
moZraobis siCqareze. 

  magram sxeulis moZraobis rig SemTxvevebSi sxeulis masa შeiZleba 
mcirdebodes an izrdebodes. 
   sxeulis masis mateba SeiZleba moxdes nawilakebis mierTebis 
gziT (magaliTad, TviTmfrinavis moyinva misi daSvebis an afrenis 
dros, moZrav sxeulze  myari nawilakebis mikvra (miwebeba) an 
moZraobisas geometriuli  zomebis cvlileba (magaliTad, amwevi 
bagiris an  jaWvis sigrZis cvlileba, dolis diametric gazrda 
masze bagiris an Zafis daxvevis Sedegad) 
   sxeulis masa SeiZleba mcirdebodes nawilakebis mocilebis gziT  
(magaliTad, raketis an reaqtiuli TviTmfrinavis moZraobisas 
sawvavis dawvis Sedegad) an sxeulis geometriuli  zomebis 
Semcireba( magaliTad, dolis diametris Semcireba bagiris an Zafis 
gorglis daSla). 
    sxeuls, romlis masa drois ganmavlobaSi uwyvetad icvleba 
masze  materialuri nawilakebis mierTebis an Camocilebis gziT, 
ewodeba cvladi masis mqone sxeuli.  Tu cvladi masis sxeulis 
moZraobisas SesaZlebelia misi zomebis ugulebelyofa gavlil 
manZilTan SedarebiT, maSin es sxeuli SeiZleba ganvixiloT 
rogorc cvladi masis wertili. 
     cvladi masis sxeulis dinamikis ZiriTad gantolebas 
gadataniti mozraobis dros aqvs saxe:     

                         𝑀
𝑑�⃗⃗�

𝑑𝑡
= �⃗�𝑒 +

𝑑𝑀

𝑑𝑡
 (�⃗⃗� − �⃗�),         (45.1) 

sadac   𝑀 −   sxeulis (wertilis) masaa drois mocemul momentSi.; 

�⃗� − cvladi masis mqone sxeulis absoluturi siCqare.; 

�⃗⃗� −Camocilebuli nawilakebis absoluturi siCqare; �⃗�𝑒 − cvladi 

masis mqone sxeulze modebuli gare Zalebis tolqmedi; |
𝑑𝑀

𝑑𝑡
| − 

Sesaswavli centris (sxeulis) masis wamieri xarji. 
  (45.1) gantileba pirvelad SemogvTavaza i.v. meSerskim da mis 
sapativcemulod ewodeba  meSerskis gantoleba.    
     rTul moZraobaSi wertilis siCqareTa Sekrebis  Teoremis 
Tamaxmad mocilebuli nawilakis absoluturi siCqare 

                          �⃗⃗� = �⃗�𝑟 + �⃗�𝑒 .                 (45.2)    
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     radgan  mocemul SemTxvevaSi  mocilebuli nawilakis warmtani 

siCqare aris sxeulis siCqare, amitom �⃗�𝑒 = �⃗�.  maSin �⃗⃗� − �⃗� sxvaoba  
(45.1) gantolebaSi aris fardobiTi siCqare, e.i. 

                          �⃗�𝑟 = �⃗⃗� − �⃗�.                  (45.3)                        
    Aamitom (45.1) gantoleba SeiZleba ase Caiweros: 

                         𝑀
𝑑�⃗⃗�

𝑑𝑡
= �⃗�𝑒 +

𝑑𝑀

𝑑𝑡
 �⃗�𝑟,             (45.4) 

sadac  
𝑑𝑀

𝑑𝑡
 �⃗�𝑟 − reaqtiuli Zalaa. 

     Tu  𝑀 −  klebadi sididea, maSin 
𝑑𝑀

𝑑𝑡
< 0,  da, maSasadame,  

reaqtiuli Zala mimarTulia �⃗�𝑟 veqtoris sapirispirod. SemoviRoT 
aRniSvna 

                              
𝑑𝑀

𝑑𝑡
 �⃗�𝑟 = Φ.⃗⃗⃗⃗⃗               (45.5) 

maSin (45.1) gantoleba miiRebs saxes: 

                           𝑀
𝑑�⃗⃗�

𝑑𝑡
= �⃗�𝑒 +Φ.⃗⃗⃗⃗⃗               (45.6) 

   Tu (45.1) gantolebaSi (−𝑀 𝑑�⃗⃗⃗�
𝑑𝑡
) Sesakrebs gadavitanT marjvena 

mxareSi, maSin es gantoleba ase Cawereba: 

                         
𝑑

𝑑𝑡
(𝑀�⃗�) = �⃗�𝑒 +

𝑑𝑀

𝑑𝑡
�⃗⃗�.            (45.7) 

  kerZo SemTxvevaSi, roca  �⃗⃗� = 0,  (45.7) gantolebas eqneba saxe: 

                           
𝑑

𝑑𝑡
(𝑀�⃗�) = �⃗�𝑒 .                (45.8) 

      Aamgvarad, Tu mocilebuli (damatebuli) nawilakis 
absoluturi siCqare udris nulls, maSin cladi masis mqone 
sxeulis moZraobis raodenobis warmoebuli droiT udris masze 
moqmedi gare Zalebis tolqmeds. 

   roca �⃗�𝑟 = 0, maSin (45.4) gantoleba miiRebs saxes 

                            𝑀
𝑑�⃗⃗�

𝑑𝑡
= �⃗�𝑒 ,                 (45.9) 

   amitom  cvladi  masis mqone sxeulis (wertilis) moZraobis 
gantoleba Caiwereba ise, rogorc mudmivi masis mqone 
wertilisaTvis, magram amasTan erTad, mxedvelobaSi unda miviRoT, 

rom 𝑀 = 𝑓(𝑡). raketis moZraobis SemTxvevaSi (45.4) gantolebaSi 
𝑑𝑀

𝑑𝑡
< 0  da,  maSasadame,  reaqtiuli  Zala  Φ⃗⃗⃗⃗  mimarTulia  

gamosrolili gazebis fardobiTi siCqaris sapirispirod da 
warmoadgens Zravis wevis Zalas. 
   (45.5) formuliT gansazRvruli  reaqtiuli Zravis wevis AZalis 
mniSvneloba iqneboda swori, Tu mocilebuli nawilakebi  ar 
imoqmedeben erTmaneTze. Ffaqtiurad, raketis moZraobisas sawvavis 
wvis produqtebi atmosferosi gamoityorcneba uwyveti gazis nakadis 
saxiT, romlis nawilakebi urTierTqmedeben erTamaneTTan da 
atmosferosTan. Aamitom wevis Zala ramdenjerme metia (45.5) 
formuliT gansazRrulze. 
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    Ees rom gaeTvaliswinebiaT, gazebis gamotyorcnis fardobiTi �⃗�𝑟 
siCqaris nacvlad Semoitanes gamotyorcnis efeqturi siCqare �⃗�𝑒 >
�⃗�𝑟.   i. v. meSerskis krebulSi amocanaTa pirobebSi  mocemulia 

gazebis gamotyorcnis efeqturi siCqare �⃗�ეფ = �⃗�𝑒 . 
   k.e. ciolkovskim amoxsna raketis wrfivi moZraobis ori amocana. 
   ganvixiloT ciolkovskis pirveli amocanis amoxsna.  raketa 
moZraobs wrfivad mxolod reaqtiuli Zalis moqmedebiT.  gazebis 

gamotyorcnis fardobiTi �⃗�𝑟 siCqare mudmivia da mimarTulia 

raketis moZraobis  �⃗� siCqaris sapirispirod.  raketis moZraobis 

diferencialuri gantoleba 𝑂𝑥  RerZis gaswvriv, romlis 
mimarTuleba emTxveva raketis moZraobis  mimarTulebas: 

                     𝑀
𝑑𝑣

𝑑𝑡
= Φ𝑥 = −

𝑑𝑀

𝑑𝑡
𝑣𝑟              (45.10) 

   (45.10) gantolebaSi movaxdinoT cvladTa gancaleba da 
vaintegroT is, miviRebT: 

                     𝑣 = 𝑣0 + 𝑣𝑟𝑙𝑛
𝑀0

𝑀
,                 (45.11)           

sadac  𝑣0 − raketis sawyisi siCqarea, romelsac aqvs reaqtiuli 

Zalis mimarTuleba; 𝑀0 −raketis sawyisi masa; 𝑀− raketis 
saboloo  masa. 

   avRniSnoT raketis  mTliani masa Tavisi mowyobilobebiT 𝑀რ-iT. 
xolo sawvavis masa 𝑀ს-iT. maSin  

𝑀0 = 𝑀რ-+𝑀ს 
xolo 𝑀 −raketis saboloo masa, rodesac yvela sawvavi daiwveba, 

udris 𝑀რ. 
  CavsvaT es mniSvneloba (45.11) tolobaSi da miviRoT  ciolkovskis 
formula, romlis saSualebiT  gamoiTvleba siCqare moZraobis 
aqtiuri monakveTis boloSi (rodesac sawvavi mTlianad 
daxarjulia): 

                𝑣 = 𝑣0 + 𝑣𝑟𝑙𝑛 (1 +
𝑀ს

𝑀რ
).                 (45.12) 

    (45.12) formulidan gamomdinareobs, rom raketis siCqare 
damokidebulia: 

  • mis sawyis 𝑣0 siCqareze; 
  • 𝑣𝑟  fardobiT siCqareze; 

  • sawvavis  
𝑀ს

𝑀რ
 fardobiT maragze. 

    fardobas 
𝑀ს

𝑀რ
 ewodeba ciolkovskis ricxvi da aRiniSneba 𝑧-iT. 

   maSin (45.12) formula ase Caiwereba: 

                   𝑣 = 𝑣0 + 𝑣𝑟𝑙𝑛(1 + 𝑧).                 (45.13) 
   Mmagram am paragrafis amocanebis amoxsnisas, romlebic 
dakavSirebulia raketis moZraobasTan, maT Soris 
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mravalsafexurianTan, ciolkovskis ricxvad Rebuloben raketis 

saerTo sawyisi masis  𝑀საერ  fardobas misi korpusis masasTan, e.i. 

𝑧 =
𝑀საერ  

𝑀რ
. 

   Mmravalsafexuriani raketisaTvis, im pirobiT, rom gazis 

gamotyorcnis efeqturi 𝑣𝑒 siCqare yvela safexurisaTvis erTnairia, 
ciolkovskis saerTo ricxvi 

                               𝑧 = 𝑒
𝑣𝑛
𝜋𝑣𝑒 ,                   (45.14)        

sadac 𝑛 − raketis safexurebis ricxvia;  𝑣𝑛 − bolo safexuris 
saboloo siCqarea. 
    raketis moZraobis gantolebebis gansazRvrisaTvis  CavsvaT 
(45.12) formulaSi 

𝑣 =
𝑑𝑥

𝑑𝑡
 

Dda vaintegroT, amasTan, gaviTvaliswinoT, rom  roca 𝑡 = 0, 𝑥0 = 0,  
maSin miviRebT 

               𝑥 = 𝑣0𝑡 + 𝑣𝑟 ∫ 𝑙𝑛 (
𝑀0

𝑀
)

𝑡

0
𝑑𝑡.                 (45.15) 

sadac   𝑀 = 𝑓(𝑡).   
     Teoriul kvlevebSi  raketis dinamikaSi Cveulebriv 
ganixilaven masis cvlilebis or kanons: wrfivs da maCveneblians. 
      wertilis masis wrfivi kanoniT  drois mixedviT cvlilebisas     

                       𝑀 = 𝑀0(1 − 𝛼𝑡),                 (45.16) 
sadac   𝛼 −  sawvavis kuTri xarjia (𝛼 = 𝑐𝑜𝑛𝑠𝑡); 𝑀0 −wertilis 
masaa drois sawyis momentSi. 
   (45.16) Tanafardobis gaTvaliswinebiT vaintegroT (45.15)  
gamosaxuleba, miviRebT  raketis moZraobis gantolebas misi masis 
wrfivi kanoniT cvlilebis SemTxvevaSi: 

            𝑥 = 𝑣0𝑡 +
𝑣𝑟

𝛼
[(1 − 𝛼𝑡)𝑙𝑛(1 − 𝛼𝑡) + 𝛼𝑡]        (45.17) 

 wertilis masis maCvenebliani kanoniT  drois mixedviT 
cvlilebisas     

                          𝑀 = 𝑀0𝑒
−𝛼𝑡,                 (45.18) 

 da raketis moZraobis gantolebas misi masis maCvenebliani kanoniT 
cvlilebis SemTxvevaSi  aqvs saxe: 

                        𝑥 = 𝑣0𝑡 +
𝛼𝑣𝑟𝑡

2

2
.                (45.19) 

  ciolkovskis meore amocana-raketis vertikaluri moZraobis 

gamokvleva dedamiwis mizidulobis erTgvarovan velSi (𝑔 = 𝑐𝑜𝑛𝑠𝑡) 
haeris winaaRmdegobis Zalis gaTvaliswinebis gareSe. 
  Aam SemTxvevaSi raketis moZraobis  diferencialur gantolebas 
aqvs saxe: 

                      𝑀
𝑑𝑣

𝑑𝑡
= −𝑀𝑔 −

𝑑𝑀

𝑑𝑡
𝑣𝑟.              (45.20) 
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   (45.20) gantolebis integrebiT miviRebT: 

                          𝑣 = 𝑣0 − 𝑔𝑡 + 𝑣𝑟𝑙𝑛
𝑀0

𝑀
,              (45.21)             

 (45.21) gamosaxulebaSi 𝑣  SevcvaloT 
𝑑𝑥

𝑑𝑡
−iT da vaintegroT is 

sawyisi pirobebis 𝑡 = 0, 𝑥0 = 0,  gaTvaliswinebiT: 

                          𝑥 = 𝑣0𝑡 −
𝑔𝑡2

2
+ 𝑣𝑟𝑙 ∫ 𝑙𝑛 (

𝑀0

𝑀
)

𝑡

0
𝑑𝑡.     (45.22)             

masis wrfivi kanoniT cvlilebis SemTxvevaSi (45.22)-dan miviRebT: 

            𝑥 = 𝑣0𝑡 −
𝑔𝑡2

2
+
𝑣𝑟

𝛼
[(1 − 𝛼𝑡)𝑙𝑛(1 − 𝛼𝑡) + 𝛼𝑡].    (45.23) 

masis maCvenebliani kanoniT cvlilebis SemTxvevaSi 

                   𝑥 = 𝑣0𝑡 −
𝑔𝑡2

2
+
𝛼𝑣𝑟𝑡

2

2
.                (45.24) 

     cvladi masis mqone sxeulis UuZravi RerZis garSemo brunvis 
diferencialuri gantoleba Caiwereba cvladi masis mqone 
wertilisaTvis meSerskis gantolebis analogiurad Sedegi saxiT: 

                   𝐽𝑧
𝑑𝜔

𝑑𝑡
= 𝑀𝑧(�⃗�

𝑒) + 𝑀𝑧(Φ⃗⃗⃗⃗),           (45.25) 

sadac   𝑀𝑧(�⃗�
𝑒) − sxeulze moqmedi gare Zalebis nakrebi momentia 

𝑧 RerZis mimarT; 𝑀𝑧(Φ⃗⃗⃗⃗) − reaqtiuli Zalis momenti: 

             𝑀𝑧(Φ⃗⃗⃗⃗) = Φh =
𝑑𝑀

𝑑𝑡
(�⃗⃗� − �⃗�)ℎ =

𝑑𝑀

𝑑𝑡
�⃗�𝑟ℎ,         (45.26) 

sadac ℎ − reaqtiuli Zalis mxaria 𝑧 RerZis mimarT. 
   Tu sxeulis mier gamotyorcnili nawilakebis fardobiTi siCqare 
udris nulls ( nawilakebi cildeba mbrunav sxeuls dartymis 

gareSe), amitom 𝑀𝑧(Φ⃗⃗⃗⃗) = 0 da (45.25) gantoleba miiRebs saxes: 

                         𝐽𝑧
𝑑𝜔

𝑑𝑡
= 𝑀𝑧(�⃗�

𝑒).              (45.27) 
    Tu gamoyofili nawilakebis absoluturi siCqare udris nuls, 
maSin brunvis gantolebasi sxeulis inerciis momenti Sedis 
warmoebulis niSnis qveS da (45.27) gantolebas aqvs saxe: 

                        
𝑑

𝑑𝑡
(𝐽𝑧𝜔) = 𝑀𝑧(�⃗�

𝑒).            (45.28) 
 
    M am paragrafis paragrafis amocanebis amoxsnis Tanmimdevroba: 
  1. gamovsaxoT naxazze cvladi masis mqone sxeuli, Tu es 
aucilebelia amocanis pirobT; 
  2. vaCvenoT Nnaxazze sxeulze moqmedi Zalebi, maT Soris bmis 
reaqciebi da reaqtiuli Zala Tu isini arseboben; 
  3. CavwroT cvladi masis mqone sxeulis dinamikis ZiriTadi 
gantolebebi (45.4), (45.8) an (45.9) formulebis saxiT, xolo uZravi 
RerZis garSemo brunvisas (45.25), (45.27) an (45.28) formulebis saxiT. 
4. avirCioT aTvlis sistema (dekartis sakoordinato RerZebi an 
bunebrivi RerZebi) da CavweroT moZraobis gantolebebi arCeuli 
RerZebze (RerZze) an uZravi RerZis garSemo brunvis 
diferencialuri gantoleba; 
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5. raketis moZraobasTan dakavSirebuli amocanebis amoxsnisas 
SeiZleba Caiweros meSerskis gantoleba im RerZze gegmilebSi, 
romelic mimarTulia raketis moZraobis mimarTulebiT an 

gamoviyenoT ciolkovskis formula. 𝑧 − is mniSvnelobad 
aviRoT    raketis sawyisi saerTo masis Sefardeba  korpusis 
masasTan. 
6. amovxsnaT amocana zogadi saxiT, xolo Semdeg CavsvaT ricxviTi 
monacemebi da gamovTvaloT saZiebeli sididis mniSvneloba, Tu es 
moiTxoveba amocanis pirobiT. 
 
 
 
 

amocanebi da amoxsnebi 
 

amocana  45.1  

    SeadgineT cvladi masis  mqone qanqaras moZraobis gantoleba 
garemoSi, romlis winaRoba siCqaris proporciulia, qanqaras masa 

icvleba mocemuli kanoniT 𝑚 = 𝑚(𝑡).  sxeulidan  mcire nawilakebis 
CamoSorebiT da nulis toli fardobiTi siCqariT. qanqaras sigrZe 

aris ℓ. Qqanqaraze moqmedebs  agreTve winaRobis Zala, romelic misi 

kuTxuri siCqaris proporciulia: 𝑅 = −𝛽�̇�.  
 a m o x s n a.    CavweroT 
meSerskis gantoleba   

          𝑚
𝑑�⃗�

𝑑𝑡
=∑�⃗�𝑘

𝑒 + �⃗�𝑟
𝑑𝑚

𝑑𝑡
. 

  Ppirobis Tanaxmad  �⃗�𝑟 = 0, maSin 

     
𝑑�⃗�

𝑑𝑡
=∑�⃗�𝑘

𝑒 = �⃗⃗� + �⃗� + 𝑆.       (1) 

   avirCioT 𝐴𝜏𝑛 bunebrivi RerZebi  
(ix. naxazi) da CavweroT (1) 

veqtoruli gantolebis gegmili  𝜏  
RerZze da gaviTvaliswinoT, rom 
   maSin (1) formula miiRebs saxes: 

               𝑚ℓ�̈� = −𝛽�̇� − 𝑚𝑔𝑠𝑖𝑛𝜑.      
  gavyoT miRebuli gamosaxulebis yvela wevri 𝑚ℓ −ze da yvela 
wevris marjvena mxareSi gadataniT miviRebT qanqaras moZraobis 
diferencialur gantolebas: 

�̈� +
𝛽

 𝑚ℓ
�̇� +

𝑔

 ℓ
𝜑 = 0, 

sadac  𝑚 = 𝑚(𝑡). 

p a s u x i:     �̈� +
𝛽

 𝑚ℓ
�̇� +

𝑔

 ℓ
𝜑 = 0, 

• 𝑂 

𝑆 

�⃗⃗� 

�⃗� 

�⃗� 

�⃗⃗� 

𝜏 
𝜑 

𝐴 
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amocana  45.2 

  SeadgineT raketis aRmavali moZraobis diferencialuri gantoleba. 

airTa gamodinebis 𝑣ეფ efeqturi siCqare CaTvlilia mudmivad. raketis 

masa icvleba   𝑚 = 𝑚0𝑓(𝑡) kanoniT (dawvis kanoni). Hhaeris 
winaaRmdegobis Zala warmoadgens raketis siCqaris da mdebareobis 

mocemul funqcias: 𝑅(𝑥, �̇�).   
a m o x s n a.    CavweroT meSerskis gantoleba   

          𝑚
𝑑�⃗�

𝑑𝑡
=∑�⃗�𝑘

𝑒 + �⃗�𝑟
𝑑𝑚

𝑑𝑡
. 

𝑂𝑥  RerZze gegmilebSi (ix. Nnaxazi) is miiRebs saxes: 

 𝑚0𝑓(𝑡)�̈� = −𝐺 − 𝑅 − 𝑣𝑒
𝑑( 𝑚0𝑓(𝑡))

𝑑𝑡
 

an 

          𝑚0𝑓(𝑡)�̈� = − 𝑚0𝑓(𝑡)𝑔 − 𝑅(𝑥, �̇�) − 𝑣𝑒 𝑚0�̇�(𝑡), 
sadac �⃗�𝑟 = �⃗�𝑒 . 
   Aaqedan miviRebT raketis aRmavali moZraobis  
diferencialuri gantolebas: 

�̈� = −𝑔−
�̇�(𝑡)

𝑓(𝑡)
𝑣𝑒 −

𝑅(𝑥, �̇�)

 𝑚0𝑓(𝑡)
. 

    

p a s u x i:    �̈� = −𝑔−
�̇�(𝑡)

𝑓(𝑡)
𝑣𝑒 −

𝑅(𝑥,�̇�)

 𝑚0𝑓(𝑡)
. 

 
 
 

amocana  45.3 

   moaxdineT moZraobis diferencialuri gantolebis integrireba 

wina amocanaSi, roca  𝑚 = 𝑚0(1 − 𝛼𝑡)  da 𝑅 = 0.  raketis sawyisi 
siCqare dedamiwis zedapirze nulis tolia. ra simaRleze iqneba 

raketa im momentSi, roca  𝑡 =10; 30; 50wm, 𝑣𝑟 = 2000m/wm  da 𝛼 =
1

100
wm-1? 

a m o x s n a.   visargebloT 45.2 amocanis amoxsnis SedegiT: 

�̈� = −𝑔−
�̇�(𝑡)

𝑓(𝑡)
𝑣𝑒 −

𝑅(𝑥, �̇�)

 𝑚0𝑓(𝑡)
= −𝑔 −

(1 − 𝛼𝑡)ʹ  

1 − 𝛼𝑡
𝑣𝑒 = −𝑔 +

𝛼𝑣𝑒  

1 − 𝛼𝑡
 

Aan 

𝑑�̇� = (−𝑔 +
𝛼𝑣𝑒  

1 − 𝛼𝑡
) 𝑑𝑡. 

  Aam gantolebis orjer integrirebiT miviRebT: 

• 𝑂 

𝑥 

�⃗�𝑒 
�⃗� 
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�̇� = −𝑔𝑡 − 𝑣𝑒𝑙𝑛(1 − 𝛼𝑡) + 𝐶1, 

𝑥 = −𝑔
𝑡2

2
+
𝑣𝑒

𝛼
[(1 − 𝛼𝑡)𝑙𝑛(1 − 𝛼𝑡) − (1 − 𝛼𝑡)] + 𝐶1𝑡 + 𝐶2. 

 MmiRebuli gantolebebidan vipovoT integrebis mudmivebi sawyisi 

pirobebis gaTvaliwinebiT 𝑡 = 0,   𝑥0 = 0,   �̇�0 = 0; 𝐶1 = 0, 𝐶2 =
𝑣𝑒

𝛼
.  

MmaSin bolo gantolebidan vRebulobT: 

𝑥(𝑡) =
𝑣𝑒
𝛼
[(1 − 𝛼𝑡)𝑙𝑛(1 − 𝛼𝑡) + 𝛼𝑡] − 𝑔

𝑡2

2
. 

  ganvsazRvroT raketis asvlis simaRle drois mocemuli 
momentebisaTvis: 

𝑥(10) = −
9,81 ∙ 102

2
+ 

+
2000

1/100
[(1 −

1

100
∙ 10) 𝑙𝑛 (1 −

1

100
∙ 10) +

1

100
∙ 10] = 540(მ) 

 

𝑥(30) = −
9,81 ∙ 302

2
+ 

+
2000

1/100
[(1 −

1

100
∙ 30) 𝑙𝑛 (1 −

1

100
∙ 30) +

1

100
∙ 30] = 5650(მ) 

𝑥(50) = −
9,81 ∙ 502

2
+ 

+
2000

1/100
[(1 −

1

100
∙ 50) 𝑙𝑛 (1 −

1

100
∙ 50) +

1

100
∙ 50] = 18400(მ) 

 
 

p a s u x i:  𝑥(𝑡) =
𝑣𝑒

𝛼
[(1 − 𝛼𝑡)𝑙𝑛(1 − 𝛼𝑡) + 𝛼𝑡] − 𝑔

𝑡2

2
. 

    𝑥(10) = 0,54km;  𝑥(30) = 5,65km;  𝑥(50) = 18,4km. 
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amocana  45.4 

     𝑚0  sawyisi masis mqone  raketa adis 
vertikalurad zeviT simZimis Zalis erTgvarovan velSi 

mudmivi 𝑛𝑔 aCqarebiT (𝑔 − dedamiwis mizidulobis 
aCqareba).  atmosferos winaRobis mxedvelobaSi 

miuReblad CaTvaleT airTa gamodinebis 𝑣ეფ efeqturi 
siCqare mudmivad da gansazRvreT:  1. რაკეტის მასის 

ცვლილების კანონი. 2. რაკეტის მასის ცვლილების კანონი, 

როცა არ არსებობს მიზიდულობის ველი. 
 a m o x s n a.  CavweroT meSerskis gantoleba   

          𝑚
𝑑�⃗�

𝑑𝑡
=∑�⃗�𝑘

𝑒 + �⃗�𝑟
𝑑𝑚

𝑑𝑡
. 

1.Ees veqtoruli gantoleba 𝑂𝑥  RerZze gegmilebSi 
 (ix. Nnaxazi) miiRebs saxes: 

                                 𝑚�̈� = −𝐺 − 𝑣𝑒
𝑑𝑚

𝑑𝑡
,                   (1) 

sadac 𝑣𝑟 = 𝑣𝑒; 𝐺 = 𝑚𝑔. 
    radgan �̈� = 𝑛𝑔, maSin (1) gantoleba miiRebs saxes: 

  𝑚𝑛𝑔 = −𝑚𝑔 − 𝑣𝑒
𝑑𝑚

𝑑𝑡
. 

  Aaqedan 

𝑚𝑔(𝑛 + 1) = −𝑣𝑒
𝑑𝑚

𝑑𝑡
 

an 

𝑑𝑚

𝑚
= −

𝑔(𝑛 + 1)

𝑣𝑒
𝑑𝑡. 

 Aam gantolebis integrebiT miviRebT: 

𝑙𝑛𝑚 = −
𝑔(𝑛 + 1)

𝑣𝑒
𝑡 + 𝐶. 

    vipovoT integrirebis mudmivi sawyisi pirobebis gaTvaliwinebiT 

𝑡 = 0,   𝑚 = 𝑚0;   𝐶 = 𝑙𝑛𝑚0.  maSin bolo gantoleba miiRebs saxes: 

𝑙𝑛
𝑚

𝑚0
= −

𝑛 + 1

𝑣𝑒
𝑔𝑡. 

aqedan 

𝑚 = 𝑚0𝑒𝑥𝑝 (−
𝑛 + 1

𝑣𝑒
𝑔𝑡). 

2. roca simZimis Zala ugulebelyofilia, e.i. 𝐺 = 0, maSin (1) 
gantolebas aqvs saxe: 

𝑚�̈� = −𝑣𝑒
𝑑𝑚

𝑑𝑡
 

• 𝑂 

𝑥 

�⃗�𝑒 
�⃗� 
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an 

𝑑𝑚

𝑚
= −

𝑔𝑛

𝑣𝑒
𝑑𝑡. 

Aam gantolebis integrirebis Sedegad miviRebT: 

𝑙𝑛𝑚 = −
𝑔𝑛

𝑣𝑒
𝑡 + 𝐶. 

vipovoT integrirebis 𝐶 mudmivi sawyisi pirobebis gaTvaliwinebiT: 

𝑡 = 0,   𝑚 = 𝑚0;   𝐶 = 𝑙𝑛𝑚0.  maSin 

𝑙𝑛
𝑚

𝑚0
= −

𝑛𝑔

𝑣𝑒
𝑡. 

aqedan 

𝑚 = 𝑚0𝑒𝑥𝑝 (−
𝑛𝑔

𝑣𝑒
𝑡). 

p a s u x i:   1) 𝑚 = 𝑚0𝑒𝑥𝑝 (−
𝑛+1

𝑣𝑒
𝑔𝑡) ;  2) 𝑚 = 𝑚0𝑒𝑥𝑝 (−

𝑛𝑔

𝑣𝑒
𝑡). 

 

 

 

amocana  45.5 

 

  45.2 amocanaSi aRwerili raketis masa A 𝑡 = 𝑡0 momentamde  icvleba 

kanoniT: 𝑚 = 𝑚0𝑒
−𝛼𝑡.  winaRobis Zalis mxedvelobaSi miuReblad 

gansazRvreT raketis moZraoba da Tu CaTvliT, rom  𝑡0  
momentisaTvis mTeli muxti praqtikulad daiwva. gansazRvreT raketis 
asvlis maqsimaluri siCqare. sawyis momentSi raketas hqonda nulis 
toli siCqare da imyofeboda dedamiwaze. 
a m o x s n a. 
   visargebloT 45.2 amocanis amoxsnis SedegiT. CavweroT raketis 
asvliTi moZraobis diferencialuri  gantoleba:  

�̈� = −𝑔 −
(𝑒−𝛼𝑡)ʹ  

𝑒−𝛼𝑡
𝑣𝑒 = −𝑔 + 𝛼𝑣𝑒 . 

vaintegroT es gantoleba orjer: 

�̇� = −𝑔𝑡 + 𝛼𝑣𝑒𝑡 + 𝐶1, 

𝑥 = (𝛼𝑣𝑒 − 𝑔)
𝑡2

2
+ 𝐶1𝑡 + 𝐶2. 

 vipovoT integrebis mudmivebi sawyisi pirobebis gaTvaliwinebiT 𝑡 =

0,   𝑥0 = 0,   �̇�0 = 0; 𝐶1 = 0, 𝐶2 = 0. maSin 
                    �̇� = (𝛼𝑣𝑒 − 𝑔)𝑡,                        (1) 

                 𝑥 = (𝛼𝑣𝑒 − 𝑔)
𝑡2

2
.                        (2) 

     raketis moZraoba maqsimalur simaRleze asvlamde gavyoT or 
etapad/ 
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 I etapi. raketa moZraobs 𝑡0 momentamde.  𝑡 = 𝑡0 momentisaTvis  (1) da 
(2) formulebidan vipoviT: 

�̇�(𝑡0) = (𝛼𝑣𝑒 − 𝑔)𝑡0, 

𝑥(𝑡0) = (𝛼𝑣𝑒 − 𝑔)
𝑡0
2

2
. 

II etapi. sawvavi  daiwva. raketa moZraobs  mxolod simZimis Zalis 
moqmedebiT, e.i.  

�̈� = −𝑔. 
  vaintegroT es gantoleba orjer: 

�̇� = −𝑔𝑡 + 𝐶3, 

𝑥 = −𝑔
𝑡2

2
+ 𝐶3𝑡 + 𝐶4. 

   raketis moZraobis II etapisaTvis sawyisi pirobebi warmoadgens I 

etapis saboloo mniSvnelobebs: 𝑡 = 𝑡0,   𝑥0(𝑡0),   �̇�0(𝑡0). maSasadame, 
(𝛼𝑣𝑒 − 𝑔)𝑡0 = −𝑔𝑡0 + 𝐶3, 

(𝛼𝑣𝑒 − 𝑔)
𝑡0
2

2
= −𝑔

𝑡0
2

2
+ 𝐶3𝑡0 + 𝐶4. 

vipovoT integrebis mudmivebi: 

𝐶3 = 𝛼𝑣𝑒𝑡0,   𝐶4 = −𝛼𝑣𝑒
𝑡0
2

2
. 

maSin 

 
                      �̇� = −𝑔𝑡 + 𝛼𝑣𝑒𝑡0,                     (3) 

                 𝑥 = −𝑔
𝑡2

2
+ 𝛼𝑣𝑒𝑡0𝑡 −   𝛼𝑣𝑒

𝑡0
2

2
.              (4) 

 raketis maqsimaluri simRlis miRwevisas 𝑥 = 𝐻, 𝑡 = 𝑇, �̇� = 𝑣 = 0. 
maSin (3) da (4) formulebis Tanaxmad gveqneba: 

0 = −𝑔𝑇 + 𝛼𝑣𝑒𝑡0 ⟹ 𝑇 =
𝛼𝑣𝑒𝑡0
𝑔

; 

H𝐻 = −
𝑔

2
(
𝛼𝑣𝑒𝑡0

𝑔
)
2
+ 𝛼𝑣𝑒𝑡0

𝛼𝑣𝑒𝑡0

𝑔
− 𝛼𝑣𝑒

𝑡0
2

2
=

𝛼𝑣𝑒

2𝑔
(𝛼𝑣𝑒 − 𝑔)𝑡0

2. 

p a s u x i:  𝑯 =
𝛼𝑣𝑒
2𝑔

(𝛼𝑣𝑒−𝑔)𝑡0
2, sadac 𝑣𝑒 − raketidan gazebis 

gamosvlis efeqturi siCqarea. 
 
 
 

 

amocana  45.6 

   wina amocanis pirobebSi gansazRvreT  𝛼 −s mniSvneloba 

Sesabamisi raketis asvlis  𝐻𝑚𝑎𝑥 maqsimaluri simaRle da 
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gamoTvaleT 𝐻𝑚𝑎𝑥 (𝜇 = 𝛼𝑡0 = ln (
𝑚0

𝑚1
)   aucileblad CaTvaleT 

mudmivad; 𝑚1−raketis masa 𝑡0 momentSi). 
a m o x s n a.      45.5 amocanis amoxsnis Sedegebis Tanaxmad raketis 
asvlis maqsimaluri simaRle 

𝐻 =
𝛼𝑣𝑒
2𝑔

(𝛼𝑣𝑒 − 𝑔)𝑡0
2, 

Aan  

𝐻 =
𝜇2𝑣𝑒
2𝑔

(𝑣𝑒 −
𝑔

𝛼
), 

radgan 𝜇 = 𝛼𝑡0 = 𝑐𝑜𝑛𝑠𝑡. 
vipovoT 

𝑑𝐻

𝑑𝛼
=
𝜇2𝑣𝑒
2𝛼2

, 

𝑑𝐻

𝑑𝛼
→ 0 roca 𝛼 → ∞; 

 

𝐻𝑚𝑎𝑥 = lim
𝛼→∞

[
𝜇2𝑣𝑒
2𝑔

(𝑣𝑒 −
𝑔

𝛼
)] =

𝜇2𝑣𝑒
2𝑔

(𝑣𝑒 − 𝑔 lim
𝛼→∞

1

𝛼
) =

𝜇2𝑣𝑒
2

2𝑔
. 

 

p a s u x i:  𝛼 = ∞ (uecari dawva);  𝐻𝑚𝑎𝑥 =
𝜇2𝑣𝑒

2

2𝑔
. 

 
 

amocana  45.7 

    45.5  da 45.6 amocanis pirobebSi, gadatvirTvis mocemuli  𝑘 =
𝛼𝑣ეფ

𝑔
  koeficientiT gansazRvreT raketiT zeasvlis 𝐻  simaRle   

𝐻𝑚𝑎𝑥 − isagan  damokidebulebiT. 
a m o x s n a. 
     45.5 amocanis amoxsnis Sedegebis Tanaxmad raketis asvlis 
simaRle 

𝐻 =
𝛼𝑣𝑒
2
(
𝛼𝑣𝑒
𝑔
− 1) 𝑡0

2 =
𝑘𝑔

2
(𝑘 − 1)𝑡0

2, 

sadac 𝑘 =
𝛼𝑣𝑒

𝑔
. 

     45.6 amocanis amoxsnis Tanaxmad 

𝐻𝑚𝑎𝑥 =
𝜇2𝑣𝑒

2

2𝑔
=
𝛼2𝑣𝑒

2𝑡0
2

2𝑔
=
𝑘2𝑡0

2𝑔

2
, 

sadac 𝜇 = 𝛼𝑡0. 
  maSin raketis asvlis simaRle 



 
546 

𝐻 =
𝑘𝑔

2
(𝑘 − 1)𝑡0

2 =
𝑘2𝑡0

2𝑔

2
−
𝑘2𝑡0

2𝑔

2𝑘
= 𝐻𝑚𝑎𝑥 −

𝐻𝑚𝑎𝑥
𝑘

= 𝐻𝑚𝑎𝑥
𝑘 − 1

𝑘
. 

p a s u x i:  𝐻 = 𝐻𝑚𝑎𝑥
𝑘−1

𝑘
. 

 

 

 

amocana  45.8 

     raketa starts iRebs  mTvaridan misi sibrtyis 

marTobulad. gamodinebis efeqturi siCqare 𝑣ეფ 

=2000m/wm. ciolkovskis ricxvi 𝑧 = 5 (ciolkovskis 
ricxvi ewodeba raketis sastarto masis fardobas 
raketis masasTan (sawvavis gareSe)). rogori unda 

iyos sawvavis wvis dros, rom raketam miaRwios 𝑣 
=3000m/wm siCqares( miiReT, rom simZimis Zalis 
aCqareba mTvaris maxloblad mudmivia da udris 
1,62m/wm2). 

a m o x s n a.  CavweroT meSerskis gantoleba  𝑂𝑥  
RerZze gegmilebSi 

          𝑚
𝑑𝑣

𝑑𝑡
= −𝑚𝑔მთ − 𝑣𝑒

𝑑𝑚

𝑑𝑡
 

ANan 

                                𝑑𝑣 = −𝑔
მთ
𝑑𝑡 − 𝑣𝑒

𝑑𝑚

𝑚
.                   

vaintegroT miRebuli gantoleba 

∫𝑑𝑣 = −𝑔მთ∫𝑑𝑡 − 𝑣𝑒 ∫
𝑑𝑚
𝑚
.

𝑚

𝑚𝑧

𝑇

0

𝑣

0

 

Aaqedan 

𝑣 = −𝑔მთ𝑇 − 𝑣𝑒𝑙𝑛
𝑚

𝑚𝑧
= −𝑔მთ𝑇 + 𝑣𝑒𝑙𝑛𝑧. 

  maSin sawvavis dawvis dro 

𝑇 =
𝑣𝑒𝑙𝑛𝑧−𝑣

𝑔მთ
=

2000𝑙𝑛5−3000

1,62
= 135(wm)=2wT 15wm 

 

p a s u x i:  2wT 15wm 
 
S e n i S v n a.  krebulSi daSvebulia Secdoma. 
 
 
 
 
 

  

• 𝑂 

𝑥 

�⃗�𝑒 
�⃗� 
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amocana  45.9 

   raketa moZraobs zeviT simZimis Zalis erTgvarovan velSi mudmivi 

𝑤 aCqarebiT. Aatmosferos winaRobis mxedvelobaSi miuReblad 

CaTvaleT airebis gamodinebis 𝑣ეფ efeqturi siCqare mudmivad; 

gansazRvroT 𝑇  dro, romlis drosac raketis masa orjer 
Semcirdeba. 

a m o x s n a.     CavweroT meSerskis gantoleba  𝑂𝑥  RerZze 
gegmilebSi (ix. 45.4 amocanis naxazi) 

          𝑚
𝑑𝑣

𝑑𝑡
= −𝑚𝑔 − 𝑣𝑒

𝑑𝑚

𝑑𝑡
. 

 gaviTvaliswinoT, rom 
𝑑𝑣

𝑑𝑡
= 𝑤, maSin 

𝑤 = −𝑔 − 𝑣𝑒
𝑑𝑚

𝑚𝑑𝑡
 

an 

𝑑𝑚

𝑚
= −

𝑤 + 𝑔

𝑣𝑒
𝑑𝑡. 

vaintegroT es gantoleba 
 

∫
𝑑𝑚
𝑚

𝑚0/2

𝑚0

= −
𝑤+𝑔
𝑣𝑒

∫𝑑𝑡

𝑇

0

 

saidanac 
 

𝑙𝑛𝑚|𝑚0

𝑚0/2 = −
𝑤 + 𝑔

𝑣𝑒
𝑇 ⟹ 𝑙𝑛2 =

𝑤 + 𝑔

𝑣𝑒
𝑇. 

Aaqedan vipoviT 𝑇 dros, romlis ganmavlobaSi raketis masa 
Semcirdeba 2-jer: 

𝑇 =
𝑣𝑒

𝑤 + 𝑔
𝑙𝑛2. 

p a s u x i:    𝑇 =
𝑣𝑒

𝑤+𝑔
𝑙𝑛2. 

 
 

amocana  45.10 

  raketis airebis gamodinebis efeqturi siCqare  𝑣ეფ = 2,4km/wm, 
rogori  unda iyos saTbobis maragis fardoba raketis wonasTan 
sawvavis gareSe, rom saTbobis dawvis Semdeg raketam, romelic 
moZraobda  uhaero da uwono sivrceSi, SeiZinos 9km/wm siCqare? 
a m o x s n a.    CavweroT meSerskis gantoleba Semdegi saxiT 

   𝑚
𝑑𝑣

𝑑𝑡
= −𝑣𝑒

𝑑𝑚

𝑑𝑡
. 



 
548 

Aan 

𝑑𝑣 = −𝑣𝑒
𝑑𝑚

𝑚
. 

vipovoT gansazRvruli integrali: 

∫ 𝑑𝑣 = −𝑣𝑒

9000

0

∫
𝑑𝑚
𝑚

𝑘𝑚0

𝑚0

⟹9000 = −𝑣𝑒𝑙𝑛𝑚|𝑚0

𝑘𝑚0 = −(𝑙𝑛𝑘𝑚0 − 𝑙𝑛𝑘𝑚0)= 𝑣𝑒𝑙𝑛𝑘 

aqedan 

𝑘 = 𝑒−9000/𝑣𝑒 = 𝑒−9000/2400 = 0.02, 
sadac 𝑘 − raketis narCeni masis Sefardebaa sawyisTan.. 
    maSasadame, raketis masa sawvavis gareSe Seadgens sastarto 
masis 2%, xolo sawvavi- 98%. 
p a s u x i:  saTbobis masa raketis sastarto masis 98% unda 
Seadgendes. 
 
 
 
 

amocana  45.11 

   raketa moZraobs gadataniT garemoSi, sadac ar arsebobs 
winaRoba da miziduloba. Aairebis gamodinebis efeqturi siCqare 

𝑣ეფ = 2400m/wm. gansazRvreT  ciolkovskis ricxvi, Tu sawvavis 

mTlianad dawvis momentSi raketis siCqare tolia 4300m/wm. 
a m o x s n a. 
  
   mocemul SemTxvevaSi meSerskis gantolebas aqvs saxe: 

   𝑚
𝑑𝑣

𝑑𝑡
= −𝑣𝑒

𝑑𝑚

𝑑𝑡
. 

Aan 

𝑑𝑣 = −𝑣𝑒
𝑑𝑚

𝑚
. 

vaintegroT es gantoleba: 

∫𝑑𝑣 = −𝑣𝑒

𝑣

0

∫
𝑑𝑚
𝑚

𝑚

𝑚𝑧

⟹𝑣= −𝑣𝑒𝑙𝑛
𝑚
𝑚𝑧

= 𝑣𝑒𝑙𝑛𝑧. 

aqedan 

𝑧 = 𝑒𝑣/𝑣𝑒 = 𝑒4300/2400 = 6 
p a s u x i:  𝑧 = 6. 
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amocana  45.12 

    cvladmasiani sxeuli,romlis sawyisi siCqare nulis tolia, 

moZraobs horizontalur mimarTvelebSi mudmivi 𝑤 aCqarebiT. airTa 

gamodinebis 𝑣ეფ efeqturi siCqare mudmivia. winaRobis mxedvelobaSi 

miuReblad gansazRvreT  manZili, romlis gavlis Semdeg misi masa 

Semcirdeba 𝑘–jer. 

a m o x s n a.   SevadginoT   cvladi masis mqone sxeulis moZraobis 

diferencialuri gantoleba 𝑂𝑥  RerZze gegmilebSi (ix. naxazi): 
 
 
 
 
 
 
 
 
 
 
 
 
 

          𝑚�̈� = −𝑣𝑒
𝑑𝑚

𝑑𝑡
. 

movaxdinoT cvaldTa gancaleba da gaviTvaliswinoT, rom �̈� = 𝑤, 
maSin 

𝑑𝑚

𝑚
= −

𝑤

𝑣𝑒
𝑑𝑡. 

vaintegroT es gantoleba 
 

∫
𝑑𝑚
𝑚

𝑚0/𝑘

𝑚0

= −
𝑤
𝑣𝑒
∫𝑑𝑡,

𝑡

0

 

saidanac 
 

𝑙𝑛𝑚|𝑚0

𝑚0/𝑘 = −
𝑤

𝑣𝑒
𝑡 ⟹ 𝑡 =

𝑣𝑒
𝑤
𝑙𝑛𝑘. 

sxeulis mier  TanabaraCqarebuli moZraobisas gavlili manZili 
 

𝑠 =
𝑤𝑡2

2
=
𝑤

2
(
𝑣𝑒
𝑤
𝑙𝑛𝑘)

2

=
𝑣𝑒
2(𝑙𝑛𝑘)2

2𝑤
. 

p a s u x i:  𝑠 =
𝑣𝑒
2(𝑙𝑛𝑘)2

2𝑤
.  

𝑥 

�⃗⃗⃗⃗� 

𝑚�⃗� 

�⃗⃗⃗� �⃗⃗⃗�𝑒 

• 
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amocana  45.13 

   amoxseniT winamdebare amocana, Tu davuSvebT, rom sxeulze 
moqmedebs srialis xaxunis Zala. 
a m o x s n a.  SevadginoT   cvladi 
masis mqone sxeulis diferencialuri  

gantoleba 𝑂𝑥  RerZze gegmilebSi (ix. 
naxazi): 

                  𝑚�̈� = −𝑣𝑒
𝑑𝑚

𝑑𝑡
− 𝐹ხახ, 

sadac 𝐹ხახ = 𝑓𝑁 = 𝑓𝑚𝑔. 
maSin 

𝑚�̈� = −𝑣𝑒
𝑑𝑚

𝑑𝑡
− 𝑓𝑚𝑔. 

movaxdinoT cvaldTa gancaleba da gaviTvaliswinoT, rom �̈� = 𝑤, 
maSin 

−
𝑣𝑒𝑑𝑚

𝑚(𝑎 + 𝑓𝑔)
= 𝑑𝑡. 

vaintegroT es gantoleba 
 

− ∫
𝑣𝑒𝑑𝑚

𝑚(𝑤+𝑓𝑔)

𝑚0/𝑘

𝑚0

= ∫𝑑𝑡,

𝑡

0

 

miviRebT 

−
𝑣𝑒

(𝑤 + 𝑓𝑔)
𝑙𝑛𝑚|𝑚0

𝑚0
𝑘 = 𝑡, 

 saidanac 

𝑡 =
𝑣𝑒

𝑤 + 𝑓𝑔
𝑙𝑛𝑘. 

MmaSasadame, sxeulis mier  TanabaraCqarebuli moZraobisas gavlili 
manZili 
 

𝑠 =
𝑤𝑡2

2
=
𝑤

2
(

𝑣𝑒
𝑤 + 𝑓𝑔

𝑙𝑛𝑘)
2

=
𝑤𝑣𝑒

2

2(𝑤 + 𝑓𝑔)2
(𝑙𝑛𝑘)2. 

p a s u x i:  𝑠 =
𝑤𝑣𝑒

2

2(𝑤+𝑓𝑔)2
(𝑙𝑛𝑘)2, sadac 𝑓 −srialis xaxunis 

koeficientia. 

 

  

• 

�⃗�ხახ 
𝑥 • O 

�⃗⃗⃗� 

�⃗� 

𝑚�⃗� 

�⃗�𝑒  



 
551 

amocana  45.14 

   cvladi masis sxeuli moZraobs ekvatoris gaswvriv dagebul 

specialur mimmarTvelebSi. Mmxebi aCqareba  𝑤𝜏 = 𝑎 = 𝑐𝑜𝑛𝑠𝑡. 
moZraobisadmi winaRobis mxedvelobaSi miuReblad gansazRvreT , 
ramdenjer Semcirdeba sxeulis masa, roca igi Searulebs dedamiwis 
garSemo erT Semobrunebas, Tu airTa gamodinebis efeqturi siCqare 

𝑣ეფ = 𝑐𝑜𝑛𝑠𝑡.  rogor unda iyos  aCqareba, rom erTi Semobrunebis 

Semdeg sxeulma  miiRos pirveli kosmosuri siCqare? 

a m o x s n a. 

  avirCioT bunebrivi RerZebi 𝑛 (ekvatoris radiusis gaswvriv 

centisken)  da 𝜏  (ekvatoris mxebis gaswvriv).   

   SevadginoT   cvladi masis mqone sxeulis diferencialuri 

gantoleba 𝜏  RerZze gegmilebSi: 

          𝑚𝑎 = −𝑣𝑒
𝑑𝑚

𝑑𝑡
. 

movaxdinoT cvaldTa gancaleba da  vaintegroT: 

∫
𝑑𝑚
𝑚

𝑚

𝑚0

= −
𝑎
𝑣𝑒
∫𝑑𝑡,

𝑡

0

 

 gardaqmnis Semdeg miviRebT: 

−𝑙𝑛𝑚|𝑚0
𝑚 =

𝑎

𝑣𝑒
𝑡 

Aan 

𝑙𝑛
𝑚0

𝑚
=
𝑎𝑡

𝑣𝑒
. 

Aaqedan 

                           
𝑚0

𝑚
= 𝑒

𝑎𝑡

𝑣𝑒 .                       (1) 

tolobidan 

𝑆 =
𝑎𝑡2

2
= 2𝜋𝑅 

ganvsazRvravT 𝑡 dros, romlis ganmavlobaSi sxeuli Seasrulebs erT 
bruns: 

                           𝑡 = √
4𝜋𝑅

𝑎
.                      (2) 
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  Ees gamosaxuleba SevitanoT (1) gantolebaSi da vipovoT ramdenjer 
Semcirdeba sxeulis masa:: 

𝑚0

𝑚
= 𝑒2√𝜋𝑅𝑎/𝑣𝑒 = exp (2√𝜋𝑅𝑎/𝑣𝑒). 

  Ppirveli kosmosuri siCqare  

𝑣 = √𝑔𝑅. 

  TanabaraCqarebuli moZraobisas  𝑣 = 𝑎𝑡, maSin 

√𝑔𝑅 = 𝑎𝑡. 

   CavsvaT am gamosaxulebaSi (2) toloba: 

√𝑔𝑅 = √4𝜋𝑅𝑎. 

Aam tolobidan ganvsazRvravT  aCqarebas: 

𝑎 =
𝑔

4𝜋
. 

p a s u x i:  exp (
2√𝜋𝑅𝑎

𝑣𝑒
) −jer; 𝑎 =

𝑔

4𝜋
. 

 

 

amocana  45.15 

    winamdebare amocanaSi gansazRvreT sawvavis masa im 
momentisaTvis, roca sxeulis wneva mimmarTvelebze nulis toli 
iqneba.  

a m o x s n a.    davakavSiroT sxeulTan  bunebrivi 𝑛 da 𝜏 RerZebi 
da CavweroT cvladi masis mqone sxeulis diferencialuri gantoleba 

𝑛  RerZze gegmilebSi im momentSi, roca sxeulis wneva 
mimmarTvelebze udris nuls: 

𝑚𝑣2

𝑅
= 𝑚𝑔, 

sadac  𝑚−  sxeulis masaa am momentSi. 

  Aaqedan   

                       𝑣 = √𝑔𝑅.                          (1) 
   CavweroT cvladi masis mqone sxeulis diferencialuri gantoleba 

𝜏  RerZze gegmilebSi: 

          𝑚
𝑑𝑣

𝑑𝑡
= −𝑣𝑒

𝑑𝑚

𝑑𝑡
. 
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an 

𝑑𝑣 = −𝑣𝑒
𝑑𝑚

𝑚
. 

  vaintegroT:  miRebuli gantoleba: 

∫𝑑𝑣

𝑣

0

= −𝑣𝑒 ∫
𝑑𝑚

𝑚

𝑚

𝑚0

. 

   Ggardaqmnis Semdeg miviRebT: 

𝑣 = 𝑣𝑒𝑙𝑛
𝑚0

𝑚
 

 Aan 

𝑚0

𝑚
= 𝑒

𝑣
𝑣𝑒 . 

 Aaqedan 

𝑚 = 𝑚0𝑒
− 
𝑣
𝑣𝑒 

Aan  (1) gamosaxulebis gaTvalsiwinebiT 

𝑚 = 𝑚0𝑒
− 
√𝑔𝑅
𝑣𝑒 . 

vipovoT damwvari  sawvavis masa 

𝑚𝑇 = 𝑚0 −𝑚 = 𝑚0 (1 − 𝑒
− 
√𝑔𝑅
𝑣𝑒 ). 

p a s u x i:  𝑚𝑇 = 𝑚0 (1 − 𝑒
− 
√𝑔𝑅

𝑣𝑒 ). 

 

amocana  45.16 

     sxeuli srialebs  horizontalur relsebze. airTa gamodineba 

xdeba vertikalurad qveviT mudmivi  𝑣ეფ efeqturi siCqariT. sxeulis 

sawyisi siCqare  udris 𝑣0. gansazRvreT sxeulis siCqaris cvlilebisa 
da misi moZraobis kanonebi, Tu misi masis cvlileba xdeba 

 𝑚 = 𝑚0 − 𝛼𝑡 kanoniT.   srialis xaxunis koeficienti udris 𝑓. 

a m o x s n a.     SevadginoT   cvladi masis mqone sxeulis  
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diferencialuri gantoleba 𝑂𝑥  RerZze gegmilebSi (ix. naxazi): 

                              𝑚�̈� = −𝐹ხახ.                       (1) 
  viciT ra, rom 

 𝑚 = 𝑚0 − 𝛼𝑡, 

          𝑁 = 𝑚𝑔 − 𝑣𝑒
𝑑𝑚

𝑑𝑡
. 

vipoviT xaxunis Zalas: 

𝐹ხახ = 𝑓𝑁 = 𝑓 (𝑚𝑔 − 𝑣𝑒
𝑑𝑚

𝑑𝑡
). 

maSin    (1) gantoleba miiRebs saxes  

( 𝑚0 − 𝛼𝑡)�̈� = −𝑓𝑔( 𝑚0 − 𝛼𝑡) + 𝑓𝑣𝑒
𝑑( 𝑚0 − 𝛼𝑡)

𝑑𝑡
 

Aan 

𝑑�̇�

𝑑𝑡
= −𝑓𝑔 + 𝑓𝑣𝑒

−𝑎

 𝑚0 − 𝛼𝑡
. 

AmiRebul gantolebaSi ganvacaloT cvladebi da Semdeg vaintegroT: 

∫𝑑�̇�

𝑣

𝑣0

= −∫𝑓𝑔𝑑𝑡

𝑡

𝑜

+∫𝑓𝑣𝑒
𝑑( 𝑚0 − 𝛼𝑡)

 𝑚0 − 𝛼𝑡

𝑡

𝑜

 

Aaqedan miviRebT 

𝑣 − 𝑣0 = −𝑓𝑔𝑡 + 𝑓𝑣𝑒𝑙𝑛( 𝑚0 − 𝛼𝑡)|0
𝑡  

Aan 

𝑥 

�⃗⃗⃗⃗� 

𝑚�⃗� 

�⃗⃗⃗�ხახ 

�⃗⃗⃗�𝑒 

𝑦 



 
555 

𝑣 =
𝑑𝑥

𝑑𝑡
=  𝑣0 − 𝑓 (𝑔𝑡 − 𝑣𝑒𝑙𝑛

 𝑚0

 𝑚0 − 𝛼𝑡
). 

Aam gantolebSic ganvacaloT cvladebi da Semdeg vaintegroT: 

∫𝑑𝑥 = ∫𝑣0𝑑𝑡 − 𝑓∫(𝑔𝑡 − 𝑣𝑒𝑙𝑛
 𝑚0

 𝑚0 − 𝛼𝑡
) 𝑑𝑡 

   Aaqedan miviRebT 

𝑥 = 𝑣0𝑡 − 𝑓 {
𝑔𝑡2

2
− 𝑣𝑒 [𝑡𝑙𝑛 𝑚0 +

1

𝑎
( 𝑚0 − 𝛼𝑡)𝑙𝑛( 𝑚0 − 𝛼𝑡) − 1]} + 𝐶. 

vipovoT integrebis 𝐶  mudmivi. amisaTvis miRebul tolobaSi CavsvaT 

sawyisi pirobebi:  𝑥0 = 0, roca 𝑡 = 0: 

𝐶 = −
𝑓𝑣𝑒 𝑚0

𝑎
(𝑙𝑛 𝑚0 − 1). 

maSin 

𝑥 = 𝑣0𝑡 − 𝑓 {
𝑔𝑡2

2
− 𝑣𝑒 [𝑡𝑙𝑛 𝑚0 +

1

𝑎
( 𝑚0 − 𝛼𝑡)𝑙𝑛( 𝑚0 − 𝛼𝑡) − 1]} − 

−
𝑓𝑣𝑒 𝑚0

𝑎
(𝑙𝑛 𝑚0 − 1). 

Ggardaqmnis Semdeg sabolood miviRebT: 

−[+𝑙𝑛( 𝑚0 − 𝛼𝑡) − 1]} − 

𝑆 = 𝑥 = 𝑣0𝑡 − 𝑓 {{
𝑔𝑡2

2
− 𝑣𝑒 [𝑡𝑙𝑛 𝑚0 +

 𝑚0 − 𝛼𝑡

𝑎
(𝑙𝑛( 𝑚0 − 𝛼𝑡) − 1 − 

−
𝑓𝑣𝑒 𝑚0

𝑎
(𝑙𝑛 𝑚0 − 1))]}. 

p a s u x i:  𝑣 =  𝑣0 − 𝑓 (𝑔𝑡 − 𝑣𝑒𝑙𝑛
 𝑚0

 𝑚0−𝛼𝑡
) ; 

𝑆 = 𝑣0𝑡 − 𝑓 {{
𝑔𝑡2

2
− 𝑣𝑒 [𝑡𝑙𝑛 𝑚0 +

 𝑚0 − 𝛼𝑡

𝑎
(𝑙𝑛( 𝑚0 − 𝛼𝑡) − 1 − 

−
𝑓𝑣𝑒 𝑚0

𝑎
(𝑙𝑛 𝑚0 − 1))]}. 
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amocana  45.17 

  amoxseniT wina amocana, Tu sawvavis cvlileba xdeba  𝑚 = 𝑚0𝑒
−𝛼𝑡   

kanoniT. gansazRvreT   𝛼 − ra mniSvnelobisaTvis imoZravebs sxeuli 

mudmivi  𝑣0 siCqariT. 
a m o x s n a. 
     SevadginoT   cvladi masis mqone sxeulis diferencialuri 

gantoleba 𝑂𝑥  RerZze gegmilebSi (ix. 45.16 amocanis amoxsna): 

                              𝑚�̈� = −𝐹ხახ.                       (1) 

sadac   𝑚 = 𝑚0𝑒
−𝛼𝑡 ; 𝐹ხახ = 𝑓 (𝑚𝑔 − 𝑣𝑒

𝑑𝑚

𝑑𝑡
). 

  maSin (1) gantoleba miiRebs saxes: 

 𝑚0𝑒
−𝛼𝑡 �̈� = −𝑓𝑔 𝑚0𝑒

−𝛼𝑡 + 𝑓𝑣𝑒𝛼 𝑚0𝑒
−𝛼𝑡  

an 

                      �̈� = −𝑓𝑔 + 𝑓𝛼𝑣𝑒 .                      (2) 

vaintegroT (2) toloba orjer: 

                  �̇� = −𝑓𝑔𝑡 + 𝑓𝛼𝑣𝑒𝑡 + 𝐶1                    (3)       

               𝑥 = −𝑓
𝑔𝑡2

2
+ 𝑓

𝛼𝑣𝑒𝑡
2

2
+ 𝐶1𝑡 + 𝐶2.                (4)       

 CavsvaT (3) da (4) formulebSi  sawyisi pirobebi: 𝑡 = 0, �̇�0 = 𝑣0 ,    

𝑥0  = 0 da  vipovoT integrebis 𝐶1  da 𝐶2. mudmivebi: 𝐶1 = 𝑣0,    ,
𝐶2. = 0. 

   maSin  (3) da (4) formulebi  miiRebs saxes:   

               𝑣 = �̇� = 𝑣0 − 𝑓(𝑔 − 𝛼𝑣𝑒)𝑡,                    (5)       

               𝑆 = 𝑥 = 𝑣0𝑡 − 𝑓(𝑔 − 𝛼𝑣𝑒)
𝑡2

2
.                  (6)       

(5) tolobidan vipoviT 𝛼 − s mniSvnelobas, romlis drosac sxeuli 

imoZravebs mudmivi  𝑣0 siCqariT: 
𝑣 = 𝑣0 = 𝑣0 − 𝑓(𝑔 − 𝛼𝑣𝑒)𝑡, 

saidanac 

𝛼 =
𝑔

𝑣𝑒
. 

p a s u x i:  𝑣 = 𝑣0 − 𝑓(𝑔 − 𝛼𝑣𝑒)𝑡;  𝑆 = 𝑣0𝑡 − 𝑓(𝑔 − 𝛼𝑣𝑒)
𝑡2

2
; 

𝛼 =
𝑔

𝑣𝑒
. 
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amocana  45.18 

   ra manzils gaivlis raketa wrfiv aqtiur ubanze sicarieleSi da 
mizidulobis Zalebis ararsebobisas (misi gaqanebis droSi), nulovani 

sawyisi siCqaridan airTa gamodinebis 𝑣ეფ  efeqturi siCqaris toli 

siCqaris miRebamde, Tu cnobilia raketis sawyisi masa   𝑚0  da 𝛽 
wamuri xarji? 
  a m o x s n a.         CavweroT   cvladi masis mqone sxeulis 
moZraobis diferencialuri gantoleba misi moZraobis mimarTulebaze 
gegmilebSi 

   𝑚
𝑑𝑣

𝑑𝑡
= −𝑣𝑒

𝑑𝑚

𝑑𝑡
. 

Aan 

𝑑𝑣 = −𝑣𝑒
𝑑𝑚

𝑚
. 

vaintegroT es gantoleba: 

∫𝑑𝑣 = −𝑣𝑒

𝑣

0

∫
𝑑𝑚
𝑚

 𝑚1

 𝑚0

 

Aaqedan miviRebT: 

                  𝑣 = −𝑣𝑒(𝑙𝑛 𝑚1 − 𝑙𝑛 𝑚0) = 𝑣𝑒𝑙𝑛
 𝑚0

 𝑚1
.          (1) 

  (1)  formulis Tanaxmad raketis 𝑣 = 𝑣𝑒  siCqaris miRwevisas 

1 =  𝑙𝑛
 𝑚0

 𝑚1
= 𝑙𝑛𝑒. 

Aaqedan 

                         𝑚1 =
 𝑚0

𝑒
.                         (3) 

    Aamave dros 

                         𝑚1 =  𝑚0 − 𝛽𝑡.                         (4) 

 gavutoloT erTmaneTs (3) da (4) da vipovoT dro, rodesac 𝑣 = 𝑣𝑒: 

                               𝑇 =
 𝑚0(𝑒−1)

𝛽𝑒
.                           (5)          

  (2) toloba CavweroT Semdegi saxiT 

𝑣 =
𝑑𝑠

𝑑𝑡
= 𝑣𝑒(𝑙𝑛 𝑚0− 𝑙𝑛 𝑚1). 

Aam gamosaxulebaSi movaxdinoT cvladTa gancaleba da vaintegroT: 

∫𝑑𝑠 = 𝑣𝑒∫ 𝑙𝑛 𝑚0𝑑𝑡− 𝑣𝑒∫ 𝑙𝑛( 𝑚0− 𝛽𝑡)𝑑𝑡

𝑇

0

𝑇

0

𝑠

0

; 

𝑠 = 𝑣𝑒𝑙𝑛 𝑚0 ∙ 𝑡|0
𝑇 +

𝑣𝑒
𝛽
∫ 𝑙𝑛( 𝑚0 − 𝛽𝑡)𝑑( 𝑚0 − 𝛽𝑡) = 𝑣𝑒𝑙𝑛 𝑚0 ∙ 𝑡|0

𝑇 +

𝑇

0
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+
𝑣𝑒
𝛽
( 𝑚0− 𝛽𝑡)𝑙𝑛( 𝑚0− 𝛽𝑡)|

0

𝑇

−
𝑣𝑒
𝛽
( 𝑚0− 𝛽𝑡)|

0

𝑇

; 

 

𝑠 = 𝑣𝑒𝑇𝑙𝑛 𝑚0+
𝑣𝑒
𝛽
( 𝑚0− 𝛽𝑡)𝑙𝑛( 𝑚0− 𝛽𝑡)|

0

𝑇

−
𝑣𝑒
𝛽
( 𝑚0− 𝛽𝑡)|

0

𝑇

; 

 

𝑠 = 𝑣𝑒𝑇𝑙𝑛 𝑚0+
𝑣𝑒
𝛽
( 𝑚0− 𝛽𝑇)𝑙𝑛( 𝑚0− 𝛽𝑇)| −

𝑣𝑒
𝛽
 𝑚0𝑙𝑛 𝑚0−  

−
𝑣𝑒

𝛽
( 𝑚0 − 𝛽𝑇) +

𝑣𝑒 𝑚0

𝛽
. 

Aam formulaSi SevitanoT  (5) gamosaxuleba, miviRebT: 

𝑠 = 𝑣𝑒
 𝑚0(𝑒 − 1)

𝛽𝑒
𝑙𝑛 𝑚0 +  

+
𝑣𝑒
𝛽
( 𝑚0 −

 𝑚0(𝑒 − 1)

𝑒
) 𝑙𝑛 ( 𝑚0 −

 𝑚0(𝑒 − 1)

𝑒
) − 

−
𝑣𝑒

𝛽
 𝑚0𝑙𝑛 𝑚0 −

𝑣𝑒

𝛽
( 𝑚0 −

 𝑚0(𝑒−1)

𝑒
) +

𝑣𝑒 𝑚0

𝛽
=. 

=
𝑣𝑒 𝑚0

𝛽𝑒
(𝑒𝑙𝑛 𝑚0 − 𝑙𝑛 𝑚0 + 𝑙𝑛 𝑚0 − 1 − 𝑒𝑙𝑛 𝑚0 − 1 + 𝑒)

=
𝑣𝑒 𝑚0

𝛽𝑒
(𝑒 − 2). 

p a s u x i:  𝒔 =
𝑣𝑒 𝑚0
𝛽𝑒

(𝑒− 2),   sadac 𝑒 − neperis ricxvia. 

 
 

amocana  45.19 

  raketa moZraobs wrfivad velsi, sadac ar arsebobs winaRoba da 
miziduloba. gansazRvreT wevis zalis muSaoba im momentisaTvis, 

roca daiwveba mTeli sawvavi. raketis sawyisi masaa  𝑚0, 
saboloo− 𝑚1. airTa gamodinebis efeqturi siCqare 𝑣ეფ  mudmivia. 
  a m o x s n a. 
        CavweroT   cvladi masis mqone sxeulis moZraobis 
diferencialuri gantoleba misi moZraobis mimarTulebaze 
gegmilebSi 

   𝑚
𝑑𝑣

𝑑𝑡
= −𝑣𝑒

𝑑𝑚

𝑑𝑡
. 

Aan 

                        𝑑𝑣 = −𝑣𝑒
𝑑𝑚

𝑚
.                      (1) 

vaintegroT (1) gantoleba: 

∫𝑑𝑣 = −𝑣𝑒

𝑣

0

∫
𝑑𝑚
𝑚

𝑚

 𝑚0
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Aaqedan miviRebT: 

                       𝑣 = 𝑣𝑒(𝑙𝑛 𝑚0 − 𝑙𝑛𝑚).                (2) 
  wevis Zalis muSoba 

𝐴 = ∫𝐹𝑑𝑠, 

sadac  𝐹 = 𝑚
𝑑𝑣

𝑑𝑡
 ;   𝑑𝑠 = 𝑣𝑑𝑡. 

  maSin 

                         𝐴 = ∫𝑚𝑣𝑑𝑣.                     (3) 
CavsvaT  (1)  gamosaxuleba (3)-Si: 

                         𝐴 = −∫𝑣𝑒𝑣𝑑𝑚. 
CavsvaT  (2)  gamosaxuleba bolo tolobaSi, miviRebT: 

𝐴 = −𝑣𝑒
2 ∫ (𝑙𝑛 𝑚0 − 𝑙𝑛𝑚)

 𝑚1

 𝑚0

𝑑𝑚 = −𝑣𝑒
2𝑙𝑛 𝑚0 ∙ 𝑚| 𝑚0

 𝑚1 + 𝑣𝑒
2𝑚𝑙𝑛𝑚| 𝑚0

 𝑚1 − 

−𝑣𝑒
2∙ 𝑚| 𝑚0

 𝑚1 = −𝑣𝑒
2𝑙𝑛 𝑚0 ∙ ( 𝑚1 −  𝑚0)+ 𝑣𝑒

2 𝑚1𝑙𝑛 𝑚1 − 𝑣𝑒
2 𝑚0𝑙𝑛 𝑚0− 

 
−𝑣𝑒

2 𝑚1 + 𝑣𝑒
2 𝑚0 = −𝑣𝑒

2 𝑚1𝑙𝑛 𝑚0 + 𝑣𝑒
2 𝑚0𝑙𝑛 𝑚0 + 𝑣𝑒

2 𝑚1𝑙𝑛 𝑚1 − 

−𝑣𝑒
2 𝑚0𝑙𝑛 𝑚0 − 𝑣𝑒

2 𝑚1 + 𝑣𝑒
2 𝑚0 =  𝑚1𝑣𝑒

2 [−(𝑙𝑛 𝑚0 − 𝑙𝑛 𝑚1) +
 𝑚0

 𝑚1
− 1] 

radgan 
 𝑚0

 𝑚1
= 𝑧, 

amitom 

𝐴 =  𝑚1𝑣𝑒
2(𝑧 − 1 − 𝑙𝑛𝑧). 

p a s u x i:  𝐴 =  𝑚1𝑣𝑒
2(𝑧 − 1 − 𝑙𝑛𝑧);  𝑧 =

 𝑚0

 𝑚1
. 

 
 

amocana  45.20 

    𝑧 =  𝑚0

 𝑚1
−is ( 𝑚0 −sawyisi,  𝑚1−saboloo masa) rogori 

mniSvnelobisaTvis aqvs raketis meqanikuri margi qmedebis 
koeficients udidesi mniSvneloba, romelic ganisazRvreba, rogorc 
sawvavis dawvis Semdeg raketis kinetikuri energiis fardoba 
daxarjul energiasTan? 
   a m o x s n a.   CavweroT meqanikuri margi qmedebis koeficientis 
gamosaTvleli gamosaxuleba: 

휂 =
𝑇

𝐴
=
 𝑚1𝑣𝑒

2

2𝐴
, 
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sadac 𝑇 −raketis kinetikuri energia sawvavis dawvis Semdeg, 𝐴 − 

wevis Zalis muSoba. 

  visargebloT 45.19 amocanaSi miRebuli formulebiT: 

𝑣1 = 𝑣𝑒(𝑙𝑛 𝑚0 − 𝑙𝑛𝑚1), 
Aan 

𝑣1 = 𝑣𝑒𝑙𝑛
 𝑚0

𝑚1
= 𝑣𝑒𝑙𝑛𝑧,

𝐴 =  𝑚1𝑣𝑒
2(𝑧 − 1 − 𝑙𝑛𝑧).

maSin 

휂 =
𝑚1𝑣𝑒

2𝑙𝑛2𝑧

2 𝑚1𝑣𝑒
2(𝑧 − 1 − 𝑙𝑛𝑧)

=
𝑙𝑛2𝑧

2(𝑧 − 1 − 𝑙𝑛𝑧)
. 

Eeqstremumis gansasazRvravad gavawarmooT es gamosaxuleba da 
miRebuli gamosaxuleba gavutoloT nuls: 

휂𝑧
′ =

2
1
𝑧
(𝑧 − 1 − 𝑙𝑛𝑧)𝑙𝑛𝑧 − (1 −

1
𝑧
) 𝑙𝑛2𝑧

2(𝑧 − 1 − 𝑙𝑛𝑧)2
= 0. 

aqedan 

2(𝑧− 1− 𝑙𝑛𝑧)− (𝑧− 1)𝑙𝑛𝑧 = 0, 
2(𝑧− 1)−2𝑙𝑛𝑧− 𝑧𝑙𝑛𝑧+ 𝑙𝑛𝑧 = 0 

an 

2(𝑧− 1) = (𝑧+ 1)𝑙𝑛𝑧, 

sadac   𝑧  aris  𝑙𝑛𝑧 =
2(𝑧−1)

1+𝑧
   gantolebis fesvi. 

p a s u x i:   𝑧  aris  𝑙𝑛𝑧 =
2(𝑧−1)

1+𝑧
   gantolebis fesvi. 

amocana  45.21 

 𝑚0   masis  TviTmfrinavi  𝑣0  siCqariT jdeba polarul 
aerodromze. Gdajdomis Semdeg moZraobisas misi Semoyinvis gamo 

TviTmfrinavis masa izrdeba 𝑚 =  𝑚0 + 𝑎𝑡  kanoniT, sadac 𝑎 =
𝑐𝑜𝑛𝑠𝑡. aerodromze TviTmfrinavis moZraobis winaRobis Zalamisi 
masis proporciulia (proporciulobis koeficienti aris 𝑓). 

gansazRvreT TviTmfrinavis gaCerebis dro (𝑇) misi masis 

gaTvaliswinebiT da dro (𝑇1) 
masis gauTvaliswineblad. ipoveT 
drois cvlasTan dakavSirebiT 
siCqaris cvlilebis kanoni. 
a m o x s n a.   vaCvenoT naxazze 
TviTmfrinavze moqmedi Zalebi: 

𝑦 

𝑥

�⃗�ხახ 

O

�⃗⃗⃗� 

𝑚�⃗� 

𝑥 • •
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𝑚�⃗� − simZimis Zala, �⃗�ხახ − ხახუნის ძალა, �⃗⃗⃗� − საყრდენის რეაქციის ძალა.

TviTmfrinavi მივიღოთ  მატერიალურ წერტილად და  

 ჩავწეროთ მისი მოძრაობის  diferencialuri gantoleba 

 𝑂𝑥  RerZze gegmilebSi: 
𝑑

𝑑𝑡
( 𝑚𝑣) = −𝐹ხახ.     (1) 

𝑚
𝑑𝑣

𝑑𝑡
+ 𝑣

𝑑𝑚

𝑑𝑡
= −𝑓𝑁 = −𝑓𝑚𝑔    (2) 

an 

𝑑𝑣

𝑑𝑡
+
𝑣𝑑𝑚

𝑚𝑑𝑡
= −𝑓𝑔. 

radgan 𝑚 =  𝑚0 + 𝑎𝑡, amitom  𝑑𝑚= 𝑎𝑑𝑡. 
   maSin 

𝑑𝑣

𝑑𝑡
+

𝑣𝑑𝑚

( 𝑚0+𝑎𝑡)𝑑𝑡
+ 𝑓𝑔 = 0 (3) 

  an 

𝑑𝑣

𝑑𝑡
+

𝑎𝑣

 𝑚0+𝑎𝑡
+ 𝑓𝑔 = 0.    (4) 

movaxdinoT Casma 

 𝑣 = 𝑢𝑤 = 𝑓(𝑡).  (5) 
maSin 

𝑑𝑣

𝑑𝑡
= 𝑢

𝑑𝑤

𝑑𝑡
+𝑤

𝑑𝑢

𝑑𝑡
.  (6) 

(5) da (6) gamosaxulebebis gaTvaliswinebiT (4) gantoleba miiRebs
saxes:

𝑢
𝑑𝑤

𝑑𝑡
+𝑤

𝑑𝑢

𝑑𝑡
+

𝑎𝑢𝑤

 𝑚0+𝑎𝑡
+ 𝑓𝑔 = 0. (7) 

 SevarCioT 𝑢 ise, rom  Sesruldes toloba: 

𝑤
𝑑𝑢

𝑑𝑡
+

𝑎𝑢𝑤

 𝑚0 + 𝑎𝑡
= 0. 

maSin 

𝑑𝑢

𝑢
= −

𝑎𝑑𝑡

 𝑚0 + 𝑎𝑡
. 

vaintegroT bolo gamosaxuleba, miviRebT: 

𝑙𝑛𝑢 = −𝑙𝑛( 𝑚0 + 𝑎𝑡) 
an 

𝑙𝑛𝑢 =
1

𝑙𝑛( 𝑚0 + 𝑎𝑡)
. 

aqedan 

  𝑢 =
1

 𝑚0+𝑎𝑡
. (8)



 
562 

   CavsvaT (8) gamosaxuleba (7) gantolebaSi, miviRebT: 
 

1

 𝑚0 + 𝑎𝑡

𝑑𝑤

𝑑𝑡
+ 𝑓𝑔 = 0 

an 

𝑑𝑤

𝑑𝑡
= −𝑓𝑔( 𝑚0 + 𝑎𝑡), 

 

𝑑𝑤 = (−𝑓𝑔 𝑚0 − 𝑓𝑔𝑎𝑡)𝑑𝑡 
Aam gantolebis integrebiT miviRebT: 

                𝑤 = −𝑓𝑔 𝑚0𝑡 − 𝑓𝑔𝑎
𝑡2

2
+ 𝐶1.                (9) 

 vipovoT integrebis mudmivi sawyisi pirobidan: 𝑡 = 0, 𝑤 = 𝑤0. 𝐶1 =
𝑤0. maSasadame, (5) gantolebis Tanaxmad: 

𝑣0 = 𝑢0𝑤0, 

𝑤0. =
𝑣0
𝑢0
= 𝑣0𝑚0. 

maSin 

                𝑤 = −𝑓𝑔 𝑚0𝑡 − 𝑓𝑔𝑎
𝑡2

2
+ 𝑣0𝑚0.                (10) 

  CavsvaT (8) da (10) gamosaxulebebi (5) formulaSi da miviRoT  
drois cvlasTan dakavSirebiT siCqaris cvlilebis kanoni: 
 

                     𝑣 =
1

 𝑚0 + 𝑎𝑡
(𝑚0𝑣0 − 𝑓𝑔 𝑚0𝑡 −

1

2
𝑓𝑔𝑎𝑡2) = 

                                        =
2𝑚0𝑣0 − 𝑓𝑔 (2𝑚0 + 𝑎𝑡)𝑡

2( 𝑚0 + 𝑎𝑡)
.                            (11) 

 gansazRvroT TviTmfrinavis gaCerebis dro 𝑣 = 0  pirobidan: 

𝑚0𝑣0 − 𝑓𝑔 𝑚0𝑡 −
1

2
𝑓𝑔𝑎𝑡2 = 0 

an 

𝑡2 +
2𝑚0

𝑎
𝑡 −

2𝑚0𝑣0
𝑓𝑔𝑎

= 0. 

Kkvadratuli gantolebis fesvebia 

𝑡1,2 = −
𝑚0

𝑎
± √

𝑚0
2

𝑎2
+
2𝑚0𝑣0
𝑓𝑔𝑎

. 

 radgan dro ar unda iyos uaryofiTi, amitom 

𝑇 =
𝑚0

𝑎
(√1+

2𝑎𝑣0
𝑓𝑔𝑚0

−1). 

Aaxla ganvixiloT SemTxveva, roca    𝑚 = 𝑚0 = 𝑐𝑜𝑛𝑠𝑡. maSin 
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𝐹ხახ1 = 𝑓𝑁1, 
sadac  𝑁1 = 𝑚0𝑔. 
   xaxunis Zalis miRebuli mniSvneloba CavsvaT  (1) gantolebaSi: 

                       𝑚0
𝑑𝑣

𝑑𝑡
= −𝑓 𝑚0𝑔             

an 

∫𝑑𝑣

𝑣

𝑣0

= −∫𝑓𝑔𝑑𝑡.

𝑡

0

 

 integrirebis Semdeg miviRebT: 

𝑣 − 𝑣0 = −𝑓𝑔𝑡 
an 

                      𝑣 = 𝑣0 − 𝑓𝑔𝑡                     (12) 
 

   gaCerebis momentSi  𝑡 = 𝑇1, 𝑣 = 0,  maSin   (12) gantolebidan 
miviRebT: 

𝑇1 =
𝑣0
𝑓𝑔
. 

p a s u x i:   𝑇 =
𝑚0

𝑎
(√1 +

2𝑎𝑣0

𝑓𝑔𝑚0
− 1) ; 𝑇1 =

𝑣0

𝑓𝑔
; 

𝑣 =
2𝑚0𝑣0 − 𝑓𝑔 (2𝑚0 + 𝑎𝑡)𝑡

2( 𝑚0 + 𝑎𝑡)
. 

 
 

amocana  45.22 

  airTa gamodinebis efeqturi siCqare  orsafexuriani raketis 

pirvel da meore safexurebSi saTanadod tolia  𝑣ეფ
(1)

=2400 მ/წმ და  

𝑣ეფ
(2)

=2600 მ/წმ.   gansazRvreT ciolkovskis ricxvebi saboloo siCqaris 

uzrunvelsayofad: 𝑣1 =2400m/wm  siCqarisa  raketis pirveli 

safexurisaTvis, xolo 𝑣2 =5400m/wm  siCqarisa  raketis meore 
safexurisaTvis, Tu moZraoba xdeba  uhaero sivrceSi mizidulobis 
ararsebobisas. 
a m o x s n a.  raketis siCqares aqtiuri monakveTis bolos vipoviT 
ciolkovskis formuliT: 

                        𝑣 = 𝑣0 + 𝑣𝑒𝑙𝑛𝑧,                  (1) 

sadac   𝑧 =
𝑀0
𝑀კ
− raketis sawyisi masis Sefrdebaa korpusis masasTan; 

𝑣𝑒 = 𝑣ეფ −gazebis gamodinebis efeqturi siCqarea. 
  visargebloT (1) formuliT da gamovTvaloT: 

𝑣1 = 𝑣0 + 𝑣ეფ
(1)
𝑙𝑛𝑧1, 
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maSasadame, radgan 𝑣0 = 0, 

𝑧1 = 𝑒𝑥𝑝(
𝑣1

𝑣ეფ
(1)
) = 𝑒𝑥𝑝 (

2400

2400
) = 𝑒 = 2,72; 

𝑣2 = 𝑣1 + 𝑣ეფ
(2)
𝑙𝑛𝑧2, 

maSasadame, 

𝑧2 = 𝑒𝑥𝑝(
𝑣2 − 𝑣1

𝑣ეფ
(2)

) = 𝑒𝑥𝑝 (
5400 − 2400

2400
) = 𝑒15/13 = 3,17. 

p a s u x i:   𝑧1 = 2,72;  𝑧2 = 3,17. 
 
 

amocana  45.23      

  samsafexuriani raketis yvela sam safexurs  aqvs erTnairi 

ciolkovskis ricxvi da airebis gamodinebis    erTnairi 𝑣ეფ   

efeqturi siCqare.  ipoveT ciolkovskis ricxvi, roca  𝑣ეფ =2,4km/wm, 

Tu mTeli sawvavis daxarjvis Semdeg  raketis siCqare udris 9km/wm 
(simZimis Zalis velis miziduloba  da atmosferos winaRoba  
ugulebelyofilia). 
a m o x s n a. 
  visargebloT   ciolkovskis formuliT da CavweroT raketis 
siCqare sam etapidan TiToeulze: 

  I etapi-  𝑣1 = 𝑣ეფ
(1)
𝑙𝑛𝑧1;                                   (1) 

  II etapi-  𝑣2 = 𝑣1 + 𝑣ეფ
(2)
𝑙𝑛𝑧2;                              (2) 

  III etapi-  𝑣3 = 𝑣2 + 𝑣ეფ
(3)
𝑙𝑛. ;                              (3) 

  radgan amocanis pirobis Tanaxmad  𝑣ეფ
(1)
= 𝑣ეფ

(2)
= 𝑣ეფ

(3)
= 𝑣ეფ   da 

𝑧1 = 𝑧2 = 𝑧3 = 𝑧,   amitom, Tu amovxsniT (1)-(3) sistemas, miviRebT 

𝑣3 = 3𝑣ეფ𝑙𝑛𝑧.  maSasadame,  

𝑧 = 𝑒𝑥𝑝 (
𝑣3
3𝑣ეფ

) = 𝑒𝑥𝑝 (
9

3 ∙ 2,4
) = 𝑒1,25 = 𝑒 ∙ √𝑒

4 =  

= 2,718 ∙ √2,718
4

= 3,49 
 

p a s u x i:   𝑧 = 3,49. 
  



 
565 

amocana  45.24      

   samsafexuriani raketa  moZraobs gadataniT mizidulobisa da  
atmosferos winaRobis gareSe. airebis gamodinebis efeqturi siCqare 
da  ciolkovskis ricxvi  samive safexurisTvis erTnairia da 

saTanadod tolia 𝑣ეფ =2500m/wm,  𝑧 = 4.  gansazRvreT raketis 

siCqareebi pirvel, meore da mesame safexurSi sawvavis mTlianad 
daxarjvis Semdeg. 
a m o x s n a. 
  visargebloT   ciolkovskis formuliT da CavweroT raketis 
siCqare sam etapidan TiToeulze: 

I etapi-  𝑣1 = 𝑣ეფ 𝑙𝑛𝑧 = 2500 ∙ 𝑙𝑛4 = 3465(m/wm); 

II etapi-  𝑣2 = 𝑣1 + 𝑣ეფ 𝑙𝑛𝑧 = 3465 + 2500 ∙ 𝑙𝑛4 = 6930(m/wm); 

III etapi-  𝑣3 = 𝑣2 + 𝑣ეფ 𝑙𝑛𝑧 = 6930 + 2500 ∙ 𝑙𝑛4 =10395(m/wm). 

p a s u x i:   𝑣1 = 3465(m/wm);  𝑣2 = 6930(m/wm);  𝑣3 =10395(m/wm). 
 
 
 

amocana  45.25      

  im momentSi, roca mTvarisaken mimarTuli kosmosuri xomaldi 

uaxlovdeba mas da mTvaris zedapiridan 𝐻 simaRleze aqvs 𝑣0 siCqare 
mimarTuli mTvaris centrisaken, rTaven mamuxruWebel Zravas. 
CaTvaleT, rom mizidulobis Zala xomaldidan mTvaris centramde 
manZilis kvadratis ukuproporciulia da miviRebT, rom xomaldis 

masa icvleba   kanoniT 𝑚 = 𝑚0𝑒
−𝛼𝑡  (𝑚0 aris  xomaldis masa 

mamuxruWebeli Zravas CarTvis momentSi, 𝛼 −mudmivia).   ipoveT 𝛼 −s 
mniSvneloba, romlisTvisac xomaldi 
Seasrulebs rbil dajdomas (e.i. 
mTvareze dajdomis momentSi siCqare 
nulis toli  iqneba). airebis 
gamodinebis efeqturi siCqare 

mudmivia, mTvaris radiusi- 𝑅. 
  a m o x s n a.     kosmosuri 
xomaldis moZraobis   
diferencialur gantolebas 
mocemul SemTxvevaSi aqvs saxe (ix. 
Nnaxazi): 

                𝑚
𝑑𝑣

𝑑𝑡
= 𝐹 − Φ𝑒 ,        (1) 

 

sadac Φ𝑒 =
𝑑𝑚

𝑑𝑡
𝑣𝑒 −reaqtiuli wevis 

• 
Φ⃗⃗⃗⃗𝑒 

 

• 

• 

𝑂 

�⃗� 

�⃗� 

𝑅 

𝑥 

𝑥 
𝐻 
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Zalaa; 𝐹 = 𝐺
𝑚𝑀

(𝑅+𝐻−𝑥)2
− mTvaris mier raketis mizidulobis Zala;  

𝑀 − mTvaris masa. 

  CavsvaT Φ𝑒 , 𝐹 da 𝑚 −is gamosaxulebebi (1)  gantolebaSi: 

    𝑚0𝑒
−𝛼𝑡

𝑑𝑣

𝑑𝑡
=  𝐺

𝑚0𝑒
−𝛼𝑡𝑀

(𝑅 + 𝐻 − 𝑥)2
== −𝑚0𝛼𝑒

−𝛼𝑡𝑣𝑒 

an 

                   
𝑑𝑣

𝑑𝑡
=

𝐺𝑀

(𝑅+𝐻−𝑥)2
− 𝛼𝑣𝑒 .                   (2) 

   davuSvaT, rom 𝑣 = 𝑣(𝑥), miviRebT 
 

𝑑𝑣

𝑑𝑡
=
𝑑𝑣

𝑑𝑥
∙
𝑑𝑥

𝑑𝑡
= 𝑣

𝑑𝑣

𝑑𝑥
, 

maSin (2) gamosaxuleba miiRebs saxes: 

                    𝑣
𝑑𝑣

𝑑𝑥
=

𝐺𝑀

(𝑅+𝐻−𝑥)2
− 𝛼𝑣𝑒 .                   (3) 

mTvaris zedapirze sruldeba piroba: 

𝑚𝑔მთ =
𝐺𝑚𝑀

𝑅2
, 

 
e.i.  𝐺𝑀 = 𝑔მთ𝑅

2. 
Aamis gaTvaliswinebiT (3) gamosaxuleba SeiZleba ase Caiweros: 

                 𝑣
𝑑𝑣

𝑑𝑥
=

𝑔მთ𝑅
2

(𝑅+𝐻−𝑥)2
− 𝛼𝑣𝑒=0.                   (4)               

    (4) gantolebaSi ganvacaloT cvladebi da vaintegroT, miviRebT: 

∫𝑣𝑑𝑣 = 𝑔მთ𝑅
2∫

𝑑𝑥

(𝑅+𝐻− 𝑥)
2

𝐻

0

0

𝑣0

− 𝛼𝑣𝑒∫ 𝑑𝑥

𝐻

0

 

an 

𝑣2

2
|
𝑣0

0

= 𝑔მთ𝑅
2

1

𝑅+𝐻−𝑥
|
0

𝐻

− 𝛼𝑣𝑒𝑥|0𝐻. 

  maSasadame, 

−
𝑣0
2

2
= 𝑔მთ𝑅

2 (
1

𝑅
−

1

𝑅 + 𝐻
) − 𝛼𝑣𝑒𝐻. 

aqedan 

𝛼𝑣𝑒𝐻 =
𝑣0
2

2
+

𝑔
მთ
𝑅2

𝑅(𝑅 + 𝐻)
 

an 

𝛼 =
𝑣0
2

2𝑣𝑒𝐻
+

𝑔
მთ
𝑅2

𝑣𝑒(𝑅 + 𝐻)
. 

p a s u x i:  𝛼 =
𝑣0
2

2𝑣𝑒𝐻
+

𝑔მთ𝑅
2

𝑣𝑒(𝑅+𝐻)
. 
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amocana  45.26      

     ipoveT im raketis masis cvlilebis kanoni, romelmac daiwyo 
moZraoba nulovani sawyisi siCqariT vertikalurad zeviT, Tu misi 

aCqareba 𝑤 mudmivia, xolo garemos winaRobis Zala siCqaris 
kvadratis proporciulia (𝑏 −proporciulobis koeficientia), simZimis 

Zalis veli CaTvaleT erTgvarovan velad. airebis gamodinebis 𝑣ეფ  
efeqturi siCqare mudmivia 
a m o x s n a. CavweroT simZimis ZalTa velSi 
raketis  moZraobis diferencialuri 
gantoleba  garemos winaRobis Zalis 
gaTvaliswinebiT  (ix.naxazi): 

                    𝑚𝑤 = −𝑚𝑔 − Φ𝑒 − 𝑅, 

sadac Φ𝑒 = 𝑣𝑒
𝑑𝑚

𝑑𝑡
. 

   maSin 

𝑚𝑤 = −𝑚𝑔 − 𝑣𝑒
𝑑𝑚

𝑑𝑡
− 𝑏𝑣2 

an 

                   𝑣𝑒
𝑑𝑚

𝑑𝑡
+ (𝑤 + 𝑔)𝑚 + 𝑏𝑣2 = 0.              (1) 

radgan 

𝑑𝑣

𝑑𝑡
= 𝑤, 

Aamitom 𝑣0 = 0 tolobis gaTvaliswinebiT, vRebulobT 𝑣 = 𝑤𝑡  da (1) 
gantoleba Rebulobs saxes: 

𝑑𝑚

𝑑𝑡
+
𝑤 + 𝑔

𝑣𝑒
𝑚 +

𝑏𝑤2

𝑣𝑒
𝑡2 = 0 

an 

                    
𝑑𝑚

𝑑𝑡
+ 𝛼𝑚 + 𝛽𝑡2 = 0,                    (2) 

sadac 𝛼 =
𝑤+𝑔
𝑣𝑒
;    𝛽 = 𝑏𝑤2

𝑣𝑒
. 

 amovxsnaT (2) gantolebis Sesabamisi erTgvarovani gantoleba: 
 

𝑑𝑚

𝑑𝑡
+ 𝛼𝑚 = 0, 

maSasadame,  𝑚 = 𝐶𝑒−𝛼𝑡. 
   mudmivTa variaciis meTodis safuZvelze (2) gantolebis amonaxsni 
veZeboT saxiT: 

                                𝑚 = 𝐶(𝑡)𝑒−𝛼𝑡.                       (3) 
   CavsvaT (3) gamosaxuleba (2) gantolebaSi: 

𝑑𝐶

𝑑𝑡
𝑒−𝛼𝑡 − 𝐶𝛼𝑒−𝛼𝑡 + 𝐶𝛼𝑒−𝛼𝑡 + 𝛽𝑡2 = 0 

an 

             

𝑚�⃗� 
H 

�⃗� 

Φ⃗⃗⃗⃗𝑒 
 

�⃗⃗� 

• 
𝐴 

 

𝑥 
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𝑑𝐶

𝑑𝑡
= −𝛽𝑡2𝑒𝛼𝑡. 

   gamoviyenoT nawilobiTi integrebis formula, miviRebT: 

𝐶 = −𝛽∫𝑡2𝑒𝛼𝑡 + 𝐶1 = −
𝛽

𝛼
∫𝑡2𝑒𝛼𝑡 + 𝐶1 = 

= −
𝛽
𝛼
𝑡2𝑒𝛼𝑡+

2𝛽
𝛼
∫ 𝑡𝑒𝛼𝑡+𝐶1 =−

𝛽
𝛼
𝑡2𝑒𝛼𝑡+

2𝛽

𝛼2
∫ 𝑡𝑒𝛼𝑡+𝐶1 = 

= −
𝛽
𝛼
𝑡2𝑒𝛼𝑡+

2𝛽

𝛼2
𝑡𝑒𝛼𝑡−

2𝛽

𝛼2
∫𝑒𝛼𝑡+𝐶1 = 

= −
𝛽
𝛼
𝑡2𝑒𝛼𝑡+

2𝛽

𝛼2
𝑡𝑒𝛼𝑡−

2𝛽

𝛼3
𝑒𝛼𝑡+𝐶1. 

  Ees gamosaxuleba CavsvaT (3) formulaSi: 

𝑚 = 𝐶1𝑒
−𝛼𝑡 −

𝛽

𝛼
𝑡2𝑒𝛼𝑡 +

2𝛽

𝛼2
𝑡𝑒𝛼𝑡 −

2𝛽

𝛼3
𝑒𝛼𝑡 . 

   visargebloT sawyisi pirobiT: roca 𝑡 = 0,𝑚(0) = 𝑚0 da vipovoT 
𝐶1: 

𝐶1 = 𝑚0 +
2𝛽

𝛼3
. 

maSin miviRebT: 

𝑚 = (𝑚0 +
2𝛽

𝛼3
)𝑒−𝛼𝑡 −

𝛽

𝛼
𝑡2 +

2𝛽

𝛼2
𝑡 −

2𝛽

𝛼3
. 

 

davubrundeT 𝛼  da 𝛽  aRniSvnebs (2) formulaSi,  maSin miviRebT 

2𝛽

𝛼3
=
2𝑏𝑣𝑒

2𝑤2

(𝑤 + 𝑔)3
,    
𝛽

𝛼
=
𝑏𝑤2

𝑤 + 𝑔
,    
2𝛽

𝛼2
=
2𝑏𝑣𝑒𝑤

2

(𝑤 + 𝑔)2
  

Dda CavwroT saboloo  Sedegi:  
 

𝑚 = (𝑚0 +
2𝑏𝑣𝑒

2𝑤2

(𝑤 + 𝑔)3
) 𝑒

−
𝑤+𝑔
𝑣𝑒

𝑡
−
𝑏𝑤2

𝑤 + 𝑔
𝑡2 +

2𝑏𝑣𝑒𝑤
2

(𝑤 + 𝑔)2
𝑡 −

2𝑏𝑣𝑒
2𝑤2

(𝑤 + 𝑔)3
. 

 
p a s u x i:   

𝑚 = (𝑚0 +
2𝑏𝑣𝑒

2𝑤2

(𝑤 + 𝑔)3
) 𝑒

−
𝑤+𝑔
𝑣𝑒

𝑡
−
𝑏𝑤2

𝑤 + 𝑔
𝑡2 +

2𝑏𝑣𝑒𝑤
2

(𝑤 + 𝑔)2
𝑡 −

2𝑏𝑣𝑒
2𝑤2

(𝑤 + 𝑔)3
. 
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amocana  45.27    

    raketa moZraobs wrfeze 
simZimis Zalis erTgvarovan 

velSi mudmivi 𝑤 aCqarebiT. es 

wrfe adgens 𝛼  kuTxes 
imhorizontalur sibrtyesTan,  
romelic gadis dedamiwis 
zedapiris im wertilSi, 
saidanac gauSves raketa.  
GgansazRvreT raketis sawyisi  
masis fardoba mis masasTan 
sawvavis gareSe (ciolkovskis 
ricxvi), Tu miviRebT, rom 

airebis gamodinebis 𝑣ეფ  
efeqturi siCqare sididiT da mimarTulebiT mudmivia da sawvavis 
xarjvis momentSi raketa zemoxsenebuli horizontaluri sibrtyidan 

imyofeboda 𝐻 simaRleze. 
a m o x s n a.   meSerskis 
gantolebas, romelic aRwers 

raketis moZraobas mudmivi 𝑤 
aCqarebiT  wrfeze, romelic 

adgens 𝛼  kuTxes horizontalur 
sibrtyesTan  (ix. Nnaxazi), 

sakoordinato 𝑥 da 𝑦 RerZebze 
gegmilebSi aqvs Semdegi saxe:  

      𝑚𝑤𝑐𝑜𝑠𝛼 = −𝑣𝑒
𝑑𝑚

𝑑𝑡
𝑐𝑜𝑠𝛽,     (1) 

𝑚𝑤𝑠𝑖𝑛𝛼 = −𝑚𝑔 − 𝑣𝑒
𝑑𝑚

𝑑𝑡
𝑠𝑖𝑛𝛽,   (2) 

(1)Ggantolebidan gamomdinareobs, rom 
 

𝑑𝑚

𝑚
= −

𝑤𝑐𝑜𝑠𝛼

𝑣𝑒𝑐𝑜𝑠𝛽
𝑑𝑡 ⟹ 𝑙𝑛𝑚|𝑚0

𝑚 = −
𝑤𝑐𝑜𝑠𝛼

𝑣𝑒𝑐𝑜𝑠𝛽
𝑡|0
𝑇 . 

aqedan 

                           𝑚 = 𝑚0𝑒
−𝑎𝑡.                         (3) 

 

sadac 𝑎 =
𝑤𝑐𝑜𝑠𝛼

𝑣𝑒𝑐𝑜𝑠𝛽
. 

 
   CavsvaT (30 gamosaxuleba (2) gantolebaSi, miviRebT 

𝑚0𝑒
−𝑎𝑡𝑤𝑠𝑖𝑛𝛼 = −𝑚0𝑒

−𝑎𝑡𝑔 + 𝑣𝑒𝑎𝑚0𝑒
−𝑎𝑡𝑠𝑖𝑛𝛽 

Aan 

𝑥 

𝑦 

𝐻 

𝑂 

𝛼 𝛽 

�⃗�ეფ 

Φ⃗⃗⃗⃗𝑒 𝑦 

𝐻 

𝑂 

𝛼 𝛽 

�⃗�𝑒 

𝑚�⃗� 

𝑤 

𝑥 
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𝑤𝑠𝑖𝑛𝛼 + 𝑔 = 𝑣𝑒
𝑤𝑐𝑜𝑠𝛼

𝑣𝑒𝑐𝑜𝑠𝛽
𝑠𝑖𝑛𝛽. 

aqedanNN 

𝑡𝑔𝛽 =
𝑤𝑠𝑖𝑛𝛼 + 𝑔

𝑤𝑐𝑜𝑠𝛼
, 

 

𝛽 = 𝑎𝑟𝑐𝑡𝑔 (
𝑤𝑠𝑖𝑛𝛼 + 𝑔

𝑤𝑐𝑜𝑠𝛼
). 

    (1)Ggantoleba vaintegroT droiT 0-dan 𝑇 −mde  sazRvrebSi, sadac 

𝑇 −sawvavis daxarjvis droa.  maSin 

𝑙𝑛𝑚|𝑚0
𝑚𝑘 = −𝑎𝑡|0

𝑇 

Aan 

𝑙𝑛𝑧 = 𝑎𝑇. 
aqedan 

                              𝑧 = 𝑒
𝑤𝑐𝑜𝑠𝛼
𝑣𝑒𝑐𝑜𝑠𝛽

𝑇
                             (4)        

   𝑇Ddros vipovoT pirobidan: 
 

𝑑2𝑦

𝑑𝑡2
= 𝑤𝑠𝑖𝑛𝛼. 

maSasadame, 

                                𝑦 =
𝑤𝑠𝑖𝑛𝛼

2
𝑡2 + 𝐶1𝑡 + 𝐶2.              (5)    

sawyisi pirobebis gaTvaliswinebiT: �̇�(0) = 0, 𝑦(0) = 0,    miviRebT: 
𝐶1 = 𝐶2 = 0. radgan, roca 𝑡 = 𝑇, 𝑦 = 𝐻,   amitom (5) gamosaxuleba 
miiRebs saxes: 

𝐻 =
𝑤𝑠𝑖𝑛𝛼

2
𝑇2. 

aqedan 

𝑇 = √
2𝐻

𝑤𝑠𝑖𝑛𝛼
. 

𝑇 −s  es gamosaxuleba SevitanoT (4) gamosaxulebaSi, miviRebT:    
 

𝑧 = 𝑒
𝑤𝑐𝑜𝑠𝛼
𝑣𝑒𝑐𝑜𝑠𝛽

√ 2𝐻
𝑤𝑠𝑖𝑛𝛼 = 𝑒

𝑐𝑜𝑠𝛼
𝑣𝑒𝑐𝑜𝑠𝛽

√2𝑤𝐻
𝑠𝑖𝑛𝛼 

 

p a s u x i:   𝑧 = 𝑒
𝑐𝑜𝑠𝛼

𝑣𝑒𝑐𝑜𝑠𝛽
√
2𝑤𝐻

𝑠𝑖𝑛𝛼, sadac   aris kuTxe, romelsac 𝑣𝑒 
siCqare adgens mxeb sibrtyesTan,   

𝛽 = 𝑎𝑟𝑐𝑡𝑔 (
𝑤𝑠𝑖𝑛𝛼 + 𝑔

𝑤𝑐𝑜𝑠𝛼
). 
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amocana  45.28    

 cvladi masis sxeuli moZraobs 𝑤 aCqarebiT xorklian wrfiv 

mimmarTvelebSi, romelic adgens 𝛼  kuTxes horizontTan. ipoveT 
sxeulis masis cvlilebis kanoni, Tu miviRebT, rom simZimis Zalis 
veli erTgvarovania Dda atmosferos winaRoba  siCqaris pirveli 
xarisxis  proporciulia (𝑏 −proporciulobis koeficientia),  airebis 

gamodinebis 𝑣ეფ  efeqturi siCqare mudmivia; sxeulsa da mimmarTvels 

Soris srialis xaxunis koeficienti tolia 𝑓. 
a m o x s n a. 

   CavweroT    meSerskis gantoleba   𝑂𝑥  RerZze gegmilebSi (ix. 

naxazi): 

                              𝑚𝑤 = −𝑚𝑔𝑠𝑖𝑛𝛼 − 𝐹ხახ − 𝐹𝑐 + Φ𝑒,                      (1) 
    amocanis pirobis Tanaxmad  𝐹𝑐 = 𝑏𝑣 = 𝑏𝑤𝑡, radgan 𝑣 = 𝑤𝑡,𝑤 =
𝑐𝑜𝑛𝑠𝑡. 
 
 
 
 
 

 

 

 

 

 
   xaxunis Zala  

𝐹ხახ = 𝑓𝑁 = 𝑓𝑚𝑔𝑐𝑜𝑠𝛼. 

    radgan �⃗�ხახ gegmili   𝑂𝑦  RerZze, e.i.  0 = 𝑁 −𝑚𝑔𝑐𝑜𝑠𝛼, amitom 

𝑁 − 𝑓𝑚𝑔𝑐𝑜𝑠𝛼 
  reaqtiuli Zala 
                           

Φ𝑒 = −𝑣𝑒
𝑑𝑚

𝑑𝑡
. 

 
Aam gamosaxulebis gaTvaliswinebiT (1) gantoleba miiRebs saxes: 

𝑚𝑤1 = −𝑏𝑤𝑡 − 𝑣𝑒
𝑑𝑚

𝑑𝑡
 

an 

                      
𝑑𝑚

𝑑𝑡
+ 𝑎𝑚 + 𝛾𝑡 = 0,                    (2)       

 sadac  𝑤1 = 𝑤 + 𝑔(𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼);    𝑎 =
𝑤1

𝑣𝑒
;  𝛾 =

𝑏𝑤

𝑣𝑒
 .  

𝑥 

𝛼 

𝑦1 

𝑥1 

𝑦 

O 
𝛼 

F⃗⃗ხახ 

𝑚�⃗� 

�⃗⃗⃗� 
�⃗⃗⃗� 

Φ⃗⃗⃗⃗ეფ 

F⃗⃗𝑐 
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    (2)  diferencialuri gantolebis amonaxsni veZeboT saxiT: 

                         𝑚 = 𝐶(𝑡)𝑒−𝑎𝑡.                         (3) 
CavsvaT (3) gamosaxuleba (2) gantolebaSi, miviRebT: 
 

𝑑𝐶

𝑑𝑡
𝑒−𝑎𝑡 − 𝐶𝛼𝑒−𝑎𝑡 + 𝐶𝛼𝑒−𝑎𝑡 + 𝛾𝑡 = 0 

an 

𝑑𝐶

𝑑𝑡
= −𝛾𝑡𝑒𝑎𝑡. 

   gamoviyenoT nawilobiTi integrebis formula, miviRebT: 

𝐶 = −𝛾∫𝑡𝑒𝑎𝑡 + 𝐶1 = −
𝛾

𝑎
∫𝑡𝑑𝑒𝑎𝑡 + 𝐶1 = −

𝛾

𝑎
𝑡𝑒𝑎𝑡 + 𝐶1 = 

 

= −
𝛾

𝑎
𝑡𝑒𝑎𝑡 +

𝛾

𝑎2
𝑒𝑎𝑡 + 𝐶1 

 
    es gamosaxuleba CavsvaT (3) formulaSi: 

𝑚 = 𝐶1𝑒
−𝛼𝑡 −

𝛾

𝛼
𝑡 +

𝛾

𝛼2
. 

   visargebloT sawyisi pirobiT: roca 𝑡 = 0,𝑚(0) = 𝑚0 da vipovoT 
integrebis  mudmivi 𝐶1 ∶ 

𝐶1 = 𝑚0 −
𝛾

𝛼2
. 

maSin miviRebT: 

𝑚 = (𝑚0 −
𝛾

𝛼2
) 𝑒−𝛼𝑡 −

𝛾

𝛼
𝑡 +

𝛾

𝛼2
. 

 

davubrundeT 𝑎  da 𝛾  aRniSvnebs,  maSin miviRebT 
 

𝑚 = (𝑚0 −
𝑏𝑤𝑣𝑒
𝑤1

2
) 𝑒

−
𝑤1
𝑣𝑒
𝑡
−
𝑏𝑤

𝑤1
(𝑡 −

𝑣𝑒
𝑤1
). 

 

p a s u x i:   𝑚 = (𝑚0 −
𝑏𝑤𝑣𝑒

𝑤1
2 ) 𝑒

−
𝑤1
𝑣𝑒
𝑡
−
𝑏𝑤

𝑤1
(𝑡 −

𝑣𝑒

𝑤1
),  sadac  

𝑤1 = 𝑤 + 𝑔(𝑠𝑖𝑛𝛼 + 𝑓𝑐𝑜𝑠𝛼),  𝑚0 − sxeulis sawyisi masaa. 
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amocana  45.29    

       𝑄   wonis  aerostati adis vertikalurad zeviT da Tan aaqvs 

miwaze dakecili bagiri. Aaerostatze moqmedebs amwevi 𝑃 Zala,  

simZimis Zala da siCqaris kvadratis proporciuli winaRobis  𝑅 =
−𝛽�̇�2  Zala. bagiris  erTeuli sigrZis wona aris 𝛾.  SeadgineT 
aerostatis moZraobis gantoleba. 
a m o x s n a.    aerostatis  masa izrdeba aweuli bagiris sigrZis 
proporciulad. amasTan bagiris  asvlis  absoluturi siCqare udris 
nuls. maSasadame, meSerskis gantoleba miiRebs saxes: 

𝑑

𝑑𝑡
(𝑚𝑣) =∑𝐹𝑘𝑥 

Aan 

𝑑

𝑑𝑡
(𝑚�̇�) = 𝑃 −𝑚𝑔 − 𝛽�̇�2 

NAA 
Aan 

       

                 
𝑑𝑚

𝑑𝑡
�̇� + 𝑚�̈� = 𝑃 −𝑚𝑔 − 𝛽�̇�2.               (1) 

radgan 

𝑚 =
𝑄 + 𝛾𝑥

𝑔
, 

amitom 

𝑑𝑚

𝑑𝑡
=
𝛾

𝑔
𝑥.̇  

   CavsvaT es mniSvnelobebi (1) gantolebaSi, miviRebT:OLEN 

𝑄 + 𝛾𝑥

𝑔
�̈� = 𝑃 − (𝑄 + 𝛾𝑥) − (𝛽 +

𝛾

𝑔
) �̇�2. 

aqedan 

�̈� = −𝑔 +
𝑃𝑔

𝑄 + 𝛾𝑥
−
𝛽𝑔 + 𝛾

𝑄 + 𝛾𝑥
�̇�2. 

p a s u x i:   �̈� = −𝑔 +
𝑃𝑔

𝑄+𝛾𝑥
−
𝛽𝑔+𝛾

𝑄+𝛾𝑥
�̇�2. 
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amocana  45.30    

   wina amocanis pirobebSi ipoveT aerostatis asvlis siCqare. sawyis 

momentSi aerostati uZravia da imyofeba 𝐻0  simaRleze. 
a m o x s n a.    45.29 amocanis amoxsnis GTanaxmaT aerostatis  
moZraobis diferencialuri gantoleba 

                   �̈� = −𝑔 +
𝑃𝑔

𝑄+𝛾𝑥
−
𝛽𝑔+𝛾

𝑄+𝛾𝑥
�̇�2.                 (1)   

 Semdegi gardaqmnis Sedegad 

�̈� =
𝑑�̇�

𝑑𝑡
=
𝑑�̇�

𝑑𝑥
∙
𝑑𝑥

𝑑𝑡
=
𝑑�̇�

𝑑𝑥
∙ �̇� =

1

2

𝑑(�̇�2)

𝑑𝑥
 

  (1)  gantoleba miiRebs saxes: 

               
 1

2

𝑑(�̇�2)

𝑑𝑥
= −𝑔 +

𝑃𝑔

𝑄+𝛾𝑥
−
𝛽𝑔+𝛾

𝑄+𝛾𝑥
�̇�2.                 (2)   

 (2) gantolebaSi movaxdinoT cvladTa gardaqmna 

�̇�2 = 𝑢𝑣 ⟹
𝑑(�̇�2)

𝑑𝑥
=
𝑑(𝑢𝑣)

𝑑𝑥
=
𝑑𝑢

𝑑𝑥
𝑣 +

𝑑𝑣

𝑑𝑥
𝑢, 

maSin miviRebT 

1

2
(
𝑑𝑢
𝑑𝑥
𝑣+

𝑑𝑣
𝑑𝑥
𝑢)=−𝑔+

𝑃𝑔
𝑄+ 𝛾𝑥

−
𝛽𝑔+𝛾
𝑄+ 𝛾𝑥

𝑢𝑣. 

movaxdinoT dajgufebebi: 

                           
 1

2

𝑑𝑣
𝑑𝑥
𝑢 = − 𝛽𝑔+𝛾

𝑄+𝛾𝑥
𝑢𝑣,                    (3)        

da 

                             
1

2

𝑑𝑢
𝑑𝑥
𝑣 = −𝑔+ 𝑃𝑔

𝑄+𝛾𝑥
.                       (4)                   

(3) formulidan miviRebT: 

𝑑𝑣

𝑣
= −2

𝛽𝑔 + 𝛾

𝑄 + 𝛾𝑥
𝑑𝑥. 

vaintegroT es gamosaxuleba 
 

∫
𝑑𝑣
𝑣
= −

2(𝛽𝑔+𝛾)
𝛾

∫
𝑑(𝑄+𝛾𝑥)
𝑄+𝛾𝑥

 

da vipovoT 

𝑙𝑛𝑣 = −
2(𝛽𝑔+𝛾)

𝛾
𝑙𝑛(𝑄+ 𝛾𝑥). 

Aaqedan 

𝑣 = (
1

𝑄+𝛾𝑥
)

2(1+
𝑔𝛽
𝛾 )

. 

 
Aam gamosaxulebis gaTvaliswinebiT  (4) formulidan miviRebT: 
 

𝑑𝑢

𝑑𝑥
= 2𝑔 [𝑃(𝑄 + 𝛾𝑥)

1+
2𝑔𝛽
𝛾 − (𝑄 + 𝛾𝑥)

2(1+
𝑔𝛽
𝛾
)
]. 
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   miRebul gamosaxulebaSi ganvacaloT cvladebi da vaintegroT, 
gveqneba:  

𝑢 = 2𝑔 [
𝑃

2𝛾 + 2𝑔𝛽
(𝑄 + 𝛾𝑥)

2(1+
𝑔𝛽
𝛾
)
−

1

3𝛾 + 2𝑔𝛽
(𝑄 + 𝛾𝑥)

(3+
2𝑔𝛽
𝛾
)
+ 𝐶]. 

visargebloT sawyisi pirobebiT: 𝑢 = 0, 𝑥 = 𝐻0  da ganvsazRvoT 
integrebis mudmivi: 
 

𝐶 =
(𝑄+𝛾𝐻0)

(3+
2𝑔𝛽
𝛾
)

3𝛾+2𝑔𝛽
−
𝑃(𝑄+𝛾𝐻0)

2(1+
𝑔𝛽
𝛾
)

2𝛾+2𝑔𝛽
. 

maSin 

�̇�2 = 𝑢𝑣 =
𝑃𝑔

𝛾 + 𝑔𝛽
[1 − (

𝑄 + 𝛾𝐻0
𝑄 + 𝛾𝑥

)
2(1+

𝑔𝛽
𝛾
)

] − 

−
2𝑔(𝑄 + 𝛾𝑥)

3𝛾 + 2𝑔𝛽
[1 − (

𝑄 + 𝛾𝐻0
𝑄 + 𝛾𝑥

)
(3+2

𝑔𝛽
𝛾
)

]. 

p a s u x i:    

�̇�2 =
𝑃𝑔

𝛾 + 𝑔𝛽
[1 − (

𝑄 + 𝛾𝐻0
𝑄 + 𝛾𝑥

)
2(1+

𝑔𝛽
𝛾
)

] − 

−
2𝑔(𝑄 + 𝛾𝑥)

3𝛾 + 2𝑔𝛽
[1 − (

𝑄 + 𝛾𝐻0
𝑄 + 𝛾𝑥

)
(3+2

𝑔𝛽
𝛾
)

]. 

 
 

amocana  45.31    

  wylis burTulasebri wveTi ecema  vertikalurad wylis orTqliT 
gaJenTil garemoSi. Kkondesaciis gamo wveTis 
masa izrdeba misi zedapiris farTobis 
proporciulad (proporciulobis 

koeficientia  𝛼). wveTis radiusi sawyis 

momentSi aris −𝑟0, misi sawyisi siCqare −𝑣0, 
xolo sawyisi simaRle −ℎ0. gansazRvreT 
wveTis siCqare da simaRlis cvlileba drois 
mixedviT.     

  Mm i T i T e b a. uCveneT, rom 𝑑𝑟 = 𝛼𝑑𝑡  da 
gadadiT axal damoukidebel  𝑟 cvladze. 
  a m o x s n a.   wveTis masa proporciulia 

misi 𝑉 moculobis, romelic, Tavis mxriv, misi  

             

𝑚�⃗� 𝑥 

�⃗� • 
𝐴 

 

𝑥 

𝑦 

ℎ0 

𝑂 
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zedapiris  𝑆 farTobis  proporciulia.  Sedegad vRebulobT 
Tanafardobas: 

                    
𝑑𝑉

𝑑𝑡
= 𝛼𝑆 ⟹ 4𝜋𝑟2 ∙

𝑑𝑟

𝑑𝑡
= 4𝜋𝑟2𝛼 ⟹ 

                            ⟹ 𝑑𝑟 = 𝛼𝑑𝑡 ⟹ 𝑟 = 𝑟0 + 𝛼𝑡. 
  radgan mierTebuli masis absoluturi siCqare 
udris nuls, amitom meSerskis gantolebas sakoordinato sistemaSi, 
romlis  RerZi mimarTulia vertikalurad zeviT, xolo saTave 
dedamiwis zedapirzea (ix. Nnaxazi), aqvs  saxe: 

                    
𝑑

𝑑𝑡
(𝑚�̇�) = −𝑚𝑔.                        (1) 

  gaviTvaliswinoT, rom  

𝑑𝑟 = 𝛼𝑑𝑡 ⟹
𝑑

𝑑𝑡
= 𝛼

𝑑

𝑑𝑟
, 

Dda (1) gantoleba CavweroT aseTi formiT: 

𝛼
𝑑

𝑑𝑟
(𝑚𝛼

𝑑𝑥

𝑑𝑟
) = −𝑚𝑔 

an 

                    𝛼2
𝑑

𝑑𝑟
(
1

𝑚

𝑑𝑚

𝑑𝑟

𝑑𝑥

𝑑𝑟
+
𝑑2𝑥

𝑑𝑡2
) = −𝑔.              (2) 

gamovTvaloT  
𝑑𝑚

𝑑𝑟
,  miviRebT: 

𝑑𝑚

𝑑𝑟
=
𝑑

𝑑𝑟
(
4

3
𝛾𝜋𝑟3) =

4

3
∙ 3𝜋𝑟2 =

3

𝑟
𝛾 ∙
4

3
𝜋𝑟3 =

3𝑚

𝑟
, 

sadac 𝛾 − wylis simkvrivea. 
   CavsvaTEes mniSvneloba (2) formulaSi, miviRebT Semdegi saxis 
diferencialur gantolebas: 

                        
𝑑2𝑥

𝑑𝑟2
+
3

𝑟

𝑑𝑥

𝑑𝑟
= −

𝑔

𝛼2
.                (3)       

     (3) araerTgvarovani diferencialuri gantolebis Sesabamisi 
erTgvarovani diferencialuri gantolebis zogadi amonaxsni veZeboT 
saxiT:   

𝑥 = 𝑟𝜆. 
CavsvaT es gamosaxuleba gantolebaSi 

𝑑2𝑥

𝑑𝑟2
+
3

𝑟

𝑑𝑥

𝑑𝑟
= 0, 

MmaSin miviRebT: 

(𝜆 − 1)𝑟𝜆−2 + 3𝜆𝑟𝜆−2 = 0, 
𝜆(𝜆 − 1) + 3𝜆 = 0 

an 

𝜆(𝜆 + 2) = 0. 
  Aam gantolebis fesvebi 

𝜆1 = 0, 𝜆2 = −2. 
maSasadame 
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𝑥 = 𝐶1 +
𝐶2
𝑟2
. 

  (3) gantolebis kerZo amonaxsni veZeboT saxiT: 𝑥∗ = 𝐴𝑟2. CavsvaT es 
toloba (3) gantolebaSi. miviRebT: 

2𝐴 + 6𝐴 = −
𝑔

𝛼2
. 

  aqedan 

𝐴 = −
𝑔

8𝛼2
, 

𝑥∗ = −
𝑔

8𝛼2
𝑟2. 

  CavweroT (3) araerTgvarovani diferencialuri gantolebis zogadi 

amonaxsni: 
𝑥 = 𝑥 + 𝑥∗ 

an 

                        𝑥 = 𝐶1 +
𝐶2

𝑟2
−

𝑔

8𝛼2
𝑟2,                 (4) 

 

                     �̇� = 𝑣 = 𝛼
𝑑𝑥

𝑑𝑟
= −

2𝛼𝐶2

𝑟3
−
𝑔𝑟

4𝛼
.            (5) 

𝐶2 mudmivs vipovoT (5) gantolebidan sawyisi pirobebis safuZvelze: 

𝑣(𝑟0) = 𝑣0 ⟹ 𝐶2 =
𝑟0
3

2𝛼
(−

𝑔𝑟0
4𝛼

− 𝑣0). 

Tu miRebul mniSvnelobas CavsvamT (5) –Si miviRebT wveTis siCqares: 

𝑣 = 𝑣0
𝑟0
2

𝑟3
−
𝑔

4𝛼
(𝑟 −

𝑟0
4

𝑟3
). 

𝐶1 mudmivs vipovoT (4) gantolebidan sawyisi pirobis 𝑥0 = ℎ0 
safuZvelze:  𝐶2 mniSvnelobis gaTvaliswinebiT: 

𝑥(𝑟0) = ℎ0 ⟹ 𝐶1 = ℎ0 −
𝑟0
2𝛼
(−

𝑔𝑟0
4𝛼

− 𝑣0) +
𝑔

8𝛼2
𝑟0
2 = ℎ0 +

𝑣0𝑟0
2𝛼

+
𝑔𝑟0

2

4𝛼2
 

Sedegad miviRebT: 

𝑥 = ℎ0 +
𝑣0𝑟0
2𝛼

+
𝑔𝑟0

2

4𝛼2
−

𝑔𝑟0
4

8𝛼2𝑟3
−
𝑣0𝑟0

3

2𝛼𝑟3
−
𝑔𝑟2

8𝛼2
= 

 

= ℎ0+
𝑣0𝑟0
2𝛼

[1− (
𝑟0
𝑟
)
2

]−
𝑔

8𝛼2
(𝑟2−2𝑟0

2+
𝑟0
4

𝑟2
). 

p a s u x i:    

𝑥 = ℎ0+
𝑣0𝑟0
2𝛼

[1− (
𝑟0
𝑟
)
2

]−
𝑔

8𝛼2
(𝑟2−2𝑟0

2+
𝑟0
4

𝑟2
) ; 

𝑣 = 𝑣0
𝑟0
2

𝑟3
−
𝑔

4𝛼
(𝑟 −

𝑟0
4

𝑟3
) , 𝑟 = 𝑟0 + 𝛼𝑡.   
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amocana  45.32    

   amoxseniT wina amocana im daSvebiT, rom wveTze simZimis Zalis 
garda, moqmedebs agreTve winaRobis Zala, romelic maqsimaluri 
ganivkveTis    farTobisa    da    wveTis   

siCqaris  proporciulia:  𝑅 = −4𝛽𝜋𝑟2𝑣 (𝛽  
mudmivi koeficientia) 
a m o x s n a.   amocanis pirobis Tanaxmad 
wveTis masis zrdis siCqare misi zedapiris 
farTobis pirdapirproporciulia, e/i/ 

𝑑𝑚

𝑑𝑡
= 𝛼𝑆, 

sadac 𝑚 =
4

3
𝛾𝜋𝑟3  (𝛾-wylis simkvrivea); 𝑆 =

4𝜋𝑟2. 
  radgan mierTebuli nawilakebis absoluturi 
siCqare  udris nuls, amitom  wveTis moZraobis  

diferencialur gantolebas vertikalur 𝑥 RerZze  gegmilebSi aqvs 
saxe: 

                
𝑑

𝑑𝑡
(𝑚𝑣) = −𝑚𝑔 − 4𝛽𝜋𝑟2𝑣.                   (1) 

CavsvaT (1) gantolebaSi  𝑚  da  𝑑𝑡  nacvald maTi mnisvnelobebi: 
 

𝑚 =
4

3
𝛾𝜋𝑟3, 𝑑𝑡 =

𝑑𝑟

𝛼
. 

maSin (1) gantoleba miiRebs saxes: 

𝛼
𝑑

𝑑𝑟
(𝑟3𝑣) + 3𝛽𝜋𝑟2𝑣 = −𝑟3𝑔. 

SemoviRoT Casma  𝑟3𝑣 = 𝑤 da Aes gantoleba CavweroT saxiT:   

             
𝑑𝑤

𝑑𝑟
+
3𝛽𝑤

𝛼𝑟
= −

𝑟3𝑔

𝛼
   (bernulis gantoleba)           (2) 

  (2) diferencialuri gantolebis  amonaxsni veZeboT saxiT: 

                          𝑤 = 𝑢𝑧.                         (3)       
  maSin 

𝑑𝑤

𝑑𝑟
= 𝑢

𝑑𝑧

𝑑𝑟
+ 𝑧

𝑑𝑢

𝑑𝑟
. 

 
 am gamosaxulebis gaTvaliswinebiT  (2) gantoleba miirebs saxes: 

𝑢
𝑑𝑧

𝑑𝑟
+ 𝑧

𝑑𝑢

𝑑𝑟
+
3𝛽

𝛼𝑟
𝑢𝑧 = −

𝑟3𝑔

𝛼
, 

an 

                

𝑢
𝑑𝑧

𝑑𝑟
+ 𝑧 (

𝑑𝑢

𝑑𝑟
+
3𝛽

𝛼𝑟
𝑢) = −

𝑟3𝑔

𝛼
, 

jer amovxsnaT gantoleba 

             

𝑚�⃗� 𝑥 
�⃗⃗� 

• 
𝐴 

 

𝑥 

𝑦 

ℎ0 

𝑂 
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𝑑𝑢

𝑑𝑟
+
3𝛽

𝛼𝑟
𝑢 = 0. 

 
ganvacaloT cvladebi da vaintegroT: 

𝑑𝑢

𝑢
+
3𝛽𝑑𝑟

𝛼𝑟
= 0, 

 

𝑙𝑛𝑢 +
3𝛽

𝛼
𝑙𝑛𝑟 = 0, 

saidanac 

                         𝑢 = 𝑟−
3𝛽

𝛼 .                        (4) 
Aaxla amovxsnaT gantoleba 

𝑢
𝑑𝑧

𝑑𝑟
= −

𝑟3𝑔

𝛼
, 

Aan,  (4) gamosaxulebis gaTvaliswinebiT 

𝑟−
3𝛽
𝛼 ∙

𝑑𝑧

𝑑𝑟
= −

𝑟3𝑔

𝛼
. 

    ganvacaloT cvladebi: 

𝑑𝑧 = 𝑟−
3𝛽
𝛼 ∙

𝑑𝑧

𝑑𝑟
= −

𝑔

𝛼
𝑟
3
𝛼
(4𝛼+3𝛽)𝑑𝑟 

Dda vaintegroT, miviRebT: 

                    𝑧 = −
𝑔

4𝛼+3𝛽
𝑟
1

𝛼
(4𝛼+3𝛽) + 𝐶.                        (5) 

 
CasvaT (3) da (4) gamosaxulebebi (2) gantolebaSi, miviRebT: 

𝑤 = 𝑟−
3𝛽
𝛼 [−

𝑔
4𝛼+3𝛽

𝑟
1
𝛼(4𝛼+3𝛽)+𝐶]. 

 integrebis 𝐶   mudmivi vipovoT sawyisi pirobidan: roca 𝑟 = 𝑟0 ,    

𝑣 = 𝑣0 ,    𝑤0 = 𝑟0
3𝑣0. 

   maSasadame, 

𝑟0
3𝑣0 = 𝑟0

−
3𝛽
𝛼 [−

𝑔

4𝛼 + 3𝛽
𝑟0
1
𝛼
(4𝛼+3𝛽) + 𝐶]. 

Aaqedan 

𝐶 = 𝑣0𝑟0
3
𝛼
(𝛼+𝛽) +

𝑔

4𝛼 + 3𝛽
𝑟0
1
𝛼
(4𝛼+3𝛽)

 

Dda sabolood miviRebT: 

𝑣 = −
𝑔𝑟

4𝛼 + 3𝛽
+ 𝑟−

3
𝛼
(𝛼+𝛽) [𝑣0𝑟0

3
𝛼
(𝛼+𝛽) +

𝑔

4𝛼 + 3𝛽
𝑟0
1
𝛼
(4𝛼+3𝛽)]. 

  𝑥 − is sapovnelad visargebloT damokidebulebebiT 
𝑑𝑥

𝑑𝑡
= 𝑣,  an  

𝑑𝑥

𝑑𝑟
=

𝑣

𝛼
  an 𝑑𝑥 =

𝑣

𝛼
𝑑𝑟. 
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Aaqedan  integrirebis Sedegad da 𝑥0=0  tolobis gaTvaliswinebiT, 
miviRebT: 

𝑥 = ℎ0 −
𝑔(𝑟2 − 𝑟0

2)

2𝛼(4𝛼 + 3𝛽)
−

1

2𝛼 + 3𝛽
[𝑟
−
1
𝛼
(2𝛼+3𝛽) − 𝑟0

−
1
𝛼
(2𝛼+3𝛽)

] × 

 

× [𝑣0𝑟0
1
𝛼(4𝛼+3𝛽)−

𝑔
4𝛼+3𝛽

𝑟0
1
𝛼(4𝛼+3𝛽)]. 

p a s u x i:    
 

𝑣 = −
𝑔𝑟

4𝛼 + 3𝛽
+ 𝑟−

3
𝛼
(𝛼+𝛽) [𝑣0𝑟0

3
𝛼
(𝛼+𝛽) +

𝑔

4𝛼 + 3𝛽
𝑟0
1
𝛼
(4𝛼+3𝛽)]. 

𝑥 = ℎ0 −
𝑔(𝑟2 − 𝑟0

2)

2𝛼(4𝛼 + 3𝛽)
−

1

2𝛼 + 3𝛽
[𝑟−

1
𝛼
(2𝛼+3𝛽) − 𝑟0

−
1
𝛼
(2𝛼+3𝛽)] × 

 

× [𝑣0𝑟0
1
𝛼(4𝛼+3𝛽)−

𝑔
4𝛼+3𝛽

𝑟0
1
𝛼(4𝛼+3𝛽)] ,   𝑟 = 𝑟0+𝛼𝑡.           . 

 
 
 

amocana  45.33    

   morgvad daxveuli mZime erTgvarovani jaWvi Zevs horizontaluri 
magidis kideze ise, rom sawyis momentSi jaWvis erTi rgoli uZravad 

aris gadmokidebuli magididan. MmimarTeT 𝑥 RerZi vertikalurad 

qveviT da miiReT, rom sawyis momentSi 𝑥 = 0, �̇� = 0;  gansazRvreT 
jaWvis moZraobis kanoni. 

a m o x s n a.    jaWvis masalis simkvrive aRvniSnoT 𝛾-Ti  da 
SevadginoT  jaWvis moZraobis diferencialuri gantoleba, roca  

�⃗⃗�𝑎 = 0: 
𝑑

𝑑𝑡
(𝛾𝑥�̇�) = 𝛾𝑥𝑔,

𝑑𝑥

𝑑𝑡

𝑑

𝑑𝑥
(𝑥�̇�) = 𝑥𝑔, 

�̇�
𝑑

𝑑𝑥
(𝑥�̇�) = 𝑥𝑔.   vaintegroT miRebuli gantoleba: 

(𝑥�̇�)2

2
=
𝑥3𝑔

3
+ 𝐶1. 

  visargebloT sawyisi pirobebiT: 𝑥0 = 0, �̇�0 = 0 da vipovoT 
integrebis mudmivi: 𝐶1 = 0.  maSin 

𝑥�̇� = √
2𝑔𝑥3

3
, 

𝑑𝑥

𝑑𝑡
= √

2𝑔𝑥

3
, 
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𝑑𝑥

√𝑥
= √

2𝑔

3
𝑑𝑡, 

2√𝑥 = 𝑡√
2𝑔

3
+ 𝐶2. 

integrebis 𝐶2 mudmivi  vipovoT sawyisi pirobiT: 𝑥0 = 0, roca 𝑡 = 0, 
miviRebT, rom  𝐶2 = 0.  maSin 

4𝑥 =
2𝑡2𝑔

3
. 

Aaqedan jaWvis moZraobis gantoleba: 
 

𝑥 =
𝑔𝑡2

6
. 

p a s u x i:   𝑥 =
𝑔𝑡2

6
. 

 
 

 

amocana  45.34    

   jaWvi dakecilia miwaze da erTi boloTi mimagrebulia vagonetze, 

romelic dgas horizontTan 𝛼 kuTxiT daxril liandagze. jaWvis 

miwaze xaxunis koeficienti aris 𝑓, jaWvis erTeuli sigrZis wona 𝛾, 
vagonetis wona – 𝑃 vagonetis sawyisi siCqare  𝑣0. ipoveT vagonetis 
siCqare drois nebismier momentSi da gamoarkvieT, ra pirobebSi 
SeiZleba  gaCerdes vagoneti. 
a m o x s n a. CavweroT vagonetis moZraobis diferencialuri 

gantoleba 𝑂𝑥 RerZze gegmilebSi imis gaTvaliswinebiT, rom 
mierTebuli masis absoluturi siCqare udris nuls (ix. Nnaxazi): 

 

𝑑(𝑥�̇�)
𝑑𝑡

=∑𝐹𝑘𝑥, 

sadac  𝑚 =
𝑃+𝛾𝑥

𝑔
. 

maSin 

𝑑

𝑑𝑡
[
𝑃 + 𝛾𝑥

𝑔
�̇�] = 𝑃𝑠𝑖𝑛𝛼 + 𝛾𝑥𝑠𝑖𝑛𝛼 − 𝐹ხახ, 
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radgan 𝐹ხახ = 𝑓𝛾𝑥𝑐𝑜𝑠𝛼,  amitom 

 
𝑑

𝑑𝑡
[
𝑃 + 𝛾𝑥

𝑔
�̇�] = (𝑃 + 𝛾𝑥)𝑠𝑖𝑛𝛼 − 𝑓𝛾𝑥𝑐𝑜𝑠𝛼. 

es gantoleba ase gadavwroT: 

𝑃 + 𝛾𝑥

𝑔
�̈� +

𝛾�̇�2

𝑔
= (𝑃 + 𝛾𝑥)𝑠𝑖𝑛𝛼 − 𝑓𝛾𝑥𝑐𝑜𝑠𝛼. 

 

Tu gaviTvaliswinebT, rom  �̈� =
�̇�𝑑�̇�

𝑑𝑥
, maSin miviRebT: 

    (𝑃 + 𝛾𝑥)
�̇�𝑑�̇�

𝑑𝑥
+ 𝛾�̇�2 = (𝑃 + 𝛾𝑥)𝑔𝑠𝑖𝑛𝛼 − 𝑓𝛾𝑥𝑔𝑐𝑜𝑠𝛼.     (1) 

(1) gantoleba gavamravloT (𝑃 + 𝛾𝑥)𝑑𝑥 −ze, miviRebT: 

   (𝑃 + 𝛾𝑥)𝟐�̇�𝑑�̇� + (𝑃 + 𝛾𝑥)𝛾�̇�2𝑑𝑥 = (𝑃 + 𝛾𝑥)𝟐𝑔𝑠𝑖𝑛𝛼𝑑𝑥 − 
                       −𝑓𝛾𝑔(𝑃+𝛾𝑥)𝑥𝑐𝑜𝑠𝛼𝑑𝑥.                 (2) 

vinaidan 
 

(𝑃 + 𝛾𝑥)𝟐�̇�𝑑�̇� + (𝑃 + 𝛾𝑥)𝛾�̇�2𝑑𝑥 = 𝑑 [
(𝑃 + 𝛾𝑥)𝟐�̇�2

2
], 

Aamitom (2)  gantoleba miiReb saxes: 

    𝑑 [
(𝑃 + 𝛾𝑥)𝟐�̇�2

2
] = (𝑃 + 𝛾𝑥)𝟐𝑔𝑠𝑖𝑛𝛼𝑑𝑥 − 𝑓𝛾𝑔𝑥(𝑃 + 𝛾𝑥)𝑐𝑜𝑠𝛼𝑑𝑥.       

vaintegroT miRebuli gamosaxuleba: 

(𝑃 + 𝛾𝑥)𝟐�̇�2

2
=
𝑔(𝑃 + 𝛾𝑥)𝟑

3
𝑠𝑖𝑛𝛼 − 𝑓𝑔𝛾𝑃

𝑥2

2
𝑐𝑜𝑠𝛼 − 

                           −𝑓𝑔𝛾2 𝑥
3

3
𝑐𝑜𝑠𝛼+𝐶.                   (3)     

�⃗�ხახ 

𝑥 
𝛼 �⃗⃗� 

�⃗⃗⃗� 

𝛾𝑥 

• 

• 
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CavsvaT  𝑥0 = 0, �̇�0 = 𝑣0 sawyisi pirobebi  (3) gantolebaSi: 
 

𝑃2𝑣0
2

2
=
𝑔𝑃3

3𝛾
𝑠𝑖𝑛𝛼 + 𝐶 

da vipovoT integrebis  mudmivi: 

𝐶 =
𝑃2𝑣0

2

2
−
𝑔𝑃3

3𝛾
𝑠𝑖𝑛𝛼. 

CavsvaT 𝐶 −s   miRebuli mniSvneloba (3) gantolebaSi da 

miRebuli toloba gavyoT (𝑃 + 𝛾𝑥)𝟐 −ze: 

�̇�2

2
=
𝑔(𝑃 + 𝛾𝑥)

3
𝑠𝑖𝑛𝛼 −

𝑓𝑔𝛾𝑃𝑥2

2(𝑃 + 𝛾𝑥)𝟐
𝑐𝑜𝑠𝛼 − 

−
𝑓𝑔𝛾2𝑥

3

3(𝑃+𝛾𝑥)𝟐
𝑐𝑜𝑠𝛼+

𝑃2𝑣0
2

2(𝑃+𝛾𝑥)𝟐
−

𝑔𝑃3

3𝛾(𝑃+𝛾𝑥)𝟐
𝑠𝑖𝑛𝛼 

an 

�̇�2

2
=

𝑃2𝑣0
2

2(𝑃 + 𝛾𝑥)𝟐
+
𝑔𝑃𝑠𝑖𝑛𝛼

3𝛾
[1 −

𝑃2

2(𝑃 + 𝛾𝑥)𝟐
] +

1

3
𝑔𝑥𝑠𝑖𝑛𝛼

−
𝑓𝑔𝛾𝑃𝑥2

2(𝑃 + 𝛾𝑥)𝟐
𝑐𝑜𝑠𝛼 −

𝑓𝑔𝛾2𝑥3

3(𝑃 + 𝛾𝑥)𝟐
𝑐𝑜𝑠𝛼 

p a s u x i: 

�̇�2

2
=

𝑃2𝑣0
2

2(𝑃 + 𝛾𝑥)𝟐
+
𝑔𝑃𝑠𝑖𝑛𝛼

3𝛾
[1 −

𝑃2

2(𝑃 + 𝛾𝑥)𝟐
] +

1

3
𝑔𝑥𝑠𝑖𝑛𝛼

−
𝑓𝑔𝛾𝑃𝑥2

2(𝑃 + 𝛾𝑥)𝟐
𝑐𝑜𝑠𝛼 −

𝑓𝑔𝛾2𝑥3

3(𝑃 + 𝛾𝑥)𝟐
𝑐𝑜𝑠𝛼. 

gaCerebas eqneba adgili, Tu Sesruldeba utoloba 𝑓 > 𝑡𝑔𝛼. 

S e n i S v n a. krebulSi pasuxi ar aris zusti. 

 

 

amocana  45.35    

𝑚 masis nivTieri wertili miizideba uZravi centrisaken 
niutonis kanoniT. centris masa drois mixedviT icvleba wrfivi 

kanoniT: 𝑀 =
𝑀0

1+𝛼𝑡
. gansazRvreT wertilis moZraoba. 

  mM i T i T e b a. gadadiT axal koordinatebze 𝜉 =
𝑥

1+𝛼𝑡
, 휂 =

𝑦

1+𝛼𝑡
  

TanafardobaTa meSveobiT da, agreTve, dayvanil droze 𝜏 =
1

𝛼(1+𝛼𝑡)
. 

a m o x s n a. 
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CavweroT moZraobis diferencialuri gantolebebi dekartis 
sakoordinato RerZebze gegmilebSi: 

                     𝑚�̈� = −
𝑓𝑚𝑀𝑥

(𝑥2+𝑦2)
3
2

,                (1) 

                     𝑚�̈� = −
𝑓𝑚𝑀𝑦

(𝑥2+𝑦2)
3
2

,                (2) 

sadac  𝑀 =
𝑀0

1+𝛼𝑡
;   𝑥 =

𝜉

𝛼𝜏
, 𝑦 =

  𝜂

𝛼𝜏
. 

  maSin 

�̇� =
𝑑𝑥

𝑑𝜏

𝑑𝜏

𝑑𝑡
= −

1

(1 + 𝛼𝑡)2
𝑑𝑥

𝑑𝜏
= −

𝛼2𝜏2

𝛼
(

𝑑𝜉
𝑑𝜏
𝜏 − 𝜉

𝜏2
) = 𝛼 (

𝑑𝜉

𝑑𝜏
𝜏 − 𝜉, ) 

�̈� =
𝑑�̇�

𝑑𝑡
=
𝑑�̇�

𝑑𝜏

𝑑𝜏

𝑑𝑡
= −𝛼2𝜏2(−𝛼) (

𝑑2𝜉

𝑑𝜏2
𝜏 +

𝑑𝜉

𝑑𝜏
−
𝑑𝜉

𝑑𝜏
) = −𝛼3𝜏3

𝑑2𝜉

𝑑𝜏2
. 

miRebuli gamosaxuleba CavsvaT (1) gantolebaSi: 

𝛼3𝜏3
𝑑2𝜉

𝑑𝜏2
+

𝑓𝑀0𝜉

(𝜉2 + 휂2)
3
2(1 + 𝛼𝑡)2

= 0. 

SevkvecoT 𝛼3𝜏3 −ze, miviRebT: 
𝑑2𝜉

𝑑𝜏2
+
𝑓𝑀0𝜉

𝜌3
= 0, 

sadac  𝜌 = √𝜉2 + 휂2. 
  Aanalogiurad gardaiqmneba (2) gantolebac, romelic miiRebs saxes: 
 

𝑑2휂

𝑑𝜏2
+
𝑓𝑀0휂

𝜌3
= 0 

p a s u x i: moZraobis gantolebebs 𝜉, 휂 koordinatebSi aqvs saxe (𝑓 − 

mizidulobis mudmivaa): 

𝑑2𝜉

𝑑𝜏2
+
𝑓𝑀0𝜉

𝜌3
= 0;  

𝑑2휂

𝑑𝜏2
+
𝑓𝑀0휂

𝜌3
= 0;   𝜌 = √𝜉2 + 휂2, 

e.i. vRebulobT Cveulebriv  gantolebebs mudmivi masis 

SemTxvevisaTvis. Aamitom sawyisi pirobebis mixedviT  𝜉 da  휂 
koordinatebSi   gveqneba elifsuri, hiperboluri an paraboluri 
orbitebi. 
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amocana  45.36    

    giroskopis rotorisaTvis swrafad sasurveli brunTa ricxvis 
misaniWeblad gamoiyeneba reaqtiuli gaSveba. rotoris sxeulSi 

Caidgmeba denTis koWebi saerTo 𝑚0  masiT, romelTa  dawvis 
produqtebi gamoisroleba specialuri saqSeniT. denTis koWebi 
CaTvaleT nivTier wertilebad, romlebic rotoris brunvis RerZidan 

daSorebulia 𝑟 manZiliT. Ddawvis produqtebis gamodinebis �⃗�ეფ 

efeqturis siCqaris mxebi mdgeneli mudmivia. miiRes, rom denTis 

danaxarjis saerTo masa erT wamsi udris 𝑞; gamoTvaleT  rotoris  

ω kuTxuri siCqare denTis mTlianad  dawvis momentisaTvis, Tu 

rotorze moqmedebs  mudmivi winaRobis  𝑀 momenti. rotoris radiusi 
udris  𝑅. sawyis momentSi 
rotori uZravia. 
a m o x s n a. 
  CavweroT denTis masis 
cvlilebis kanoni: 

𝑚 = 𝑚0 − 𝑞𝑡, 
sadac 𝑡 − dro, romelic 

icvleba 𝑡1 = 0 −dan  𝑡2 =
𝑚0

𝑞
−mde.  𝑂𝑧 RerZis garSemo   

rotoris brunvis 
diferencialur gantolebas  
aqvs saxe (ix.  Nnaxazi): 

              𝐽𝑧
𝑑𝜔

𝑑𝑡
= 𝑀𝑧, 

sadac  𝐽𝑧 = 𝐽𝑝 + (𝑚0 − 𝑞𝑡)𝑟
2 − rotoris da cvladi masis mqone  

denTis koWebis inerciis momentia;   

𝑀𝑧 = 𝑣𝑒𝑞𝑅 −𝑀 −reaqtiuli Zalis da winaRobis Zalis  momentia 𝑂𝑧 
RerZis  mimarT. 
  amgvarad, gvaqvs gancalebul cvladebiani diferencialuri 
gantoleba: 

[𝐽𝑝 + (𝑚0 − 𝑞𝑡)𝑟
2]
𝑑𝜔

𝑑𝑡
= 𝑣𝑒𝑞𝑅 −𝑀. 

    vaintegroT es gantoleba: 

∫ 𝑑𝜔 = ∫
𝑣𝑒𝑞𝑅 −𝑀

𝐽𝑝 + (𝑚0 − 𝑞𝑡)𝑟
2

𝑚0
𝑞

0

𝜔

0

𝑑𝑡, 

saidanac 

𝜔 = −
𝑣𝑒𝑞𝑅 −𝑀

𝑟2𝑞
𝑙𝑛[𝐽რ + (𝑚0 − 𝑞𝑡)𝑟

2]|0
𝑚0/𝑞 = 

𝑦 

𝑥 

𝑧 

𝑟 

𝑅 

𝑀 

𝐴 �⃗�𝑒 Φ⃗⃗⃗⃗ �⃗⃗�0 

�⃗�0 𝑂 



 
586 

= −
𝑣𝑒𝑞𝑅−𝑀

𝑟2𝑞
𝑙𝑛
𝐽რ+𝑚𝑟

2

𝐽რ
. 

p a s u x i: 𝜔 = −
𝑣𝑒𝑞𝑅−𝑀

𝑟2𝑞
𝑙𝑛

𝐽0

𝐽რ
, sadac    𝐽0 = 𝐽რ +𝑚𝑟

2, 𝐽რ −    

brunvis RerZis mimarT rotoris  inerciis momentia. 
 
 

amocana  45.37    

   wina  amocanis pirobebSi gaigeT  rotoris kuTxuri siCqare 
denTis dawvis Semdeg, Tu rotorze moqmedebs winaRobis momenti, 
romelic misi kuTxuri siCqaris pirveli xarisxis proporciulia 

(𝑏−proporciulobis koeficientia). 

a m o x s n a. am amocanaSi wina amocanasTan  SedarebiT mudmivi 
winaRobis momentis nacvlad mocemulia misi cvlilebis kanoni:  

𝑀წ = 𝑏𝜔. maSin  rotoris brunvis diferencialuri gantoleba ase 

Caiwereba: 

[𝐽𝑝 + (𝑚0 − 𝑞𝑡)𝑟
2]
𝑑𝜔

𝑑𝑡
= 𝑣𝑒𝑞𝑅 − 𝑏𝜔. 

ganvacaloT cvladebi da vaitengroT es gantoleba: 
 

∫
𝑑𝜔

𝑣𝑒𝑞𝑅−𝑏𝜔

𝜔

0

= ∫
𝑑𝑡

𝐽𝑝+ (𝑚0−𝑞𝑡)𝑟2

𝑚0
𝑞

0

, 

 

−
1

𝑏
ln (𝑣𝑒𝑞𝑅−𝑏𝜔)|

0

𝜔

= −
1

𝑞𝑟2
𝑙𝑛 [𝐽𝑝+ (𝑚0−𝑞𝑡)𝑟2]|

0

𝑚0
𝑞
, 

 

𝑣𝑒𝑞𝑅−𝑏𝜔
𝑣𝑒𝑞𝑅

= (
𝐽რ+𝑚𝑟

2

𝐽რ
)

𝑏

𝑞𝑟2

, 

 

1 −
𝑏𝜔
𝑣𝑒𝑞𝑅

= (
𝐽რ+𝑚𝑟

2

𝐽რ
)

𝑏

𝑞𝑟2

, 

SemoviRoT aRniSvna: 
 

𝐽0 = 𝐽რ +𝑚0𝑟
2. 

maSin 

𝜔 =
𝑅𝑣𝑒𝑞

𝑏
[1 − (

𝐽რ
𝐽0
)

𝑏

𝑞𝑟2

]. 
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p a s u x i:   𝜔 =
𝑅𝑣𝑒𝑞

𝑏
[1 − (

𝐽რ

𝐽0
)

𝑏

𝑞𝑟2]. 

 
 
 

amocana  45.38    

  mravalsafexuriani raketa Sedgeba sasargeblo tvirTisa da  
safexurebisagan. Yyoveli safexuri sawvavis daxarjvis Semdeg 
scildeba danarCen konstruqcias. subraketaSi igulisxmeba momuSave 
safexuris, yvela aramomuSave safexurebisa da sasargeblo tvirTis 
erToblioba, amasTan mocemuli subraketisaTvis yvela aramomuSave 
safexuri da sasargeblo tvirTi aris “sasargeblo tvirTi”, e.i. 
TiToeuli raketa ganixileba, rogorc erTsafexuriani raketa. 
naxazze naCvenebia subraketis safexurTa numeracia. 

    vTqvaT, 𝑞 aris sasargeblo tvirTis wona; 𝑃𝑖 − sawvavis wona 𝑖 − 
ur  safexurSi, 𝑄𝑖 −  𝑖 −uri raketis (mSrali) wona  sawvavis gareSe; 
𝐺𝑖 −  𝑖 −uri subraketis mTliani wona. Tu ganvixilavT ciolkovskis 
ricxvs subraketis yoveli safexurisaTvis 

𝑧𝑖 =
𝐺𝑖

𝐺𝑖 − 𝑃𝑖
 

da konstruqciul maxasiaTebels (safexuris mTliani wonis fardoba 
mSral raketis wonasTan) yoveli safexurisaTvis  

𝑠𝑖 =
𝑄𝑖 + 𝑃𝑖
𝑄𝑖

; 

   gansazRvreT mTeli raketis  mTliani sastarto wona, subraketis 

 𝑘 −uri safexuris wona, 𝑘 −uri safexuris sawvavis wona da 𝑘 −uri 
safexuris mSrali wona. 
   m i T i T e b a. amocanis amoxsnis dros SemoitaneT subraketis 

𝑘 −uri safexuris “fardobiTi wona”  𝛼𝑖, e.i. raketis sawyisi wonis 
fardoba mis sasargeblo tvirTis wonasTan: 

𝛼1 =
𝐺1
𝐺2
, 𝛼2 =

𝐺2
𝐺3
, ⋯ , 𝛼𝑛 =

𝐺𝑛
𝑞
. 

a m o x s n a.   vipovoT ciolkovskis ricxvi pirveli 
subraketisaTvis 

                           𝑧1 =
𝐺1

𝐺1−𝑃1
.                      (1)    

Mmeore subraketis sruli wona 

𝐺2 = 𝐺1 − 𝑃1 −𝑄1. 
Aaqedan Mpirveli subraketis sruli wona 

                      𝐺1 = 𝐺2 + 𝑃1 + 𝑄1.                    (2) 
   CavsvaT (2) gamosaxuleba (1) gantolebis mniSvnelSi da vipovoT 
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𝑧1 =
𝐺1

𝐺2 + 𝑄1
. 

aqedan 

                          𝐺1 = 𝑧1(𝐺2 +𝑄1).                 (3) 
 

 

 

 

 

 

 

 

 

 

 

    ganvsazRvroT konstruqciuli parametri I safexurisaTvis: 

                          𝑠1 =
𝑄1+𝑃1

𝑄1
.                      (4)  

   vipovoT sawvavis wona pirvel safexurSi (4) da (1) 
gamosaxulebebidan: 

                            𝑃1 = 𝑄1(𝑠1 − 1)                 (5) 

                             𝑃1 =
𝐺1(𝑧1−1)

𝑧1
.                  (6)    

   gavutoloT erTamneTs (5) da (60 gamosaxulebebis marjvena 
mxareebi: 

𝑄1(𝑠1 − 1) =
𝐺1(𝑧1 − 1)

𝑧1
 

Dda vipovoT pirveli safexuris mSrali wona: 

                         𝑄1 =
𝐺1(𝑧1−1)

𝑧1(𝑠1−1)
.                     (7)   

 SevitanoT 𝑄1 −is  mniSvneloba (3) gamosaxulebaSi: 

𝐺1 = 𝑧1(𝐺2 + 𝑄1) = 𝑧1𝐺2 + 𝑧1𝑄1 = 𝑧1𝐺2 +
𝑄1(𝑧1 − 1)

𝑧1(𝑠1 − 1)
 

sasargeb
lo 
tvirTi 

𝑛 − 1 safexuri 

II safexuri 

𝑛 − uri safexuri 

I safexuri 

I subraketa   

𝑛 − 1  subraketa   

II subraketa   

𝑛 − uri subraketa   
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Dda ganvsazRvroT pirveli safexuris sruli sastarto wona 

𝐺1 =
𝑧1𝐺2(𝑠1 − 1)

𝑠1 − 𝑧1
 

    Aanalogiuri msjelobiT miviRebT, rom meore subraketis wona 

𝐺2 =
𝑧2𝐺3(𝑠2 − 1)

𝑠2 − 𝑧2
 

Dda a. S. 𝑛 − uri subraketis wona 

𝐺𝑛 = 𝑞
𝑧2(𝑠𝑛 − 1)

𝑠𝑛 − 𝑧𝑛
. 

maSin mTliani raketis sastarto wona 

𝐺1 = 𝑞∏ 𝑧𝑖∏
𝑠𝑖 − 1

𝑠𝑖 − 𝑧𝑖
,

𝑛

𝑖=1

𝑛

𝑖=1

 

xolo 𝑘 − uri subraketis wona 

𝐺𝑘 = 𝑞∏ 𝑧𝑖∏
𝑠𝑖 − 1

𝑠𝑖 − 𝑧𝑖
,

𝑛

𝑖=𝑘

𝑛

𝑖=𝑘

 

(7) formulis Tanaxmad 𝑘 − uri safexuris mSrali wona 

                      𝑄𝑘 =
𝐺𝑘(𝑧𝑘−1)

𝑧𝑘(𝑠𝑘−1)
.                      (8) 

    ganvsazRvroT  𝑘 − uri safexuris wona  (6) formulis 
gamoyenebiT: 

𝑃𝑘 =
𝑧𝑘 − 1

𝑧𝑘
𝐺𝑘 . 

Aaqedan 

𝐺𝑘 =
𝑃𝑘𝑧𝑘
𝑧𝑘 − 1

. 

CavsvaT miRebuli gamosaxuleba  (8) tolobaSi, maSin 

𝑄𝑘 =
𝑃𝑘

𝑠𝑘 − 1
. 

p a s u x i:    

𝐺1 = 𝑞∏ 𝑧𝑖∏
𝑠𝑖 − 1

𝑠𝑖 − 𝑧𝑖
;    

𝑛

𝑖=1

𝑛

𝑖=1

𝐺𝑘 = 𝑞∏ 𝑧𝑖∏
𝑠𝑖 − 1

𝑠𝑖 − 𝑧𝑖
;

𝑛

𝑖=𝑘

𝑛

𝑖=𝑘

  𝑃𝑘 =
𝑧𝑘 − 1

𝑧𝑘
𝐺𝑘; 
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𝑄𝑘 =
𝑃𝑘

𝑠𝑘−1
  (fertregtis  formula). 

 

amocana  45.39    

  orsafexuriani raketa gamoiyeneba sasargeblo 𝑞 = 1kn  
tvirTisaTvis 𝑣 = 6000m/wm siCqaris misaniWeblad. airebis gamodinebis 

efeqturi siCqare orive safexurisTvis erTnairia da 𝑣ეფ =2400m/wm.  
konstruqciuli maxasiaTeblebi  pirveli da meore safexurisaTvis 

saTanadod tolia  𝑠1 = 4, 𝑠2 = 5 (ix. 45.38 amocana) dedamiwis 
mizidulobisa da atmosferos winaRobis mxedvelobaSi miuReblad;  
gansazRvret ciolkovskis ricxvebi pirveli da meore  

subraketisaTvis, romlis drosac raketis sastarto wona 𝐺1 iqneba 
minimaluri. 
a m o x s n a. 
  ciolkovskis formulis safuZvelze SegviZlia CavweroT   
 

𝑣

𝑣𝑒
= 𝑙𝑛(𝑧1𝑧2). 

aqedan 

                     𝑧1𝑧2 = 𝑒
𝑣

𝑣𝑒 = 𝑒
6

2,4 = 𝑒2,5.                (1)       
  raketis sastarto wonas ganvsazRvravT 45.38 amocanis amoxsnisas 
miRebuli formulis gamoyenebiT: 

𝐺1 = 𝑞∏ 𝑧𝑖∏
𝑠𝑖 − 1

𝑠𝑖 − 𝑧𝑖
=
𝑧1𝑧2𝑞(𝑠1 − 1)(𝑠2 − 1)

(𝑠1 − 𝑧1)(𝑠2 − 𝑧2)
=

12𝑧1𝑧2𝑞

(4 − 𝑧1)(5 − 𝑧2)

𝑛

𝑖=1

𝑛

𝑖=1

= 

                                   =
12𝑞𝑒2,5

(4−𝑧1)(5−𝑧2)
.                         (2)                      

   gamovikvlioT (2) gamosaxuleba minimumze. amisaTvis gavawarmooT es 
gamosaxuleba da gavutoloT nuls: 

𝑑𝐺1
𝑑𝑧1

=
12𝑞𝑒2,5[(4 − 𝑧1)(5𝑧1 − 𝑒

2,5) − 𝑧1(−5𝑧1 + 𝑒
2,5 + 20 − 5𝑧1)]

(4 − 𝑧1)
2(5 − 𝑧2)

2
= 0. 

 
   amovxsnaT es gantoleba: 

20𝑧1 − 5𝑧1
2 + 𝑧1𝑒

2,5 − 4𝑒2,5 + 10𝑧1
2 − 20𝑧1 − 𝑧1𝑒

2,5 = 0, 
 

5𝑧1
2 = 4𝑒2,5, 

𝑧1 = 𝑒
1,25√

4

5
= 3,12. 

  maSin (1) formulis Tanaxmad 
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𝑧2 =
𝑒2,5

3,12
= 3,91. 

   gamovikvlioT warmoebulis niSnis cvlilbis xasiaTi  𝑧1 = 3,12 
wertilSi, maSin davrwmundebiT, rom sastarto 𝐺1 wonas  aqvs 
minimumi, romelic gamoiTvleba  (2) formuliT: 

𝐺1𝑚𝑖𝑛 =
𝑒2,5∙12∙1

0,88∙1,09
= 152(kn) 

p a s u x i:   𝑧1 = 3,12;  𝑧2 = 3,91; 𝐺1 = 152kn. 

 
 

amocana  45.40    

  gamoiyeneT wina amocanis monacemebi da gansazRvreT yoveli 
saafexurisaTvis saTbobis wona da raketis mSrali wona. 
m i T i T e b a. gamoiyeneT 45.38 amocanis pasuxis formulebi. 
   a m o x s n a.    raketis  I safexurSi  sawvavis wonas 
ganvsazRvravT 45.38 amocanis amoxsnisas miRebuli (6)  formulis 
gamoyenebiT: 

𝑃1 =
𝐺1(𝑧1 − 1)

𝑧1
=
152(3,12 − 1)

3,12
= 103,3(კნ) 

    raketis  I safexuriს mSral  wonas ganvsazRvravT 45.38 amocanis 
amoxsnisas miRebuli bolo  formulis gamoyenebiT: 

𝑄1 =
𝑃1

𝑠1 − 1
=
103,3

4 − 1
= 34,4(კნ). 

ganvsazRvroT meore safexuri wona 
 

𝑃2 =
(𝑧2 − 1)

𝑧2
𝐺2 =

3,91 − 1

3,91
∙ 14,34 = 10,7(კნ) 

Dda meore safexuri wona sawvavis gareSe 

𝑄2 =
𝑃2

𝑠2 − 1
=
10,67

5 − 1
= 2,7(კნ). 

 

p a s u x i:   𝑃1 = 103,3kn;   𝑃2 =10,7kn;  𝑄1 =34,4kn;  𝑄2 =2,7kn. 
S e n i S v n a. krebulSi pasuxi ar aris zusti. 

 
 

amocana  45.41    

  oTxsafexuriani raketa Sedgeba oTxi raketisagan. Kkonstruqciuli  

maxasiaTebeli 𝑠 da 𝑣ეფ efeqturi siCqare yvela raketas    erTnairi   
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aqvs saTanadod tolia 𝑠 = 4,7 da 𝑣ეფ =2,4km/wm.  rogori unda iyos 

raketis sastarto wona, rom man 10kn wonis tvirTs mianiWos 𝑣 = 
9000m/wm siCqare? (gamoiyeneT  45.38  amocanis pasuxebi).  
   a m o x s n a.   gaviTvaliswinoT, rom Kkonstruqciuli  

maxasiaTebeli 𝑠 da 𝑣ეფ efeqturi siCqare oTxive raketisaTvis  

erTnairia, maSin  ciolkovskis formulis safuZvelze SegviZlia 
CavweroT: 

𝑣

𝑣𝑒
= 𝑙𝑛𝑧4. 

aqedan 

𝑧4 = 𝑒

𝑣
𝑣𝑒 = 𝑒3,75. 

maSin 

𝑧 = 𝑒3,75/4 = 𝑒0,9375. 
 

oTxsafexuriani raketis sastarto  𝐺1 wonas ganvsazRvravT 45.38 
amocanis amoxsnisas miRebuli formulis gamoyenebiT: 

𝐺1 = 𝑞𝑧
4
(𝑠 − 1)4

(𝑠 − 𝑧)4
= 10

𝑒3,75(4,7 − 1)4

(4,7 − 𝑒0,9375)4
= 3755(კნ). 

p a s u x i:   3755kn. 
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