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Revaz Gambkrelidze, the well-known Georgian mathematician, Academician of the Georgian Na-
tional Academy of Sciences and the Russian Academy of Sciences, was born on February 4, 1927 in
Kutaisi (Georgia). His father, Valerian Gamkrelidze, was one of the noted figures of Publishing house
in Georgia. Upon graduation from the secondary school, R. Gamkrelidze continued his education
at the Mechanics and Mathematics department of Thilisi State University, where he won reputa-
tion of a talented and successful student. All the aforesaid gives every reason to send R. Gamkre-
lidze to Lomonosov Moscow State University for further studies. Here, for the first time, he met
one of the leading figures in mathematical thought, the great Russian mathematician, Academician
Lev Pontryagin, who has left an ineffaceable mark on further creation of scientific interests and
demonstration of unique talent in young R. Gamkrelidze.

The first scientific result obtained by Revaz Gamkrelidze deals with Chern’s cycles of complex alge-
braic manifolds, and his next scientific activity refers to the nonclassical variational calculus, i.e., the
optimal control theory. R. Gamkrelidze, together with L. Pontryagin, V. Boltyanskii and E. Mish-
chenko, laid the foundation of the Mathematical Theory of Optimal Processes. He was the first who
has proved the maximum principle, the necessary optimality condition of control for the linear time-
optimal control problem. He studied the question of the existence of optimal control, introduced the
notion of a general state of the system and showed that the maximum principle for such systems is
likewise a sufficient optimality condition. Notable is the fact that the maximum principle, as a hypoth-
esis, has been stated by Pontryagin, and in scientific literature is known as Pontryagin’s maximum
principle. R. Gamkrelidze’s fundamental researches dealing with the optimal problems with bounded
phase coordinates belong to the same period. Scientific achievements obtained by Pontryagin’s school
were published in 1961 as a monograph under the title “The mathematical theory of optimal processes”
(Russian): L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze and E. F. Mishchenko, Gosudarstv.
Izdat. Fiz.-Mat. Lit., Moscow, 1961. The work was awarded with the State Lenin Prize in 1962. It
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has been translated into many languages and made a great contribution to the development of the
theory of optimal control in many countries. Later on, R. Gamkrelidze discovered and studied sliding
optimal modes.

Investigations of these objects took him to the concepts of a quasi-convex set and a quasi-convex
filter in vector topological spaces, which laid the foundation for creation of a general theory of extremal
problems. In this theory, R. Gamkrelidze was the first who has proved maximum principles in the
integral form. Besides, he has studied quasi-linear differential games and identified an escape strategy
for them. Later, he has constructed exponential representation of flows and the chronological calculus.
Fundamental results in geometrical theory of control also belong to him.

R. Gambkrelidze is occupied with profound scientific-research and pedagogical activities in different
scientific centers of the world (USA, Germany, France, England, etc.). He takes part in many Inter-
national scientific congresses and conferences. He is a member of editorial boards of many scientific
journals. Among R. Gamkrelidze’s pupils are many famous scientists all over the world.

Over a long period of time, R. Gamkrelidze headed the Department of Theory of Control at
Thilisi State University (TSU) and the Department of Differential Equations at Steklov Institute of
Mathematics. R. Gamkrelidze, together with his pupil G. Kharatishvili, has made a great contribution
to the development of the optimal control theory in Georgia, he is deemed a successor of A. Razmadze,
the first Georgian mathematician. A course of lectures delivered by R. Gamkrelidze in TSU laid the
foundation for writing the monograph, which was translated into Russian and published by Publishing
house of Thilisi State University. For his book, R. Gamkrelidze was endowed with A. Razmadze’s
Prize of the Georgian National Academy of Sciences in 1975. Later on, the monograph has been
translated into English and published in the USA: R. V. Gamkrelidze, “Principles of Optimal Control
Theory”, Mathematical Concepts and Methods in Science and Engineering, Vol. 7. Plenum Press,
New York-London, 1978.

Along with the fertile scientific-pedagogical activities, R. Gamkrelidze is engaged with editorial
activity. He is editor-in-chief of many scientific publications, including abstract journal “Matematika”,
serial publications: “Contemporary Mathematics and Its Applications”, “Contemporary Mathematics,
Fundamental Directions”, “Fundamental and Applied Mathematics”.

The honored and famous scientist Revaz Gamkrelidze meets his ninetieth anniversary with inex-
haustible endeavor and achievements, with unshakable faith in the future. Wish him a long life and
creative success.

Tamaz Tadumadze
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Abstract. For nonlinear functional differential equations with several constant delays, the theorems
on the continuous dependence of solutions of the Cauchy problem on perturbations of the initial data
and on the right-hand side of the equation are proved. Under the initial data we mean the collection
of the initial moment, constant delays, initial vector and initial function. Perturbations of the initial
data and of the right-hand side of the equation are small in a standard norm and in an integral sense,
respectively. Variation formulas of a solution are derived for equations with a discontinuous initial
and continuous initial conditions. In the variation formulas, the effects of perturbations of the initial
moment and delays as well as the effects of continuous initial and discontinuous initial conditions are
revealed. For the optimal control problems with delays, general boundary conditions and functional,
the necessary conditions of optimality are obtained in the form of equality or inequality for the initial
and final moments, for delays and an initial vector and also in the form of the integral maximum
principle for the initial function and control.
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Introduction

As is known, real economical, biological, physical and majority of processes contain an information
about their behavior in the past, i.e., the processes that contain effects with delayed action and which
are described by functional differential equations with delays. To illustrate this, below we will consider
two simplest models of the economic growth and the immune response with several constant delays.

The economic growth model. Let N(t) be a quantity of a product produced at the moment ¢
expressed in money units. The fundamental principle of the economic growth is of the form

where C'(t) is the so-called apply function and Iy, (t) is a quantity induced investment. We consider
the case where the functions C(t) and I(t) have the form

C(t) = aoN(t), ap € (0,1), (0.2)

and

Linw(t) =Y aiN(t = 7)) + ag1N(t), 7>0, i=T,s. (0.3)
=1

Formula (0.3) shows that the value of investment at the moment ¢ depends on the quantity of money
at the moments ¢ —7;, ¢ = 1, s (in the past), and on the velocity (production current) at the moment ¢.
From the formulas (0.1)—(0.3) we get the equation with delays

N(t) = 2N =3 2Nt - 7).

Qs41 i1 Qs+l

The immune response Marchuk’s model [26]. A simple model about viruses attack on an
organism and its immune response is the following functional differential equation:

@1(t) = pr1(t) — pax1 (t)x3(t),

d(t) = Zmle(t — Ti)as(t — 7;) — peya(aa(t) — x3), (0.4)
F3(t) = Posrawa(t) — porszs(t) — pororr (£)z3(0),

where x1(t) is the viruses concentration at time ¢; x2(t) is the plasma cells concentration producing
antibodies. Plasma cells after a certain time period give the immune response which is characterized
S
by the summand Y p;yox1(t — 7;)x3(t — 73), where 7; > 0 are delays of immune reactions, i.e.,
i=1

this expression supports reproduction of antibodies; x3(t) is the antibodies concentration which kills
viruses. The first equation of system (0.4) describes changes of z(t), here the first term pyzq(t)
supports reproduction of viruses and the second term poxq(t)xs(t) characterizes the struggle between
viruses and antibodies and do not supports reproduction of viruses. x5 is the physiological level of
plasma cells, i.e., this concentration of plasma cells is always in the organism, and in the absence of
viruses in the organism, the plasma cells remain at a constant level. Finally, pi,ps,...,ps+6 are the
positive constants.

A great deal of works (including, for example, [1-4,12,13,19,22]) are devoted to the investigation
of functional differential equations with delay.

The present work consists of two parts, interconnected naturally in their meaning.

The first part considers the equation

i(t) = f(t,x@t),z(t —7),...,z(t — 7)) (0.5)
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with the discontinuous initial condition
z(t) = (t), t<to, z(to)= o. (0.6)

The condition (0.6) is called a discontinuous initial condition since, in general, z(tg) # ¢(to)-

In the same part we study the continuous dependence of solutions of the problem (0.5), (0.6) on
the initial data and on the right-hand side of the equation (0.5). Under the initial data we mean the
collection of initial moment ¢g, delays 7;, i = 1, s, initial vector xy and initial function ¢(t). Moreover,
we derive variation formulas of a solution (variation formulas) for the differential equation (0.5) with
the discontinuous initial condition (0.6) and the continuous initial condition

x(t) = p(t), t<to. (0.7)

The condition (0.7) is called a continuous initial condition since, always, z(t9) = ¢(to). The term
“variation formula of solution” has been introduced by R. V. Gamkrelidze and proved in [6] for the
ordinary differential equation.

In the second part, the optimization problems are investigated for the controlled equation

i(t) = f(t,z(t),z(t —11),...,2(t — 75),u(t)),

and the necessary optimality conditions are obtained.

In Section 1, we prove a theorem on the continuous dependence of a solution in the case where the
perturbation of f is small in the integral sense and initial data are small in the standard norm.
Theorems on the continuous dependence of solutions of the Cauchy problem and the boundary
value problems for various classes of ordinary differential equations and delay functional differen-
tial equations when perturbations of the right-hand side are small in the integral sense, are given
in [6,7,18-21,23,24,33-35, 39].

In Sections 2 and 3, we prove the variation formulas in which the effects of perturbations of the
initial moment and several delays and also the effects of discontinuous and continuous initial conditions
are detected. The variation formula of a solution plays a basic role in proving the necessary conditions
of optimality for sensitivity analysis of mathematical models. Moreover, the variation formula allows
one to get an approximate solution of the perturbed equation. The variation formulas for various
classes of differential equations are given in [6,7,18-20,36-42].

In Section 4, we extend the central result of the axiomatic theory of extremal problems (R. V. Gam-
krelidze and G. L. Kharatishvili’s theorem on the necessary criticality condition [7-9]) to the mappings
defined on a finitely locally convex set. This is stipulated by the fact that it is more convenient to
treat the optimal problems with delays as the problems of finding the mappings, defined and critical
on a finitely locally convex set and on a quasi-convex filter, respectively. The proof of the necessary
criticality condition given in Subsection 4.1, is performed according to the scheme presented in [7-9]
with nonessential changes.

In Subsection 4.3, we prove the quasiconvexity of the filter arising in the optimal control problem
with delays. The concept of quasiconvexity of a filter was introduced by R. V. Gamkrelidze, as a
result of studying slide modes [10, 11]. Of special interest is the finding of control systems with
a quasiconvex filter, since the necessary optimality conditions for these systems are deduced from
the necessary criticality condition. In Subsection 4.4, we consider optimal control problems with a
general functional and boundary conditions, the discontinuous initial condition and the continuous
condition. The necessary conditions are obtained: for the initial and final moments in the form of
inequalities and equalities, for delays in the form of inequalities and equalities, for the initial vector
in the form of equality, and for the initial function and control function in the form of integral
maximum principle. Optimal control problems for various classes of functional differential equations
are investigated in [5,15-18, 20, 25,27-31].
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1 Continuous dependence of solutions

1.1 Notation and auxiliary assertions

Let I = [a,b] be a finite interval and R be the n-dimensional vector space of points z = (z!,...,2")T

n . —_
with |z = 37 |2%|?, where T is the sign of transposition. Let 6; > 6;; > 0, i = 1, s, be the given
i=1
numbers; suppose that O C R" is an open set, and Fy is a set of functions f = (f?,.. ST
I x Ot1 — R™ satisfying the following conditions: for each fixed (x,z1,...,7,) € O°T!, the function

f(t,z,x1,...,xs) is measurable; for each f € Ey and compact set KX C O, there exist functions
my (), Ler(t) € Li(I,Ry), Ry =[0,00), such that for almost all t € I

lf(tz, 21,y xs)| <mpr(t) Y(z,z1,...,25) € K5

and
S
}f(t,l',l'l,...,xs) 7f(tay7y17"'ays)| S Lf,K(t)|:|x7y‘ +Z‘xl 7yl‘]
i=1
V(2 21,...,05) € K5 Y(y,y1,...,ys) € KL
Two functions fi, fo € Ey are said to be equivalent, if for every fixed (x,z1,...,25) € O™ and for

almost all t €
filt,x,x1,.. . xs) — fo(t,x, 21, ..., 25) = 0.

The equivalence classes of functions of the space Ey compose a vector space which is also denoted by
Ey; these classes are called the functions and denoted by f again. In what follows, under f € Ey it
is assumed any representative from the equivalence class of f.

Lemma 1.1 (6, p. 56]). Let f € Ey. Then the function

t/l
H(f;t/,t”,x,xl,...,xs) = ‘/f(t,$7$1,...,$s)dt
t/

is continuous in (t',t",x,x1,...,x5) € [? x O5T!

Lemma 1.2 ([6, p. 41]). Let Ko C O and K; C O be compact sets with Ko C int K;. Then there exist
a compact set Q C O**! and a continuously differentiable function x(z,x1,...,2s), (z,21,...,25) €
R” x --- x R" such that K§™ € Q C int K and

1 o xs) €Q,
71'3)_{, (.T,(Eh ,CL’) Q

T,T1,... =
x(@, 0, (z,z1,...,x5) &Kf“.

Lemma 1.3. Let f € Ef. Then the function

x(@,z1, .. x)f(t,z, @, ... x), tel, (z,xq,...,x,) € KT
I B B SR (1)
0, tel, (z,x1,...,25) € K",

satisfies for almost all t € I the following conditions:
lg(t,z, 1, ..., xs)| <myp g, () V(z,z1,...,25) ER" x--- x R" (1.3)
and
982,21, 25) = (991, - 90)| < Le®)[le = 91+ 3 [ — il (1.4)
i=1

V(z,21,...,25) ER" x -+ X R", V(y,y1,...,ys) ER" x -+ x R?,
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where
L¢(t) = Ly k, (t) + comy k, (1), (1.5)

S
Qg :sup{|xm(x,z1,...,xs)\ +Z|X$i(x,z1,...,xs)| s o(zyxy,. ., xs) ERT X XRn}.
i=1

Proof. The inequality (1.3) follows from the definition of the function g. Let
(z,21,...,25) € KiTh and (y,y1,...,ys) € KitH
then (see (1.2)) we have

‘g(taxaxla"'v‘xs) _g(t’y)ylw"vys)’
= |X($,.731,...7I3)f(t713,$17...,1’3) _X(yayh'"7y$)f(t’y7y17"'7ys)|

= }X(x?xla-~-7x8)<f<t7xa$17-~-axs)_f(t7y7yla"'7ys))

+ (X(xvxla"'wrs) _X(yvyla"'7ys))f(tay7y1a"'7ys)

§ Lf7K1 (t) |:|$ - y| + Z |xz - yz|i| + |X(’I’,SC1, S 73:8) - X(ya Yty - .- ,ys))|mf,K1 (t) (16)
i=1

It is not difficult to see that

|X(3§‘,1’1,...,Jf) yyla"'ays))|

‘/df (y+ & ),y1+§($1—y1)7-~-,ys+§(xs—ys))d§‘

1

/ X, (+ &z —y),y + & —y1), - ys +E(xs — vs) !Ix—y|+2|xm7 ) |2i — yi\] d¢

0

§a0[|x*y|+2|ﬂ%*yi|}-
i=1
Taking this relation into account, from (1.6) we obtain (1.4). Let
(z,21,...,0) € KT and (y,y1,...,ys) € KT,

then x(y,y1,-.-,9s) =0, i.e., g(y,y1,...,ys) = 0, therefore we have

|g(tax7$1a"'7xs)_g(t’yaylv"'7y$)|
:|g(t,$,’l}1,...,l's)|:|x(l‘ L1y-.-,Ts )7X(y7y17 "7ys ||ft T, T, .. :L's)|

< aomyx, (¢ >[|:c—y|+2|:cfyl|} < Lyt [|x—y|+2|xz—yl]

It is easily seen that the latter inequality also holds in the case
(z,21,...,0s) € KiT and (y,91,...,ys) € KiTh O

Let I; = [7,b], where T = a — max{62,...,0s}. By PC(I;,R™) we denote the space of piecewise-
continuous functions ¢ : I1y — R™ with finitely many discontinuities of the first kind equipped with
the norm ||¢||;, = sup{|e(t)|: t € 1}. By ® = {¢ € PC(I1,R™) : clp(l1) C O} we denote a set of
initial functions, where ¢(I1) = {o(t): t € I }.
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Let p; € ®, i =0, s, be fixed functions and let ¢, € (a,b), @ = 1,p, be discontinuity points of the
function ¥ (t) = (po(t), p1(t —T1),- .., s(t —Ts)), where 7; € [0;1,0i2], i = 1, 5, are the given numbers.
We now introduce the notation

0i(tj—1 —1i+), t=tj_1,
wij(t) = { @it — 1), te (tj—1,t5), (1.7)
pilt;—m—),  t=ty,

where i =0,s, j =1,p+1, to = a, t,41 = b, 79 = 0. Clearly, the function ;;(¢) is continuous on the
interval [t;_1,t;]. Next, let k be a fixed natural number,

. t;—tj-
w;(k;) = SUP{Z i (t) — i () ' t" € [tj—a,ty], [ =" < jle}
i=0
w(k;y) = sup {w;(k; ) : 1<j<p+1}.
Lemma 1.4. Let p; € ®, i = 0,5, and let p;(t) € K, where K C O is a compact set. Then for an
arbitrary f € Ey and a natural number k, the inequality

&2
/3—sup{‘/f(t,wo@),sal(t—n),...,m—u)) dt]: 6.6 ef}
&1

< w(k; ) / Ly (t)dt + k(p + 1) Ho(f: K)
I

holds, where
Ho(f; K) :sup{H(f;t',t”,x,xl,...,xs) s (Ut . xs) € T2 X K5+1}

(see Lemma 1.1).

Proof. There exist the numbers a1,b; € I such that

B = ‘ 7f(t,g00(t),<p1(t —71),. . st — 7)) dt‘.

Let a1 € [t—1,%) and by € [t4—1,t,) with 1 <1 < ¢ < p+ 1. Divide each of the intervals [aq, %],
ti_1,t;], i =1+1,q—1, [ty_1,b1], into k equal parts AL, AJ j=1+4+1,q—1, A, p =1, k, respec-
i=1:451 ] q pr Spr ] pr P

tively. Obviously,

q—1 q k
[ahbl] = [al,tl] U ( U [tjfl,tj}) U [tqfl,bl] = U U Ai)
j=l+1 j=lp=1

Using this relation and the notation (1.7), we obtain

q k
B<Y N
j=l p=1

/f(t7 ®0;(t), p15(t),- - -, @Sj(t)) dt"
Ay

Let th € A, j=1,q,p= 1, k, be arbitrary fixed points. Then

J=l

q k
B< ZZ/ ’f(two;'(t)wpu(t),.--,sosj(f)) — f(t, sooJ-(ti;),sou(ti;),-~,sosj(ti;))‘ dt
P=1Ag‘
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q k
2.2,

j=l p=1

/ (s ).y (0). - sle))
q k
SZZ [LfK Z\%g %3tJ)”dt—Fk(q—l—i—l)Ho(f;K)

q k
< Zij(k;w)/LﬁK(t) dt + k(p+ 1)Ho(f; K)

A
< uw(tiv) [ L) dt+ k(p+ DHo(f5 ) =
I

Lemma 1.5. Let ; € ®, i =0, s, and let p;(t) € K, where K C O is a compact set. Further, let the
sequence 0f; € Er, 1 =1,2,..., satisfy the conditions

/L(;fhK(t) dt <aj=const, i=1,2,..., and lim Hy(éf; K)=0.

1—> 00
T

Then lim B; = 0, where

1—00

&2
5 ZSUP{‘/5fi(t7<ﬁo(t)a<ﬂl(t—7'1),-~-,<Ps(t—7's)) dt\ L eLge I}.
&1

Proof. Let € > 0 be an arbitrary number. By Lemma 1.4, we have

B; < w(k;p) /Lz;fi,K(t) dt + k(p+ 1) Ho(6f5; K) < aqw(k; ¥) + k(p + 1) Ho (5 f;; K). (1.8)
I

The functions ;;(t), t € [t;_1,t;], are continuous. Therefore, hm w(k; ) = 0. There exist natural
k—o00

numbers kg and ig such that

"w(ko,ﬂ)) § and ko(p+ l)Ho((;fZ, ) , Z 2 io. (19)

N ™
m\m

Taking into account the relations (1.9) in (1.8), we obtain §; < ¢ for ¢ > ip. By the arbitrariness of ¢,
we can conclude that 8;— 0, as i — oo. O

Lemma 1.6 ([6, p. 68]). Let m(t) € Li(I,Ry). Then the formula

/m& dﬁl/m& ) déz - 71771& dﬁk—!(/tm(f)d§>k

holds.

Lemma 1.7. Let fi, fo € Ef be equivalent functions. Then for an arbitrary function ¢ € ®, the
relation

‘/f(t,ga(t),tp(t 7)ot — 7)) dt‘ =0 V&, 6el (1.10)

holds, where R
f, oz, .. xs) = filt,zyxe, .. xs) — falt,x, 21,0, ).
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Proof. Tt is clear that for almost all ¢ € I,

o~

ft,z,xq, ... ) =0 Y(z,21,...,2,) € OF.

Therefore R
Hy(f; K) =0, where K =clyo(I;) CO.

Using Lemma 1.3, for an arbitrary natural number k£ and &;,& € I, we get

&2
[ Rttt m) ] < wlis o) [ g o
&1

1

where ¥ (t) = (p(t), o(t — 71),...,ps(t —75)) and w(k; 1) — 0, as k — oo. Thus the relation (1.10) is
valid. O

Lemma 1.8. Let f € Ey. Then the mapping

w—%/f@w@%ﬂé—n%~wﬂ£—nﬂﬁ7@6@,

is uniquely defined (see Lemma 1.7).
Let X be a metric space, ¢ be a distance function on X, and let
F(i;p): X —=X (1.11)

be a family of mappings depending on the parameter ; € A, where A is a topological space. The
family of the mappings (1.11) is said to be uniformly contractive if there exists a number « € (0,1)
independent of i such that the inequality

o(F(y1; 1), F(y2; 1) < co(yr,y2) Vyi,y2 € X

holds for each p € A.
Define the iteration of the mapping (1.11):

Frysp) = F(FF Yy p)sp), k=1,2,..., FOly;p) =y.

Obviously,
FF(oip): X — X Yyue€A. (1.12)

Theorem 1.1 ([6, p. 61]; [14, p. 608]). Let X be a complete metric space. If a certain iteration (1.12)
is a uniformly contractive family, then for every u € A the mapping (1.11) has a unique fized point
Yu € X, d.e., F(yu; ) =y,. Moreover, if for fized g € A, a certain iteration F*(y,.; -): A — X is
continuous at the point ug, then the mapping y, : A — X is likewise continuous at the point ug.

1.2 Theorems on continuous dependence of solutions

To each element
p=(to,T1,...,7s, 20, ¢, f) € A=1[a,b) X [011,612] X -+ X [051,052]) X O x & x Ef
we assign the delay functional differential equation
i(t) = f(t,x@t),z(t —7),...,z(t — 7)) (1.13)

with the discontinuous initial condition

z(t) = (1), t €T t0), x(to) = o. (1.14)
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Definition 1.1. Let u = (to,71,...,7s, 20,0, f) € A. A function z(t) = z(t;u) € O, t € [T, t1],
t1 € (to,b], is called a solution of the equation (1.13) with the initial condition (1.14), or a solution
corresponding to the element p and defined on the interval [7,¢4], if it satisfies the condition (1.14)
and on the interval [to, t1] satisfies the integral equation

x(t) = zo + /f(f,x(@,m({ —7)y. ., 2(€— Ts)> dg
(see Lemma 1.7).

Obviously, the function x(¢; i), ¢ € [to, 1], is absolutely continuous and satisfies the equation (1.13)
almost everywhere on [tg, t1]. If t; —tg is sufficiently small, then there exists a solution corresponding
to u [3,13,22].

In the space Ey, we introduce a family of subsets

%:{VK,(;: K C O, 5>0}
Here, K C O is a compact set, § > 0 is an arbitrary number, and
Vi = {5f €Ly HQ((Sf;K) < (5}

The family R can be taken as a basis of neighborhoods of zero in the space Ey [32]. Hence it

defines a locally convex Hausdorff vector topology with which Ef becomes a topological vector space.

Everywhere in what follows, we will assume that the space E is endowed precisely with that topology.
We introduce the set

W(K;a) = {(5f €Ly ngf’K(t),L(;f’K(t) S Ll(I, R+), / [mgf’x(t) + Lgf’K(t)] dt < 04},

where K C O is a compact set and o > 0 is a fixed number independent of § f.
Let o = (too, 710, - - - s Ts0, 00, Y0, fo) € A be a fixed element,

B(too;é) = {to el: |t0 — t00| < 5}, B(Tio;é) = {Tl‘ S [92'1,01'2] : |Ti 7Ti0| < 5}, 7= 1,8,
B(xoo;(s) = {{EO €0: |{E0 — £C00| < 5}, B((po,é) = {(p cd: ||g0 — QD()HII < (5},

Theorem 1.2. Let xo(t) be a solution corresponding to po = (too, T10, - - - 5 Ts0s oo, ¥0, fo) € A and
defined on [T,t10], where t19 < b, and let K1 C O be a compact set containing a certain neighborhood
of the set Ky = clo(I1) U zo([too, t10]). Then the following conditions hold:

1.1. There exist numbers §; > 0, i = 0,1, such that to each element
B = (thTla s 7Tsax07907f0 + 5f) € V(N05K1750,04)
= B(too;éo) X B(Tlo;do) X+ X B(TSQ;(So) X B($00;60) X B(@O,éo)
X [fo + (W(Kl; oz) N VK1750)]

there corresponds the solution x(t; 1) defined on the interval [T,t10 + 01] C I and satisfying the
condition x(t; 1) € K.

1.2. For an arbitrary € > 0, there exists a number 02 = d2(c) € (0,0¢) such that the inequality
|x(t; ) — x(t; 1o)| < e Vit €[b,ti0+01], 0 =max{to,to0}
holds for any p € V(uo; K1, 92, ).
1.3. For an arbitrary € > 0, there exists a number ds = d3(¢) € (0,d0) such that the inequality

t10+01
|(t; ) — @(t; po)| dt < €

7

holds for any p € V(ug; K1, 03, ).
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Due to the uniqueness, the solution x(¢; po) is a continuation of the solution z((¢) on the interval
[?, ti0 + (51}

In the space Es, = E,, — po with the elements du = (6to,dm1,...,07s,020,00,0f), where E,, =
RxRx---xRxR"xPC(I;,R") x Ef, we introduce the set of variations

S = {5N = (8tg, 071, ...,0Ts, 020,00,0f) € Esy,

k
|6t0|S7? |6T1‘S77 Z:17S7 ‘5:E0‘S’Y7 ||5(P||[S’Y, 5f:Z)‘15f27 |AZ|S77 Z:17k}a

i=1
where v > 0 is a fixed number and 6 f; € Ef — fo, i = 1, k, are fixed functions.

Theorem 1.3. Let xq(t) be a solution corresponding to po = (too, T10,- - - » Ts0s €00, Y0, fo) € A and
defined on [T,t10] with too,ti0 € (a,b), 70 € (0i1,0;2), i = 1,8, and let K1 C O be a compact set
containing a certain neighborhood of the set Ky. Then the following conditions hold:

1.4. There exist numbers e1 > 0 and §1 > 0 such that for an arbitrary (e,0p) € [0,e1] X S, we have

to +edp € A and the solution x(t; po +edp) defined on the interval [T, t10+ 01] C Iy corresponds
to this element. Moreover, x(t; uo + edp) € K;.

1.5. The following relations hold:

gii% sup {|z(t;u0 +edu) —x(t;po)| : t€[0,t10+ 51]} =0,
ti0+d1
i [ lespo 4 20k) — 2 o)l =0
uniformly in dp € ¥, where = max{too, too + £0to}.
Theorem 1.2 is the corollary of Theorem 1.1.

Let E,(I) be the space of measurable functions u(t) € R", ¢t € I, satisfying the condition: clu(I)
is a compact set in R”. Let Uy C R" be an open set and Q(I,Up) = {u € E,(I): clu(I) C Up}.

To each element w = (to, 71,...,7s, Zo, 0, u) € Ay = [a,b) X [011,012] X -+ X [0s1,052] X O x X
Q(I,Uy) we assign the delay controlled functional differential equation

i(t) = p(t,x(t), x(t — 1), ..., 2(t — 75),u(t)) (1.15)

with the discontinuous initial condition (1.14). Here the function ¢(t,z,x1,...,2s,u) is defined on

I x O**! x Uy and satisfies the following conditions: for each fixed (z,z1,...,z,,u) € O5*! x Uy the

function ¢(-,x,x1,...,zs,u) : I — R™ is measurable; for each compact sets K C O and U C Uy there

exist the functions mg (t), Lx,v(t) € L1(I, Ry) such that for almost all ¢t € I,

lo(t, 2,1, ws,u)| S mgu(t) V(... e6u) € KT XU,

S

|¢(t7z7ajla"'ax8au1)_¢(t7y7yla"'?ys7u2)| §Lf7K(t){|x—y|—|—Z|x,—yz|—|—|u1—u2|
i=1

V(x,21,...,2s) € KT Y(y,y1,...,ys) € KT and V (uy,us) € U2,

Definition 1.2. Let w = (to,71,...,7s, To,,u) € Ay. A function z(t) = z(t;w) € O, t € [T,t1],
t1 € (to,b], is called a solution of the equation (1.15) with the initial condition (1.14), or a solution
corresponding to the element w and defined on the interval [7,¢1], if it satisfies the condition (1.14)
and is absolutely continuous on the interval [t, t1] and satisfies the equation (1.15) almost everywhere
(a.e.) on [tg, 1]

Theorem 1.4. Let xo(t) be a solution corresponding to wy = (too, T10, - - - » Ts0, 00, o, Uo) € A1 and
defined on [T, t10], with t19 < b, and let K1 C O be a compact set containing a certain neighborhood of
the set Ko = cloo(I1) Uxo([too, t1o]). Then the following conditions hold:
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1.6. There exist the numbers §; > 0, i = 0,1, such that to each element

W= (Lo, T1,-- -, Ts, L0, P, U) E ‘A/(wo;éo)
= B(foo;éo) X B(Tlo;(SQ) X - X B(TSO;(S()) X B(Jfoo;ao) X B((po;éo) X B(Uo;(S())

there corresponds a solution x(t;w) defined on the interval [T,t10 + 01] C I1 and satisfying the
condition x(t;w) € Ky; here B(ug; ) = {u € Q(I,Up) : ||Ju — ugllr < do}-

1.7. For an arbitrary € > 0, there exists a number d2 = d2(¢) € (0,00) such that the inequality
|x(t; w) — x(t;wo)| < e Vit e [0, tip+ 1], 0=max{to, o0},
holds for any w € V (wo; 8s).
1.8. For an arbitrary € > 0, there exists a number d3 = d3(¢) € (0,00) such that the inequality

ti0+61
|x(t; w) — x(t;wo)|dt < e

=)

holds for any w € 17(w0; d3).

Due to the uniqueness, the solution x(¢;wp) is a continuation of the solution x(¢) on the interval
[5'\, t10 + 61}

In the space Es, = Fy — wo with the elements dw = (tg, 071, ..., 75, 0x0, I, du), where E,, =
RXxRx--xRxR"xPC([;,R") x E,(I), we introduce the set of variations

% = {(m = (5to, 071, .., 074, 020, 6p, 6u) € Egy -

|5t0| <7 ‘57—2| <7, i=1s, |5$0| < ﬂa H&lel < ”6qu < 7}7

where v > 0 is a fixed number.

Theorem 1.5. Let xo(t) be a solution corresponding to wo = (too, T10, - - - » Ts0, 00, Po, Uo) € A1 and
defined on [T,t10] with too,t10 € (a,b), 70 € (031,0:2), i = 1,8, and let K1 C O be a compact set
containing a certain neighborhood of the set Ky. Then the following conditions hold:

1.9. There exist numbers €1 > 0 and &1 > 0 such that for an arbitrary (e,dw) € [0,e1] x F1 we
have wg + edw € Ay and the solution x(t;wy + edw) defined on the interval [7,t10 + 01] C Ih
corresponds to this element. Moreover, x(t; wo + edw) € K;.

1.10. The following relations hold:

lim sup {|x(t;wo +edw) —x(t;wo)| 1 t €0, t10+ 51}} =0,
e—0

t10+01
lim / |z (t; wo + edw) — x(t; wo)| dt =0

e—0
7

uniformly in dw € 1, where § = max{to, too + £dto}.

Theorem 1.5 is the corollary of Theorem 1.4.

Let I = [a,71], where 71 = b+ max{b12,...,0s2}. By ®; = {p € PC(I2,R") : clp(l2) C O} we
denote a set of initial functions for the functional differential equation with advanced arguments. To
each element

V= (t1,T1,...,Ts, T1,0, f) € Ao = (a,b] X [011,012] X -+ X [0s1,052] X O x &1 X Ef
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we assign the functional differential equation with the advanced argument
z(t) = f(t7 x(t),x(t+711),...,z(t+ 7'5))
with the discontinuous initial condition
x(t1) = x1, x(t) = (), t € (t1,71].

Definition 1.3. Let ¥ = (t1,71,...,7s, 21,9, f) € Ag. A function z(t) = z(t;9) € O, t € [to, 1],
to € [a,t1), is called a solution corresponding to the element ¥ and defined on the interval [tg, 7] if
it satisfies the initial condition and is absolutely continuous on the interval [to, ;] and satisfies the
integral equation

2(t) =z +/f(£7$(€)7$(£+71)7~-~7w(€+Ts)) dt.

Theorem 1.6. Let z((t) be a solution corresponding to U9 = (t10,T10,- - -, Ts0, T10, Y0, fo) € A2 and
defined on [too, 2], where tog > a, and let K1 C O be a compact set containing a certain neighborhood
of the set cl o (I2) U zo([too, t10]). Then the following conditions hold:

1.11. There exist numbers §; > 0, i = 0,1, such that to each element

V= (tlaTla"' 57-87:1317(10’]00 +6f) € V(ﬁO;Kla(SO?a)
= B(t10:60) X B(103 80) X - - - X B(7503 60) X B(210; 60) X B1(p0; o) X [ fo-+ (W (K15 ) Vi, 5,)]

there corresponds the solution x(t;9) defined on the interval [tog — 61, T2] C I and satisfying the
condition x(t;9) € K;.

1.12. For an arbitrary € > 0, there exists a number do = da3(€) € (0,d0) such that the inequality
|z(t;9) — z(t;90)] < e Vit € [too — 61,60], 6 =min{t1,t10}
holds for any 9 € V(99; K1, d2, ).
1.13. For an arbitrary € > 0, there exists a number 03 = d3(e) € (0,00) such that the inequality

T2
/ |x(t;9) — z(t;90) | dt < ¢
too—061
holds for any p € V(uo; K1, 93, ).
Here Bi(po;90) = {gp €Dy |l — ol < 6}.

Theorem 1.6 is proved analogously to Theorem 1.2.

1.3 Proof of Theorem 1.2 (on the continuous dependence of a solution for a class
of functional differential equations)

To each element p = (tg, 71,...,Ts, Lo, ©, f) € A we assign the functional differential equation

y(t) = f(thTla <oy Tsy %y)(t) = f(tvy(t)v h(t07 2 y)(t - Tl)a R h(th Q@,y)(t - TS)) (116)
with the initial condition
y(to) = Zo, (1.17)
where h: I x ® x C(I,R™) — PC(I1,R,,) is the operator given by the formula

p(t) for t e [T, tg),

y(t) fort € [to,b], (1.18)

h(to, »,y)(t) = {

and C'(I,R™) is the space of continuous function y : I — R™ equipped with the distance d(y1,y2) =
ly1 — vallr-
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Definition 1.4. An absolutely continuous function y(t) = y(t; ) € O, t € [r1,r2] C I, is called a
solution of the equation (1.16) with the initial condition (1.17), or a solution corresponding to the
element ;1 € A and defined on [rq,7g], if to € [r1,72], y(to) = zo and it satisfies the equation (1.16)
a.e. on the interval [ry, o).

Remark 1.1. Let y(t; ), t € [r1,72], 4 € A, be a solution of the equation (1.16) with the initial
condition (1.17). Then, as is easily seen, the function

x(t; ) = hito,,y( -5 ))(t), t € [T,m2],
is the solution of the equation (1.13) with the initial condition (1.14).

Theorem 1.7. Let yo(t) = y(t; o), to € A, be a solution defined on [r1,73] C (a,b), and let K1 C O
be a compact set containing a certain neighborhood of the set Ko = clpo(I1) Uyo([r1,72]). Then the
following conditions hold:

1.14. There exist the numbers 6; > 0,1 = 0,1, such that a solution y(t; 1) defined on [r1—d1,r9+61] C I
corresponds to each element

m= (t077-1a s 77-371‘10’@7]00 + 5f) € V(/‘LO;Kl?(SO?a)'

Moreover,
o(t) € K1, tel; y(t;p) € Ki, t€[r —01,m2+d1],

for arbitrary p € V(uo; Ky, 00, ).
1.15. For an arbitrary € > 0, there exists a number d3 = d2(e) € (0, do] such that the inequality
ly(t ) =yt po)l <& Vi€ [r1— 01,72+ 61] (1.19)
holds for any p € V(uo; K1, 92, ).
Proof. Let g > 0 be insomuch small that a closed eg-neighborhood of the set K
K(eo)={z eR": T € Ky, |z—7|<e}

lies in int K. By Lemma 1.2, there exist a compact set Q : K3 (g9) € Q C KT and a continuously
differentiable function x : R***1) — [0,1] of the form (1.1).
To each element p € A, we assign the functional differential equation

2(t) = g(to, T1s - Ts, 0, 2) (1) = g(t, 2(2), h(to, @, 2)(t — T1), ..., h(to, @, 2)(t — T5)) (1.20)

with the initial condition
Z(to) = Xy, (121)

where g = xf. The function g(t,x,z,z1,...,zs) satisfies the conditions (1.3) and (1.4).
The solution of the equation (1.20) with the initial condition (1.21) depends on the parameter

n e Ao = [a,b) X [911,912] X oo X [951,952] x O x ® x (f() + W(Kl,a)) C Eu.

The topology in Ag is inherited from the vector space E,,.
On the complete metric space C(I,R™) we introduce a family

F(-;p): C(I,R™) — C(I,R") (1.22)

of mapping depending on the parameter y by the formula

t
C(t) = ¢t 2 1) = w0 + / Gto 1, 7o, 2)(€) dE.
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Clearly, every fixed point z(¢; u), t € I, of the mapping (1.22) is a solution of the equation (1.20) with
the initial condition (1.21).
Define the kth iteration F*(z;u) by

t

Ck(t) = Ck(ta Z,/.L) =0 + /g(t077—1a s 77-8’()07Ck—1)(§) d§7 k= 172a ceey Co(t) = Z(t)

to

Let us now prove that for a sufficiently large k, the family of mappings F*(z; i) is uniformly contrac-
tive. For this purpose, we estimate the difference

IGR (1) = (O] =[Gt 2", 1) = CGult; 27, )]

t

< / ’9(th717 .. 'aTsaspﬂcl::—l)(f) - g(thTla s aTSagpaCl/c/—l)(f” df

a
t

< [ L@ [I61© = Ga©) + 3 Ihttoso )t =) = hltos G - 7l de (123)

a Jj=1

k=1,2,...

(see (1.4)), where the function L¢(€) is of the form (1.5). Here it is assumed that ¢}, = 2/(t) and
¢y = 2" (t). Tt follows from the definition of the operator h(-) (see (1.18)) that

h(th ' <I/§—1)(§ - T]) - h(tov P Clle/—l)(g - T]) = h(tovov <l/€—1 - /lcl—l)(ﬁ - T])
Hence, for £ € [a,ty + 7;), we have
h(to, 0, Ce—1 — Gi-1)(§ —75) = 0. (1.24)

Let to + 7; < b; then for £ € [ty + 7, b] we obtain

|h(t0, 0, Comr = Gi—1) (€ = 75)| = |Ga (6 = 75) = G (€ — 7))
<sup{|Goa(t =) = Glalt=m)| : telto+7,.6])
<sup{[ci () - (@] telagf (125

If to +7; > b, then (1.24) holds on the whole interval I. The relation (1.23), together with (1.24) and
(1.25), implies that

|Gk (1) = (O] < sup {[¢x(6) — G () = & € [ant]}

t

< (S—’_l)/Lf(gl)sup{Kllefl(g) - Ilclfl(f)| : 56 [avgl]}dglv k= L2,....

a

Therefore,
t 131
|G (t) = G ()] < (8+1)2/Lf(él)dfl/Lf(fz)sup{lCzé_z(ﬁ) — G2+ € € [a, &} do.

Continuing this procedure, we obtain
1Ge(8) = L)) < (s + D (B)]|2" = 2" |11,

where
& k1

ak(w=ij<§1)d51/L.f(£2>dfz~-- / Lf@k)dfk:,;(/tm(&)df)k

a a a
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(see Lemma 1.6). Thus

k b k
A P 0) = 166 - 6l < S ([ Lp(@de) 1= 2l = w0 1

a

Let us prove the existence of a number ay > 0 such that

/Lf(t) dt <ap Yfe fot+W(Ka).
T

Indeed, let (z,z1,...,2,) € KT and f € fo + W (K;;a), then
[tz @, @) S mp g, (8) + Mg (E) == mypk, (1), tE€L
Further, let 2z}, 2", ;" € K1, i =1, s, then

‘f(t,l'/l‘ll,,.ﬁ;) - f(tvxllam/llw")xfs,)‘
< |f0(t,x',x’1,...,z;) - fg(t,m”,x’{,...,xg)| + }5f(t,x’,x’1,...,x;) —5f(t,x”,:z:’1',...,:17g)|

< (Lpaca () + Logaca (8) [J27 = 2|+ Jaf — /]
1=1

= Ly (8)]la' = 2| + Y [} — a7,
i=1

where Lf7K1 (t) = Lfo,Kl (t) + L5f,K1 (t)
By (1.5),

B0t = [ (Lo, @)+ aoms, )

I I

= [ [Egoac(®) + Logae(0)+ caolmp s, (1) + g, ()]
I

<alag+ 1)+ / (Lo, (1) + aomy, i, (8)] dt := as.
T

Taking into account this estimate, we obtain ax(b) < ((s + 1)ag)¥/k!. Consequently, there exists
a positive integer ki such that oy, (b) < 1. Therefore, the kist iteration of the family (1.22) is
contracting. By Theorem 1.1, the mapping (1.22) has a unique fixed point for each u. Hence it
follows that the equation (1.20) with the initial condition (1.21) has a unique solution z(t; p), t € I.

Let us prove that the mapping F*(z(-;uo); -) : Ag — C(I,R") is continuous at the point p =y

for an arbitrary £ = 1,2,.... Towards this end, it suffices to show that if the sequence u; =
(tois Tiis -+ Tsir Tois i, fi) € Ao, @ = 1,2,..., where f; = fo + dfi, converges to g =
(too, 10, - - - » Ts0, T00s 0, fo), i-e. if

Jim <|t0i — tool + Y 175 = Tjol + [woi — ool + Il — woll1, + Ho(8:; Kl)) =0,
j=1
then
Jim R (25 po); ) = F*(2(+ 3 o) o) = (5 o). (1.26)

We now prove the relation (1.26) by induction. Let & = 1, then we have

I¢3(t) = 20(t)| < |wos — ool

t t
+’/gi(touﬁu-~-,Tsi7<Pi,Zo)(f) df—/go(tooaﬁo,---77'507@0,20)(5) dé| < o} +ab(t), (1.27)
to; too

07
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where

Cit) = Gt 20, i)y 20(t) = 20(t; 10)s 90 = Xfi = go +3gi, go = XSo» 0gi = XOfi;

too

/|go(too,71oa---77507@0720)(5)‘df
toi

ali = |zo; — zoo| +

)

t
Oéé(t) = ‘/ [gi(touﬁu s Tsis iy 20)(§) *90(t007710,~~~aTs0,800,Zo)(f)] df‘-

toq

According to (1.3),

too

/ Mo, Ky (t) dt
toi

ai < |xoi — zoo| +

)

therefore, '
lim af =0. (1.28)
11— 00

After elementary transformation we obtain

t
ab(t) < ‘/[QO(tOiaTliw~'77—si7§0i720)(£) — 90(t00, T10, - - - » Ts0, ©0, 20) () ] df‘

toq

t
+ ‘ / [591(1501',7'11', ce s Tsis iy 20)(§) — 0gi(tois T, - - - ,Tsz"@o,zo)(f)] df’
to

t
+‘/6gi(t0ia7'1ia---sti7(P07zO)(§) dg

toi

<D (ay; + al;) +ah(h), (1.29)

=1
where

ab; = /Lfo(ﬁ)}h(tonwuzo)(ﬁ — 75i) — h(too, o, 20) (€ — Tj0) | d&,
7

af; = /Léf,i(f)’h(tOhQOhZO)(f — 7ji) — h(tos, o, 20) (€ — Tj0) | &,
T

t
ay(t) = ‘/5gi(t0i77'0i7~-~,7'si7@07250)(§) d¢|, 09i = gi — Yo
toi
We now estimate a;, ab; and oj(t). We have

ah; < /Lfo(ﬁ)}h(tou%,zo)(f — 75i) — h(toi, po, 20) (€ — 7j5) | d€
I

+ /Lfo ()| A(toi, po, 20) (€ — 75i) — h(too, Po, 20) (Tjo(t)) | d€
I

< /Lfo(f)}h(tomw — %0,0)(€ — 754)| dé
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+ /Lfo<£)’h(t0i75007zo)(§ — 7ji) — h(too, o, 20)(§ — 75i)| d€

T
+ /Lfo(§)|h(too,¢0,zo)(§ — 7ji) — h(too, vo, 20)(§ — Tjo)| d§
T
< ll¢i = oll1, /Lfo(f) d¢ + O‘%lj + aé2j'

T
Introduce the notation
&oji = min{too + 7ji toi + 75}, &1ji = max{too + Tji, toi + Tji}-
It is easy to see that
E1j4
aby; = / L, ()| h(tois pos 20) (€ — 7j5) — h(too, o, 20) (€ — T5i)| d€
Eoji
and
lim (€15; — &oji) = 0.
11— 00
Consequently, af;; — 0.
Introduce the notation

Voji = min{too + Tji, too + Tjo}, Viji = maX{too + Tjs, too + Tjo}.

For ab,;, we have
V1ji
o = / L5, ()] h(toos po, 20) (€ — 7j5) — h(too, ©o, 20) (€ — Tjo)| dé.
Yoji
Thus, aéQj — 0. Consequently,
a; — 0. (1.30)

Further,

af; < /Léfi(§)|(pi(§ —75i) — po(€ — 753)| d€ < llps — @oll1, /Léfi (§)d§¢ — 0. (1.31)
I I
We now estimate (). The function ¢o(€), € € I, is piecewise-continuous with a finite number

of discontinuity points of the first kind, i.e., there exist subintervals (6,,0,+1), p = 1,m, where the
function (&) is continuous, with

m—1

0=7, Omy1 =0, I = U [9p79p+1) U [9m=9m+1]'

p=1

On the interval I;, we define the continuous functions z;(£), ¢ = 1, m + 1, as follows:

_ _ _ Zo(a), 5 € [?7a)7
21(5)_@01(5)7"'72m(£)_SDOm(g)a Zm+1(f)— {20(5), §€I,

where
SDO(QP—’_)v 5 € [?7 9?]7
@0[)(5) = @O(f)a g€ (HpaHerl)a p=1m.
©0(0p+1—), & € [Opt1,0],
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One can readily see that o (t) satisfies the following estimation

[ 5916200, 2, (€ = 1) 2 € = ) dé‘

t

/5gl 5720 Zml(f_TIO)a-”ast(g_TsO)) df‘

m—+1 m+1

L) <
AO= D D

mi=1 mg=

m—+1 m+1

S E N max
—~ t’ ,t'el

m1:1
m—+1 m—+1
+ Zl" Z t’ntl’a"é(l /‘697, §7Z0 Zm1(£_Tli)>'--7zm5(€_7—si))
mi1= :

—09gi (67 20(€)s 2my (€ = T10)5 - -+ 5 2m, (€ — Tso)) ’ df‘

1"

/597: (5» 20(8)s 2m, (€ — T10)5 - -+ s 2 (€ — TsO)) d&‘

m—+1 m+1

IA
]
i
”;E
]

mi=1 m 1
m—+1 m—+1 s

+Y0 [ Laga @ 3 om (€ = 30 2 (€ o) e
mi=1 ms—l j=1

m+1 m—+1

< E .- max
— el

/6gz gazO Zml(f_TlO)a-~-azm§(§_TSO)) df‘

m1:1
m+1 m+1 s
+ Z Z 4 r?a;c’zm (S Tji)_ij(g_Tjo)’/Légi7K1(§)df~
mi=1 ms=1j=1 i
Obviously,
Hy(6g:; K1) = Ho(x0 fi; K1) < Ho(dfi; K1)

(see (1.1)). Since Hy(df;; K1) — 0, as i — oo, we have
lim H()((Sgi,Kl) =0.

i—00

This allows us to use Lemma 1.5 which, in its turn, implies that

t//
- ey Zm, (€ —

/ 51 (€, 20(E). 2ams (€ — T10),

t

lim max
i—socot/ t’el

Moreover, it is clear that
lim max|zm (75:(8)) = 2m, (T50(& | =0.

i—o0 teTl

(1.32)

T50)) d€| =0 Vmy € {I,m+1}, k=1s.

The right-hand side of the inequality (1.32) consists of finitely many summands and, therefore
(1.33)

lim o} (t) =0
71— 00

uniformly in ¢t € I.
The conditions (1.30), (1.31) and (1.33) yield

lim ab(t) =0
71— 00

uniformly in ¢ € I (see (1.29)).
Taking into account (1.28) and (1.34), we see that (1.27) implies

1€t — 2ollr = 0.

(1.34)



26 Tamaz Tadumadze

The relation (1.26) is proved for k = 1.
Let (1.26) hold for a certain k > 1; we will prove it for k + 1. Elementary transformations yield

[Chga () = 20(2)]

t t
<l|zo; — xoo| + ’ /gi(tOiaTliw~~a7-sia30iv<li)(§) dg — /gO(t0077_107"'7T50as00720)(£) df‘
] too

tOz
too
< |zoi — zoo| + /go(tomﬁm 3 Ts0, %05 20)(§) dﬁ’
to;

t
+ ' / [gi(touﬁu e Tsis Qi 20) (&) — go(too, T1o, - - - ,7307900,20)(5)} df‘
t

01
t
+\ /
toi

The quantities of and a4 (t) have been estimated previously, and it remains to estimate ;. We have

Gi(tois Tris - - - Toin i, C1) (&) — Gitoi, T4, - - - ,Tsi,%,zo)(f)‘ df’ = af + ah(t) + oy

e < [ La(@[Gh(e) = 20(€)] + 3 Ihttor. 0.6 = )€ ~ )] de
T j=1
< (s D¢ — 2lls / Ly, (€)de < (s + aallci — zollr-

I

Since
lim |G, = zollr =0,
1— 00
it follows that
lim af;, = 0. (1.35)

11— 00

According to (1.28), (1.34) and (1.35), we have
lim Gy — 20l =0.

The relation (1.26) is proved for every k =1,2,... .

Let the number §; > 0 be insomuch small that [r1 —d1, 72+ 1] C I and |z(¢; 1o) — 2(71; po)| < €0/2
for t € [ry — 01, 71] and |2(¢; po) — 2(re; po)| < €0/2 for t € [ro, ra + d1].

From the uniqueness of the solution z(¢; 19) we can conclude that z(¢; uo) = yo(t) for ¢ € [r1,72].
Taking into account the above inequalities, we have

(Z(t;lto)a h(too, 0, 2( -5 10)) (t = T10), - - -, h(too, o, 2( -5 o) ) (£ — Tso)) € K*t! (%) CQ,
te€[ry—d1,r2+ 6]
Hence
X(Zo(t)?h(t007§007z( 3 110)) (8 = T10)s - - -, h(too, o, 2( -3 o)) (t — Tso)) =1, tery— 01,72+ d1],
and the function z(t; po) satisfies the equation
y(t) = fo(t, 20(t), h(too, o, y)(t = T10)s - - -, h(too, . y)(t — T0)), t € [r1 — 61,72 + 61),

and the initial condition
Y(too) = oo-
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Therefore,
y(t; po) = 2(t; po), t € [r1 — 01,72 4 01].

According to the fixed point Theorem 1.1, for €¢/2 there exists a number dg € (0,e¢) such that a
solution z(¢; 1) satisfying the condition

€
|2t ) = 2(ts o) < 5 tET,

corresponds to each element p € V' (uo; K1, o, ).
Therefore, for t € [r1 — d1, 72 + 01],

z(t; ) € K(go) V€ V(po; Ki, o, ).

Taking into account that ¢(t) € K(gg), we can see that for ¢ € [r1 — 1,72 + 1],

X (26 1) hto, 9 2(3 ) (¢ = 7)o hlto 0,23 0) (E = 7)) = 1 ¥ p € V(105 Kb, ).
Hence the function z(¢; u) satisfies the equation (1.16) and the condition (1.17), i.e.,
y(t;p) = 2(t;p) € Ky, t€[ry — 01,72+ 1], € V(o K1,0d0,a). (1.36)

The first part of Theorem 1.7 is proved. By Theorem 1.1, for an arbitrary € > 0, there exists a
number §; = d2(g) € (0,0¢) such that for each pu € V(po; K1, 02, ),

2(t ) — 2(t;po)| < e, te,
whence, using (1.36), we obtain (1.19). O

Proof of Theorem 1.2. In Theorem 1.7, let 71 = too and ro = t19. Obviously, the solution xq(t) =
x(t; up) on the interval [too, t10] satisfies the following equation:

y(t) = fO(t[)a T10y -+ -5 Ts0, 9007y)(t)

Therefore, in Theorem 1.7, in the capacity of the solution yo(t) = y(¢; uo) we can take the function
$0(t), te [too,tlo].

By Theorem 1.7, there exist the numbers §; > 0, i = 0,1, and for an arbitrary € > 0 there exists a
number d; = da(e) € (0, dp] such that the solution y(¢; 1), t € [too — d1,t10 + 1], corresponds to each
€ V(ug; K1, 60, ). Moreover, the following conditions hold:

w(t) € Ky, tel; y(tp) € K,
ly(t:p) —y(t;po)| < e, t € [too — 1,t10 + 01, (1.37)
p € V(po; Ky, 02, ).

For an arbitrary u € V(uo; K1, 6o, @), the function
7 y(t;p), te€ [to,t1 + 01,

is the solution corresponding to u. Moreover, if ¢ € [0, t19 + 1], then x(¢; po) = y(¢; po) and z(t; p) =
y(t; u). Taking into account (1.37), we see that this implies 1.1 and 1.2. Tt is not difficult to note that
for an arbitrary p € V(uo; K1, d2, ), we have

t10+01 () 0 t10+01
ot 10—t o) de= [ i(t) = o(®) dt + [ lalts )=t o)+ [ la(ti ) ~a(ti o)
7 7 0o o
<ll¢ —wollr,(b —7) + Nlto — too| + max |o(t;u) — 2(t; pol((b —7),
telf,t10+01]

where 0y = min{to, too}, N = sup{|z’ —z"| : 2/, 2" € K1}.
By 1.1 and 1.2, this inequality implies 1.3. O
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1.4 Proof of Theorem 1.4

To each element w € A; we put in correspondence the functional differential equation

y(t) = ¢(t0a Py T1y- -5 Ts5 Y, U)(t) = (z)(ta y(t)7 h’(tOv 2 y)(t - Tl)? LR h‘(tOv 2 y)(t - TS)? U(t)) (138)
with the initial condition (1.17).

Theorem 1.8. Let yo(t) = y(t;wo), wo = (too, T10s - - - 5 Ts05 T00, P0s o) € A1 be defined on [ry,r3] C
(a,b) and let K1 C O be a compact set containing a certain neighborhood of the set cl po(I1)Uyo([r1,72]).
Then the following conditions hold:

1.16. There exist numbers §; > 0, 1 = 0,1, such that to each element
w = (t077—17 <oy Tsy L0y SO,U) € V(wo; 50)

= B(too;(S()) X V(Tlo;do) X e X B(Tso;(S()) X B(IQQ;(S()) X B(@O,CS()) X ‘/Q(UO,(SO)

there corresponds the solution y(t;w) defined on the interval [r1 — 81,72 + 61] C I and satisfying
the condition y(t; w) € K.

1.17. For an arbitrary € > 0, there exists a number 6o = da(€) € (0,00) such that the inequality
ly(t; w) —y(t;wo)| <& Vit € [r1— 01,72+ 61]
holds for any w € V(wo; d2).
Proof. We rewrite the equation (1.38) in the form

y(t) = ¢O(t07@a7—17 .- 'aTS7y)(t) =+ 5¢u(t0’(p77—1a s 7Tsay)(t)7

where

do(t,x,x1,...,xs) = O(t,x,x1,...,25,u0(t)) € Ey,
0ou(t,z,21,. .., 2s) = O(t,x, 21, ..., x5, u(t)) — do(t,z,21,...,25) € Ey.

Let 50 > 0 be a number insomuch small that B(uo, 50) C Q. There exists a compact set Uc Up such
that any function from the neighborhood B (uo; 50) takes its values in U.

Let K C O be a compact set. There exists a function Lg (¢) € Li(I,R;) such that for almost all
t € I, the inequality

S
|p(t, 2 @), ... @l u') — ot 2",y ... a2l u")| < Lg(t) {|x/ — 2"+ Z |y — x| + |u' — u"|

i=1
Va2 € K, Val, o/ €K, i=1,s VYu ' €U

79 3

holds. Hence

B¢ (t, 2,21, ..., 25)| < L (t)|u(t) — ug(t)] < SoLx(t) Va; € K, i=T1,s, Yue Blug;d),

|5¢u(t,x’,z’1,...,x;)—5¢u(t,z",x'1’,..., )|<2LK( [ ! ”|+Z|z 71'”}

Vo' 2" e K, Vai, 2! € K, izl,s.

29 ?

It is easy to see that the inclusions {d¢,(t,z,z1,...,25) : u € B(up;d)} € W(K;«a) and
{0pu(t,z,21,...,25) : u€ Blug;d)} CVy 5, hold for 6 € (0, o], where

a=(2+§0)/LK(t)dt, 5 :6/Lf(t)dt
I

1

We can now apply Theorem 1.7 which, in its turn, proves Theorem 1.8. O
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Proof of Theorem 1.4. In Theorem 1.8, let 11 = top and 19 = #19. Obviously, the solution z¢(t) =
x(t; wo) satisfies on the interval [tog, t10] the following equation:

9(t) = é(too, T10s - - - s Ts0, L0, Y, o) (t)-

Therefore, in Theorem 1.8, we can take the function xy(t), t € [too, t10] as the solution yo(t) = y(t; wp).
Then the proof of the theorem completely coincides with that of Theorem 1.2; for this purpose, it
suffices to replace everywhere the element p by the element w and the set V(ug; K1, g, @) by the set
‘7(11)0; 50) O

2 Variation formulas of solutions for equations with the
discontinuous initial condition

2.1 Auxiliary assertions

Consider the set of functions f = (f!,...,f™)" : I x O°t! — R" satisfying the following con-
ditions: for almost all t € I, the function f(¢,-) : O**!1 — R" is continuously differentiable;
for every (z,71,...,25) € O°T! the functions f(t,z,x1,...,2s), fo(t, -), fu,(t, -), i = 1,5, where
r=(x',...,2") ", z; = (x},...,2") T, are measurable on I; for any such function f and any compact

779

set K C O, there exists a function my x(t) € L1(I,R;) such that for any (z,z1,...,25) € K*T! and
for almost all t € I,

The classes of such equivalent functions compose a vector space, which will be denoted by Ej(cl); these
classes are also called the functions and they will likewise be denoted by f.

Lemma 2.1 ([6, p. 80]). Let K C O be a compact set and let f € E](cl), Then

Sup{lf(t,$,$1,...7 )|+‘fw |+Z‘fwz . : J].’El,...7.'I/'S)€KS+1}ELl(I,R+)-

Lemma 2.2. The inclusion
B ¢ By (2.1)
holds.

Proof. Let f € E;l) and let Ky C O be an arbitrary compact set. To prove the inclusion (2.1), it
suffices to show that there exists a function Ly g, (¢t) € L1(I,R4) such that for almost all ¢ € I,

S
|t @, ) = f(t a2, al)| < Lf7KO(t){|m’ — 2| + Z |z — m;’|}
i=1
Va' 2" € Ko, Va2 € Ky, i=

M) =xf =S xf™) 7T (see (1.1) and

Introduce the function g = (¢!, ...
(z,21,...,25) ¢ KT we have

1.2)). Clearly, for

lgz(t, 21, . .. 2 |—|—Z|gzl I =0, i=1,s. (2.2)

Let (x,21,...,7,) € K;T'. Tt is not difficult to see that the relations

n

el = | Z ) < 3 |

k,j=1 k,j=1

)

n

—[Z ] < 3 [t

K3
k,j=1 k,j=1

|9e,

)
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where 5
ey _ 9 k
are valid. We have

O ) | S TP L L < LA T el < g (8) (@ + 1),
[OCF*) L S TP T LS T < TP T el < mpge (a0 +1), i =T)s,

where
ap :sup{\xm(m,xl,...,ws)| +zs:|xr()| co(x, @, .., ms) ERT X X R"},
m e, (0) = sup {If(t, w21, + L, |+fol i @z € K
(see (2.1)). Thus, for ¥V (t,z,x1,...,75) € I x KiT! we get
|9 (t, 2,21, -, |—|—Z|gh N <mgk, (t), i=T1,s, (2.3)
where

Mg K, (t) = 77,2(8 + 1)(040 + l)mf,Kl (t)

It is clear that (2.3) is valid for (¢,z,21,...,25) € T X R™ x --- x R" as well (see (2.2)). Let
(z/ 2, ...,2%) and (2", 2, ..., x") be arbitrary points in K3**. Then (see (1.1)) we have

r s

’f(tvxlyxlla--'ax;) _f(t ' m/1/7.'.,xgl)’ = |g(t,.17/,£13/1,...,5€;) _g(t’x//,xlll7...7x;/)|

: ‘/ g(t, 2" +0(a" —a”), 2y + 02} —a),..., 2l + 0, — ) dG‘
0
1
/ {|gw (t, 2" +6(2' — "), 2 +0(z) —aY),.... 20 +0(z, — 2)))| |2’ — 2"
0

S
+ Z ’gzi (t, 2+ 0" — 2", 2 + 0z —2Y),... 2 + 0 — x;’))| |z — 2 } do
i=1

S
< e (o' ="+ 3l = o]
=1

Therefore, as Ly g, (t) we can take my k, (t). O

Consider now the linear delay functional differential equation
i(t) = +ZA ()i (t —73) + f(t) (2.4)

with the discontinuous initial condition
x(t) = ¢(t), t € [T,t), z(to) = zo. (2.5)

Here, A(t), A;(t), i = 1,s, are the integrable matrix functions of dimension n x n; ty € [a,b),
€ [0;1,0:2], i = 1, s, are fixed numbers; ¢ € PC(I1,R") is a fixed initial function and zy € R" is a
fixed initial vector.
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The equation (2.4) with the initial condition (2.5) has a unique solution z(t) defined on [7,b] (see
Definition 1.1).

For every t € (a,b], on the interval [a, t], let us consider the following matrix functional differential
equation with the advanced arguments:

Ye(§5t) = =Y (§1)A(E) — Zy(f + 7)A€+ ), €€ at, (2.6)

with the initial condition
Y(t:;t) =T, Y(§t) =0, £ (], (2.7)
where T is the identity matrix and © is the zero matrix.
For every t € (a,b], the equation (2.6) with the discontinuous initial condition (2.7) has a unique
solution Y (§;t) defined on [a, 71| (see Definition 1.3).

Lemma 2.3 (Cauchy formula). The solution of the equation (2.4) with the initial condition (2.5) can
be represented on the interval [to,b] by the following formula:

o0 =Yt +Y. [ ViEermanp@d+ [YEns©d, @9
=127 to

where Y (&;t) is a solution of the equation (2.6) with the initial condition (2.7).
Proof. On the interval [tg,t], where & € (9, b], consider the equation

() = AQw(§) + Y A©)wil§ = ) + f(8) (2:9)

with the initial condition
z(§) = ¢(£), § €T to), z(to) = zo.
Multiplying the equation (2.9) by the matrix function Y (§;¢) and integrating in & € [to, t], we obtain

[Y@oi©dc= [Yen[a©a© + S ateue-mds+ [Yens@d. (210

The integration by pats on the left-hand side of (2.10) with regard for Y (¢;¢) = Y yields

[ Y€0(€) de = a(t) ~ ¥ (tai than - [ Ye(€itha(©) . (2.11)
Further,
/ Y (€ ) Ai()a(€ — 7i) dé = / V(€470 A + 7)(E) de
= [ Yermnaierme@de+ [YiE+ninAe+ e de (212)
(see (2.7)). Taking into accouﬁt (2.11) and (2.12), from (2.10) we find that
z(t) =Y (to;t)mo + Z / Y€+ 755t) A (E+ 73)(€) dE
+ / [Ye(60) + A©2(©) + V(€ + 7)A€ +7)]al€) de + / Y (€0 £(€)de.

Y (&;t) satisfies the equation (2.6) and, therefore, the latter relation implies the formula (2.8). O
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Lemma 2.4 (Gronwall-Bellman’s inequality). Let v(t) > 0,t € [to,b], be a continuous scalar-valued
function, m(t) € L1(I,Ry), and let the inequality

t

o(t) < e+ / m(€)v(€) d,

to

where ¢ > 0, hold. Then

v(t) < cexp </tm(§) d&), t € [to,b].

Lemma 2.5. Let t' € (a,b]. For an arbitrary € > 0, there exists § > 0 such that the inequality
Y (&) = Y(&t) <e VEE [at],
holds for arbitrary t" € [t' — 6, + 0] N I, where t = min{t’,¢"}.
Lemma 2.5 is a simple consequence of Theorem 1.6.
Lemma 2.6. The matriz function Y (§;t) is continuous on the set Il = {(£,t) : a <& <t, t € (a,b)}.

Proof. Let (&,t) € II be a fixed point. There exists §; > 0 such that £ + A& < min{t + At, ¢t} and
t+ At < bfor |AE] < 61, |At < 61, Le., (€ + A&, ¢+ At) € I1L

Using Lemma 2.5, we see that for each € > 0, there exists d; € (0,d1) such that for arbitrary A¢
and At satisfying the conditions |A¢| < d5 and |At| < g, the inequality

V(€ + A&+ At) = Y(E+ A& t)| < %
holds.

On the other hand, the function Y (¢;¢) is continuous with respect to ¢ € [a, t], i.e., there exists a
number d3 € (0,471) such that

Y +AsH) -Y(ED| <5, |Ag <.
Hence, for |A¢| < 6, |At| < 6, 6 = {02,063}, we have
[V (€+ A&+ AL) = V(&)
<|Y(E+ AL+ AL —Y(E+ A& + [Y(E+ AL — Y (&) < e O

2.2 Formulation of main results
To each element
= (to,T1,...,Ts,To, 0, f) € AL = [a,b) x [011,012] X -+« X [0s1,0s2] X O x & X Ej(cl)
we assign the delay functional differential equation
i(t) = f(t,xt),z(t —7),...,zx(t — 7)) (2.13)
with the discontinuous initial condition
x(t) = o(t), t€[7,t), z(to) = xo. (2.14)

Definition 2.1. Let pu = (to,71,...,7s, 2o, @, f) € AD. A function z(t) = z(t; ) € O, t € [7,t1],
t1 € (to,b], is called a solution of the equation (2.13) with the initial condition (2.14), or a solution
corresponding to the element p and defined on the interval [7,¢], if it satisfies the condition (2.14)
and is absolutely continuous on the interval [to,¢1] and satisfies the equation (2.13) a.e. on [to, t1].
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Let 2(t) be the solution corresponding to the element g = (to0, 710, - - -  Ts0, T0, 20, fo) € A1) and
defined on the interval [7/:, tlo], where too, t10 € (a, b), too < t1g and T € (911', 921’)7 1=1,s.
In the space Eéll) = E,(Ll) — 1o with the elements ou = (dtg, 671, ..., 075, 0xg, 0, d f), where El(tl) =

RXxRx---xRxR"xPC(I,R") x Ej(cl), we introduce the set of variations

%(1) = {5ﬂ = (5t07671a .. '767576$0a5¢’6f) € ESL) : |6t0| S e |6Ti‘ S Y, 1= 1757

k
6ol <7, 0¢llr <7, 6F =D Ndfi, [N| <, i= Lk},
i=1

where v > 0 is a fixed number and 6 f; € Ef — fo, i = 1, k, are fixed functions.

There exist numbers §; > 0 and &; > 0 such that for arbitrary (e,0u) € (0,e1) x S, to the
element po+edu there corresponds the solution x(t; g + €dp) defined on the interval [7,¢10+ 1] C Iy
(see Lemma 2.8).

Due to the uniqueness, the solution z(t; ) is a continuation of the solution z((¢) on the interval
[T,t10 + 61]. Therefore, in the sequel, the solution zy(t) is assumed to be defined on the interval
[T,t10 + 01].

Let us define the increment of the solution xo(t) = x(t; po):

Az(t) = Ax(t;edp) = x(t; po + €0p) — o(t) Y (t,€,0p) € [F,t10 + 61] x (0,e1) x W), (2.15)
Theorem 2.1. Let the following conditions hold:
2.1. T > -+ > 710 and too + Tso < t1o;
2.2. the function po(t) is absolutely continuous and po(t) is bounded;
2.3. the function fo(w), w = (t,z,21,...,75) € I x O is bounded;
2.4. there exists the finite limit

lim fo(w) = fi, w € (a,too] X ot

w—rwWo

where wo = (too, Too, Po(too — T10)s - - - » Po(too — Ts0));

2.5. there exist the finite limits

lim [fo(wii) — fo(wa2s)] = fos,

(wis,was) = (wl,,ws,)

where wy;, wo; € (a,b) x O3 i =15,

w); = (too + 70, Zo(too + Tio), Zo(too + Tio — T10)s - - -, Zo(too + Tio — Ti—10),
%00, To(too + Tio — Ti+10); - - - » To(too + Tio — Tso)),

wy; = (too + Tio, o (too + Tio), o(too + Tio — T10)s - - - » To(too + Tio — Ti—10),
wo(too), zo(too + Tio — Tix10), - - - > To(too + Tio — Tso)).

Then there exist numbers 9 € (0,e1) and 62 € (0,01), with t19 — 02 > too + Ts0, such that for arbitrary
(t,e,0p) € [tip — 02,110 + 02] X (0,€2) X 3 where M = {6 e W : 6ty < 0}, we have

Ax(t;edp) = edx(t; o) + o(t; edp). (2.16)

Here
dx(t; 0p) = =Y (too; ) fo dto + B(t; 0p) (2.17)
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and

S

B(t;0p) =Y (too; t)dxo — {Zy(too + Ti0§t)f0i}5t0

i=1

S

-2 {Y(too + Tios t) foi + /Y(f%t)fOzi [€]20(§ — Tio) df} o

i=1 too

B / Y (€ 4+ 7i0: 1) fom, [€ + TaolS0(E d€+/Y€t5f€]d£,
i= 1too Ti0

where it is assumed that

t too+Tio
/ Y (€:8) fou, (€0 (€ — 720) dE = / Y€ ) fou, [€30(€ — o) dé + / Y€1) fon [E)0(€ — o) de.
too too+Tio

Neat, Y (&;t) is the n X n-matriz function satisfying the equation

Y};“(f;t) = *Y(fv fOz ZY €+7_207 )me [54’7—10] 5 € [t()Oa ]7 (218)

and the condition
Yl =T, Y(ED) =6, > (2.19)
where

fOﬂCi, [ﬂ = fOxi (gvxo(g)axo(f - 7'10)5 s ’xo(f - 7’30))7
6.}0[&'} = 6f(€7x0(€)7x0(§ - 7_10)3 s 7330(5 - 7_50))'

Some comments. The expression (2.17) is called the variation formula of the solution.
The addend

- [Y(too; f5 + > Y (too + Tio; t)fm} dto
i=1
in the formula (2.17) is the effect of the discontinuous initial condition (2.14) and perturbation of the
initial moment tgg.

The addend

s t

-3 [Y(too + Tio; t) foi + /Y(f;t)fom [€]#0(€ — Tio) d&] ot

1=1 too

in the formula (2.17) is the effect of perturbations of the delays 7,9, i = 1, s. The expression

too

Y (too;t 5$0+Z / Y (€4 7o t) fow, [€ + Tio]0p(€) d€

=1
too—Tio

in the formula (2.17) is the effect of perturbations of the initial vector zgg and the initial function

wol(t).
The addend
t

/ Y (€: )5 1€ d

too
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in the formula (2.17) is the effect of perturbation of the right-hand side of the equation

z(t) = fo (t, x(t),x(t — 110),...,x(t — 7'30))-

Next, it is clear that
ox(t; 6p) = dxo(t; 6p) — Zax (t;0p), t € [tip — 02, t10 + 0a],

where

51’0(t; 5,u) = Y(too; t)[51‘0 — fo_(st()] + Z / Y(g + T30 t)fogci [§ + Tio](S(p(f) d§

=1
too—Tio

t S
+ [ Y@= 3 fonlliolé — r)ons + 8716]] .
i=1
§$l(t, (S,U,) = Y(too —+ Ti05 t)fol(§t0 —+ (57'1)
On the basis of the Cauchy formula (see Lemma 2.3), the function

S0 (t) = 5(t), t € [7,t00),
dxo(t, o), t € [too,t10 + 02,

is a solution of the equation
dx(t) = fout] +Zf09:1 [(62(t = 75) = fow, [€]E0(€ = Ti0)07s + 3 f[¢]
i=1 i=1

with the initial condition

dx(t) = dp(t), t € [T,ton), dx(too) = dzo — folt]dto,

and the function

0, t € [T, too + Tio),
Y (too + Tio; t) foi(6to + 073), t € [too + Tio, tio + d2],

is a solution of the equation

() fUm +Zf011 (5(E t_Tz)

with the initial condition
dx(t) =0, te[T,too+ Tio), dx(too + Tio) = foi(dto + 075).

Theorem 2.2. Let the conditions 2.1-2.3 and 2.5 of Theorem 2.1 hold. Moreover, there ezists the
finite limit
lim fo(w) = fi", w € [too,b) x O°FL. (2.20)

w—rwo

Then there exist numbers eo € (0,e1) and 62 € (0, (51) with t19 — 02 > too + Tso such that for arbitrary
(t,e,0u) € [t10 — d2,t10 + d2] X (0,e2) X %i , where ) = {6u € W ¢ 5ty > 0}, the formula (2.16)
holds. Here,

5z(t; 6p) = =Y (too; ) fo St + B(t; 0p).
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Theorem 2.3. Let the conditions 2.1-2.5 of Theorem 2.1 and the condition (2.20) hold. Moreover,
fo = fi := fo. Then there exist numbers g3 € (0,£1) and 82 € (0,61), with tig — 62 > too + Ts0, such
that for arbitrary (t,e,0p) € [tio — 02, t10 + d2] x (0,€2) x W), the formula (2.16) holds, where

S (t; 1) = —Y (too: t) fodto + B(t; op).

Theorem 2.3 is a corollary to Theorems 2.1 and 2.2.

Theorem 2.4. Let the conditions 2.1-2.4 of Theorem 2.1 hold. Moreover, there exist the finite limits

lim [fo(wii) — fo(wai)] = fo;, w15, w25 € (a,too + Ti0] x O°T!, i =15,
(wli,wgi)ﬁ(w?,i,wg

Then there exist numbers o € (0,e1) and d2 € (0,071), with t19 — Jg > L‘oo + Tso, such that for arbitrary
(t,a,éu) S [tlo — §o,t10 + (52] X (0782) X %91, where & ( L= {5/1, SN : 0tg <0, 01; <0, i = ﬁ},
the formula (2.16) holds. Here

S

6x(t;0p) = —|Y (toos ) fo + Zy(too + Tio;t)f&}&o = [Y(too + 7i0s 1) fo; |67 + Ba(t; 6p),

i=1 i=1
where

S

Bultsdv) = ¥ (toni )50~ 3 | / O, i€~ 7 e o7

i=1

too
too t
+Zl [ v+ rustisonle + maldo© de + [ Yigoriede.
= too Ti0 tOO

Theorem 2.4 can be proved by analogy to Theorem 2.1.

Theorem 2.5. Let the conditions 2.1-2.3 of Theorem 2.1 and the condition (2.20) hold. Moreover,
there exist the finite limits

( %mt 0 ) [fo(wu) - fo(wzi)] = f&» W14, Wi € [too + Tio, b) X OS+17 1=1,s,
W14, W24)—>(Wy,;, Wy,

Then there exist the numbers ea € (0,e1) and 02 € (0,071), witht10—02 > too+Ts0, such that for arbitrary
(t,E,(S/J) S [tlo — (52,t10 + (52] X (0,52) X %53, where %EBF = {5M € %(1) : 5t0 > O7 (5Ti > 0, = H},
the formula (2.16) holds. Here

S

Jx(t; (;,U,) = — |:Y(t00; t)fg_ + Z Y(too + T30 t>f0t} (;to — Z [Y(too + T30 t)fo—ﬂ (57’1' + 51 (t; (;,U,)

=1 i=1

Theorem 2.5 can be proved by analogy to Theorem 2.2.

2.3 Lemma on estimation of the increment of a solution with respect
to the variation set S

To each element p = (tg,71,...,Ts, 2o, @, f) € A, we assign the functional differential equation
y(t) = f(tO,Tl,-.-,Ts,Qﬂ,y)(t) (221)

with the initial condition
y(to) = zo (2.22)

(see (1.16)).
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Definition 2.2. Let u = (to,71,...,7s, %0, 9, f) € A, An absolutely continuous function y(t) =
y(t;n) € O, t € [r1,r2] C 1, is called a solution of the equation (2.21) with the initial condition
(2.22), or a solution corresponding to the element x and defined on the interval [ri, 79, if tg € [r1,72],
y(to) = xo, and the function y(t) satisfies the equation (2.21) a.e. on [rq,rs].

Remark 2.1. Let y(t;u), t € [r1,72], be a solution corresponding to the element p = (tg,71,...,7s,
zo,, f) € A1), Then the function

(t; p) = h(to, o, y(-5p)(t), t € [T, (2.23)
is a solution of the equation (2.13) with the initial condition (2.14) (see Definition 2.1 and (1.18)).

Lemma 2.7. Let yo(t) be a solution corresponding to the element po = (too, T10, - - - , Ts0s L0, 0, fo) €
AY and defined on [ry,r5] C (a,b); let tog € [r1,72),Tio € (0i1,0i2), @ = 1,5, and let Ky C O be
a compact set containing a neighborhood of the set ¢o(I1) U yo([r1,72]). Then there exist numbers
e1 > 0 and 61 > 0 such that for any (g,6p) € (0,e1) x S, we have pg + eop € AV, In addition, to
this element there corresponds a solution y(t; o + o) defined on the interval [ry — 61,72 + 61) C I.
Moreover,

o(t) := @o(t) +edp(t) € K1, tel, (2.20)
y(t; po + edp) € Ky, t € [ry— 01,72 + 1],
and
lim y(t; po + edp1) = y(t; o)
e—0
uniformly for (t,0p) € [r1 — 61,70 4+ 61] x M.
This lemma is a consequence of Theorem 1.7.
Lemma 2.8. Let z¢(t) be a solution corresponding to the element po = (too, T10, - - -, Ts0, 0, Y0, fo) €

A and defined on [7,t10] (see Definition 1.1), let too,t10 € (a,b), Tio € (051,02), i = 1,5, and let
K, C O be a compact set containing a neighborhood of the set wo(I1) U xo([too,t10]). Then there
exist numbers €1 > 0 and 6, > 0 such that for any (e,6p) € (0,e1) x M, we have o + edp €
A In addition, to this element there corresponds a solution x(t; o + €dp) defined on the interval
[T,t10 + 01]) C ;. Moreover,

x(t; o +edp) € K1, ¢ € [T,t10 + 01 (2.25)

It is easy to see that if in Lemma 2.7 one puts r1 = tgo, 72 = t10, then zo(t) = yo(¢), t € [too, t10],
and

w(t; po + £6p) = h(to, ,y( -5 po +£0p)) (1), (t,e,6) € [F,t10 + 61] % (0,1) x SO
(see (2.23)). Thus, Lemma 2.8 is a simple corollary of Lemma 2.6 (see (2.24)).

Due to the uniqueness, the solution y(¢; o) on the interval [r; — 61,79 + 01] is a continuation
of the solution yo(t). Therefore, we can assume that the solution yg(t) is defined on the interval
[r1 — 61,72 + 01].

Lemma 2.7 allows one to define the increment of the solution yo(t) = y(¢; to):

Ay(t) = Ay(tedp) = y(t; po + 6p) — y(t; po)
= y(t) — yo(t) V(t,s,éu) € [7”1 — 61,7‘2 + (51} X (0,51) X C\}(l) (226)

Obviously,
lim Ay(t;edp) =0 (2.27)
e—0

uniformly with respect to (¢,6u) € [r1 — 81,72 + 61] x I (see Lemma 2.7).



38 Tamaz Tadumadze

Lemma 2.9. Let 750 > -+ > 119 and tog + 750 < 2. Moreover, the conditions 2.2-2.4 of Theorem 2.1
hold. Then there exists a number es € (0,e1) such that

max  |Ay(t)| < O(edp) (2.28)

tE[too,r2+01]

(€0)

Ay(too) = e[dxo — fo dto] + o(edp). (2.29)
(1)

for arbitrary (,6u) € (0,e2) x S, Moreover,

Proof. Let e5 € (0,¢1) be insomuch small that for arbitrary (¢,0u) € (0,e2) x S’ the inequalities

to+ 7 >tog, t=1,s, (230)

hold, where tg = tgo + €dto, 71 = 0 + €67;. On the interval [tgg, 2 + 1], the function Ay(t) =
y(t) — yo(t), where y(t) = y(t; po + edp), satisfies the equation

Ay(t) = a(t; edp) + eb(t; edp), (2.31)
where
a(t; 55/1') = fO(th Tly-++5Ts, P, Y0 + Ay)(t) - fO(tOOa T105 - -+ 5 Ts05 L0, yO)(t)v (2 32)
b(ta&?(sﬂ) :5f(t0,71,...,73,50,y0+Ay)(t)- .
We rewrite the equation (2.31) in the integral form
t
Ay(t) = Ay(too) +/ [a(&;edp) + eb(&;e0p)] dE.
too
Hence it follows that
|Ay(t)] < [Ay(too)| + a1 (t;too, ep) + €bi(too; €dp), (2.33)
where
t 2401
nltitan. <o) = [ lolesedu)lde, ltonieon) = [ [o(es o)l
too too
Let us prove the formula (2.29). We have
Ay(too) = y(too: o + i) — yo(too)
too
= xgp + €620 + / [fo(t, yo(t) + Ay(t), o(t — 1), ..., 0(t — 75)) + eb(t;edp)] dt — zo (2.34)
to

(see (2.30)). It is clear that if ¢ € [tg, top], then
lim (£, y0(t) + Ay(t), ot —71),..., 0t = 75)) = lLm (¢, 90(t), po(t — T10);-- -, ot — Ts0)) = wo
e—0 t—too—

(see (2.27)). Consequently,

lim sup [ fo(t,yo(t) + Ay(t), ot = 71),...,0(t = 7)) = fo | = 0.

€0 teto,too]
This relation implies that

too

fo(t,yo(t) + Ay(t), p(t —71),...,0(t — 75)) dt

= —€f<f5to + / [fO(t7y0<t) + Ay(t>7 Lp(t - 7-1)7 ) (p(t - Ts)) - f(;] dt = —Ef(;éto + 0(56”’)' (235)

to
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Further, we have

too too p. i too
/Ib(t;eéu)ldt < /Zw 16 fi(to, 71+ Ta 30 + Ay) (£)] di < vZ/m(sfi,m(t) dt.  (2.36)
to to =1 i:lto

From (2.34), by virtue of (2.35), (2.36), we obtain (2.29).
Let us now prove the inequality (2.28). Let

pi1 = min{to + 7i, too + Tio},  pi2 = max{too + 7, too + Tio}, ¢ =1,s.

It is easy to see that
pi2 > pig > too and pio — pi1 = O(edp).

3(1)

Let €5 be insomuch small that for arbitrary (,0u) € (0,e2) X the inequalities

pi1 < pit1,1, t=1,5—1, pso <1401
hold. Now we estimate ay(¢; too,e0u), t € [too, T2 + 1]. Let t € [too, p1,1]. Obviously,

t S

al(t; t00, 55/‘) < / Lfo,Kl (5)‘Ay(§)| dg + Z az; (t; too, 55#)) (237)

0o i=1

where
t
azi(t;too, 6p) = /Lfo,Kl ()| (to, £, 90 + Ay)(€ = 7i) — hltoo, o, y0) (€ — Tio)| dE
too

(see Lemma 2.2). It is clear that if ¢ € [too,p11), then for € € [tgo,t] and any i = 1,s, we have
& —T1; <tgand & — ;0 < tog, therefore,

t
az;(t;too, 0p) = /Lfo,Kl (©)](€ —7i) — o€ — 7o) | d€

t
b

< O(edp) + /Lf07Kl(£)|SOO(£ —Ti) —wo(€ — 7—1'0)| ¢, 1=1,s.

too

The boundedness of the function ¢g(t), t € I, yields

lpo(§ = 7i) — po(§ — Tio)| = ‘ / o(t) dt‘ = O(edp).

§—Tio

Thus, for t € [too, p1,1], we have

a9 (t; too, edp) < O(edp), i=1,s.

Consequently, for t € [too, p1,1], we get

t

st <80) < OCeB) + [ Ly, (©1Bw()] de (2.38)

too

Let t € [p1,17p1,2]~ Then

a1 (t;too, €0p) = a1(p1,1;too, €0p) + ai(t; p1,1,€0 ).
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By the condition of Theorem 2.1, the function |a(&;edp)|, € € [too, 2 + 1], is bounded, i.e.,
|ay(t; p11,e0p)| < O(edp), t € [pra,p12)-
Therefore, for ¢ € [p1,1, p1,2], we have

a1 (t;too, €0p) < air(p1,1;too, €0p) + O(dp)
P1,1 t

< O(ebu) + / Lo ser ()| Ay(€)] de < O(e6p1) + / Lo 100 (6)] Ay(€)] de.

too too

Thus on the interval [too, p1,2], the formula (2.38) is valid. o
Let t € [pl,g,pgyl], thent — 7 > tg, t — 119 > tgo and t — 7; < tg, t — Ty < too, ¢ = 2, 5. For this
case we have

a1 (t;too, €0p) = a1(p1,2;too, €0p) + ai(t; p1,2,€0p)

P1,2 t t
< O + / Lo s (6)| Ay(€)] dé + / Lo (6)| Ay(€)] dé + / Lo ()| Ay(€ — 7)) de
too P1,2 P1,2

t S
4 [ L@l — 70) = ol — 7o) e+ Y it pras <o)

p1, =2

(see (2.37)). It is clear that
5_7—10

[y0(€ = 71) = yo(€ — T10)| S‘ / | fo(too, 10, - -, Ts0, yo) ()| dE| < O(ebp)

5—7'1
and

t

ag;(t; p1,2, €00 = / Lok, (&)]0(€ = 1) — @o(& — mi0)| dE

P1,2

b
< O(edp) + /Lfo,Kl(f)’sﬂo(ﬁ —7i) — o€ — o) | dE < O(edp), i=2,s.

t

Thus, for t € [too, p2.1],

t t—71
ax (t; oo, 1) < O(edp) + / Loser (6)| Ay(€)] de + / Lo sy (€ + 70)| Ay (6)] de
too p1,2—T1

t
S O(sélu) + / |:Lf07K1 (6) + X1 (5 +71)Lfo,K1 ({ + Tl):| |Ay(§)| df, ,01,2 —T1 2 tOOa

too

where x, (§) is the characteristic function of the interval I. Continuing this process for ¢ € [too, ps,2],
we can prove that

s—1

ax (¢ oo, £0p1) < O(=dp) + / (Lot (€ + 3005 = i (€ + 7)1y (€ 70)] |Ap(©)] de. (2.39)

too =1
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Let t € [ps,2,72 + 01], then

a1(t;too, e0p) = a1(ps,2; too,e0p) + a1 (t; ps,2, €01t)

Ps,2 s—1
<O + [ (L (€)+ 30 = 10, (€4 )L (€ + 7] |Ay(©)] de
oo i=1

t S

+ / L.k, (6) [|Ay(5>\ +> " |wo(€ = ) — yo(& — 7o) +Z|Ay<sfn)|ds}

Ps,2 i=1 i=1
t s—1

< O(€5M) +/Lfo,K1(£)|Ay |d§ +/|:Z s—1 X1 £+7—Z Ly,, K1(£+Tl)} |Ay(€)|d£
i=1

too too

Yy / 3o (€ 7 Lo e (€ + ) | Ay (6)]
i=1 .

t

<0G + [ [Laei(€)+ 305 = i+ 1, (€4 )L (64 )] 18y(©) e

oo i=1
Consequently, for t € [tgo, r2 + 1], we have
t S
(t too,E(S/.L < O 66:“‘ +/ Lfo Kl (8_7’+1)X1(£+TZ)Lf0,K1(€+Ti):| |Ay(§)|d€ (240)
=1
(see (2.39)). Obviously,
rat+01 k
bl(tOandu’) S’Y / Z|6fl(t057-17aTb7yO+Ay)(t)|dt SVZ/méqul(t) dt. (241)
oo i=1 =17

According to (2.29), (2.40) and (2.41), the inequality (2.33) directly implies

[Ay(t)] < O(edp)

+ / |:Lf0,K1 (g) + Z(S —i+ l)Xl (f + Ti)Lf07K1 (§ + Ti) |Ay(£)| dga te [t007 ro + 51]

too =1

By the Gronwall-Bellman inequality, from the above we obtain (2.28). O

2.4 Proof of Theorem 2.1

Let ry = tgp and ro = t1g in Lemma 2.8, then

rolt) = {Wo(t)v € 7. too),

yo(t), t € [too, t1o];
and for arbitrary (e,0u) € (0,e1) x I/,

o(t) == @o(t) + edp(t), t €T, to),

x(t; o +e0p) =
(ko ) {y(t5ﬂo+€5ﬂ)» t € [to, t10 + 61
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(see (2.23)). Note that du € W ., to < too, therefore we have

edp(t) for t € [T, 1),
Ax(t) = < y(t; o +edp) — @o(t) for t € [to,too),
Ay(t) for t € [too, tio + 51]

(see (2.15) and (2.26)). By Lemma 2.9, we have

|A.’E(t)| < 0(55/1‘) V(t,{f, 6:“) € [t007t10 + 61] X (0,52) X %(—1)7 (242)
A.T(too) = 6[(5I0 - fo_(sto] + O(&‘(S,U,) (243)

The function Az(t) satisfies the equation

Ax(t) = folt, zo + Az] + €0 f[t, xo + Ax] — folt]
= foe[t]Az(t) + Z fou (1 A2(t — Ti0) + 0 f[t] + > Di(t;€0p) (2.44)

on the interval [tog,t10 + d1], where

folt,xo + Az] = fy (t,mo(t) + Ax(t),zo(t — 1) + Azx(t —711), ..., 20t — 75) + Ax(t — TS)),
(t,l‘o(t), (t—Tl()), ,l‘o(t—Tso)),
)

Sf[t,xo + Ax] = 5f(t,a:0(t)+Ax()xo(t—ﬁ +Ax(t—n),...,x0(t—73)+Ax(t—75)),
Sf[t] = 0f(t,xo(t),zo(t —T1),... 2ot — 7)),
D1 (t;e6p) = folt, mo + Az] — folt] — foult] Zfon JAz(t — 7o), (2.45)
Vo (t;e0p) = [ f([t, zo + Az]) — 5 f[t]]. (2.46)

By using the Cauchy formula, one can represent the solution of the equation (2.44) in the form

Al‘(t) (too, )Al‘(too —|—€/Y &; t (5f df—f— ZR t too,&'tslu) te [t007t10 +51L (247)

too p=0
where )
Ro(t; o0, £) = Y Rio(t: too, €0ps),
¢:1t00
Rio(t;too,e0p) = / Y (€ + Tio; t) fox, [€ + Tio] Az (€) dE, (2.48)
too—Tio
Ryt too,200) = [ ¥ (€:0)0,(6:20u) de. p=12,
too

and Y (§;t) is the matrix function satisfying the equation (2.18) and the condition (2.19). Let dy €
(0,01) be insomuch small that the inequalities

too — 92 > a, too+ Ts0 < tip — d2

hold. The function Y (&;¢) is continuous on the set {(£,t) : & € [too—0I2, too], t € [t10—02,t10+02]} C I,
by Lemma 2.6. Therefore,

Y(too; t)Al‘(too) = EY(too; t)[éxo — fa&to] + O(t; E(Su) (249)
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(see (2.29)). One can readily see that

Ruo(t: too, e0y1) = ¢ / Y€ + T3 £) fom [€ + Tiol0p(€) dé + / Y€+ 7105 1) fom [€ + Tio) Az (€) de

too—Tio

/ Y (€ + 05 ) fou, [€ + Tl (€) dE +

too+Tio

Y(§§ t)wai [E]Af(f — Tio)df—i-o(t; 85/1).

too—Tio to+Tio
Thus
too
Ro(t;too, edp) = 52 / Y (€ + 7io3 ) foa, [€ + Tio]0p(E) dE
= 11500 Tio
too+Tio
+ Z ) fou, [E) Ax(€ — Ti0) dE + o(t; €6p1). (2.50)

i= 1t0+TLO

Let
0;,1 = min{to + 7i,te0 + 7o}, 0i2 = max{to + 7, too + Tio}, ¢ =1,5,
and let a number €5 € (0,¢1) be insomuch small that
too < 01,1, Qi2 < Qiy1,1, ¢t =1,5—1, 052 <tio— d2.

For t € [t19 — 02, t1p + d2], we have

Rl (t, t007 56”’) = w; (ta 56/1“)3

i=0
where
too+T10 too+Ti+10
wo(t;edp) = V11(&5t,e0p) dS,  wi(t;edp) = V11(&5t,e0p)ds,  i=1,5—1,
too too+Tio
t
wi(tizsn) = [ OnlGteon)ds, (€t edu) =Y (& 006 <0)

too+Tso0

(see (2.45)). Let p1,1 = to + 71 and tp + 71 < to + 710, then we have

wo(t;edp) = wor(t; edp) + woz(t; €6p).

Here,

to+T71

wOl(t;E(S/.t) = / ﬂll(f;taeél’[’) d§7
too
too+710

woz(t;e6p) = Y (& t){fol¢, zo + Ax] -
to+T71

too+T10

V(&) forle]

to+71

€]} dé

) + Z fou: [E]1A2(E — Ti0) | d€
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to+710 too+T10
- / Y (&) fow, (€] Az (€ — T10) d€ — / V(&) for, [E]A(§ — T10) dE.
to+T71 to+Ti0

We introduce the notations:

fol&:0,edu] = fo (&xo(f) + 0Az(E), 20(€ — T10) + 0 (20 (€ — 1) — 0(§ — T10) + Az(E — 7)), .. .,

#0(€ = 7i0) + 0(w0(€ — 72) — 0(€ — e0) + Ax(€ ~ 7)),
0(&:0,e6n) = foul&;0,e01] — foul8],  0i(&:0,601) = foa, €0, €60] — fox,[€].

It is easy to see that

fol&:0,e0p] db

1
folé, w0 + Ax] — fol€] :/d%
0

1 S
/{an: [£;0,e0p]Ax(E) + Zfom €0, e6p] (z0(€ — T) — 20(§ — 7o) + Am(§ — Ti))}dg
0

i=1

= 01(&e0p)Ax(E) + ZUM(E;E(SM) (z0(§ — 7i) — wo(€ — Tio) + Az (€ — 7))

i=1

+ fou €] +Zf0x (& —7) = z0(& — Tio) + Az (€ — 7)),

where
1 1
o1 (€5 26p) = / o (€0, e00) b, (& o) — / (€50, 25) do.
0 0

Taking into account the last relation for ¢ € [t19 — d2, 10 + J2], we have

wo1(t;e0p) = Zw(p) (t;edu),

where

to+T71

wb (et = [ Y (Et)01(6 o) An(€) e,

:0 to+T71

wgy (tedp) =y / Y (& )03 (&5 20) [0 (€ — 75) — w0 (€ — Ti0) + Aw(€ — 7)) dE
i=1 too

s totm

= / Y (& t)0i1(&5€00) [po(€ — Ti) — wo(€ — Tio) + edp(§ — 74)] dE,
WS (t;e6p) = > / Y (&) for [€] [20(€ = 72) — w0 (€ — 7i0)] dE

- / (&50) fou 6] [90(€ — 72) — o€ — o)) d,
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s totm
Wt = Y / Y (€:8) fou, [€] [A(E — 72) — Ax(€ — m0)] de
=1 too
s totm
=Y [ YDl [Be(€ - 1) - S(€ ~ )] de.
=1 too

The function ¢g(§), £ € I; is absolutely continuous, therefore for each fixed Lebesgue point £ €
(too, th + 52) of function gpo(f - TiO) we get

£—edm;
®o(§ — i) — po(€ — Tio) = / $o(s — Tio) ds = —epo(§ — Ti0)OT; + vi(§;e0p), (2.51)
13
where
Eli_r}ré M = 0 uniformly for dp € W, (2.52)

Thus, (2.51) is valid for almost all points of the interval (tgo, t10+d2). From (2.51), taking into account
the boundedness of the function ¢g(€), we have

vi(&;edp)

lo(& —7i) — @o(§ — Tio)| < O(edp) and -

’ < const. (2.53)

According to (2.42) and (2.51), for the expression w((ﬁ) (t;edu), p= 1,4, we have

gy (£ 261)| < V][ O(op)or (o), wl? (tse0m)] < Y |O(edp) Y oia (26p),

i=1
s to+T1
wgy (t; edp) = Z [%1(75;55%0 - 5( / Y (&) foz, [€]60(€ — Tio) d§> 5%}7
=1 too
s totm
b (6 <0] < o5V S [ o€ de.
=1 0
Here
too+T1i0 too+T10
et = [ logeonlds, oaon) = [ lonlgiom]de
too too
t
IY]| =sup {|YE&t] 2 (&t) €M}, yir(tiedp) = /Y(f;t)foh [€]7i(&; €0p) dé.
too
Obviously,
5 too+T10 (5 5#)
Y1 (t; €0 Vil§; €
BN <y [ 1l [ e
too
By the Lebesgue theorem on the passage to the limit under the integral sign, we have

vi1 (t; €0p)
&

lim oq(edp) =0, lim o;y(edpu) =0, lim ’ =0
e—=0 e—0

e—0
uniformly for (¢,du) € [too, too + T10] X g (see (2.52) and (2.53)). Thus,

w(()ll) (t;edp) = w(()21) (t;edp) = w((ﬁ) (t;edp) = o(t;edp),

to+T71

w(()1 (t;edp) = —ez [ / (&;t) fou: [€]@ (f—Tio)d§:| 0t + o(t;edp).

too

(2.54)



46 Tamaz Tadumadze

Further,
too+T10
€ / Y (&;t) for, [§l$o(§ — Tio)dE = o(t;edp), @0(§ — Tio) = Po(€ — Tio), & € [too, too + Tio),
to+71
therefore,
too+T10
wll) (t:26m) = —ez [ | Y&t mliote — o ds] 573 + ot <0p) (2.55)
too

On the basis of (2.54) and (2.55), we obtain

too+T10

wor (t;0) = —52{ / Y (&;t) for, [€]% (E—Tio)df} 67i + o(t; edp).

00

Let us now transform wgs(¢;e6u). We have

too+T10 too+T10
woz (t;edp) = / (& ) { fol&, mo+Az]— fol¢]} dE— / Y (&t) fo [§]Az(§—T10) dE+o0(t; €0 1).
to+71 to+710

Since for & € [tg + 71, too + T10],

|Az(£)] < O(edp), [Ax(§ —7i)| = eldp(§ —Ti)l, 20§ —7i) = ol —7), i=2,s,

and
2o(§—71)+Ax(§—m1)=2(§—71; po+edp) =y(§—71; po+edp) =yo(§—71) +Ay(§ =715 €0p),
we get
lim (&, 20(€) + Az(8), wo(€ = 1) + Az(§ = 71),-- -, @0(§ = 7o) + Ax( = 7))
= &t(}iffﬁr (& 20(£),y0(& — T10), 20 (€ = T10)s - - -, o (€ — To0)) = Wi,
gﬁt(}(i]rfmf (& 0(),20(6 = T10), - -+, 20 (€ — T0)) = w0,
ie.

lim sup [fol€, zo + Az] — fol€]] = for-

€0 E€[to+T1,t00+T10]

Moreover, the function Y (&;t) is continuous at the set [too, too + T10] X [too — T2, t10 + d2] C II. Thus,

too+T10

Y (&; t){fo [€, 20 + Az] — fo[f]} d€ = —eY (too + T10;t) f10(0to + d71) + o(t;€dp).

to+71

The expression —&Y (too + T10;t) f10(dto + d71) is the effect of discontinuity. Consequently,

too+T10
t €5M :—EZ / f t f()z [5] (6_7-1'0) df (STZ‘—EY(t()o+T10;t)f10(5t0+(57’1)
too
too+T10
= [ Y&t onleAa(e - mode + ofts ). (256)

to+T710
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Let 01,1 = to + 71 again and ¢y + 719 < to + 71, then we have

2

wo (t;edp) :Z k(t;edp),

where
to+T10
o1 = / Y (&)1 (€ 20p) de,
:(())17'1 too+T10
Woa = / Y (&6){ fol& w0 + Ax] — fo[€]} dE + / Y (& 6){ fol& wo + Ax] — fol€]} dé
to+T10 to+711
too+T10
- [ v {fulgaee + Z o [E1A(E — 7o)} de
.
= [ Y0500 - mo)de.
to+T10

For this case the formula (2.56) is valid and can be proved by the scheme described above.
Let 01,1 = too + Ti0, i.e., too + 710 < to + 7. In this case, by analogous transformations can be
proved the formula

too+T10
o(t;edp) :—52{ / Y (&) fou: [§]E0(§ — Ti0) €| 67
too+T10 "
= [ V(&0 A0l o) d + ofts )

to+T10

without discontinuity effect —e fo1 (6o + 071). We notice that this effect appears under transformation
of the addend w1 (¢;edp). For Ry(t;too,edp), after transformations of w;(t;edu), i = 1, s, we obtain

too+Tio

Ry (t;to0,e6p) = — EZ [/Y &t) foa, [§l0(§ — TzO)d£:| e / Y (&) foa, [§]A2 (€ — Tio) d€
=1 S50 =1y fr50
— £ Z Y(t()o + Ti0; t)fio((sto + (57’2) + O(t; E(S/L). (257)
i=1
Finally, let us estimate Ra(t;t00,e0u). We have
|Ra(t; o, €6p)| < eyv(edp),
where
t10+02 s
v(edp) = / E(t){\Aﬂf(tﬂ + Y [lwot — 1) — zo(t — io)| + |Ax(t — 7)]] } dt,
£ i=1

L(t) =" Lss,.x,(t)
j=1
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(see (2.46)). It is clear that

t10+02
v(e8) < O(ebp) / Dty / Vleo(t — ) — polt — )| + eld(t — )] de
too i= 11500

—1—2 / |m0 t—TZ)—xo(t—710)|+|A£U(t—T1)H dt

s too+Tio

N Z / t) [Jwo(t — 73) — zo(t — 7i0)| + O(edp)] dt

Further,

-~

—T;

eo(t — i) — po(t — Tio) = / $o(§) dE,

t—Tj,[)
t—T1; t—T;
xo(t—n)—xo(t—no)z xo(f)dfz fO[g] dg
t—l@ t_‘7/110

Taking into account the boundedness of the functions ¢o(€) and fo[£], we obtain

|<P0(t —T7i) — olt — Ti0)| = O(edp), |Jﬂo(f — 1) — xo(t — Tz'o)| = O(edp).
Moreover,
’iﬂo(f — 1) — ot — 7—7,'0)‘ + Azt —7)|, t€[oi1,0:2],

is bounded. From these relations it follows that

c}l_I)I(l) v(edu) =0

uniformly for du € W, Thus,
R (t;t00,e0p) = o(t;ed). (2.58)

From (2.47), by virtue of (2.50), (2.57) and (2.58), we obtain (2.16), where dz(t;dp) has the form
(2.17).

2.5 Lemma on the estimation of the increment of a solution with respect

to the variation set & C‘( )

Lemma 2.10. Let 159 > -+ > 119 and tog+7s0 < ro. Moreover, the conditions 2.2-2.3 of Theorem 2.1
and the condition (2.20) hold. Then there exists a number eo € (0,e1) such that

max |Ay(t)] < O(edp) (2.59)
tEfto,m2+01]

for arbitrary (e,6p) € (0,e3) X %S_l). Moreover,

Ay(to) = e[dzo — fof oto] + o(edp). (2.60)

(1)

Proof. Let €2 € (0,€1) be insomuch small that for arbitrary (e,du) € (0,e2) x S’ the inequalities

too + T > to, too + Tio > to, T =1,s, (2.61)
hold. On the interval [to,r2 4 d1], the function Ay(t) = y(t) — yo(t) satisfies the equation

Ay(t) = a(t; edp) + eb(t; edp) (2.62)
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(see (2.32)). We rewrite the equation (2.62) in the integral form

t

Ay(t) = Ay(to) + / [a(€; £611) + eb(&; o)) de.

to

Hence it follows that
|Ay(@)] < |Ay(to)| + ax(t;to,edp) + ebi(to, edp). (2.63)

Let us prove the formula (2.60). We have

to
Ay(to) = y(to; po+edp)—yo(to) = xoo+€5$o*ﬂfoo*/fo (t,90(t), po(t—T10), - - -, po(t—Ts0)) dt (2.64)

too

(see (2.61)). It is clear that if ¢ € [to, to], then
;1_1)1’(1) (ta yO(t)a SDO(t - 7_10)7 ceey Qo(t - TsO)) = tiltﬂJr (ta yO(t)v @O(t - 7—10); SR (PO(t - TsO)) = Wo-

Consequently,

lim sup |f0(tay0(t)7(p0(t_7—10)7"'3‘)00@_7—50)) _f(;L| =0.
€0 ¢€[to0,to)

This relation implies

/fo(t,yo(t),(po(t - 7'10)7 .. .,gOo(t - Tso)) dt

to

= —¢cfi oto +/ [fo(t, yo(t), po(t — T10),- .-, po(t — Ts0)) — fo | dt = —e fof 6to + o(edp).  (2.65)

too

From (2.64), by virtue of (2.65), we obtain (2.60).
Now let us prove the inequality (2.59). Let

pi1 = min{too + 7, to0 + Tio},  pie = max{ty + 7, oo + Tio}, 1 =1,s.

It is easy to see that p; o > p;1 > to and p; 2 — pi1 = O(edp). Let €2 be insomuch small that for
arbitrary (e,0u) € (0,e2) X %(j) the inequalities p; 1 < piy11, ¢ = 1,5 — 1, hold. We now estimate
a1 (t;to,edp), t € [to,m2 + 61]. Let t € [to, p1,1]. Obviously,

t

ax (t; o, £01) < / Ly s, ()1 A0(E) dE + 3 ani(t: o, 070) (2.66)
1=1

to
(see (2.37)). It is clear that if ¢ € [tg, p1.1), then for £ € [to,t] and for any ¢ = 1,5, we have £ — 7; < tg
and & — 7,0 < top, hence,

t

ag;(t;to,e6p) = /Lfo,K1 ©)]e(& —7) — o€ —Tio)| dE

to

b
<00 + [ L @10l — 7) = ool€ ~ )] s, i =To5
to
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From the boundedness of the function ¢y(t), t € I, follows
§—Ti
[po(& —7:) — po(€ —Tio)| = ’ / Po(t) dt’ = O(edp).

§—Tio

Thus, for t € [to, p1.1], we have

agi(t;to,eopn) < O(edp), i=1,s.

Consequently, for ¢ € [tg, p1,1], we get

t

ax (t; o, £81) < O(cdp) + / Lo ser (6)| Ay (€)] de. (2.67)

to

Let t € [p11,p1.2], then a1(t;t0,e01) = a1(p11;t0,e01) + a1(t; p1,1,e0p). The function |a(&;edp),
€ € [to, 72+ 01], is bounded, i.e., |a1(¢; p1,1,0u)| < O(edu), t € [p1,1, p1,2). Therefore, for t € [p; 1, pi2l,
we have

a1 (t;to,edp) < ai(pr,1;to,edp) + O(edpu)

P1,1 t
< O(edp) + / Lok, (§)|Ay(§)] d§ < O(eéu)+/Lfo,f<1(£)\Ay(£)ld£-
to tO

Thus, on the interval [tg, p1,2], the formula (2.67) is valid. Let ¢ € [p1,2,p21], then ¢t — 7 > o,
t —Ti0 > top and t — 7; <tg,t— Tio <t00,i=ﬁ.
For this case, we have

a1 (t; to, £0p) = a1(p1,2; to, €0p) + a1 (t; p1,2,€0p)
P1,2 t t

<00 + [ Lo @8v(©1d + [ Lo @IAu©Ide + [ Ly, ©1An(e — m)]de

to P1,2 P1,2

=2

¢ S
+ / Ly, (©)lyo(€ = 1) = 90§ — 710) [ dE + D ani(t; pr2, £0p).

p1,

It is clear that

£—T10
[yo(€ — 1) — yo(§ — T10)| < ‘ / | fo(too, T10, - - - Ts0, ) (1)] dt‘ < O(edp)

§—11
and

t

az;i(t; p1,2,€0p) = / Lok, (&)]0(€ — 1) — @o(& — 7o) | dE

pP1,2

b
< O(eop) + / Losen (©)]0(€ — ) — 0o(€ — 70)| dé < O(edps), i = 5.

t

Thus, for t € [to, p2,1],
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t t—11
a1 (t; to, e6p) < O(edp) + /Lfo,Kl (©]Ay(§)|ds + / L, i, (€4 1) Ay(§)| d€
to P1,2—T1

t

< 0(55/1‘) + / [Lf07K1 (f) +Xu (g + Tl)Lf07K1 (5 + Tl)] ‘Ay(§)| dg, P12 — 71 = to.

to

Continuing this process, we can prove that for ¢ € [to, ps.2],

t s—1
ax (t; to, £6p) < O(edp) +/ [L 0,5, (€) + D (s = X, (€ +70) Ly 1, (€ + 1) | |Ay(E) dE. (2.68)
to i=1

Let t € [ps,2,72 + 01], then

a1 (t;to, e0p) = ar(ps,2;to, e0p) + a1(t; ps,2,€0 1)

t

+ [ Ly ©18te \+Zyyo € —m) —wole —mio)| + D0 1Al — 7| de

Ps,2 i=1
t o1
<O+ [La @IAUOId+ [ [ 3 (5=, (€ 47 L (€47)] 180(6)] de
to to i=1

—T;

+Z / €+TZ)LJ‘0 K1(§+7—1)|Ay( )|d€

ps2 Ti

t

< 0(66/’4) + / |:Lfo,K1 (6) + Z(S —i+ 1)X1 (5 + Ti)LfoJﬁ (§ + Ti) |Ay(€)‘ df

to
Consequently, for ¢ € [tg, r9 + 01], we have

t s

a0, =60 < O(eom) + [ (L (€ + 305 =i+ 1, (64 7L (€4 7] |Aw(©)]de - (26

i i=1
(see (2.66) and (2.68)). Obviously,

r2+61
b1 (to,edp) <= / Z|(5fZ Lo, T1y -+ Tsy Yo + Ay) (¢ |dt<’yZ/m5fl K, (t) dt. (2.70)

to =1

According to (2.60), (2.69) and (2.70), the inequality (2.63) directly implies

t

890 < O + [ [Ligser(€)+ Do =i+ D (€4 Lo (€ +72)] IAY(E) ds ¢ € [t ra+ 3]

to i=1

By the Gronwall-Bellman inequality, from the above we obtain (2.59). O
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2.6 Proof of Theorem 2.2

First of all, we note that du € & “( ) ie. , tog < tg, therefore we have

e6p(t) for t € [T,t00),
A:Z?(t) = Lp(t) — yo(t) for t € [too,to),
Ay(t) for t e [to,tlo + 51}.
By Lemma 2.10, we get
|Az(t)] < O(edu) Y (t,¢,01) € [to, tro + 61] X (0,£5) x SV (2.71)
and
Ax(ty) = e[dxo — fi Sto] + o(edp). (2.72)

The function Az(t) satisfies the equation (2.44) on the interval [to,t19 + d1]; therefore, by using the
Cauchy formula, we can represent it in the form

t

Aa(t) =Y (toi)Aalta) + [ YGOSIEdE+ D Roltitoset). € ftotuo 48] (273

to p=0

(see (2.48)). Let €5 € (0,e1) and d2 € (0,071) be insomuch small that the inequalities

to+ 7 <t — 02, i=1,s, too+ Tso < t1o— G2
hold. The function Y (&;t) is continuous on the set [too, too + Tso] X [t10 — 02, t10 + d2] C II. Therefore,
Y (to; t)Ax(ty) = €Y (too; t)[0z0 — fo Oto] + o(t; edpu) (2.74)

(see (2.72)).
Let us transform R(¢;tg,edp). It is not difficult to see that

s tg
Ro(t; to,e01) = Y / Y (€ + 7o t) foa, [§ + Tio] Ax(§) d€
izlio*ﬂ'
too to
- Z [s [ Y (€m0 fon [l €) et [¥ (647010 o 6+ malA(€) de
to—Tio too

too

ey [ Y€+ most)on e + moldiole) de

= 1too Tio
to+Tio

S / Y (€ 6) fou, [ A2(€ — 7i0) dE + olt: £61). (2.75)

= 1t00+7—1,0

In a similar way, with nonessential changes, one can prove

Ry (t;to,e0p) = —az U (&:1) fou, [€]2 (g_no)dg] o7y

s totTio

-3 / (&51) fou, [ Az (E—7i0) dé— stw Sto+0m)+o(t;edp),  (2.76)

=lootri0 =1
Ry (t;t0,e0u) = o(t;edu). (2.77)
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Finally, note that

: / Y (€ )5 7(€)dé = e / Y (€:0)3 FIEJdE + oft: cbp). (2.78)

to too

From (2.73), by virtue of (2.74)—(2.78), we obtain (2.16), where

Sx(t;0p) = =Y (too; t) fof Sto + B(t; du).

3 Variation formulas of solutions for equations with the
continuous initial condition

3.1 Formulation of the main results

To each element
p=(to,m1,. . o0, f) € AP =[a,b) x [011,012) % -+ X [1,052) x @ x BV
we assign the functional differential equation
i(t) = f(t,x@t),z(t —7),...,z(t — 7)) (3.1)
with the continuous initial condition
x(t) = (), t [T, tol, (3.2)
where &3 = {p € C(I1,R") : ¢(t) € O}.

Definition 3.1. Let u = (to,71,...,7s, ¢, f) € A® . A function z(t) = z(t;u) € O, t € [7,t1],
t1 € (to,b], is called a solution of the equation (3.1) with the initial condition (3.2), or a solution
corresponding to the element p and defined on the interval [T, ¢1], if it satisfies the condition (3.2) and
is absolutely continuous on the interval [to,¢1] and satisfies the equation (3.1) a.e. on [to, t1].

Let xo(t) be a solution corresponding to a fixed element

Lo = (too,’rlo, -+ Ts0, P05 fO) € A(Q)

and defined on the interval [T, ¢19], where tgo, 10 € (a,b), too < t10, and 7o € (614,02;), i = 1, 5.
In the space Egi) = ,32) — pp with the elements dp = (dtg,d71,...,07s,0p,0f), where E,(f) =
RxRx---xRxC(I1,R") x EJ(E), we introduce the set of variations

s@):{mz(5t0,571,...,573,5¢,5f): 6to] <, |07 <7, i=1,s,

k k
S =Y Ndgi, 6f = _Ndfi, [Nl <, izl,k}7 (3.3)

=1 i=1

where dp; € ®o — g, 0f; € Ej(cz) — fo, i = 1, k, are fixed functions; v > 0 is a fixed number.

There exist numbers §; > 0 and ; > 0 such that for arbitrary (g,51) € (0,e1) x S?), we have
o +edp € A and to the element g 4 edu there corresponds the solution x(; jug 4 £6p) defined on
the interval [T, t19 + 01] C I4.

Due to the uniqueness, the solution z(¢; o) is a continuation of the solution z((t) on the interval
[T,t10 + 61]. Therefore, in the sequel, the solution zy(t) is assumed to be defined on the interval
[?7 tio + 51}.

Let us define the increment of the solution xo(t) = x(¢; f0):

Ax(t) = Ax(t; edp) = x(t; po + €0p) — xo(t) Y (L, e,0p) € [F,t10 + 61] x (0,1) x 2, (3.4)
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Theorem 3.1. Let the function po(t), t € I, be absolutely continuous. Let the functions ¢o(t) and

folw), w= (t,x,x1,...,15) € I x O°FL be bounded. Moreover, there exist the finite limits

¢o = @o(too—), lim fo(w) = f5, w € (a,to] x O°,

w—wo

where
wo = (too, o (too), Po(too — T10), - - - o (oo — Ts0))-

Then there exist the numbers €5 € (0,e1) and 2 € (0,91) such that for arbitrary (t,e,0u) € [too, t10 +

8] % (0,e2) x S,
Ax(t;edp) = edz(t; o) + o(t; edp)

where §? = {6 e IP) . 5ty <0} and

ox(t; o) =Y (too; 1) (2o — fo )oto + B(E; 0p),

too

B(t; 6p) =Y (too; )5 (too) + Y / Y (€ + Tioi t) foa, [§ + Ti0]00(€) d€

=1 too—Tio
t t

- [y [ foal€fiofe - mo)or] de + [ o as

too tOO

Here Y (&;t) is the n X n-matriz function satisfying the equation

Ye(&5t) = =Y (&1) foul€] = Y V(€ + 703 ) fow, [€ + Tio), € € [too, 1],
i=1

and the condition
Y(t;t) =T, Y(&t) =0,
where

foz: (€] = fox: (& 20(£), 20(€ — T10), - - -, 0 (€ — Ts0)),
6f[ﬂ = 5f(§71'0(§),1'0(§ - 7-10)7 cee 7x0(€ - 7_80))'

Some comments. On the basis of the Cauchy formula, we can conclude that the function

5a(t) = Sp(t), t € [7,to0),
ox(t;0p), t € [too,t10 + O2],

is a solution of the equation
0x(t) = fou[t)6x(t) + > fou, [110x(t — 7i0) = D fou, [t (t — Tio)d7i + 6 f[1]
i=1 i=1

with the discontinuous initial condition
6x(t) = dp(t), t € [T,t00), 0x(ton) = (¢g — fo )0to + dp(too).
The addend

= [ V&0 3 fonlelio(e — ro)or] de
too i=1

in the formula (3.7) is the effect of perturbations of the delays 7;9, i = 1, s.

(3.5)

(3.6)

(3.9)
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The expression
Y (too; 1) (g — fo )dto

in the formula (3.6) is the effect of the continuous initial condition (3.2) and perturbation of the initial
moment tgg.
The expression

too

S
Y (tooi)3plton) +3° [ Y5+ mioit) on, € + malbo(€) de
=100 "m0
in the formula (3.7) is the effect of perturbation of the initial function ¢o(t).
The addend

t

/ Y (€: )8 (€] de

in (3.7) is the effect of perturbation of the right-hand side of equation
z(t) = fo (t, x(t), x(t — 110),...,x(t — Tso)).

Theorem 3.2. Let the function po(t), t € I, be absolutely continuous. Let the functions ¢o(t) and
fo(w), w= (t,x,21,...,15) € I x O be bounded. Moreover, there exist the finite limits

803 = SbO(tOO"_)v wli{ri})() fO(w) = f(;ra w e [t007b) X OS+1'

Then for each ty € (too,t10) there exist the numbers g3 € (0,€1) and 6y € (0,8,) such that for arbitrary
(t,e,0p) € [to,t10 + 82] x (0,2) x %f), where %(f) = {6pu € @) : 5ty >0}, the formula (3.5) holds,
where

d(t;0p1) =Y (too; ) (25 — fo)dto + B(t;0p). (3.10)

The following assertion is a corollary to Theorems 3.1 and 3.2.

Theorem 3.3. Let the assumptions of Theorems 3.1 and 3.2 be fulfilled. Moreover, ¢, — f, =
o8 — fo == fo. Then, for each ty € (too,t10), there exist the numbers e3 € (0,1) and 5y € (0,6;)
such that for arbitrary (t,e,0u) € [to, t1o + d2] x (0,€2) x I the formula (3.5) holds, where

Sa(t; ) = Y (too: t) fodto + B(t: dp).

All the assumptions of Theorem 3.3 are satisfied if the function fo(t,x,21,...,zs) is continuous
and bounded, and the function ¢g(t) is continuously differentiable. Clearly, in this case,

o = po(too) — fo(t00s v0(too), po(too — T10), - - -» o (too — Ts0))-
Theorems 3.1-3.3 correspond to the cases where there exist the left-sided, right-sided and two-sided

variations of the initial moment ¢qg, respectively.

3.2 Lemma on estimation of the increment of a solution with respect
to the variation set 3

To each element pu = (tg, 71,...,7s, 0, f) € A®) we assign the functional differential equation

y(t) :f(t()lea"-staQDvy)(t) (311)

with the initial condition
y(to) = ¢(to) (3.12)
(see (1.16)).
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Definition 3.2. Let u = (to,71,...,7s, 0, f) € A®) . An absolutely continuous function y(t) =
y(t;u) € O, t € [r1,r2] C 1, is called a solution of the equation (3.11) with the initial condition
(3.12), or a solution corresponding to the element x and defined on the interval [ri, 79, if tg € [r1,72],
y(to) = ¢(to) and the function y(t) satisfies the equation (3.11) a.e. on [rq,r2].

Remark 3.1. Let y(t;u), t € [r1,72], be a solution corresponding to the element p = (tg,71,...,7s,
@, f) € A®). Then the function

x(t,u) = h(t0a§07y(mu))(t)7 te [?aTQ]’ (313)
is a solution of the equation (3.11) with the initial condition (3.12) (see Definition 3.1 and (1.18)).

Lemma 3.1. Let yo(t) be a solution corresponding to the element g = (too, T10, - - - s Ts05 P05 Jo) € A2
and defined on [r1,72] C (a,b); let tog € [r1,72), Tio € (0i1,0:2), i = 1,5, and let K1 C O be a compact
set containing a neighborhood of the set wo(I1) Uyo([r1,r2]). Then there exist the numbers e > 0 and
81 > 0 such that for any (,0p) € (0,e1) x I, we have g +edp € AP, In addition, to this element
there corresponds a solution y(t; po + €du) defined on the interval [r1 — 01,72 + 61] C I. Moreover,

o(t) := @o(t) +edp(t) € Ky, te€ I, (3.14)
y(t; po +edp) € Ky, t € r1— 01,72 + 01,
and
lim y(t; po + €0p) = y(t; o)
e—0
uniformly for (t,8u) € [r1 — 01,79 + 61] x I3,
This lemma is a consequence of Theorem 1.7.
Lemma 3.2. Let 2(t) be a solution corresponding to the element g = (too, T10, - - - » Tis, ©0, fo) € A?)

and defined on [T,t10] (see Definition 3.1), let too, t10 € (a,b), Tio € (0i1,0:2), i =1,s, and let K1 C O
be a compact set containing a neighborhood of the set o (I1)Uxo([too, t10]). Then there exist the numbers
g1 > 0 and 6, > 0 such that for any (¢,6p) € (0,61) x P, we have po +edp € A2 . In addition,
to this element there corresponds a solution x(t; o + edp) defined on the interval [T,t19 + 61] C I1.
Moreover,

:L’(t; Mo + 65#) e Ky, te [?,tlo + 51] (315)

It is easy to see that if in Lemma 3.1 one puts r1 = tgo, 72 = t10, then zo(t) = yo(t), t € [too, t10],
and
w(t; po + ) = h(to, ,y( -5 po +£6p)) (1) ¥ (t,2,6p) € [T, t10 + 61] x (0,1) x 2

(see (3.13)). Thus, Lemma 3.2 is a simple corollary of Lemma 3.1 (see (3.14)).

Due to the uniqueness, the solution y(t; o) on the interval [r; — d1,72 + 6] is a continuation
of the solution yo(t). Therefore, we can assume that the solution yg(t) is defined on the interval
[7’1 — 51,7”2 + 61]

Lemma 3.1 allows one to define the increment of the solution yo(t) = y(¢; to):

Ay(t) = Ay(t;edp) = y(t; po + £0p) — yo(t) ¥ (t,e,0p) € [r1 — 61,72 + 61 x (0,61) x S, (3.16)

Obviously,
lim Ay(t;edu) =0 (3.17)
e—0

uniformly with respect to (t,du) € [r1 — 81,72 + 61] x 32 (see Lemma 3.1).

Lemma 3.3. Let the conditions of Theorem 3.1 hold. Then there exist the numbers g2 € (0,€1) and
d2 € (0,61) such that
max  |Ay(t)| < O(edp) (3.18)
t€[too,r2+02]

for arbitrary (e,0p) € (0,e2) X 3@ Moreover,

Ay(too) = e[dp(too) + (Do — fo )dto] + o(edp). (3.19)
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@ the following

Proof. Let €, € (0,e1) be insomuch small that for arbitrary (e,du) € (0,€5) x
inequalities

to+ 7 > toog, t=1,s, (320)

hold, where tg = tgo+¢edto, 7; = Ti0+ed7;. On the interval [tog, 72+3d1], the function Ay(t) = y(¢)—yo(t),
where y(t) = y(t; u + edp), satisfies the equation

Ay(t) = a(t; edp) + eb(t; edp), (3.21)
where
CL(t; 55#) = fO(th iy Tsy P, Yo + Ay)(t) - fO(tOOa T105 - -+, Ts05 L0 yO)(t)a <3 22)
b(t,e’;‘éﬂ) :6f(t0a7-17"'a7-37(pay0+Ay)(t)' .
We rewrite the equation (3.21) in the integral form
t
Buy(t) = Bylton) + [ [aéseon) + <b(é; o] de.
too
Hence it follows that
|Ay(t)] < [Ay(too)| + a1 (t; too, €6p) + ebi(too; 0p), (3.23)
where
t ro+9d,
nltitan. <o) = [ lolesedulde, mltonieon) = [ [o(es o)l
too tO(J
Let us prove the formula (3.19). We have
Ay(too) = y(too; o + €6p) — yo(too) = wo(to) + edp(to)
too
+ / o (t:0(t) + Ay(t), olt = 71), .. p(t = 7)) + eb(t: edm) | dt = woltoo)  (3.24)
to
(see (3.20)). Since
to
[ ott)dt = i st + ofzs)
too
and
lin%) dp(to) = dp(too) uniformly with respect to du € 3@
e—
(see (3.3)), we have
vo(to) +edp(to) — ¢oltoo)
to
= /cpo(t) dt + 6 (too) + €[6p(to) — S(too)] = ldg Sto + dp(too)] + o(edp).  (3.25)
too

It is clear that if ¢ € [tg, too], then

gig(l) (t,yo(t)+Ay(t), e(t—71),...,0(t—75)) = lim (¢, 50(t), po(t—T10),-- -, Po(t—Ts0)) =wo

t—too—

(see (3.17)). Consequently,

lim sup |f0(t7y0(t)+Ay(t)790(t77_1)5a@(tf’rs)) 7.f0_| =0.

=0 tE[to,too]
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This relation implies that

/fo(t,yo(t) + Ay(t), ot —71),...,0(t — 75)) dt = —efy dto
[ [Folts006) + By(0). 900 =7, iplt = 7)) = fi | e =~y Gt + oled).(326)

Further, we have

too too 4 L too
to i, =1 =1

(see (3.16), (3.3) and (3.14)).

From (3.24), by virtue of (3.25)—(3.27), we obtain (3.19).

Let us now prove the inequality (3.18). Towards this end, we estimate a; (¢; too,01), t € [too,r2 +
91]. Obviously,

t S
a1 (t; too, €6p) < /Lfo,K1 (©)IAY(E)|dE + Y asi(t; too, 6p1), (3.28)
too i=1
where
t
az;(t; too, e0p) = /Lfo,Kl (&)]h(to, 2, yo + Ay) (€ — 75) — h(too, o, Yo) (§ — Tio)| d€
too
(see (3.22)).
Let tog 4+ Ti0 < 7o and let €9’ be insomuch small that tgg + 75 < 79 + 1.
Furthermore, let

pi1 = min{to + 7, too + Tio}, pi2 = max{too + i, too + Tio}-

It is easy to see that
piz > pi1 > too and piz — pin = O(edp).
Let t € [too, pi1), then for £ € [tgo, t], we have £ — 7; < tg and £ — 70 < g0, and hence,
t
azi(t; too, 0p) = /Lfo,K1 (&)]e(€ = 7i) — o(& — 7o) | dE.
too
From the boundedness of the function ¢g(t), ¢ € Iy, it follows that
(& —7i) — wo(€ — Tio)| = |po(€ — Ti) + €60(€ — 7i) — @o(€ — Tio)|
£
= O(edp) + ’ / Po(t) dt’ = O(edp). (3.29)
§—Tio

Thus, for ¢ € [teo, pi1], we have

a2 (t; too, edp) < O(edp), i=1,s. (3.30)
Let t € [pil,pig], then

a2; (t; too, €dp) < agi(pit;too, €0p) + azi(piz; pir,€6p) < O(e0p) + azi(piz; pit, €0pt).
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Let pj1 = to + 7; and pjo = tog + 75, i-€., to + 7 < too + Tio < too + 7;- We have

too+Tio

azi(piz; pir, €6p) < / Lyy.x,(§)|y(€ — 735 po + €0p) — 0o (€ — mi0) | d€
to+T;
too+Ti
+ / Lok, (€)|y(€ — 735 po + €611) — yo (€ — 7o) | d€
to0+Tio
to0+Tio
< Lo, 1,(©)]y(& = 7is pro + £8p) — (& — i) | d
to+T;
too+Tio
+ [ L ©lele — ) — ool — o) de
to+T7;
too+Ti
b [ L Olule — mi o+ <) — ol — 7| de
too+Tio
too+Ti
+ [ L ©lele —7) - ool — o) de
too+Tio
too+Ti
+ / Lo, (€)]0(€ = Tio) — yo(§ — Tio) | d€
too+Tio
too+Ti
<oledm)+ [ Ligaci Iyl — 7o + =) — (¢ )] de
to+T;
too+Ti
+ / Lo, ()| 0(€ = Tio) — yo (€ — 7o) | d€
too+Tio
too
—ofedh) + [ Liae (64 mlu€ o + 261) = 0(6)] de
to

too+T7i—Tio

n / Lo i, (€ + 70) | 00(€) — yo(€)| de

too

see (3.29)). The functions fo(t,z,z1,...,2s),(t, 2, 21,...,2s) € I x O and po(t), t € I, are
bounded; therefore,

|y(&; 1o + €dp) — (€)|

3
= ‘@(to) Jr/ [fo(tosT1,. .., Ts, 0,50 + Ay)(t) + b(t;edp)] dt — 90(5)’ < O(edp), €€ [to,tool, (3.31)

to
and
1
lo(€) — Yo (&) = |vo(§) — wo(too) — /fO(t0077—107 <5 Ts0, %0, Y0) (1) dt‘ < O(edp),
too

€ € [too, too + Ti — Tio] (T > Tio)-
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Thus,
azi(piz; pi1,e6p) = o(edp).
Let Pi1 = to + 7 and pPi2 = too + Ti0, then
too+Tio

aiz(piz; pir, €6p) = / Ly 1, (§)|y(€ — 735 po + €0p) — 0o (€ — 7o) | d€ = o(edp).
to+Ti

Let pj1 = too + Tio and pio = too + 73, i-€., too + Tio < to + 7 < too + 7;. We have

to+T;

a;2(piz; pir,€6p) < / Ly, Kk, (§)|<p(§ — 1) —yo(§ — Tio){ d¢
too+Tio
too+Ti
+ / Lo, 1,(€)]y(€ — 735 pro + €8p1) — yo (€ — Tio)| d€ = o(edp).
to+Ti

Consequently, for ¢ € [too, pi2], the inequality (3.30) holds.
Let t € [pia,r2 + 61], then t — 7, > to and t — 70 > to, therefore,

t

azi(t; too, €dp) = azi(paz; too, €0pt) + / Lo i, (O |yo(€ — 7) + Ay(& — 73) — yo(€ — 7o) | d€

o Pi2 )
<O+ [ Ly €+ mIAUEN &+ [ Ly, Olin(€ ~ 1) (€ — 7o) de
Pi2— T4 Pi2
t ro+01
<O + [ X6+ TLppr €+ WAYONdE+ [ Lo (©lonl€ — 7~ vo(€ — )|
too Pi2
Further, for & € [pi2, 72 + 1],
E—1r1
|0 (& — 75) — yo(€ — Tio)| < / | fo(too, Tits - - -, Tis, o) (£)| dt < O(edp).
&—Tio
Thus, for ¢ € [tgo, r2 + d1], we get
t
az;(t;too, e6p) < O(edp) + /X1(€ +7i) Lgo 5, (§ + 7i) |Ay(€) ] dE. (3.32)
too

We now consider the case where tog + 70 > 72. Let 62 € (0,81) and € € (0,£1) be insomuch small
numbers that tog + Tip > r2 + d2 and to + 7; > ro + 02 for arbitrary (g,0p) € (0,£5) x 3@,
It is easy to see that

t

ag;(t; too, £6p) < /Lfo,Kl (©)]e(€ — 1) — wo(€ — Ti0)| dt < O(edp).

too

Thus, for arbitrary (¢,e,du) € [too, 72 + d2] X (0,e2) X 3? and i = 1, s, where 5 = min(eh, &5), the
inequality (3.32) holds.
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Consequently, we have

o0, =50) < 0(e0m) + [ [Ly1,(€) 4 Y€+ Ly (€4 7] |Aw(©)] de

too =1
t € [too, 72 + 01,
(see (3.28)). Obviously,

ro+02 g

k
by (too, edp) <y / Z|5fi(to,71,-~,Ts,y0+Ay)(t)|dtS’YZ/méfi,Kl(t)dt-
=17

too =1

According to (3.19), (3.33) and (3.34), the inequality (3.23) directly implies

t

(3.33)

(3.34)

|Ay(t)] < O(edp) +/ [Lf,Kl O+ x(E+m) Lk, 6+ Ti)] |Ay ()] dE, t € [too, T2 + da].

too i=1

By the Gronwall-Bellman inequality lemma, from the above we obtain (3.18).

3.3 Proof of Theorem 3.1

Let 71 = tgg and ro = t1¢ as in Lemma 3.1, then

yo(t), t€ [too,tio)s

%m:{%w,taamx

and for arbitrary (e,0p) € (0,e1) X 3@,
e(t), te 7 to),

x(t; po +e0p) =
( Mo ,LL) {y(t’ I + 55/_1/)’ te [t07t10 + 61]

(see (3.13)).
We note that du € %9), i.e., tg < too, therefore

edp(t) for t € [T, o),
Ax(t) = < y(t; o +edp) — po(t) for t € [to, too),
Ay(t) for t e [too, ti0 + 51]

(see (3.4) and (3.16)).
By Lemma 3.3 and the relation

|y(t; o + €611) — o(t)] < O(edp), t € [to, tool,
we have
|Az(t)] < O(edp) Y (t,e,01) € [Fyt10 + 62] x (0,2) x P,
Ax(too) = e[dp(too) + (o — fo )dto] + o(edp).
The function Az(t) satisfies the equation

Az(t) = folt,xo + Az] + ed f[t,x0 + Az] — fo[t]

= fou[t|Ax(t) + Z Joa, [t]Az(t — T30) 4 €0 f[t] + Zﬁi(t;eéu)

i=1 i=1

(3.37)
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on the interval [too, t10 + 2], where
foltswo + Aa) = fo (£ () + A(t), wo(t = m) + Ax(t = 11), ... wo(t = 7,) + Aa(t — 7)),
= fo(t, xo(t), xo(t — T10), - -, To(t — Tx0)),
= 0f (tao(t) + Aa(t),zo(t = 11) + At = 71),... wolt = 7,) + Aa(t - 7)),
5f[t] = 6f(t,zo(t), zo(t —71),...,xo(t — 7s)),
U (t;6p) = folt, mo + Az] — folt] — fou[t]A Zfon [t]Az(t — Tio), (3.38)

=1

Vo (t;e6p) = e[6f[t, xo + Az] — S f[t]]. (3.39)

By using the Cauchy formula, one can represent the solution of the equation (3.37) in the form

Ax(t) (too, )Aw(too -l-E/Y f t (5f d§—|— ZR t; t0075(5,u) te [too,tw +(52}, (340)

too p=0

where i
Ro(t;too, €012) = Y _ Rio(t; too, e0p),
22100
Rio(t;too,e6p) = / Y(&+ Tioi t) fox, [§ + Tio] Az(€) dE, (3.41)

t00—Tio

Ry (t; oo, 6p) =/Y(£;t)19p(§;65u) ¢, p=12,

too

and Y'(;¢) is the matrix function satisfying the equation (3.8) and the condition (3.9). The function
Y (&;t) is continuous on the set

[too — 02, too] X [too,t10 + 2] CII

Therefore,
Y (too; t) Az (too) = €Y (too; t) [d(too) + (9o — fo )dto] + o(t;e0p) (3.42)
(see (3.36)). One can readily see that

Rio(t;too, e0p) =€ / Y (& + Tios t) fow, [§ + Tio]dp(§ d§+/Y £+ Tios t) fox, [§ + Tio] Ax(€) d€

too—Tio
too
= [ V(€ Tt fon € + moldo(€)dE + ot o)
too—Tio
(see (3.35)). Thus
too
Ro(t; too, e0p) = EZ / Y(§ + 7io; 1) foa, [€ + Tiol0p(€) d€ + oft; €p). (3.43)

= 1t00 Ti0

We introduce the notations:
folt; 0,e6p] = fo (t, xo(t) + 0Ax(t), xzo(t — T10) + O(zo(t — 71) — 2o(t — T10) + Az(t — 11)),. ..,
Bo(t = 70) + 0o (t = ) = wo(t — 7o) + Axlt — 7)) ),
o(t;0,e6p) = foult; 0,e0u] — foult],  0i(t;0,200) = fou,[t;0,200] — fou, [t]-
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It is easy to see that
/ d
fo(lt, o + Az] — fo[t] = /@fo[t;ﬂ,eéu] do
0

{fOz [t;0,e6u]Ax(t) + Z Jow, [t:0,€0) (z0(t — 75) — wo(t — Ti0) + Ax(t —73)) } dO

i=1

r—to\
-

[/o— (t;0,e0p) dﬁ] Az(t) + 1 [/IQZ t:0,e61) dG] (zo(t — 73) — wo(t — Tio) + Az(t — 7))

i=

+fO.L +Zf0m Zo t_Tz) _xO(t_TzO)+A$(t_Tz))

Taking into account the last relation for ¢ € [tog, t19 + d2], we have

6
Ry (t;too,e0p) = Z R,(t;t00,€01),

p=3

where

1
Ra(t: too, 61) = / Y (€ )0 (€ c0p)Ax(€) de, o (€ e8p) = / o(&:5,0u)d
0

too
t

Ry(t;too, e0p) = Z/Y(f;t)gz‘z(ﬁ;ﬂ;u) [20(& — 73) — 0(& — o) + Ax(E — 73)] dE,

lzltoo

1
0i2(&;€01) :/Qi1(5;9,55u) de,
0

R (t: oo, 20y1) = Z/Yg, ) fowa[€] [20(6 — ) — mo(€ — m0)] e,

i= ltoo

s t

Rotito0,0m) = 3 [ Y(6:0)for,[€) [Aa(€ — 7) - Aalg — )] de

i:lto0

(see (3.38)). The function xo(t), t € [T, 110+ J2], is absolutely continuous, and for each fixed Lebesgue
point &; € (too, t10 + d2) of the function &¢(£ — 7;0) we get

51-—867—1'
xo(& — 1) — 20(& — Tio) = / @o(s — 7o) ds = —ed0(& — Tio)0Ti + Yi(&i; €01), (3.44)
&i
where 5
lin’(l) 2il&iie0m) _ = 0 uniformly for du € S 3. (3.45)
e £

Thus (3.44) is valid for almost all points of the interval (oo, t10+02). From (3.44), taking into account
the boundedness of the function

folt) = {¢o(t)7 t € [7. oo

fo(t,zo(t), mo(t — T10), ..., ot — Ts0)), t € (too, 10 + d2],
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it follows that

‘1‘0(&' —7i) — xo(& — Tio)| < O(ebp) and M‘ < const. (3.46)
It is clear that
|Az (¢ = 7i) — Az(€ — Tig)| = o(8;e0u) - for € € lfoo, pa, (3.47)
O(&;e6p)  for € € [pi1, piz]
(see (3.35)).
Let € € [pig,tu) + (51], then & — 7; > tgo, £ — Tip > tog- Therefore,
§—Ti
}Aaz(f —1;) — Ax(€ — T¢0)| < / |Ax(5)\ ds
§—Tio
-7 s
< [ Lo @800 + 3 fools = ) = (s - 7o) + | Aa(s - )] ds
E—Tio =1
e h
+ca / Zméfj,Kl (s)ds = o(&;edp) (3.48)
E—Tio J=1

(see (3.37), (3.15), (3.46) and (3.35)).

According to (3.35), (3.44) and (3.46)—(3.48), for the expressions R, (t;too,e0p), p = 3,4,5, we

have
t10+61
|R3(t; too, edp)| < [[Y[|O(edp)o2(edp), o2(edp) = / o1 (& edp)| dE,
too
s ti0+01
| Ra(t; too, £0p)| < Y [O(0p) Y pia(e6ps), pia(edp) = / lpin (& eop)| d€,
i=1 o
S t S
Rs(t;too, €0p) = —€ [/Y(f;t)fom [€]2o0(€ — TiO)d€:| O+ Y vir(t€0m),
i=1 L i1
where .
Y] =sup {|Y(&t)]: (&,t) € I}, vir(t;edp) = /Y(f;t)fom [€]7i(&; ) dE.
too
Obviously,
1 (t:260) e (€5 200)
WG <y [ o | 2 e
too

By the Lebesgue theorem on the passage to the limit under the integral sign, we have

yi1 (t;€0p)
13

lim og(edp) =0, lim pa(edp) =0, lim ‘ =0
e—0 e—0

e—0
uniformly for (¢,0u) € [too, t10 + 01] X 3@ (see (3.45)). Thus,

Rp(t; tOO? 56:“‘) = O(t; 55#)3 p= 37 47
t

Ry (ttoo, 201) = —= 3 [ [ V€0 fanlginle — 7 d&} 5ri + ol 26p).

i=1 too

(3.49)

(3.50)
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Further,
ti0+61
Roltston. 26| < IV [ 3 on €]l |Aale = ) — Al —mo)| de = ofed). (351
too i=1

On the basis of (3.49)—(3.51), we obtain

s t
Ra(tton, o) = —< 3 [ / V(&8 fou, [0 (€ — 7i0) dg] 57i + olt: £61). (3.52)
Next,
|R2(t; too,&‘(sp,)‘
t104+61 4, s
<ey / >~ Ligy i (O [[Ax(©)1+ Y (J20(6—7)—z0(§—10) |+ Aa(§~r)[) | d <olcon)  (3.53)
o J=1 i=1

(see (3.39)).
From (3.40), by virtue of (3.42), (3.43), (3.52) and (3.53), we obtain (3.5), where dz(¢; 6u) has the
form (3.6).

3.4 Lemma on estimation of the increment of a solution with respect

to the variation set %f)

Lemma 3.4. Let the conditions of Theorem 3.2 hold. Then there exist the numbers e € (0,€1) and
d2 € (0,01) such that

max  |Ay(t)| < O(edp) (3.54)

te(to,r2+02]

for arbitrary (g,6p) € [0,£2] X %(f). Moreover,
Ay(to) = [dp(too) + (¢5 — fo )dto] + o(edp). (3.55)

Proof. Let a number &, € (0,£1) be insomuch small that for arbitrary (e,dp) € (0,g5) X 39)7 the
inequalities

too + 7i > to, too + Tio > to, 1 =1,s, (3.56)

hold, where tg = tgp +€dtg. On the interval [tg, 72 + d1], the function Ay(t) = y(t) — yo(t) satisfies the
equation .
Ay(t) = a(t;edp) + b(t; edp) (3.57)

(see (3.21)). We rewrite the equation (3.57) in the integral form

Ay(t) = Ay(to) + / [a(€; €81) + eb(&; e6p0)] de.

Hence it follows that
|Ay(t)| < [Ay(to)| + a1 (t;to, edp) + b(to, edp). (3.58)

Let us prove the formula (3.55). We have

Ay(to) = y(tos po + o) — yo(to)

to

= o (to) +dp(to) — ¢o(too) — / [fo(t,90(t), 0t = T10), - - po(t — Ts0))] dt (3.59)

too
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(see (3.56)). Since

to
[ ott)dt = et + ofs)

too

and

lin% 0p(to) = dp(top) uniformly with respect to dp € %f)
e—

(see (3.3)), we get

wo(to) +€0p(to) — wo(too)

= /@o(t) dt 4 £6¢(too) + e[0p(to) — S (tan)] = e[&d 6to + S (tao)] + o(edp).  (3.60)

too

It is clear that if t € [tgo, to], then

sh—r}%) (t7y0(t)+Ay(t)7 Qp(t - T1)7 ceey Sa(t - TS)) = t—l)itrg;-i- (ta y()(t), (po(t - 7—10)7 EER QDO(t - TSO)) = Wo

(see (3.17)). Consequently,

Hm  sup | fol(t,yo(t) + Ay(t), ot —71),..., 0t — 7)) — f| = 0.
=0 tE€too,to]

This relation implies that

too

fO(tvyO(t) + Ay(t)v L)O(t - 7-1)’ te @(t - Ts)) dt

to

too

= —¢fy dto +/ [fo(t,yo(t) + Ay(t), ot — 11),...,0(t —75)) — [ ] dt = —efy 0to + o(edp).  (3.61)

to

From (3.59), by virtue of (3.60) and (3.61), we obtain (3.55).
In order to prove the inequality (3.54) we estimate aq(t;to, 1), t € [to, 72 + 01]. Obviously,

t

ax (¢ to, £3p) < / Ly, (O1AY(E) dE + 3 as(tito, 20p) (3.62)
=1

to

(see (3.28)).
Let there exist tog + 70 < 72 and let e’ € (0,e1) be insomuch small that tg + 7; < ro + 4.
Furthermore, let

pin = min{too + 7i, too + Tio}, piz = max{to + 7i,too + Tio}-
It is easy to see that
pi2 = pi1 > to, pi2 — pi1 = O(edp).
Let t € [to, pi1), then for & € [to,t] we have £ — 7; < tg and £ — 70 < tgp. Therefore,

t

ag;(t;to,edp) = /Lfo,K1 (&)](€ —75) — wo(& — Tio| dE.

to

From the boundedness of the function ¢g(t), t € I, follows
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lo(€ = 75) — po(€ — Tio)| = |po(€ — i) + €dp(& — 7)) — o(€ — Tio)|

§—Ti
= O(edp) + ‘ / o(t) dt‘ = O(edp). (3.63)
§—Tio
Thus, for t € [tg, pi1], we have
ag;i(t;to,e0pn) < O(edp), i=1,s. (3.64)

Let t € [Pilapiﬂ, then

azi(t;to,e0p) < azi(pir;to, €0p) + azi(par; pin,edp) < O(edp) + agi(par; pit, 61t

(see (3.64)).
Let p;1 = too + 7 and pio = tg + 7, i.e., tog + 7 < too + Tio < to + 7;. We have

too+Tio
azi(piz; pi1,e6p) < / Ly i, (§)|0(€ — 1) — pol(€ — Ti0)| dé
too+Ti
to+T;
+ / Ly i, (©)|0(€ = 1) — o€ — Tio){ d¢ < o(edp)
too+Tio

(see (3.63)). Consequently, for ¢ € [to, pi2], the inequality (3.64) holds.
Let t € [pia, 2 + 01], then t — 7; > tg and t — 7,0 > tog. Therefore

t
agi(t;to,€0p) = agi(piz; to, €0p) + /Lmel (O|yo(€ = 7i) + Ay(€ — 1) — yo(€ — Tio)| d€

o Pi2 )
< O(edp) + / Ly, i, (€ + 1) |Ay(§)] d€ + /Lfo,Kl (©)]yo(€ = 7i) — yo(§ — Tio)| d€
Pi2—Tq Pi2

t
<Ot + [ X, (€4 70) Ly (€ + 7)|Ay()] de
to
Consequently, in this case we have

t

ay(t;to,e0p) < O(€5M)+/ [Lf,Kl(§)+ZX1(€+Ti)Lf,K1(§+Ti)} |Ay (&) dE, t € [to,r2a+01], (3.65)

i i=1

(see (3.62)).
We now consider the case where tog + 70 > r2. Let the numbers d, € (0,6;) and €5 € (0,e1) be

insomuch small that ¢o + 7 > ro + o for arbitrary (¢,0u) € (0,e5) x %5_2). It is easy to see that

t

azi(t;to,edp) < /Lfo,Kl (©)|e(€ = 7i) = o€ — Tio) | dt < O(ebp).

to

Thus, for arbitrary (¢,e,0u) € [too, 2 + d2] X (0,e2) X %f), where g2 = min(eh, )), the inequality
(3.65) holds.

Obviously,
ro+02 k k
b(to,201) < 4 / Z’5fi(to,7'1,...,Ts,yo—&-Ay)(t)’dt§72/m5fi,;<l(t)dt. (3.66)
to =1 =1 T
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According to (3.55), (3.65) and (3.66), the inequality (3.58) directly implies

t

Ay(b)] < O(ed) + / (L1 (©) + 3 X6+ )Ly s (€ +70)] 1Aw(©)] e, 1 € [t 2 +52]

to i=1

By the Gronwall-Bellman inequality, from the above we obtain (3.54). O

3.5 Proof of Theorem 3.2

First of all, we note that du € Sf) i.e., tgg < to, therefore we have

65(,0(75) for t e [7/'\, too),
Az(t) = ¢ o(t) —yo(t) for t € [too, to),
Ay(t) for t € [to, th + 51}

In a similar way (see (3.31)), one can prove
lp(t) — yo(t)| = O(t;edp), t € [too to]-
According to the last relation and Lemma 3.4, we have
|Az(t)] < O(edp) ¥ (L,&,0p) € [7,t10 + 82 x [0,25] x S

and
Ax(to) = e[dp(too) + (g — fo')]6to + o(edp).

Let 7 € (too,t10) be a fixed point, and let g5 € (0,e;) be insomuch small that ¢, < t for arbitrary
(e,0p) € (0,e1) x %3_2). The function Axz(t) satisfies the equation (3.37) on the interval [to,f19 + d2].
Therefore, by using the Cauchy formula, we can represent it in the form

t 2
Bat) = ¥ (tost) Ax(to) + = [ V(&0 + D Riltito, o), (3.67)
b i=0

where Y (§;¢) is the matrix function satisfying the equation (3.8) and the condition (3.9). The matrix
function Y (&;t) is continuous on [tog,t) X [t, t1p + d2], therefore

Y (to; t)Ax(to) = Y (too; t) [0 (too) + (5 — fo)]dto + o(edp). (3.68)

Let us now transform

Ry (t;to,edp) = Z Rio(t:to, e0p).

i=1
It is not difficult to see that
too to
Rio(t;to,e0p) =€ / Y (€ + Tio;t) fow, [€ + Tio]0p(€) dE + /Y(g + 70; ) fou, [€ + Tio] Az(€) dE
to—Tio too
too
=€ / Y (€ + 7i0;t) fox, [€ + Tio]dp(§) A€ + o(t;ed ).
too—Tio
Thus,
s too
Ry(t;tg,e0u) =€ Z / Y (€ + Ti0; 1) fou, [€ + Tio]00(€) dE + o(t; €0 p). (3.69)

=1
too—Tio
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In a similar way, with nonessential changes, for t € E, t10 + d2], one can prove

s t

Rl (t, to, E(S/J) = —£ Z / Y(f, t) [fgz7 [f]xo(f — 710)57'1-] df + O(t; 55#), (370)
7;:1t00

Ry (t;tg,e0p) = o(t;edpu). (3.71)

Finally, we note that for ¢ € E, ti0 + d2],
t t
: / Y (€ 1)5[¢] de = < / Y (€:1)5F1€] dé + olt; 201, (3.72)
to too

Taking into account (3.68)—(3.72), from (3.67) we obtain (3.5), where dx(t;edu) has the form
(3.10).

4 Optimal control problems and necessary conditions
of optimality

4.1 Preliminaries and necessary criticality condition

In this subsection by E. we will denote a vector space. The k-dimensional vector space E¥ will be
identified with the space R*. By the module of an element z € E* we will mean the Euclidean module

k

|22 =2T2= 2(21)2

In what follows, finite-dimensional vector spaces will be endowed with the Euclidean topology. Let
zi € E., i =1 k. The set

L:{zzzk:/\izi: i €R, z:1,7k}
i=1

is called the finite-dimensional linear manifold generated by the points z;, i = 1, k. If 2y € L, then we
say that the manifold L passes through the point zp and it will be denoted by L.,. In what follows,
we will write the manifold L, in the equivalent form

k
Lo={s=20+Y Nz: \eR i=TFk}. (4.1)
i=1

For each fixed a > 0, the set

{zk:mi: N <a, i= 1,k} (4.2)
=1

is a convex bounded neighborhood of zero in the space L,, — 2.

Definition 4.1. We say that points z; € E,, i = 0, k, are in a general position if the vectors z; — 2o,
i = 1, k, are linearly independent.

From this definition it follows that for any z;, i = 1, k, the system of vectors zp — 2, ..., 2zi—1 —
Ziy Zigl — Ziy - -5 2k — 2; is linearly independent, as well.

Definition 4.2. Let the points z;, i = 0, %, be in a general position. The convex hull of points z;,
i=0,k, ie., co({z0,...,21}), is called a k-dimensional simplex.
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Clearly, a k-dimensional simplex is a convex compact set in the linear finite dimensional manifold
generated by the points z;, ¢ = 0, k. It is easy to note that

co({zoy...,2k}) = 20+ co({0,21 — 20, ..., 2k — 20})
k k
=Zo+{z>\¢(zz’—20)i Ai >0, Z)\iﬁl} (4.3)
i=1 i=1

From the relations (4.2), (4.3) and Definition 4.2 follow Lemmas 4.1 and 4.2.

Lemma 4.1. The simplex co({zo,...,2r}) has a nonempty interior.
Lemma 4.2. Each point z of a simplex co({zo,...,2r}) can be uniquely represented in the form
k . k
z= Z/\izi’ where \; >0, i=0,k, and Z)‘i =1.
i=0 i=0

Lemma 4.3. Let M C E* and, moreover, let 0 € int M. Then in E* there exists a k-dimensional
simplex which is contained in M and contains 0 € E¥ as an interior point.

Proof. Let co({z0,...,2x}) C E¥* be a k-dimensional simplex. By Lemma 4.1, there exists Z €
int co({#p, ..., zx}) such that the k-dimensional simplex
—Z+co({z0,...,2x}) =co({z0 — Z,..., 2k — Z})

contains 0 € E* as an interior point. By assumption, there exists a convex neighborhood
V={z€eEf: |z|<eo}, 0 >0,

of zero contained in M. o
Let € > 0 be a number such that e(z; — 2) € V, ¢ = 0,k. Hence the k-dimensional simplex
eco({z0 — Z,..., 2 — 2}) is contained in M and contains 0 € E¥ as an interior point. O

Lemma 4.4. Let a linear mapping
9:E. - E} (4.4)

and a k-dimensional simplex co({go,...,gr}) C E;“ be given. Let z;, i = 0,k, be certain inverse

images of the points g;, i = 0, k, under the mapping (4.4), respectively. Then co({zo,...,zr}) C E, is
a k-dimensional simplex, and the restriction of the mapping

g:co({zo,...,2x}) — co({g0,---,9k}) (4.5)
s a homeomorphism.

Proof. Let there exist numbers \;, i = 1, k, such that

k

k
Z)\i(zi—ZQ):O, Z|/\Z| 750
i=1

i=1

Obviously,
k k
g(z Ai(zi — ZO)) = Xilgi — g0) = 0;
i=1 i=1

in turn, this contradicts the linear independence of the elements ¢; — go, i = 1, k.
Therefore, co({z,...,2xr}) is a k-dimensional simplex. By Lemma 4.2, the mapping (4.5) is a
homeomorphism. O

Let the Hausdorff vector topology be given in E,, which transforms F, into a topological vector
space.
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Lemma 4.5. Let W C E, and let a mapping
. k
P:W — Ej, (4.6)

continuous in the topology induced from E,, be given. Further, let K C W be a compact set. Then
for any € > 0, there exists a neighborhood V. C E. of zero such that

|P(z") = P:")| <e V(Z,2"Ye KxW, 2/ -2"€V..
Proof. For each point 2z’ € K, there exists a convex neighborhood V' (2) C E, of zero such that

|P(z') = P(2)| <= Vze (Z+V()NW.

€
3
The system of sets {2z’ + V(2') : 2’ € K} composes an open covering of the compact set K. Hence
there exists a finite subcovering {z; + V' (z}) : i = 1,m} of the set K.

Clearly, for z € (2} + V(z})) N W,

|P(z;) — P(2)] <

K3

. (4.7)

Wl ™

By the continuity of the mapping (4.6), for 2e/3, there exist convex neighborhoods V; D V(z}),
i = 1, m, of zero such that

IP(2)) — P(2)| < 2% Vze (Z+Vi)NW. (4.8)

Obviously, the sets

)

Vi=Vi— V() =Vi+ (-)V(]), Vo=V
1=1

are the neighborhoods of zero in E,, and for an arbitrary point z € (2] +V (z}) —HZ) NW, the inequality
(4.8) holds.

Let (2/,2") € K x W, 2/ — 2" € V. and the point 2’ belong to some of the sets z, + V(z}),
1 < k < m. Further,

=2 = 4 — 2 e Vet VI(z) C Ve + V(2) = Vi
Taking into account the inequalities (4.7) and (4.8), we have

[P(') ~ P(")| < |P()) = P +P(h) ~ P")| < S+ 2e = O

Definition 4.3. The set U of a subsets from E, is called a filter if it satisfies the following conditions:
(a) if Ac ¥ and B € ¥, then ANB € U;
(b) if A€ ¥ and B D A, then B € ¥;
(c) ¢ 0.
The set of all neighborhoods of a fixed point of the space E, serves as an example of a filter.
Definition 4.4. A set R of a subset of E, is called a basis of a filter if it has the following properties:
(a) for any A € R and B € R, there exists C' € R such that C C AN B;
(b) @ &R

The set ¥ of all subsets each of which contains a certain set from R is the filter generated by the
basis R.
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Theorem 4.1 (Carathéodory). Let M C E¥. Then any point z € co(M) can be represented in the
form

k
2= Nz,
=0
k

where z; € M, A; >0,i=0,k, and > \; = 1.
i=0

Theorem 4.2 (Brouwer). Let co({zo,...,2r}) C E. be a k-dimensional simplex. Then each contin-
UoUS Mmapping

g:co({z0,...,2k}) — co({z0,---,2K})
has a fized point, i.e., there exists a point z € co({zo, ..., 2x}) such that g(z) = z.

Theorem 4.3. Let M C Ef be a convex set and 0 € OM. Then there exists a nonzero k-dimensional
vector m = (my,...,m) such that

k
Wz:ZmzigO Vze M.

i=1

Let E, = E¥ x E_ be a vector space of points z = (z,5). Assume that D C E, is a certain set and
a mapping
P:D— E} (4.9)
is given. Let ¥ be an arbitrary filter in F,.

Definition 4.5. We say that the mapping (4.9) is defined on the filter ¥ if there exists an element
W € ¥ such that W C D.

Definition 4.6. Let the mapping (4.9) be defined on the filter ¥. The mapping (4.9) is said to be
critical on the filter ¥ if for any point zy belonging to all elements of the filter ¥, there exists an
element W C ¥ such that W C D and P(zy) € OP(W).

Definition 4.7. We say that the mapping (4.9) defined on the filter ¥ is continuous on ¥ if there
exists an element W € ¥ such that W C D and the restriction

P:W — E}
of the mapping (4.9) is continuous in the topology induced from FE.,.

Let X C E* be a locally convex topological subspace, i.e., for an arbitrary neighborhood V, C X
of a point x € X, there exists a convex neighborhood V, C X contained in V.. The following lemma
is easily proved.

Lemma 4.6. Let T € X be a fized point. Further, let Vo C X — X be a convex bounded neighborhood
of zero, and let Vi C X —Z be a certain neighborhood of zero. Then there exists a number g9 > 0 such
that

eVoCVp Vee (0,50).

Definition 4.8. A set D C X x E¢ is said to be finitely locally convex if for an arbitrary point
z = (x,¢) € D and for arbitrary manifold L. C E, there exist convex neighborhoods V,, C X and
V. C E; of the points x and ¢, respectively, such that

Ve x Vo CD.
Lemma 4.6 and Definition 4.8 directly imply the following lemma.

Lemma 4.7. Let D be a finitely locally convex set, and let zo = (xo,<0) € D. Further, let Vo C X —xg
and V. C L¢, — so be bounded convex neighborhoods of zero (see (4.2)). Then there exists a number
€g > 0 such that

20 +¢edz €D V(e 0z) € (0,e0) X Vo x V, bz = (dx,09). (4.10)
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Definition 4.9. We say that the mapping (4.9) has a differential at a point zo = (x0,<p) € D if there
exists a linear mapping
dP., : Es. = E. — z) — EJl (4.11)

such that for any manifold

k
Lo={0+Y Nds: \eR, i=TF}CE
i=1

(see (4.1)) the representation
P(zp +€dz) — P(z0) = €dPy,(0z) + 0(e0z) V(e,0z) € (0,e0) x Vo x V

holds, where Vo C X —z¢ and V C L, — o are bounded neighborhoods of zero; ¢g > 0 is the number
for which (4.10) holds;
. o(edz)
lim —=

=0 uniformly in 6z € V5 x V.
e—0 £

The mapping (4.11) is called the differential of the mapping (4.9) at the point z.

Definition 4.10 (Gamkrelidze). A filter ¥ in F, is said to be quasiconvex if for any element W € ¥
and any natural number k, there exists an element Wy = W1 (W, k) € ¥ such that for arbitrary points
z; € W1, i =0,k, and an arbitrary neighborhood of zero V' C E,, there exists a continuous mapping

¢ :co({z0,...,2k}) — W. (4.12)

satisfying the condition
(z—¢(2)) €V Vzeco{z0,...,2k}).

Obviously, in Definition 4.10, we can assume that W7 C W, since any element Wy C W N Wy of
the filter has the indicated property of the element W;. Therefore, in what follows, we will assume
that Wy C W.

Definition 4.11. A filter ¥ is said to be convex if there exists a basis of the filter consisting of convex
sets.

Lemma 4.8. Every convex filter ¥ in E, is quasiconvex.

Proof. For any element W € U, there exists a convex element Wy C W, which can be taken as Wi;
as the mapping (4.12), it is necessary to take the identity mapping. O

Let E, be a topological vector space, X C EF be a locally convex topological space, and D C X x E
be a finitely locally convex set.
Let a mapping
P:D— E (4.13)

be given, and let ¥ be a filter in E,.

By co[¥] we denote the convex filter whose elements are the sets co(W'), where W is an arbitrary
element of the filter .

Theorem formulated below is an analogue of R. V. Gamkrelidze and G. L. Kharatishvili’s Theorem
on the necessary criticality condition to mappings defined on a finitely locally convex set. The proof of
the following theorem is performed according to the scheme presented in [7-9] with only nonessential
changes.

Theorem 4.4. Let the mapping (4.13) be continuous on co[¥] and critical on U. Further, let the
filter ¥ be quasiconvexr. Then for any point zo = (xo,s0) belonging to all sets of the filter U at which

the mapping (4.13) has the differential (4.11), there exists an element W € W such that zero of the
space Ey is a boundary point of the set

dP,, (co(/W) —29) C Egp. (4.14)
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Proof. By the assumption, there exist elements W; € ¥, i = 1,2, such that co(Wy) C D, Wy C D,
and, moreover, the mapping
P:co(Wy) — B (4.15)

is continuous and P(zy) € OP(Ws). Clearly, Wy = Wi, N Wy € ¥ and P(z) € 0P(Ws).
Let the conditions of the theorem hold, but for any W € ¥ lying in D, the point 0 € Ej} is an
interior point of the set
dP,,(co(W) — z0) C By,

Let us show that this contradicts the choice of the element W3. Precisely, we prove the solvability
of the following equation
P(z) = P(z) +p, z € Ws, (4.16)

with respect to z and for any vector p € E}" whose module is sufficiently small, and, therefore, we
prove that P(zo) is an interior point of the set P(W3) C E}*, which contradicts the choice of W3. By
Wy = Wy(Ws; (m+1)?) C W3 we denote the element of the quasiconvex filter ¥ (see Definition 4.10)
satisfying the following condition: for any neighborhood of zero V' C E, and any 1 + (m + 1)? points
205+ -5 Z(m41)2 from Wy, there exists a continuous mapping

¢ :co({z0, -y Z(mt1)2}) — W3 (4.17)

satisfying the condition
(z—¢(2) €V Vzeco({z0,.--,2m+1)2})- (4.18)

According to the assumption made, 0 € Eg’;; is an interior point of the convex set
dP;,(co(Wy) — z0) C Eg,. (4.19)

Hence there exist m+1 points dp; € dP,,(co(Wy4)—zp) that are in general position, and, moreover, the
m-dimensional simplex co({dpo, ..., dpm}) containing 0 € Ej} as an interior point (see Lemma 4.3).
By the linearity of the mapping (4.11),

dPZO (CO(W4) — Zo) = (?O(dsz0 (W4 - ZQ))

Each of the points

dp; € co(dP,,(Wy — 2p)), i =0,m,
is represented in the form
m m
dp; = Z,Uijdpija dpij € dP,y(Wy — z0), pij >0, Z,Uz’j =1
7=0 =0
(see Theorem 4.1). Let 0z;; € Wy — 2o be some inverse images of the points dp;; under the mapping
dPZO ZW4—Z()—)E3;,

and let

m
6Zi = Zuijézij, 1= O,m. (420)
7=0

Obviously,

dP,,(6z;) = dp;, i=0,m.

By Lemma 4.4, the points 6z, = (dz;, ds;), © = 0,m, are in general position and the mapping
dP,, : co({dz0,...,0zm}) — co({dpo,...,dpm}) (4.21)

is a homeomorphism.
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Let z € co({z0,20 + 020,...,20 + 0zm }). Then

m m k m m m m
zZ =29+ Z /\1521 =2z9+ Z Z /\i,uijézij = (1 — Z Z /\iﬂij>ZO + Z Z )\i,uij(zo + 5zij),
i=0 i=0 j=0 i=0 j=0 i=0 j=0
m
A >0, ZM <1
i=0
(see (4.3) and (4.20)). Hence
co ({zo, 20 +020,...,20 + 6zm}) C co ({zo7 20 + 0200, - - -, 20 + 0Zij, ..., 20 + 6zmm}). (4.22)
Further, let us show that for e € [0, 1], the inclusion
zo +eco({dz0,...,02zm}) C co ({zo, 20+ 020,...,20 + 6zm}) (4.23)
holds. Indeed, it is clear that every point zg 4+ € co({dz0,...,dzm}) is represented in the form

Z=2z9+ EZ)\i(SZi =(1—g)z + EZ)‘i(’ZO +dz;) € co ({zo,zo +020,...,20+ (5zm}).
i=0 i=0

The inclusions (4.22) and (4.23) imply
z0 +eco({dz0,...,92zm}) C co ({zo, 20 +020,...,20 + 5zm})
C co(Wy) C co(W3) C DVe €[0,1]. (4.24)

Taking into account
D—Zo C (X—.’I}Q) X (Eg—go),

we see that the latter relation directly implies the inclusion
eco({dxg,...,0zm}) C (X — ), €€]0,1]. (4.25)
Let L., C E. be the manifold generated by the points gy, 65, . . . , 0G:
m—+1

Lo ={0+ Y Nds: NeR i=0m+1}, doni1=c.
=0

Obviously,
eco({dso,---,9sm}) C Ley — S0- (4.26)

Let Vo C X —2p and V C L, — ¢y be convex bounded neighborhoods of zero. There exists a number
e1 € (0,1) such that

g1 co({6zo,...,0zm}) C Vo, e1co({dso,...,06m}) CV

(see (4.25) and (4.26)). Hence
e1co({0zp,...,0zm}) C Vo x V. (4.27)

Let w(e) = eeq, € € (0,1). Lemma 4.7 implies the existence of a number 2 € (0, 1) such that
zo +w(e)dz € D V(g,02) € (0,e2) x Vo x V.

Denote by d > 0 the distance from the point 0 € £} to the boundary of the simplex co({dpo, . . . , dpy. }).
The differentiability of the mapping (4.13) at the point zp implies the existence of a number
€3 € (0,e2) such that

P(z0 +w(e)dz) = P(z0) + w(e)dP,, (dz) + o(w(e)dz) V(e,0z) € (0,e3) x Vo x V; (4.28)
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moreover,
o(w(e)dz d
|(w((€)))| <5 V(e02) € (0,65) X Vo x V. (4.29)
Obviously, on account of (4.27), the relations (4.28) and (4.29) hold for (g,0z) € (0,e3) X

co({0z0,...,0zm}).

The mapping (4.15) is continuous on co(W3) in the topology of the space X x L.,. Therefore,
P(zp +w(e)dz) is continuous in 6z € co({dzp,...,0zm}) (see (4.24)). Using (4.28), we conclude from
the above-said that for each € € (0,¢€3), the function o(w(g)dz) is continuous on co({dxo, ..., 0xm}).

Further, the continuity of the mapping P on co(W3) and the compactness of the set
zo +w(e) co({dzp,...,02r}) C co(W3) imply that for each £ € (0,e3), there exists a neighborhood of
zero V. C E, such that for

2 € 2o +w(e) co{dxq,...,0zm}), 2" €co(Ws), 2/ —2" €V, (4.30)

we have
|P(2") = P(z")| < w(e)

(4.31)

Wl

(see Lemma 4.5).
The conditions (4.17), (4.18) and the relation (4.22) directly imply the existence of a family of
continuous mappings
@ : cO ({zo, 20 +020,...,20 + 6zm}) — Wy,

depending on ¢ € (0,e3) and satisfying the condition
z—¢(2) €V, Yz Eco ({zo,zo +620,...,20 + 6zm}).

For € € (0,e3), the simplex zp+w(e) co({dz0, ..., 0zn}) is contained in co({zo, 20 + 020, ..., 20+ 02m })
(see (4.23), and, therefore,

z— ¢ (2) €V. Vz € zg+w(e)co({dz0,...,02m}). (4.32)
Let us now show that the equation
P(¢e(2)) = P(z0) + w(e)p, z € 2o +w(e)co({dz0,...,0zm}) (4.33)

is solvable in z for a sufficiently small € and an arbitrary p € E}" satisfying the condition

d
Ip| < 3" (4.34)

Indeed, we rewrite this equation in the form
P(z) = P(20) + w(e)p+ P(z) — P(¢:(2)), z € z0+ w(e)co({dzq,...,02m}),
or, using (4.28), in the form of the following equation in dz:

o(w(e)dz) n P(z0 +w(e)dz) — P(¢pe(z0 + w(e)dz)

) (@)

, 0z € co({dz0,...,0zm}). (4.35)

The relations (4.29)—(4.32) and (4.34) imply

( o(w(e)dz) | P(zo +w(e)dz) — P(¢e(20 + w(e)d2)

- +
w(e) w(e))

and hence the equation (4.35) is equivalent to the equation

o(w(e)dz) n P(z0 +w(e)dz) — P(pe(z0 + w(e)éz))
w(e) w(e) ’

) € co({6po; - - -, 0pm})

6z =dP.! (p - (4.36)
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where
dP;;" : co({dpo, ..., dpm}) — co({8z0,...,62m})

is a continuous mapping, inverse to the mapping (4.21).

We can consider the right-hand side of the equation (4.36) as a continuous self-mapping of the
simplex co({0zg,-..,0zm}), and hence each fixed point of this mapping is a solution of the equation
(4.36) (see Theorem 4.2). Thus, we have proved the solvability of the equation (4.33) for an arbitrary
p satisfying (4.34) and, therefore, the solvability of the equation (4.16) for p whose modules are
sufficiently small. O

Theorem 4.5. Let the conditions of Theorem 4.4 hold. Then for any point zy belonging to all sets ¥
at which the differential (4.11) exists, there exist an element W € ¥ and a vector m = (m1,...,7m) # 0
such that

wdP,,(0z) ZmdPl ) <0 Ve cone(co(W) —20), (4.37)

where cone(ﬁ/\) is the cone generated by the set W.

Proof. Set (4.14), being the image of a convex set under a linear mapping, is also convex. Since 0 € EZ,
is a boundary point of the convex set (4.14), by Theorem 4.3, there exists a nonzero m-dimensional
vector for which .

wdP,,(0z) <0 Viz € coW — zp).

This implies (4.37). O

4.2 Gamkrelidze’s approximation lemma

Let Uy C R” be an open set. Now let us consider the function f (¢, z, x1,...,2s,u), (¢, z,21,...,2s,u) €
I x Ot x Uy, satisfying the following conditions: for almost all ¢ € I, the function f : I x Ot x Uy —
R” is continuous and continuously differentiable in (z,z1,...,zs) € O**!; for each (z,z1,...,24,u) €
Ot x Uy, the function f(¢t,z,z1,...,7s,u) and the matrices f.(t,z, -), fo,(t,x, ), i = 1,s, are

measurable on I; for any compact sets K C O and M C Uy, there exists a function mg p(t) €
Ly(I,R,) such that for any (z,m1,...,2s,u) € K5t x M and almost all ¢ € I,

|f(taxaxla"'7xsv )‘+|fxt$ : |+Z|f$1 tl’ : |<mK7M(t)'

Introduce the set

F= {f(t,x,xl,...,xs) = f(t,z,x1,...,x5,u(t)) : u€ Q(I,U)},

where U C Uy is a given set. The set F' can be identified with a subset of the space E}l). A family of
subintervals

o= {IB = [tg,tg_,_l] : B= 1,m},
where a = t1 <tg < -+ <ty_1 < t, =0b, is called a o-partition of the interval I.
Let the points f;(t,z,x1,...,25) = f(t,x,21,...,25,u;(t)) € F, i =1,k+ 1, and the o-partition
of the interval be given. Using these data, to each point A of the k-dimensional simplex

k+1
E:{/\:(Al,...,)\k+1): A >0, ;)\il}

we can uniquely put in correspondence the subdivision of each intervals Ig into k + 1 subintervals
Ip, (M), i =1,k + 1, defined by the condition

mesIp,(A) = \jmeslg, i=1,k+1, (4.38)
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if \; =0, then the corresponding interval degenerates into a point. Define the mapping
G55 — F (4.39)

by the formula
¢0()\) = f)\(t?x?‘rlﬁ cee 7938) = f(taxaxla cee 7IS7U>\(t))7

where

ux(t) =wi(t), telg(N), B=1m, i=1k+1.
It is clear that

itz e, xs) = filt,z, 21, .., xs), €I (N), (z,21,...,25) € Ot (4.40)
B=Tm, i=1k+1

The relations (4.38) and (4.40) play principal role in proving the following

Lemma 4.9 (Gamkrelidze’s approximation lemma [6,7,10]). For an arbitrary o-partition, the mapping

(4.39) is continuous, i.e., for an arbitrary point NeX and an arbitrary neighborhood Vi . € R, there
exists a number 6 > 0 such that

(fx—f5) €Vike YA {AeS: A=A <4}
Moreover, for an arbitrary neighborhood Vi . € R, there exists a o-partition such that for VA € X, we

have
k+1

(Z)\ifi - f,\) € Vke,
i=1
i.e.,

"

'/ [E )\ifi(t75€7$17...71's)_f)\(t,l',xl,...,zs)} dt‘ <e
t =0
V(t’,t//’m,xl’...,x&)\) eI?x K5t x 3.

Let 6, > --- > 0; > 0 be the given numbers with 6; = m;h, where m;, i = 1, v, are natural numbers

and h > 0is a real number. Let the function f(t,x, 21, .., T, U1, .. Uy ), (E, T, L1, ..., TgyU1, ... Uy) €
I x Ot x UY +1 satisfy the following conditions: for almost all ¢ € I, the function f : I x
Ot x UOV'H — R™ is continuous and continuously differentiable in (z,z1,...,7s) € O°T1; for
each (z,21,...,T5, U, u1,...,u,) € OIS x Ué’“, the function f(¢,z,x1,...,xs,u,u,...,u,) and the
matrices f(t,x, -), fu,(t,x, ), i = 1,s, are measurable on I; for any compact sets K C O and
M C Uy, there exists a function mg a(t) € L1 (I,Ry) such that for any (z,z1,...,Ts, U, U1, ...,U,) €

K5+t x M¥*! and almost all t € T,
|f(t,:r,a?1,...,xs,u,ul,...,uy)} + |f”ﬂ(tﬂx7 )| +Z|f”£1(t7x7 )| < meM(t)
i=1

Introduce the set
F = {f(t,z,xl,...,xs) = f(t,z:,:z:l,...,xs,u(t),u(t—01),...,u(t—ﬂu)) cu € Q(IQ,U)},

where Iy = [a — 0,,b],Q(I3,U) C E,(I2).

Consider the functions f;(¢t,z,x1,...,xs) = f(t,z, 21, ..., s, u;(t),u;(t —01),...,u;(t —0,)) € Fy,
i =0, s. In this case, we consider the -partition which means that we partition the interval [a — 0, b]
in the following way. Let v > 0 be the minimum number satisfying the condition b+ —a + 6,,, = lh,
where [ is a natural number and let I(®), o = 1,1, be a system of intervals of length h adjacent to each
other such that the left endpoint of the interval I(") coincides with the point a —6,,, the right endpoint
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of it coincides with the left endpoint of the subsequent interval I?), etc., and the right endpoint of
I® coincides with the endpoint b+ ~. Next, we divide each of the intervals I(® by a partial interval
I éa), B =1, m, in a unified way so that the right endpoint of one of the partial intervals I él) coincides

with the point b. To an arbitrary point A € ¥, we put in correspondence a subdivision into partial
intervals [ é‘:‘) (\) common for all T éa) and defined by the condition (4.38).

Let the points f;(t, z,z1,...,25) = f(t,z, 21, ..., T, u;(t),u;(t —01),...,u;(t — 6,)) € F1,i=0,s,
and g-partition of the interval be given.

Let us define the mapping

b5 % — F (4.41)
by the formula
d)&\()\) = f)\(tvxaxla s 7xs) = f(taxaxla s 7xs>u>\(t)7u)\(t - 01)3 v ,U)\(t - 01/))7

where

ur(t) = wi(t), te I\, a=11, f=Tm, i=1k+1.

It is clear that
Oz xy, .. xs) = filt,z,21,...,25), tE Igj‘)()\).

The latter relation allows one to prove generalization of Lemma 4.9.

Lemma 4.10. For an arbitrary c-partition, the mapping (4.41) is continuous. Moreover, for an
arbitrary neighborhood Vi . € R, there exists a &-partition such that for VA € ¥, we have

k+1

(Z Aifi — f,\> € Vipe. (4.42)
i=1

Lemma 4.11 ( [20, p. 66]). Let z; € E,, i = 1,k + 1. There exist a subset g C X and a function
#(2), z € co{z1,--,2k4+1}), such that the mapping

¢:co{z1,.. ., 2641}) — Lo (z— A€ Xy) (4.43)
is a homeomorphism.

Lemma 4.12. Let f;(t,z,z1,...,25) € F1, i =1,k + 1. Then for an arbitrary Vi . € R, there exists
a continuous mapping

do i co({f1,-, frr1}) — F1 (4.44)

satisfying the condition
(Z — (Z)Q(Z) S VK75 Vze CO({fl7 . fk+1})- (445)

Proof. On the set ¥y we define the mapping (4.41), i.e., ¢5(\) = fr € F1 V) € Xg. By Lemma 4.10,
the mapping (4.41) is continuous and (4.42) is valid. Define now the continuous mapping (4.44) by

the formula go(2) = $5(9(2)), 2 € cO({fr,..-, fes1}), where
2 ¢(2) =X € Xg and ¢5(d(2)) = fyz) = o € F1

(see (4.43)). The relation (4.42) implies (4.45). O

4.3 Example of a quasiconvex filter

Let fo(t,z,x1,...,25) = f(t,x,21,...,2s,u0(t),uo(t — 01),...,uo(t — 0,)) € Fy be a fixed point. In
Fy, let us define the filter ¥ using the basis

Ry = {WK’(; : K C O is acompact set, 6 >0 is an arbitrary number}7

where

WK,(;:{f(t,m,xl,...,xs):f(t,a:,xl,...,xs,u(t),u(t—ﬁl),...,u(t—@,,))EFl Hi(f—fo: K)S(S},
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/ (@1,. ,ﬁs)eKe+1(|f(t,a?,$1,..., xs)+ | fu(t, x, - H—Zlfw )} dt, fEE(l
T

(see Lemma 2.1).
Lemma 4.13. The filter ¥ is quasiconvexz.

Proof. Let an arbitrary element W € ¥ and an arbitrary natural number k be given. There exists an
element Wg 5 € $; such that Wi s C W. Let us show that as W in the definition of a quasiconvex
filter, we can take WK7 o

Assume that the points

filt,x,xp, ... x5) = f(t,a:,xl,...,xs,ui(t),ui(t— 01),...,u;(t—06 ))

are SuCh ”la‘
H(?z_H)'K)<7
’ k"‘].’

By Lemma 4.12, there exists a continuous mapping

d)o : CO({fl7 ey fk—i—l}) — F1

defined by the formula
b0 = ¢3(d(2)) = fr, A€ o,

and satisfying the condition

(z—¢o(2) € Ve YzEcO{f1,---, frg1})-

It remains to prove that fy € Wik s VA € Eg. For this purpose, let us estimate the quantity H(f) —
fo; K). Owing to the specific character of the g-partition, we have

Hhtx,xy,...,x5) = filt,x,21,...,Ts), tel(’?) ANl
Bi

Taking into account the latter assertion, we have

Hl(f,\*fo;K):zl: / [ sup (|fx(tvxv ) = folt,z, -)|

(z,x1,...,x5)EKF

a=lr@)ng
9 o
b
l m k+1
<> / [ sup (\fi(t,x,-)—fo(t,x,-)!
a=1p=11i=1 () (I,:El 7777 IS)GK,C
5 ()n1
9 )
j
k+1
<> Hi(fi — fo; K)
i=1
Hence ¢o(z) € Wk 5. O

Lemma 4.14. In the space E( ) let the set

WO = {fe B Hi(f - fo; Ko) < b},
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where 69 > 0 is a fized number and Ky C O is a compact set, be given. Then for an arbitrary W € U,

the inclusion
cone ((WW]y — fo) D F1 — fo (4.46)

holds. Here [W],,a) denotes the closure (with respect to W) of the set W) MW in the topology on
W) induced by the topology on Ey.

Proof. Clearly, W, 5, C W) and there exists W, s, contained in W. Therefore,
WO AW > Wk, 5, N Wiy 50 D Wity 50 (4.47)
where Ky = Ko U K1, 02 = min{d1,do}. To prove the inclusion (4.46), it suffices to show that
cone ([W(l)]wl@é2 —fo) D Fi—fo
(see (4.47)). Let f—fo € Fi — foand zx = (1 =N fo+Af, A €0, 1]; let {e;} be a sequence converging
to zero. By Lemma 4.12, we can construct a sequence of continuous mappings

& col{fo, f}) — F1, i=1,2,...,

such that ‘
ox— 08 (20) € Viyer, AE[0,1], i=1,2,..., (4.48)

where
¢g)(z,\) = Az, z1,...,25) = f(t,x,xl,...,xs,u,\(t),u,\(t —91),...,u,\(t—9u)),

w (t) - UO(t), te Ié?) N IQ,
A u(t), tel i,

a=11l B=1,m; m;=mlg).

Let us now prove the existence of Ag € (0,1) such that
O (20) € Wiys,, i=1,2,..., YA€E[0,\o]. (4.49)

For the expression H;(f — fo;K>2), taking into account the relation fi(¢,z,z1,...,25) =
folt,z,x1,...,x5), t €L E Igf)()\) N I, we have

l

AT T SE | s ([fta ) ot )]
S J Leaeoeri

+ !a%fu,x, )= %fou,x, )| +;‘aijf“’x’ '>‘8ijf0<t’x’ ')M "

where .
5oy = P nn.
B=1

The specific character of the o-partition implies
! I ma I my
mes ( Z IQ(?)()\)) — Z Z mes I§, (\) = A Z Z mes [5 < Ames I5.
a=1 a=1 =1 a=1 =1
Therefore,

!
mes (ZI;?)()\)) —0as A—=0
a=1
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uniformly in ¢ = 1,2,.... Hence there exists A\g € (0, 1) for which
Hy(fx — fo; K2) < 2.
The inclusion (4.48) is proved. The condition (4.49) implies qﬁéi)(zA) — 2z as i — 0o. Therefore,
23 € Wy, .. for A€ [0, Ao,

and hence
zx — fo € cone ([W(l)]wsz), A € [0, Ao,

but zx — fo = A(f — fo). Thus f — fo € cone([W ]y, ). O

4.4 The optimal control problem with the discontinuous initial condition

Consider the optimal control problem

i(t) = f(t,x(t),z(t —7), ..., 2t — 75),u(t), u(t — 61),...,u(t —6,)), (4.50)
t € [to,t1] C I, ueQ2,U),

x(t) = @(t), t€[T,to), x(to) =mzo, ¥ € Py, x9 € Xo, (4.51)

q'(tost1, 71, 7o, o, 2(t1)) =0, i=1,1, (4.52)

qo(to,tl,n,...,Ts,xo,x(tl)) — min, (4.53)

where 0, > --- > 01 > 0, &3 = {p € PC(I5,R") : o(t) € N}, N C O is a convex set; Xg C O is a
convex compact set; the scalar-valued functions ¢*(tg,t1, 71, ..., 7s, o, 1), i = 0,1, are continuously
differentiable on I? x [011,012] x - -+ X [041,0,2] x O2.

The problem (4.50)—(4.53) is called an optimal control problem with the discontinuous initial
condition.

Definition 4.12. Let v = (to,t1,71,...,7s, Zo, p,u) € A = (a,b) X (a,b) X (011,012) X - -+ X (041, 052) X
Xo x @3 x Q(I,U). A function z(t) = z(t;v) € O, t € [T,t1], is called a solution of the equation
(4.50) with the discontinuous initial condition (4.51), or a solution corresponding to the element v
and defined on the interval [T, t1], if it satisfies the condition (4.51) and is absolutely continuous on
the interval [to, t1] and satisfies the equation (4.50) a.e. on [tg, t1].

Definition 4.13. An element v = (to,t1,71,...,7s,To,p,u) € A is said to be admissible if the
corresponding solution z(t) = x(¢;v) satisfies the boundary conditions (4.52).

Denote by Ag the set of admissible elements.

Definition 4.14. An element vy = (to0, t10, 710, - - - 5 Ts05 £00, L0, Uo) € Ap is said to be optimal if there
exist a number §y > 0 and a compact set Ky C O such that for an arbitrary element v € A satisfying
the condition

[too — tol + [t10 — 1] + Y [7i0 = 7l + w00 — @o| + 00 — ¢l + Hi(fo — f; Ko) < bo,

i=1
the inequality
qo(too,t10,7'107~-~,7'so,$007300(t10)) < qo(t07t177-17--~7Tsa$07$(t1))
holds. Here
fo=folt,z,x1,...,25) = f(hx,xl, cos sy ug(t),up(t — 01), ... u(t — Hk))
and

f=ftzx,... x5 = f(t,x,xl,...,xs,u(t),u(t—91),...,u(t—9k)).
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Theorem 4.6. Let vy be an optimal element and let the following conditions hold:

4.1,
4.2.
4.3.
4.4,

4.5.

4.6.

4.7.

Tso >+ > T10 and too + Ts0 < th; with Ti0 € (01‘0,91'_;'_10), 7= ].,S - 1,‘

0; = m;h, i = 1,v, where m;, i = 1,v, are natural numbers, h > 0 is a real number;

the function po(t) is absolutely continuous and o (t) is bounded;

the function fo(w),w = (t,x,x1,...,15) € I x O is bounded;

there exists the finite limit

lim fo(w) = f5, w € (a,to] x O,
w—rwWo
where wo = (too, o0, Yo(too — T10), - - - Po(too — Ts0));
there exist the finite limits
lim [fo(wii) — fo(w2i)] = fois
(wis,was) = (wl,,ws,)
where wy;, we; € (a,b) x O3 i =15,
0 _
wy; = (too + 70, Zo(too + Tio), To(too + Tio — T10), - - -, To(too + Tio — Ti—10),
o0, Zo(too + Tio — Ti+10); - - - To(too + Tio — TsO))a
0 _
Wy, = (too + 7i0, o (too + Tio), To(too + Tio — T10); - - -, To(too + Tio — Ti—10),
©o(too), zo(too + Tio — Tit10)s - - - To(too + Tio — Tso));
there exists the finite limit
w_l)lgl . folw) = fr1, w e (too, t10] xO° T, w1 =(t10,z0(t10), To(ti0—Ti0), - - -, Ts(t10—Ts0))-
s+
Then there exist a vector T = (mg,...,m) # 0, with mg < 0, and a solution (t) = (Y1(t), ..., ¥n(t))
of the equation
S
¥(t) = —¥(t) fout] — Zd’(t + 7i0) foz, [t + Tiol, T € [too, tro], P(t) =0, t > to, (4.54)

=1

such that the following conditions hold:

4.8.

4.9.

the conditions for the moments tog and tig:

TQot, > Y (too)fy + Z%b(too + 7i0) foi, ™Qot, > =V (t10)fei1,

i=1

where

0

_ (4,0 INT _
QO—((] 7"'aq) ) QOtO_@tO

Qo;

the conditions for the delays T;0, i = 1, s,

7Qor, = Y(too + Tio) foi + /T/J(t)wai [tlo(t — T0)dt =0, i

too

I
[t
)
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4.10. the condition of the vector xp,

(mQozo + ¥(too)) oo = xf(}lea%io(WQom + 9(too))o;

4.11. the integral mazimum principle for the initial function @o(t),

too tOO
Z / Y(t + Ti0) fow, [t + Tiolpo(t) dt = 1?)%{; Z / Y(t + Tio) fox, [t + Tiolep(t) dt;
1.
= 11‘/00 Ti0 =1 too—Tio

4.12. the integral mazimum principle for the control function ug(t),

tio

/wwhmw

too

tio

— max /w(t)f(t,xo(t),xo(t o). ot — T, u(t) ult — 00). .. u(t —6,)) ) d:

u(t)eQ(I2,U)
too

4.13. the condition for the function (t),
¢(t10) = 7TC20I1'

Theorem 4.7. Let vy be an optimal element and let the conditions 4.1-4.4 and 4.6 hold. Moreover,
there exist the finite limits

lim fo(w) = fi7, w€ [too,b) x O°T',  lim fo(w) = fF,, w € [tio,b) x O°T. (4.55)
w—wo W—Ws41
Then there exist a vector m = (mg,...,m) # 0, with 7o < 0, and a solution of the equation (4.54) such

that the conditions 4.9-4.13 hold. Moreover,

TQot, < ¢(too)fo + Y _ ¥(too + 7o) foir  TQor, < —t(t10)fei1-

=1

Theorem 4.8. Let vy be an optzmal element and let the_conditions of Theorem 4.6 hold. Moreover,
there exist the finite limits fy S-‘rl’ with fo = ff = fo, Jfor1 = fs+1 = f5+1 Then there exist a
vector m = (m, ..., m) # 0, with mg < 0, and a solution of the equation (4.54) such that the conditions
4.9-4.13 hold. Moreover,

mQoto = (too)fo + O ¥(too + 7o) foir  TQoty = —(t10) fasr.
i=1

Theorem 4.9. Let vy be an optimal element and let the conditions 4.1-4.5 and 4.7 hold. Moreover,
there exist the finite limits

lim [fo(wii) — fo(w2s)] = fo;,

(w14 »w2i)‘>(w11 “’21)

where wy;, wo; € (a,too + Tig) X O5FL, i

1= . Then there exist a vector m = (mg,...,m) # 0, with
mo <0, and a solution of the equation (4.54

such that the conditions 4.8-4.13 hold. Moreover,

tio
7Qor, > Y(too + Tio) fo; + /w(t)fom [t]Zo(t — Ti0) dt, i=1,s.

too
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Theorem 4.10. Let vy be an optimal element and let the conditions 4.1-4.5 and (4.55) hold. Moreover,
there exist the finite limits

lim [fo(wu) - fo(w%)] = fo»

(wl,;,w2,;)~>(wh wzl)

where wi;, wa; € [too + Tio,b) X O*FL i =1 s. Then there exist a vector m = (mo,...,m) # 0, with
mo < 0, and a solution of the equation (4.54) such that the conditions 4.8-4.13 hold. Moreover,

tio
TQor, < 1/)(t00 + Tio)fg; + /d}(t)fO:cl [t]i‘o(t - T,L'()) dt, i=1,s.

too

4.5 Proof of Theorem 4.6

Auxiliary assertions. Let K C O be a compact set and let a > 0 be a certain given number. In
the spaces E}l) and Ey, we define, respectively, the sets

Wi.a=1{0f € B\ : Hi(6f;K) < a},

W(K;Ot) = {§f € Ef : Em(;f’K(t),Lgf’K(t) S Ll(l, R+), / [mgva(t) +L5f7K(t)] dt < a}.
I

Lemma 4.15. Let K; C O, i = 1,2, be compact sets, and, moreover, let K1 C int Ky and oy > 0 be
a certain number. Then there exists a number ag > 0 such that

WKQ,Oél - W(Kl;OQ)' (456)

Proof. Let §f € Wi, o, Hence

/sup{|(5f(t,x,x1,... D+ 10 (t,z, - |+Z|5le toa, )| (x,xl,...,xs)€K§+1}dt§a1.

T
For a.e. t € I and every (2, 2},...,2%) € Kith (2 2),...,2)) € Ki™! the inequality
S
6£(t, 2 2, al) = 6f (b a2l 2| < Lop (1) [|x' — |+ el - x}
holds, where
L(Sf,Kl (t) = TLZS(O{O + 1)

xsup{\éf(t,x,xl,..., $)|+0fe(t,x, - |+Z|(5fmltx I (x,xl,...,xs)ng}

(see Lemma 2.2).
On the other hand, it is obvious that for (¢,x,21,...,25) € I X Kf“, we have

[0f(t,z,21,...,25)|] <msp i, () = Sup{\éf(t,x,xl,...,zsﬂ D (my 2y, xs) € K‘f'H}.

Using the relations obtained above, we get

/ [messx, (t) + Log i, ()] dt < aq [1+ n?s(ag + D] = as.
7

The inclusion (4.56) is proved. O
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To each element
R = (to,tl,Tl, ce ,Ts,l‘o,(p,f) S (a, b) X (a,b) X (911,012) X oo X (981,052) X XO X (I)l X E]([l)
we put in correspondence the functional differential equation

i(t) = f(t,x(t),z(t —7),...,2x(t — 7)), t€ [to, t1],

with the initial condition
x(t) = ¢(t), t€[T,t0), z(to) = zo.

Definition 4.15. The solution corresponding to an element x = (to, t1, 71, .., 7s, Zo, ®, f) is called a
solution z(t; u), u = (to, 71, .,7s,Zo, ¥, f), defined on [T, 1], and denoted by x(¢; k).

Therefore,
xo(t) = x(t;v9) = x(t; ko) = x(t; po), t € [T, t10], (4.57)

where
ko = (00,1105 T10, - - - » Ts05 005 0, fo), o = (too, T10 - - - » Ts0, 00, P05 f0)-

The following lemma is a direct consequence of Theorem 1.2.

Lemma 4.16. Let oy > 0 be a certain given number, and let K1 C O be a compact set containing a
certain neighborhood of the set clpg(I1) Uxo([teo, t10]). Then there exists a number 61 > 0 such that
to each element

K € V(/{O;Kl,&l,al) = (B(too;(sl) OI) X (B(t10;51) ﬂI) X (B(T10;51) n (9117(912)) X oeee
X (B(Tso;51) N (951,952)) X (B(.%‘oo,(sl) N O) X (B((p0;§1) N @2) X [fo + (VVKI,O‘1 N VKl,él)]

there corresponds the solution x(t; k) € K1, t € [T,t1]. Moreover, for each e > 0, there exists a number
d =46(e) € (0,01) such that for an arbitrary k € V(ko; K1,01, 1), the inequality

|[2(t10; ko) — 2(t1; k)| < e
holds.
Remark 4.1. Lemma 4.16 remains valid if we replace the set V(ko; K1, 01, 1) by the set
V(ko; K1,61) = (B(too;01) N I) x (B(t10;01) N 1) x (B(110;01) N (011,012)) X - -+
X (B(Ts0;01) N (0s1,052)) X (B(z00,91) N O) x (B(po;01) N P2) x [fo + Wk, 5]
Let us now consider the topological vector space

E, = R**™" x PC(I},R") x EY)

with the points x = (y,5), where y = (to,t1,71,.--,7s,Z0) |, ¢ = (0, f).
The set
X = [a,too] X [too,t10] X [011,012] X -+ X [0s1,052] x O C RZFsHn

is a locally convex subspace in the topology induced from RZtstn,

By Dy C E, we denote the set of elements Kk € X x ®y x E](cl) such that the solution z(t; k)
corresponds to each of them. The set Dy is nonempty, since kg € Dy.

Lemma 4.17. The set Dy is finitely convez.

Proof. Let k = (y,<) € Dy be an arbitrary fixed point, and Le C E¢ be a linear manifold, i.e.,

k
Lg:{€+5§: 5§:Z)\¢5§i, Ai €R, izﬁ},
i=1
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where dg; € E., i = 1, k, are fixed points. There exists a number J; > 0 such that with each element
Kk € V(R; K1, 61) we associate the solution z(t;<) € K (see Remark 4.1).
Let a number ¢ € (0,d1) be insomuch small that the neighborhood of the point ¢

k
= {§+i_zl>\i5§ii |Ail <6, Z:Lk}

is contained in the set N
(B(@ 51) N ‘1)2) X [f + WK1,51}'

Therefore, there exist convex neighborhoods
Vg = (B(t0;0) N (a,%0)) x (B(t1;0) N (to, 1)) x (B(Z0;61) N O) C X, VaC Le

such that
Vg X V%‘ C Dy.

Hence the set Dy is finitely locally convex with respect to the space X x E.. O

On the set Dy, let us define the mapping
S DO — R"

by the formula
S(k) = x(t1; k).

Lemma 4.18. The mapping S is differentiable at the point ko and
dSk, (0Kk) = dx(t10;0k) + fo 10t1 YOk = (Oto,0t1,071,...,0Ts, 020,00,0f) € Ex — Ko, (4.58)
where
8 (t10; k) = dx(tro; Opt) = — [Y(too; 5+ Y(too + 7io; t)fol} 5to
i=1

S

t
- {Y(foo + Tio3 ) foi + / Y (&t) foa, [€]E0(§ — Tio) dS] 7i + Y (too; t)dxo

=1 t
too t
5 | Y€t rait)fonle + maldete) e + [ i) ag (459)
= 11500 Tio too

and Sy = (Sto, 071, . .., 07, 0m0,00,6f) € B — po.
Proof. Let Lo, C E¢ be a linear manifold, and let
VoCXfyo, VCLgofgo

be bounded convex neighborhoods of zero, where yo = (t00, t10, T10, - - - s 7505 xoo)T and o = (o, fo)-
The finite local convexity of the set Dy implies the existence of a number g9 > 0 such that for an
arbitrary (e,ds) € (0,e0) X Vo X V', g9 + €ds € Dy, and

x(t10 + e6t1; ko + 0k) — x(t1g + €0t1; ko) = @(t1g + €0t1; o + dp) — x(t1o + €0ty o)
= Ax(tio + edt1;e0p) = edx(tig + £dt1;0p) + o(t1p + £0t1;d),

where the variation dz(t19 + €dt1; ) is calculated by the formula (2.7).
We have
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S(ko +edk) — S(ko) = x(t10 + €dt1; Ko + €dK) — xo(t10)
= x(t10 + £dt1; ko + €0K) — xo(t10 + £0t1) + o (t10 + €0t1) — xo(t10)
tio+edty
= e0x(t1o + €0t1;0p) + o(tio + €0ty;€0u) + / folt]dt. (4.60)

tio

It is easy to note that
hH(l) 0x(t10 + €0ty; 0p) = dx(t10; O )
11—

uniformly in 6k € Vy x V, (i.e., uniformly for the corresponding oy ) and

tio+edty
Jolt]dt = ef, 10t1 + o(edk).

tio

Taking into account these relations and the variation formula (2.7), from (4.60) we obtain
S(ko + €6k) — S(ko) = €[0x(ti0; 6r) + fo10t1] + o(e6k) = edS, (6k) + 0(€0K), (4.61)

where dx(t10; k) has the form (2.59). O

Differentiability of the mapping at the point z;. Consider the vector space
E,=RxEFE,

of points z = (§, k).
Introduce the sets
X =Ry x Xy, D=Ry x Dy.

The set is finitely locally convex in the subspace X x E. C E, (see Lemma 4.17).
On the set D, let us define the mapping

P:D — RH!

by the formula
P(Z) = Q(tmtl,ﬁ, e ,TS,.’E(),S(H)) + (6,07. .. ,O)T,

where Q = ¢°,...,¢' and S(k) = x(t1; k).

Lemma 4.19. The mapping P is differentiable at the point zg = (0, ko) and

dP.,(6z) = {QOtD —Qoz, Y (toos t10) fo —Z Qoz, Y (too+Tio; t10)f0i}5to+ {Qot, +Qoay 11 }6t1
i=1

s tio
+Y° {Qon — Qoz, Y (too + Tioi t1o) foi — /QO@:ly(t§t10)f0zi [t)Eo(t — Ti0) dt}5Ti
i=1 too

s too
+ { Qoo + Qoz, Y (too; t10) } o0 + Z / Qox, Y (t + Tios t) fou, [t + Tio]0(t) dt
i=1t0077—i0
tio

+ /QOIIY(t;tw)ch[t] dt + (5€,0,...,0)7, 6z = (6¢,6K) € E, — 2. (4.62)

too
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Proof. Let Lo, C E¢ be an arbitrary linear manifold and let
Vb CX- (OvyO)Ta VC Lco — <0

be arbitrary bounded convex neighborhoods of zero. There exists a number g9 > 0 such that for
arbitrary € € (0,&9) and dz € Vp x V,
zo+ebz € D,

and the formula (4.61) holds.
We have

P(ZO —+ 652) — P(Zo) = Q(t00+€6t07 th +€5t1, 7'10+€5T1, e ,T80+55TS, I00+65I0, S(H0+€6H))
— Q(too, t10, T10, - - - Ts0, Z00, S (ko)) +2(8¢,0,...,0)".

Let a number 5 > 0 be insomuch small that
S(ko) + t(S(ko +e0k) — S(ko)) € O V(t,e) € (0,1) x (0,£0), Yoz e Vo xV,

where 0z = (0§, 0k) (see Lemma 4.16).
Let us now transform the difference

Q(too -+ 65t0,t10 + E(stl,’l'lo + 557’1, ..., Tso T 6(57'5, Zoo + 55170, S(K?o + 65&))
— Q(t00,t10: 7105 - - - » Ts0, Zo0, S (ko))
/1
0

Q(too + Etéto,tlo + 8t§t1,7‘10 + €t5T1, ey

SR

Ts0 + €t0Ts, Too + etdxo, S(Ko) + t(S(ko + edk) — S(HO))) dt
=¢ [Q0t05t0 + Qor, 0t1 + Z Qo7 0T; + Qozy 020 + Qoz, dSk, (511)] + a(edz),
i=1

where

aedz)

{ Qoto €3] — Qoto | 6to + [Qor, [:] — Qor, | 6t1 + Z [Qor, [e51] — Qor, |67

i=1

O\H

+ [Qowo 3 t] = Qowe|0z0 + [Qoas [€5] — Qo | Sio (0K) + Qo [€; t]o(z—:é/{)} dt,
QOto [6; t] = Qto (too + etdtg, t10 + etdty, T10 + 0T, . . .,

Ts0 + €675, Too + etdmo, S(ko) + t(S(ko + €0K) — S(KJO))).

It is easy to note that

511—I>I%) [QOti [E;t] - QOti] = 07 1= 1727 ah—% [QOT,; [Eat] QOTJ = 7 1= 1787
gll}%) [QOwl [€7t] - QOI@] =0, :=0,L

Therefore, a(edz) = o(£dz). Thus,

Plzg+e62)—P(z)=¢ [Q%(stﬁQohatl +3 " Qor 67+ Quy dSg (65) + (5E,0, .. ,o)T} +o(e62).

i=1

Due to the relations (4.58) and (4.59) from the above equality we get (4.62). O
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Quasiconvexity of the filter ¥, . Continuity of the mapping P on the filter co[¥,]. In
the topological vector space E,, let us define the filter ¥, as the direct product

U,y = Vg, X Uy X ¥

of two filters ¥5,, o = (0,y0) ", and W,,, which are defined, respectively, by the convex bases

{(Bo NRy) X (Btg, N (a,too]) X (Biy, N (a;t10]) X (Bryy N (011, 012)) x -
X (Bry N (0s1,052)) X (Bgoy NO) : By, ..., By, areconvex neighborhoods},

Ts0

{Bw0 N®,: By, C PC(I;,R") is a convex neighborhood}.

The filter ¥ has been introduced in Subsection 4.3.
There exists a number §; > 0 such that the set

W = R+ X (B(too;(sl) n (a,too]) X (B(t01;51) n (CL, t10]) X (B(T10;51) n (911,912)) Xoeee
% B(740;61) N (051, 052)) x (B(woo; 01) N O)) x (B(ipo381) N 1)) x Wi (K1,81) € D

and, moreover, the mapping
P:W — RO

is continuous in the topology induced from E,. Here
WKy, 6) = {f € BY - Hi(f ~ fo: K1) <1},
The element Wi, 5, of the filter ¥ is contained in the convex set W;:)(K 1,01). Therefore,
co(W,,) C W C D,

where

Wzo = R+ X (B(t00;51) N (a,too]) X (B(t01;(51) N (a,tlo]) X (B(T10;51) N (911,012)) Xoeee
X B(Tso;(sl) N (9517932)) X (B(J?oo;(sl) N O)) X (B(Lpo;(sl) N (I)l)) X WK1,51 S \I/ZO.

Hence there exists an element W,, € ¥ such that

P :co(W,,) — R

0

is continuous. Therefore, the mapping P is defined and continuous on the filter co([¥,,]).

Criticality of the mapping P on the filter ¥,,. The point zy = (0, ko) belongs to all elements
of the filter ¥, , and, moreover,

-
P(20) = (4" (too: t105 10, - - - - Ts0» To0, To(t10)), 0, ..., 0) .
Introduce the set
C= {KJ: (t07t177—1a~~'77—87‘r07807f> : f = f(t7x,x17...,xs,u(t),u(t—91),...,u(t—9,,)),
w = (t07t177—17 s 77—57550790,“) € WO}

For an arbitrary element
z=(& k) € Wy N (R4 x V),

where W, € ¥, we have

T
P(z) = (qo(to,tl,n,...,Ts,xo,x(tl);/i),O,...,O) .
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The element wy € Wy is optimal; therefore, there exists an element W, (K2;d2) € V., where d2 €
(0,0) and Ko C O is a compact set containing K such that for an arbitrary element

z € W, (Ka2;02) N (R4 x U)
the inequality
qo(t007t10,710, C o Ts0, 200, To(t10)) < qo(to,tl,ﬁ, o Tes @0, (t15K)) + €
holds. It is easy to see that
P(W., N (R4 x U)) C Ry = {(p',0...,0)T e RPT'}

and the point P(zp) is a boundary point of the set P(W,,(K2;d2) N (Ry x U)) with respect to the
space Rg.
Therefore, P(z) € O(P(W,,(K2;92) NRy)), and, the more so, P(zg) € O(P(W,,(Kz;d2)).

Deduction of the necessary optimality conditions. All the conditions of Theorem 4.5 hold.
Therefore, there exist a nonzero vector m = (m,...,m) and an element WZO € ¥, such that the
inequality
wdP,, (dz) <0 Viz € cone(WZ0 — 2p) (4.63)
holds, where dP,,(6z) has the form (4.62).
Introduce the function

Y(t) = mQoa, Y (T : t10); (4.64)
as is easily seen, it satisfies the equation (4.54) and the conditions
Y(tio) = TQoszys ¥(t) =0,t > tio. (4.65)

Taking into account (4.62), (4.64) and (4.65), from the inequality (4.63) we obtain

{WQOto —¥(too)fo — Z¢(foo + TiO)fOi}5tO +{7mQot, + ¥ (tw0) for1 }ota
i=1

+ Z {WQon — Y (too + Tio) foi — /Tﬂ(t)fom [t]Zo(t — Tio) dt}ch + {7Qoz, + ¥ (too) } 60
i=1 too

s too tio
+ Z; / Yt + Ti0) fow, [t + Tio]0p(t) dt + /1/J(t)5f[t] dt + mgd€, 6z € cone(/VVZ0 —20). (4.66)
= too—Tio too

o~

The condition 6z € cone(W,, — zy) is equivalent to the conditions

6 € R4, Oty € (—O0,0], 0ty € (—O0,0], o € R, izﬁ,

dxg € cone(Wy,, — Zoo), Op € cone(wg,0 — o), 0f € Cone(ﬁ/\fo — fo)s

where

= Bugy N Xo, Wy = By, N1 € Uy, Wy, € Uy,

Let dtg = 0ty =01y = -+ =07, = 0 and dxg = dp = 6f = 0 in (4.66), we obtain

—~
WIOO Z00

To6E < 0 V8¢ € Ry

This implies
™0 S 0.
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Setting 0§ = 0tg = o171 = --- = d7; = 0, and dxg = dp = df = 0; then, taking into account the fact
that dtg € (—00, 0], from (4.66) for the initial moment oy we obtain the following condition:

mQote = P(too)fo + D ¥(too + Tio) foi-

i=1
If 6¢ = 6ty = 671 = -+- = 01; = 0 and dzg = ¢ = 6f = 0 in the inequality (4.66), then for the final

moment t19 we obtain the following condition:

7Qot, > —(t10) feys-
If 06 = 6ty = d0t1 =0 and dzg = dp = df =0, we get

s tio

Z {WQon — (too + Tio) foi — /¢(t)f0mi [tlEo(t — Tio)dt}5Ti <0 VimeR, i=1,s.

i=1

too

From the above follow the conditions for the delays 7;9, ¢ = 1, s:

tio
7Qor, = Y (too + Tio) foi + /w(t)fo@ [tlo(t — Ti0) dt, i=1,s.

too

Let 5§ = Jto = 6t1 = 67’1 == 57’1‘ =0 and 5(p = (Sf =0in (466) Then
{ﬂQon + Zb(too)}(sxo < 0, 6330 S COHG((B$OO N Xo) — IL’O()).

Let us prove the inclusion
cone((Byo, N Xo) — Zoo) D Xo — Zoo-

Indeed, let 2o € X be arbitrary point. The set xg is convex, therefore, for an arbitrary e € [0, 1], the
point . = xgo+<(xo —o0) € Xo. On the other hand, for a sufficiently small € > 0, z. € By,,. Hence
e — oo = (g — Zop) € (Brgo N Xo) — Zoo. This implies 29 — zgp € cone((Byy, N Xo) — Zgp). Thus,

{mQoxo + ¥ (too) }zo0 = Irglea%(O{WQOxo + ¢ (too) }o.

Let 66 = 6tg =0ty =6, =--- =01, =0 and dxg = df = 0. We have

s too

Z / Wt + Tio) fow, [t + Tio]0p(t) dt <0 Vdp € cone(wqJO — o).

Pt
= too—Tio

Analogously, we can prove
cone(Wy, — o) D ®1 — ¢o.

Thus,
s too s too
> / Y (t + Tio) foz, [t + Tiolpo(t) dt = max / U(t + Tio) foz, [t + Tiole(t) di.
- 2 17
lzltoo—ﬂo lzltoo—‘rz‘o
We now consider the case where §§ = 0ty = dt; = dmy = -+ = 67, = 0 and dzp = dp = 0. From (4.66)
we obtain

/w(t)af[t] dt <0, &f € cone(Wy, — fo).

too
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Now, using the last inequality, let us prove the integral maximum principle. For this purpose, we have
to prove the continuity of the mapping

5f —s /6f[t]dt, 5110 = 6£(t, 20(t), 2ot — T10)s ., 20(t — T20)) (4.67)

too

on the set W(l)(Kl; «) in the topology induced from E](cl). Here K3 C O is a compact set containing
a certain neighborhood of the set ¢q(I2) U xo([teo, t10]) and « > 0 is a certain number.
Let 6f; € W (Ky;a),i=1,2,...,and lim Ho(df;; K1) = 0. The mapping (4.67) is continuous if
11— 00

tio

lim / V()5 filt] dt = 0. (4.68)

Integration by parts yields

705w(t)fi [tldt = 4(too) 705fz- [t] dt — 7Oz/)(t) ( /t 5 fil€] dg) dt.

By Lemma 1.5, we have
t

im [ 6f:(e]de =0
too

uniformly in ¢ € [too, t10]-
Therefore, the relation (4.68) holds. The continuity of the mapping (4.67) allows us to strengthen
inequality given above:

/1/)(t)5f[t]dt <0, 5f € cone((W (Ky; ), — fo).

too

According to Lemma 4.14,
cone([WW (Ky; @), — fo) O Fr = fo. (4.69)

From (4.69) it follows the integral maximum principle

t10 tio

/z/)(t)fo[t] dt:u(t)rélg(}%[])/w(t)fG,xo(t),xo(t—no), o ao(t—Te0), ult), u(t—0y,. . ,u(t—@l,))) dt.

Theorem 4.6 is proved.

To conclude this subsection, it should be noted that Theorems 4.7-4.10 are proved in a similar
way by using the corresponding variation formulas of a solution.

4.6 The optimal control problem with the continuous initial condition

Consider the optimal control problem

i(t) = f(tvx(t)a z(t—71), ozt —7s),u(t),u(t —61),...,u(t — 91/))3 (4.70)
tE[to,tl]CI, UEQ(I27U),

z(t) = o(t), t€[T,to], @€ 3, (4.71)

qi(to,tl, Tly-+-5Ts, (p(to), .T(tl)) = O, Z = H, (472)

qo(t()attha"'7Tsvw<t0)7x(tl)) — min7 (473)
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where &3 = {p € C(I1,R"): p(t) € N}, N C O is a convex set.
The problem (4.70)—(4.73) is called an optimal control problem with the continuous initial condi-
tion.

Definition 4.16. Let v = (to,t1,71,...,7s, 0, u) € A1 = (a,b) X (a,b) x (011,012) X -+ X (0s1,052) X
O3 x QI,U)). A function z(t) = z(t;v) € O, t € [T, 1], is called a solution of the equation (4.70) with
the discontinuous initial condition (4.71), or a solution corresponding to the element v and defined
on the interval [7,¢;], if it satisfies the condition (4.71) and is absolutely continuous on the interval
[to, t1] and satisfies the equation (4.70) a.e. on [tg.t1].

Definition 4.17. An element v = (tg,t1,71,...,7s,,u) € Ay is said to be admissible if the corre-
sponding solution z(t) = z(t; v) satisfies the boundary conditions (4.72).

Denote by Ajg the set of admissible elements.

Definition 4.18. An element vg = (tqo, t10, T10, - - - » T50, Y0, Ug) € Vig is said to be optimal if there
exist a number §y > 0 and a compact set Ky C O such that for an arbitrary element v € A;( satisfying
the condition

s
ltoo = tol + [t10 — t1 + Y Imio = 7l + llpo — @llr, + Hi(fo — f5 Ko) < b
i=1
the inequality
¢ (too, t10, 7105 - - - s Ts05 P0(t00)s xo(tlo)) < ¢° (to, t1, 71, ., Ts, 0(to), o:(tl))
holds.
Theorem 4.11. Let vy be an optimal element and let the following conditions hold:
4.14. 150 > -+ > 10 and with 70 € (00,0;410), 1 = 1,5 — 1;
4.15. 0; = m;h, i = 1,v, where m;, i = 1,v, are natural numbers, h > 0 is a real number;
4.16. the function po(t) is absolutely continuous and po(t) is bounded;
4.17. the function fo(w), w = (t,x,x1,...,7s) € I x O'T%  is bounded;
4.18. there exist the finite limits

lim @o(t) =@y, lim fo(w) = fy, w e (a,to] x O,

t—too— w—rwo

where wo = (too, Po(too), Yo(too — T10)s - - - Po(too — Ts0));

4.19. there exists the finite limit

w~1>izri)11+1 folw)=fri1, wWE(too, t10] O™, wei1=(t10, 2o(t10), To(t10—T10)s - - - » Ts (10— Ts0))-

Then there exist a vector m = (mg,...,m) # 0 with 7o < 0, and a solution Y(t) = (P1(t),...,¥Yn(t))
of the equation

G(t) = =(t) foult] — Z¢(t + 7i0) fox: [t + Tiol, t € [too, 0],
i=1
P(t) =0, t>to, (4.74)

such that the following conditions hold:

4.20. the conditions for the moments tog and t1g:

TQoty = Y(too)lPo — fo |, mQot, = —(ti0)foi1;
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4.21. the conditions for the delays 1,9, 1 =1, s:

tio
TQor, = /1/)(t)f0x,; [tlzo(t — Ti0) dt, i=1,s;

too

4.22. the mazimum principle for the initial function po(t):

too

[Qozo + ¥ (too)]o(too) + Z / Y(t + Ti0) fou: [t + Tiolpo(t) dt,

=1
too—Tio

too

= gl)agé [Qoz, + ¥ (too)]e(too) + Z / t + 7i0) fow, [t + Tio)p(t) dt;
v = 1t
00—Ti0

4.23. the integral mazimum principle for the control function ug(t):

tio

/wwhmw

too

max /1/) t xo(t xo(t—7'10),...,xo(t—no,u(t),u(t—91),...,u(t—91,))) dt;

u(t )eQ(I2,U)

4.24. the condition for the function 1 (t)
Y(t10) = TQou, -

Theorem 4.12. Let vy be an optimal element and let the conditions 4.14-4.17 hold. Moreover, there
exist the finite limits

lim ¢(t) =¢f, lm fo(w) = fy, w € [to,b) x O,

t—too+ w—wo
lim  fo(w) = fl,, w € [t b) x O
W—Ws+1
Then there exist a vector T = (mg,...,m) # 0 with mg < 0, and a solution of the equation (4.74) such

that the conditions 4.21-4.24 hold. Moreover,

TQot, < Y(too)[od — fif], mQor, < —(t10)ff -

Theorem 4.13. Let vo be an optimal element and let the conditions of Theorems 4.11 and 4.12
hold. Moreover, ¢y — fo = ¢a — fof = fo, for1 = f;l = fsy1. Then there exist a vector
T = (mo,...,m) # 0, with 7o < 0, and a solution of the equation (4.74) such that the conditions
4.21-4.24 hold. Moreover,

TQote = ¥(to0)fo, TQot, = —1(t10) fer1-

By variation formulas of a solution (see Section 3), Theorems 4.11-4.13 are proved by the analogous
scheme.
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Abstract. The investigation of differential equations with random impulses combines ideas in the
qualitative theory of differential equations and probability theory. The p-moment exponential stability
of the solutions is defined and studied when the waiting time between two consecutive impulses is
Erlang distributed. The study is based on the application of Lyapunov functions. Some examples are
given to illustrate the results.
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1 Introduction

In some real world phenomena the investigated process changes instantaneously at uncertain mo-
ments. In modeling such processes it is necessarily to combine deterministic differential equations
with random variables presenting the moments of impulses. The presence of randomness in the jump
condition changes the behavior of solutions of differential equations significantly. The study of prop-
erties of solutions combines methods of deterministic differential equations and probability theory.
Impulsive differential equations with random impulsive moments differ from stochastic differential
equations with jumps [5,9-11]. Investigations concerning deterministic differential equations with
random impulses were considered in [2,3,7,8,12], but there are some inaccuracies there concerning
properties of deterministic variables and random variables.

In this paper we study nonlinear differential equations subject to impulses occurring at random
moments. Inspired by queuing theory and the distribution for the waiting time, we study the case of
Erlang distributed random variables between two consecutive moments of impulses. The p-moment
exponential stability of the solution is investigated by employing Lyapunov’s functions.

2 Random impulses in differential equations

Let the increasing sequence of nonnegative points {7} }7°, be given with klim {T}} = oco. Consider
— 00

the initial value problem for the system of impulsive differential equations (IDE) with fixed points of
impulses
' = f(t,x(t)) for t € (Ty, Try1), k=0,1,2,...,

(T +0) = I (2(T,, — 0)) for k=1,2,..., (2.1)
ZL’(TQ) = Zo,
where z,z0 € R"?, f € C[Ry x R*,R"], I}, : R4 x R™ — R™.
We will assume the following condition is satisfied
H1. f(¢,0) =0 and I(t,0) =0 fort >0, k=1,2,....
Let the probability space (2, F, P) be given. Let {7}, be a sequence of independent random
variables that are defined on the sample space 2. We will call the random variables 7 waiting times.
Assume > 7, = oo with probability 1.

k=1
We will assume the following condition is satisfied:

H2. The random variables {4} 1, T € Erlang(ax, \) are independent random variables.

We will recall some properties of Erlang distribution:

(i) If X € Erlang(ay, ) and Y € Erlang(as, \) are independent random variables, then X +Y €
Erlang(ay + ag, A);

(ii) The cumulative distribution function (CDF) of Erlang(c, \) is

a—1
Az)
F(x;a,\) =1— (Jxl) e M >0,
j=1
and the density function is
(Az)e—t
f(fL',O[,)\) = )\We )\(L’ xz > 0.

Define the sequence of random variables {£x}72, such that

k
fk:TO+ZTia k:172a"'7
i=1
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where Ty > 0 is a fixed point.

We note that {{,}72, is an increasing sequence of random variables defined by the recurrence
formula &y = Tp, & = Ex—1+ Tk, K = 1,2,... . The random variable &, will be called the waiting time
and it gives the arrival time of n-th impulses.

n

n
Remark 2.1. The random variables £, =&, —Tp = Y. 7; € Erlang( > g, )\) are continuous with
i i=1
CDF

i=1

il

- (At)!
F(t;Zai,)\) —PE,<t)=1- > j! e for t>0.
i=1 j=1
Let the points ¢ be arbitrary values of the random variables 74, k = 1,2,..., correspondingly.

k
Define the increasing sequence of points T, = T+ >_ t;, k = 1,2,3..., that are values of the random
i=1

variables &j.

Consider the initial value problem (IVP) for the system of impulsive fractional differential equations
(IFrDE) with fixed points of impulses (2.1). The solution of IVP for IDE (2.1) depends not only on
the initial condition (Tp,z) but on the moments of impulses Ty, k¥ = 1,2,..., i.e. the solution
depends on the initially chosen arbitrary values t; of the random variables 74, k = 1,2,.... We
denote the solution of the initial value problem (2.1) by z(¢;To, zo, {T%x}). We will assume that
z(Ty; To, xo, {tr}) = t_}%?_ox(t;T(%xOv {tx}) for any k=1,2,....

The set of all solutions z(t; Ty, xo, {Tx}) of IVP for IDE (2.1) for any values t; of the random
variables 7, £ = 1,2,..., generates a stochastic process with state space R™. We denote it by
x(t; To, xo, {71 }) and we will say that it is a solution of the following initial value problem for impulsive
differential equations with random moments of impulses (RIDE)

2'(t) = f(t,x(t)) for t >To, & <t <E&t1, k=0,1,...,
(& +0) = I(x(& — 0)) for k=1,2,..., (2.2)
l‘(To) = Xo.

k
Definition 2.1. Let t; be a value of the random variable 7, k = 1,2,3,..., and T, = Ty + >_ t;,
i=1
k=1,2,.... Then the solution x(t; Ty, xg, {Tk}) of the IVP for the IDE with fixed points of impulses
(2.1) is called a sample path solution of the IVP for the RIDE (2.2).

Any sample path solution z(t; Ty, zo, {1} }) € C*((Tk, Ti41], R™), k= 0,1,2,... .

Definition 2.2. A stochastic process x(t; To, xo, {7% }) with an uncountable state space R™ is said to
be a solution of the IVP for the system of RIDE (2.2) if for any values ¢ of the random variable 7,

k
k=1,23,...,and T, = To + >_ t;, k = 1,2,..., the corresponding function x(t; T, zo, {T%}) is a
i=1
sample path solution of the IVP for RIDE (2.2).

Example.
Case 1 (differential equation). Consider the following scalar ordinary differential equation (ODE)
2’ =0, x(0) = x¢ # 0. Its solution z(t) = x, t > 0, is stable but does not approach 0.

Case 2 (impulsive differential equations with fized points of impulses). Consider the following IVP
for the scalar IDE (2.1)
' =0 for t >0, t#Ty,
2(Tp +0) =ax(Ty —0) for k=1,2,..., (2.3)
xz(0) =9 # 0,
where a is a constant.

The solution of IVP (2.3) is the piecewise continuous function z(¢;2¢) = a*z¢ for t € (T, Ty11].
The behavior of z(t; xy) depends significantly on the amplitude a of the impulses.
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If |a| < 1 then |x(t;z0)| approaches 0.

Case 3 (differential equation with random points of impulses). Consider the following partial case
of the IVP for RIDE (2.2)

' =0 for t >0, & <t <&y,

(&, 4 0) = ax(&, — 0) for k=1,2,..., (2.4)
xz(0) = x9 # 0,
where x € R, a is a constant and the random variables &, are defined above.
k
Let for any £ = 1,2, ... the point t; be an arbitrary value of the random variable 7, and Ty, = Y ¢;,

i=0
k=1,2,3...,ie. T is a value of the random variable . Consider the IVP for the corresponding IDE

' =0 for t >0, t#T},
(T +0) = ax(T, — 0) for k=1,2,..., (2.5)
x(0) = xo.

The solution of (2.5) is x(¢;0, xg, {Tk}) = a*z¢ for Ty, < t < Tj41. It depends on both initial value
ro and the moments of impulses Ty, i.e. on the initially chosen arbitrary values t; of the random
variables 7, k =1,2,... .

The set of all solutions of the IVP (2.5) for any values ¢ of the random variables 7; generates a
stochastic process x(t; xg, {1}) = a¥z for & < t < &x41 which has an expected value

Ela(t;zo, {m})| = [2olP(To <t < &) + Y _ |aFao|P(& <t < &),
k=1

i.e. it depends significantly on the distribution of the random variables 7.

3 Preliminary probability results

Lemma 3.1. Let the condition (H2) be satisfied. Then the probability that there will be exactly k
impulses until time t, t > Ty, is given by

Xk: a;—1
i=1 _ ]
P(S(t) = e 0T § (At _|To)) .
J=Zlf;11 [e23 I

where the events Si(t) = {w € Q: &(w) <t < &p1(w)h, k=1,2,....

Proof. According to Remark 2.1 we get

P(Sk(t) = P(& <t < &y1) = P& —To <t — Ty < &1 — To)

k k+1
:FEk<t_TO;ZO‘i7>‘)_F5k+1<t_T0;Zai7>‘>' O

i=1 i=1
Corollary. Let the condition (H2) be satisfied with o; = o, i = 1,2,.... Then the probability that

there will be exactly k impulses until time t, t > Ty, is given by

P(S)(t)) = e t=To) kil (/\(t—iTo))j.

1l
j=-na L
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We now obtain a formula for the solution of the initial value problem for a scalar linear differential
equation with random moments of impulses:

u = —mypu for t > Ty, & <t <&it,
u(€r +0) =bpu(&e — 0) for k=1,2,..., (3.1)
u(Ty) = uo,
where ug € R, mp >0, k=0,1,2,...,and by #1, k =1,2,..., are real constants.

Lemma 3.2. Let the condition (H2) be satisfied and the nonincreasing sequence of real positive

numbers {m;}32, be such that
o0

k
Z e~ Mk (t=To) H |b;] < 0.

k=0 i=1
Then the solution of the IVP for the linear RIDE (3.1) is given by the formula

uge—mo(t=To) for To<t<m

k
Ut;Tvuv Tk = k - > mi_1T
(t:To, uo, {mic}) u0<Hbi>e ST g (=) for & <t <&ky1, K=1,2,...,
i=1
and the expected value of the solution satisfies the inequality

E([u(t; T, uo, {m})]) <|uO|Ze-mk<t [l for 1> T
i=1

Proof. The formula for the solution follows from the formula for the solution of the corresponding
IVP for the linear IDE with fixed points of impulses and Definition 2.2.

According to Lemma 3.1, formula (3.2), the independence of the random variables 73 and inequality
E(n) < E(€) for the random variables n,£ : 0 <n < & we have

E(|u(t; To, uo, {1})|) = |uole ™1 P(ry > ¢ —TO)
+Z\u0|(H|b \) —mi(t= T0>HE e~ (mis1=mIT) PS,(8)) for t > Tp. (3.3)

Using the definition of the density function of the Erlang distribution and substituting (m; —my +
Az = s we get
oo oo
Felm—mori _ /e(mkfmi)mA A)* 0 e gy = ™ /ef(mifm;ﬁ»)\)xxaifl .

(Oli — 1)' € T (O[Z' — 1)'
0 0

_ 1 N T an A
C(mi — my A (ai—l)!/e s ds = (mi_mk+)\) : (34)
0

Substitute (3.4) in (3.3), use Lemma 3.1 and obtain

[0 Bt 1 1
E(Ju(t; To, uo, {7 })|) = |uole™ (mot+X)(=To) Z ﬂ

j=1 7!
k
E aifl
. —(mr+X)(t—To) - b - A a1 (At — TO))j 3.5
+ 2 fuole (D) (=) (49
k=1 =1 i=1 j:Zi‘C;f a;
Inequalities (3.5) and m <1 prove the lemma. O

Remark 3.1. Note that the conditions of Lemma 3.2 are satisfied for my = m and |b;| =
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4 p-exponential stability

In this paper we will use Lyapunov functions V (¢, z) : J x A — R, which are continuous on J x A
and locally Lipschitzian with respect to its second argument, where J C Ry and A C R", 0 € A, and
their Dini derivatives.

Definition 4.1. Let p > 0. Then the trivial solution (g = 0) of the RIDE (2.2) is said to
be p-moment exponentially stable if for any zo € R™ there exist constants «, g > 0 such that
E||lz(t; To, zo, {e })|IP] < al|zo|[Pe=#=T0) for all ¢ > Ty, where z(t; Tp, zo, {7k} is the solution of the
IVP for the RIDE (2.2).

Theorem 4.1. Let the following conditions be satisfied:
1. The conditions (H1), (H2) hold.

2. The function V € A(Ry,R™) and there exist positive constants a, b such that
(i) all=|” <V (t,x) <bl|z|? fort € Ry, z € R";

(ii) there exists a constant m > 0 such that
D(E.l)V(t,m) < —mV(t,x) for te Ry, x€R™;
(iii) for any k =1,2,... there exist functions w, € C(R4+,Ry) and constants Cy, > 0, wy(t) <
© k
Cy fort >0 such that >, [[ Ci =C < oo and
k=01i=1
V(t, In(x)) < wp(£)V(t,x) for t € Ry, z€R™ (4.1)

Then the trivial solution of the RIDE (2.2) is p-moment exponentially stable.

Proof. Let (Ty,x9) € Ry x R™ be an arbitrary initial data and the stochastic process z.(t) =
x(t; Ty, o, {71 }) be a solution of the IVP for the RIDE (2.2).

Now consider the IVP for the scalar linear RIDE (3.1) with my = m, b = C, and ug = V (T, o)
with a solution w,(t) = u(¢; Ty, o, {7k }). According to Lemma 3.2 the inequality

co k

E(jur(8)]) < [ugle™T) ST ICi| = Clugle™ =)

k=0i=1
holds. i
Let ¢ be arbitrary values of the random variables 74, k = 1,2,..., and T, = Top + >_ t;, k =

i=1
1,2,... . Consider the sample path solutions x(t) = z(¢; To, xo, {Tx}) and u(t) = u(t; To, o, {Tk })-
Let v(t) = V(¢,x(t)) for t > Tp. The function v(t) satisfies the linear impulsive differential inequ-

alities with fixed points of impulses

Div(t) < —muw,(t) for Ty <t < Tgi1,

U(Tk+) < CkU(Tk)v k= 1a2,"'a (42)

U(To) = V(T(),l‘o).

The function m(t) = v(t) —u(t), t > Ty, is a piecewise continuous function and satisfies IVP (4.2) with
a zero initial condition. Therefore m(t) < 0 on [Ty, 00) (for details see the books [4,6]). Therefore
vr(t) < u,(t) where the set of v(t; Ty, xo, {Tx}) for any values t; of the random variables 73, k =

1,2,..., generates a stochastic process v, (t) with state space R™.
From the condition 2 (i) of Theorem 4.1 we obtain

Bl ()I7) = - Ballz()IP) < - BV (ta,(6) = - Bos(6) < - Blue(0)

Qe

Cb
S — V(To, Qio)e_m(t_To) S e ||3?0||1‘D€_m(t_T°)7 t Z T(). O
a a

Remark 4.1. If o, = 1 for all k, i.e. the random variables 7, € Exp()\), the p-moment exponential
stability is studied in [1].
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Abstract. Two new classes of periodic boundary value problems of coupled impulsive fractional
differential equations are proposed. Sufficient conditions are given for the existence of solutions of
these problems. The analysis relies on the well known Schauder’s fixed point theorem. The obtained
results show that the Riemann—Liouville fractional derivative and the Caputo’s fractional derivative
have similar properties. Examples are given to illustrate the main theorems.
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1 Introduction

The fractional derivatives serve an excellent tool for the description of hereditary properties of various
materials and processes. Fractional differential equations arise naturally in many engineering and
scientific disciplines such as physics, chemistry, biology, electrochemistry, electromagnetic, control
theory, economics, signal and image processing, aerodynamics, and porous media. The boundary value
problems for nonlinear fractional differential equations have been addressed by several researchers
during the last decades. There have been many results obtained on the existence of solutions of
boundary value problems for nonlinear fractional differential equations (see [7,8,33,35,36,47,55,58]).
Applications of fractional order differential systems are in many fields, as for example, rheology,
mechanics, chemistry, physics, bioengineering, robotics and many others (see [11]). Diethehm [12]
proposed the model of the type (which is called a multi-order fractional differential system):

{CDgiyxt) = filt,yi(t), .. ya(t), i=1,2,...n, (1.1)

y;(0) = 5.0, i=1,2...,n

Here “Df, is the standard Caputo’s fractional derivative. This system contains many models as
special cases, see Chen’s fractional order system [51,52] with a double scroll attractor, Genesio-Tesi
fractional-order system [19], Lu’s fractional order system [13], Volta’s fractional-order system [38,39],
Rossler’s fractional-order system [27] and so on. Other applications of fractional differential systems
may be seen in Chapter 10 in [40].

In [16,37,49], the fractional order nonlinear dynamical model of interpersonal relationships

Dz (t) + aqwy (t) = Ay + Bra2(t) (1 — (1)),

1.2

Dzy(t) + apma(t) = Ag + Bow (t) (1 — exi (1)), 2
was proposed, where 0 < oo < 1, o; > 0, 5;, A; (i = 1,2), € are the real constants. These parameters
are oblivion, reaction, and attraction constants. The variables z; and x5 are the measures of love of
individuals and for their respective partners, where positive and negative measures represent feelings.
In the equations in (1.2), we assume that feelings decay exponentially fast in the absence of partners.
The parameters specify the romantic style of individuals 1 and 2. For instance, «; describes the
extent to which individual ¢ is encouraged by his/her own feeling. In other words, a; indicates the
degree to which an individual has internalized a sense of his/her self-worth. In addition, it can be
used as the level of anxiety and dependency on other person’s approval in romantic relationships. The
parameter f3; represents the extent to which individual ¢ is encouraged by his/her partner, and/or
expects his/her partner to be supportive. It measures the tendency to seek or avoid closeness in a
romantic relationship. Therefore, the term —q;x; says that the love measure of 7, in the absence of
the partner, decays exponentially and «; is the time required for love to decay (see [37]).

From the viewpoint of the theoretics and practice, it is natural for mathematicians to investigate
the impulsive fractional differential equations. In recent years, many authors [1,9,15,17,20,22,25,26,
28,29,34,41,46,47,54] studied the existence or uniqueness of solutions of impulsive initial or boundary
value problems for fractional differential equations. For examples, impulsive anti-periodic boundary
value problems (see [2-4,43]), impulsive periodic boundary value problems (see [44]), impulsive initial
value problems (see [10, 14,31, 50]), two-point, three-point or multi-point impulsive boundary value
problems (see [5,45,57]), impulsive boundary value problems on infinite intervals (see [56]). However,
there has been no papers concerned with the solvability of periodic boundary value problems of
impulsive fractional differential systems.

In [9], the authors have studied the solvability of the following periodic boundary value problem:

D x(t) — Ax(t) = p(t) f(t,x(t)), te€ (tistitr), i=0,1,...,m,
z(1) — }gr(l) 2 (t) = 0,

lim (t — ;)" " [z(t) — 2(t;)] = L(z(t:)), i=1,2,...,m,

t—t}
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where @ € (0,1), 0 =tg < t1 < -+ < typy1 = 1, fo is the standard Riemann-Liouville fractional
derivative, I; : R — R is continuous, A #£ 0, f is continuous at every points in (¢;,%;4+1] X R and for
every function v € CO(t;,#;1] the limit lim+ v(t) exists (finite), then lim+ ft, (t — ) to(t)) exists
t—t] t—t]
(finite).
In [24], Liu studied the existence of solutions of the following periodic type boundary value problem
of nonlinear singular fractional differential equation

DY [®(p() D u(t))] = a(t)f (t,u(t), Dgu(t), ¢ € (0,1),

lim t'~%u(t) — lim t'~u(t) = /G(S,u(s), Dy u(s)) ds,

t—1 0
0
1
}1_{% ' P®(p(t) DG u(t)) — hmt1 PO (p(t) Dy u(t /H D¢y u(s)) ds,
0
lim+ u(t) = I(t1,u(tr), D§u(tr)),
t—t]
lim (I’( ( )D0+u( )) = J(tl,u(tl),Dg+u(t1)).
t—t}

where 0 < o, 8 < 1, D§, (or Dg +) is the Riemann-Liouville fractional derivative of order « (or 3),
® : R — R is a sup-multiplicative-like function with supporting function w, its inverse function is
denoted by ®~! : R — R with supporting function v, 0 < t; < 1, I,.J : (0,1) x R? — R are continuous
functions, ¢, : (0,1) — R with ¢|(0,¢,}, pl(0,t,] € L'(0,t;) and Bl 175 Pl 1) € L'(t1,1), p: (0,1) —
[0, +00) with p|o) € C°(0,t1] and p|¢, 1) € C°(t1, 1) satisfies that there exist numbers L > 0 and
k > —a such that p(t) > % for all t € (0,1), t # ¢1, ¢ : (0,1) = R with q|(g,) € C°(0,%4]
and al(t,,1) € C°(t1,1) and there exist numbers Ly > 0 and ky > —f such that |q(t)| < Lit* for all

€ (0,1), f, G, H defined on (0,¢1) | J(t1,1) x R X R are impulsive Carathéodory functions that
may be singular at ¢ =0, ¢; and 1.

One knows that both of the fractional derivatives (the Riemann-Liouville fractional derivative
and the Caputo’s fractional derivative) are actually nonlocal operators because integrals are nonlocal
operators. Moreover, calculating time fractional derivatives of a function at some time requires all the
past history and hence fractional derivatives can be used for modeling systems with memory. In [9],
the fractional derivative has a variable base points t; (i = 0,1,2,...,m). This action may short the
memory time. However, in applications, fractional differential equation involves fractional derivative
that has a constant base point.

In this paper, we discuss the following impulsive periodic boundary value problems of singular
fractional differential systems with a constant base point ¢ = 0:

Dgta(t) — Mx(t) = pi(t) fu(t, =(t),y(t), t€ (tistipr), i€ No,

Dgzy(t) — Aay(t) = p2(t) fo(t, 2(1), y(1)), t € (ti,tivr), i€ No,

z(1) — }i_{%tlfal z(t) =0,

y(1) = lim t'm2y(t) = 0, (1.3)
lim (t — ;)" " a(t) = I(t;, (L), y(t:)), i€ N,

t—th

lim (t —t;)' " *y(t) = J (4, z(t;), y(t:)), i€ N,

t—t]

and
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“Dyla(t) — Mz(t) = p3(t) fa(t, =(t),y(t)), t€ (ti tiv1), @€ No,

“Daiy(t) — Azy(t) = pa(t) falt,x(), y(1)), t€ (titisr)), i€ No,

x(1) — hm :c( )=

y(1 )—}g%y( ) = (1.4)
hmx I(tl,x i), i€ N,

hrr;ry J(tl,x Z-), i1 €N,

where

(a) 0 < aq, ag <1, A1, A2 € R, D* is the standard Riemann-Liouville fractional derivative of order
x> 0, °D* is the standard Caputo’s fractional derivative of order * > 0;

(b) m is a positive integer, 0 = tg < t; < ta <+ < tmo1 < tm < tmy1 =1, No ={0,1,2,...,m}
and N ={1,2,...,m};

(¢) p1, p2 are continuous on (0,1) and py,p2 € L'(0,1) and there exist constants k; > —1, [; €
(—a;,0] with 1+ k; +1; >0 (j = 1,2) such that |p;(t)| <tk (1 —t)li for all t € (0,1), j = 1,2;
)

(c1) ps,ps are continuous on (0,1) and p1,pa € L'(0,1) and there exist constants k; > —1, [; €
(—a,0] with o + k; +1; > 0 (j = 1,2) such that [p;(t)| < tki (1 —¢)b for all t € (0,1), j = 3,4;

(d) fi, f2 defined on U (tistiv1) X R? are I-Carathéodory functions (see the definition in Sec-

tion 2), I,J : {t;: i 6 N} x R? — R are discrete I-Carathéodory functions;

(d1) fs, fs defined on U (tistiy1) x R? are II-Carathéodory functions (see the definition in
Section 2), I, J : {t i € N} x R? - R are discrete II-Carathéodory functions.

A pair of functions z,y : (0,1] — R is called a solution of BVP (1.3) if

x|(ti,ti+1] S Co(ti,ti+1], y‘(ti,ti-H] € Co<ti’ti+1], Z S No, (15)
and the limits
lim (t — ;)7 2(t), lim (t — ;)7 *2y(t), i € Ny,
t—tt t—th
exist and x, y satisfy all equations in (1.3).
A pair of functions z,y : (0,1] — R is called a solution of BVP (1.4) if the limits

lim z(¢), hm y(t), i € Np,

t—t} t—t}

exist and x, y satisfy all equations in (1.4).

To the best of the authors knowledge, no one has studied the existence of solutions for BVPs (1.3)
and (1.4). We obtain results on the existence of at least one solution for BVPs (1.3) and (1.4),
respectively. Two examples are given to illustrate the efficiency of the main theorems.

The remainder of this paper is organized as follows: in Section 2, we present preliminary results.
In Sections 3 and 4, the existence theorems and their proofs on BVPs (1.3) and (1.4) are given,
respectively. Finally, we present examples to show the applications of the main theorems.
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2 Preliminaries

For the convenience of the readers, we firstly present the necessary definitions from the fractional
calculus theory. These definitions and results can be found in [23,40].

Let the Gamma function, Beta function and two classical Mittag—Leffler special functions be
defined by

+00 1
Do) = / z*te " dz, B(p,q) = /:L"pfl(l —z)9 de,
0 0
E = - _  E = -
(@) ,; fokray e g T(6k +1)’

respectively, for « > 0, p > 0, ¢ > 0, § > 0. We note that Ess(x) > 0 for all z € R and Ess(x) is
strictly increasing in z. Then for x > 0, we have

Ess(—r) < Es5(0) = ﬁ < Es5(x).

Definition 2.1 ([23]). Let ¢ € R. The Riemann-Liouville fractional integral of order a > 0 of a
function g : (¢,00) — R is given by

19, g(t) = ﬁ / (t — )2 g(s) ds.

provided that the right-hand side exists.

Definition 2.2 ([23]). Let ¢ € R. The Riemann-Liouville fractional derivative of order o > 0 of a
continuous function g : (¢,00) — R is given by

o oy L d" 9(s)
D5 = g e | =g

where a < n < a+1, ie., n = [a], provided that the right-hand side exists.
Lemma 2.1 ([23]). Let a <n <a+1, u € C%ec,00) N L(c,00). Then
A D% u(t) =u(t) + C1(t — )+ Colt —e)* 24+ + Cpt — 0)*7 ",
where C; € R, 1=1,2,...,n.
We use the function space

X:{x: (0,1 = R:

] S Co(ti7ti+1}, 1€ N(),

(tistitr
there exist the limits lim (t —¢;)' ~*a(t), i € NO}.

t—t

Define
Joll = llzllx =max{ sup (£=£)" " a(®)] : i € No}.
te(titiva]

Lemma 2.2. X is a Banach space with the norm || - || defined.
Proof. In fact, it is easy to see that X is a normed linear space with the norm || - ||. Let {z,} be a

Cauchy sequence in X. Then ||z, — z,| = 0, u,v — +o00. It follows that

sup  (t—t;) 7 ’xu(t) - xv(t)’ — 0, v,u— 400, i€ Npy.
te(tistit1]
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and
(tistiya]

Define z; = x

lim (t — ;) " a(t), t=t,,
(t — ;) T (t) = =t
(t—t)mrz(t), t € (tiytiv].

We know that ¢ — (¢t — ;)1 ~*1Z(t) is continuous on [t;, t;11]. Thus t — (t —t;)1=*17, ,;(t) is a Cauchy
sequence in Cl[t;, t;1]. Then (t — t;)1=*1Z, ;(t) uniformly converges to some zq; in C[t;,t;11] as
u — +o00. It follows that

sup |(t — ) T, (t) — x07i| — 0, u— 400, i € Np.
tE[ti,tiy1]

That is,
sup (¢ — ;)" T () — (¢ — t:)™ " taoi| — 0, u— +o0, i€ Ny.
tE [t tiya]

Let xo(t) = (t — ;) " txg(t) for t € (t;,tiy1], i € No. It is easy to see that zg € X and z, — xg as

u — +oo in X. It follows that X is a Banach space. The proof is complete. O
Define
v ={y: 01> R:yl,,  €COoltitil] i€ No,
there exist the limits lim (¢t — ¢;)*~*2y(t), i € N, }
t—t]

with the norm

loll = llglly = max{ sup (t—t)""[y(t)]: i€ No}.
te(ti,tit)

Then Y is a Banach space. Choose E = X x Y with the norm ||(z,)|| = max{||z| x, ||ly|ly}. Then E
is a Banach space. We will seek for solutions of BVP (1.3) in E.

Definition 2.3. We call F : |J (t;,ti11) x R? = R an I-Carathéodory function if it satisfies the

m
=0

following conditions:
(i) t — F(t, (t —t;)*  tu, (t — t;)*2~ ') are measurable on (t;,t;11), i € Ny for any (u,v) € R?;
(ii) (u,v) = F (L, (t — t;)** ~tu, (t — t;)*> ') are continuous on R? for all t € (t;,t41), i € No;

(iii) for each 7 > 0, there exists M, > 0 such that |F(¢, (¢ — t;)* " u, (t — ¢;)*2"1v)| < M, for all
t € (ti,tiy1), i € No and |ul, [v] < r.

We call G : {t; : i € N} x R?> - R a discrete I-Carathéodory function if it satisfies the
following conditions:

(i) (u,v) = Gt (t; — ti—1) 1w, (¢ — t;—1)*2 ), i € N are continuous on R?;

(ii) for each r > 0, there exists M, > 0 such that |G(t;, (t; — t;—1) " u, (t; — t;—1)*2 " v)| < M, for
almost all i € N and |ul, [v] < r.

m

Definition 2.4. We call F': [ (ti, ti1) x R? — R a II-Carathéodory function if it satisfies the
following conditions: =

(i) t — F(t,u,v) are measurable on (t;,t;11), i € No for any (u,v) € R?;

(ii) (u,v) — F(t,u,v) are continuous on R? for all t € (t;,t;41), i € No;

(iii) for each r > 0, there exists M, > 0 such that |F (¢, u,v)| < M, for all t € (¢;,t,11), ¢ € No and
lul, o] < 7.
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We call G : {t; : i € N} x R?> — R a discrete II-Carathéodory function if it satisfies the
following conditions:

(i) (u,v) — G(t;,u,v), i € N are continuous on R?;

(ii) for each r > 0, there exists M, > 0 such that |G(t;,u,v)] < M, for almost all i € N and
Jul, v <.

We also use the function space

Xlz{x: (0,1] = R: z

COts,tis1], i € Ny, there exist the limits lim x(t), i € No}.

S
(tistiva] t—t]

Define

lall = llzllx, =max{ sup |a(®)]: i € No}.
te(ti,tip1]

Then X, is the Banach space with the norm || - || x, defined. Choose Ey = X; x X; with the norm
[(x,y)|| = max{||z|x,,|¥llx,}. Then E; is a Banach space. We will seek for solutions of BVP (1.4)
in E1~

To ease expression, we denote 6, x(f,t;) = (t—t;)* ' Eq o (A(t—1t;)*) for t € (t;,t;41] and a € (0, 1]
and A € R.

3 Solvability of BVP (1.3)

In this section, we study the solvability of BVP (1.3) by seeking solutions in the Banach space E.

Lemma 3.1. Suppose that o € L'(0,1) and there exist numbers k; > —1 and max{—ay, —k; — 1} <
1 <0 such that |o(t)| < tF1(1 — )t for all t € (0,1). Then x € X is a solution of

Dg‘iw(t) — Alx(t) = O’(t)7 te (ti,ti+1), i € Ny, (31)

if and only if there exist constants A; (i € Ny) such that

i t
1’(t) = I‘(al) ZAJ6G¢1,)\1 (t,tj) + /(5,117)\1 (t, 8)0(8) dS, te (ti)ti+1]7 1€ N(). (32)
j=0 0

Proof. We do two steps:
Step 1. Suppose that z € X is a solution of (3.1). By (3.26) in [8], we know that there exist
numbers Ag such that

2(t) = T(01) Aodas r, (£, 0) + / S (£ 5)(s) ds, £ € (0,41]. (3.3)
0

We know that (3.2) holds when ¢ = 0. Now suppose that (3.2) holds for i =0,1,2,...,n (n <m—1).
We will prove that (3.2) holds for ¢ = n 4+ 1. Suppose that

" t

2(t) = B() + (o) 3 Ajdan, (1,5) + / Sasns (8, 8)0(8) s, £ € (busrstnyal. (3.4)
j=0 0

It is easy to check that for ¢ € (t,, 11, tn42]

tj+1

t; lnt1

[ als) <



Solvability of Periodic BVPs of Fractional Differential Systems with Impulse Effects

115
J s
n tj'“ZAur(al)(s_tu)al_lEahal(Al(s_tu)al)+f(8_v)al_1Eal,Dé1 ()\1(8—’[})&1)0(’[}) dv
= /“:0 alo ds
= (t—s)
t ()43 AT (1) (s=1)* T Eay oy (M (s—15)*) +[(s=0)* " By oy (M1 (5—0)* )0 (v) dv
Jj=0 0
d
" / (t—s)m ’
tn+1
[ as) " (5= 8™ By (s — £)*)
S §—1y)"' " " Eaya 1(8 = ty)™
= —_— AT 1,01
| s+ oY A e ds
tog1 j=0u=0 g
tjt1 s 1
- (s =) 1 Ey 0, (A1(s —v)*)o(v)dv
2 / (t— )™ ds
=01 0
t
n _tNa-lp — )
+3 AT () / (5= t) (tal’asiAl(S 1)) g
— 8 1
7=0

tnt1

1Eo¢1,a1 ()\1 (3 - U)al)O'(U) dv

[ s— 0

d
(t —s) 5
t
Fa(s) " a Al
S w S—t ajw
= d AT t— —051 ozl 1 d
/(t—s)a 8+‘ Z (al)/( 2 Z a1w+1) 5
t 7=0u=0 i w=0
n+1 j
" t
+ZAF(041) / (t— S)*al _ al 1 Z S —t aw ds
; ! (s ( w+1 )
Jj=0 g
tj tj+1
AP (s —v)ow
1 1—1 1
+]ZO (t—s)=¢ ) Z T(an(w + 1)) dso(v)dv
0 i

t t
n J+1tj+1

B )\w( U)(xlw
t_ —Qq _ a;—1 AT g d
z:(:)/ s) (s —w ;)F(al(w+1)) so(v)dv
n+1 )\
w _ ozlw
/ / (t—s)""(s yer—t Z oj wa_ dso(v)dv
tn+1
AP (s —v)ow
—Q a 1 1
//t—s H( " Z T(ar(w + 1)) dso(v)dv
n+1 v
: B(s) n J +oo \w tit1
S
= d AUF -1 t— g) —t, a1w+a171d
/ (t— s)o S+ZZ (m)zl“(al(w—i—l)) /( §) 7O (s —t,) s
tnt1 j=0u=0 w=0

t
t

/ (t _ s)—(n (S _ tj)oqw-Hn—l dS

tn+1
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n Bty tj+1
+ Z / Z o (w + ) / (t — )" (s —v)** T~ dso(v) dv
n+1+oo t
/ Z o (w + ) / (t—s)" (s —v)W Tl gdso(v) dv
tw+1
t t
/ Z:O o (w + 0 /(t —8) " (s —v) Tl gs o (v) dv
tnt1
. ti+1—tu
400 w t—tq
/ s +ZZA lay) S ALE=f)™" / -
1— a1, agwtag—1
tnt1 j=0u=0 1;) (041(11) + 1)) . ( w) ? o
=
n +oo 1
t— ;)
+ AF(OLl) ( / o —a1, ,apwta;—1
tog1—tj
n Y too N |
AV (t —v)w
_’_Z/ 1 / 1 _ —a1, ajwta;—1
2 2 T(og(w +1)) ) (1-w) Mw dw o (v) dv
R
n Ltoo t— U t=v
—|—;) / Z:O Tlon(w+1)) / (1 —w)~ Tl gy, g (v) dv
=Y W 0
TR - 0) 1
Pt —v)n® _
+ / Z NCACED)) / (1 — w) " wrwta=l gy o(v) dv
0 w=0 thil—u
[ AV (t —v)ow /
/ Z oy (w1 1) /(1 —w) et gy g (v) dv
71+1
d A, Wt — ) —a1, o w
- [ s Srten S TR [ 0
n+1
0
n +oo 1
w t _ t _)alw
+ AT (o) 1( J / _ )T arwtag—1
tng1—tj
n 7 +o00 ( thr—l;v |
AP (t —v)rw
+Z/Z T(or(w+ 1)) / (1 —w) wrrwtoa=1dy g (v)dv
j=193 w=0 tj—v

1
t—wv

+ Z / Z 7&&1(“) D) / (1 —w)~ Tl gy, g (v) dv

j=0 i w=0 0
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ntl o 1
A (t — v)oaw B B
1— a1, 1wty 1d d
/wZOF(Oél 1)) / (1-w) ™ Mw wo(v)dv
tny1—v

t oo 1
)\w t— ozlw
/ Z 1 /(1 —w) vt dy g (v) dv
Oél w
tnt1 0

1
(t—ty)
—ds AT (« 1 —w) Mwrwtear=lyg
—|—Z Zf‘alw—i—l)/( w) Mw w
0

tnt1
tip1—v
P N oy [
+ / ! / (1 —w)~*rwrrwtor=1 gy g (v) dv
;0 w=0 F(al(w+ 1)) tj—v
‘s tj+1-v
S -
1 _ —Qq QW+ — d d
+Z/Zf(a1(w+1)) / (1-w) ™ Mw wo(v)dv
7=0 t; w=0 0
tnt1 o A\ ( ) 1
w(¢ _ p)oaw
1 —« ajw+ta;—1
_ 1-— 1yt 1= d d
+ / 2}F<a1(w+1)) / (1—-w) Mw wo(v)dv
0 w= tn+1/_'”
b oo 1
)\w t— alw
/ Z v) /(1 —w) vt dy g (v) dv
Doy (w+1 )
tn+1 0
/t 2(s) d+zn:A I( )+Z L tu) /1 —aymutar—ly
= S w @) w
) (t —s)> s ! — w+1 )
nt1

t oo 1
Ilﬂ(tiv)alw / —a ajw+ta;—1
1— 1 1 1 .
+/2_:0F(a1(w+1)) (1-w) *w dw o (v) dv
0 w= 0

One can see that for t € (tp41, tn2]

SR IR ——

n+1

1
n arw—1

1 Aagw(t — ty,)
AuF 1 1 _ —o ozuu—&-oel 1d
+ I(1—oq) Zo (1) Zl I (w+ 1 / w) “
U= w= 0

alw

1
t— 1
/Z 1a1w v) /1—w —ogerwtar=l gy, o (v) dv
1—a1 [ (w+ 1))
0

1
1_ —Q 041 1
+I‘(1—a1 / w) dwo(t)
0
Aajw(t —t,)v—t
= D (t) A T( ! B(1 -
o(t)+ D (t) 1—a1 Z (o Z Na(ws ) BU-anawta)
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= Yaw(t —v)*wl
B(1 - d
iy [ S it

XN aqw(t—t,)o w1 X\ ayw(t—v)w=1
=o(t)+D* AT ! / 1 d
( ) t7+L+1 +Z al Z F(Oq’LU-l—l Z a1w+1)) U(U) v

= o(t) JFD;&+ O(t) + M\ § AT () (t—t5)* By o (M1 (E—t5))
n+1 j:O
t

Y / (t = )1 B, oy (M (t = 8)™)o(s) ds.
0

So,

(1) = Dja(t) = Ma(t) = ! - (/ (tx(ss))a ds)l
0

- A1 (‘I’(t) + Zn: AT (e )(t = ) 7 By g (M (t = 5)™)

n / (t = )™ By oy (At — )°)o(s) ds)

ot) + Dl ®(t) — M P(t).

n+1

It follows that D‘X1 O(t) — M ®(t) =0 for t € (tnt1,tnt2]. Hence there exists a constant A, 1; € R

n+1

such that ®(¢t) = Ap1D(1)(t — th1)* ' Eay 0y (A (t — ta41)*). Substituting @ into (9), we know
that (3.2) holds for ¢« = n + 1. Thus, due to induction, (3.2) holds for all i € Ny.

Step 2. Now suppose that x satisfies (3.2). We prove that € X and z satisfies (3.1).
Firstly, we prove that x € X. In fact, we have for 0 < t; < to < 1 that

t2 t1
‘ /(tz - s)al*lEahal()\l(tg —5)*)o(s)ds — /(t1 - s)al*lEahal()\l(tl —5)*)o(s)ds
0 0
ta
< /(t2 )M B o (A (ts — )*)sM (1 — 8)1 ds
t1
ty
+ / (2 — )21 — (t1 — )| By oy (a(f2 — 5)™)s51 (1 — )1 dis
0
t1
+ /(tl - S)al_1|Eal,0¢1 (Al(tQ - S)al) - Eal,al (Al(tl - S)a1)|skl(1 - s)ll ds
0
to
to — aw+ai+1l;—1 k1
t1

ty

+ Z F al w + 1 / [(tl _ S)alfl . (t2 . 8)“171](152 - S)alwskl(]_ . s)ll ds

0
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t1

+ /(t1 = 8)" 7 Eay oy (M (ta = 8)™) = Bay g (A1 (t1 — )]s (1 = 5)" ds
0
=: M1 + M2 + M3.

We see that the first term M satisfies
1
Z toz1w+a1+7€1+ll (]_ . w)aw+a1+11*1wk1 dw
F 041 w —|— 1 2
1
< Eoyoq (M1t5? /1—wa1+l11k1dw—>0 as t; — ta.

The second term My satisfies

ty

M- t — a;—1 _ to — a;—1 1— I kld
Q_Zl“alw-i-l)/[(l s) (ta — ) (1 —s)rs™ ds
0
+o00 t1 +oo 3 t1
t— ap—1 to— 5 kld _ /t e+l —1 kld
< 3 gy 1" e = S flamsy s
0 w= 0
400 \w ty oo \w t1
< A t1 — g 041+11*15k?1 ds — / to — 5 a1+11715k1 ds
<2 Morw 1) J6-9) 2 Ty )
w= 0 w= )
+o00 w L
— Z )\1 Ot1+k1+l1/ a1+l1 1 kl dw
o F(oq(w—l— 1 )
t1
+oo NG to
_ 7t051+k1+l1/ 1 —w a1+llflwk1 dw
;Or(al(w+ 0) b2 (1-w)

0
— Eal,al ()\1) [t?l“l‘kl"rll _ tg‘1+k1+l1]B(a1 + ll7 ki + 1)
1

- Ealyal()\l)tgﬁkﬁll /(1 - w)o‘ﬁll*lwkl dw — 0 as t; — ta.

t
t2

Now for the third term Mjz, we know that E,, o, (A12z®) is uniformly continuous on [0, 3], thus for
each € > 0 there exists § > 0 such that |Eq, o, (M2]) — Eay 0, (M128)] < € for |21 — 22| < §. Then
for s € [0,t1] and [t — t2] < 0, we have t; — s,ta — s € [0,¢2] and [(t1 — s) — (t2 — s)| < . So
|Eoy 0 (A1(t2 — $)Y) — By, 0 (M1 (81 — $)*1)| < €. Hence,

t1
M; < /(t1 C T By (At — 8)™) — Bay oy (Mt — 5))]s5 ds
0
t1
< 5/(t1 —s)thi=lgk s < eB(ag + 1y, k1 + 1).
0

Thus M3 — 0 as t1 — to.
¢
So, t — [(t — s) 1 Ey, 0, (M1 (t — s)*1)a(s) ds is continuous on (0,1]. Then z € CO(t;,t;11],

0
i € Ny. For t € (0,t1], we get
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t t
th=o | [(t—=8) " B, 0. (M (t—8))o(s)ds| <t'= [(t—8) " E,. 0. (A (t—s)*1)sF1 (1—s)"1 ds
1,1 1,1
0 0
t
)\l t—s) a” )\’ t—s)
:tl—al _ ozl 1 k1 1— lld <t1—o¢1/t a1+ll 1 k:1 d
/ Z [(aritaq) (1=s)" ds< ) Z T(aritaq) 5

0
t

+oo )\i
— tl_al .1 / t—sg a1+a1i+l1—18k1 ds
;F(alz—l—al) ) ( )

1

400 A\
— ¢l Z r .1 ta1+o<1i+l1+k1 /(1 _ w)a1+a1i+l1—1wk1 dw
= Dt +aa) 0

1
< tl ay Z tOé1+Otli+ll+k1 (1 _ w)a1+ll—1wk1 dw
I(aqi —|— a1)
0

too NG et
= t1+l1+k1B(Oz1 + 11, k1 + 1) Z
=0

L =¢lththp li, k1 + 1) Eay oy (A1™).
T(oni+ar) (@b ) a0 (M)

From ki +1; +1 > 0, we get

lim ¢!~
t—0

=0.

/ (t = ) B o (M (t = 5)™ )o(s) ds
0

Then hm+ t1=212(t) exists. It is similar to prove that lim (t ti)171x(t), i € N, exist. Hence x € X.
t—0 t—tf

By direct computation, similarly to Step 1, we can show for t € (t;,ti41], ¢ € Ny, that

Dita(t) = Mat) = fr—o (jt—s —a1g, ds>/—/\13:(t):a(t).
0

So, x is a solution of (3.1) in X. O

Lemma 3.2. Suppose that A = 1 — T'(a1)En, oy (M1) # 0, 0 € L'(0,1) and there exist numbers
k1 > —1 and max{—aq,—k1 — 1} <1y <0 such that |o(t)] < tkl( t)lr for allt € (0,1). Thenz € X
is a solution of

DS&ZE( ) )\116( ) (t) t e (ti,ti+1)7 i € Ny,

(1) = lim 1= x(t) = 0, (3.5)
lim (t —t;)'"*2(t)=I;, i€ N,
t—tf
if and only if x € X and
1
[(a1)%60, 2, (t,0) I'a1)da, 2, (2,0
o(t) = PO B 57 g5 1) 4 HO Ve 6O [ s)ots)as
j=1 0

P(01) S Libann, (h15) + / Sasns (8, 8)0(s) s, t€ (tiytisa], i € No. (3.6)
=1
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Proof. Let x be a solution of (3.5). Similarly to Step 2 in Lemma 3.1, since [ < 0 for ¢ € (0, 1], one

can see that
t
[t ds
0

From ky +1; +1 > 0, we get

t17a1 — t17a1

/(t C M E o (O (t— 8™ )o(s) ds
0

< t1+l1+k1B(a1 + 11, k1 + 1)Ea1,a1 (Altal)'

t

/5041,)1(15, s)o(s)ds
0

lim ¢~ =0. (3.7)
t—0

From Lemma 3.1, there exist constants A; € R (i € Np) such that
i
“T(a1) Y Ao, (115) +/5a1,h(t,s)a(s) ds, t € (tstin], i€ No. (3.8)
— )

Note that Ey, o, (0) = F(il) . It follows from the boundary conditions and the impulse assumption in
(3.5) that

m 1
F(al)ZAjaal,Al(Ltj)+/5a1,)\1(175)0(5) dS*Ao :0, Az :Ii7 ’LEN
j=0 0

It follows that .
A0—< o) Zmamu +/ Sons (1,8)0 )d)

0
Substituting A; (i € Np) into (3.8), we obviously get (3.6) by changing the term order.

On the other hand, if x satisfies (3.6), ] is continuous and the
limit tlirtn (t—t;)'™12(t) exists for i € Ny. Using Lemma 3.1, we can prove that z satisfies (3.5). O
—t+

Lemma 3.3. Suppose that V = 1 — I'(a2)Epy 0, (A2) # 0, 0 € L'(0,1) and there exist numbers
ko > —1 and max{—ay, —ko — 1} < Iy < 0 such that |o(t)| < t*2(1—1t)!2 for allt € (0,1). Thenz €Y
is a solution of

Dgfl’(t) — )\2%( ) 0( ) te (ti,ti+1), 1€ No,

. 11—
2(1) = lim 7% (t) dt = (3.9)
lim (t —t;) " *22(t) = J;, €N
t—t

if and only if t € Y and

1
T(02)das 1, (,0) /50[27&(1,8)0(8) ds
\Y
0

(€3] 2 « ) -
(t) = T2 00 S 1 a(t,),y(63)) s (1,15) +
=1

F(OQ) Z‘](tjvx(tj)vy(tj))aoéz)q (tvtj) + /5042-,)\2 (t,S)U(S) ds, te (tivti+1]7 i € No. (310)
=1

Proof. The proof is similar to that of Lemma 3.2, and hence we omit it. O
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Let A,V be defined in Lemmas 3.2 and 3.3. Define the nonlinear operator 7' on E by T'(x,y)(t) =
(Ta(2,9))(1), (T2 (2, y)) (1)) with
T(01)250, 0, (t,0) <=
(T, ) ) = T e (0 Do (152040

1
+ — " F( al A / arn (1, 8)p1(s) f1(s, 2(s),y(s)) ds
0
NG ZI t 2 (t3), y(t5)) 000 3 (1 15)

+/5041,>\1 (t’8)p1(5)f1(87x(8)7y(5)) dS’ te (tivtiJrl]’ i€ N07

and
() 1) = HOD OO S5 140005, 0007), )
Ho2lna(60) / Sz (1 pa(5) s, (), (5)) s
042 Z’] ))6a2,>\2(t t; )
+/50427)\2(ta 3)P2(8)f2(8,x(s),y(s)) dS, te (ti,ti+1], 1 € Ny,
for (z,y) € E.

Lemma 3.4. Suppose that f1, fo are I-Carathéodory functions, I, J are discrete I-Carathéodory
functions. Then (x,y) € E is a solution of BVP (1.3) if and only if (x,y) is a fixed point of T in E
and T : E — E is well defined and is completely continuous.

Proof. It is easy to see from Lemmas 3.2 and 3.3 that (x,y) € E is a solution of BVP (1.3) if and only
if (x,y) is a fixed point of T in E. We divide the remainder of the proof into the following steps:

Step (i). We prove that T : E — E is well defined. Similarly to the proofs of Lemma 3.1, we can
prove that T} (z,y) € X and Ta(x,y) € Y for all (z,y) € E. Thus T : E — E is well defined.

Step (ii). We prove that T is continuous.
Let (zn,yn) € E with (4, yn) — (20, y0) as n — oco. We can show that T'(z,,yn) = T(zo,yo) as
n — 0o by using the dominant convergence theorem. We refer the readers to the papers [42,48,53].

Step (iii). Prove that T is compact, i.e., T'(2) is relatively compact for every bounded subset Q C E.
Let © be a bounded open nonempty subset of E. Then there exists r > 0 such that

el =max{ swp (t= a0, swp (E— )y i€ No} <r<too (311
te(tstit1] te(ti,tiy1]

holds for all (z,y) € Q. Since fi, f» are I-Carathéodory functions and I, J are discrete I-Cara-
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théodory functions, there exist constants My, My, My, , Mg, > 0 such that

_ z)l “a(t) (E—t)' " 2y(t)
|f1 t 1’ | ‘f( — ¢ )1 ay (t _ti)l—ag

\fz(t,:c t),y(t >>\<Mf2, te(ti,tm), i € No,

)‘ < My, te (ti,tit1), @ € No,

3.12
I(ts,2(t) e (t; —tic) "™ @(ty) (6 —ti—1)' "2y (t;) <M, ieN (3.12)
| ( ’L?:C( | - ‘ ( (2 (tq, —tifl)l_al ) (tz _ti71>1 as )’ 1, 1€ )
|J(t“x tz),y(tl))‘ < My, i€ N.
This step is done by three sub-steps.
Sub-step (iiil). Prove that T(Q) is uniformly bounded.
Using the definition of Ty, for t € (0,t1] we have
[D(1)?Fay o, (M85 &
£ (Ty , ) (1) < ) Fanan (X 1 By (L= 1)) M,
A
j:l
D(01) oo, (M) [
aq a1,001 1 ta a]— «
+ 1|A| L /(175) ! lEahm()\l(lfs) Nsh(1— )l ds My,

t

4l /(t - .s)o‘rlEoéha1 (M (t — s)o‘l)skl (1- s)ll ds My,

0
< Tl Bouos ol (1 g =t 1)y (01
+ (F(al)EaAl,lal(P\l) + I)B(Otl + 1,k + 1)Ea17a1(|)\1‘)Mf1.

Similarly, we can prove for t € (¢;,t;11], i € N, that

(t = t:) | (T1 (2, )(D)]

T(a1)2t9 ™ By an (M [E21) & )
: (1—t;) " By, 0, (A (1 — t;)*)M;
|A| ; J 1,001 j
F(al)tivl*lEahal(|>\1|t?;1) B(
A

< (tigr — i) ™

+ (tiy1 — ti)l_al a1 + 1, k1 + 1) Eay 0y (M) My,

+T(1) Y Ea,ar (M l(tin — 5)*) My
j=1
+ max {1 ta1+k1+l1 }B a + ll? kl + 1)E0(1 01(‘/\1|tz+1)Mf1

D(a)tY Eay oy (1A
< ( ( 1) 1 1, 1(‘ 1|)(1 7tm)a171 +1)mr(a1)Ea1,a1(‘/\l|)MI
A
Da)t By, (A N
+ ( (al) 1 |A| 1, 1(| 1|) —|—max{1,t11+k1+ll })B(al —|—l1,k1 + 1)Ea17a1(|)\1|)Mf1.

Then

()t ' By, o (I o —
73l < (HO T )t )0 B, (DM,

(F(al)t?l_lEal,al(lhl)
1A

+ max {1,#;1”1“1})]3(@1 + 1, k1 + 1) Eay oy (M) My,
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We can also find that

[ (a2)t5? " Eoy.an (A
[Tl < (HOE Zeaea P gyt 1) 00) o (e
as—1
(o2t Pomoalel) s (1,544 B 41 o + 1B s (e M

From the above discussion, T(Q) is uniformly bounded.

Sub-step (iii2). Prove that both {(t—t;)'~* (T1(x,y))(t) : (x,y) € Q} and {(t—t;)* > (Ta(x,y))(t) :
(z,y) € Q} are equi-continuous on each subinterval [a,b] C (t;,t;+1], @ € No, respectively.
Let so < s1 and s1, 82 € [a,b] C (0,¢1]. We can prove

ls17 (T (@, ) (s1) = 85~ (Th (2, y))(52)]
Eal,oél ()‘18?1) — Eahal /\18
A

Z a1 1Ea1,0t1 (/\1(1 — 1 )al)MI
j=1

< D(@)?|

+ ()

o
’Eahal()\ls]_l) - al,Oél )‘182
A

1
/ $) M By 0y (M (1 = 5)*)sM (1 — s)l1 ds
0

+

51" /(81 = 8)" 7 Bay o (51— 8))pa(s) fi(s, 2(5), 5 (s)) ds
0

S2

=57 [0 = )™ By (o2 = ) Ipa(5) (5,0 (5),y(s)) s

0

(i) It is easy to show that Eq, o, (A12®') is uniformly continuous on [0,b]. Then for any € > 0,
there exists § > 0 such that |Eq, o, (A157") — Eay 0, (A155 )| < ¢ for all 1,52 € [0,b] with |s; —sa| < 6.

(i) Both > (1—t;)*" "1 Eqa, o, (A1(1—¢;)%) M and f(l—s)al—lEal,al(Al(l—s)al)s’ﬂ(l—s)ll ds
j=1 0

are constants.
(iii) It is easy to prove that

F—yt <(x—y)* forall pe (0,1, z>y>0,
Pyt <t —y) forall p>1, o>y >0,
1 1
hi(z) = xc* ! is increasing on (0, ——) and decreasing on ( - — —|—oo), ce(0,1),
Inc Inc
ho(z) = —zInz > min { — (b —a)In(b — a), —bInb} for all = € [b— a,b].
It follows that

1 1 1 1
< 2 < 1, } 1, b—a,b].
hl(m)imax{l e —clnc} max{ "¢ min{—(b — a)In(b— a), —bInb} z>1, celb—alb
Then we have for s, s1 € [a,b] with s; > s9 that

S1

st / (51— 8 By oy (51 — )™ )p1 () (s, 2(5), y(s) ds

0

. / (52— ) Eay ay (52— )71 (5) (5, 2(5), y(s)) ds
0

Oélkl

i oo BB
0
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)\ o ozlk
_sé—al/ _ 061 12 1 82]{;—51 (S)fl(s,x(s)ay(s))ds

|>\Ii " 1 51 /(81 _ S)al(kJrl)ilpl(S)fl(S,3’3(8),y(s))ds
0

pr |);e1+1 / Jer =g (5) fi (5, 2(5), y(s)) ds
0

S1

$1 /(31 — )ty (5) fi (s, 2(s), y(s)) ds

11—y al(k+1) 1
— S5

p1(8)f1(s,2(s),y(s)) ds

o\

‘/\1 l1—o 1—a 7 ay(k+1)—1
— Z ey [ s = o) ). (s s
0

S1

+sp / (51— )™ D p ()] | fu(s, 2(s), y(s)) | ds

S2

sl / (51— )1 BFD=1 (g — )01 ()] £, (s, (s), y(s))] ds
&l i

<M 1 1—aq _ 1—aq / _ Oél(kt+1)fl k1 1_ lld

<M Sk s 1) Dsl 2| [ o1 =) (1 —s)tds
- 0

51

+ 51 a1 /(31 - s)o‘l(kﬂ)*lskl(l - s)l1 ds

S2
S2
455 / ‘(31 — gyl () s)(’“(kﬂ)_l‘skl(l — )l ds
0
<M Jf |A1]F ‘81 a1 _ gl- al‘ _ g)ea(bED 1 g
=N LTy (k + 1)) 2
k=0

S1

+ 857% /(51 — s)“l(k+1)+ll_lsk1 ds

82
S2

+ 51 ay / |(51 - S)al(k+1)71 - (52 - S)al(k+1)71|5k1(1 _ 5)l1 d8:|

1
|Aq|F 1— 1— ay (k+1)+k1+1 (k l k
- M gl—a1 _ gl-anj 1+l Otl +1+11 1 dw
flzralkﬂ 51 2 s

0

1
— k+1)+ky+1 _
+S% 0418?1( +1)+k1+11 /(1 _w)al(k—i-l)—i-ll lwkl dw
sg
51
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s2

+ sé_o‘l / |(51 — s)o‘l(k“)*l — (82 — s)o‘l(k+1)*1|sk1(1 — s)ll ds}
0

+oo ‘)\1|k

<M l—o 1 ay ar+kiHi bOéerrHl /1 O¢1+11 1 kld
< flkzﬂ)if(al(k+1)) [|s1 | max {a } w) w

4 max {aa1+k1+117b(¥1+k1+11} /(1 _ w)a1+11—1wk1 dw

s1

1 041/‘ s1 —8 al(k+1) 1 ( —8)a1(k+1)_1}8k1(1—8)11 ds|.

One can see

1
}81 M5 M| — 0, /(1 —w) Ty dyy — 0 as s; — so.

52
S1

On the other hand, for a;(k+ 1) — 1 € (0, 1] we have

1 ay /’ 81 _ s)al(k—i-l) 1 (82 _ s)oq(k—i—l) 1’8161 _ S)ll ds

So 1
< (51 _ 82)a1(k+1)—1 /skl (82 _ S)ll ds = (81 _ 52)a1(k+1)—1sl2ﬂ+ll+1 /(1 _ ’w)llwkl ds
0 0

1
< (31—52)"‘1(k+1)_1/(1—w)l1wk1 dw—0
0

1 1
as s1 — S9 uniformly for k= [07} -1, [—] et

For ay(k+1)—1>1,

1 oy /| 81 _ S a1 (k+1)— (82 _ S)al(lc+1)—l|8k1(1 _ S)ll ds
(s1— s2 / o (k+1) —1)(sy — s)rFFD=2k () — )11 s
0

s]Cl 5275 ds

< (81— 52) {11 :
< (51 — s9) max e min{—(b—a)In(b— a), —blnb}

1

1 1 ki+l1 +1/ k l

< — — 1 1 1 _ 1

< (s sz)max{l, e min{—(b—a)In(b — a),—blnb}}s2 w1 —w) dw
0

1

/wk1 (1—w) ll dw—0 as s;—Sso.
0

1
"¢ min{—(b—a)In(b—a), —blnb}

< (81 —82) max {1
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For ay(k+1)—-1<0,
52
Séfal / ’(51 _ S)a1(k+1)—1 _ (52 _ S)al(k—‘rl)—l’Sk‘l(l _ S)ll dS

0
s

< / [(82 _ S)al(k+1)—1 _ (81 _ S)al(k+1)—1]sk1 (82 _ S)ll ds

0
S2 S2
< /(52 — syl +h =Lk gy /(51 — sy =Lgk 50 s)h ds
0 0
82 82
< /(82 _ S)al(k+1)+l1—18k1d8 _ /(81 _ s)al(k-l-l)-i-ll—lskl ds
0 0

52

1 2

k+1)+k1+1 _ k+1)+k1+1 _
_ (Tt 1/(1_w)o¢1(k:+1)+l1 Lkt g — gt (D) R 1/(1_w)a1(k+1)+l1 Lkt du
0 0
1
k+1)+k1+1 k+1)+k1+1 _
< |sgl( +D+ki+l 8(111( +1)+k1+ 1’/(1 _w)al(k+1)+l1 lwk1 dw

0

1
k+1)+ky+1 _
+511341( +1)+ki+1 /(1 _w)al(k+1)+l1 L®t duw
s2
51

1
k+1)+k1+1 k+1)+k1+1 —
S|512341(+)+ 1+1_81111(+)+ 1+1’/(1_w)a1+l1 Lw®t dw

0
1

+ max {aa1+k1+ll’ba1+k1+l1} /(1 _ w)al+11*1wk1 dw — 0
52
51

1
as s; — so uniformly for £ =0,1,2,..., {—] — 1.

From the above discussion, there exists § > 0 such that

1
‘5%_0‘1 — sé_all <e, /(1 —w) Lk gy < e,

52
s1

§2
s%_al / ‘(51 - s)al(k“)*l — (82 — s)al(k“)*l‘skl(l — s)ll ds < e
0

hold for all s1,s92 € [a,b], 0 < s1 —$2 <9, k=0,1,2,.... Then

S1

170 (51 = ™ B 51 = %001 (91 50(5),(5)) ds
0

52

i / (52— 8 Fay oy (52 — )™)p1 () (s, 2(5), y(s) ds
0
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1

+oo k
A1l +k1+1 k _
M N L artkith partkith 1 — w)rth—1,k g
<M 2 i gy |t J 0 e du
- 0

+ max {aa1+k1+l1’bal+kl+ll} + 1:|
1
= ‘EMflEa1,a1(‘)‘1|) {max {aa1+k1+l1’ba1+k1+l1 } /(1 _ w)a1+ll—1wk1 dw
0

+max{ao‘1+k1+ll,ba1+k1+ll} + 1}, s1,82 € [a,b], 0<s1—s2<9, k=0,1,2,....

From (i), (ii) and (iii), we have
’sifql(Tl (x,y))(s1) — s;al(Tﬂx,y))(sQ)’ — 0 uniformly in [a,b] C (0,%1] as s3 — $a.
Similarly, we can show that for s1,s2 € [a,b] C (¢;,ti41], 1 € N,
|(s1—t:)" " (T1 (2, y))(s1) — (52 — t:)" " (T1(z,y))(s2)| —> O uniformly as s; — s2,
and for s1, s2 € [a,b] C (¢, ti+1], ¢ € No,
|(s1— t) T2 (Ty(2, ) (s1) — (52 — ;)1 72 (To(z,y))(s2)| — O uniformly as s1 — s5.

All of these expressions complete this step.

Sub-step (iii3). Prove that both {(t—t;)'~* (T1(x,y))(t) : (x,y) € Q} and {(t—t;)' = (Ta(x,y))(t) :
(x,y) € Q} are equi-convergent at t = t;, i € Ny, respectively.
For i € Ny, since 1in£r(t—ti)1_a1 (T1(z,y))(t) exists, we can easily see that {(t—t;)1 = (Ty(z,y))(t) :
t—t;

(z,y) € Q)} is equi-convergent at t = t;, i € No. Similarly, we can show that (t —t;)' =2 (Ta(z, y))(t) :

(z,y) € (Q)} is equi-convergent at t = t;, i € Ny. So T(Q) is relatively compact. Then T is completely
continuous. O

Now, we prove the first theorem of this paper by using the Schauder’s fixed point theorem [30].
We need the following assumptions:

(D1) fi, f2 are I-Carathéodory functions, I, J are discrete I-Carathéodory functions and there
exist non-decreasing functions ¢;,v; : [0,+00) x [0,+00) — [0,+0c), measurable functions
®i, P, 0 (0,1) = R (i = 1,2) and constants I;, J; such that

‘fl (t’ (t— tf)lfal’ (t— ti/)lfm) —¢1(t)| < oyl [yl), t € (tistiva), x,y€R, i€ Ny,
£t e o) 0] < allel ).t € (b ti) wy € R € No,
1t e ) Bl SRl b, GEN, wy e,
(o =y oy~ | e, SE N, zy ek

(D2) fi1, f2 are I-Carathéodory functions, I, J are discrete I-Carathéodory functions and there
exist nonnegative constants I;, J;, b;, a;, By, A, 75, 05 (j = 1,2,...,n) and measurable functions
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¢; :(0,1) = R (i = 1,2) such that

n
(0 e )~ O] € el 1€ (ttn). myeR, ieN,
K3 .

n
(0 i )~ O] S bl te (it wye R, N,
K3 .

n
I(t-7 )—I- <» Ajlz|¥|y|?, jeN, z,yER
’ Tty —tm)ter T (G —tyoa)tee ) Jz::l ’ ’ c
‘J(t' - ’ )—J' <§n:B-le”|yl”ﬂ' JEN, z,yeR
) — Y — —_ ) ) ) *
Ut —ta) e (=)t ) T

Define

2 m !
(1) = DO EO S5 1114 HO e (0) / Sason (1, 5)p ()01 (5) ds

j=1

I'(o Z%l A ()T +/5a1 At 8)pr(s)oi(s)ds, te (ti,tiva], i € Ny,

j=1
and
[(az)?0 0) v r 0) /
« [e % t, « Qe t
ba(t) = N2 LD S5 1)+ HO D) [ s)pas)oas) ds
j=1 0
i t
+F(a2)z5az,kz(tafj)t]j+/5a2,A2(t75)P2(5)¢2(5) ds, t€ (ti;tiy1], i € No.
Jj=1 0
Denote

L(a1)t? ™" Eaya, ([Aal)
A
F(al)t?lilEalxal (|>‘1|)
A

01271
py = (R0 Forn Pl 4 1, 45040412} VB0 + Dy b + 1) Eag (),

+ max {1,t?1+k1+l1 })B(al + lla k1 + 1)Ea1,al(|>‘1|)v

(1= )™~ 4 1)l (1) Bay o, (),

V|
D(a2)t]?" Bay a, (| A2])
V|

Theorem 3.1. Suppose that (D1) holds. Then BVP (1.3) has at least one solution if

(1= )71 4 1)m(02) B (1)

Pidy (r1 4 | @1, 72 + [|[@2]]) + @1y (r1 + |@1]], 72 + [|®2]]) < 71,

- s (3.13)
Pydy (1 + | @], 72 + [|[D2]]) + Qaws (r1 + |P1]], 72 + [|®2]]) < 72

has a couple of positive solutions (r1,r2).

Proof. To apply the Schauder’s fixed point theorem, we have to define a closed convex bounded subset
Q of E such that T(Q) C Q.
Let r1 > 0, r2 > 0, denote Q@ = {(z,y) € E: |z — @4 < 71, ||y — P2l < r2}. For (z,y) € Q,
we get
loll < llz— @1l + )l < 1+ 1010, llgll < lly — Bal] + @] < 72+ 2]



130 Yuji Liu

Then (D1) implies that
_ 1 Qi g _ Z_lfocz
ittt te) = en(0)] = [ (1 s i) — o)
< o (It —ta) a1 (¢ = t) 2y (@)]) < oa(llz]l, yll)
<oy (ri 1@l e+ [|P2ll), t € (tistit1), @€ No,

|f2 t,.’[(t ’y | 52(7A1 + ||<D1||7T2+ ||(I)2||)a te (tiatiJrl)v 1€ NO)
| 1(t5, 2( 1)7 Ll <4y (ri+ @l 72 + | 92]l), 7 €N,
| J(t5,(t;),y Ji| < Uqy(r1 + @], 72 + [|®2]), j € N.

By the definition of T, using the above inequalities, similarly to Step (iiil) in the proof of Lemma 3.4,
we get

I'(01)t]" " Eay oy (|A1])
A
x mI' (1) Eay oy (A1) (r1 4+ @1, 72 + [|2]])

[(00)t7 ™ Eay oy (M) a
+( L N L +maX{1,t11+k1+l1})

X B(og + 11, k1 + 1) Eqy 0, (|A])@1 (11 + | @1]], 72 + [|®2]])
=Py (r1 + || 1], 72 + [|P2]]) + Quby (r1 + [|[ @1, 72 + [|D2]])-

173 (, ) - @1l < ( (1= tm) 7 1)

Similarly, we have

71EC¥2,0¢2(|)‘2D
4

X mI(02) By o (| X2]) o (r1 + @11, 72 + [|®2]])

as—1
+ (F(QQ)t12 |VEiOé27a2(|/\2|) + max{l,t‘f2+k2+l2})
x B(az + lo, k2 + 1) Ea, a, (| A2)) @2 (r1 + ([ @1, 72 + (| @2]])
= Pygy(r1 + | @1, 72 + [|D2]]) + Q2ws (r1 + |P1]], r2 + [|2]]).
From the assumption, the inequality of system (3.13) has positive solution (r1,72). We choose 2 =

{(z,y) € E: |lz — 1| <71, ||ly — Pa|| < ra}. Then we get T(Q) C Q. Hence the Schauder’s fixed
point theorem implies that 7" has a fixed point (z,y) € Q. So (x,y) is a solution of BVP (1.3). O

| To(z,y) — Pa|| < (F(az)t’f2 (1= t)" ! + 1)

Denote
D(a)tY Eay oy (1A o
Py = ( ( 1) : |A‘ - 1(| 1|) (1 _tm) o + l)mr(al)Ea1,a1(|>‘1|)AJ’
C(a)t Y E,, o (I N .
+ ( (041) 1 |A| 1, 1(| 1‘) —|—n’1aX{1,t11+k1+ll})B(Oé1+l17k1+1)Ea1,a1(|/\1|)aj’ 7=1,2,...,n,
NG A _
Qj — ( ( 2) 1 |va2,a2(| 2|) (1 _tm)az 1 + l)mF(ag)Ea27a2(|/\2|)Bj
I(02)t7? " Bay 0, (JA
( (a2) 1 |v| 2, 2(| 2‘)—|—maX{17t?2+k2+l2})B(a2+127k2+1)Ea2,a2(|)\2|)ij 71=12,...,n
Theorem 3.2. Suppose that (D2) holds. Then BVP (1.3) has at least one solution if
n n )
DR+ 1@ e + 1227 < D Q[+ 1 @all] 7 [ra + 1 @2]]]7 < 7o (3.14)
j=1 j=1

has a couple of positive solutions (r1,72).
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Proof. To apply the Schauder’s fixed point theorem, we have to define a closed convex bounded subset
) of E such that T(Q) C Q.
Let r1 > 0,79 > 0, denote Q = {(z,y) € E: |z — ®1]| < ry, |ly — P2f| < ra}. For (z,y) € Q, we
get
el < llz = @1l + [l < 1+ @1l [lgl] < lly — Bl + [ @] < r2+ [s]].

Then (D2) implies that

n

|fi(t,z(), (1) — ¢1(8)] <D aj[re +|@1]|]7 [r2 + 1027, t € (tirtipr), i€ No,

j—l

|f2(t,a:(t) y(t)) — da(t Zb 7‘1+H‘I>1||]TJ[7’2+||‘1>2H] t € (ti,tiy1), © € No,

j=1

|1ty 2ty y(t)) = L1 < - A [re+ 1 @all]™ [r2 + [ @2]]]7, € N,

j=1
[T (t5,2(t;),y(t;) = Ji| <D Bi[ra+ [1®4]]]7 [r2 + [®2]]]7, j € N.
j=1
By the definition of T, using the above inequalities, similarly to Step (iiil) in the proof of Lemma 3.4,
we get

D(a)t] ™ Bay aq (M)
1A

173 () — @1 < ( (1= tm)™ 7 1)

x mT(a1) Bay a0 (1M]) Y Ay [re + [®1]]]7 [r2 + (| @]
j=1

1 —1
n (F(Ofl)t?l Eoy 0, (|A1]) +max{1’t?1+k1+zl}>
|A]
x Blag + 11, k1 + 1) Eay o, (IM)) Y aj[r+ [ @4]]]7 [r2 + [|@2]]]7
j=1

=" Pi[ry 4 @47 [r2 + (@]
Jj=1

Similarly, we have

F(OZ?)t(lm_lEOQ,aQ (|)‘2|)
VI

I3z, y) - @] < ( (1= ) 1)

n

x mT() Bay 0 (|A2) Y By [r1 + [®1]]]7 [r2 + (| @[]
j=1

[(02)t5? ™ Eay,a, (| A2]) a
+( L v 222 +max{1,t12+k2+l2})

x B(ag + 12, ky + 1) Eay an (1X2]) Y bi[r1 + @117 [r2 + || @[]
Jj=1

n

Z [+ 1@l [r2 + (192

From the assumption, the inequality of system (3.14) has positive solution (r1,72). We choose 2 =
{(z,y) € E: ||lx — @1 <71, |[y — P2l < r2}. Then we get T(Q2) C Q. Hence the Schauder’s fixed
point theorem implies that T has a fixed point (z,y) € Q. So (x,y) is a solution of BVP (1.3). O
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Remark 3.1. Suppose that (D2) holds. Fix r; > 0 and r2 > 0. Since

Aj,a;—

lim Z Qjlr + 1®1]l]” [r2 + [|®2]]]” = le,ibxgoz Pylry+ [[®@4]]]7 [r2 + |1 @2]1]7 =0,
52050 =

(3.14) holds for sufficiently small nonnegative constants b;, a; (i = 1,2,...,n), B;, A; (i=1,2,...,n).
So it is easy to see that BVP (1.3) has at least one solution if the nonnegative constants b;, a;
(i=1,2,...,n), B;, A4; (i=1,2,...,n) are sufficiently small.

4 Solvability of BVP (1.4)

In this section, we study the solvability of BVP (1.4). We will seek for solutions of BVP (1.4) in Ej.

Lemma 4.1. Suppose thato € L'(0,1) and there exist numbers k > —1 and max{—ay, —k—1} <1 <0
such that |o(t)| < tF(1 —t)! for allt € (0,1). Then x € X; is a solution of

“Dita(t) — Max(t) = o(t), t € (ti,tiy1), i€ No, (4.1)
if and only if there exist constants ¢; (i € Np) such that

t

l’(t) = I‘(al) ZCanhl()‘l(t — tj)al) -+ /5,11,)1 (t, 8)0(8) dS, te (ti,ti+1], i€ No. (42)
j=0 0

¢
Proof. Suppose that x satisfies (4.2). Firstly, we prove that [ 84, x, (£, 5)0(s)ds is convergent. In fact,
0

we have for ¢t € (¢;,%;11] that

t
’/5(11,,\1(@5)0(5) ds
0

— :s)(“_lEal,a1 (Mt =9)")o(s)ds

\w
—
~

IN

= 8)*  Bay 0, (Mt — 5)*)]o(s)| ds

—~
~+

\w o\& o

—~
~+

IN

— s)‘“_lEahal()\l(t — s)”‘l)sk(l — s)l ds

0
&N 1 e

= t—s) 7 (t—s5)"s"(1—s)d
> iy [T e s
j=0 0
&N o .

<> A gyt g)aighg

<3 Gy [ gstas
j=0 0
+o0 )\] L )

_ N ta1+a1j+k+l/ a1+o¢1]+l71wkdw
= ((+Dan) )
400 i paeg g 1

< >\J1t H ta1+k+l/(17w)a1+l71wk dw
= ((G+1Da)

=t TR, o (Mt*)B(ag + 1,k +1).
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One knows that x

(titisa] is continuous. Now, we prove that = satisfies (4.1). In fact, for t € (¢o, 1]
we have

1

‘Dota(t) = oy /(t —s5)™ " (CoEal,l(Al(S)m)
0

+ O/ (5 — ) B, 0, (M (s — 0)*)o(v) dv) ds

—+o0 —+o0

B (1_0‘1)0/t_5 <COZ 2: Ja—;jl Z ((jfi)al)o/(S—U)al1($—v)o‘1ja(v)dv>/d5

t
+o00 o 061])\] ar1j— 1d8
1—a1 Z

= I(aj +1)
1 +oo /
+ (t—s)~ s —v)tei=lg(y dv> ds
2 o [ (fee o
Co = O[lj)\ 1 =
— 7a1+alj —ay,,,a15—1 d )\chal IOL1+061J t
(1—a1) 2 (a1j+ / w w+Z 1 o+ o+ ()
Jj=1 0 j=0
Co = alj)\j (1= 1) (1)) (t — s)i=t
_ Z I y—antanj _7 )+ Z N /7 o(s)ds
(1-a) = (aj+1) (1+a1j—on) (a1j)
too .y j-1 : t I= a1(j=1)
C¥1j)\ a1(j—1) (alj) / ar—1 j—1 (t—S) 1
= \iC L geaU=h) A a4 A [ (E—s)™ AN T ————0(s)ds
' 0; (a1j+1) (I+oj—a1) ) 10 t=e) JZ:I ! (a1j) )

t

B . )\J 1t(¥1(J 1) (0[1] —+ 1) o s ap—1 s i (s s
= g T T <t>+A10/<t )" ) (Mt = 5)™)r(s) d
= Mz(t) + o(t).

Now, suppose that t € (¢;,t;4+1] (¢ > 1). Similarly we have

t

7(1 —lal) /(t —8) "2/ (s)ds

0

Da(t) =

i—1 b

- ﬁ [Z /(t—s)_alaﬁ’(s) ds—f—/t(t—s)_alx’(s) ds]

j=0 t;

S

X (,{Z:CHEQLI()\I(S — 1)) + /(s — ) By, 0 (Ai(s —v)*)a(v) dv)/ds

0

+ / (t ) (Zcﬁ a5 = )) + /S<s—v>m—1Em,al<A1<s—v>m>a<v>dv)/d8}

t;
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ZWZ/ (t—s)~ {ch an1(A1( s—t)o‘l)] ds

+ﬁ/t—s [ch ar1(Ar(s =t )al)} ds

t s

+ﬁ /(t —5) " [/(5 — )" By, 0, (M (s — )Mo (v) dv} l ds

to 0

) . tit1
ie1 i+
1

+oo m(g _ nmal ’
ZWZZC,{ /(tfs)*m[ZM] ds

i=0k=0 =y (moit1)

t

i +oo ym s — may 4/
+(1_16“)Zcﬁ/(t—s)_al[n;/\l(t“)} ds

prd (ma; + 1)

tir
+00 7
A'may

T+ 1) [ =

tj

m=0

t oo
cﬁ/(t—S)‘“l (s—to)™ 1 Lds+ > NPeDS I " o (1)
t;

fit1—ts
t—ts

)\1 maog 4 ma ey —oy,, may—1
= (lfal)z (moy £ 1) Zc,{t—t 1o (1 —w) " w™ ™ dw
m=1 tji—tr

]OHO

t—tp

1
+ 1 i mal)‘l ZC t— t arm—aq 1 U) T ,man— 1dw—|—§>\m10{1m (t)
(1—a1) &= (mai+1) «

L —vn m=0
=

fi+1—te
)\mmal L S 1
_ _ may—o _ —a,,,may—
= (l—al)z (mas 1) Zcﬁt b)) 12 / (1 —w) "t w™ ™ dw
m=1

J=K ¢,

—th

.

—tk
i—1

1 = moq A7
+ 1 C,{t—tn aym—aoq
T 2= 2 enlt =)

(may +1) o

(1 —w)~*rwmr =1 dy

\H”

- ti—Yr
4—%—,

oo 1

041)\71% —« maq—1
1 — w)~Cgmer=lg t
1—a1 Z ma1+1)/( w) " wolt)
- 0

400 m—1/  \ai(m—1)
/ Z -t A (F=9) o(s)ds
m=1

(c1m)

1
OO
T'man -1
_ c t _ t maoq —o alwmal dw
1—a1 Z ma1+lz'{ /
= 0
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+oo 1

mag A" / _ 1
1- GyMmaT g t
1—041 Z (may + 1) (1—w)™"w w+o(t)
= 0

f +oo m—1/  \ai(m—1)
+A1 / (t—s)™" AT - 9) o(s)ds = \a(t) +o(t).
0

(cim)

m=1

Thus, due to induction, we conclude that x satisfies (4.1) if x satisfies (4.2).
We now suppose that x is a solution of (4.1). We will prove that x satisfies (4.2). Since z is
continuous on (tg,t1] and the limit lim+ x(t) exists, by Theorem 6.11 in [21], there exists ¢y € R such
t—0

that

33( ) = CQE&1 1 )\115 /6a1 )\1 t S )dS, te (to,tl].

This means that (4.2) holds for ¢ = 0. Suppose
2(8) = B(t) + 0By 1 (At /5a1 a4 8)o(s) ds, t € (tr, a). (4.3)
By “Dgia(t) — Mx(t) = o(t), t € (t1,t2], we get

o(t) +Mx(t) = “Dgia(t) = ﬁ /(t —8)"™2/(s)ds

t1

0
- ﬁ (/(t —8) "2l (s)ds + /t(t —8)7*2/(s) ds)
0 i1

- | / (# 5)7 (aBasa(as™) / (501" B, (s — 0 o) )] s

0
t s

+/(t _ g (@(s) + coBuy 1 (Ms™) + /(s )Ty, 0 (A (s — 0))o (o) dv)lds
0

t1
t

t1
1 1
R — /(t —5) ™ (coEahl()\lsal))/ds + — /(t — s)al*l(coEahl(/\lsal)),ds
) (1—an)

(1—041) ;

t

-y /t—s o </S(3_U>a1_1Ea1,a1()\1(8—v)o‘l)a(v)dv>lds

0
t
+;/(t—s)a1_1¢’(s)ds
(170[1)
= mag A"
t— —a mal 1d
1—a1 z_: ma1—|—1/ 2 §
= 0
= mog A"
1 —a1 omagp—1
t— ! 17 d
1—a1 z_: (mag + 1) /( 8)""s §
t1
1 1 AT (s — v)orm !
t— )T d d
+(1—oz1 s) ( Z (o (m+1 )J(v) v) s
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_ ; — 5) 71 (s) ds
+(1_O‘1)t/(t )11/ (s) d

t
— () + M / (t = )™ By, (Mt — 5))r(s) ds + AicoEa, 1 (Mt™) + D% D (2)
0
=o(t) + Mz(t) + D O(t) — M D(t).

It follows that “D'! ®(t) — A ®(t) = 0 for all t € (t1,12]. By Theorem 6.11 in [21], there exists ¢ € R
1

such that ®(t) = c1Eq 1(A(t — t1)®) for ¢ € (¢1,t2]. Substituting ® into (22), we find that (4.2) holds
for ¢ = 2. Now suppose that (4.2) holds for all i = 0,1,2,...,n < m — 1. By a similar method used

above, we can prove that (4.2) holds for i = n 4+ 1. Due to induction, x satisfies (4.2), = (histepa] 18
continuous and lim z(t) exists. O
t—t}

Lemma 4.2. Suppose that A =1 —T(a1)Ea, 1(A1) # 0, 0 € LY(0,1) and that there exist numbers
k> —1and a; +k+1> 0 such that |o(t)] < tk(1 —t)! for allt € (0,1). Then x € X is a solution of

CDgix(t) — /\1.T(t) = O'(t), te (ti,ti+1), i € Ny,
z(1) — }irr(l)x(t) =0,
—

(4.4)
lim z(t) =1;, i€ N,
t—tt
if and only if x € X and
1
T(1)?Ea, 1 (A1) < ar - D(a))Eq, 1 (Mt
x(t) = ) A : );IJ’Eal,l(Al(l—tj) Y+ . IA( : )/5041,%1(1,8)0(8)018
= 0
i t
+F(a1)ZIanh1(A1(t — tj)al) + /50(1,)\1 (t,S)O’(S) dS, te (ti7ti+1}, i € Np. (45)
j=1 0

Proof. Let x be a solution of (4.4). Similarly to Step 2 in Lemma 4.1 since [ < 0 for ¢ € (0,¢;], one
can see that

<t B (g + 1k 4 1) Eay .y (A1E™).

t
’/5,}17)\1@,8)0'(8) ds
0

From a1 + k+1 > 0, we get

lim
t—0

/ (t— ) B o (M (t = 8)™ )o(s) ds| = 0. (4.6)
0

Due to Lemma 4.1, there exist constants A; € R(i € Ny) such that

i t
.’E(t) = I‘(al) ZAanl’l()‘l(t — tj)al) + /5041’)\1 (t, S)O’(S) ds, te€ (ti7ti+1], i € Ny. (47)
j=0 0

Boundary conditions and the impulse assumption in (4.4) yield that

m 1
I‘(al) ZAanlvl(Al(l — tj)al) + /50417)\1(1,8)0(8) ds — AO = 0, Az = Ii, xS N.
j=0 0
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It follows that

m

1
Ao = % (F(al) 2 LB (1= 1)) + /&nm(l, s)o(s) ds>.
0

Substituting A; (i € Np) into (4.7), we obviously get (4.5) by changing the term order.

On the other hand, if x satisfies (4.5), ., Is continuous and the

limit tlirtn x(t) exists for ¢ € Ny. Using Lemma 4.1, we can prove that x satisfies (4.4). O
—l+

Lemma 4.3. Suppose that V =1—T(az2)Ea,1(X2) #0, 0 € L1(0,1) and there exist numbers k > —1
and max{—ag, —k — 1} < 1 < 0 such that |o(t)| < tkF(1 —t)! for all t € (0,1). Then z € Y is a
solution of

CDgfl‘(t) — /\Q.Z‘(t) = O'(t), te (ti,ti+1), 1 € Ny,

z(1) — lim x(t) =0,

(4.8)
hm x(t)=J;, €N,
t—tF
if and only if x €Y and
[(a2)?Epy 1 (Aat??) D(a2) By 1 (Aot
o) = N Lo B 57 O — gy OBt Q) [ o) s
j=1
042 ZJ E‘o(2 1()\2(t—t a2 /6a2,)\2 t S) ( )dS, te (ti,ti+1], i € Np. (49)
j=1
Proof. The proof is similar to that of Lemma 4.2 and we omit it here. O

Let A, V be defined as in Lemmas 4.2 and 4.3. Define the nonlinear operator T'on E by T'(x, y)(t) =
((Ta(z,9)) (@), (T2(2,9))(?)) for (z,y) € E with

F(al) al) )\1t

(T (2, ))(t) = ZEal 1A (1= 25) ") I (25, 2(t5), y(t5))

n F(al)EOX A1to1) /6041 A (1, 8)ps(s) f3(s, z(s), y(s)) ds

+ () Zqu,l()‘l(t —t5) ) (s, z(t)), y(t;))

+/60417/\1 (ta3)P3(8)f3(8,33(s),y(3)) dS, te (ti7ti+1]a 1 € Ny,

a3)? Ea, 1 (Aat™?)
(o)1) =~ Eet B S b a1 %) 0, (07), (1)

+ F(Oég OQ7 )\2ta2

(12)\2 1 S p4 )f4(s’x(5)7y(5)) ds

O\H

D(a2) Y Baga (Aot = 5)%2)J (1), 2(t;), y(t5)

j=1

+/5042’)\2(tﬂ 5)?4(8)f4(8796(8),y(s)) ds, te (ti7ti+1], 1 € Np.
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Lemma 4.4. Suppose that f3, f4 are II-Carathéodory functions, I, J discrete II-Carathéodory
functions, Then (x,y) € E is a solution of BVP (1.4) if and only if (x,y) is a fized point of T in E;
and T : By — FEy is well defined and completely continuous.

Proof. The proof is similar to that of of Lemma 3.4 and is omitted. O

Now, we prove the main theorem in this section by using the Schauder’s fixed point theorem [30].
We need the following assumptions:

(D3) f3, f4 are II-Carathéodory functions, I, J are discrete II-Carathéodory functions and there
exist non-decreasing functions ¢;,v; : [0,400) X [0,+00) — [0,4+00), measurable functions
¢; - (0,1) - R (i = 1,2) and constants I;, J; such that

| fs(t,z,y) — ¢s(t)| < @3(x,y), t € (tistipr), z,y € R, i€ Ny,
|fa(t, 2, y) — ¢a(t)| < ylw,y), t € (titigr), x,y € R, i€ Ny,
[I(tj,2,y) = I;| <¥s(w,y), jEN, 2,y €R,
| J(ty,z,y) — Jj| <Py(x,y), jEN, z,y€R.

(D4) f5, f4 are II-Carathéodory functions, I, J are discrete II-Carathéodory functions and there
exist nonnegative constants I;, J;, b;, a;, By, A;, 75, 05 (j = 1,2,...,n) and measurable functions
¢;:(0,1) = R (i = 1,2) such that

| f3(t, 2z, y) Zag|$|TJ|y|UJ € (ti,tiv1), =,y € R, i € No,
| fa(t, 2, y) Zb |z[@]y|?7, t € (ti,tiv1), =,y € R, i€ No,
’I(tj,x,y)—lj| SZAj|x‘Tj|y|Uj’ jEN, z,y€R,

=1

}J(tj7$7y)_‘]j’ gZ’é!']|x‘7—3|:l/|o-J7 JeNa 937y€R
Jj=1

D(a1)?Ea, 1 (Mt™) &
@(t) = DO Ed ) Sh -,
j=1

) .
'« a )\t . «@
+ (1) 1’ ! /6@1,)\1 (1,8)pi(s )¢1(5)d5+r(a1)ZEoml()‘l(t*tj) )
0 =t
t

+/5a1,>\1(t,5)171(3)¢1(3) ds, te (titit1], 1€ No,

0
()2 Eay 1 (Aat®?) &
By (t) = 02 v’1(2 )ZEa2,1(/\2(1—tj)a2)Jj
j=1
r Eag )\taz ‘ «@
4 Heo) v / Oz 32 (1, 8)02(5)82(5) ds + T(02) D By 1 (ot = 1))

Jj=1

+/5a2,>\2(t7s)p2(s)¢2(s) ds, t€ (t;,tir1], © € Np.



Solvability of Periodic BVPs of Fractional Differential Systems with Impulse Effects 139

Denote
P = F(al)Elzlfl(')\lD B(og + 1, k1 + D) Eg, 1(JM]) + Blag + 1, k1 + 1) Eay 1 (M),
Ql:Iﬁhyﬁghﬂuﬂnlah<Mn>+wwanﬂ%hm<Aum
P, = F(az)Elng(')\zD B(ag + I3, k2 + 1)Eqy 1(JA2]) + B(ag + 12, ke + 1) Eq, 1 (| A2]),
QQ:Ihmyﬁ%J“M|mﬂudMﬂ%+mrwa Eo (M),

Theorem 4.1. Suppose that (D3) holds. Then BVP (1.4) has at least one solution if

Pigs(r1 + | @], 72 + [|@2]]) + Quog(r1 + || 1], m2 + [|D2]]) < 74,

° b (4.10)
Pydy(r1 + | @1, 72 + [|[@2]]) + Qatby(r1 + |1, 72 + [|®2]]) < 72

has a couple of positive solutions (r1,72).

Proof. To apply the Schauder’s fixed point theorem, we have to define a closed convex bounded subset
Q of E such that T(Q) C Q.

Let 71 > 0, ro > 0, denote Q = {(z,y) € E : |z — 1] < 71, ||y — P2| < r2}. For (x,y) € Q, we
get

[zl <l = @ufl +[[@oll <7+ Pall, yll < lly = ofl + [[D2f] < 72 + (| D]

Then (D3) implies that

| f3(t (), y(t) — ¢3(1)] <

&3 (lz@®)], ly®)]) < e ([l lyll)
< @a(r1 + @2l r2 + |B2l), t € (ti,tiy1), i€ No,

| fa(t, 2(t), y(t) — da(t)| < dy(r1 + 1@l ro + [|R2]), ¢ € (ti,tit1), i € No,
[I(t,2(t;),y(t;)) — Li| < s(re + @1, 2 + |®2]]), j €N,
[Tt 2(t;),y(t;)) — J;| < ha(re + @1, 72 + |2]]), j€N.

By the definition of T, using the above inequalities and the first inequality in the proof of Lemma 4.2,
we get

m

I'a ar,1 (A1t
| T1(z,y) — @] < (@)°F |A|1 - ZEQI, (A (1 =) )| I(t, 2(t5),y(t;) — |

N (T

o) ZEall (ALt = t5) )| I(t5, a(t;),y(t;)) — I
1
) J
+/@Mﬁsm3|msz y(s)) — ds(s)| ds
0
L(o1)?Eay 1 (||

Al mEa, 1(|\]) (¥5(r1 + (|01, 72 + | @2])))

IN

] / S (1,9l (5) 50

+mI'(a1)Eq, 1 (\)\1|)(1/J3 1+ |1l ro + [|P2])
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t
+ /5a1,xl(tvs)lp3(8)ld8 (05(r1 + | @2l 72 + [|22]])
0

T(01)2Ea, 1 (A _
< KOS Et O o (D) @yt + 0l 72 + 22])

[(a1)Eay 1 ([M])
A
+mT(a1)Bay 1 (M) (€501 + [ @1l 72 + (| D2]]))
+tThA R B (g + 11,k + 1) Eay 1 (At™) (@31 + [|®@a]], 72 + || @2]])
< Prgs(r1 + |1, 72 + [|®2]]) + Quibs (r1 + | @1l 72 + [|D2]]).

+

B(ai+1y, k1 +1) Eq, 1 (1M ]) (@3 (r1+ D2, r2+ | @2]]))

Similarly, we have
[ Ta(2,y) = @afl < Pagy(r1 + 1@l 72 + [ @2]]) + Qotdy (r1 + [|@1]], 2 + || D2]]).

From the assumption, the inequality of system (4.10) has a positive solution (r1,72). We choose
Q={(z,y) € E: ||lz—P1|| <1y, |ly— P2| < r2}. Then we get T(Q2) C Q. Hence the Schauder’s fixed
point theorem implies that T has a fixed point (z,y) € Q. So (z,y) is a solution of BVP (1.4). O

Denote
['(a1) Eay 1 (|A1])
P = ( Al + 1)mF(al)Ea1,1(|>\1|)Aj
E, ;
(F(Oll) |A1|71(|)\1) + I)B(Oq + ll,kl + l)Ea1,1(|Al|)aj7 ] = 1’2, Lo, N,
['(a2)Eay 1 (|A2])
Q; = ( < + 1)mf(a2)Ea2,1(|>\2|)Bj
E
(F(az) |%2|’1(|)‘2) + 1)B(a2 +lo, k2 + 1) Ea, 1 (JA2])bj, j=1,2,...,n.

Theorem 4.2. Suppose that (D4) holds. Then BVP (1.4) has at least one solution if

n

Do+ R] 7 [ra 4 [ 22ll] < vy Y Qe+ 1Rl] T 2+ 1 @2]]] < 7 (4.11)
j=1 j=1

has a couple of positive solutions (r1,72).
Proof. The proof is similar to that of Lemma 3.2 and is omitted. O

Remark 4.1. Suppose that (D4) holds. Fix r; > 0 and r2 > 0. Since

Aj,ajaO -

lim ZQ] [7’1 + ||(I>1H]TJ [7‘2 + ||(I)2|H0j = Blimﬂoz Pj [7‘1 + ||(I)1||]T] [7’2 -+ H(I)QH]Gj = 0,
]:1 7% ,]21

(4.11) holds for sufficiently small nonnegative constants b;, a; (i =1,2,...,n), B;, 4; (i =1,2,...,n),
we know that BVP (1.4) has at least one solution if the nonnegative constants b;, a; (i =1,2,...,n),
B;, A; (i=1,2,...,n) are sufficiently small.

5 Examples

To illustrate the usefulness of our main results, we present two examples to see that Theorems 3.1
and 4.1 can be readily applied.
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Example 5.1. Consider the following impulsive boundary value problem
2 o g .
D05+u(t) _u(t) :ql(t)[cl +a; [(t_t )% (t)} +a’2|:(t_t )% (t)] ]’ 7’:0717273a

D0+U( ) —v(t) = @a(t) [e2 + b [(t — t:)3u(t)]” + b2 [(t—t:)Fv(8)]7], i=0,1,2,3,

2 (5.1)
u(l) — limtgu(t) =0, v(1)—limtsu(t) =0,
t—0
lim (£ — ¢;)3u(t) = lim (t — t;)30(t) = 0, i=1,2,3,
t—t t—t;

where c¢1,c0 € R, b1,a1,bs,as > 0 are constants, 0 =ty < t; = i <ty = % <tz = % <ty = 1 with
m=3,qi(t) = @(t) =775 (1—1)"75, t € (0,1), 0 > 0.

We apply Theorem 3.2 to get solutions of BVP (5.1). Corresponding to BVP (1.3), we have
ar =2, a0 =32, A\ =X =1, q1, g2 satisfy the condition |g;(t)] < t* (1 — ) with k; = l; = —1&
(i=1,2), f1, f2, I, J satisfy the following items:

O‘\M

fl(t7 (t_tl)_%xv(t_tl) y) _Cl+a1x +G2y ) te (tlatz-‘rl] i207172a37
f2(t7 (t_tl)_%x7(t_tz) y) 02+b1{1} +b2y ) t e (tl7tz+1] Z:07172737
I(t y) J(thxvy) = 05 1= 17273'

C\N)

It is easy to show that fi, fs are I-Carathéodory functions, I, J are discrete I-Carathéodory functions.
Furthermore, choose ¢1(t) = ¢1 and ¢a(t) = ca, I; = J; = 0. It is easy to see

‘fl(t, (t—t:) S, (t —t;) " by) — ¢1(t)’ < ai|z|” +azlyl?, t € (tistiva], i=0,1,2,3,

2t (= 1) 2, (1= 1) " Fy) = 61| < bafal” + bafyl”, ¢ € (b tina], i =0,1,2,3,
(tiaxay) _IZ| = |J(t1a'r7y) - Jll = 0’ 1= 172a3'

By the Mathlab tool we find that

2<E(1)§1 HNIE I O S
2 2 == - = ..
T ST(E(+1) T3 ) 1) )
QTN S SR S S
T 3 T rE)
L S B St
TOT(2) (&) T(%)  330(32)  35I(H) 37F(§)
<7+ L1 1 ! 8
T - Hi-g IHi-g
1 1 1 1 1
2<FEss(1)= + + + + + + +
e LE) @) T NE) ) rE) rE)
g 5 1L 55 1 551 555 1
T TR(E) 10512 1B38T(E) 16116 T(E)
L5551 5555 1
191491(2) 2217127 1(%)
<4+§ 1 +£ 1 +§§ 1 +££ 1
7T 1@ 7Tr(E) 1010 1(2)
L8555 1 555 1
TTTT(Z) 101010 I'(2)
1 5 1 5
T 7-5 T8 10-5"
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By direct computation, using a; + k; +1; > 0, we get

P:( I'(Z )fEi,g()H)B(;ﬁ

)E2 2 (1)a; < 1035a;, j=1,2,

I'(2)V16 Es 5 (1) ] 14
j( : |+1>B(15,15) s 5 (1)b; < 16b;, j=1,2.

One finds that

1
F(al)éah)\l (t7 O)

t
D(t) =1 A /5(117)\1(1, $)p1(s)ds + ¢ /6a17>\1(t, s)p1(s)ds
0 0

and

t

1
r Oan 2o (t,0)
Dy(t) = cg ———22 "~ (a2 2)‘2 / s 2 (1, 8)pa(s )ds+02/5a27>\2(t, s)pa2(s) ds.
0

[}

Then

E: 2(1) 1 14
3| < 55 1 B(f,—)E 1) < 1035|cy).
I2: ( “< 5 1B (513722 0) < 10350

We can also get

( Es (1) 8 14
D, < 55 1)B(—,— |F 1) <16 .
|| 2||_|c2|(|1 (%) O JB(5 15 B s0) < 160

Then Theorem 3.2 implies that BVP (5.1) has at least one solution if

1035a1 [r1 + 1035]e1|]7 + 1035az [ro + 16]e2|] 7 < 71,

- - (5.2)
16b1 [7'1 -+ 1035|Cl|] -+ 16b2 [T’Q + 16|02|] S T2

has a couple of positive solutions (r1,72). So BVP (5.1) has at least one solution for every ¢1,c2 € R
and sufficiently small a;, b;.

Example 5.2. Consider the following impulsive boundary value problem

DS, ult) — (t)[er + ar[u(t)]” +azfo(t)]7], t € (titiyr), i=0,1,2,3,

”Dow( ) — (t)[c2 + bi[u(t)]” + a2lv(®)]7],  t € (ti,tip1), i=0,1,2,3,

u(l) — hII(l) u(t) =0, wv(1)— hm 11( ) =0, 5:3)
tlirgu( ):tlgzle]jfv(t):ti7 i€ N,

where c1,¢c0 € R, b1,a1,ba,a5 > 0 are constants, 0 =ty < t; = i <ty = % <tz = % < ty = 1 with
m = 37 Q1(t) = QQ(t) = tiTls(]- - t)7%7 te (07 1)

We apply Theorem 4.2 to get solutions of BVP (5.3). Corresponding to BVP (1.4), we have a; = % ,
B; = % ;A1 = Ay = 1, q1, go satisfy the condition |g;(¢)| < tF (1—-t)1 with k; = I; = —% , f3, fa, I, J are
defined by f3(t,2,y) = c1 + a127 +asy?, fa(t,x,y) = co+b1ax? +boy? and I(t;,x,y) = J(t;, z,y) = t;,
i=1,2,3.

It is easy to show that f3, fy are II-Carathéodory functions, I, J are discrete II-Carathéodory
functions. Choose ¢1(t) = ¢1 and ¢o(t) = co, I; = J; = t;. Tt is easy to see

‘fg(t,.’]},y) - ¢1(t>‘ < al|x|a +a/2|y|[77 te (tiati+1)7 T,y € Ra
‘f4(t,l‘,y) - ¢2(t)‘ < b1|x|(7 + b2|y‘aa te (tiati-‘rl)v T,y €< R7
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|I(t7,7x7y)_11’ = ’J(tzaxay>_‘]l’ :07 ZEN, $7yER

By the direct computation, we get

I'(2)E: 1(1) 114
P, — 5 1)B(=, 2Bz ,(1)a; < 465a;, j=1,2,
J (|1F(§)E§71(1)|+) (3 15) 5,1( )GJ as, J
I'(2)E: 1(1) 8 14
_ 5 B(2, 22 Es ,(1)b; < 203b;, j=1,2.
@ <|1—F<§>E§,1<1>|+> (15 15) Baa )ty <2035,

Then Theorem 4.2 implies that BVP (5.3) has at least one solution if (5.2) holds. So BVP (5.3) has

at 1

east one solution for every cj,co € R and sufficiently small a;, b;.
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ON THE ANTIPERIODIC PROBLEM FOR SYSTEMS
OF NONLINEAR GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

Abstract. The general theorem (principle of a priori boundedness) on the solvability of the an-
tiperiodic problem for systems of nonlinear generalized ordinary differential equations is given.
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Let n be a natural number, w > 0 be a real number, A : R” — R"™"*"™ be a matrix-function with
bounded total variation components on every closed interval of the real axis, and f : R x R* — R"
be a vector-function belonging to the Carathéodory class corresponding to the matrix-function A on
every closed interval of the real axis.

Consider the nonlinear system of generalized ordinary differential equations

dx = dA(t) - f(t,x) (1)
in the antiperiodic problem
z(t+w)=—x(t) for t € R. (2)
We will assume that
Alt+w)=At)+C and f(t+w,z)=—f(t,—x) for t e R, z € R", (3)
or
Alt+w)=—-At)+C and f(t+w,z)= f(t,—z) for t e R, x € R", (4)

where C € R™*" is a constant matrix.

The theorem on the existence of a solution of the problem (1), (2), which will be given below and
called the principle of a priori boundedness, generalizes the well known Conti—Opial type theorems
(see [6,7,12] for the case of ordinary differential equations) and supplements the earlier known criteria
of solvability of nonlinear and initial boundary value problems for systems of generalized ordinary
differential equations (see [1-5,11,13,14] and the references therein).

Analogous and related questions are investigated in [7-10] (see also the references therein) for
the boundary value problems for linear and nonlinear systems of ordinary differential and functional
differential equations.

To a considerable extent, the interest to the theory of generalized ordinary differential equations
has also been stimulated by the fact that this theory enables one to investigate ordinary differential,
impulsive and difference equations from a unified point of view (see [1-5,11,13,14] and the references
therein).
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Throughout the paper, the following notation and definitions will be used.

R =] — 00, +o0[, Ry =[0,+00], [a,b] (a,b € R) is a closed interval.
n,m
R™*™ is the space of all real n x m-matrices X = (z;);;, with the norm || X[ = 37 [zl;
il=1

R = {(xzz)fffﬁl x>0 =1,...,n; 1= 1,...,m)}.

Opnxm (or O) is the zero n X m-matrix.

It X = (zar);;Z, € R™™, then |X| = (lzal); )2,

R™ = R™*! is the space of all real column n-vectors z = (x;)I; R’

If X € R™*", then det X is the determinant of X; I,, is the 1dent1ty n X n-matrix; diag(Ag, ..., An)
is the diagonal matrix with diagonal elements Ay, ..., A,.

b

V(X)) is the total variation of the matrix-function X : R — R™*™ on the closed interval [a, b], i.e.,

a
n,m

the sum of total variations of its components x; (i = 1,...,n;l=1,...,m); V(X)(t) = (v(za)(t)); 1,

n=RPL

where v(z;)(0) =0, v(zy)(t) = \:)/(a:il) for t > 0 and v(xy)(t) = — \j/(x”) for t < 0;

X (t—) and X(t+) are the left and the right limits of the matrix-function X : [a,b] — R"*™ a
the point ¢ (we assume X (¢t) = X (a) for t < a and X (t) = X () for ¢ > b, if necessary); A~ X (¢ )
X(t)— X(t—), ATX(t) = X(t+) — X (¢);

BV ([a,b],R™*™) is the set of all matrix-functions of bounded variation X : [a,b] — R™*™ (i.e.,

b
such that \/(X) < +00);

BVs([a,b], R"*™) is the normed space of all X € BV([a,b],R"*™) with the norm || X, =
sup{X(8)] : ¢ € [a, ]}

A matrix-function is said to be continuous, nondecreasing, integrable, etc., if each of its components
is such.

I C R is an interval.

C(I,R™™) is the set of all continuous matrix-functions X : I — R™*™,

If By and By are normed spaces, then an operator g : By — By (nonlinear, in general) is positive
homogeneous if g(Azx) = Ag(x) for every A € R} and z € B;.

An operator ¢ : BV([a,b],R™) — R™ is called nondecreasing if for every z,y € BV([a, b], R™) such
that z(t) < y(t) for t € [a, b] the inequality p(z)(t) < ¢(y)(t) holds for t € [a, b].

If o : I — R is a nondecreasing function, then D, = {t € I : «a(t+) — a(t—) # 0}.

s1, 82, Sc : BV([a, b],R) — BV([a, b], R) are the operators defined by

s1(2)(a) = 32( )( ) =0,
Z A~ z(r) and sa(x Z Atx(r) for a <t <b,

a<t<t a<r<t

and
sc(@)(t) = x(t) — s1(x)(t) — s2(x)(t) for t € [a,b].
If g : [a,b] — R is a nondecreasing function, z : [a,b] — R, then

t

/x(T) dg(r) = /x(T) dsc(g)(T)+ D x(r)Ag(r)+ Y a(r)Atg(r) for a<s<t<b,

s 15, s<T<t s<7<t
where f T)ds.(g)(7) is the Lebesgue-Stieltjes integral over the open interval |s, t[ with respect to
the measure u(sc(g)) corresponding to the function s.(g); if @ = b, then we assume f t)dg(t) =

thus f; x(7) dg(7) is the Kurzweil-Stieltjes integral (see [11,13,14]).
L([a,b],R; g) is the space of all functions z : [a,b] — R, measurable and integrable with respect to
the measure 1(g.(g)) for which

S le@®)IAaTgt) + Y |t ATg(t) < +oo,

a<t<b a<t<b
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with the norm ||zl , = f |z(t)| dg(t)
Ifgj : [a,b] = R (j =1,2) are nondecreasing functions, g(t) = ¢1(t) —g2(t), and z : [a,b] — R, then

¢ ¢ ¢
/x(T) dg(t) = /.13(7') dgy (1) — /J:(T) dgs () for a <s<t<b.

If G = (gzk)izzl . [a,b] — R*™ is a nondecreasing matrix-function and D C R™ ™ then
L([a,b], D;G) is the set of all matrix-functions X = (zx;),7/2; : [a,b] — D such that zy; €
L(la,b], Ry gi) (i=1,...,5; k=1,...,n; 5 =1,...,m);

¢ l,m
/dG( <Z/:1:kj Ydgir (T > for a <s<t<b,
1,j=1

SH(E)(1) = (s;(ga) ()}, (G =1.2) and S.(G)(1) = (selgar) (D)L _,.

If D; € R™ and Dy C R™*™ then Car([a,b] x Dy, Da; G) is the Carathéodory class, i.e., the set
of all mappings F (f;w),” 1 ¢ [a,b] x D1 — D5 such that for each i € {1,...,l},j € {1,...,m} and
ke{l,...,n}

(i) the function fi;(-,x): I — Ds is pu(sc(gix))-measurable for every « € Dy;

(ii) the function fi;(¢, -) : D1 — Ds is continuous for p(s.(gix))-almost every ¢ € I and for every
t € Dy,,, and sup{|fi;(-,2)| : * € Do} € L([a, b],R; g;x;) for every compact Dy C D;.

If G; : [a,b] — R™™ (j = 1,2) are nondecreasing matrix-functions, G(t) = G1(t) — Ga(t), and
X :la,b] = R™ ™ then

t t t

/dG(T)'X(T):/dG1(T)~X(T)*/dGQ(T)-X(T) for a <s<t<b,

S S S

Sk(G)(t) = Se(G1)(t) — Sk(G2)(t) (k=1,2), Sc(G)(t) = Se(G1)(t) — Se(Ga)(1).
If G4 (1) = V(G)(t) and Ga(t) = V(G) () — G(t), then

L([a,b],D;G): L([aab]vD;Gj),

3:\:

<.
Il
—

e

Car(la,b] x D1, D2;G) = Car([a,b] x D1, Dy; Gy).

Jj=1

If G(t) = diag(t, . ..,t), then we omit G in the notation containing G.
The inequalities between the vectors and matrices are understood componentwise.
Below we assume that

A(t) = V(A)(t) and As(t) = V(A)(E) — A(t).

A vector-function x : R — R™ is said to be a solution of the system (1) if its restriction on every
closed interval [a,b] C R belongs to BV([a, b],R™) and

t

z(t) = z(s) + /dA(T) - f(r,z(7)) for s <t

S

Under a solution of the problem (1), (2) we mean solutions of the system (1) satisfying the condi-
tion (2).
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Let B € BV([a,b],R"*"), n : [a,b] — R™ and ¢ : BV([a,b],R™) — BV([a,b],R™) be a matrix-
function, a vector-function and an operator, respectively. Then by a solution of the system of gener-
alized ordinary differential inequalities

dx —dB(t) - < dn(t) + dg(z) (>) for t € [a,]

we mean a vector-function z € BV([a, b], R™) such that
o(t) ~ a(s) ~ [ dB(r) - o(r) < nft) = (s) + a(e)(®) ~ a(@)(5) (2) for a<s <<,

In addition, if the vector-function n : [a,b] — R™ is nondecreasing and g : BV([a,b],R") —
BV([a,b],R"}) is a positive homogeneous nondecreasing operator, then by Qg , , we denote a set of
all solutions of the system

|dz — dB(t) - | < dn(t) + dg(|z]).

If n(t) = 0 and q is a trivial operator, then we omit 1 and ¢ in the notations containing ones. Thus
Qp is the set of all solutions of the homogeneous system of generalized differential equations

dx =dB(t) - x
We define

n
Zvall )t) (I=1,...,n) and aft Zal ) for t €R.
=1

Under the conditions (3) or (4), it is not difficult to verify that if a vector-function z is a solution
of the system (1), then the vector-function y(t) = —z(t + w) (¢t € R) will be a solution of the system
(1), as well. Indeed, by the definition of a solution of the system, using (3) or (4), we have

t+w
y(t)—y(s)Z—(w(t+w)—$(8+w))=—/ dA(7) - f(7,2(T))
s+w
z—/dA(T+w)~f(T+wa+w /dA ,y(T)) for s < t.

S

Therefore, if x € BV([a,b],R™) is a solution of the system (1) on the closed interval [0,w] satisfying
the condition
z(w) = —z(0), (5)

then its w-antiperiodic continuation, i.e. the vector-function y(t) = (—1)*z(t — kw) for kw < t <
(k+ 1w (k=0,£1,£2,...), will be a solution of the w-antiperiodic problem (1), (2).

In connection with this fact we consider the boundary value problem (1), (5) on the closed interval
[0,w]. Below, we will give the sufficient conditions guaranteeing the solvability of the later and hence
of the problem (1), (2), as well.

Definition 1. The pair (P, ) of the matrix-function P € Car([0,w]xR"™ R™*™; A) and the continuous
operator [ : BV,([0,w],R™) x BV4([0,w], R™) — R"™ is said to be consistent if:

(i) for any fixed x € BV4([0,w], R™), the operator I(z, -) : BV4([0,w], R™) — R" is linear;
(ii) for any z € R™, z and y € BV,([0,w],R™), the inequalities
1P 2) | < €& 120D, iz, )l < Solllzlls) - llylls

are fulfilled for p(g.(c))-almost all ¢ € [0,w]| and for ¢ € D,, where § : Ry — Ry is a
nondecreasing function, and £ : [0,w] x Ry — R, is a nondecreasing in the second variable
function such that £(-, s) € L([0,w], Ry; @) for every s € Ry;
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(iii) there exists a positive number /3 such that for any = € BV,([0,w],R™), ¢ € L([0,w],R™; A) and
cp € R", for which the conditions
det (I, = ATA(t) - P(t,z(t))) # 0 for t € [0,w],
det (I, + AYA(t) - P(t,z(t))) # 0 for t € [0,w]

hold, an arbitrary solution z of the boundary value problem

dy = dA(t) - (P(t,z(t)y + q(t), Uz, y) = co

admits the estimate
lylls < B(lleoll + 14l z.a)-

Theorem 1. Let A € BV([0,w],R"*"), f € Car([0,w] x R",R™; A) and let there exist a positive
number p and a consistent pair (P,1) of the matriz-function P € Car([0,w] x R R™*"; A) and the
continuous operator [ : BV([0,w], R™) x BV4([0,w],R™) — R™ such that an arbitrary solution of the
problem

drz = dA(t) - (P(t, )z + A[f(t,z) — P(t,z)]z), (6)
A@(0) + z(w)) + (L = A)l(z,2) =0 (7)

admits the estimate
zlls <p (8)

for any X €]0,1[. Then the problem (1), (2) is solvable.

Definition 2. Let S C BV, ([0,w], R™*™), L be a subset of the set of all bounded vector-functionals
[:BV,([0,w],R") = R"™, and y € BV([0,w], R™). We say that:

(i) a matrix-function By € BV([0,w],R"*™) belongs to the set £% if the condition
det (I, — A" By(t)) #0 and det (I, + A1 By(t)) #0 for t € [0,w] (9)
holds and there exists a sequence By, € S (k=1,2,...) such that klir—iI-l | Br — Bol|s = 0;
—+o0

(i) a vector-functional ly : BV,([0,w], R™) — R™ belongs to the set £} (y) if there exists a sequence
lp € L (k=1,2,...) such that klilil Ie(y) = lo(y)-
— 400

Definition 3. Let go : BV([0,w],R%}) — BV([0,w],R™) be a positive homogeneous nondecreasing
operator, and hg : BV,([0,w], R?) — R’ be a positive homogeneous operator. We say that the pair
(S,L) of a set S C BV,([0,w], R™"*™) and a set L of some vector-functionals [ : BV4([0,w],R™) — R™
belongs to the Opial class O ), -if:

(i) every operator | € L is linear and continuous with respect to the norm || - ||s;

(ii) there exist the numbers 7, & € Ry and a nondecreasing function ¢ : [0,w] — R such that the
inequalities

IBO)[| < 7o, [IB(t) = B(s)[| < ¢(t) —p(s) for 0<s <t <w,
1) < Eollylls
are fulfilled for any B € S, 1 € £ and y € BV4([0,w], R™);
(iii) for By € &%, if the function y € BV4([0,w], R™) is a solution of the system
|dy — dBo(t) - y| < dgo(|yl)

under the condition
llo(y)| < ho(|yl),

where Iy € £} (y), then y(t) = 0.
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t
If go(y)(t) = [ dGo(T) - qo(y)(7) for y € BV([0,w],R"), where Gy : [0,w] — R™ is a nondecreasing
0

matrix-function, and ¢go : BV ([0,w],R") = BV,([0,w],R") is a positive homogeneous operator, then
we write O, . instead of Og ;.

Definition 4. Let P € Car([0,w] x R® R"*™; A) and let [ : BV,([0,w],R™) x BV([0,w],R") —
R™ be a continuous vector-functional. We say that the pair (Byp,lyo) of the matrix-function By €
BV([0,w],R™*™) and the vector-functional ly : BV([0,w], R™) — R™ belongs to the set £} p; if there
exists a sequence x, € BV,([0,w],R™) (k =1,2,...) such that the conditions

lim dA(T) - P(1,25(7)) = Bo(t) uniformly on [0,w] (10)

k— o0
a

lim I(zg,y) =lo(y) for y € Qp,
k— 400

are valid.

Definition 5. We say that the pair (P,1) of the matrix-function P € Car([0,w] x R",R"*™; A) and
the continuous operator [ : BV4([0, w], R"™) x BV4([0,w],R™) — R™ belongs to the Opial class O with
respect to the matrix-function A if:

(i) for any fixed x € BV4([0,w], R™), the operator I(z, -) : BV4([0,w], R™) — R is linear;

(ii) for any z € R", z and y € BV4([0,w],R™), the inequalities

1P, 2) || < &), iz, 9l < ollylls (11)

are fulfilled for p(g.(a))-almost all ¢ € [0,w] and for t € D,, where §& € Ry, and & €
L([O,w],R.,_;a);

(iii) the problem
dy = dBo(t) -y, lo(y) =0

has only a trivial solution for every pair (B, lo) € Expi

Remark 1. By (10) and (11), the condition ||A~A(¢)]|-&(t) < 1 and [|[ATA(t)]|-£(t) < 1 for t € [0,w]
guarantees the condition (9).

Corollary 1. Let A € BV([0,w],R"*"), f € Car([0,w] x R",R™; A) and let there exist a positive
number p and a pair (P,1) € O% such that an arbitrary solution of problem (6), (7) admits the estimate
(8) for any X €]0,1[. Then the problem (1), (2) is solvable.

Corollary 2. Let A € BV([0,w],R"*™), f € Car([0,w] x R",R™; A), P € L([0,w],R"*™; A), and let
1 :BV4([0,w],R™) — R™ be a bounded linear operator such that

det (I, = ATA(t) - P(t)) #0 and det (I, + ATA(t) - P(t)) #0 for t € [0,w]

and the problem
dy = dA(t) - P(t)y, U(y) =0

has only a trivial solution. Let, moreover, there exist a positive number p such that an arbitrary
solution of the problem

de = dA(t) - (P(t)x + A[f(t,z) — P(t)z]),
AMz(0) +z(w))+ (1= Nl(z)=0

admits the estimate (8) for any A €]0,1[. Then the problem (1), (2) is solvable.

The following result is analogous of the well-known one belonging to R. Conti and Z. Opial for
boundary value problems for ordinary nonlinear differential equations (see [6,7,12]).
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Corollary 3. Let A € BV([0,w],R"*™), f € Car([0,w] x R",R™; A) and let the pair (P,1) € O be
such that

[f(t,2) = P(t,x)x| < B(E, ||=]]) for t €[0,0], xR, (12)
2(0) + z(w) — I(z, )| <lo(|z]) + L (llzlls) for @ € BV,([0,w],R"), (13)

where B € Car([0,w] x Ry, R%;A) is a nondecreasing in the second variable vector-function, ly :
BV,([0,w],RY}) — R is a positive homogeneous continuous operator, and l; € C(Ry,R%). Let,

moreover,
b

1 l
kggloo ;/dV(A)(T) -B(7, p) =0y, pHToo 1;'0) =0,. (14)

Then the problem (1), (2) is solvable.

By Yp(x) we denote the fundamental matrix of the system
dy = dA(t) - P(t,2(t)) y
for every = € BV([0,w], R™) satisfying the condition Yp(z)(a) = I,,.

Corollary 4. Let A € BV([0,w],R"*"™), f € Car([0,w] x R*,R™"; A), P € Car([0,w] x R",R"*™; A)
and a continuous operator | : BV,([0,w],R™) x BV,([0,w],R™) — R", satisfying conditions (i) and
(ii) of Definition 5, be such that the conditions (12)~(14) hold, where 3 € Car([0,w] x Ry, R} ; A)
is a nondecreasing in the second variable vector-function, ly : BV4([0,w],R%}) — R% is a positive
homogeneous continuous operator, and Iy € C(Ry,R%). Let, moreover,

inf {|det(l(z, Yp(2)))|: 2 € BV([0,w],R™)} > 0. (15)
Then the problem (1), (2) is solvable.
Remark 2. In Corollary 4, the condition (15) cannot be replaced by the condition
det (I(z,Yp(z))) # 0 for z € BV,([0,w],R™). (16)

The corresponding example for ordinary differential systems, i.e., for the case A(t) = diag(t, ..., t) has
been constructed in [8]. Basing on this example, it is not difficult to construct analogous examples
for the case A(t) # diag(t,...,t). Consider the scalar boundary value problem

||
dm:( +1>dat,x0:—xw,
[ +1) da(t), 2(0) = ~a(v)
where a(t) =0 for 0 <t < cand a(t) = =2 for ¢ < t < w, and ¢ = w/2. Every solution of the system
has the form
x(0) for 0 <t<c,
|(0)](0)

0)—-2 (*
O o)
This problem cannot be solvable because the equation x(0) + z(w) = 0 is unsolvable with respect to
2(0). On the other hand, if we assume P(t,z) = —=L- and I(z,y) = y(0) + y(w), then

z(t) =

—i—l) for e <t <w.

1+]x]
1 for 0 <t<eg,
Y = lm for ce<t<w
for © € BV([0,w], R™) and, therefore,
2

det (I(z, Yp(z))) for € BV4([0,w],R™).

T 1+ fz(o)]

Consequently, all the conditions of Corollary 4 are fulfilled except of the condition (15), instead of
which we have the condition (16).
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Remark 3. In particular, in the results obtained above we can assume I(z,y) = 2(0) + 2(w) and
I(z) = l(xz,z) = 2(0) + z(w). Thus, for instance, the second estimate in condition (ii) of Definition 1
is fulfilled. The condition (7) in Theorem 1 and Corollary 1 as well as the analogous condition in
Corollary 2 coincide with the condition (2). The condition (13) is valid for i{j = 0 and I; = 0.
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