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MALKHAZ ASHORDIA, NESTAN KEKELIA

ON SUFFICIENT CONDITIONSFOR STABILITY OF LINEAR
SYSTEMS OF DIFFERENCE EQUATIONS
OF FIRST ORDER

Consider alinear system of difference equations
y(k+D -y(k) =G(k)y(k)+g(k), (k=01..), (1)
where G(k) e R™", g(k) e R".

In this paper we give some effective sufficient conditions guaran-
teeing stability of the system (1) in the Liapunov sense. The analogues
conditions for stability are given in [1] for linear system of ordinary dif-
ferential equations and in [2] for linear system of generalized ordinary
differential equations.

The following notation and definitions will be used in the paper:

R = |- o0,400] isthe set of all real numbers, R, = [0,+o0];

N - isthe set of all natural numbers, N ={01...};

R™™ - isthe space of all real nxm- matrices X = (x; )", with the
norm

IX]/= ZZ‘XU";
j=1 i=1

R" = R™ - isthe space of al real n-column vectors x = (x,)I;;

det(X) - is the determinant of the matrix X € R™, I istheidenti-
ty nxn- matrix;

r(H) - isthe spectral radius of the matrix H ¢ R™";

E(N;R™")- isthe set of all matrix-function Y : N — R™™;

A- isthefirst order difference operator, i.e.,

Ay(k =1 = y(k) - y(k 1) for ye E(N;R™™), ke N;

Throughout this paper we assume that G =(g;){, € E(l\~l; R™™M)
and

det(l, +G(k)) # 0 (k=0,1,...) (2)



Note that condition (2) guarantee the unique solvability of Couchy
Problem for the system (1).

Definition 1. Let & N — R, be a nondecreasing function such
that
kILrEO E(K) = +o0. 3
A solution y,of the system (1) is called &- exponentialy asymp-
totically stable if there exists a positive number 7 such that for every
& > Othere exists a positive number 6 = 6(¢) such that an arbitrary solu-
tion y of the system (1), satisfying the inequality

||Y(ko) —Yo (ko)” <o
for some t, € R, , admitsthe estimate

[y (k) = yo (k)] < e exp(=n7(& (k) = £(k,))) for k >k,
Note that the exponentially asymptotically stability is a particular
case of the &£- exponentially asymptoticaly stability if we assume

E(t)=t.

Stability, uniformly stability and asymptotically stability are de-
fined just in the same way as for systems of ordinary differentia equa-
tions (see, e.g., [1], [3]).

Definition 2. The system (1) is called stable in one or other sense
If every solution of this system is stable in the same sense.

As in the case of differential equations, the system (1) is stable in
one or other sense if and only if its corresponding homogeneous system

y(k) - y(k -1 =G(k)y(k) (k=01...) (Lo)
is stable in the same sense.

Definition 3. The matrix-function G € E(N;R™") is called stable

in one or other senseif the system (1o) is stable in the same sense.
Theorem 1. Let the components g; (i, j =1...,n) of the matrix-
function G satisfy the conditions
1+g, (k) = 0fork > k™ (i =1,...,n), (4)
Kk
1+g;(m-D|<h; for k>k™ (i=j;i,j=1..n) (5)
|

m=I+2

Zk;‘gij (1 _1)‘

and

wp{kz_iln|1+ g;(m)|:k e ﬁ} <+w (i=1...,n),



where k" e N and hij eR, (i# J;i,J=1..,n). Let, moreover, the con-
stant matrix H = (h;){;;, where h; =0 (i =1...,n), be such that
r(H) <1. (6)
Then the matrix-function G isstable.
Theorem 2. Let the components g; (i, j =1,...,n) of the matrix-
function G satisfy the conditions (4), (5) and

sup{kiln|1+ g (M) :k > I} <4w (i=1..,n)

where k™ e N, h; €R, (i#j;i,j=1..,n). Let, moreover, the
constant matrix H = (h;){,;, where h; =0 (i =1...,n), satisfy the con-
dition (6). Then the matrix-function G isuniformly stable.
Corollary 1. Let the components g; (i, j =1...,n) of the matrix-
function G satisfy the conditions
1+g,(k)>0 for k>k™ (i=1..,n) (7)
and
|9y (0] < —hy g (k) , kK™ (i # jiij=1..,n),
for some k” e N, where g; (i=1...,n) are nonincreasing functions, and
hy eR, (i#J;i,j=L1..,n). Let, moreover, the constant matrix
H=(h)},., , where h; =0 (i =1,...,n), satisfy the condition (6). Then
the matrix-function G isuniformly stable.
Theorem 3. Let the components g (i, j =1,...,n) of the matrix-
function G satisfy the conditions (4),
Zklln|1+ gi(M=-1)|<-£(k)+&(k) for k> k™ (i=1,...,n)

and =k"+1
2. exp(¢(k) - ¢(m)]g; (m-1| [ J+g, (-3 <hy fork >k’
(i # ii.j =L.m),

where k' e N ,h. e R, (i# j;i,j=1..,n). Let, moreover, the constant

1 |j

matrix H = (h;)!,,, where h; =0 (i =1,...,n), satisfy the condition (6)

and ¢ e E(N; R.) be the nondecreasing function satisfying the condition
(3). Then the matrix-function G isasymptotically stable.



Corollary 2. Let the components g; (i, j =1...,n) of the matrix-
function G satisfy the conditions (7) and
|9 (k)| < —hy g, (K)(W+ g (k) , k=K (i = fiij=1...n) (8
for some k™ e N, where g; (i=1...,n) are nonincreasing functions, and
hy €R, (i # j;i, j=1..,n) are such that the matrix H = (h;)],_,, where
h. =0 (i =1...,,n), satisfying the condition (6). Let, moreover, there exist
afunction a, E(N~; R.) such that
a,(k)—a,(l) < min{ Zk:In|1+ gi(Mm-1):k>1> k*}

m=1+1
and
lim a, (k) = +o.
K—-+o0

Then the matrix-function G is both asymptotically and uniformly
stable.

Corollary 3. Let the components g; (i, j =1...,n) of the matrix-
function G satisfy the conditions (7), (8), where k™ e N, g; (I=1...,n)
are nonincreasing functions, and h; e R, (i = j;i,j=1..,n) are such
that the matrix H =(h;){,,, where h; =0 (i=1...,n), satisfying the
condition (6). Let, moreover,

SR+ (k)| = o,
m=1

where 7(k) = max{g, (k) :i=1...,n}. Then the conclusion of Co-
rollary 2 istrue.
Theorem 4. Let the components g; (i, j =1,...,n) of the matrix-

function G satisfy the conditions (4),
wp{(é(k) =& Y Infl+ gy (m=D[:k >1>k",&(k) f(l)} <y

: (i=1...n) (9
and

> exp(r(&(k) - £m))|g, (m-1| [Tl+g, (1 -] <hy for

>

m=k +1 I=m+2

K>k (i #jij=1..n),

10



where 7 >0, k" €N ,h; R, (i # j;i, j=1..,n), the constant matrix
H =(h;),.., where h; =0 (i=1..,n), satisfies the condition (6) and
e E(N; R.) is the nondecreasing function satisfying the condition (3).
Then the matrix-function G is & -asymptotically stable.

Corollary 4. Let the components g; (i, j =1,...,n) of the matrix-

function G satisfy the conditions (7)-(9), where g, (i =1...,n) are non-
increasing functions, >0, k' e N, hy eR (=i, j=1..,n) ae
such that the matrix H = (h;){,_,, where h; =0 (i =1...,n), satisfying

the condition (6) and & : N — R, be the nondecreasing function satisfy-
ing the condition (3). Then the matrix-function G is &-asymptotically

stable.

These results immediately follow from the analogous results given
in [2] for the system of so called generalized linear ordinary differential
equations

dx(t) = dA(t)x(t) + df (t), forteR", (10)
where A:R, > R™ and f : R, — R"are, respectively , matrix and vec-
tor-functions with bounded variation components on every closed inter-
val from R, (see[4]).

Under a solution of the system (10) we understand a vector-
function x:R, - R" with bounded variation components on every
closed interval from R, , such that

t
X(t) = x(s)+jdA(r)x(r)+ f@t)— f(s), for 0<t<s,
where the integral is understood is Lebesgue-Stiltjes sense.
The system (1) aparticular case the system (10) if we assume
k-1
A(0)=0,,,, Alt) = ZG(I) for k-1<t<k (k=12..);
1=0

k-1

f(0)=0,, f(t)=> g() for k-1<t<k (k=12..).

11
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y(k+1) - y(k) =G(k)y(k) +g(k), (k=01..)

IaGoEmdsl, Lows G(k) e R™, g(k) eR".

MAJIXA3 AIIOPIUSA, HECTAH KEKEJIUA
O JOCTATOYHBIX YCJOBHUSX YCTOMUNBOCTH
CHUCTEM PA3SHOCTHBIX YPABHEHUI
HEPBOI'O ITOPAJAKA

[IpuBeneHs! 1OCTaTOYHBIE YCIOBUS, KOTOPBIE 00ECIIEUHNBAIOT YyC-
TOMYMBOCTH CUCTEM PAa3HOCTHBIX YPAaBHEHMI IIEPBOIO MOPSIAKA

y(k+1)—y(k) =G(k)y(k) + g(k), (k=0L...),

rie G(k) e R™, g(k) eR".
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HOJAP YUKOBABA

Ob OJHOM KJUIACCE UHTEI'PAJIBHBIX Sf'PABHEHI/II‘/'I C
AAPOM, COAEPKAIINMM OBOBIIEHHBIE
COEPUYECKUE ®YHKIIUN

B nannoii pabote peleHbl HEKOTOpbIE MHTErpalbHbIE ypaBHEHUS
CO CrienManbHBIMU sapamu. B padote [1] paccmarpuBaroTcst BONpocs! 00-
paleHns] HHTETPATbHBIX YPABHEHUH, PO KOTOPHIX COAEPIKUT MOTHHOMBI
Jlexxanapa. Crares [2] mOCBsIeHa PEIICHHIO HHTETPAIbHBIX YPABHEHUIT C
SIPOM, COZAEP KALIUM MOJMHOMBI SIkoOu. AHajmoruyHasi 3ajada paccMar-
puBanach HaMHU B cTathe [3], KOra sSApo MHTErpajia Coaepkaino 0000-
nieHHble cepuueckue GyHKMK. B qaHHOM cTaThe paccMaTpuBarOTCs BO-
MPOCHI 0OpAIIEHUs] HHTETPATIbHBIX YPAaBHEHUH, SIPO KOTOPBIX COAEPIKHUT B
KayecTBE COMHOXKUTENS 00001EHHBIE chepruecKue PyHKLIUH.

CraTbsi NOCBALISETCSA PELICHUI0 HEKOTOPBIX MHTETPalbHbBIX YpaB-
HEHMIA CO CrielMalbHBIMU sapamu. B padote [1] paccmarpsiBatoTcst BO-
IPOCHl 00pallleH!s] HHTErPaIbHbIX YPAaBHEHUH, SIIPO KOTOPBIX COAEPHKUT
nosnHoMbI JIexxanapa. Ctaths [2] mocBsIeHa PEHICHUI0 HHTETPAIbHBIX
YpaBHEHHH C A1poM, coaepkKalluxX MOJIMHOMBI SIkoOu. AHaornyHas 3a-
Jada paccMaTpuBajach HaMH B cTaThe [3], KOrja sapo MHTErpaia co-
nepxano oboOmeHHble chepudeckue QpyHKIuM. B 1aHHOM cTaTthe MBI
paccMaTpbIBaeM BOIIPOCHI OOpAICHUs] HHTETPABHBIX YpaBHEHUH, SIPO
KOTOPBIX COJIEP’KUT B KadecTBE COMHOXUTeNsE 0000mEHHBIE chepuue-
ckue (PyHKITUH.

O6o0mennbie chepuueckue ¢yHknuu, BBeAeHsle W.M.I'enbdan-
nom u 3. S1. Hlammpo B 1952 roxy B padote [4] , uMeroT BUL

Thli18.0.) = "2l (X ®

rae X =Cco0s4, ¢, 4,9, -yriasl Diiepa,

m+n I-m

()= A=) 7 @) Sl @

14



C_ Y (4 my (1 —m)
A =31 m) \/(l+n)! EE )

npuuém |, m,n Bece nensie win monynensie 1 —l <m<Il, —1<n<lI.

B [4] onpenenenne pynkiumu (1) pacpocTpaHsercs: Ha KOMIUIEKC-
HbIe 3Ha4YeHHs1 apryMeHToB. [Ipu 3TOM OCHOBHBIE CBOcTBa QyHKIUH (2)
coxpansitorcst. [Ipu BemecTBeHHbIX 3HaUeHUsIX X > 1 dynkuus (2) ompe-
JIEJIM CJIeTyIOIIMM 00pa3omM

Pan (X) = Pn (x +i0) (4
Junst pynkimu (4) mpu X > 1 dopmyna (2) mpuMeT ey onmi BHT

m-n m+n [-m

Pl = Bl (=1) 2 (x+1) £ [(e-2) (1)
(5)

rac

B, =(-1)"i""A,

Uccnenys nosenenue ¢pynkuuu (5) mpu X — oo, moayvaem.

mn

=% (X)=O(X'), npu X — ©

Pacmmpenue oGmactu ompeneneHusi 000OMEHHBIX CHEPUICCKUX
(GyHKUIMI Ha 3HauyeHus aprymeHra X < -1 cieayeT U3 BUIIENPOBEICH-
HBIX PacCyXIeHUH U GOPMYITBI

P (=x)=(-2""P; . (x). (5], ctp. 132)

PaccmoTpumM crenyromme GpyHKIUN

15



K |

mn

(x)=(c2y"inm \/%u_ V5P (2x-1). (6)

1

(i |I=3mY(I—=4m-n) . \3m+n-—1 e ~
L, (x)=i J (St ANt SRt ), ()

3necy P (X) onpenensores popmynoit (2) mum (5). [Toaromy (6)

mn

u (7) MOXKHO TIepenucaTh B pa3BEpPHYTOM BHJIE TaK:

a0~ T ]

(1-n) dx' ™" o
6
| _ (_ 1)I7n _? d|—3m -1 1-4m-n
Hmn(X)— (| +n _1) X dx' 3" [(1 X) X ],
(7)

HYCTB HaM J1aHO UHTECT' paJ'ILHOC ypaBHCHI/Ie.
1 t
m{-jf(odtw(x), ®

[Ipu aTOM OynmeMm mpenrnosaraTh, YTO BBIMOJHSIOTCS CIETYIOIINE
YCIIOBUSL:

1) "'(1)=0 amx 0<r<4m
2) (p(”l) (X) - KycouHo-HemnpepbiBHast st 0 < X <1;

Pemennem 31oro MHTErpaIbHOrO YpPaBHEHUS SBISETCS QYHKIUS

ft)=] Hr'm(ljy_ o4 (y'_;(p(y)jdy: ©)

y dy 4m+1
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YT1o0ObI J0Ka3aTh CIIPABEAIHUBOCTD STOIO YTBEPXKACHHS, MOCTAaBUM
(9) B (8)  0003HAUNM

x)=i K[ L j L yleinjm*z a= y'%co(y) dy |dt
) mn X ) mn y dy4m+1

ITomensas MOPAIOK UHTCTPUPOBAHMA, ITOJIYyHaAEM

g(x){y‘w j'y[ ]{JKW( j [ ]dt}dy (10)

Haiinem BHyTpeHHHI nHTerpan npaBoii yactu (10).

O06o3HaYNM
- D= ij K! (le ' (ljdt ; (11)
yy X y

BBe}IeM HOBBIC IICPEMCHHEIC

t t
cf——, n=—.Torna —=¢-n
y X

B stHx o603navyenusx (11) mpumer B

®(£)= | Ky, (&-m)H,, (7)d7

u-“\,_‘t_.,_\

3ametuM, uto & >1 U mepenuieM HHTETpall B CIEAYIONIEM BUIe

D)= [ Ky, (E-nU(E-n-DH;, (n)1-U (@ -1)d7,

O'—.éﬂ

I'me U(x)=0 npu x<0u U(x)=1 mpu x>0,

YMHOXKHUM MpaByl0 M JIEBYIO YacThb IMOCJEIHEro paBeHCTBa Ha
m+n

gz
17



Torna nmeem:

m+n

[en)s KL mu(E n-DHL (2 A-Ulr-D)dn, (12

O603Hauum yepes M [g (X); r] npeodpazoBanre MemnuHa GyHKIIUN
g(X) U IPUMEHUM 3T0 nipeoOpasoBanue Kk (12). ITo u3BecTHO# hopmyie
(cM. [6]) mMeeM moCITE YIIPOIIEHUS

M {gmzna(g); z} = ﬁ B(~7—1-m;4m+1),

rJIe B IPAaBOW YaCTH CTOMT OeTa-(yHKIIHS.
[TpumenuB o6paTHOE peoOpa3oBaHre MeTuHa K IpaBod U JIEBOH

YaCTH MMOCJICAHCTO PaBECHCTBA U BCIIOMHHMB, 4TO é: = X, nepexoas K cra-
X
PBIM IEPEMEHHBIM, II0JIy4YacM.

I-7m+n m-n

y

CD(;}ﬁ(y—X)“my 2 x 2

W3 nocneanero coorHorieHus u papeHcTsa (11) Haxo UM BeIpaske-
Hue Ut BHyTpeHHero uarerpana (10):

X t t -1 Mg men
KLI=—HL | =ldt=—(y—-x)"y 2 2
J; mn(xj mn[y] (4m)(y X) y X

[Moncrasnss HalAeHHBIN HHTErpa B paByto yactk (10), momydnm

1 2l-n-7Tm+2 d4m+1 I—@ _1 " I—7m+n+ 7|+m
0=y T )| oy



yr[pOCTI/IB IpaByl 4aCTh, UMCEM.

0(0= "y J =" G (y"m;nco(y)]dy

B mpaBoii yacTu mociaenHero paBeHCTBa MpousBeneM 4m pas vH-
TerpupoBaHue 1o yacTsaM. [Ipu 3ToM Bocob3yemcs TeM, YTO (p(r)(l) =0
Jpu 0<r <4m. [locne UHTErpUPOBAHHUS 110 YACTSAM MOTyYaeM:

gx)=—x "2 1i(y'_nzn¢(y)]dy

W3 mocnennero cienyer, 4ro g(x) = (p(x).

OTUM M 3aBepUIaeTCsl JOKAa3aTEbCTBO HAIIETO YTBEPXKIEHUS O
TOM, YTO pEIICHHEM HHTErpajbHOTO ypaBHeHHs (8) sBisieTcst QyHKIHs
(9).

PaccmoTpum Teneps GpyHKIMU

mn 2

(I1+3m)(1+4m+n) m-Lomned

g (X)=\/(I—n+1)(|+m+1)(x_1)3m+"—1pl+2m+; (2x-1).,

R (o=imn (LenMl=mEy o 50 1)

(I+m)(1—n)

HYCTB TCIICPb HAM JaHO MHTCTPAJIbHOC YPABHCHUC
fo [t
JRu[ 410 =)
X

[Tpuuem 1) gol(r)(l) =0, 1 0<r <4m,

2) (/)1(”1) (X) - KYCOYHO-HeTpephIBHAsT (DYHKIHS JIIS
O<x<1.
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AHaJOrMYHO TOMY, KaK 3Ta JI€JaJIOCh BBIIIE, MOKHO IIOKa3aTh, YTO
pelIeHneM JaHHOTO YPaBHEHUS SBISETCS (PYHKIMS

t t 1 d4m+1 |, +7m
f,0)- jH:m(—]- [y Zgol(y)]dy.
1 Yy yl+—

2+l.dy

Hyxnbie dhopmynbsl npeodpazoBanus MennuHa, u (Gopmynbl 00-
patHOro peoOpo3oBaHust MeuHa, KOTOPbIE UCTIONB3YIOTCS IIPH BBIIIE
NPUBEICHHOM JI0Ka3aTeIbCTBE, MOXKHO HaTH [6].

Haxkownen, npusenem ¢popmyisl U3 TadbauIs npeodpasoBanus Mein-
nvHa [6]:

[Tpu x >1:
(x-1)"=(-1)"@-x)"~ B(=z+1+nl—n+1),

(x=2)"x""~ B(-z-2l; —=n+1);

%[(X—l)'”xw] ~ F(l;(rlt; ™) B e —ml—n+1);

e gion F(l—r+|+n_2mj
x dx' ™" [(X_l)linxmk n+m
F(l—z'+ > j

B(—r—l+n_m;l—n+1j;
2

HNrak:

x% ' (x) s =1“(1—r+|—m)~1“(—r—|—m)-l“(l—m+1)
M{ o (X} } (=M= )ri—z-m—-n)

mim 0<x<1
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@1-x)""* ~ B(l+n;7),

@—x)" %" ~ B(l+n;z+1-4m—n)

:jjxl| 33":[] [( B )I+n—lX|—4m—n]~ (_1)'—3'” % B(I +N,7—m-— n),

7—14+3m

m+n dl 3m

m+n
F(7+ j
X 2 ™ I3m[1_ )X 4”‘"] (- 2 B[I+n;r——m;nj

F[T_I+7m+nJ
2

| ope |- e

I n—2 (e 1+ 3m)r(c+1-m)’

Hraxk:

Bot u popmymnsl oOpaTHOrO mpeodpazoBaHus:
B(~ 7 —4m;4m +1)~(x —-1)*",

B(—7z -1 —m;4m +1)~(x +2)*""x'>"; x>1
Taxum oOpazom:

gmgncp(g)zlvl{@im)s( I—m4m+1)} @gl—r:fwn
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NODAR CHIKOBAVA

ON A CLASSOF INTEGRAL EQUATIONSWITH THE
NUCLEUS CONTAINING ABSTRACT
SPHERICAL FUNCTIONS

The article deals with the problems of conversion of integral equa-
tions. In particular, a class of integral equations is considered, when the
nucleus of the integral contains abstract spherical functions. For such an

integral equation a function is given which is the solution of this inte-
gral equation.
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TEMUR CHILACHAVA, NUGZAR KERESELIDZE

THE INTEGRODIFFERENTIAL INEQUALITIESMETHOD FOR
THE SOLVING OF MODELING PROBLEMS OF
ASTROPHYSICS

Abstract. This work proposes an integrodifferential inequalities
method of solution for a system of nonlinear nonhomogeneous equations
of one class of initial-boundary problems with an unknown external
boundary in the domain. For spherical and symmetrical non-stationary
adiabatic flows of the perfect gravitating gas, on the basis of the equa-
tions of motion of medium and the equation of energy, deducing of sys-
tem of integrodifferential inequalities for the law of motion of detonating
wave and the moment of inertia of area of perturbating motion of gas.The
detonating wave arises as the result of the nonhomogeneous gravitational
collapse (parabolic or eliptical) of the gas at zero pressure or during the
breakdown of the equilibrium position. A system of integrodifferential
inequalities is constructed, determining the law of detonating wave and
the moment of inertia of area of perturbating motion of gas with respect
to a known initial state of the gas. A number of automodel problems are
considered as examples.

Introduction

The mathematical modeling of astrophysics processes is one of the
most actual problems of modern applied mathematics|[ 1,2 ].

Gas dynamics processes, connected with the explosive phenomena
and propagation of detonating waves, represents both theoretical and
practical interest. These problems are rather actual, including for model -
ing and calculation of possible catastrophic consequences of explosions
and propagation of detonating burning of gas to mines, gas pipelines, ga-
sholders, etc.

Many problems of astrophysics demand for solution the research of
dynamics of gas bodies which interacted with a gravitationa field. In
modern astrophysics special interest rough catastrophic processes of ex-
plosion of stars and the neutron stars received at it and collapsing bodies
- black holes.
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It is obvious, that for research of the heavenly phenomenaiit is ne-
cessary to put in abasis of concepts the statements and decisions of some
dynamic problems about motion of gravitating gas.They can be consi-
dered as mathematical models which cover essential features of motion
and evolution of stars.

As is known, mathematical models of many real gas dynamics
processes are described by classical initial-boundary problems for sys-
tems of nonlinear differential equations in partial derivatives. It's clearly,
that reception of exact solutions of such most complicated problems,
generally isimpossible.

In this connection, in the modern gas dynamics connected with
explosive processes, rather actual development of the approached ana-
Iytical and numerical methods for solution of such problems is repre-
sented[ 3-10 ].

The basic essential and practicaly important parameter in these
problems is the law of motion of a detonating wave (a spherical surface
where the solution undergoes the first kind of discontinuity) which arises
owing to explosion or dynamic instability of balance. However, the clas-
sical formulation of a problem in language of the differentia equations
usualy assumes preliminary full local definition of properties of gas
flow. On the other hand, the description of the phenomenon of explosion
by ideal mathematical model demands, naturally, certain accuracy of cal-
culations[ 7-10].

In this connection it is clear, that it is important the direct ap-
proached definition of the required integrated characteristic of a problem
by an establishment of system of integro-differential inequalities, which
allow to receive for it bilateral estimations. In many cases (for example,
in automodel) these estimations are also sufficient for its solution.

This work proposes an integrodifferential inequalities method of
solution for a system of nonlinear nonhomogeneous equations of one
class of initial-boundary problems with an unknown external boundary in
the domain. For spherical and symmetrical non-stationary adiabatic flows
of the perfect gravitating gas, on the basis of the equations of motion of
medium and the equation of energy, deducing of system of integrodiffe-
rential inequalities for the law of motion of detonating wave and the
moment of inertia of area of perturbating motion of gas.

The detonating wave arises as the result of the nonhomogeneous
gravitational collapse (parabolic or elliptical) of the gas at zero pressure
or during the breakdown of the equilibrium position. A system of inte-
grodifferential inequalitiesis constructed, determining the law of detonat-
ing wave and the moment of inertia of area of perturbating motion of gas
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with respect to a known initial state of the gas. A number of automodel
problems are considered as exampl es.

1. The Equations of Motion and Boundary Conditions

Let us discuss the equations of the adiabatic spherical and sym-
metrical motion of a gas that are written in Lagrange'sform|[ 7]:

82r+4 , 0p km

— 44—+ —=0, =(y-=-Df(m)p”, 1.1
2 am+r2 p=(-)f(m)p (1.1)
or
Anr? ,
p{ am}

where m isthe r(m,t) radius sphere mass,k is the gravitation constant, y
is the adiabatic indicator, f(m) isthe function connected with the distri-
bution of entropy by Lagrange's m coordinate. r=r(m,t) is medium

motion law, sTr is speed of medium motion, p(m,t) is medium pres-

sure, p(m,t) is medium density.

The first equation of system (1.1) is the medium motion equation,
the second equation is the adiabation equation, the third equation is the
mass continuity equation, r(m,t), p(m,t), p(m,t) functions are unknown.

The integral equation of the energy of the gas layer situated be-
tweenthe m=0 and m = M (t) surfacesisasfollows:

toef1for)’ p kM , Or
T V=E +[|Mz[Z - 4R
+U + 0+£ (2(&) +(7/—l)p - +Qj 7R 5P dr (1.2
M 2 M M
T:lj(@jd , j v——kjmdm M =M
27\ ot (72—1) dt

where T,U,V are the kmetlc, inner and potentlal (gravitation)
energies of the gas, Q isthe energy excreted during the burning of a gas
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mass unit of the m=M(t) surface, E, is the explosion energy,
m=M(t) is the law of motion shock (Q = 0) or detonating (Q #0)
wave with gas mass, R(t) = r(M (t),t) istheradius of a shock or detonat-

ing wave. 1, 2 indices denote correspondingly the gas position in front of
and behind the wave (strong discontinuity).
Boundary conditions on the r = R(t) discontinuity of Euler's va-

riables are as follows:
2 22
. or or
R-——|| =0,|p+p —-R =0, 13
{p( atﬂl {p p(at Hl (1.3

2 2
(G-af-r2] -0 b =nnn

1

1
2

Boundary conditions on the m=M (t) discontinuity of Lagrange's
variables are as follows

2

or *
[rf =0, {—M—4ﬂr2p} =0
' ot .

2 2
M l(a—r] PR R U PP L RV
2 ot (y-1)p R ot |

If the boundary conditions ( 1.3 ) or ( 1.4) are solved with respect
to parameters of the gas behind the wave we get the following:

-1

(14)

2
:72+1p1 1+ 1 ﬁ a, +1_g 1a12571p1

7,1 7.1 7 F’Q_(GI’J ? P1
ot ),

P2

(1.5)
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. ° 2
R_(gj — 1 (R_(ﬂj j y2+ﬁa—12_g
ot), y,+1 ot ), 71 (l.? (8rj}

1

172 | 2(72+1)(71—72)a122_ 2(7’22—1)Q2
AEHINECE CHIREHI

Besides, the continuity of Euler's and Lagrange's variables ought to
be taken into account

gE

[r]f =0, [m]; =0 (1.6)

In fact, we get a initial-boundary problem for the system (1.1) of
nonlinear, nonhomogeneous equations, where the r(m,t), p(m,t), p(m,t)
functions are unknown.

Initial conditions (t =t,, phone) determine the initial state of a gas
sphere and are the exact r,(m,t), p,(m,t), p,(m,t) solutions of the ( 1.1)

system.
Thus, the initial-boundary problem is considered in the domain< :

Q={te(t,,t.) ,me(O,M (1))},
where t, is the moment of explosion, t. is the moment of time

when the wave comes out on the surface of the body (when
t,>0,t, >0) or the moment of gravitating collapse (when

t, <0,t, =0).
Boundary conditions on the external unknown boundary m = M(t)
arelike(1.4),(1.5) andin centre

r=0, m=0 (1.7)
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2. Thelntegral Equations of the Energy and L agrange-Jacobi

From the medium motion equations (1.1) and the boundary condi-
tions on the strong

discontinuity (1.4), we shall get the integral equation of the energy,
which describe one of universal laws of Newtonian mechanics, law of the
energy save( the first law of thermodynamics).

The motion equation ( 1.1) multiply on the %

or o°r a2 0P O kmor

ot ot om ot r’ot

and integrate with mo dm on the [0, M (t)] segment

M (1)

M (t) 2 M (t)
[ L4 | dar 28r apd jk—m@d -0 (21)
) ot at )
M (t) 2 M (t) M(t)
j@a—dm ar | rz—rdp— | kmﬁ[ijdmzo
) ot at? A

Introduce the designation . Thefirst integra in (2.1) denote I, ,
second - |,, third- 1,.

Use the formula

d b(t) b(t) of
— j f(t,x)dx = j Zdx +b(t) f (t,b(t)) — at) f (t,a(t)),
a(t) a(t) ot
then we shall get
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M () 2 M (t) 2 2
id I (gj dm:l J‘ Q(ﬂj dm+1|\/|(t)(gj 1,
2dt 3 ot 2 1 otlet 2 ot

1d " or ?
I, ==— Z | dm-=M(t 2.2
12d£(&]m o 5]l @2
I, integral may mapping as follows

M (t)

_47r_[ r 6—dp Ay

M (t)

200w 0 , or
— — | 4ar°— [dm 2.3
ale ! pam[ at} (23)

There are thrue simple lemma.
Lemma. If the function r = r(m,t) hasthe second order continuity

derivative, then are place the equality
O fp2 ) _Ofp2 00 (2.4)
om_ o) ot om

The prove. Consider the left part of ( 2.4 ) and derivatives

2
i(r ar] o (25)
om ot om ot omot
Analogical derivatives and right part, then we shall get
2
g(r or_,dror 50 (26)
ot om ot om otom

Comparethe (2.5), ( 2.6 ), according the Shwarz theorem we shall
get the lemma proves.
According the lemma, from ( 2.3) we shall get
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M (1) M ()
:47zr2gp2—f pg 4> dm=4ﬂr2ﬂp2— 211 lgm
a2 Tal T am ) Vol p
M ()
I2:47zr2%p2— %[ljdm
0 P

S 2(1)_2(p) Lo,
alp) otlp) pot’

The adiabation equation (1.1) p =(y, —1) f(m)p” derivativesat t

op a0p_Pp_ 0Op.
P, =DMy, pt L=, “E.
o (7, =D f(m)y,p o pha

_Pop_0ofp|_1op_0o(p)_1fp| dp
PPt alp) pot atlp) plp) et

M (t) M (t)
P ot ot\p ot ) ot
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M (t) M (t) M (t)
l=- | kmg(EJdm:—k [ mﬁ(ljdmz—k 4 | Mim-mM |2
ot\r ot\r dt r R

0 0

M (t)
:kMM_ki J‘ M am
R dat o r

M(t)m
Vo= [ —dm,  1+1,+1,=0
r
0

1d"OrarN? 1 (or or 1 O,
—— j (—j dm——M(t)(—] A2 — p|,+ 1P lgm+
2 dt ° ot 2 ot ot yo—1 o\ p
kﬂM_ki mdmzo
R d r
M (t) M (t)
0 d :
| _(ﬁjdmz_ [ Pam- P
5 p dt 5 p Pl
M (t) 2 M (t)
1d j (ﬂj d —EM(t)[ﬂj 2+47zr2ﬂp2+ 1 d I m-—
2at 3 (& 2 ot ,-1dt 1 p

The last equality multiply onthe dz and integrate on the [0,t] segment

t 2
T+U—kV—J' M 1(@) P KM —47Zr2gp dr=E,,
0 2\ ot (yr-Dp R ot ,

where E, isthe explosion energy.
Finaly, foresee the boundary conditions ( 1.4 ), we shall get the integral

equation of the
energy.
TUKkV 4 [ e kMl ear
E=T+U le_EO+JO‘{M 2(&) A - +Q} 4t = p}ldr (27)
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From the motion equations ( 1.1 ) we shall take out the Lagrange-
Jacobi integral equation, which in skype mechanics are famous as viria
eguation.

The motion equation ( 1.1) multiply on the r(m,t) and integrate

M (t)
dm
0

M (t) 82 M (t) ap (t)
j r—dm+ _[ 47zr3 dm+ _[ —dm 0 (2.8)
ot®

0

Thefirst integral in last equality denote I, and second - .

M (t)
lg =4r _[ r3dp = 4ar3p
0

MO or
— 2_ =
2 3J- p(4m’ amjdm

0

M (1) " o(4nr®) 3
0 - J. p@—mdm = 47Zf p
0

M (t) M (t)
= 47R*p —3j Pam=amr?p|,-3(7, - 1) | Pam
P 21+ 0o P
M (t)
Because U = I pdm we shall obtain
Va2~
Iy = 47R°p|,-3(y, - DU (2.9

MO 52p o’r _a( or) (aor
I, = j —dm r—=—r—
ot otz ot o) Lot

M (t) M (t)
dm = j 2(rngm—Z-— j (arj dm
, ot ot 2 ot
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M(t)
Because — I [ar) dm =T, weshall obtain
2 ¢ \ot

) ot
M (t) M (t) M (t)
jﬁ[ —j j r—d ij r o dm —MRg
A dt 6t dt 3 at '’
0 MO A(,2 M ()
I (P gm=1 I Mdmzli rzdm—ll\/'lrz2
) at 24 ot 2dt J 2
M (t)
|5=i-1 d [ r?dm—MR? —MRQZ—ZT (2.10)
dt 2| dt o ot
Introduce the designation
M)
1 (t) = jrz(m,t)dm, (2.11)
0

when | (t) isthe moment of inertia of perturbating area of motion of gra-
vitating gas.

Including the finding meaning (2.9), (2.10) in ( 2.8), with ac-
count boundary conditions ( 1.4 ), we shall obtain the L agrange-Jacobi
integral equation

Y =2T +3(y, -U — kvléi[m) MR2J+R{4ﬂR p— (Z;j J (2.12)
1
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3. TheIntegrodifferential Inequalities Method for the
Gravitating Gas

The integrodifferential inequalities method meaning is as follows.
For spherical and symmetrical non-stationary adiabatic flows of the per-
fect gravitating gas, on the basis of the equations of motion of medium
and the equation of energy, deduce of system of integrodifferential in-
equalities for the law of motion of detonating wave and the moment of
inertia of area of perturbating motion of gas.

Estimate the inner energy of the gravitating gas

M (t) M (t)

! [ Pdm=[t(m)pdm
0 p 0

7,1

U=

M (t)

17 M (1) 372
U= | f(m)(4ﬂf2§—rj dm= | f(m)[“—”‘lJ dm
m

5 0 3 dm
1y, |72
M (1) 372 Mo L 3\,
1= £ (m) & dm= | e 2] | dm
5 om 5 om
1 -y, 72-1
n, [ord) y ore ) r
f (m)| — =d, a=y,, f=—"2—,h=|—
( )[amJ Y2, B v, -1 (am]
a—1+ﬂ—1:i+72_1:1
V2 V2
. 721
) 7 2 72
MO L (o % ’ SR or® %1 72l
[]f7=m) = dm | - || == dm| >
om om

0 0

1y, 72-1

M@ty 1 3\ 3
zjfh(m)aL S L R
om om

0
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1
1y, |72 72 721

Mo L 3 M) 5.3 S, Mo L
| f“(m)[aLjy dm -(J'aLdm) > [ f7 (m)dm

0 om 5 om 5

M (t) arg e %2 3(y.-1) M (t)
If(m)( j dm| R 72 > j f%Z(m)dm

0 om 0

M (t) ar? -y, M@ 1 72
| = j f(m)(a—J dm2R3(1y2)[J' f“(m)dm]
0

5 m

A

y2-1 M (1) Y2
uz(ij R3(1‘72)[ j f%Z(m)dm] =U_ (31

Simply we shall obtain the estimate from above for the kinetic
energy of gas

MO ar _1.,
T=2 ! [Ej dm, TO<T.()=5RM@ (32)

For the obtaining estimate from below for the kinetic energy T (t)
we use the Holder inequality:

If a™+ 4" =1, then

b Va /g gy
Uha(x)de Ugﬂ(x)de zjh(x)g(x)dx (3.3)

Derivative with time the moment of inertia of perturbating area of
motion of gravitating gas (2.11 ) we shall obtain
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- MO or : 1 o MO or
|=.[mgﬂm+MW,EO—MRﬁ=jra@m

0 0

'manwmgm(33)h:%ng=r,a=ﬁ=2,a=Q

b =M (t), weshall obtain:

M (t) 2 M () M () 2
J. (ﬂj dm- j rdm > j rgdm
ot ot

(1-MR?f =T, (3.4)

from which get the estimate from below for the kinetic energy.
Show then for the function V,, which enter in the expression for the

gravitation energy of the gas (V =—kV,) just the estimate

% M 72
3)2M72
R

In the Holder inequality ( 3.3 ) take

%
a:%, p=3, hz(?j , g:r%

Then

M (t 3% % M (t 3 % M (t
f)[(?]yJ dm ( f)(r%) de > Jg)m%dm
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0 0

M (t % M (t % M (t
[f)?dmj ( j()rzdm] > f)m%dm

v 3%
' 5

from which we shall obtain
3
v, 172 Z(E)AM%,

or finally we obtain

%2
vlz(gj M~ (3.5)

From ( 1.5) we shall obtain

2 72 2
V29 j ( a ] 2
Yo+ -0 1+ +9g |D
f [2 71D2 71D2

> / (36)
(r2 =W, + 1) 0

a12 =70,/ Py, DER_rl

g 3’ 2y, -DQ)_ [z |, 2 +D0-r)a” 205" -1Q
p*’ D’ 7,D? 7.(r,-)D? D?

Lemma. For y, > % are place the unequality
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M 2 -y,
U =GV, [vl - E] (3.7)

1 M (t) m 2(y,-1) %372*4) o
=—_1 dm
87)”" | o L f(m)
Theprove.
M (t) M (t) M M m? or
2 2 2 2 ~
v, - [ mdm_ T (s ML T omgy
L 5 2r 2r o 2 2R o 2r
m? or
M2 1% am
ML omgp,
2R 2y 1
(3.7) are written as follows
1 437 Ar2-Y M dm 72
" dm 1| m2? e “mdm 1% am
fror B e ot (1) |5
0 (472'-2 7)}2*1 (87[) 0 (m) 0 r 20 r
am
e O 2 s
M M 2(;/ -1) 3 4 M ~ M
_[f(m) dm J.{ 2- } = _[ om 2( mdmj
0 ( )V21 0 f(m) 0 r 0 r
om
72 727t
or y2-1 72 o y221 721
y w M>—dm wl ¢ Ko o | m? 2|
[ f(m)—2m 2 =f—“?31dj | | gm|
0 (rzﬁ)yzfl 0 r 0 or 2y 0 r
an ')
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Zar yr%z ’ 72
T 7 m | ™ om dm [T[f(m)mz(“”]% dm}

Ay

M f(m)mz(}/z*l) }/ " M m2(72*1) ﬁ M mdm 421
.[ Ty dm _[ ; dm > J_ ’
0 0 (m) o T

or

Arz -9 4r2 1)

A1) 4(y,-1)
3y,-4
M M
mdm
j dm > j —_— (3.8)
5 T

0 f 4(72*1) (m)

But ( 3.8 ) are just because of Holder inequaity ( 3.3 ), as
:M>l, then , > %4 , what are fulfilled because of lemms
V2
Xy, -1
3y,—4

Thus lemmaiis proved.
The inequalities (3.5), ( 3.7) give the algebraic inequality, which
bring bilateral estimations for V,

condition,anda f=—"-*—=>1,asy, >0.

M2
ax| vV ,— <V, <V, 3.9
VB
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When 7, = % in the estimation (3.7)

(3.10)

(87[)% m% N
[om] f(m)

If we apply the integral equations (2.7), (2.12) and estimations (3.1)
—(3.10), we shall obtain:

Inthecase%gyzsy,

Y >3(y, -DE+(5-3y,)T_+ @y, -HkV_ (311

¥ <2E+(3y,-5U_+kV, ,

when y, > %
Y >2E+ 3y, -5U_+kV_ (3.12)
Y <3(y, -DE+(5-3y,)T_+(3y, —4)kV,,

where U _ is maximum of low estimationsupon U ,anda V_,V, - are
low and upper estimations for V.
When y, = % the finding estimations V_,V, are possible solving

the quadratic inequality

_1+V1+4GE
2G
In practical important case the detonating wave motion in motion-

V. , 1+4GE>0.
less gas H%} = OJ the obtaining inequalities with ssmplife purpose
1

give the estimation F , which shall representativein finaly.
Introduce the designation
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D(x,y) = {72+7—2X g(x“,y“)}{

71

%2
(x72,y7 )} (3.13)

71

(a_f ,[20:2-90]"
D ' D2

Lemma. At y, >y, the ®(x,y) function is convex.

X

Prove. We shall show , that at y, > y, arejust the system

0D
Ox?
0D

2

oo (o)
ox? oy?* | oxoy

>0

>0

Because the @(x, y) function a y, > y,are convex.
Apply ( 3.6), and the convex ®(x,y), from lensen inequality

i j dudx j hpdx
j o(d, x> [ pixpl S—— 5
C| e e

when are make



0%

od?

o

ne P

0%p 0% ( 0% ?
T~ >0

od“ oh odoh

>0

We shall obtain asfollows estimation

72 72

7, X
oa L7 {72 +2

1

72
, —g(XVZ,YVZ)} {1+ X
Fa[ 2
(Mj (. =2, +2)*"

V1

+9g(x VZ,YVZ)}

(3.14)

(72+2)
W ’ %2

R )
Z :472"[R% pl%zrzdrz
0 t 72

R 2
W= (4;:)%&) | p1%72+2>r2%2*2>dr
0

1

Arr 4r 8 o1
X =22 a7 plrrar, v =27 127 00" pyrror
0 0

The Z estimation shall apply monotonicity the right part of ( 3.14).

4. The Detonating Wave Motion Law Estimation
in Gravitating Gas

Using the up developed integral inequalities method for the analy-

sis of series of automodel problems of gravitating gas danymics.

1. Consider the problem about propagation of detonating wave on

equilibrium condition in the gravitating nonhomogeneous gas, same time
in the centre of symmetry energy not put (in (1.2) E, =0). In gas equili-
brium case the (1.1) equations exact solutions in front of detonating wave are
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oMo 2Ak A
47A° 2 P

: (4.1)

where A - isproper dimensional constant.

Remark. The detonating waves (with Chapmen-Jounguet condition)
in automodel motion of selfgravitating gas shall introduce in exact solution
(1.2) accoding dimension theory only @ =2 case

r_{(s—a))m}%w _ k(@B-o) (4;;Aj2r2_2w A
| 4mA ’ _872'(60—1) 3-w P

while w# 2, Ak,Q largeness have independent dimensions and prob-

lem shall de nonautomodel.
In automodel case we shall obtain (o = 2) (A,k are the dimension-

a constants with independent dimensions)
R(t) = VAKR, 1 (t) = A2VAkVK It , Q=Q,Ak (4.2)

Considerthecase y, =y, =y = % . Then we shall obtain

E=47(Q,-7)R,, w =31, - 4R’ +87°R, (4.3
0,00108
G E 3 HR]_! (4'4)
T
5 5/3
5 107 107 32Q
H(R2Q,)=|2+ =2 [[1- -—
( 1 l) 3 3R12 \/( 3R12J 9R12

2
1+2—7Z + || 1- 1072 - 32Q21
R, 3R; oR,
and the system for R, and 1,, which consist the nondimensional parame-
ter Q,

A+B< 2R (3Q, —47) +4R}° +§K (4.5)
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%[Rf +4(Q1 _37Z')R1 +A+B]S |1 S%[4R13 +8R1(Q1 _272.)+ K]

g eI acE

B =(R’ +4(Q, -37)R, + A)2 +15R° ,

0,00216R, H
A =0,343R°H
In ¥ = 4/3 case we shall obtain
4R +6Q, + 31167 > 1,745H,R,> + N (4.6)
4
Z5R1 (RZ+4Q,+N) <1, < %(4&2 +8Q, + 24,937 —1,396H,R,?)

N =/(R;® +4Q,)? +15R,’

4/3

2
4 8r 8r 14Q
H,(R%,Q,)=|=+ — || 1- -
1( 1 Ql) 3 3R12 \/[ 3R12] 9R12

2
1+2_7Z+ 1- 871'2 _14Q21
R, 3R, 9R,

Some results are represented in the table 1. A, denote the middle rela-
tive,R,_, R,, I, , I, - lower and upper estimationsfor R, 1,.

Q

R,

R,

+

(P

I1+

A%(R,)

A.%(1,)

3,236

8,26

531

10,31

707.5

4996,7

32
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Azrl3 | 57 99 - - 26,7 -
2z 6,37 105 1335 5483 245 60,8
307 18,86 23,6 42563 69518 11,16 24
126 2165 | 26,65 - - 10,17 -
507z 29122 | 29,122 - - 9,5 B
1007 | 3373 | 39484 - - 7,85 -
504 | 4258 49 - - 7 -
0 289 | 6,87 - - 40,6 -
T 4204 | 639 370 1179 20,6 52,2
2 4853 | 6,63 618,3 1404 15,4 38,8
307 | 1276 | 1453 - 19431,6 6,5 14
Table 1.

The analysis of giving results shows, that at great value of Q, the
exactness of estimations important better.

2. Consider the nonhomogeneous gravitational parabolic collapse of
the gas at zero pressure

km(9Y)"® 2/3 B 1 3
rz?@ (o)™ P e m—n@E m-n P~ @7
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=41 tm=220
q

km '
In automodel case

R =4aRt, 1=(@%/a/k)It°, Q=Qq (48
go =§1+\/§3 ) (4.9

We shall obtain the system

4R,° —/2R” +(6Q, +5,29)R, > 1,745L + RS (4.10)

1R—é(4Ql +R’—4-42R +S) <, < %(Rf —2R? + 2Q,R, +1,058R, — 0,349L)

L{s \/1 9(R1+\/§)2} {H\/l 9(R1+\/§)2}

: (\/E + R1)7/3 Rlzls

S =4(4Q, + R - 4-4/2R,)? +15R,"

The numerical solution of inequalities system (4.10) are giving in the ta-
ble 2, where the exact solution

correspondence Q, = 0,5, R; = 0,3536, |, ~ 0,0148:

Q [R.|[ R | I l, | A%(R)| 4%R,)| 4.%(R,)| A.%(1,)| 4 %(1,) | 4.%(],)

031|015 | 05 0,01 0,09 = - 54 = = 80

0,5 0,2 | 0,48 |0,0139 | 0,024 35,7 43,7 41 62,1 5,6 26

10 | 253 | 3,89 | 12,25 | 20,13 - - 21 - - 24,3
Table 2.

3. Consider the automodel problem about detonating wave motion
at elliptical collapse of the gas at zero pressure.

r =k—m(1—c0377), p=0,
2q
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2q°
7k *m?(1— cosn)[2(1- cosn) + (x —n)sing]
{o km(z —n+sinn)

N

From (1.4), (4.8), (4.11) we shall obtain
R, = 2(1-cosm) (4.12)
T =1 +3Nmn,

wherer, - is n parameter value on the detonating wave.

0= (4.12)

n € (0,7)

242(Q,-1)
T—n,+snn,’
, W2[(z —n,)sing, + 2c0s, (1 cosn,)]

E =

Y =3I 4.13
' (7[_771+Sin771)3 ( )
[2(L- cosr,) + (7 - ) sinr, ]
G =0,0122 £ 2 1 1 H;(n,),
(1- Cosﬂl)é(ﬂ'_nl +sinn,)
5
H (7, = S 1_16Ql(77—771"‘Sin771)2(1—005771)2 A
3TN q20-cosny) + (r—n)sinmy 2
. 1+Jl_ 16Q, (7 =77, +sinn,) (1—cosn;)
92(1-cosny) + (7 —m,)sin 771]2
_ o Yain 15

1-cosy,) 2 (-, +8ing,)°
(1-cosn,) "3 (7 —n, +sinn,)

3] _4\/5(1—005771)2 ’
T ' (72'_771"'5””71)3
B 8l,

From (4.14) we shall obtain
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2(1—cosn,) + (z - py)sinmy, _ 4/Q

> (4.15)
(1-cosn, ) (7 —n, +sinn,) 3
g < oF 4 1+ V1+4GE
2G
W_E>T +U_ (4.16)
1+ 4GE >0
g > oF 4 Lo VITAGE ”12246'5 (4.17)

When Q,=7/12, what correspondent the statical solution
(n, =177, (%) =0) the (4.16) inequalities system solution give the
2
following estimation for 7, parameter
156<n, <213,
A, =154%, A =119%,A, = 20,3%.
When Q, =0 we shall obtain

() 2 Aamcom) sl e sGsmal (g
oat), y+1 (L-cosn,)(z —n, +siny,) .

For y =5/3 from (4.18) we shall obtain

174<n, <r, (qj >0, (4.19)
ot J,
what correspondent gas dilation.

From (4.16), (4.17), when Q, = 0, we shall obtain
174<n, <234, A, =147%  (4.20)

Finally we give (%) > 0, and the equilibrium position behind
2
the shock wave is not realization.
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(09BA™bo30®o  FAogmols dmd@omdol 3obmbo) ¢ dygsam dosob-
@mgdomo  2oblobwg@sl, 0bFga®moxng®gbiosgydo Y@ m-
mdoms  LobEgdgdol  owaygbol  abom, ®mdamgdoi  Lodeye-
@gdsls 0dgrggoob dogowmm dobmgol 9d@sgrm m@Ib®ogo dg-
Roligdgdo. dg30 dgdmbgggodo (dogomoms, 53@MAM©ge 3@ g-
4d0) gl Igxnolgdgdo bpgds Lsgds®oligdbo dobo sdmblbolosmgols.
Sdobmob, bdodo dguolgdgdol LobylLEol EMES ogmgds Lo-
‘dgogdols odgnggs dogrosboe aodmgbos@mo 3slygbo  gengdgb-

OO 3biiogsdo.
65dOmdols  Losbarg Jymds®gmdl  ggmdgdoo  dmgang-

bgdmob s ©yAMbszoydo {30l gog@gergdobmab  ©s3o3do-
9090 3M53080M 90500 2ob Mo obsdogols 3GMEgLgdols do-
0935303900  JmEgeo@gods, obogn  SJBomy@  53m30690msb
d0do@mgdsdo Joobanmgdomo sbsgmobyd@o Igmmeols (0b@gy®m-
©089OJ6(305 YO YHM@Mbsms JJNMEo) gobgomsmgds, Sy@g-
039 3WbgMgd o  3Mo]Bogygmse  360dgzbgemgsbo  Ggb@Gyco
sdmi3obgdols sdmblbe.



LEo@osdo a@sg0dodgdswo  gobols  gOmysbbmdoan gdosbo
SOSLASG0MbsO Y0 5E05b5GYM0  obgbolomgol, ao@gdml dm-
dAomdols aob@magdoms o gbg@aool gob@Gmangdol Logyydgg-
by godmygobomos  06@9aOMEO0BIAHGbG0sE YA  YBHMEMbsmS
Lob@gds ©g@AMbsi3oydo Gomeols dnd@smdols gobmbolsmgol s
3obol Jmd@ombdol Igdgmmgdyemo  s@ol 0bg@ools dmdgbdo-

Lomgol. 3 3gmmeols boggydgger by gobbognyamos @ omyco

53AMIMEgaEyg®o  sdmEsbs  ©gA™Mbozog®o  Gogmol 4030 (39-
agdol dglobgd M53000M9do© SOSGOMAZoMMZb0 aobTo. 3990-

bembol dohggbgdamol Lbgowslbgs dbodgbgamdbolismgols g@m-
bo309M0  Gogwol 9asbbmdoagdm @soylobsmgols bodmgbos
m@db®ogo  FgRsligdgdo.  bohggbgdos, @™  gisligdgdo  Lo-

30dbmdgse  Ydxmdgbpgds damog@o {93960l bgsdomby (wog-
A™Mbo0gM0  Gomes) asdmymyzomo gbgdaools bdol dgdmbgg-
35do. mdoggds Vgoygbls 5-7%, @o3 3M5]B0gE0 mgoe-
Lob@obom oo dgxnobigdss.

TEMYP YNJTAYABA, HYI'3AP KEPECEJIU/I3E

METOA UHTEI'POANPDPEPEHIIUAJIBHBIX HEPABEHCTB
JJIsA PEHHEHUSA MOJAEJIBHBIX 3AJAY ACTPO®U3UKHU

B nannoit pabote pa3BuT 3((HEKTHBHBIA METOJ ONpPEACICHUS TBU-
JKCHUS JICTOHAIIMOHHOW BOJIHBI B COBEPIIICHHOM T'a3e C Y4eTOM IpaBHTa-
IIMOHHOT'O TIOJISI, OCHOBAaHHBIM Ha JIByCTOPOHHEH OIICHKE €€ paauyca JBH-
JKCHUSI 1 MOMEHTA UHEPIIMU 00JIaCTH BO3MYIIECHHOTO JIBUKCHUS Ta3a, UC-
MOJIB3YIONICH WHTETpAIbHBIE HEPAaBEHCTBA W COOTHOIIEHHs. [yt omHO-
MEpHBIX HECTALMOHAPHBIX CPEPHUUECKU-CUMMETPUUHBIX aua0aTHYecKuX
TEUEHHUI TPABUTHPYIOLIETO COBEPIICHHOTO r'a3a, Ha OCHOBAaHWH BBIBE/ICH-
HBIX YPaBHCHUU JIBWKCHUS CpElbl, ypaBHEHWI SHepruu u JlarpaHka-
SIkobu (BupHaa), moTyueHa CHCTeMa HHTerpoaudepeHIInaIbHbIX Hepa-
BEHCTB JUIs pajidyca JBWXCHUS JICTOHAIIMOHHOW BOJIHBI © MOMEHTA UHEP-
MM 00JIaCTH BO3MYIICHHOTO JBIKEHHS. B MpakTHUECKH Ba)KHOM CITydae
JIBYDKEHHSI JICTOHAIIMOHHOW BOJIHBI B TOKOSIIEMCSI TPaBUTHPYIOIIEM CO-
BEPIIICHHOM ra3e Ha OCHOBaHWH HepaBeHCTB [ €nbrepa u MeHncena cucre-
Ma HEPaBEHCTB YIPOIICHA U TMOJIHOCTHIO MPEJICTABICHA B KOHEYHOM BH/IC.
B xadecTBe mpUMeEpOB HCCIIEIOBAHBI aCTPOGU3NUECKIE MOJCTBHBIC 3a/1a-
Y. O JBIKCHUU JIETOHAIIMOHHOW BOJIHBI MO PABHOBECHOMY COCTOSHHIO
HEOJHOPOHOTO TPABUTHUPYIOIIETO Ta3a; O JBWKCHUH ICTOHAIIMOHHOM
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BOJIHBI TIPU TapabOIMIeCKOM WIIH SJUTUITHYECKOM CKATUU TPAaBUTHPYIO-
IIEro ra3a MpH HyJCBOM JIaBJICHUH (ITbUTH). AHAIN3 MMOTYYECHHBIX PE3YIib-
TaTOB MOKA3bIBAET, YTO MPU OOJBININX 3HAYCHHIA SHEPTOBBIJICIICHUH Ha T10-
BCPXHOCTHU CUJIBHOI'O pPa3pbIBa TOYHOCTH OLICHOK 3HAYUTEIIBHO YIIy4IIacTCA.
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LO6'I30L LSLILITOBM T603IHLOSGISOL IHMIIS0
- IV, 2008

FomydsBogobs s gm3303890 a0 Jg;:60909350m5 bymos

JABUJI T'OPAE3UAHU, TUHATHUH JABUTAIIIBUJIN,
I'AMUIET MEJIAZI3E

Ob OJHOM MATEMATHUYECKOM MOJIEJIN
3JEKTPOSHEPTETUYECKNX CUCTEM

B nannoit pabore paccMmarpuBaeTCs MaTeMaTHuecKas MOJENb
INEKTPOIHEPTETUYECKON CHUCTEMBI, KOTOpasi MPeACTaBIsieT coO0r Kpae-
BYIO 3a/iauy il OOBIKHOBEHHBIX TU(D(PEpEeHIIMAIBHBIX ypaBHEHUH, 3a-
naHHBIX Ha rpadax. Mccnemyercs KOPPEKTHOCTh MOCTAaBICHHON 3a1ayuH.
[loctpoena u wuccienoBaHa COOTBETCTBYIOUIAs KOHEYHO-Pa3HOCTHAs
cxema. [Ipeayiosxxensl GopMyabl MPOTOHOYHOTO THITA HAXOXKIEHUS pellie-
HUSL KOHEUHO-PA3HOCTHON CXEMBI.

1. CranmonapHasi MaTeMaTH4YecKasi MO/ieJIb pacyeTa
JIMHHI1 3J1eKTponepeay HA pa3BeTBJIEHHON ceTH

1".0611ast KOHIIEIIIMS MaTeMaTHIeCKOro MoeIipoBanus [1], me-
TOJIOJIOTHSI BEIYUCIIUTENIFHOTO SKCIIEPUMEHTa OTKPBIBAET HIMPOKHE BO3-
MOXXHOCTH JUIsl peIleHus MpoOiieM, CBSI3aHHBIX C (YHKIIOHUPOBAHHEM
00BETMHEHHBIX JIEKTPOIHEPTETHUECKUX CHCTEM.

OYHKIIMOHUPOBAHNUE 00bETUHEHHBIX IIIEKTPOIHEPTETUIECKUX CHC-
TeM Oa3upyercss Ha CO3JaHWM CETH AJIEKTpHUecKuX JMHUM. CoriacHo
UCCIICZIOBAaHUSIM B 3TON oOsactu [2 — 4], NTMHUU CeTH MOXKHO HHTE-
pHpEeTHpPOBATh KaK JUIMHHBIC JIMHUK. MarteMaThuueckass MOJelb, MpoTe-
KaIOIIUX B ATHX CETAX MPOIIECCOB, MpeACTaBIseT co0oii cucremy audde-
pEHIIMANBHBIX YpaBHEHWH, 3alaHHBIX Ha rpadax.. JIms mpakTHuecKkux
pacyeToB YacTO HCIONB3YIOTCS YNPOIIEHHBIC JIMHEHHBIE MOJIENH, He3a-
BHUCSIIINE OT BPEMEHHU.

OTMeTHM, YTO aHAJOTHUYHBIE 33Ja4d BO3HHUKAIOT MPHU MOJEIHUPO-
BaHUM Pa3IMYHBIX MTPOIIECCOB B CETSIX Ta30MIPOBOJIOB, BOJIOTOKOB H T.II.

B mpennoxxennoii paboTe paccMaTpuBaeTCsi MaTeMaTUYECKask MO-
JIeb DJIEKTPOIHEPTeTUYECKON CUCTEMBI, MpeCTaBstomeld cobor rpad
ompexaeneHHoro tuna. Mccnenyercs kpaeBast 3aga4a st OOBIKHOBEHHBIX
nuddepeHnmanbHpIX ypaBHeHU Ha rpade. [Ipennmaraercs yuciaeHHBINA
QITOPUTM PELICHHs MTOTYYSHHOHN 3aa4u.
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KpaeBbie 3amaun Ha rpadax He UCCIIEOBAHbI B MOJTHONH Mepe B Ha-
YUHOM JTUTEpaType. YKaxkeM HeCKoabpko padoT [5 —10] u ynmoMsHyTyIO B
HUX JTUTEPaATypy.

2. PaccMoTpuM cranmoHapHbIil cllyyaid pacyeTa JUHUKA 3JIEKTPO-
nepenay, Korjaa JMHUHM OJTHOPOJIHBI U HE YYUTHIBAIOTCS HENMHEHHBIC (-
(heKTHI.

a, Bepimnbt rpada TOYKH
O dq,a a 0

11 A2y Upn peopa Fpa(l)a

aOal(rl) J dpd; (F?_)l RN

dpd, ([',) . Bynem cuurath, 4to B
BCPIIMHC &, HaXOJUTCS ICHEpa-

o Top, BEpIIMHA @, — paccrpe/ieni-

n

TeNb, B BEpIIUHAX @,, &;, ..., @,

O a, a, O — HOTPEOUTENN SHEPTUH.

ITocraBuM 3amady o HaxOXAEHWH pacnpenenenus V (X,) va I,
rjae X, — JIOKalbHas KoopAuHaTa Baosub I . B stoMm cimydae mosyuum
cheayroouyo 3amady. Haith dynkumu V (X,), @ =12,...,n, ynosie-
TBOpsOIue AuQdepeHInaIbHbIM ypaBHEHUSIM

%_m’a("a) =-f, (%), % €(07,), (1.1)
' (x=12,...,n),

rae ¢,— nouHa pebpa I' ), a f (X,) — 3amaHHBIC HCTOYHUKH, pacmpese-

nennsie Ha (0, ), rpaHUYHBIM YCIIOBUSIM

2
i), =V v 00)), =V w00, =V, @)
" YCJIOBUAM COIIPSI?KCHUSA
Vl(Xl)ao :VZ(XZ) |a0:"' :Vn(xn) |aov (13)

1 an0o)| | 1 dn0e) | 1 du0e) L1 duoy)
Z(()l) o, LO Z(()Z) dx, LO Z(()3) dxg . Z(()) dx, .

tne 7, =28y a=12,...,n, 7" u y{* — coorsercTBenHHO KOID-

(@)

(GUIMEHTHI CONPOTHUBICHHUS U TpoBoauMocTH [2], V') =const — 3amgaH-
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HBle BEIWYHHEL, V(X)) |a,3 obo3HayaeT 3HaueHue GyHKIMH V_ (X,) B

TOYKEC aﬂ .

3". Teopema 1.1. 3amaua (1.1) — (1.4) He MoXeT UMETh Gonee oj-
HOT'O PEIICHHUSI.
Hoxka3zaTejbcTBo. Jlomyctum, uto 3agada (1.1) — (1.4) umeer asa

pemenus VO (x,) u VP (x,), @ =12,...,n. U3 cootnomenuii (1.1) —
(1.4) cnenyer, uto pasuocts W, (X, ) = v (x,)-v?(x,), a=12,...,n
SIBJISICTCSL PEIICHUEM CIISYIOIICH 3a/1a9u:

% y2w, (), x, €(0,0.), @=12,.. (15)
Wy (%) o, = W2 (X2) o, = Wa(X3) la, =+ = W, (%) |5, = O, (1.6)
Wi (X1) lag = Wa (X2) lay = Wa(X3) lag = -+ = Wy (X)) [a, (1.7)

Lol | 1 dw0o) 1 dwbe) L0 oo
B ooy |, v | oo | 6y |

Ymuoxum pasenctBa (1.5) Ha (Z((,“)) w,(x,), a=12,...,n u

% Y

MOJTyYE€HHbIE PABEHCTBA IIPOUHTEIPHPYEM COOTBETCTBEHHO Ha WHTEPBAJIE
(0,7,) , Takum 0Opa3oM MoIydaeM

1 gﬁdZWﬁ(Xﬂ) 7/% fﬂ
57) | w2 eXs)ds g [ Wh(xg)dxs =0, (B=12....n).
(1.9)

Jasee Bocmonb3yemest OpMYJIOl YaCTHOTO HHTETPUPOBAHUS M YUTEM
rpaHI/IqHLIe yCJIOBI/Iﬂ (1. 6) l'IOJ'Iy‘II/IM

W) o, (1.10)
) %

CxnaneiBast paBercta (1.10) (f=12,...,N) u yuursiBas coOT-

aw(X5)
0 I % ﬂﬂ oy 0 f w00 dxﬂ+ZTWﬂ(Xﬂ)

nomenus (1.9), nanee (1 7), (1.8), OKOHUATEILHO MOTYYHM:

dw(x)
34T o

a=1 Z0 a ‘

n

+y2 |W0[(x0l)|2 dx, = 0.
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Ortcrona HemocpeacTBeHHO caenyet, uto W, (X, ) =0, =12,...,n.
@ =@ —
HWrak, Ml momyaum, uto V,” (X, ) = V.7 (X, ), a=12,...,n.
Teopema noka3aHa.

Teopema 1.2. CymectByer pererue 3anaun (1.1) — (1.4).

Joxa3arenberBo. U1 10Ka3aTeNbCTBA CYIIECTBOBAHUS PELICHUS
IpeUIaraeTcsi METOI, OMUPAIOIIUICS Ha UCIOIb30BaHHN BAPHALIHOHHOTO
npuHnuna. Pacemorpum 3amaay (1.1) — (1.4) ¢ 0IHOPOAHBIMU KPACBHIMH
YCIIOBHSIMH ¥ HEOJTHOPOTHOM NPaBOii YaCThIO B ypaBHEHUSX:

%—ﬁva(xa)=—fa(xa), x, €(0,2,), (1.11)
a=12,...,n
vl(xl)|al :vz(xl)|a2 :v3(x3)|a3 =... :Vn(xn)|an =0, (112
V(X)) =Va ()], =+ =Va (Xl (113
1w 1dvn0o)| 1) 1 dw(x)

=0. (114
Z(()Dd>&‘80262)dx2‘302(()3)dx3‘30 Z(()n)%‘ao (114)
Iycte H'(0,/,) mpoctpanctBo CoGoseBa, ONpeeiCHHBIX Ha
(0,¢,) co ckamApHBIM IPOW3BEJCHHEM W HOPMOW, COOTBETCTBEHHO
(U’V)Hl(o,fa) u |lv ||H(1)(01Za) (¢=12,...,n) (cm. namp. [12] ).
[Ipeamonoxum, uro ©Ha (0,/,) 3amana ¢yskmus VvV, (X)),
X, €(0,7,), (¢=12,...,n). Onpenemum ¢yHkuuio V(X;,X,,...,X,), om-
peneneHHyro Ha peOpax rpaga I'=01, UI, U---UT", cnegyromum o0-
pasom
VX, X,yeo o, X, 1=V (X,) emu X, e, a=12,...,n.
BBenem cienyroliee MHOXKECTBO ()yHKITHIA
HY(T) ={V[X,%,,...., %, ]:V, (Xx,) e H'(0,7,), @ =1,2,...,n} .
Omnpenennm B H'(I') ckanspHOe MponsBeneHNe U HOPMY CIIEIyo-
M 00pa3oM:

CET ST RTEA SIS WU SCRCH I

/
ulx, X s X s gy = (ULX, Xy ey X T UDX s Xy X 1Y 2

1
OuesunnHo, uto H™(I') siBisiercs ['uib0epTOBBIM MTPOCTPAHCTBOM.
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Paccmorpum  moanpoctpanctso mpoctpanctea  Hg(T) < HY(TD),
rie

Ho(T) = {u[x,X,,...,X, € HY(), u1|al :u2|az =--~:un|an =0}.

O6o06mennbM pemenreM 3agaun (1.11) — (1.14) Gyaem Ha3bIBaTh
dynkumo U[X,X,,...,X,] € Hi(T), 11 KOTOpOii MMeET MECTO paBeHCT-
BO

a(U[Xy, Xg ooy X L VIX X, X, 1) = (F DX X X L VDX X X0 )

s 6ol dynkumit VX, X, ,...,X, ] € He (), rue

n ‘e
a(U[Xl, X2,. . .,)%],V[X]_’ XZ’- i) Xn]) :ZJ.

o=l

a fIx,%,....x,1="1,(x,), x,€(0,7,), a=12,..,n.
[ToBTOpSsis paccykIeHus, MPOBEACHHBIE MPH JOKA3aTEIbCTBE TEO-
pembr 1.1, MOXHO JeErko AoKa3aTh, YTO KBaApaTtuyHas ¢opmyia
a(V[X,X,,..., X, ], V[X,, X,,...,X,]) HempepplBHAa ¥ KOIPUMUTHBHA Ha

d dv
(05 845D g 30 o,

o o

Hs(T) (cm. mamp. [13] ). Orcroma, Ha ocHoBaHMM Teopembl Jlakca-

Musbrpama, HEOCPEACTBEHHO BBITEKAET CYIIECTBOBAHKE €AMHCTBEHHO-
ro obobOmenHoro  pemenus 3amaun  (1.11) - (1.14)

u[X,, X,,..., X ] € H(T) .
3amernm, ecmu pynkmuu f (X)), ¢ =12,..., p, Joctato4Ho riaaji-

kre (QYHKIIUH, TO 3TO pelieHue OyJIeT U PeryJsipHBIM PEIICHHEM UCXOJ-
HOM 3ama4u.
Teopema nokaszaHa.

2. PazHocTHAs cXeMa JJIs1 YHCJIEHHOTO PeleHust
3apaum (1.11) — (1.14)

Ha ', (¢ =12,...,n) BBeaeM paBHOMEPHYIO CETKY ¢ maramu h,

B ={x =ih,, 1=12..N, X =a, xM) =1}, @=123..n.

Ecnn Ha cetke @ nubdepeHmanbHblii omepaTop 3aMeHHTh Pas-

HOCTHBIM orepatopoM [14], Toraa mojay4uM CICIYIOUIYI Pa3HOCTHYFO
CXeMy:
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(i+1)

Yo " —2yy +Ys
h2

—72yd =—1,(x¥), i=12...,N, -1 2.2)
a=12,...,n,

Yy =y (1) = v,y =y, (1) =v Ly =y ) = v (22)
e YV =y (ih), «=12,...,n, i=01,...,N

y| :y2|a0:m:y”‘ao’ (2.3)
1 y(l) _ y(O) y(l) y(O) 1 y(l) _ y(O) 1 y(l) yr(]O)
WlTlJrz(z) ot h, B I
0 2 0 0 n
(2.4

Teopema 2.1. CymiecTByeT €AMHCTBEHHOE perieHue 3aaadn (2.1)
—(2.4).

Joka3aTeabcTBo. PasHocTHas cxema (2.1) — (2.4) npencrasiser
co00l cuCTeMy JHHEHHBIX alreOpandeckux ypaBHeHHU. UTOOBI IOKa-
3aTh CYIIECTBOBAHUE M CIMHCTBCHHOCTb PEIICHUS PA3HOCTHON CXEMBI
(2.1) — (2.4), nocTaToYHO OKa3aTh, YTO COOTBETCTBYIOIAS OIHOPOIHASL
cHCTEMa YPaBHEHUI UMEET TOJIBKO TPUBHAIBHOE PEIICHUE.

PaccmoTtpuM 3amady, KOTOpasi COOTBETCTBYET Pa3HOCTHOM CXeMe
(2.1) — (2.9):

Wl - r2ud =0,i=12,.,N,, (25)
a=12,...,n
rae
a,X, X, h2 B
W_’]_|al :W2|a2 :Wn a, :O ’ (26)
-l -l @
1 1 1 1
©, + © , L1 (0 0 _
20 Mn e Vo o ey Ve, =0. (8
rac
@ _ (0
w® Yo =W 53
X, h
o

Beenem ckamsiproe mpousseaenue [10]:
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N,
al a)_ Z V((zl) S)ha’ (Va’za]zzvg) ((Zl)ha

H COOTBCTCTBYIOH_II/IG 9TUM CKaJ'IHpHBIM HpOI/ISBeI[eHI/I}IM HOpMBI:
v, IP=(v,,v,), IIv,[F=(,v,1].

-1
VYMHOXKas cKaaspHO paBeHcTBa (2.5) Ha (Z(()“)) W

a!

HCIIOJIb3YyA

(bopMyIIbl YaCTHYHOTO CyMMHUpoBaHus [15] W y4uThIBas TpaHUYHBIE YC-
noBus (2.6), moaydnm:

1 - 112 1
_ﬂmnwwﬂ%” (m"Wﬂ" —o Wp @)Wy (8) =0. (29)
0 0

£=123...,n
CknanpiBas paBerctBa (2.9) u yuutbiBas cootHomenus (2.7), (2.8),
OKOHYATEIIHbHO MOJIYYHM:
2
2 2
+72lwlF |-

N1
Ezﬂm“wbx
Cnenosarensao W, (X,) =0, X, ea)(“), a=12,...,n

a=1

DTO 03HAYaeT, YTO OJHOPOJHAS CHCTEMa JIMHEHWHBIX ainreOpaunde-
CKHUX ypaBHEHHH, KOTOpas COOTBETCTBYET pa3HOCTHOW cxeme (2.1) —
(2.4) umeer TONBKO TpUBHAIBHOE pericHue. MTak, Mbl J0Ka3ajid, 4TO
CYIIIECTBYET €AMHCTBCHHOE PEIICHHE Pa3HOCTHOM cxeMbl (2.1) — (2.4).

3. CxoqumMocTh Pa3HOCTHOI cxembl (2.1) — (2.4)

JIokakeM CXOIUMOCTh Pa3HOCTHON cxembl (2.1) — (2.4), mpwu
h, >0, a=12,...,n. [lng 3T0ii 1ean BBeJEM ceTouHble (QYHKIMIT 1mo-

IPEITHOCTH
2, (X)) = ¥, () =y, (D), (3.2)
a=12...,n; i=012...,N
rae Yy, (x")— sBnsercs pemenuem pasHocTHoO# cxemsl (2.1) — (2.4), a
byukuuii v, (X,) — pemennem auddepenmansaoi 3anaun (1.1) — (1.4).
U3 pasenctsa (3.1) onpenenum Y, (X)) u nojmcraBum B pasHOCTHYIO

cxemy (2.1) — (2.4). Torna mis QyHKIMHA MOTPEIIHOCTH TONYYUM Clie-
AYIOIIYIO 33134y
7).

a, X, Xy }/a

270 — W i=12,... N, -1, (3.2)
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a=12,...,n,

rae
v =V x )= 72v(x) + £, (x{),
Zl(al) = Zz(az) = Zs(as) =1, (an) =0, (3.3
Zl|ao = 22|ao = Z3|ao = :wn|ao : (3.4)
1 o, 1 o0 1 0 1 o _
NEy 2 T @ 2%y +ﬁ23’x3 +“.+W22’X” =0, (3.5
0 0 0 0
raec
7 —iv +—=V ot —=V
0~ Z(()l) 1% 2 Z(()Z) 2,X 2 Z(()n) n,x, ao.

Hycts Vv, (x,)eCHT,), @=212,...,n. Toraa 1erko MOkHO MOKa-
3ath (cM. Hamp. [14]), uto

ly® =0(h?), i=1,2,...,N, -1 a=12...,n, |6, I=0(Zn:ha)-
a=1

-1
()
YmHOoxast paBeHcTBa (3.2) CKalsIpHO Ha (20“ ) Z,, UCIONB3YS

(OPMYJIBI YaCTHYHOTO CYMMHPOBAHUS U YYUTHIBAsK TPAHUYHBIE YCIOBUS
(3.3), momyunm:

2
[ S L P B CY:
LB NN Ty Blay “Bply T Wartald (3.6)
0 0

£=123...,n.
CknanpiBas paBeHctBa (4.6), (4.7) u yuutbiBas cooTHomenus (3.3),
(3.4), monmyumm ciieayroliee paBeHCTBO

4 n

1 2, )

>l [ 472 120 1) = a0l + Dl @)
=120 a=1

Hcxond u3 3TOT0 paBeHCTBA, MOKHO HATIHCATh

n 1 2 n
2@ {Hza,xa +72 12 II2}S 2(30) 166 1+ M1 2, Ml I
a=1

(
= ZO a=1

0

Jlnst mpeoOpa3oBaHUs IPABOM YacTH 3TOTO HEPABEHCTBA BOCIIOJIb-
3yeMcsi € -HepaBeHCTBOM [15]:

|ab |§ga2+4ib2, a>0,
&



TOra HOHy‘{HM:
YL Jous | +72112. P <o) = 1G> 22, P+ v L (37)
azlz(()a) Xy alla - 1 46‘0 P} o a 4€a o A 0.

IMocrosiuublie & (i =0,1,...,n) BIOepeM ciaeayromuM 06pazom

2
N
Eot& ="
Zy

2
&, = 7;5) , a=123...n,
Z0

TOrza U3 paBeHCTBa (3.7) MOIyYUM CIEYIONIYIO OIICHKY

n 1 n
S s, [ <M1160 P +M, Yl 1P 39)
lzo a=1

o=

rae M; >0, M, > 0—onpezaeneHHbIe TOCTOSHHBIE.

Jlanee BOCIIOIb3yeMCs CIEAYIOINUM (HaKTOPOM:
Jns mo6oit cerouHod ¢yHkimit V(X), 3agaHHOH Ha ceTke @,

ahz{x(”:ih,izj,z,...,N; x(o):o,x(N):I,h:I/N}, 1 obpa-

ujaronieiicss B HyJb npu X =0 wnm npu X = £, cripaBeAJIuBO HEPaBEHCT-
BO

IVIES £l [F.
Hcnonw3yst 3T0 HepaBeHCTBO, U3 (3.8) moyunm:
n n
1 2 2 2
> lz, BEMy 6 P +M YNl P (39)
a=120 ga a=1

rae ¢, —nnuHa pebpa I, .

YuuteBas, 4ro |6, |=O(Zha) u |ly, [EO(h?), a=12,...,n,

a=1
MOZKHO JICTKO MMOJIYYUTh, UYTO
Iz, IL=O(h), h=maxh, .

I<a<n
Wrak, MBI qOKa3aJ¥ CIIPABEIIIMBOCTH CIEAYIONIEH TEOPEMBI.
Teopema 3.1. Ilycts pemienue ucxoaHoi auddepeHnnaibHON 3a-
maun (1.1) — (1.4) v(x,)eC*(,), «=12,...,n. Torna pasHocTHas

cxema (2.1) — (2.4) cxonutcs paBHOMepHO co ckopocThio O(h).

4. MeTox MPOTOHKY /ISl pellieHus1 pa3HOCTHOM cxeMmbl (2.1) — (2.4)
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PaccMoTpuM anroputm perieHust pa3HoCTHOM cxemsbl (2.1) — (2.4),
KOTOPBIH SIBIIETCS 0000IICHIEM MeTO/1a TIPOroHKH [14].

Pasnoctras cxema (3.1) — (3.4) nmpencrasisier coboii cuctemy ai-
reOpanyecKknx ypaBHEHUH

ao )yO D__Cga)yga)4_bga yU D) _ f(l (4.1)
a=12,....n;i,=12,...,N, -1,
rae
ale) =plla) =h 2, cla) =2n24y2,

MNa) =yl (4.2)
Y = y‘°’ ==y, (4.3)
Zm (v - (0))=o, (4.4)

m,=(#n,)",
a=12...ni,=12...,N, -1
Jns pemenust pazHoctHod 3amaun (4.1)<4.4) spoms pebpa I,
BOCIIOJIB3YEMCSI (bopMynaMH MCTOIIa nporoHku (cM. Hamp.[14]) :

(| +1) _ £(iy) ) s _
5 ) Ia_OlL21"'!Na 11’ (45)
a=l2
(I ) _ (iy ) (I +1) (ig)
(. /S 8 .. A S S 2T
) b(' R c(' _bg )£l D
END —0,  pNa) = yle) @.7)
a=12,....n;i,=N,-LN,-2,...,21
O4eBUIHO, €CIn OIIpECINTh 3HAYCHUS y§0), y(z ),..., ,20), TO

TOCJIE ATOr0 MOYKHO TPOBECTH BhIUMCICHHS 10 hopmyiam (4.5)-(4.7).
Bemmem popmyiny (4.5)-(4.7) ps cnywas i, =0, ¢ =12,...,n
Takum 006pa3oM MOy UYHM:

D _ OO 5 =12  n., (4.8)
W =y ==y,
> m, ( z(zl) - y(():O)) =0. (4.9)
a=1
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U3 (4.8) u (4.9) onpenensercs y(o) CIIETY FOIIIM 00pa3oM:

[21

n
(in)
Z manl !
0 =
— . (4.10)

\ M _
e

Urak, s perenust cuctembl (4.1) — (4.4) okOHYATETBHO MOTYIUM
MOIU(DHUITUPOBAHHBIN METO T IPOTOHKH:

: 1 .
I . P b('“) Pl 10
a Cga) _bga) 0(l|a+1) a | b(| (|a+1)
Zmanél)
0 0 0 =]
y](-):yé):-n: I'(‘I): a=1 ,

\ ® _
;ma(ﬁa 1)

(I +1) —f(la) (iz) (a)

a 1

a:l,2,..., i, :0,12,...,Na -1

3ameuanue. BrlmensnokeHHass METOIUKA OCTA&TCS B CHIIE IS
Oosiee 00IIMX KpaeBBIX YCIOBHIA, ypaBHEHUH U TpadoB.
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DAVID GORDEZIANI, TINATIN DAVITASHVILI,
HAMLET MELADZE

ABOUT ONE MATHEMATICAL MODEL OF
ELECTROPOWER SYSTEMS

In the given work is considered the mathematical model of electro-
power system which represents a boundary problem for the ordinary dif-
ferential equations on graphs. The problem in view correctness is investi-
gated. The corresponding finite-difference scheme is constructed and in-
vestigated. Thomas algorithm’s type formulas for finding of solution of
finite-difference schemes are offered.
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LMBI3DL LSLILITOBM I603IAHLOGIGNL IH(M3TB0
6- 1V, 2008
FomydsBogobs s gm3303890 a0 Jg;:60909350m5 bymos

PUYAPA MEI'PEJIMHIBHUJIN, MAJIXA3 YEJIU/3E,
TAMAP I'HOJIUI3E, KETEBAH YEJIN/3E

O CUHTE3E AJITOPUTMOB IIU®POBOM MOANNUCHU

BBEJIEHHUE

Bproc IInaiiep B cBoeit u3BecHoit padote [1] 3ameuaeTt, 4To B pe-
3yJIbTaTe pPeaM3aliy JOMOTHUTEIbHBIX BAPUAHTOB U 000OIIECHUI YHCIIO
CXEMHBIX pelIeHUi HU(POBOM MOAIMUCH MOXXET COCTaBHTH OoJjee, 4eM
TPUHAIIATH ThICAYb (HO HE BCE U3 HUX OYyAyT 3P PEKTUBHBIMH).

BONBIIMHCTBO U3 yKa3aHHBIX BAPHAHTOB OCHOBAHBI Ha MPOOJIeMax
JIMCKPETHBIX JIOTapru(MOB, U3BJICUCHUS KOPHEH U (PaKTOPU3AIMH B TTOJIAX

Tanya GF (p) [2,3].

B HacTosimield paboTe aBTOpPHI MCCIEAYIOT BO3MOXKHBIE BapHAHTHI
U(pPOBOI TMOAMUCH, KOTOPHIE TAKXKE HCIOIB3YIOT BBIIICYKA3aHHYIO
npoOJieMy JIUCKPETHBIX JOrapudMoB (T.e. OJHOCTOPOHHIOK (YHKIHFO

X
a =y mod P). Y30cTh MaTeMaTHYeCKHX OCHOB, HECOMHEHHO, OCJIO-

JKHACT NOCTPOCHHUEC AJIBTCPHATUBHBLIX AaJITOPUTMOB. B Toxe Bpewms, Clic-
JyeT 3aMETHTh, YTO B KadeCTBe MpornoTuna (BapuaHTa HCCIEIOBAHMIA)
KaK M B PAJIe U3BECTHBIX CIIy4acB MCIOJIb3yeTcs cxema Dib-I'amans [4] ¢
TEM, 9TOOBI, B Pe3yJIbTare ONpeIeeHHOr0 (yHKINOHAIBHOTO MPUMEHE-
HUSI HEKOTOPOTO MapaMeTpa, MOJYYUTh BapUAHTHI aJropuTMa IUPpOBOH
TOJIITHCH.

1. ITocTpoeHne NepBOro AJIrOpuTMA
MHuoroo6pasue u 0coO0eHHOCTH (YHKIIMOHUPOBAHUS CYIIECTBYIO-
LIUX aJITOPUTMOB BBI3bIBAET MPOTOKOJIbHBIE OTPAHUYEHUS U YCIIOBHOCTH.
B cBsi3u ¢ 3THM, XOpOIIMM MPUMEPOM SIBISIETCS XOTsI OBl TO, YTO
MIPOTOKOJ aaropuTMa ib-I"amars 3anpeniaeT B pa3IMdHbIX CeaHcax Ie-
penaBatb COOOIIEHUs, MOANUCAHHBIE OJHOM U TOM e moamuckio. Pac-
CMOTpPHUM 3TOT YAaCTHBIA CIIy4yall MpU ONPEACIICHHOM YNPOIICHUH Tpea-
CTaBJIeHU npoiiecca GyHKUMOHUPOBaHUs. [Ipeanonaoxkum, 4To B IEpBOM
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U BO BTOPOM CEaHCaX, BOMPEKHU 3ampeTy IPOTOKOIIOM, k1 = k2 (T.e.

R1 = Rz). Toraa B mepBoMm ceance ¢popMyiia cuHTe3a OyAeT UMETh BUJ:
M,=(xR +kS,)mod(p-1, (11

rae |V|l- X2I-(PYHKIHS |\/|O nH(popMaliy, NeperaBaeMoil B mepBoM

1
ceaHce: |\/|l =H (|\/| 01) ; X'- CeKpeTHBIN KII0Y CyObeKTa, OTHPaBIISIO-
mero uHGOpPMaIuio; kl- OJIHOPA30BBIM KJIFOY, CIYyYailHOE CEKPETHOE

. R — ak d S v,
YUCJIO; ,=a‘'moap u .- Tapa mapamMeTpoB IOJIHCEH,
l<a< p; p-npocroe uncio Bricokoro nopsaka (& u [ - OTKpbITHIE

napameTpsl). st BTOporo ceanca, COOTBETCTBEHHO, OyJIeM HMETh!
M, =(xR +kS,)mod(p-1). (1.2)
U3 (1.1) u (1.2) nomyunm:
M,-M,=(kS, -k S,)mod(p—-1)
U olpezersieTcs BeInIrHa

M, - M
=——-2mod(p-1), 13
155 3 (p-1) (1.3)

1 2

cClIn (Sl - SZ’ p —1) =1, YTO O3HAYaCT BCKPLITUC aJI'OPHUTMA, T.K.

3Has kl, u3 (1.1) BO3MOXKHO OIPEICTUTh CEKPETHBIN KITt0Y X .

Paccmotpum ormimussiii ot (1.1) ynporiieHHbIH BapuaHT (HOpMYIIbI
CUHTE3a!

S=(x+kM)mod(p-1). (1.4)
®opmyJia NPOBEPKH, COOTBETCBEHHO, UMEET BUJL!
a® =yR" modp, (1.5)
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X v
rre Y=a mod P - oTkpsITBII KXY, HO [UIA IapameTpa XdUIMpOBa-
ms M =H (MO) HEOOXOJUMBIM CTaHOBUTCSI BHECTU OTPAHUYEHUE,

3aKJII0YAIOIIEecs B TOM, YTO MOCJIE XAIIUPOBAHUS BETUUMHE M, s ciy-
yae HeOOXOAMMOCTH, HY>KHO MIPUAATh YETHOE 3HAYCHHUE ISl TOTO, YTOOBI

BCCIJia BBIINOJIHAIOCH YCIIOBHC. 2‘ M (BTO' YCJIIOBHUEC YCTHOCTHU IapaMCT-

pa M, uto BEIMONHSETCS 6€3 OCOOBIX 3aTPyAHEHHIH).

BHecenue orpanudenns, - ycnosus detnoctd M |, samurur anro-
PUTM OT B3JIOMa B pe3yJbTaTe aTaku Ha (opMyiy mpoBepku. Paccmor-
puM popmyny nposepku (1.5). [Ipeamonoxum, 4To IS 3aAaHHOTO 3HA-

yenns undopmammu M, = H(M YUCIIEHHOE 3HAYEHUE IMOMIINCHU
p # o#

S » To100paHa ciry4aifiHpIM 00pa3oM; ONpeeInuM, TEeph, 3HAYCHHE R#:

a* = yR!" mod p. (1.6)

B cootHomennu (1.6) Bce mapameTphbl H3BECTHBI KPOME R#. Ecnn

(M o P l) =1, 4ro BO3MOKHO, TO TOT/A;
R, =(y"a*)"" modp, (17)

rae M#szlmod(p—l); Ho ecmu M,- werno, Torma

#
(M o P —1) # 1 u HeBO3MOXHO ompeeNHTh R# u3 (1.6), T.e. HEBO3-

MOXXHO JaHHBIM METOAOM IIPOU3BECTHU B3JIOM aJilrOpUTMa H, CJICOO0BA-

I\/IO#

TCJIbHO, Iepeada JIOKHOH KOHKaTCHAallu1

R#HS#‘ HE OCYyIIEeCT-

BUTCA.
Kaxk YXKC OTMCYAJIOCh, OCYHICCTBJICHUC YCJIIOBUSA YCTHOCTHU IJid
M = H (M O) HC MPEACTABJIACT CIIOKHOCTH, OJJHAKO, 9Ta KE LECJIb J0C-

TUTAETCS CJICAYIONIMM BapUaHTOM PACCMOTPEHHOTO ajiroputMma, Gopmy-
JIbl CHHTE3a U IPOBEPKH KOTOPOTO UMEIOT CIEAYIOIINIA BUIL:

S=(x+2kM)mod(p-12), (1.8)
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a®=yR* modp. (1.9)
PaccmoTrpum 3T10T Bapuant. [lonbiTka aBTOpOB, B3noMarth hopmyiy

cunresa (1.8), okaszanock 6e3pesynbraTHOil. Paccmorpenune dopmyt (1.6)
u (1.7) moka3pIBaeT, YTO HACTOSIIUM BapHaHT MOJOOHO IPEAIIeCTBYIO-
1IleMy YCTOHYMB K paccMOTpeHHoil arake, T.k. 2M Bcerna uerHas Be-
JIHYHHA.

2. [TocTpoeHue BTOPOIro ajiropuTMa
Kak u BbIlIe, B KpaTKOM U3JI0KEHUU (POPMYJIbI CUHTE3a U MPOBEP-
KU JAHHOTO aJITOPUTMA UMEIOT COOTBETCTBEHHO, CIIETYIOIIbIM BU!

S =(x+kRM)modq (2.1

a®=yR™ modp. (2.2)
KOHKaTeHaHI/Iﬂ COCTaBUT CJICAYIOIIYIO PIH(I)OpMElLIPIOHHyIO 3aIIUCh.

M.

R[S . (2.3)

e M =H(M,), M,- nepenaBaemas undopmarms, 3amuuieHHas

MPOTOKOJIOM; R= a" modq uS- rnapa noAnucen; k - CIIy4aliHO€ 4MC-

JI0 /IS OTHOPA30BOT0O MOJB30BaHUs, KaK 0OBIYHO, XPAaHUMOE B CEKpPETe.
Ecnu mapamerpsl anropurma paccCMOTPETh KakK 3JIEMEHTHI IOJ-
rpynmnbl HUKIuueckoit rpymmsl nons amya GF (), torna ais seiGopa

OCHOBHBIX NTAPaMETPOB YCTAHABIMBAETCS CIEAYIOMINN TTOPSIOK BHIOOPA:
P - mpocTOoe YHCIIo BBICOKOTO mMopsiaka (Hampumep, Mexay 509 u

512 6uramu);
- npocroe umcio, muokutens P —1, Heckonbko MeHbmIETO, HO

OTIPEJICTIEHHOTO TIOPSJIKA,;
a - reHepaTop MOATPYIIbL, JI000€ YnCiIo, MeHIee [ — 1, nns xo-

Toporo a'mod p =1;
X - cexpernbiit kmou, 0< X < (;

Y - OTKPBITHIH KiTfo4, BEIUMcIseTcsa o X: Yy =a"modp.
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M, = (xR, +k,S,) mod(p —1) (1
ooz M s@ols 3odggemo bgsblols M 0bgm@dszools dgdo@gdgao
Lopowg M =H(M;); X-06m@dsiool gadabsgbo Lydogd@ol Loso-
gdmem  gsbswgdo; K - gomxg@opo dgdmggzomo  Lsowydemm  Lo-

©0E; R=a" modp s S-byemdmfg@ols Fygoeo, l<ac< P; P-
dowogmo Goaols doMmBogo Mogbgo (A s P @ooss).

3obgobogmon Lobmgbol (1) gm@dyaols asblbgoggdyeo, ao-
0030390900 goM05b@o:

S=(x+kM)mod(p-1). )

‘d93m{dgdol go@dygas dglodsdobow s@ols:
a® =yR" modp, 3)

boo Yy =a’ mod P- mos aobowgdo, bogwea M =H (Mo) bo-
owolomgols  Lako®ms  ©sds@gdomo  3o@mdols dgdm@oebs, @md ol
39dodgdols  dgdgy  Lodkodmgdol  dgdmbgggedo  godsnddbsls  olyg,

OmI ©s3doymxzomegl 30GMdS: Z‘M (M boowols ayyfmdols 3o-

Omds, @53 Jo@B0go 2obbm® 09 ©gds). M Lboowols aoyyfmdols
300md0l dgdm@Esbs o033l Serym@omdl go@gbgologsb.

3990@930L  99909n M Lowopolbsmgols @afmdols 3o@mdols
JgbOgagds o0 [o@dmowygbll Gmyge m3g@oEosl, dop®sd dglod-
e 9dgaos Lobmgboli s dgdm{dgdols gm@dgeolomgols gobbognyeno
seoam@omndol ‘dgdegao goMosb@o:

S = (x+ 2km) mod(p —1). 4)

a’=yR™ modp. (5)
350 gbgol Igemdsd Lobmgbol (4) gm@dymols dodsdn dg-
30 O asdmomm. o3 dggbgds dgdm§dgdol (5) gm@dyesl, (2)
> (39 goOdgmgdols  gobboargsd  ohggbs, @md  asobbogoyeno
dgmmeom  as@gbgol  Iagmmds  9dggym  gbos  0gml, @o©ysb
2M ooy g300mdme aygfos.
bodOmdTdo  gobbogrgeos, sa®gmgg, dgmeg  Sen@g@bs@oyano
dgmmeo,  @md@ols  Lobmgboll  ©s  dgdm{dgool  gmEIYmgdl,
‘dglodsdolbow, 5J3l dgdogao Lobyg:

S =(x+kRI\/I)modq (6)

0o
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a®=yR™ modp. )

06xm® o300 ybogboemols o bgedm{g@ols jmbis@gbsios
J3bols dgdwge hobo§gml:

M[R[s| ®

bogos(s M= H(MO), Mo—gogpogaﬁ‘gg@o 06xm@Is300s, OMIY-

k
@03 3OMAMIO@on SO0l ©S(3YEo; R=a mOdq ©S S.
bgendm{g@ol  Fygogro; k-a(ﬁmxgjﬁ)og)o 3odmygbgdols  dgdmbgggomo,
boooderm @oibgos.

RICHARD MEGRELISHVILI, MALKHAZ CHELIDZE,
TAMAR GNOLIDZE, KETEVAN CHELIDZE

ABOUT THE SINTHESISOF DIGITAL SIGNATURES
ALGORITHMS

There are discussed the available variants of construction the
algorithms of digital signatures. The agorithms, as many ather algo-
rithms, are obtained from the simplification of the algorithm of El-
Gamal. The main objective is to change the functionality of some
parameters, in aresult we obtain the necessary structural aternation.
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LOMBIZOL LHILIKITOBM I603IBLOBIBOL FHM3I0
&. IV, 2008
JomydsBoolbs @5 33038900 Jyi;:6090935m5 bydos

OJIEIT HAMUYEHIIBUJIN, APUYAJI DJIN3BAPAIIBUJIH,
I'YPAHJA YAPKCEJIMAHU

AJANTANNUA B CACTEME PE3EPBUPOBAHUMSA HA OCHOBE
MOJAEJIX ®OPMAJIBHOI'O HEUPOHA

Annomayus: B pabote s pe3epBUpOBaHMHM OWHAPHBIX HHGOP-
MAaIlMOHHBIX KaHAJIOB Ha OCHOBE MOeNu (popMalbHOTO HEHpOoHa H3Jara-
eTCsl TEOpHsl HenpepwieHol adanmayuu 6e3 oOpamuol cesA3uU MO alro-
PUTMY, UCTIOJB3YIOIeMY TT01X0161 PoO6OMHCa-Moupo u Yunpoy-Xodda.

1. Beenenue

JlommycTuM, 4TO ABOWYHBIA CHUTHAN X, KOJUPYEMBIH, CKakeM, Kak
+1 u -1, momaércs Ha N OJHOTUIIHBIX HMH(DOPMAIMOHHBIX KaHAJIOB
B,,B,,...,B,. N3-3a BO3MOXHbBIX OHIMOOK KaHAJIOB 3HAYEHUE NEPEMEH-

HOM X OKa3bIBacTCs BBIYUCIEHHBIM KaK X, X,,...,X, . B pe3ynbrare no-
Jy4arT N BEPCHM JJIs 3HAYEHHUS NPEIBbABICHHON K PACIO3HABAHMIO IIe-
peMeHHOH X . Pazymeercs, kaxnas u3 BenuuuH X, (i =1,n) Taxxe sBid-

eTCsl IBOMYHOM MEepPEeMEeHHO, nmpuHuMaromen 3nauenus +1 u —1. Dra
u30bITouHas uHdGopmaiws (B popMe N Bepcuil Al 3HAUCHUS TIEPEMEH-
HOHM X ) MOCTYMAaeT Jajee Ha BXOMbI T.H. PEIIAIONICTO, MM BOCCTAHABIIH-
BAIOIIIETO dJIEMEHTa (OpraHa).

Ecmun BepostHoctH  (,0,,...,0, OMMOOK JBOMYHBIX KaHAJIOB
B,,B,,..., B, paznuuHsI U, cneoBaTeNbHO, KaX A0 HHPOpPMAIMU X; , IIO-
CTymaromiell ¢ BbIX0J1a ABOMYHOTO KaHana B, Ha i—i1 BXox pemaromiero

2JIEMEHTa, TPHUXOAUTCS TPHUIHCHIBATH CBOH BeC ai(i :ln), rie a -

IPOHU3BOJILHOE BEIIECTBEHHOE YHCIIO (—oo <a < +oo) , TO B JJAHHOM CITy-

4yae pCIICHHMC Y HaA BBIXOJC O3TOr0 DJICMCHTA JOJDKHO BBIHOCHUTBLCS Kak

PE3YJIbTAT B3BCIICHHOI'O I'OJIOCOBAHUA, COTJIACHO CICAYIOIEMY COOTHO-
IIECHUIO:
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n
y=8gn zaixi -0,
i1
rae © - Tak Ha3bIBAaEMBIN MMOPOT, WK KBOPYM 3jeMeHTa. B cuimy mo-
CIIETHETO OOCTOSITENILCTBA ITOT 3JeMEHT (OpraH) 4acTo MMEHYIOT TaKXkKe
MOPOTOBBIM, HITH KBOPYMHBIM.

a X,,, =-1. Ilocnennee 03-

HAYaeT, 4YTO UMEETCsl HEKOTOPbIi MHPOPMAaLMOHHBIN KaHan B

dopmanbHO AomycTum, yto ©=a,,,,

el BCEeraa
BBII[aIOI_I_II/Iﬁ CUr”Hain X = —1, Kakou 6BI CUrHajl X Ha €ro BXOJ HHU II0-
n+1

ctynai. Toraa npeaplIylieMy COOTHOLIEHUIO MOYKHO IPHUIATh U Clle-
IYIOIIWN BU!
n+l
y=3sgn z X
i=1
Wuorna ynobHO TpakToBath X, Yy u X (i :ﬁ) B KauecTBE IHC-
KPETHBIX CllydailHbIX BelMdnMH X , Y U X, COOTBETCTBEHHO. Jlerko Bu-
J€Th, YTO JUCKpETHas ciay4aiHas BesnduHa X - X, NPUHUMAET 3HAUYCHHE
—lupu X, ="X (rme "X O3HaYaeT MHBEPCHIO JBOMYHON ITEPEMEHHOI
X') ¢ BepositHOCTRIO (, W 3HavyeHue +1 mpu X, = X ¢ BEpOATHOCTHIO
1-q;:
Prob{ X - X, =-1} =Prob{ X, # X} =,
Prob{ X - X, =+1} =Prob{ X, = X} =1-q,
i=1n+1

B vactHOCTH

Qi = Prob{X - X ., =1} = Prob{X = +1
1-q,,, =Prob{X X, =+ =Prob{X =-1

Tak kak X ,, =—1. V3 nocneanux Gpopmy cienyer, 4ro (,,, €CThb alpH-

OpHasi BEPOATHOCTh MOJA4YM Ha peIarolIui opraH JJisl paclio3HaBaHUs
curHana X =+1, T.e. (,,, €CTh alpUOPHAsi BEPOATHOCTb MOsBIeHUA +1

Ha BBIXOJI€ IIOPOrOBOI0 3JIEMEHTA B KayeCTBE IPABUIBHOIO CUTHAJA.
AmnanornuHo, 1-(,,, €CTb anpuOpHasl BEPOSTHOCTh IOJA4U HA BXOJ pe-
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IIarIIero opraHa CurHaljia X = —1, HJIK, YTO TO K€ CaMOC, allpuoOpHad
BEPOATHOCTD MOABJICHUA —1mna BBIXO/JI€ ITOPOTOBOTO 3JIEMCHTA B KA4YCCT-
BC IPAaBUJIBHOT'O PCHICHUAA.

[pouecc ympasieHuss BecaMu BX0J0B (T.c. OMHApHBIX WH(OpMa-
IIMOHHBIX KaHAJOB) CHUCTEMbI PE3CPBHPOBAHUS 110 OMHCAHHOW MOJEIU
¢opmanbHOrO HEHpOHA yCIOBHMCS TPAaKTOBATh B KaueCTBE aJalTallid
[1], nm oOyuenus. Llenbro aTOro mporecca sBISETCS IPUBEICHNAE BECOB
B COOTBCTCTBUC C TCKYIIUMH BCPOATHOCTAMU oIInOoK BXOOOB U YMCHb-
MIEHHUE BEPOATHOCTU Q HEIPABUIIBHOI'O BOCCTAHOBJICHHU CUTHaJla X:

Q =Prob{Y = X}.

3amaveit TaKoro ynpaBJeHHs SBISETCS o0ecrieueHne 0oee Haaexk-
HBIM BXO0JIaM OOJIBIIIETO BIMSHHS HAa IPUHAMAEMOE PEIICHUE 110 CpaBHE-
HHUIO C MCHEC Haﬂé)KHBIMI/I BXOJaMHU. CJICI[OBaTeJIBHO, B Ka)KI[BIfI MOMCECHT

BpeMEHHU t Bec (— 0 <y < +oo) I—T0 (i =1ln+ 1) BXOJla Pellaro-
IIEero 3JeMeHTa (OpraHa) J0JDKEH OMPEACIIThCS BEPOSITHOCTHIO OIMTHOKH
a1oro Bxoza ;(t) B ykazaHHBI MOMEHT:

a, = f.(a,(1)-

Hpouecc ypaBJI€HUA BE€CaMHU YCJ'IO}KHéH TEM O6CTO$IT€J'IBCTBOM,
4YTO MBI HC pacriojaracM HUCIOJIb3YIOIHUMU TC UJIIN UHBIC (1)I/ISI/I‘I€CKI/IG SAB-
JICHUA JaT4YHMKaMH Bep05ITHOCT€I7I ql(t) OIIIHOOK. MOFYT OIIPEACIIATBCA

JIUIIb CTATUCTUYECKUE OIEHKH 3TUX BEPOSATHOCTEH ITO PacCOTIaCOBAHHIO
cUrHasia X;, BbIJJAaHHOTO MH(OPMAalMOHHBIM KaHanoMm B,, nmu6o c wuc-

TUHHBIM 3HadeHHeM X MpeIbsIBICHHON K PACIO3HABAHUIO JIBOMYHOU
nepeMeHHoH (koxupyemoii kak +1), mu0o ¢ MPUHATHIM MOPOTOBBIM Op-
raioM pemieHueM Y . B 3aBHCHMMOCTH OT 3TOro, A€jl0 MOTYT HMETh C
JIBYMs THUIIAMH aJlaliTallid, KOTJa CpaBHEHHE MPOMCXOAMUT JUOO ¢ Ipa-
BUJIBHBIM OTBETOM, [IOJJaBa€MbIM U3BHE, JINOO C pEIIEHUEM Ha BBIXOJIE.

HesaBucumo ot Hanmuuusi 0OOpaTHOH CBsI3H, B MpoOIEcCe afanTaiuu
MOHO JTU0O0 (PUKCHPOBATH YUCIIO HAOIIOIEHUN B TAKTOBHIE MOMEHTHI U
BECa BXOJIOB MOPOTrOBOT0O AJIEMEHTA YCTAHABIMBATH B KOHLE ONPENECIEH-
HBIX IHMKJIOB, BKJIFOYAIOMINX 3aJaHHOE YHUCIO HAOIIOAEHUN B TAKTOBBIE
MOMEHTBI, JTUOO0 /ISl OIICHKH BEPOSITHOCTEH OIMMOOK Ha Ka)JIOM BXOJE
WCIMOJIb30BaTh YCTPOMCTBA, KOPPEKTUPYIOLIME Beca TMOCIe KaXA0ro
CpPaBHEHUS, IPOUCXOIAIIETO B TAKTOBbIE MOMEHTHI BpeMeHu. Mcxons u3
ATOrO0 MPU3HAKA, Pa3anyaroT aJanTaluy ¢ IUKINYECKOW U HEMPEPHIBHOMN
Koppeknueir BecoB. [lo crmocoOy Qukcanmuu TakKTOBOTO MOMEHTa JJis
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OCYHICCTBJICHUA KOPPCKIUU MOKHO YKas3aTb U TpCTI/Iﬁ BUO aaallTalluy,
Koraa M3MCHCHHA BECOB IPOUCXOIAT B CJ'Iy‘-IZtﬁHBIG MOMCHTBI BPpEMCHU
IO JOCTHXXKCHHU HH(bOpMaHHOHHLIMH KaHaJIaMU HCKOTOPBIX COCTOSIHUM.
B YaCTHOCTHU, KPUTUUCCKOC COCTOAHUC KaHalla Bi MOKCT ONpPCACTIATHCA

¥ COOTBETCTBYIOIIMM IIPEAEIBHO JOMYCTHMBIM 3HaY€HUEM (|, BEPOSAT-
HOCTH OHIMOKH (] .

Hcnonb3oBanue cxeMm aganrtanuu 6e3 oOpaTHOM CBSI3M OIpaHUYEHO
3aJayaMy HavyallbHON HAaCTPOWKM BECOB M MX IMEPUOJMUYECKON (IUaHo-
BOM) WM CJIy4allHO# yCTAHOBKU C HOMOIIBIO TECTHPYIOIIUX MPOTPAMM.
Hwxe s pesepBupoBaHMM OMHAPHBIX WH(POPMALMOHHBIX KaHAJIOB Ha
OCHOBE MOJIe/H (hOPMAJILHOTO HEHPOHA U3JIaraeTcs TEOPUsl HenpepvleHOl
adanmayuu 6e3 0opamuoll c65A3u MO AITOPUTMY, UCIIOIB3YIOLIEMY MOJI-
xo1bl Yunpoy-Xodoa [2] u Po6ounca-Mownpo [3].

2. ®opMy/JHpOBKa MNpodJeMbl. [[0CTAaTOYHO OYEBHIHO, YTO B
MPUHIUIE BO3MOXKHA Takas OpraHu3alys aJanTalud MOoporoBoro opra-
Ha, KOTJIa TIPU OIEHKE BEPOATHOCTEH OMMOOK Ha €ro BXOJaX Beca THX
BXOJIOB IIEpeCTpanBarOT HE B KOHIIE I[MKJIa 1o uroraMm M cpaBHeHUH, a
MIEPMAHEHTHO, MOCJIE€ KaKJOr0 CpaBHEHUS. AJITOPUTM TaKOW ajanTaluu
MOYKET MPEACTaBIATh MPOLEAYPY THIIA noowperus u Hakazanus. B sTom

ciydae Ha (K +1)—V Imare anropuT™ BHOCHT H3MCHEHHS B BEKTOP BECOB

a(k) mpempimymiero mara mo-pa3sHOMY, B 3aBHCHMOCTH OT TOTO, TIpa-
BUJILHO WJIM HETIPABWJIBHO OBUT KJIACCH(UIIMPOBAH C TIOMOIIBIO BEKTOpA
(k) obpas ma k—v mare amamrarmu. B wactHOCTH, ecnm 06pa3 Kiac-
CUPUITUPOBAH TPABUIBHO, TO TIOOMIPEHUE MOXKET 3aKIIFOUATHCS M B TOM,
YTO B BEKTOP BECOB MPOCTO HE BHOCHUTCS HUKAKUX U3MEHEHHH, a €CIH
o0pa3 kiaccu(uIMpOBaH HEMIPABUIHHO, TO TIOPOTOBBIN OpraH HaKa3bIBa-
eTcst 00 yBEIMYCHUEM, THO0 YMEHbIIIEHHEM BeKTopa BecoB. [Ipu aTom,
COTJIACHO CKa3aHHOMY, 3aKIJIFOUEHUE O MPABHIHLHOM WJIH HETPaBUIHBHOM
pacrno3HaBaHMM MH(OpManMoHHBIMU KaHanamu B, B,,---, B, curnama

X MOXeET AenaTbcs Kak CPAaBHEHUEM CUTHAJIOB X (i =1, n) Ha BXOJax ¢

II0JIaBa€MbIM M3BHE IIPABWJIBHBIM OTBETOM, TaK U UX CPAaBHEHHUEM C pe-
menueM Y . HMHorna, BMecto cpaBHeHUs: X wid Y C KaKAbIM OTAEIb-
HBIM CUTHQJIOM X;, MOXET IMpPUMEHATbCsS cpaBHeHHe X uiau Y cC pe-
3yJbTaTOM KOJUJIEKTOBHOT'O B3aUMOJAEUCTBUS OTAEJIbHBIX CUTHAJIOB, T.€. C
CHTHAJIOM, CHSITBIM C CyMMaTopa IOPOrOBOTO OpraHa (0 IMOCTYIUICHHUS
9TOT0 CUTHAJIa Ha BXOJ| KBAHTYIOIIETO HEJIMHEWHOTO YCTPOWCTBA).
HmeHHO TakoBa NoOKa3aHHas Ha pucyHke 1 cxema HccielyeMoro Hamu
MeTO/1a a/IanTaluy.
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IIpeanonoxkuM, yTo curHan X THPeACTaBISET coOO0i ciryuaiiHyro
MOCNIe0BaTEeNbHOCTh +1 unu —1 B COOTBETCTBHM C allPUOPHBIMU BEPO-
ATHOCTAMHU (], = P(Ql) u l-q,, = P(QZ) HOSIBICHUS JTHX JBYX

KiaccoB. [Ipu 3TOM Ha BXOAax TMOPOTOBOTO OpraHa BO3HUKAET BEKTOP
!

HAOIIONEHUN X = (Xl,X2,~--,Xn,Xn+l) B COOTBETCTBUU C BEPOSITHOCTHBI-
MH 3aKOHaAMHU

n X X +1

P()_('/Ql) = fl(i) = HQi 2 '(1_ qi)T! 1)

i=1

n X +1 1-x;
2

P(X/QZ)E fz(i):Hqi 2 '(1_qi) ) 2

rae X -1.

n+1 =

JIist KaKJIoTO BEKTOpa HaOMIOJeHU X BBEAEM CIydallHYIO Tiepe-
MEHHYIO K1acCuUKAII, WX METKY Z , TaKylo, 4TO

Z=+m,
npu X, COOTBETCTBYIOIIEM CUTHATY X = +1(Knaccy Ql), "
Z=-m,

npu X, COOTBETCTBYIOIIEM CHUTHalTy X = —l(Knaccy QZ) .31ech
0<m, <co. [lnst 3TOr0 OCTaTO4HO Z (POPMHUPOBATH MO COOTHOLIEHUIO

Z=m, - X. 3)
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A y
Perenvie 5a
2 +l Boxore Y
> —>

0 1
_’ _1 i
|
|

Orser X Y

L <

Puc.1 Cxema uccimenyeMoro MeTo1a aganTaui

Torga B mporiecce aganTanuu AaHHBIE OyAYT MPEACTaBIATHCS TO-
CJIEI0BATENLHOCTHIO Map

(x(0,2,), (x(2),z,), -, (x(k),Z,),

baitecoBckas pasaenstonias GyHkiws, ¢ yu€tom dopmyi (1) u (2),
HUMEET BHI;

o PIQ) w1-q
Yo(x)_ln—P(K/QZ)_Exi-ln — (4)

L[e.]lb ajgalnTaigyuni B TOM U COCTOUT, I-ITO6I>I, BO-IICPBLIX, AIIIIPOKCHU-

MupoBaTh Y,(X) ¢ HeM3BECTHBIMH MapaMeTpamu (; (i =1,n+1) 1o-

CpCaACTBOM KOHCUYHOI'O psaaa

n+1

Z:in-ai (5)

!

1, BO-BTOPBIX, OINpPEIECINTh BECOBOM BEKTOp & =(él,é2,---,én,én+l) ,
MUHAMHU3HPYIOIIMN CPETHEKBAIPATHUCCKYIO OMIMOKY armpoKCHMAIN

i M{(Zax _Yo(x)jz] ©)
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JIns MUHEMH3AIMH £ JIOCTATOYHO 3HATh OalecoBCKYIO pasfe-
nsrontyro Gyukimio Y, (X), onpenensemyio dpopmysioit (4) ¢ Heussect-

HBIMH TOYHO 3HAYECHUSMHU BEPOATHOCTEH (; (i =1Ln+ 1) .

Uto0sl 000iTH 3TO 3aTpynHeHue, OyJaemM paccMarpuBath Z B Ka-
YecTBe 3allyMJIEHHOTO 3HaueHus GpyHkimn Y,(X) . Torma BecoBoil Bek-

i

TOP é:(él,éz,---,én,éml) ,  MHHUMH3HPYOIIUI 53, TaKxe Oyaer
MHHUMHU3UPOBATH U (DYHKIMIO KPUTEPUS

J(%,8)=M Ci;aixi—zjz . (7)

BzsaB yacTHbIe IMPOU3BOAHLIC (by'HKI_[I/II/I KpuTepua IMmo BCCaM ai ,

Gy (%.8) = %z MH:Z:&JXJ' _Zj 'Xi}

IOy YHM.

i=1n=1

Ilonaras, yTo, BMECTO AECMCTBUTEIbHBIX 3HAUYCHUI GOI( é), Ha-

OJIFOJTAOT WX 3aIlyMJICHHBIC 3HAUYCHUS

he(X,d) =2 (Sfa X, ~Z j | ©

i=1n+1

TaKueC, 4TO
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IIPU BCEX 3HAUEHMSIX BECOB @, (i =1n +1), rae L <oo - moxurenpHas
KOHCTaHTa, MOYXHO BOCIIOJIb30BaThCS aaroputMom Pooouuca-Monpo [3]

IUISL NTEPaTHBHOTO olpeseeHus Hynst &, pyHkuun G, ()’(’, é), i=1ln+1.

O603HauuB yepes @, (1) MPoM3BOJIBHYIO HAYATLHYIO OLEHKY KOPHS
ypaBHEHUS
Gy(%,d)=0,

a yepes 4, (k) - IPOU3BOJIBHYIO HAYaJIbHYI0 OLCHKY 3TOI'0 KOpHA, IOy~

YEHHYI0 Ha Kk —M IIare urepanuu, Opoueaypy KOPpEeKILHUH C IOMOIIBIO
anroput™Ma Po66rHca-MOHpPO BBIpaKaloT B BUJI€ COOTHOIICHHS

ai(k +1) = ai(k)_ﬂk'hoi(x(k)i ﬁ(k))

i=1n+1 ’ ®)

rac ﬂ x ~ DJIEMCHT ITOCICAOBATCIIPHOCTH IMOJIOKUTCIbHBIX YHUCCI, YAOB-
JICTBOPAIOIINX YCIOBUAM

limg =0

k—o0

Bi=>. (9')
ﬂf<oo

1M+ T 1M

=~
Il

1

[IpuMepom Takol MOCIEN0BATEIBHOCTH MOXKET CIIY’KUTh TapMOHU-
YECKUH psl.

CrnepnoBarenbHO, KOPPEKIIMH OLIEHOK, BBOJIUMBIE alnroputMoM Po0b-
OuHCca-MOHpPO, MPOMOPIIMOHAIEHBI 3HAYCHUIO hOi(Y((k), ﬁ(k)) B TIPEJIbI-
Iy1eM HaOII0CHHH.

[Toacrasiss (8) B o6iiee Boipakenwe (9), OyaeM UMETh:

a,(k+1) = ai(k)+pk.xi(k).[zk —Eaj(k)xj(k)}
i=1Ln+1

(10)

rae p =24 -



Cootromenne (10) mo cymiecTBy BbIpakaeT aJrOPUTM KOPPEKIIUH,
KOTOPBIM MOJIb30BaKch B pabore [2] Yumpoy u Xodd. B Hamem xe
CllyJae JUIsi CTOXAaCTHYECKOTO IPHpaIeH s i —To Beca

Aa,(k) =a,(k +2) —a,(k),
IpPOU3BOAUMOrO Ha (k +1) —M IIare UTepaluy, OHO MPUMET CIIETYIOLIUN
BH]T
n+1
Aai(k) =P Xi(k)' M, X —Zaj(k)xj(k)
i : (11)
i=Ln+1

OTCIOZIa CJICAYCT, UTO MOCJIC KaXKAOT'0 BBIYHUCJICHHUA NPUPAIICHUA
BC€COB OTACJIBHBIX BXOAOB OJWHAKOBBI I10 BCJIIMYMUHE, HO MOTYT pa3sjin-
4aTbCi 110 3HAKY, 9TOOBI YMCHBIINTD OIHI/I6Ky MCKAY UCTUHHBIM 3HA4eC-
HUEM CHUI'HaJ1a 1 3HAYCHHUCM BXOJ4a Ha HEJIMHEHHBIN JIEMEHT.

JlanpHeillee uccae 0BaHUE CTaBUT LIENBIO:

® HAXOXKICHHE MAaTEMAaTHYECKOTO OXKHMIAHUS IS BEJIHUUYUHBI MPH-
pamenus (11);

® TIOJyuY€HHUE BBIPAXKCHHUH IJI1 BECOB, COOTBETCTBYIOIIUX YCTaHO-
BHUBIIIEMYCSI COCTOSIHUIO, KOTJIa MaTeMaTHYeCKUe Oxuaanus Bennaud (11)
paBHbBI HYJIIO.

3. Pemenne 3amaun. [IpennonoxuM, 4yto OmMOKK HAa BXOJAX I0-
POroBOro 3JeMeHTa He3aBUCHMBI, ¥ 3anumem (11) B Buze:

n+1

Aa(k) :pkmoxxi(k)_pkxi(k)'zaj(k)xj(k)
~Tnd

3xmech

n+1 n+1
Zaj(k)xj(k) = Zlaj(k)xj(k) + a|(k)x|(k) ,
Jei
rae j #1 yclIoBHE NMPU CHMBOJIE CyMMBI O3HA4aeT OTCYTCTBHUE B ITOM
CYMME CJIaraeMoro ¢ HHJICKCOM I .

CieqoBaTebHo,
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Aay(k) =myp XX (k) = p - X (k)- Ea( k)X (k) - pay (k) X7 (k)

]:tl

i=1n+1

(12

JIsi MaTeMaTHYeCKUX OXHUAAHHN OTHENBHBIX CJIAaraeMbIX MPaBOW
gacT cooTHomeHus (12) umeem:

M[mopk Xxi(k)] = Mo [(1_ qi)'1+ g - (= 1)] = My (1_ 2qi) . (13)

M[p,a,(k)- X2 (K)] = pa (k). (14)
UYro KacaeTcss MaTEMAaTUYECKOr0 OXKHIaHUs CIaraeMoro
n+l
Xi(k)'zaj(k)xj(k) ,
ji
€ro ClIelyeT BbIUMCIUTD MPH JIBYX ycloBusX, korga X =+1u X = -1

Nmeewm:

M| 2,0 Za, (0% <>/x |- p-(1-20) Ea,001-20,), 09

j¢| j;i

| (K- 8,00 <>/x——1 ~ (20, -1 Da, (020, -1) -

j=1
J# (16)

j¢|
n+l

=p -(1—2qi)-;aj(k)(1—2qj).
J#
CnenoBatenbHo, BeipakeHus (15) u (16) coBmamaroT, 1 MOKHO yT-

BEpXKIaTh, YTO, HE3aBHUCUMO OT NPEIBbABICHHOIO K PACIO3HABAHUIO
Kjacca,

M| p, X <>”z”a(> X,(K)|= g (1 zq)”z”am(l—zq,-).

J¢I J:tl
(17)
C yuérom coortHorenwuii (13), (14) u (17) Oyaem umerTs:
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+1
-1 (18)
=

M[aa,(0)] = p,1(2-20,)-| me - D.a, (K)(1-29, ) |2, (K)

H

I=1Ln+

[Tockonbky 31€CH

n+1 n+1

jZ_‘iaj(k)(l— 2qj) = Zaj(k)(l— 2qj)— a;(k)(1-2q,),

j=1
J#i

TO, YYUTBIBas MOCjeIHEe 00CToATeNbCTBO B (opmyne (18), mpumém K
BBIPAKCHUIO

Mo - {li-20) |- Sa t0f1-20 [ ra1-22 - |

i=1n+1

JIerko BUAECTH, UTO

a,(k)-(1-29,)" ~a,(k) = -4a,(k) -q,-(1-q,).
CrnenoBaTeiabHO

n+l

M[aa ()] = pk{(l_ 2qi)-{mo ~22,09(1- 2q,-)}4ai<k)qi (1-2q )} 49)
i=Ln+1

OTuM 3aBepllieHa MepBas 4acTh HAIIero UCCIIEOBaHMS, & UMEHHO!
HaWJICHO MaTeMaTHYECKOE OJKUIaHHE JIJIsl BENTMYHUHBI ipuparieHus (11).

Teneppb mpUCTyIUM KO BTOPOM 4acTH MPOOJIEMBI, T.€. K MOITYUYCHHIO
BBIpQXXEHUI JUIsl BECOB, COOTBETCTBYIOIIUX YCTAHOBUBILIEMYCS COCTOSI-
HHIO, KOT/Ia MaTeMaTHYecKre oxuaanus BeanurH (11) paBHbI HYJTFO.

[Tockoneky anroput™ PoGOuHCa-MOHPO CXOIMTCS MPU YCIOBHU
(9), To mIs HEKOTOPOro KOHEYHOro 3HaueHHWss K Beca mepecTaHyT Me-
HATBCS (B cpeaHeM). B 3TOM yCTaHOBHBIIEMCS COCTOSIHUM HA4YHYT BbI-
TIOJTHSITHCS PABCHCTBA

(20)

87



3HaueHHsT BECOB, MPH KOTOPBIX JIOCTHUTACTCA TaKOE COCTOSHHE,
o6o3HaunM uepe3 4. Torma s &, (i =1n +l) OyseM UMETh CIeIyI0-
IHE YPABHEHUS:

mo—:iéj(l—qu)

R (21)
= : 21
2q; (1_ oF ) 2
i=Ln+1
Jlerko BuaETH [4], 4TO BEITMUMHBI

1- 29

aim = ql
Zqi(l_qi) (22)

i=1ln+1

HPEJICTABISIIOT COOOW TaKKe Beca, KOTOPBIE JOCTABILSIFOT MaXaJlaHOOMCO-
BY PACCTOSIHUIO [5] Mek /1y MHOXKECTBAMU 3HAYCHUH CITy4alHON CyMMBI

n+1l

T=2a,X,
=1

B Kkiaccax €2, u ), mMakcuMmanabHOe 3HaueHue. C ONTHUMAIbHBIMU )K€ B

0alieCOBCKOM CMBICIIE (T.€. B CMBICJIE MaKCHMyMa arloCTepHOPHOM Bepo-
STHOCTH) BeCaMH

g (23)
i=1ln+1

OHH CBSI3aHBI Y€pe3 TUIEePOOTMUCCKII CHHYC TI0 COOTHOIIEHUSIM [4]

a,, =sinh(a, ) | -

i=1ln+1

rae SiNhX - mpuHsATOEe BO MHOTHX CTpaHax 00O3Ha4YeHHWE sl rHIepOo-
JIMYECKOTo CUHYyca ¢ apryMeHToM X (B Poccum yamie ncronb3yercsi cum-
Boimka Shx ). CiemoBaTenbHO, BBOJS KOHCTAHTY ¥ , 3aBUCSIIYIO OT Be-

JIMYWHBI YCTAHOBUBIINXCS BECOB, IIOJIYUHM:

& =72, =7-sina, , (25)
i=1Ln+1
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rac
n+l
Mo — . laj(l—qu)
]=
= . 26
Y 5 (26)

BolpaxkeHuto 1jis ¥ MOXHO MpHIATh M 0oJiee KOMITAKTHBIA BUI,
€CIIM Y4ECTh TO OOCTOSTENBCTBO, YTO MAKCUMAIIbHOE 3HAUYEHHE O, Ma-
XalnaHoOHUCoBa PACCTOSIHUS O OMPEIENSICTCS COOTHOIIEHUEM

2
pmax_anrl (:I-:—_q;))_z.nzﬂajm(l_qu)' (27)
j

=1 qj j=1

B camom nene, ¢ yuérom Beipaxenuit (25) u (27) dopmyna (26)
puoOpeTaeT CIeNYIOMNNA BHI:

n+1

1
M —y-Zla,-m(l—qu) Mo =57 " P
_ i= _
7= 2 2 '
Otcrona
2m
Y=g (28)
4+ P
[Moacrasisis Beipaxenue (28) B popmysty (25), momyuum:
2m 2m
A, = —— im = —OSinh(aie)
i=1ln+1

OTUM 3aBCpIICHA BTOpAs 4aCTh HAIICrO HMCCJICIOBAHMS, a MMCHHO:
IIOJIYYCHO BBIPAXXCHHUE 1JId BCCOB, COOTBCTCTBYIOIINX YCTAHOBHBIICMYCH
COCTOSHHIO.

4. 3akaouenue. Takum 00pa3om, B Ipoliecce HEMPEPHIBHOM ajan-
Tanuu 0e3 0OpaTHOM CBSA3M MAaTEeMAaTHYECKOE OKUIAHHWE I BEIUYUHBI
ocymecTsisieMoro Ha (K+1)—M Iuare HTEpaiyu CTOXacTHIECKOrO IpH-

pamenust (11) i —ro Beca Beipaxkaercs cootnomenreM (19). Kpome toro,
YCTaHABIMBAIOTCS BeCa, MPOMOPIIHOHAIBHBIC TEM, KOTOPHIC JOCTABIISFOT
MaKCHMyM MaxajJaHOOHCOBY paccTosiHuio. CoriacHo pesyibraram pabo-
Tl [4], OYHKIMOHMPOBAHHE C TAKUMH BECAaMH MOKHO KIacCH(UIIUPO-
BaTh KaK MOYTH ONTHMAIILHOE.
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[IpuBenEHHBIE BbIIIE PACCYKIEHUS OCTAIOTCS CIIPAaBEIJINBBIMU U B
CIly4ae HenpepuleHOU adanmayuu ¢ 0OpamHoll c6:13vi0, HO B 3TOM Cllyyae
BMECTO (], ClIeAyeT HOJCTaBJIATh BEPOATHOCTb O, PaccOrIacOBaHHs

i—ro BxoJa X, ¢ BbIX0IOM Y BOCCTaHaBIHBaroliero oprana. Torya Be-
ca BXOJIOB B COCTOSIHUM pPaBHOBeCHs & OyAyT HpONOPIMOHATIbHBI

sinh[lnﬂ}
o;

BBenenue orpannueHuil Ha JOMYCTUMbIE 3HAYCHUS BECOB BXOJOB
Ipecieayer Leblo:

— UCKJIFOYUTH CIIy4ai, KOrja 3Ha4yeHHe TUnepOOIuIecKoro CuHyca
CYLIECTBEHHO MPEBOCXOIUT 3HAYECHHUE CBOEIO ApTryMEHTA,;

— n30eKaTh 3aHWKCHHS OIICHKU BEPOSTHOCTU OIIMOKU Ha BXOJE.
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N 2m,

q = im
4+pmax ’
i=1Ln+1

boogs
a =12
2q; (1_ Qi)

i=1Ln+1
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OLEG NAMICHEISHVILI, ARCHIL ELIZBARASHVILI,
GURANDA CHARKSELIANI

ADAPTATION IN REDUNDANT SYSTEM BASED ON FORMAL
NEURON MODEL

According to the Robbins — Monro and Widrow — Hoff agorithm,
during continuous adaptation without feedback, stochastic increment of

weight i a the (k +1) iteration step
Aa,(k)=a,(k+1)-a(k),
Is determined by the difference of the weighted average of signals at the

entries of the threshold element, taking into consideration constraint
m,, as applied to this sum. Therefore, at each step the absolute value of

weight increments is the same for all entries. At the established state ma-
thematical expectation of these incrementsis equal zero:

M[Aai(k)]zo}_

i=1ln+1

Welights 4, , at which such state is achieved satisfy equations

2m,
ai m

:4+pmax. ,
i=1n+1
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where
1-2q,

:1n+1

are weights that maximize the Mahalanobis' generalized distanceand p,, iS
the maximum value of that distance. Particularly,

n+1 (1— ZQ)
i=1 qj(l q; )

Operating with such weights can reliably be considered to be very
closeto optimal.
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GOGI PANTSULAIA

ON A CERTAIN EXAMPLE OF A NON-LOCALLY
COMPACT NON-ABELIAN POLISH GROUP WHICH DOES
NOT SATISFY CCC

Abstract. Let R* be a group of al real-valued sequences defined
on the set of all natura numbers N with usual addition operation "+ ”
and O, be agroup of al rotations of the n- dimensional Euclidean vec-

tor space R" about its origin for n>3. We prove that, for an arbitrary
cardinal number 1<a<w, agroup R*x(0,)* is such a non-locally com-

pact non abelian Polish group which does not satisfy a countable chain
condition.

Introduction

In this paper we discuss a property called the countable chain con-
dition of the o - ideal of shy setsin some spaces.

Definition 1.1 Let G be a Polish group. Anideal 3 of subsetsof G
is said to sat isfy the countable chain condition if each digoint family of
universally measurable sets in G that does not belong to 3 is at most
countable.

We also say that the group G does not satisfy the countable chain
condition if the ideal 3 does not satisfy the countable chain condi-
tion(CCC).

In 1973 Christensen [2] asked whether any family of disjoint un-
iversally measur able non shy sets in a Polish group must be countable.
This is obvioudy true in finite dimensional spaces. Dougherty [4] ans-
wered this problem affirmatively in the abelian Polish group
R”.Dougherty [4] conjectured that a Polish group G satisfies the counta-
ble chain condition only if G islocaly compact. Later Solecki [9]
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showed that the o -ideal of shy setsin a Polish group admitting an
invariant metric satisfies the countable chain condition iff this group is
locally compact. The following problem is still open.

Problem 1.1. [6, Problem 14,p.150] Isit true that the o -ideal of shy
sets in a non-abelian Polish group satisfies the countable chain condition
iff the group islocally compact?

Hongjian Shi showed that, the o -ideal of shy sets in non-locally
compact non abelian completely metrizable group #[01] does not satisfy
the countable chaincondition, where #[0,1] denotes the space of homeo-
morphisms on [0,1] that leave 0 and 1 fixed(cf.[6], Chapter 5, p. 99).

The main goal of the present paper is to give another example of a
non-locally compact non-abelian completely metrizable group which
does not satisfy the count-able chain condition.

1. An example of a Non-locally Compact Non-abelian Polish
Group which does not Satisfy CCC

We begin our discussion with some notions of ”small” sets in ab-
elian Polish groups introduced by J.R.Christensenin [2].

Let (G,®,p) be a Polish group and let L be the class of all Borel
probability measureson G. Let » denotes acompletion of uelL.

Definition 2.1 A class U(G) of subsetsof G, defined by

uG)= ﬂ dom(;)

uel
where dom(x) denotes adomain of 4, iscalled the class of all universally

measurabl e subsets of the abelian Polish group (G, 0, p).

Definition 2.2 A universally measurable set s iscaled a shy set if
there exists a probability measure x on U(G) such that u(h®s®g)=o0for
h,g e G. Themeasure x iscaled "testing” measurefor S .

Remark 2.1 Note the notion of shy set in Polish group extends a
notion of Since in locally compact abelian Polish group G the notion of
"Haar zero sets’ coincides with the notion of "Haar measure zero
sets’(cf.[2]), and the Haar measure on G is o -finite, we easily get the
following.

Lemma 2.1. Let 0, be a group of al rotations of the n-

dimensiona Euclidean vector space R" about its origin forn>3. Then a
locally compact non-abelian Polish group (0, ) (1< « < ) satisfies CCC.
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Lemma 2.2. Let N denotes the set of al natural numbers. Let
R” be a group of al real-valued sequences defined on N with usual addi-
tion operation "+ ". Let ametric o on R* be defined by

0hens (ihen € R™ = (06 (9 e 271+|x—_ij

Then (R*,+,p) is an infinite-dimensional non-locally compact ab-
elian Polish group. The following lemma shows that the infinite-
dimensional non-locally compact abelian Polish group (R°°,+,p)does not
satisfy the countable chain condition.

Lemma 2.3. (R.Dougherty[4]) for J c N we set

Ay ={x)i.y % 20 for icJ&x <0 for ieN\J}

Then (A;),_ isafamily of pairwise digoint universally measurable
(moreover,Borel)
non-shy setsin(R” +,p).

Lemma 2.4. Let G, and G, be two Polish groups. Let X be a un-
iversally mea-surable non-shy set in G,. Then aset X xG,isauniversaly
measurable non-shy set in the Polish group G, xG,.

Proof. Since X isthe universally measurable non-shy set in G,, it
means that for an arbitrary Borel probability measurey, on G, there exists
an element g, G, such that 4 (g,(X))>0. Assume the contrary and let
X xG,beashy setin

ON A CERTAIN EXAMPLE OF A NON-LOCALLY
COMPACT NON-ABELIAN POLISH GROUP

G,xG,. It means that there exists a Borel probability measure on
G, xG, such that for an arbitrary (g;,9,)eG,xG, we have
(91,9, X xG,))=0. We set where U(G, )denotes a o -algebra of univer-
sally measurable subsetsing; .

Since u((95,9,)X xG,))=0for every(g,,g,)eG,xG,, moreover we
get 1((g;.8, X xG,))=0, where e, denotes a unit element of the groupG,.
Corre-spondingly, for every g, € G, we get

1(95(X))= 2((94.8, XX xG,))= 0, which means that the probability
measure 4, isthe "testing” measure for the universally measurable set X .
Thus X isnot non-shy and we get a contradiction.
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This ends the proof of Lemma 2.4. We have the following proposi-
tion.

Theorem 2.1 For every « which 1<a <o, R* x(0,)" is such a non-

locally compact non-abelian Polish group which does not satisfy a count-
able chain condition.

Proof. Note that for every « which 1<a <w, R”x(0,)"is a non-
abelian group, because (0,)*is non-abelian. The same group is non-
locally compact so (R°°,+,p)is anon-locally compact group. It is clear al-
so that R* x(0,)” is a Polish group as a product of two Polish groups.

Let ¢ ={A, :J cN}is the family pairwise disoint universaly mea-
surable non-shy setsin R”.

Let consider afamily

¢1:{AJ x(0,)":Jd < N}

Following Lemmas 2.1 and 2.4, a set A, x(0,)”is a universaly
measurable non-shy set in R” x (0, )* for everyJ c Nand « <o . Obvious-
ly, ¢ is a continual family of universally measurable pairwise digoint

subsetsin R” x(0,)* and Theorem 3.1 is proved.

In context to Theorem 2.1, we introduce the following

Definition 2.1. Let G be a Polish group and X be a universally
measurable non-shy set in G and let « be a cardinal number
whichi<a<2”. Theset X issaidto be « -divisible if there exists a par-
tition of x into universally measurable non-shy subsets

X =Uijco Xj

such that card (@)=« .

Now Christensen’s, Dougherty’s, Hongjian Shi’s and our results
can be formulate as follows:

Theorem 2.1 (J.Christensen[2]). An arbitrary locally compact
Polish group is o -divisible.

Theorem 2.2 (R.Dougherty[4]). An abelian Polish group
(R*+,p)is 2°-divisible.

Theorem 2.3 (H.Shi[6]) A non-locally compact non-abelian Polish
group x[o4]is 2”-divisible.

Theorem2.4 A non-locally compact non-commutative Polish
group R” x(0,)*is 2”-divisible for every _a whichi<a<w.

97



Here naturally arise the following problems.

Problem 2.1 Is every universaly measurable non-shy set in a non-
locally com-pact Polish group 2°-divisible?

Problem 2.2 Letr, < 2. Does there exists a universally measurable
non-shy set in a non-locally compact Polish group G which is 7-
divisbleand isnot &-divisibleforé>n?

Problem 2.3 Let a universally measurable non-shy set in a non-
locally compact Polish group G is »-divisible. Does it follows that the

same setis ¢-divisiblefor every &<n?
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330 BI6GIS0S

39352000 SAHIR(M3IRVIHIOR-3(MI3SISI&()
3®33(MFISSSNIS0 3MLMEIAH0 XB3IBOLY,
&M3IRN0G S S33dIMBNRIBL N3RS0
XS&F33d30L MN30LJdSL

gndgom, R” s@ol bsdpgoen-360d3bgenmdbosbo dodwggmm-
4900l Logdg swdydgomo Bobmbmgol Fm3mermaoom ©s dg-
30900l d9bgddogo "+ " m3g@sEoom. ygmggeo N=3, O -0m ow-
360dbmo  g3zeoegl  N—as5b%mdogngdosbo  ggd@m@ymo Loge-
3ol dobo  gomOEobsGms  Lomsgol 2o®dgdm  dmd®ybgdoms
X39R0. bohggbgdos, MM gmggemo a (I<a<w) JoOpoboay-
@0 @Gogbgolomgol, wxagxno R7x(0,)*  (os®Imowygbl  dogo-
@oml 0lgomo sOE Mo YMsE-3335JB M0 M 3MIYB oG 0 YA

30@mby®o xa9gxobs, OMIgmoE 5O o3doymxzomgdls mgas©o
xodg900L mgoligdsl.

I'OI' TAHIYJIAA

OJIMH MPUMEP HEJIOKAJIbHO-KOMITIAKTHOM
HEABEJEBCKOM HOJILCKOI“@ I'PYIIbI HE
YIOBJIETBOPSIOIIUI CCL

IMycte R™ ecTh mpocTpaHCTBO BCeX BEIIECTBEHHO3HAYHBIX MOCIIE-
JOBATEIBHOCTEM CHaOXkeHHOE THXOHOBCKOM TOIOJOTHEH U OOBIYHOM
onepanueit cnoxkenus "+ ". JIng n>3, mycts O, ecTh rpymnma Bcex

BpalieHui N -MepHOro DBKIHMIOBOrO mpocTpaHctBa R" BOKpyr ero Ha-
yajga KoopauHaT. [loka3zaHO, 4TO JAJsl MPOM3BOJILHOIO KapAWHAIBHOTO
yncna @ (1<a<w), rpymma R*x(0,)* sBusercs mpumMepoM Takou

HEJIOKaJIbHO —KOMITAaKTHOU Hea0eIeBCKOM MOIbCKOM TPYIIIbI, KOTOpas He
YIOBJIETBOPSET CBOMCTBY CUETHBIX ICTIEH.
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ALEXSANDER SHANGUA, VAZHA TARIELADZE
SOMEVARIANTSOFTHEBANACH-SAKSPROPERTY

Abstract. The Banach spaces having the Banach-Saks-Kronecker
property and the weak Banach-Saks-Kronecker property are introduced.
It is shown that:

(1) a super-reflexive Banach space has the Banach-Saks-
Kronecker property and hence, it has the Banach-Saks
property as well.

(2) a Banach space with the weak Banach-Saks property may
fail to have the weak Banach-Saks-Kronecker property.

1. Introduction

1.1 Convergence in Cesaro’'s sense and the Banach-Saks prop-
erties

We say that a sequence (y,) extracted from a topological vector
space Y in Cesaro’'s sense or (C,1)-convergesin Y to yeY if the se-

guence (n 7122:1 Y, ) of its Cesaro means conveges to y in the topology of
Y.

We say that a sequence (yn) extractde from a topological vector
space Y in Cesaro’s sense or (C,1)-convergesin Y if thereis y €Y such
that (y, ) in Cesaro’s sense convergesin Y to y.

The following observation in case of Y=R was known for Cauchy.
Proposition 1.1. Let Y be a locally convex toplogical vector space,
(yn) a sequence extracted fromitand y €Y an element.

If (y,) converges in Y toy, then (y, ) in Cesaro’s sense converges
inYtoy.

It was known surely already in the beginning of 20™ century for H.
Lebesgue, that the Bolzano-Weierstrass's principle is not true for
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Y=L,(01]), 1<p<w; ie, a bounded sequence extracted from
Y =L,([01]), 1< p <o may not have a subsequence convergent in Y. In

1930 S. Banach and S. Saks have shown that the Bolzano-Weierstrass's
principle can be saved by replacing the usual convergence to Cesaro con-
vergence provided 1< p< o

Theorem 1.2. (Banach-Saks) If 1< p <, then every bounded se-
quence (x, ) extracted from L_([0.1]) contains a subsequence (y, ) which
(C,2)-converges in L, ([01]).

Thistheorem [3] is derived from the following statements:
Theorem 1.3. (F. Riesz, 1910) If 1< p <, then every bounded

sequence (x,) extracted from L, ([01]) contains a weakly convergent

subsequence.
Theorem 1.4. (Banach-Saks) If 1< p <, then every weakly con-

vergent to zero sequence (x, ) extractde from L_([0.1]) contains a subse-
quence (y, ) which (C,1)-converges in L, ([0,1]) to zero.

It is interesting to note that in [12] it is formulated Thoerem 1.4.,
however an elegant proof of it is given only when p=2.

In [2] one can find the following stronger versions of Theorem 1.4:

Theorem 1.5. (Banach-Saks) [2, p. 179, p.182] If 1< p < «, then

the following statements are valid.
(a) Every weakly convergent to zero sequence (xn) extracted from

L,((01]) contains a subsequence (y, ) such that
Zizl Yi
1
rlmin(p,z)
(b) Every weakly convergent to zero sequence (xn) extracted from
I, contains a subsequence (y, ) such that
DIRY

wp‘—l<oo.

n>1

sup

n=1

<00,

ne
The following statement is known too.
Theorem 1.6. Let X be a uniformy convex Banach space.
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(@ (Kakutani, 1938) Every weakly convergent to zero sequence
(x,) extracted from X contains a subsequence (y,) which (C,1)-

converges in X to zero.
(b) [7] There exist a constant 1<r <oo such that every weakly
convergent to zero sequence (x,) extracted from X contains a subse-

quence (y, ) with property

|
Sup——— <.

n>1 —
nr

Theorem 1.2 and Theorem 1.4 motivate the following definitions.
Definition 1.7. A (real or complex) toplogical vector space E is

said to have the Banach-Saks property (for short E e(BS)) if every
bounded sequence (x, ) extracted from E contains a subsequence (y, )
which (C,1)-convergesin E.

Definition 1.8. A (real or complex) locally convex topological vec-
tor space E is said to have the weak banach-Saks property (for short
E e (WBS)) if every weakly convergent to zero sequence (x, ) extracted

from E contains a subsequence (yn) which (C,1)-convergesin E to zero.

It is easy to see that E € (BS) = E e (WBS). The converse impli-
cation is not true: 1, € (WBS), but I, ¢ (BS). This of course implies that
aso L,([01])(BS). In [3] it is contained a stronger statement that
L,([04]) « (WBS) as well, however later in [14] it was shown that in fact
L,([0]) « (WBS).

The (BS) and (WBS) properties are well studied. It is known for
example that for a banach space E we have: E e (BS) iff E is reflexive
and E e (WBS) [10] and that a reflexive Banach space may not have the
(WBS)-property [1].

A toplogical vector space E is said to have the alternating signs
Banach-Saks property (for short E  (ABS)) if every bounded sequence

(x,) extracted from E possesses a subsequence (y,) such that the se-

quence ((— 1) yn) in Cesaro’s sense convergesin E to zero.

For a Banach space E one has:

e Ec(BS)= E €(ABS)= E € (WBS) [5, p.50].

e E c(ABS) < E e (WBS) and E does not contain a closed vector
subspace isomorphic to |, [4].
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In [13] were introduced the following permutational variants of the
considered properties:

e a(real or complex) toplogical vector space E is said to

have the permutational banach-Saks property (for short E € (PBS))

if for every bounded sequence (xn) extracted from E there exists a
permutation z:N —> N such that the sequence () (C.)-

convergesin E.
e Alocaly convex space E is said to have the permutational
weak banach-Saks property (for short E e (PWBS)) if for every

weakly convergent to zero sequence (x, ) extractde from E there
exists a permutation 7: N — N such that the sequence (x”(n)) in

Cesaro’ s sense converges in E to zero.

Theorem 1.9. [13] For a Banach space E we have:
(@) E e (BS) iff E e (PBS)

and

(b) E € (WBS) iff E « (PWBS).

1.2 Convergencein Kronecker’s sense and the banach-
Saks-Kronecker properties

We say that a sequence (y,) extracted from a tolplogical vector
space Y in Kronecker's sense converges in Y to yeY if the series

> Y=Y convergesin Y.
"on

We say that a sequence (y,) extracted from a toplogical vector
space Y in Kronecker’'s sense converges in Y if thereis y €Y such that
(v, ) Kronecker’s sense convergesin Y to y.

An analogue of Proposition 1.1 fails for the case of convergence in
Kronecker’s sense: a sequence of real numbers may converge to zero, but
it may not converge to zero in kronecker’'s sense. If Y is metrizable and
(y,) convergesto y €Y, then it can be shown that some subsequence of

(y,) converges to y in Kronecker's sense. It will be very important for

the given paper that the following assertion is true and its validity in case
of Y=R was known for Kronecker.

Proposition 1.10. Let Y be a locally convex toplogical vector
space, (yn) a sequence extracted fromitand y €Y an element.
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If (y,) in Kronecker’s sense converges in Y to y, then (y, ) in Ce-

saro’s sense converges in Y toy.
In connection with this statement let us note that a bounded se-
guence (yn) in a Banach space may converge to zero in Cesaro sense,

but (yn) may not have any subsequence convergent to zero in Kroneck-

er's sense (cf. Proposition 2.6 (a,d)).

Now we can make our new definitions.

Definition 1.11. A (real or complex) topologica vector space E is
said to have the Banach-Saks-Kronecker property (for short E € (BSK))

if every bounded sequence (x, ) extracted from E has a subsequence (y,, )

which in Kronecker’ s sense convergesin E.
Definition 1.12. A locally convex space E is said to have the weak
Banach-Saks-Kronecker property (for short E e (WBSK)) if for every

weakly convergent to zero sequence (x, ) extracted from E has a subse-
quence (Y, ) which in Kronecker’s sense convergesiin E to zero.

Definition 1.13. A topological vector space E is said to have the
permutati-onal Banach-Saks-Kronecker property (for short E e (PBSK))

if for every bo-unded sequence (x, ) extracted from E there exists a per-
mutation 7z : N — N such that the sequence (xﬁ(n)) in Kronecker’s sense

convergesin E.

Definition 1.14. A locally convex space E is said to have the per-
mutational weak Banach-Saks-Kronecker property (for short
E e (PWBSK)) if for every weakly convergent to zero sequence (x, )

extracted from E there exists a permutation 7 : N — N such that the se-
quence (x”(n)) in Kronecker’s sense converges in E to zero.

2. Reaults

Our first observation is an immediate consequence of Proposition
1.10.
Proposition 2.1. Let E be a locally convex space. We have:
(@ E e(BSK)= E e (BS).
(@) E e (WBSK) = E < (WBS).
(b) E e (PBSK) = E €(PBS).
(b") E e (PWBSK) = E < (PWBS).
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In view of Proposition 2.1(a), the following statement contains an
improvement of Banach-Saks and Kakutani’ s theorems.

Theorem 2.2. Let E be a super-reflexive Banach space. Then E has
the Banach-Saks-Kronecker property.

Proof. Since E is reflexive, it is sufficient to show that

E < (WBSK). Consider a weakly convergent to zero sequence (x, ) ex-
tracted from E. We need to find a subsequence (y, ) of (x, ) such that the

series Zn% converges in E. The existence of such (y,) is evident if

liminf  |x,[=0. Therefore we can assume that liminf |x | >0. Now from
(x,) >0 weskly and liminf |x,[>0 by Bessaga-Pelczynski selection
Principle it follows that (x,) has a subsequence (y, ) which a basic se-

guence. The super-reflexivity of E by Enflo’s theorem implies that E has
an equivaent uniformly convex norm. So, we can suppose that E isaun-
iformly convex space. Since (yn) is a basic sequence and E is uniformly

convex, by N. and V. Gurarii’ s theorem [6, p.125] the series Zn% con-

vergesin E.

Remark 2.3. The idea of the given proof is taken from [6, Exersise
3 (p.137)]. Let us note in connection with Theorem 2.2 that we do not
know whether for a Banach space E the implication

E € (BSK )= E issuper-reflexive
istrue.

It is known that the implication

E €(BS) = E issuper-reflexive
Isnot true [11].

Theorem 2.4. Let E be a banach space with an unconditional ba-
sis.

(a) If either E =c, or E is B-convex, then E e (WBSK).

)  L(oi)ewss), but  L(01)eWBSK)  and
L,([0,1]) ¢ (PWBSK).

Proof. (a) Fix a normalized unconditional basis (g, ) of E. Consid-

er aweakly convergent to zero sequence (xn) extracted from E. We need

to find a subsequence (y, ) of (x,) such that the series Zn% converges
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in E. The existence of such (y, ) is evident if liminf |x,[=0. Therefore
we can assume that liminf ||x,|>0. From this it follows that (x,) has a

subsequence (y, ) which is equivalent to a block sequence (b, ) of (e, )

(cf. [8, Proposition 1.a.12)).
Case 1. E =c,. We can suppose that (e,) is the natural basis of

¢, Then above mentioned (b, ) is equivalent to (e, ) (cf. [8, proposition

2.a.1]). Hence (y, ) is equivalent to (e,) too and the series Zn% un-

conditionally convergesin E.
Case 2. E is B-convex. Since (e, ) is a normalized unconditional

basis of E, its block sequence (b, ) is an unconditional basic sequence in
E (cf. [LT, p.19]). Since (y, ) is equivalent to (b, ), the sequence (y, ) is

an unconditional basic sequence in E as well. Since E is B-convex, here
exists r €]1,2] such that E has Rademacher type r. From this since the

r

series )" % converges in R, we get that for some sequence (9,)
with (9,)e{-1,1}, n=1,2,... the series Z Yo converges in E. From
" n

this since (y, ) is an unconditional basic sequence in E, we get that the
series ' Y convergesin E too.
"n

(b) As we have already noted, the fact that L,([0.1])e (WBS) is
known. The facts that L,([0,1]) & WBSK) and L,([01])¢ (PWBSK) are
consequences of proposition 2.6 (b,d) below, which is of independent
interest.

Remark 2.5. We do not know whether the conclusion of Theorem
2.4 (a) remains true for a B-convex Banach space without an uncondi-
tional basis.

Proposition 2.6. Let (Q, A,P) be a probability space, &, :Q — R,
n=1,2,... be P-independent, identically distributed, P-integrable, symme-
tric random variables. Then:

(a) (Kolmogorov) (&, ) in Cesaro’s sense converges in L,(Q, A,P)

to zero (and (&, (o)) Cesaro’s sense converges in R to zero for P-almost
every o e Q).
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(b) (gn) itself converges to zero in the weak topology of
L,(Q,AP).

(c) The series Zn%” converges in L,(Q, A,P) iff

[ Ja(@)in' | (0)dP(e) <. 2.1)

(d) If (2.1) is not satisfied, then (2;”) has not a Kronecker’s sense
convergent in L,(Q, A, P) subsequence.

Proof. Observe that since every subsequence (77, ) of (&, ) isagain

a sequence of P-independent, identically distributed, P-integrable, sym-
metric random variables, from (a) follows the next stronger assertion:
(a) Every subsequence (1, ) of (¢,) in Cesaro’s sense converges in

L,(Q, A, P) to zero.

(b) follows from (a’) thanks to the following easy observation:
(hece) Let (xn) be a sequence of scalars such that every subsequence

(y,) of (x,) in Cesaro sense converges (to zero). Then (x, ) itself con-

verges (to zero).
(c) From [15, Corollary 1 to Theorem 5.3.2] it follows that:

(c) The series Zn%” converges in L,(Q, A,P) iff

n

=1
Z‘_Uéhimn]dp <o (2.2)
Write:

1
f=2 Lo
n=1
By using the known estimation
Inx < Z%Jﬁ'x[(n)<1+ Inx, x>1,
n=1

we get an estimation:
|n+|§l(a)) < fw)<1+ |n+|§l(a))|, we .

Since Y 151 =|&|f , finally we obtain:
Zn:ln lﬂé\>n]
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[ &) 1", (0)dP(o) < z% [ &g 0P <1+ [ [ (@) 1076 (@)0P().  (2.3)

From (2.3) and (c’) we conclude that (c) istrue.
(d) follows from (c).
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GURAM TSERTSVADZE

ON ASYMPTOTIC OF STATIONARY DISTRIBUTION
INASIMPLEST MODEL OF COLLECTIVE
BEHAVIOR OF AUTOMATA

Abstract. A simplest case of game of many identical Automata
having two actions is considered. The game is determined by the number
of participating automata and payoof function depending only on the
number of automata with the selected given action. There is studied the
asymptotic behavior of the automata in the case of the infinite increase of
the number of playing automata and their capacity of memory.

Introduction

Problems related With collective behavior of automata constitute
an interesting and perspective direction in the theory of complex systems.
these systems consists of large number of compound parts - subsystems
possessing a comparatively high degree of autonomy. A convenient way
to describe simple forms of such an interaction is the language of the
Game Theory [1].Although the use of this language reduces the class of
behavior forms under study, it leads to the construction of a series of
meaningful models that allow to get vivid and well interpreted characte-
ristics of the system, which turned our to be very useful in the design the
control of the system.

The theory of collective behavior of automata, as an independent
scientific trend, takes its origin in the basic works by M. Tsetlin and his
collaborators. The theory assumes that the complex forms of behavior
can be realized by a collection of finite automata appropriately behaving
in random environment. As an elementary behavior problem, the problem
on the behavior of automaton in a stationary random environment has
been chosen. Thisis a problem of choosing one or several actions under a
random reward. A well-known construction of automata suggested by M.
Tsetlin possesses the property of asymptotic optimality: by choosing suf-
ficiently many states (or the capacity of memory) per action, one can
guarantee a limiting value of the average gain which is close, as much as
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desired, to the maximum value of the gain. A detailed account of results
in this direction is given in monographs [2,3].

On the next stage of investigation there were considered games and
models of collective behavior of such automata. One of the features of
the models under consideration is the absence of an a priori information.
Each automaton while choosing an action on a current step possesses on-
ly the information on its own gains and losses, having no information
neither on gains of other automata, nor on the number of playing automa-
ta, and in general on the very game it plays. Therefore, the interaction in
the game is generated only by the reaction of the environment on the
joint behavior of automata. In the models of such types, of considerable
interest are ways of organization of controlling actions maximizing the
expectation of the gain. A controlling action can be realized on the one
hand by sending control signals to automata, and on the other hand by
inserting an additional structure to the collective of automata.

However, speaking of an effective solution to the problem of im-
provement of behavior characteristics, the most important is the estima-
tion of the rate of convergence of collective of automata to the stationary
distribution. The point is that under a large capacity of memory of play-
ing automata, due to the negligibly small probabilities of changes of ac-
tion, the average time an automaton stays even in the most unfavorable
state, becomes very large. Moreover, the asymptotic optimality of be ha
vi or of automata does not guarantee a sufficiently good behavior on a
comparatively small timeinterval.

The first example where an additional structure has been intro-
duced into the collective automata, is Tsetlin's procedure of "joint cash-
box" which turns any homogeneous automata game into the so called the
Gur Game, where the probability of reward for all automata are equal and
depend only on distribution of automata in actions. This simplest model
of collective behavior - the Gur Game [4] has been studied repeatedly. Its
analytical solution in different modification entails great mathematical
difficulties caused by the fact that the number of states of the correspond-
ing Markov chain grows rapidly as the capacity of memory increases. To
avoid these difficulties several attempts were made to get an approximate
but simpler description of the game (see e.g. [5]); however, the suggested
approaches did not have a rigorous grounds. In [6] for the first time ari-
gorous method had been suggested or investigation of asymptotic beha-
vior of automatain games, when N = % In [7] the basic theory had been
developed which became a main part of the robust method for the distri-
buted coordination based on the Gm Game and also was given a general
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method for the analysis of these systems which were studied only in a
restricted number of cases.

In the present paper a version of the model of collective behavior -
the Gur Game [4] IS investigated. In this model the automata (the play-
ers) have two actions each. At each moment of time a randomly chosen
automaton is being either penalized or awarded with the probability de-
pendent on the fraction of automata executed the first action. Under these
conditions the behavior of the collective of N identical automata with the
capacity of memory capacity n , is described by a homogeneous Markov
chain with (2n)" states. The problem is to study the stationary distribu-
tion and to obtain an asymptotic estimate of the establishment time under
the infinitely growing number of automata in dependence of the grow of
the memory capacity.

2.Automata Games Definitions

Let it be assumed that N finite automataA' A2 , e+ A" participate in the
game. They are defined by their canonical equations

P t+D) =D’ (p'(t),s' (t+1)),
fit)=F’ (' 1)),

t=12,..
i=12,.. (D)

Let the input variable sl(t) of the automaton Al take only two values + 1
and -1. Let value § (t) = + 1 be called its gain, and the value ¢ (t) = -1 its loss.

Output variable f!(t) of the automaton is supposed to have ki values
f),..., £, which will be called its strategies (actions). Likewise, let it be said

Ao
that, if 1 (t) = f, automaton Al uses its i-th strategy at a moment in time t.

Vaues ¢/ ,...,p] , of variable ¢’ (t) are called states of Al and n; the number of

the memory capacity. Obviously n; >k; . A description of what is understood by
automata games follow.

The input variable s takes only two values. So that the function @ in (1)
gives a pair of maps of the sets of states of automaton in to itself (one of these
maps is given for s=+ 1, and another for s=-1).

Let us now describe what we understand by automata games.
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Definition 1. Let the game f(t) drawn at atimet be denoted as the
collection f (t) = (f*(t),..., f "(t)) of strategies used by automataAl, ..., A" .

Let the outcome s(t + 1)=( s (t + 1), ... " (t + 1)) of the values on input
variables of automataat amoment t + 1.

Definition 2. Let it be said that the automataA 1, ... , Anparticipatein a
game I' if for each game f(t) the probability p(f(t), s(t + 1)) of its s(t + 1) out-
comeis given. Then the following equality holds for each f:

> plfis)=1 2

S
So, automata games consist of an unbounded sequence of games and their

outcomes. It is easy to see that the outcome probabilities p(f;s), defining a
game I' , also define aN-person game I' * understood in the usual sense of
the Theory of Games. Inde, the payoff functions, a’(f),j =1, ... ,N defin-
ing I'* have the meaning of expectations of the gain of j , s player in the
collection of the game strategies f and could be reconstructed by the prob-
abilities of the draw p(f;S), according to the following formula:

al(f)= Z:\_p(f;sl ..... sj’l,+sz*1...,s’\')J—\_p(f;sl ..... sj’l,—],sj*l...,sNJ (3)

st..sit

Game I'* is said to be equivalent to automata games I", and game
I' issaid to have independent draws if

p¢9=MMiuq§Fljp%fsU,

0< pl(f:-)<10< p!(fi+D) <1, (4)

p/(f+D)+p'(fi-)=1 and a'(f)=p'(f+1)-p'(f;-D)
It should be taken into account that |a’ () [<1.

M.L. Tsetlin has proved that automata game can be described by a fi-
nite Markov chain; in the case of ergo city there exists the state probabilities,
together with the automata gain expectations that do not depend on the ini-
tial state (et those automata games that have corresponding ergodic Markov
chains be called ergodic). Nevertheless, one should bear in mind that the

114



computation and even the estimation of the final probabilities of such games
is quite adifficult problem to solve because the dimension of corresponding.
Markov chainsislarge.

The algebraic difficulties that arise could be overcome if it were
possible to construct simpler chains with equivalent asymptotic proper-
ties. A possibility of such a simplification will be discussed in the next
section.

3 Deriving a Formulafor Stationary Probability Distribution

Among the different classes of automata games ([2],[3]) special at-
tention is given to the game involving common cash, which is the first
example of introducing a structure in an automata collection by the pro-
cedure of "common cash".

Definition 3. A game with common-cash is said to be a game in
which all payoff functions of all participants are the same, that is

aj(f):a(f) (5)

In such game, all participants obtain the same average gain at the
end of each game. They will tend to play a game in which all payoff
functions obtain their maximum (solution-game). An important example
of a game with common cash is the Gur Game defined in [4]. The partic-
ipants are N similar automata which can only accomplish two actions,

L and f,. Let us denote the number of participants who choose the first
action by m. The payoff function, which is the same for all participants,

has the form a (mIN), i.e. it depends on the ratio © ,, =mIN. This game
has game has a maximin® number of games solutions which are those
games in which the action where f 1 is accomplished by me=® (N auto-
matawhere © , is defined by the following equality:

a(@,)= max a(e,)

(6)

The important points in the Gur Game are presented by function
w(©® ), which is the stationary (limit) probability of the event at which

*Asend f issaidtobernaximinif m_inaj(}):maxmjn(f).
j i
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the action f1; is accomplished by m = ©, N automata, and asymptotics
of w(® ), when the number N of automata increases infinitely depend-
ing on the growth of memory capacity n of each automaton.

In this paper, the following version of the Gur Game is studied. In
some discrete moment of time from the collection of N playing automata
with two actions and memory capacity n, with equal probability, one is
chosen randomly, and penalized or stimulated and therefore changes or
not the part of the automata which isengaged in the first action at agiven
moment in time.

Now, let it be assumed that the participants of a game are Robbins
automata [8] with the hysteresis change of action tactics [9], whose be-
havior in a stationary random medium is described by a homogeneous
Markov chain, if the actions are only considered in moments t of time
multiple to integer n (the memory capacity). Moreover, the action
changes if, and only if, the signal "penalty" has arrived on the automaton
input during the last n times. Therefore, the action change probability for
such an automaton is equal to p =7 " (the action does not change with the
probability g = 1-7", respectively), where 7 isthe penalty probability in
a stationary random medium.

Only games in which different numbers of automata accomplish
the first action will be distinguished. Let W(m, t) be the probability that
m automata accomplish the fist action exactly at time t. The equation for
W(m, t + 1) will then have the following form:

mTH- pm+l,NW(m +1,t) + N —m +1 pm—l,NW(m —].,t) + qm,nW (m,t)

m=212,...N -1 (7)

w(m,t+1) =

1
W(O,t+1) = W p.NW (Lt) + 0, W (O,1),

1
W(N 1t+1) :W pN—l,NW(N _l't)+qN,NW(N ,'[)

Here Py IS the action change probability for each automaton if m
from the collection of N automata accomplish the first action.

D =ﬂ"(ﬁ), Gmn =1—ﬂ"(ﬂ)
’ N ’ N
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where the penalty (punishment) probability 7 (m/ N) is expressed
asin (4) by the payoff function a (m/ N) in the following way

The ergocity of the corresponding Markov chain, when 0 < P m,N
<1, could easily be established. So, taking limits when t = we get a
liner system with N + 1 equations and N + 1 independent quantities
W(m),m = 0,1, ... N, where W(m) denotes the stationary probability of a
game in which m automata accomplish the f; action:

m+1 N-m+1
w(m,t+1) = N PranW(M+1t) +T Py W(M-11)

m=12,...,N-1, (8)

1
pO,NW(O) = —ﬁpl,NW(l)’
1
pN,NW (N) = W PN—l,NW (N _1)-

The following set of probabilities
W(m)=a Sit :

(M
() ©

is a solution of the above system of equations, where a is a constant de-

N
fined from the normalization condition Zm:OW (m) = 1.

A close examination of the behavior of the function W(m) show
that, when n isfixed and N = % W(m), together with the binomial coef-

ficient Ch , Is concentrated in the neighborhood of the special form of the

function Pon =7 (M/N) and parameter values N,n, the function W(m)

may either have two maximain the neighborhood of mo = © (N (because
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of mutual influence, the maxima are displaced towards each other or one
is displaced towards each other or one is displaced towards the other).

Indeed, from (9) up to a constant for a sufficiently large n and N, it
Is easy to obtain the following

1

7Z' E—
N
Where H(x) = -x Inx - (1- x) In (1- x) isthe entropy.

From (10) one can see that if © g is an absolute maximum of the
function

InW (m) ~N H(%j+%|n (10)

FO,)=H@O )+ h—2 o .M
N 7(0,) " N (12)
then, given that
W(m,)
=expN|F(©,)],
W ~ PN ©))]
F(©,)-F(©,)>0, (12)
0,0,
the probability is mainly concentrated around the point Mo =OgN when

N — o |t isalso clear that the localization of 9 is defined by two a-
n 1

N 7(0n) defined by the character of the game and a

entropic term H(©,) .

Hence, it follows that the automata possess a certain optimal beha-
vior, i.e that W(m / N) attains a maximum at the point where a(m / N)
does, if N - oo,n —> o0 n=0(N).

ternative terms;

one gets
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4 Stationary Distribution Time Estimate

One of the most important problems in automata games is obtain-
ing the estimate of the stationary probability distribution. For the above
case of modification of the Gur Game, (in which one randomly chosen
automaton is fined or stimulated at each step) using the ergodicity and a
known relation between the matrix trace of the corresponding Markov

N
chain and its Eigen val ues’I(S ! , the following theorem holds:

Theorem. If "=O0(N) 35 N > then

limamax |1- A |= 0,
N—o>w S (13)

(N)
As denotes the Eigen values of the Markov chain matrix

R® :(7mk)!01<7/mk <:LZ:I:07/mk ::L(m :O,L---,N)

where

of the game.

Proof. Let the well-known expression for the trace

N N
SPR=D Vo = 2 A"
m=0 s=0 (14)

be used. Obviously, one obtains

=)ol (5]

As the considered game is ergodic, there always exists the sole Ei-

(N) _
gen value of the matrix R, which is equal to 1. Therefore, take A =1

and taking into account (14) and (15), one obtains
N N m N
1+ M=y 1—7:"(—)
S=1 m=0 N

If one introduces
m
Ty =Max 7[(—)
m N

the above inequality (16) could be strengthened in such away:

(16)
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N
1+ > A8 = (N +1)(1-7)".
s-1 (17)

(N)
Let As be expressed in the following way:
(N _1_,,(N)
As =1=15 ’ (18)
=12, ... ,N.
N (N)
where 217s >0 Becauseof 1% <1 one obtains (19)

7 F<2Ras™ 15 N
Using (17) and (18) , the following estimate is obtained

5ol (20)

0 = (VD --) ]

Together with (19), this gives

Where

|77§N) |2< ZégrfN)’ (21)

=12, ... ,N.
The above estimate (21) allows for the analysis of the asymptotic

(N)
behavior of Eigen values As (s = 1,2, ... N) in the presence of a unli-
mited increase of the number of automata which in turn depends on the
increase of the N memory capacity n of each automaton. In effect, if

n=0(N) maximum of (@n)then NIN+D7o =0 5 N 5w gog

N
&Y =0, Therefore the theorem is proved.

The result obtained means that the stationary distribution estab-
lishment time of establishing the final distribution of automata in the Gur
Game tends to infinity as the number N of participating automata in-
creases.

For other well-known constructions of automata, the result of the pa-
per can be used applying same statistical hypothesis of the Volkonski
type [6], and computing by means of it the stationary probabilities of ac-
tion changeq[ 3].
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I'YPAM LEPIIBA3E

OB ACUMIITOTHUKE CTALIMOHAPHOI'O PACIIPEIEJIE-

HUA B MPOCTEMIMIENR MOJEJH KOJLTEKTUBHOI'O MTOBE-
JIEHUAS ABTOMATOB

B craTthe uccnenyercs ouH BapuaHT MOJEIM KOJUIEKTUBHOIO I1O-
BEJICHMS aBTOMATOB — UIpbl ['ypa. B 3TOl MoJie11 aBTOMAaThl — y4aCTHUKH
UTPBI UIMEIOT T10 JIBA JICHCTBUS U B KQKIbIi MOMEHT BpEMEHH IITpadyercs
WIN TIOOIIPSIETCS OJIMH CIy4ailHO BBIOpAHHBIA aBTOMAT C BEPOSTHOCTHIO,
3aBUCSILEH OT JOJIM aBTOMATOB, COBEPIUAIOIIUX [IEPBOE IEHCTBUE.

B yka3aHHBIX yCIIOBUSIX MOBeJeHUE KOJUIEKTHBA U3 N OJMHAKOBBIX
aBTOMAaTOB C €MKOCTBIO NaMATH N ONUCHIBAETCS OJHOPOIHOM ILENbIO

N
MapkoBa ¢ (2n)" cocrosHuAMH. B Momensx Takoro THIa CyIie-

CTBEHHBI HHTEpEC IPEJCTABISAET OLEHKA BPEMEHU CTALMOHAPHOTO

pacnpeseneHuss aBToMaToB. [Ipu OONBIION €MKOCTH MaMsSTH WT-
paronIMxX aBTOMAToOB, B CHIIy MPEHEOPEKUMO MajblX BEpOSTHOCTEH cMme-
HBI JIEHCTBUS, CpEJHHE BpeMeHa NpeObIBaHHMS aBTOMATOB JIaXXe Ha He-
ONIaronpusATHBIX JIEHCTBUSAX CTAHOBATCSA BecbMa Oombimmu. [Ipu 3Tom
aCUMNTOTUYECKAs! ONTUMAJIbHOCTh MOBEJICHHSI aBTOMATOB HE FapaHTUPY-
€T JIOCTaTOYHO XOPOIIETo MOBEACHHSI Ha CPABHUTEIHLHO HEOOJBIIOM OT-
pe3Ke BPEMEHH.

B crarbe M3y4eHbl ACUMOTOTHUYECKHE BBIPAKEHUS CTALMOHAPHOIO
pacnpenesieHlsl aBTOMAaTOB M MOJIyYEHbl aCUMITOTHYECKUE OLIEHKU BpE-
MEHH €ro yCTAaHOBJIEHUS IIPU HEOIPAHUYEHHO BO3PACTAIOIEM YHCIIE aB-
TOMATOB B 3aBUCHUMOCTH OT pOCTa EMKOCTH ITAMSITH.
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