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A NOTE ON THE SUMMATION THEOREM FOR F3[—m,a, A+ 1,1+ 2; 3, ), ;1]

MAHVISH ALI* AND MOHAMMAD IDRIS QURESHI

Abstract. This article aims to obtain a summation theorem for 4 F3[—m,a, A+ 1, u + 2; 8, A, p; 1.
Further, a general series identity is derived. Applications of the results in terms of interesting
Kummer’s type transformation formulas are given. Some numerical examples are also discussed.

1. INTRODUCTION AND PRELIMINARIES

A natural generalization of the Gaussian hypergeometric series o F} [ov, 8;7; 2], is accomplished by
introducing any arbitrary number of numerator and denominator parameters. Thus, the resulting
series

Qp); 1,09, ..., Qp;
» (o) — r 1, Q2 p _ i (a1)n(a2)n ... (ap)n 2" 11
plq 2| = ply 2l = Z ! (1)
(ﬁq)v Blaﬁ?w"vﬁq; n=0 (ﬁl)n(ﬁQ)n(ﬁq)n v

is known as the generalized hypergeometric series, or simply, the generalized hypergeometric function.
Here, p and ¢ are positive integers or zero and we assume that the variable z, the numerator parameters

o1, @2, ..., 05 and the denominator parameters 81, B2, . . ., 84 take on complex values, provided that
B; # 0,—-1,-2,...; j=12....q.
In contracted notation, the sequence of p numerator parameters o, o, ..., q, is denoted by (a,)

with a similar interpretation for others throughout this paper.
Supposing that none of the numerator and denominator parameters is zero or a negative integer,
we note that the ,Fj series defined by equation (1.1):
(i) converges for |z| < oo, if p < g,
(ii) converges for |z| < 1,if p=¢q+1,
(iii) diverges for all z, z # 0, if p > g + 1.
Chu—Vandermonde theorem [7, p. 69, Q.No. 4]:
-M, A ; (B— A)u
o F1 1| = —%—

bl

M=012,..., (1.2)

such that the ratio of Pochhammer symbols in r.h.s. is well defined and A, B € C\ Z; .

Just as the Gaussian o F; function was generalized to , Fj, by increasing the number of the numerator
and denominator parameters, the four Appell functions were unified and generalized by Kampé de
Fériet [1,4] who defined a general hypergeometric function of two variables.

We recall here the definition of a more general double hypergeometric function (than the one defined
by Kampé de Fériet) in a slightly modified notation [11, p. 423, Eq. (26)]:

P q k
B ORI RCAE %0 jl}l(aj>r+sjgl(bj)rjlgl(cﬂs oy
FEI m; n T, Y| = Z 0 m n F§7
(e) = (Bm) 5 () ; re0 [T (@g)res TLO9)- T ()
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where for the convergence,

(i) p+rg<tl+m+1, p+k<l+n+1, |z|]<oo, |yl <oo, or
(i) p+q=L+m+1, p+k=L+n+1and

||V PO |y PO <1, ifp >t
max {|z|, |y} < 1, ifp <t

Lemma 1.1 ({10, p.100]).

Z ZQ(m,n) = Z ZQ(m—n,n),

m=0n=0 m=0n=0

provided that the multiple series involved are absolutely convergent.

It is well known that whenever a generalized hypergeometric function reduces to quotients of the
products of the gamma functions, the results are very important from the point of view of applications
in numerous areas of physical, mathematical and statistical sciences including (for example) in series
systems of symbolic computer algebra manipulation [9].

An important development has been made by various authors in generalizations of the summation
and transformation theorems (see [5,6,8,12]). Very recently, several remarkable transformation theo-
rems for the g-series have been proved by W. Chu in [2]. Further, by making use of divided differences,
new proofs have been presented in [3] for Dougall’s summation theorem for well-poised 7 Fg-series and
Whipple’s transformation between well-poised 7 Fg-series and balanced 4 F3-series.

In this work, our main motive is to find the summation theorem for 4 F3[—m, o, A+ 1, u+2; 8, A, p; 1]
and to obtain some applications.

2. SUMMATION THEOREM

Theorem 2.1. If p, §, o are the non-vanishing zeros of the cubic polynomial Cm?3 + Dm? 4+ Em + G
and o, B, A\, p, —p, =0, —o € C\ Zy ; m € Ny, then the following summation theorem holds true:

—m, aa)‘+1aﬂ+2 ; _ _ _ — _

B, A n - (=P)m (=0)m (=0)m (B)m

)

where the coefficients C', D, E and G are the polynomials in o, B, \, u given as follows:
C =a? —a® —a\+a® )\ — ap + 202 + M — 20\ — ap? + \i?, (2.2)
D =—7a%—a®+ 4028+ 60\ — a®\ — &\ — 3af\ + 2B\ + Tap — 4021 — 203 1 — 4o
+ 2028 — 6\ + Tadu + 4o A + 38 — daBpu + Sap® + 202 1% — 2a6pu? — 6>
— 3a\u? + 38\, (2.3)
E = —da+ 608 — 2a6% — 9a) — 6%\ — o\ + 9af\ + 326\ — 2%\ — 1204
— 70 — &P p+ 1308 + 402 B — 3aB2 1 + 11\ — Ta Ay — 203 A — 126\
+ daBAp 4 402 B + 367w — 2% M — 6ap? — 5a’u? — ol + Safu?
+ 20262 — aB?p? + 11Au? 4 120042 + 302 A p? — 128 12 — 608\ + 3622, (2.4)
G =— 6\ — 1ladp — 602 A\ — o A\p + 118 u + 1208 + 302 B — 632 A — a8\
+ B3 — 6Ap? — 1lapu? — 602 \u? — a3 \p? + 116 % + 12a 6 u? + 302 B>
—66%Mu? — 3afMu? + B3>
=—Cpdo
Ap(p+1) (B—a-1) (B-a—-2) (B-a-3). (2.5)
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Proof. Suppose the Lh.s. of equation (2.1) is denoted by A, then we have

_ U (—m), (a), rCA+pu+2) rr—1DA+2u+4) rr—-1)0r-2)
_z::o [1 " At " Mg+ 1) Mg+ 1)

[_m’ “ 1] n X+ p+2) = (=m)rq1 (@)rq1

A —0 (B)r1 7!

m—2 m— 3

(=m)rt2 (a)r+2 r+3 ()p+3
RS YIESY 2 (B)r42 1! u+1 Z

r=0 r=0 r+5 rl

e 1]+(2/\+/L+2)(—m)1 @, [ —1>,a+1 ; 1]

oI

/\,u (5)1 ﬂ‘i’l
—(m=2), a+2 ; ]
1

B+2
—(m—-3), a+3 ;
1

B+3

Using the Chu-Vandermonde theorem 1.2 in r.h.s. of equation (2.6), we obtain

B=a)m  2A+p+2) (m)1 (1 (B = )
(B)m A B B+ 1m-
A+2p+4) (=m)2 (@)2 (B—)m—2 41 (=m)s (a)s (B—a)m—3
Ap(p+1) B2 (B+2)m—2  Aulp+1) (B (B+3)m-s3
(B @A4pH2)(=m)s (1 (B = )
(B)m ALt (B)m
A+2p+4)(=m)2 (@)2 (B — )m—2 n (=m)3 ()3 (B — a)m-3
Au(p+1) (B)m Ap(p+1) (Bm
B [, @A +pt+2)ma A+2u+4)(—m)2 (a)2
S B U ApB-atm=1) Ap(p+1) (B—at+m=2)
n (=m)3 ()3
Ap(p+1) (B—a+m-—3);
B—a)m [ V(a, B, A, p,m)

T B Mpp+rl) B—at+tm-1) (B—a+m—-2) B—a+m—3)]’ (2.7)

A:

where
U(a, B, \pm) =A p (p+1)(B—a+m—-1)(L—-—a+m—2)(f—a+m—23)
—ma2A+p+2)(p+1)(B-a+m—2)(8—a+m-—23)
+ (=m)(—m + 1) (A +2p +4)(a)(a+ 1)(8 — a+m — 3)
+ (—m)(—m+1)(—m + 2)(a) (e + 1) (. + 2).
Equation (2.7) can be written as

A_(5—0% Cm3+Dm2+ Em+G
B A+ B-a+m-1)(B-—a+m—2) (B-—a+m—3)]’

(2.8)
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Since p, 6, o are the roots of the cubic equation Cm? + Dm? + Em + G = 0, therefore equation
(2.8) can be written as follows:

N (B0 C(m — p)m — 8)(m — o)
B D a Gt D B-a+m—1) (F-atm—2) B-atm—3)
On simplification, we get the assertion (2.1). O

3. GENERAL DOUBLE SERIES IDENTITY

The application of the summation Theorem 2.1 is given by proving the following general double
series identity:

Theorem 3.1. Let {®(¢)}32, be a bounded sequence of arbitrary complex numbers such that ®(0) # 0
and o, B, A\, p, —p, =0, —0 € C\ Z; . Then

=~ D(m+n) () A+ D (p+2)n (=17 275"
Z:Q (B)n N (1)n ml 7l
= ®(m) (pF D (<54 D (0 + D (B— = 3) 2™
=) (=P)m (=8)m (=)m (B)m i (3.1)

where p, 8§, o are the roots of the cubic equation Cm? + Dm? 4+ Em +G =0 and C, D, E,G are given
by equations (2.2)—(2.5) with each absolutely convergent multiple series involved.

Proof. Suppose Lh.s. of equation (3.1) is denoted by =. Then in view of Lemma 1.1, we have

© m (I)(m) (Q)n (>\+ 1)n (,u,+2)n (,1)71 m
22 B O (9 G

=y @(m)ﬁ 3 (=m)n (@) A+ 1D)n (L+2)n

0 m! n—0 (B)n N (1)n n!
& om -m, «, A+ ]-7 ©+ 2 5
= Z ®(m)— 4F3 1
m=0 " By A p ;
Using Theorem 2.1 in r.h.s. of the above equation, relation (3.1) follows. d

4. APPLICATIONS

If p, §, o are the roots of the cubic equation Cm? + Dm? + Em +G = 0 and o, 3, A\, i, —p, —6,
—o € C\ Z;; m € Ny, then we have the following applications:

A
I1 (ai)p
I. Taking ®(p) = F in equation (3.1), we get the following reduction formula:
JUNCOR
(GA) o= aaA+1au+2 ;
FA:O;S _
B:0;3 %y TR
(bp) : — B, A ;
a1,...,a4, —p+1, =64+1, —c+1, B—a—3 ;
=a+4FB 14 z|l,

b17"'7bBa - P _5a —0, B )
subject to the convergence conditions:

2| <3, fA=B+1
|z| < o0, if A< B.
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II. Taking A =1, a1 = d, B =0 in equation (3.1) and putting z = 1%3’?/, we get the following
Pfaff-Kummer-type transformation formula:

d7 047)\+17M+2 )

43 Y
By A p ;
d, —p+1, =6+1, —0+1, B—a—-3 ;
=(1—y) " 5F = (4.1)
-P _5a —0, B 5

where |y| < 1, Re(y) < % and a, B, A\, u, —p, =0, —o € C\ Z;.
III. Taking A = B = 0 in equation (3.1) and putting z = —y, we get the following Kummer’s
type first transformation formula:

a, A\+1, p+2
33 Yy
B, A w ;
—p+1, —04+1, —o+1, B—a—3
=exp(y) 4Fy —Yl (4.2)
=P *63 —0, 6 5

where |y| < oo and «, 8, A\, u, —p, =0, —0 € C\ Z; .

In this section, we consider some numerical examples.

5. NUMERICAL EXAMPLES

Taking o =2, =3, A= 2, = I in equations (2.2)-(2.5), the numerical values of C, D, E and
G are obtained as follows:

1 14 1579 6125
= — — D = — E = - = ——
¢ 3’ 3’ 24 7 ¢ 48
The cubic polynomial equation Cm? + Dm? + Em 4+ G = 0 becomes
16m® — 224m? + 3158m + 6125 = 0. (5.1)

The roots p, 6 and o of equation (5.1) are obtained approximately as:
p=—170749, 6 ="7.85375+i12.7481, o = 7.85375 —i12.7481.

Now, substituting the values of «, 8, A, u, p, 6 and o in equations (4.1) and (4.2), we get the
following Kummer-type transformation formulas:

d> 27 %7 ? 5
413 Y
3 5 T .
27 47 3 ’
d, 270749, —6.85375 — i12.7481, —6.85375 + i12.7481, —% ;
=(1-y) *sF % ,
1.70749, —7.85375 — i12.7481, —7.85375 + i12.7481, 3
where |y| < 1, Re(y) < 3 and
2a %7 %3 )
3l3 Yy
3 5 T .
27 47 3 )
2.70749, —6.85375 —¢12.7481, —6.85375 + ¢12.7481, —% ;
=exp(y) 4F4 -y,

1.70749, —7.85375 — i12.7481, —7.85375 +i12.7481, 3 ;
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where |y| < oo.

Several other examples can be obtained in a similar manner by considering different values of «, 3,
A and p. The extensions of the summation theorems to hypergeometric functions containing arbitrary
number of pairs of numerator and denominator parameters will be taken as future aspect.

APPENDIX

The roots p, §, o of the cubic equation Cm3 + Dm? 4+ Em+ G = 0 are calculated by using Wolfram
Mathematica 9.0 Software. The values of p, 6 and o are given as follows:
__D
P="3C
21/3 (—D? 4+ 3CE)

1/3
3C (21)3 +9CDE — 27C2G + \/4 (—=D2 + 3CE)® + (—2D3 + 9CDE — 27C2G)2)

1/3
(—21)3 +9CDE — 27C%G + \/4 (=D2 + 3CE)® + (2D + 9CDE — 27C2G)2>

+ 3 x 21/3C
D
b=——
3C
N (1+14v3) (-D? + 3CE)
1/3
3 x 22/3C (—2D3 +9CDE — 27C?G + \/4 (=D2 + 3CE)® + (2D + 9CDE — 2702G)2>
, 1/3
(1-iv3) (—2D3 +9CDE — 27C2%G + \/4 (=D2? + 3CE)® + (=2D3 + 9CDE — 27C2G)2)
B 6 x 21/3C
__D
777 3C

(1—1iv3) (-D? + 3CE)

+

: 1/3
3 x 22/3C (—2D3 +9CDE — 27C%G + \/4 (=D? 4 3CE)® + (—2D3 + 9CDE — 27026:)2)

1/3
(1+iv3) (—2D3 +9CDE — 27C?*G + \/4 (=D? 4+ 3CE)® + (=2D3 + 9CDE — 27(}2G)2)

6 x 21/3C
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MIXED BOUNDARY-TRANSMISSION PROBLEMS OF THE GENERALIZED
THERMO-ELECTRO-MAGNETO-ELASTICITY THEORY FOR PIECEWISE
HOMOGENEOUS COMPOSED STRUCTURES

TENGIZ BUCHUKURI!, OTAR CHKADUA!2 AND DAVID NATROSHVILI3-4

Abstract. The paper is devoted to the investigation of mixed boundary-transmission problems for
composed elastic structures consisting of two contacting anisotropic bodies occupying two three-
dimensional adjacent regions with a common contacting interface, being a proper part of their
boundaries. It is assumed that the contacting elastic bodies are subject to different mathematical
models. In particular, we consider Green-Lindsay’s model of generalized thermo-electro-magneto-
elasticity in one elastic component, while in the other one, we considered Gree Lindsay’s model of
generalized thermo-elasticity. The interaction of the thermo-mechanical and electro-magnetic fields
in the composed piecewise elastic structure is described by the fully coupled systems of partial dif-
ferential equations of pseudo-oscillations, obtained from the corresponding dynamical models by the
Laplace transform. These systems are equipped with the appropriate mixed boundary-transmission
conditions which cover the conditions arising in the case of interfacial cracks. Using the potential
method and the theory of pseudodifferential equations on manifolds with a boundary, the uniqueness
and existence theorems in suitable function spaces are proved, the regularity of solutions is analyzed
and singularities of the corresponding thermo-mechanical and electro-magnetic fields near the inter-
facial crack edges are characterized. The explicit expressions for the stress singularity exponents are
derived and it is shown that they depend essentially on the material parameters. A special class of
composed elastic structures is considered, where the so-called oscillating stress singularities do not
occur.

1. INTRODUCTION

In the present paper, we consider a boundary-transmission problem for a composed elastic structure
consisting of two contacting bodies occupying two three-dimensional adjacent regions Q1) and Q(2)
with a common contacting interface, being a proper part of the boundaries Q") and 90 (see Figure
1). We analyze the case in which contacting elastic bodies are subject to different mathematical
models. In particular, we consider Green-Lindsay’s model of generalized thermo-electro-magneto-
elasticity in QM) and Green-Lindsay’s model of generalized thermo-elasticity in Q2. Theoretical study
of such problems attracts great attention due to the widespread application of modern sensing and
actuating devices based on the ability to transform mechanical, electric, magnetic and thermal energies
from one form to another. Therefore, the mathematical models having regard to the coupling effects
between thermo-mechanical and electro-magnetic fields in elastic composites became very popular
over the last decades (see, e.g., [1,28,29,34], and references therein).

A remarkable feature of the generalized Green-Lindsay’s model is a finite speed of heat propagation
in contrast to an infinite speed of heat transfer occurring in the classical heat equation theory (see,
e.g., [32]).

We investigate a general mixed boundary-transmission problem for the above described two-compo-
nent elastic structure with the appropriate boundary and transmission conditions which cover the
conditions arising in the case of interfacial cracks. In each region we consider the corresponding

2020 Mathematics Subject Classification. 35B65, 35C15, 35D30, 35J47, 35J57, 35505, 45M05, 47A50, 47G30, 47G40,
74A15, T4E30, 74F05, 74F15, 74G70, 7T4H35.

Key words and phrases. Generalized thermo-electro-magneto-elasticity; Piezoelectricity; Green—Lindsay’s model;
Mixed problems; Interfacial crack problems; Boundary-transmission problems; Potential method; Pseudodifferential
equations; Asymptotic properties of solutions; Stress singularity exponents.
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system of partial differential equations of pseudo-oscillations containing a complex parameter 7. These
systems are obtained from the corresponding dynamical models by the Laplace transform.

Using the potential method and the theory of pseudodifferential equations on manifolds with a
boundary, we study the mixed boundary-transmission problems and prove the uniqueness and ex-
istence of solutions in appropriate function spaces. Further, we analyze regularity of solutions and
characterize singularities of the corresponding thermo-mechanical and electro-magnetic fields near the
exceptional curves (crack edges, lines where the different type boundary conditions collide, and inter-
face edges). In the upcoming papers, we plan to use the obtained results in the study of asymptotic
properties of solutions of the corresponding dynamical problems.

Remark that in [8], we have investigated the mixed type boundary value problems of the theory
of generalized thermo-electro-magneto-elasticity for homogeneous anisotropic materials with interior
cracks. The interfacial crack problems for multilayered piecewise homogeneous anisotropic nested
elastic structures, when all interacting components are subject to generalized thermo-electro-magneto-
elasticity model with distinct material parameters in distinct elastic components, are considered in
the reference [26]. The present investigation can be considered as a continuation of papers [5,8-10,24]
and [26], but it turned out to be more difficult as far as it refers to the interaction between different
dimensional physical fields (for the six-dimensional field in Q") and four-dimensional field in Q) see
the problem setting in Subsection 2.4).

The paper is organized as follows. In Section 2, we describe the geometrical structure of the elastic
composite body consisting of two interacting components, write down the governing pseudo-oscillation
equations of Green-Lindsay’s model of generalized thermo-electro-magneto-elasticity (GTEME model)
and generalized thermo-elasticity (GTE model), formulate the mixed boundary-transmission problem
and prove the uniqueness theorem in appropriate function spaces. In Section 3, we reduce equiv-
alently the boundary-transmission problem to the system of boundary pseudodifferential equations,
investigate the mapping properties of the corresponding pseudodifferential operator and prove the
invertibility of the pseudodifferential operator in appropriate Bessel potential and Besov spaces. Fur-
ther, we prove the theorem on the existence of solutions to the original mixed boundary-transmission
problem, study asymptotic properties of solutions and their derivatives near the exceptional curves
and evaluate explicitly the corresponding stress singularity exponents. It should be mentioned that in
our analysis, we essentially use some approaches and results presented in [7] and [8]. In Section 4, we
consider a particular case when an elastic solid medium occupying the region Q) belongs to the 422
(Tetragonal) or 622 (Hexagonal) classes of crystals or to the class of transversally isotropic materials,
while the solid medium occupying the domain Q3 is an isotropic material. These types of media
includeF some key polymers and bio-materials (see [31]). For this particular problem, we analyze the
asymptotic properties of solutions near the interfacial crack edges and derive explicit expressions for
stress singularity exponents, playing an essential role in fracture mechanics. The stress singularity
exponents essentially depend on the elastic, piezoelectric, piezomagnetic, dielectric and permeability
constants. We prove that unlike the classical elasticity theory, in the case under consideration we have
no oscillating stress singularities for physical fields near the interfacial crack edges. However, it should
be mentioned that in comparison with the classical elasticity case, the stress singularity exponents
increase and are greater than %, in general.

In Appendix, for the reader’s convenience, we collected some auxiliary results used in the main text
of the paper.

2. FORMULATION OF THE MIXED BOUNDARY-TRANSMISSION PROBLEM

2.1. Geometrical configuration of the composite. Let Q) and Q) be the bounded disjoint
domains of the three-dimensional Euclidean space R? with boundaries 9Q (") and 99 (2, respectively.
Moreover, let Q™M) and 99 (®) have a nonempty, simply connected intersection T := 9Q M) N o2 of
positive measure. From now on, I' will be referred to as an interface. Throughout the paper, n = n
and v = n(? stand for the outward unit normal vectors to Q) and to 9Q ), respectively. Clearly,
n(x) = —v(x) for x € T



MIXED BOUNDARY-TRANSMISSION PROBLEMS 165

o

02
Sn2
n
R
] |
n nu
o1 Sn
Sd

FiGURE 1. Composed body.

Further, let T' = 'y U ¢, where I'¢ is an open, simply connected proper part of I'. Moreover,
I'rNTc=@and OI'NT'¢c = @.
We set SJS?) = 0Q@N\T and SM := 9Q W\ T. Further, we denote by Sg) some open, nonempty,

proper sub-manifold of S and put S Js,l) = AV S). Thus, we have the following dissections of
the boundary surfaces (see Figure 1):

90M =T7uTeusPusy, 0@ =TruTeus?.

Throughout the paper, for simplicity, we assume that 9Q (%), 9Q 1), 85&,2), ol'r, 0l ¢, 8551)7 35181)

are C>°-smooth and 90 (2 N 5[()1) =g.

Let QM be occupied by an anisotropic homogeneous elastic medium revealing thermo-electro-
magnetic properties described by Green-Lindsay’s model of generalized thermo-electro-magneto-elas-
ticity and Q(® be filled by an anisotropic homogeneous elastic medium (e.g. metallic solid) with
properties described by Green-Lindsay’s generalized thermo-elasticity model. These two bodies inter-
act along the interface I' with the interfacial crack I'c. Moreover, it is assumed that the composed
body is fixed along the sub-surface S [()1) (the Dirichlet part of the boundary 99 (), while on the
sub-manifolds S ]S,Q) and S ]S,l) we have the Neumann type boundary conditions.

In the domain Q1) we have a six-dimensional physical field described by the displacement vector
u® = (ufl),uél),uél))T, the electric potential u4(1) = ¢ the magnetic potential uél) =@,
and the temperature distribution function uél) = 9, while in the domain Q) we have a four-
(2), u ?SQ))T

dimensional thermoelastic field represented by the displacement vector u (2 = (ul(z), Uo and

temperature distribution function uf) = 9@ The superscript ()T denotes transposition operation.
Throughout the paper, the summation over the repeated indices is meant from 1 to 3, unless
otherwise stated.

2.2. GTE Model. In the domain Q) of the composed body, the system of pseudo-oscillation equa-
tions obtained from the dynamical equations of the generalized Green-Lindsay’s linear model of ther-
moelasticity in matrix form reads as (see [7,11])

A® (0z, 7)U (2)(90, T)=2 ) (z,7),
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where U (2) = (ul(Q),UQ(Q),u?EQ),uf))T = (u®@,9@)7T is a sought for complex-valued vector function,

o2 = (@gz), ces q>£12))T is a given vector function, and

AD(,,7) = A2 (0, 7)]

4x4
[c r]kla 0 — 9(2 T 5rk]3><3 (14 I/(Q) )/\( )8-]3X1

Tj
= . (2.1)
2 2
[—'r)\él ]1x3 un )8 o — Td( ) _ Qh(g ) i
Here, 7 = 0 + iw is a complex parameter, u(? = (ul( ) u2(2) u352))‘r is the displacement vector,
(2) = 9® = T@ _ 1T, is the relative temperature (temperature increment), o(® is the mass

(2) (2) (2)

densfny, Cijk are the elastic constants, »,; are the thermal conductivity constants, A, " are the

coeflicients, coupling thermal, electric and magnetic fields, VSQ) and héz) are two relaxation times,
do(z) is the constitutive coefficient; Ty > 0 is the initial temperature, i.e., the temperature in the
natural state in the absence of deformation and electromagnetic fields. We employ the notation
0= 8:” = (81,(92,83), aj = 6/8$j

For an isotropic medium we have (see [22]):
(2)k =13 04 5lk + /J (511 6]](3 + Ok (Sjl) )‘i(jZ) =2® (5”», 771-(]-2) =7 @) 5ij7 (2.2)

where A and (?) are the Lamé constants and §;; is Kronecker’s delta.
The stress operator in the generalised thermo-elasticity theory has the form

TP (0,v,7) = [ T, (0,0,7) ] 414

| e vidlaxs =0+ DA vilsa
(0] 7731 ’/Jal A
Note that for a four-dimensional vector U (?) = (u; (2), u2(2) 2) (2))T we have

) u3( I U4
T (8, v, 7)UP = (US)VJ,O'Q?)I/], oé?)yj, —To_lqj@)yj)T,

where U,(é), k,j = 1,2,3, are components of the stress tensor, o0(2) = (Ugi)uj,agi)vj,ag)yj) is the

mechanical stress vector and ¢ = q( )

details see [7]).
The constants involved in the above equations satisfy the following symmetry conditions:

v; is the heat flow across the surface element with normal v (for

2 2) 2 2 2 2 2) ..
cZ(Jk)l—cﬂkl—c,gh)j, /\Z(J) /\j(l), T]Z(J)—UJ(Z), i,7,k,1=1,2,3. (2.3)

Moreover, from physical considerations related to the positive definiteness of the potential energy, it
follows that there exist positive constants cg and ¢y such that

”kl gz] fkl Co Ez] §1j7 "7” glg] Cc1 fz fz for all fij = gji c R, fj c R, 1,7 =1,2,3. (24)
In particular, the first inequality above implies that the density of potential energy

E® (u @) u (2)) (jl)k s (2) sl(k2)7

corresponding to the real-valued displacement vector u(?), is positive definite with respect to the
symmetric components of the strain tensor sl(,f) = 5,512) 2-1(oy, uj(Q) +0; u,§2)).

By A(z’o)(fzf) with ¢ € R we denote the principal homogeneous symbol matrix of the operator
AR, 1),

[Cr(?;)glfj&]sxa [0]3x1

ARO (_je) = AR (jg) = —ARO (&) = —
[0]1x3 ;1 )5151

4x4
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The symmetry conditions (2.3) and inequalities (2.4) imply that the matrix A2 (¢) is positive defi-
nite, i.e., there is a positive constant C' depending only on the material parameters such that

(ARO()C-¢) = (= A (—ig)C - ¢) = (Z AGV(©)6C) = Cleier?
k,j=1
for all £ € R® and for all ¢ € C*.

Here and in what follows, the central dot denotes the scalar product in the space of complex-valued
vectors C™ and the over bar denotes complex conjugation.

2.3. GTEME Model. In Q)| the thermo-mechanical and electro-magnetic fields are governed
by the following pseudo-oscillation system of equations of Green-Lindsay’s thermo-electro-magneto-
elasticity theory (see [7]):

AV (0, UMD (2, 7) = dW (2, 7),
where

A(l)(axv T) = [Aé};)(aam 7—)} 66

[cﬁil@ﬁz—a)“)ﬁém]axs [ez(:;ajalbxl [ql(ij)ajal]sxl 1+ 50 7)AD 0531

[l ;1% 8,0 a'P0;0 —(1+ 5 )M 05
(¢ 1100013 a'}) 0,0, ut) 00, ~(1+ 5P r)m{Pa;
[—M,ﬁ?&l]lxg Tpl(l)& Tmll)ﬁl n](.ll)ﬁjal — Tzh(()l) — Tdél) 6

is the differential operator associated with the pseudo-oscillation equations of the thermo-electro-
magneto-elasticity theory, obtained by the Laplace transform from the corresponding dynamical
equations, UV = (ugl), u(l) ugl)mg),uél), (1 )) = (uM, oM M Y1) T is the sought for complex-
valued vector function, u(l) = (u 51), gl), gl)) denotes the displacement vector, ¢ and ¢ stand
for the electric and magnetic potentials and ¥ (V) = T'(1) — T}, is the relative temperature (temperature

increment), and o) = (<I>(11), ey @él))T is a given vector function. Here we also employ the following

notation: o) is the mass density, gl)kl are the elastic constants, eg.}c)l are the piezoelectric constants,

q(k)l are the piezomagnetic constants, %( ) are the dielectric (permittivity) constants, ,uﬁ) are the

magnetic permeability constants, a(.}c) are the electromagnetic coupling coefficients, p§-1) m§-1)

and
)\%) are the coefficients, coupling thermal field with displacement, electric and magnetic fields, 77( )

are the heat conductivity coefficients, Tj is the initial reference temperature, that is, the temperature

1) and p(Y

in the natural state in the absence of deformation and electromagnetic fields, v’ and are two

relaxation times, ao ) and d( are some constitutive coefficients.
Throughout the paper, we assume that the time relaxation parameters I/él)

operators (2.5) and (2.1) are the same and we set

1/(()1) = y(()Z) = 1.

(2)

and 1~ involved in

The constants involved in the above equations satisfy the following symmetry conditions:

1 1 1 1 1 1 1)
Cij)kl Cﬁ&l—czizijv eil;_eég)ﬁ ql(cl; qlE:jl’

(2.6)
1 1 1 a 1 1 1 1 1
From physical con81derat10ns it follows that (see, e.g., [3,27,32]):

Cg‘)szrjfkl > 808k &kt %;g)ﬁkfj > 5§1)|§|2» /Jk])fkfg > 6, |¢)?, Wk])fkﬁg > 031¢?, 27)

for all &; = &, € R and for all € = (&,6,&) € R?,
v >0, bV >0, d"v—n{" >0, (2.8)
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where dg, 01, d2, and d3 are the positive constants depending on material parameters.
Due to the symmetry conditions (2.6), with the help of (2.7), we easily derive

ciﬁz@j@ > 60CkiCris %]i;)Ck?j > 611¢)%, Mz(clj)Ck?j > 82| ¢P?, nl(ci)Ck?j > 3] ¢,
for all ¢x; = (1 € C and for all ¢ = (1, (o, (3) € C°.

More careful analysis related to the positive definiteness of the potential energy and the thermody-
namical laws insure that the following 8 x 8 matrix

(2.9)

[%](‘ll)]SXB [a;:],l)]SXS [pgl)]&d [V0p§l)]3><1
M= [M ] L [aﬁ.})hxa [/ig-})]gx:s [m§_1)]3><1 [Vomj]gxl (2 10)
= kjl8x8 = (1) (1) d(l) h(l) .
[Py hixs  [my hixs 6 ¢
[Vopg'l)}lxs [V0m§-1)]1><3 h((Jl) yohél) s

is positive definite (see [7]). Note that the positive definiteness of M remains valid if the parameters

p§-1) and mg-l) in (2.10) are replaced by the opposite ones, —pg-l) and —m§1). Moreover, it follows that

the matrices 0 0
1 . 1 (1) (1)
A(l) — [%kj ]3><3 [akj ]3><3 A(Q) _ dO h’O (211)

1 1 ’
[al(cj)]3><3 [Ml(gj)]Sxfi 656 ht()l) voho 9%
are positive definite as well, i.e.,
4y GG+ i (GC 4 GG + i GG = m (P + [ v et (2a2)
d(()l)|2’1‘2 + h0(215+7122) + Voh(()l)|22|2 > Hgl)(|2ﬁ1|2 + |22|2) V21,29 € C, (2.13)

with some positive constants
(for details see [7]).

The stress operator 71 (Oz,n,T) in the generalized thermo-electro-magneto-elasticity theory reads
as

T(l)(ﬁx,n,ﬂ = [7;((11)(83:,11,7') }

gl) and /{él) depending on the material parameters involved in (2.11)

6x6
[Cg‘)kmj@z]sx:s [6l(7]:])‘njal]3><1 [ql(:}njﬁl]gxl [—(1+ VOT))\%')nj]gxl
[—elynidilixs o) n;0 a$y n 0, —(+ vor)pPn;
[~ aunsdilie a5’ nid T —(1 + vor)m$Vn;
[0]1x3 0 0 7Pnjo »

Note that for a vector U1 := (u(l), ORI 19(1))T, the components of the corresponding general-
ized stress vector 7(1) UM have the following physical sense: the first three components correspond to
the mechanical stress vector in the theory of generalized thermo-electro-magneto-elasticity, the forth
and the fifth components correspond to the normal components of the electric displacement vector
and the magnetic induction vector, respectively, with opposite sign, and finally, the sixth component
is (—T5 ') times the normal component of the heat flux vector (for details see [7, Ch.2]).

Denote by A10)(—i¢) with ¢ € R® the principal homogeneous symbol matrix of the differential
operator A1 (9,,7). We have

[—Cgilfj&hxs [—el(ij)-ﬁjﬁl]3x1 [—ql(:j)fj&]sm [0]3x1
[eﬁ)lfjfl]lxs —%J(-ll)fjfl —aﬁ)fgfz 0
[qj(-llc)lfj&hxs _aﬁ)fjfl —Mﬁ)ﬁj& 0

[0]1x3 0 0 —77](-11)53'51 656

AT (—ig) = —AL0(g) =
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From the symmetry conditions (2.6), inequalities (2.7) and the positive definiteness of the matrix
A™ defined in (2.11) it follows that there is a positive constant C' depending only on the material
parameters such that

6

Re (= A0 (—ig)¢ - ¢) =Re ( 3 ALV(€¢C) = ClePICP

k=1
for all € € R® and for all ¢ e CS.

Therefore, —A™M)(9,, ) is a non-selfadjoint strongly elliptic differential operator.

2.4. Formulation of the Mixed Boundary-Transmission problem. By W, H; and B; , with
r>20,s€eR, 1 <p<oo,1<q< oo, we denote the Sobolev—Slobodetskii, Bessel potential, and
Besov function spaces, respectively, (see, e.g., [33]). Recall that Hy = W3 = Bj,, HS = Bj,,

W; = p p»and Hp k— Wk for any r > 0, for any s € R, for any positive and non-integer ¢, and for

any non-negative 1nteger k

Let My be a smooth surface without boundary. For a proper sub-manifold M C My, we denote
by Hs(M) and B; (M) the subspaces of Hs(My) and B (M), respectively,
HiM)={g: g¢ H?$(My), supp g C M},

p
By (M) ={g: g€ B} (Mo), supp g C M},

P;q

while H3(M) and B; (M) stand for the spaces of restrictions on M of functions from H;(M,) and
B ,(Mo), respectively,

HyM) ={rf: f€H(Mo)}, By M)={ruf: feB,, (Mo},
where r,, is the restriction operator onto M.
Now we formulate the mixed boundary-transmission problem: Find vector functions

U = (®, oM @0 9T = (VT . a® - b,
U@ = @@ 97T = @@, .. a7 @ 5t

belonging, respectively, to the spaces [I/[/pl(ﬂ(2))]4 and [VVp1 (NS with 1 < p < oo and satisfying
(i) the systems of partial differential equations:

AV (0, VUM =0 in QD) (2.14)
A9, ) UP =0 in QO (2.15)
(i) the boundary conditions:

{(TD(8y,n,7) UD} = QD on S, (2.16)

(T @0y, 0,7) U}V = QP on 5P, (2.17)

(U = f @ on g0 (2.18)

{(u"}* = fi on T, (2.19)

{u"}* = f5 on I, (2.20)

(iil) the transmission conditions on T'r :

[V (@Y = Ty, =123 (221
(Y 6t ot i
{700, U]} +{ITP @, v 1)U} = Fyy on T, j=12,3,  (2.23)

{[TD(@arn, UV} + ([T (00,0, U]} = Fi, on Ty, (2.24)
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(iv) the interfacial crack conditions on T'c:
{TO@s,n, ) UM} = QW on T, (2.25)
{7'(2)(83071/, T) U(2)}+ = @(2) on I'c, (2.26)

wheren = —v on T,
QW = (Q“’ & Qé”, 0.0, € (B (sW)]",
QW = (@108 Q.0 Q. Q)T € [Brf (o)),
Q® = (Q <2’, 2.0 e [Brs)
Q(2) (Q1(2 QQ?)7 )’@f))-'— c [B;E(FC)]‘*, (2.27)
= (
= (

FO = (£, 50 0, D, “’)Te[Bpp (sHH1°,

Fis for fo S f6) T € [Bop® (T1)]°,
F=(F,FyFsF) € [B;,?(FT)}“.

Note that, in addition, the functions F}, Q;l), @gl), @],(2) and Qj(2) have to satisfy some evident
compatibility conditions (see Subsection 3.1, inclusion (3.22), (3.23)).
We have the following uniqueness theorem for p = 2.

Theorem 2.1. Let Q) and Q) be the Lipschitz domains and either T = o + iw with o > 0 or
7 = 0. Then the mized boundary transmission problem (2.14)—(2.26) has at most one solution pair

(UM, UR)Y in the space [W3 (2 M)]6 x Wi (Q@)]4, provided mes 51(31) > 0.
Proof. Proof of the theorem is quite similar to that of Theorem 1.1 in reference [6]. O

Later we will prove the uniqueness theorem for p # 2.

To prove the existence of solutions to the above formulated mixed boundary-transmission problem,
we use the potential method and the theory of pseudodifferential equations. To this end, we introduce
the following single layer potentials:

VOGO ) = [ IO - gD () d,S,
a0
VOGO @) = [ Ty h@ )8,
902
where T (2, 7) and T (, 7) are the fundamental matrices of the differential operators A1) (9,,7)
and A (9,,7), respectively, h(1) = (hl(l), . .,hél))—'— and h(®) = (hl(z),...,hf))—r are the density
vector functions. The explicit expressions of the fundamental matrices T' ) (z,7) and T'®(z,7) and

their properties can be found in references [7] and [8].
We introduce also the following boundary integral operators generated by the single layer potentials

HOD)) = [ TOGE— ) h0 )5 2 conl, (2.28)
oN)

KWD(hW)(2) = / T, n(2), )TV (2 —y, 7) MV (y) d, S, =z € INDY, (2.29)
o0 1)

HO (h®)(z) = / T~y ) B () d,S, =€ o0, (2.30)

o0(2)
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KEMM”M@::/‘TQ&unwmﬂﬂ”@—yn»M”@w@& z € 00®). (2.31)
oN(2)

Note that 7-[9) and 7—1&2) are pseudodifferential operators of order —1, while ICQ) and IC(Tz) are pseu-
dodifferential operators of order 0, i.e., singular integral operators (for details see Appendix).
Now, we formulate several auxiliary lemmas proved in reference [8].

Lemma 2.2. Let Ret =0 >0 and 1 < p < co. An arbitrary solution vector U € [W}(Q@)]* to

the homogeneous equation A (0, 7)U @) =0 in Q3. can be uniquely represented by the single layer
potential

Uve® = yo ([pp)}—lx(z)) in 0@
where )
_ -2 4

P® =271+ K®, YO ={TOUP} € [B,p00®)]", (2.32)
and K2 is defined by (2.31).
For the mapping properties and invertibility of the operator PT(Q) in appropriate function spaces see
Theorem 5.4.
Lemma 2.3. Let Ret =0 >0 and

PY = 27 [ 4+ KW 4 gD, (2.33)

where K and HY are defined by (2.29) and (2.28), respectively, and 8 is a smooth real-valued scalar
function on S, not vanishing identically and satisfying the conditions

B=0, suppfcCSy. (2.34)
Then the operators
s 6 s 6
Ph  [Hi(09M)] — [H(09QM)]7,
s 6 s 6
Pl [ B (09M)]" — [ B (09M)]
are invertible for all 1 <p < o0, 1 < g < 00, and s € R.

As a consequence, we have the following

Lemma 2.4. Let Rem = ¢ > 0 and 1 < p < co. An arbitrary solution U™ € [W;(Q(l))]ﬁ to the

homogeneous equation A(l)(ax,T)U(l) =0 in QO can be uniquely represented by the single layer
potential

UD =y ([PO] ) in O,
where )
x ={TOUOY 4+ UM} € [B, f(00M)]°.
3. THE EXISTENCE AND REGULARITY RESULTS

3.1. Reduction to boundary equations. Let us return to problem (2.14)—(2.26) and derive the
equivalent boundary integral formulation. Keeping in mind (2.27), let

co . [ o sP Lo [@® on S,
Q(l) on F07 Q(Q) on FC7 (31)
aW e B,y ure) ], 6@ e B PSP ure)],
and

_1 6 _1 4
GV = (G G € [Bog (09M)]°, G = (G, GE)T € [Bpp (09" (3.2)
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be some fixed extensions of the vector functions G and G ), respectively, onto Q1) and 99 ()
preserving the space. It is evident that arbitrary extensions of the same vector functions can then be
represented as

GV =gV +p+rM, @D =gl 4@,

where

= (1. 00) € B p,p<s<”>}7
RO = ()T € [ By ()]
4
RO = . )T € [ Bk ()
are arbitrary vector functions.

We look for a solution pair (U (), U(?)) of the mixed boundary-transmission problem (2.14)—(2.26)
in the form of single layer potentials

0 = @, )T = VO (PO G 4w+ h D)) in 20, (3.4
U(Q) = (ul(Q)u e 7u452))—r = VT(Q)( [PT(Q) ]_1 [G(§2) + h(Q)} ) in 9(2)’ (35>

6 (3.3)

)

where PV and P{? are given by (2.33) and (2.32), and A, h(® and 4 are the unknown vector
functions satisfying inclusions (3.3).
Keeping in mind (2.34), we see that the homogeneous differential equations (2.14), (2.15), the
boundary conditions (2.16), (2.17) and the crack conditions (2.25), (2.26) are satisfied automatically.
The remaining boundary and transmission conditions (2.21)-(2.24) lead to the system of pseudo-
differential equations for the unknown vector functions v, h") and h(?,

P [HO[POIH(GE + ¢+ hM) ] = £ on S5, (3.6)
D

rep [HO[PO)H(GE + ¢+ 0] = f; on T, j=4,5, (3.7)

rep [ (PO G + 0+ O] = [HP [PPIHG + 1)) = f; on T,
J=123, (3.8)
Te, [’H(l) [PT(l)]—1 (G(()l) ++ h(l))]G —rp [HT(z) [P7E2)]—1(Gé2) + h(z)ﬂ4 = f¢ on I'p, (3.9)
re |G+ 9+ D) 4 (G + P =F; on Ty, j=1,2,3, (3.10)
re, (G + 90+ B DVJgtr [GF) + 0Py = Fy on Ty (3.11)

After some rearrangement we get the system of pseudodifferential equations
P [HO P (@ +0O) ] = O on SE), (3.12)
D
rep [HO[POT (¢ 4+ 0D) ] = f; on Tr, j=4,5, (3.13)
rep O PO (4 O] v [HP [PR]H(R)] = F on Tr, j=1,2.3,  (3.14)
re. [Hﬁl) [P~ (4 + h(l))]ﬁ —r, [HT@) [pT(2)]71(h(2))]4 = fo on I'p, (3.15)
re, B 41 BP =F; on Tr, j=1,2,3, (3.16)
TFThél)—i—rr h(Q) Fy on Ty, (3.17)
where
1 — -5
= T [HO P16V, € Bpy? (SH)), k=T.6, (3.18)
_ 1-1 .
fii= 8 = rey [HOPOT GV € Byy? (D), j = 4,5, (3.19)
_ _ 1-1 ‘

=i+, (MO PGP — e [HO[PO] GV € By (Tr), j=1,2,3,  (3.20)
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~ _ 1—1

fo:=fotr, [HPPO) LGP, —re, [HY PO GV, € By (Tr), (3.21)
Fj:=F;j—r. Gy —r. G ETFTB,,,; (T'r), j=1,2,3, (3.22)
Fyi=Fy —r. Gy —r. G er, Bpj (Tr). (3.23)

Inclusions (3.22), (3.23) are the compatibility conditions for the mixed boundary-transmission problem
under consideration. Therefore, in what follows, we assume that F}; are extended from I'r onto the

~ .1
manifold 9Q ) U QM \ 'y by zero, ie., F; € B, j (T'r), j =1, 4.
Introduce the Steklov—Poincaré type 6 x 6 matrix pseudodifferential operators

AD = HW PO 4D =y @ (p@)7

Let
[ (A7('2))11 (AT(Q))lz (AT(Q))B 0 0 (Ar(2))14 |
(AP (AP (AP)es 0 0 (AP)y
B2 ._ (AT(Q)):n (AT(Q)):Q (Ar(2))33 00 (AT(Z))34
T 0 0 0 00 0
0 0 0 0 0 0
L (A (AP (AP 0 0 (AP 636

Taking into account equations (3.16) and (3.17), we can rewrite equations (3.13), (3.14), (3.15) in a
matrix form and, finally, the whole system (3.12)-(3.17) can be rewritten as follows:

"o AW ( + hW) = O on S5, (3.24)
re, A (@ +pW) 4+ BPRD =7 on Ty, (3.25)
e, h(1)+rr h? =F on I'r, j=13, (3.26)
h(l) +r. hf) = F, on I'p, (3.27)
where

FO = (0 BT € (Bt (591", (3.28)
Gi= @230 € [Bon’ (Tn)]°, (3.29)
gi = Fi e, [HP[PO]VF], j =13, (3.30)

Gi =1, 55 =J5 G5 =Jo+1, [’H(Tz)[PT(Q)]’lﬁh,
Fi=(F,....Fy)" € [Bp,zé’ (rr) )" (3.31)

It is easy to see that the simultaneous equations (3.12)—(3.17) and (3.24)—(3.27), where the right-hand
(

sides are related by equalities (3.18)—(3.23) and (3.28)—(3. 31) are equivalent in the following sense: if
~_1 1 Zh
the triplet (¢, h(Y), h ) € [B, (Sg))] x [Bp 2 (T1)]® X [Byp.2 (I'7)]* solves the system (3.24)—(3.27),

(r
then (¢, h(1), h(?)) solves the system (3.12)—(3.17), and vice versa.

3.2. The Existence theorems and regularity of solutions. Here we show that the system of
pseudodifferential equations (3.24)—(3.27) is uniquely solvable in appropriate function spaces. To this
end, let us introduce the notation

1 1
ng) A,(r ) 7‘5(1) A‘(r ) ng) [0]6><4
Noi= | o AP v (4D £ B2 v (0] :
"rp [0axo Trp Laxs (L E R PP
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1 00000
;|01 0000
X6-=19 0 1 0 0 0
00000 1],
Further, let
-0 0 BT, 7 7.3 B
s 6 s 4
Xp :[ p,p ] [ FT)] [Bp,p(FT)] )
Y; — [Bs-H S(l )]6 [BS—H(FT)] [E;p(FT)]4a
X3, = [B3,(S5)]" x [ By (Tr) ] x [ B} ,(T7)]",
Y, :[BS“ (Sp)]° [BS“(P )1° % [ B o(Pr) 1"

Note that
X5=X35, Y5=Y5, VseR
System (3.24)—(3.27) can be rewritten as follows:
N, D =Y, (3.32)
where ® € X7 is the sought for vector function and Y € Y is a given vector function.
Due to Theorems 5.3 and 5.4, the operator N, has the following mapping properties:
N, XS — YS
N, X, Y,

P,q’

(3.33)

forallse R, 1 <p<ooand 1< q< oo

As it will become clear later, the operator (3.33) is not invertible for all s € R. The interval
a < s < b of invertibility depends on p and on some parameters v’ and v (see (3.40)—(3.43)),
which are determined by the eigenvalues of special matrices constructed by means of the principal
homogeneous symbol matrices of the operators .A(Tl) and A(Tl) + 5’7(2) . Note that the numbers '
and v” define also Holder’s smoothness exponents for the solutions to the original mixed boundary-
transmission problem in the neighbourhood of the exceptional curves 65’8), OT'c and OI'. We start
with the following

Theorem 3.1. Let the conditions

l<p<oo, 1<gq

N

1 1 1

o, ——1+9"<s+=<=-+79' (3.34)
p 2 p

be satisfied with v' and " given by (3.43). Then the operators in (3.33) are invertible.

Proof. We prove the theorem in several steps. First, we show that the operators (3.33) are Fredholm
ones with a zero index and afterwards we establish that the corresponding null-spaces are trivial.
Step 1. Let us note that the operators

W AW (B (0] = [ By (sH)]”,

e o (3.35)
TFTAS) s [Bha(Sp) ] = [Brg' (Tr) ]

are compact since Sg) and I'p are disjoint, S(Dl) NT7 = @. Further, we establish that the operators

P AD s [y (S - [1HF(55)]°,

s
re [AD+B@] ¢ [Hy2(0r)]° = [HE (Tr)]° (3.36)

are strongly elliptic Fredholm pseudodifferential operators of order —1 with a index zero. We note
that the principal homogeneous symbol matrices of these operators are strongly elliptic.
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Using Green’s formula and Korn’s inequality, for an arbitrary solution vector UM € [H3(Q1)]6 =
(W3 (2™M))6 to the homogeneous equation
AD @, VUV =0 in QW
by the standard arguments we derive (see, e.g., [7,8])

Re <[[](1)]+7 [T(l)U(l)]+>QQ(1> C1 || U ||[H1 Q(l) — C2 || U ||[H0 Q(l))] (337)

where (-,-)__, denotes the duality pairing between the spaces [H% (8(2(1))]6 and [H’% (092 (1))}6.
Substitute here U") = VT(l)([PT(l)]’IC) with ¢ € [HQ_%(GQ(D)]G. Due to the equality

¢ = PWHM UMYt
and boundedness of the operators involved, we have

2 <t M+2
112 5 g S IOy

with some positive constant ¢*. By the properties of single layer potentials, we have
_ 1 -1
gt @ rpmy—t Myt —(_ 2 o Wy p@ )
{ } Hy [ T ] G {T } ( 96 +A: )[ T } ¢
By the trace theorem, from (3.37), we deduce

B _ -1
RG<H(71)[PT(1)] 1(7 (_2 1IG+’C(71)+5H(71))[PT(1)] <>an(1) = 1||<||[H 2 (9 M))e

| BHO P o= 2 [ VIR g

H2(89(1)) (@ye-

Thus we have

Re (HV[PI]TIC Q) ) =6 H<H2

2o )
Dp)-1 1) p1)1-1
+H BH( )[P( C|| H2(BQ(1)) €2 || V( P( C || HO(Q(l))]
In particular, in view of Theorem 5.1, for arbitrary ¢ € [ (S ) )]6, we have

1 ** 2
10 g < ICIE

and, consequently,

(1) (1)1-1 2 2
Re <ng) H’r [P'r ] C7 <>E)Q (1) / 1 H C H ~—— S(l)) || C H 5'(1))] (338)

From (3.38), it follows that

~ 1
rap A = G HWPONT s (55N - [y (5p)]°
is a strongly elliptic pseudodifferential Fredholm operator with index zero (see [21,23]).

Then the same is true for the operator (3.36), since the principal homogeneous symbol matrix of
the operator B{? is nonnegative (see [25]). Therefore, the operator (3.33) is Fredholm with index
zero for s = —1/2, p = 2 and ¢ = 2 due to the compactness of operators (3.35).

Step 2. With the help of the uniqueness Theorem 2.1, via representation formulas (3.4) and (3.5)
with G((]l) =0 and G(gz) = 0, we can easily show that the operator (3.33) is injective for s = —1/2,
p =2 and ¢ = 2. Since its index is zero, we conclude that it is surjective. Thus the operator (3.33) is
invertible for s = —1/2, p =2 and ¢ = 2.
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Step 3. To complete the proof for the general case we proceed as follows. The following block-wise
lower triangular operator

1
T A Ty [0Jexe 7 ) [0lexa
(0) ’ T L@
N27i= ey [0loxe 7o, [AY + BT o [0]6xa
Ty [0]axe Trp laxe Tep o 1 606

is a compact perturbation of the operator A;. Let us analyze the properties of the diagonal entries
= 1 1)y 16
r A By (SpN)1° = [ByiH(sp)]",
D

re, [AD + BT 2 [Bs (Cr)]° — [ B (Tr) ]

Let
61(1', 517 52) = G(A'(rl)’ x, 517 52)

be the principal homogeneous symbol matrix of the operator .A(Tl) and let )\j(l)(m) (j = 1,6) be the
eigenvalues of the matrix

Dy (2) = [61(2,0,41)] " & (2,0,—1), z€dST.

Similarly, let
62(:7]7 fla 62) = 6("45—1) + Biz); z, 517 52)
be the principal homogeneous symbol matrix of the operator AW 4+ B and let A ;2)@) (j =1,6) be
the eigenvalues of the corresponding matrix
Dy(x) := [Sa(x,0,4+1)] " &y(2,0,—1), x €Ty (3.39)

Note that the curve OI'r is the union of the curves, where the interface intersects the exterior boundary
OI', and the crack edge 0T'¢, OI'r = ' U 0T ¢.
Further, we set

. 1 1 1 1
o= b o—ag AV @), = s o A (@), (3.40)
z€dsp’,1<j<6 AT z€dSY, 1<5<6
1 1
ra_ inf L (2 " L 2) .
Y2 wEBF;{IKKG o arg /\] (), 7y we@l"il,llljgjg6 o arg )\j (x) (3.41)

It can be shown that one of the eigenvalues is equal to 1, say )\él) =1

4.4], [7, Subsection 5.7]) and [8, Theorem 4.7]. Therefore we have

7 <0, 9 >0 (3.42)
Note that 'y;- and 'yé.' (j = 1,2) depend on the material parameters, in general, and belong to the
interval (=1, 1). We put

(for details see [6, Subsection

“2: 3
7 =min{yi, 5}, 2" :=max {4, %5} (3.43)
In view of (3.42), we have
1 1
—§<’y/<0<'y”<§. (3.44)

From Theorem 5.5, we conclude that if the parameters 1,72 € R, 1 < p < 00, 1 < g < 00, satisfy the

conditions
! 1+9] < +1<1+’ ! 1474 < +1<1+’
: P < = : ro 4 - < =
P T 1 2 D 15 p 2 2 2 P Y25

then the operators

AD  [H (SO = [HpHsH) ],

T
s

~’I"1 T1 6
AW (B (SO = [[BI(SH)]°,

T
s
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~ 6 r 6
re, [AD +BE ] [Hyp(Tr) ] = [Hp ™ (Tr)]

rep [AD + B ¢ [Br(rr)]° - By (rr)]°

are the Fredholm operators with index zero.

Therefore, if conditions (3.34) are satisfied, then the above operators are Fredholm ones with a
zero index. Consequently, operators (3.33) are Fredholm with zero index and are invertible due to the
results obtained in Step 2 (see [2]) . O

Now we formulate the basic existence and uniqueness results for the mixed boundary-transmission
problem under consideration.

Theorem 3.2. Let inclusions (2.27) and compatibility conditions (3.22), (3.23) hold and let

3.45
35-2 “P S 12y (3.45)

with ' and +" be defined in (3.43). Then the mized boundary-transmission problem (2.14)—(2.26) has
a unique solution

D U®) e [Wy@M)]" x (W),
which can be represented by the formulas
mU:vm(wU}[Gm+w+hUDinQ®, (3.46)
U =v@([PO] 7 [6P +h@]) in Q@) (3.47)

where the densities 1, h) and h® are to be determined from system (3.6)~(3.11) (or from system
(3.24)—(3.27)), while Gél) and Géz) are some fived extensions of the vector functions GV and G (),
respectively, onto 0N and 0Q?) | preserving the space (see (3.1) and (3.2)).

Moreover, the vector functions Go(l) + ¢ +rM and GéQ) + 1@ are defined uniquely by the above
systems and are independent of the extension operators.

Proof. From Theorems 5.1, 5.2 and 3.1 with p satisfying (3.45) and s = —1/p it follows immediately

that the pair (UM, U®) ¢ (W, (Q))6 x (W (© (2))]4 given by (3.46), (3.47) represents a solution to

the mixed boundary-transmission problem (2.14)—(2.26). Next, we show the uniqueness of solutions.
Due to inequalities (3.44), we have

_2€< 4 4 )
P=2= By 122y )

Therefore the unique solvability for p = 2 is a consequence of Theorem 2.1.
To show the uniqueness result for all other values of p from the interval (3.45), we proceed as
follows. Let a pair

U, UP) e [Wp@M)]" x [wy@®))*
with p satisfying (3.45), be a solution to the homogeneous mixed boundary-transmission problem.
Then it is evident that

(v} e (B, 5(69@] (U} e [By,7(00)]",
[TOUD Y € [BF(000)]°, {TOU® Y e [B,F(00@)]"

By Lemmas 2.2 and 2.3, the vectors U ®) and UM in Q) and Q)| respectively, are representable
in the form

U@ = v [P7§2)]_1h(2)) in Q@ p® = {TOYE }+7
U =y (PO y) in QW y = {7'(1)(](1)}Jr 1B {U(l)}f

Moreover, due to the homogeneous boundary and transmission conditions, we have

W e [Byi () ]Y x =00 +veByg (s nV e [Bp(Tr)]%, ve [Brg(si)]°.
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By the same arguments as above we arrive at the homogeneous system

Sl

N, ® =0 with @ := (¢, BV, h®)T € X,

Due to Theorem 3.1, ® = 0 and we conclude that U® =0in Q® and UM =0 in Q).

The last assertion of the theorem is trivial and is an easy consequence of the fact that if the single
layer potentials (3.46)and (3.47) vanish identically in ) and Q™| then the corresponding densities
vanish, as well. O

The following regularity result is true.

Theorem 3.3. Let the inclusions (2.27) and compatibility conditions (3.22), (3.23) hold and let
1<r<oo,1<q<o0,

4 11 11
—7+’y"<5<;+7+’y’, (3.48)

<p< , =
PS9 "9y 772 2

3= 29"
with ' and v defined in (3.43).
Further, let UV € [VVpl(Q(l))}6 and U®) ¢ (W, (2 CN]* be a unique solution pair to the mized
boundary-transmission problem (2.14)—(2.26). Then the following items hold:
(i) if
Qe BN SN, QP € BINSY). KY€ BL(Sp). fu€ B}, (Tr). Fje By (),
Q" € B}, \(To), QY €By,'(Tc), k=186, j=T4,
and the compatibility conditions
~ 1 2 s— .
Fy=Fj—r. G —r., G er, B NIr), j=1.3,
Fy:=F, — T Go(é) — T, Go(i) Erp, Eﬁ;l(FT),

are satisfied, then
UW e (BT QM) U@ e [HTT QD)4
(if) if
D eBLSY), QF € BN, AV € By (SE)). fu€ BLy(Tr), Fj€ BT,
QP e B\ re), QY eBiM(Te), k=16, j=1.4,

and the compatibility conditions

Fj=Fj—r, G —r. G er, B:,Y(Tr), j=1.3,
ﬁ4 = F4 — TFT Géé) - ’I"FT G()(i) S TFT Eﬁj;l(FT),

are satisfied, then
4

vW e[ @M)]°, U@ e [ByT Q)]
(iii) if a > 0 is not integer and
i€ BLLY), QY e BLL(SY). £V e0Sy). fueC(Tn),
Fj € B L(Tr), @ € B L(Te), QY €BLL(Te), k=158, j=T174,
and the compatibility conditions
Fj=F—r, G —r. G er, BEL(Tr), j=1.3,

Fy=Fy—r G =7 G €r B L(Tr),

are satisfied, then

vhe N (o' (Qm)]°, U® e N [c' (@),

a’'<K a’'<K



MIXED BOUNDARY-TRANSMISSION PROBLEMS 179

where k = min{e, v’ + 1} > 0.

Proof. Tt is word for word repeats the proof of Theorem 5.22 in [7]. O

Regularity results for uél) =9 @ and u4(2) =192 are refined in Proposition 3.4 (see also Theorem
4.1).

Proposition 3.4. Let the conditions of Theorem 3.3 (z) and (3.48) hold, then
ulV e cre(Q M), ) e e (@), (3.49)
where ¢ is an arbitrarily small positive number.
Proof. Due to Theorem 3.3.(i), we deduce
v e [Hi+5(9<1>)]6, U@ e [mTT Q)]

where s and r satisfy (3.48). Note that u = 91 and u( = 9® solve the following mixed
boundary-transmission problem:

nzl af)luel) Tzhgl)uél) =QW* in Q)

0200 — 2hPu) = Q¥ i Q@)
Trp {uﬁ(l)}+ —Trp {u4 }+ = f6 on I'r,
P AT O (02,0, 1)U} 47 {[T @ (00,0, 7)U P4} = Fy on T, (3.50)

7"SJ<V1)UFC{[7'(1)(873,7%T)U(l)]G}Jr = Gél) on SJ(\}) Ule,
rsSch{[T(?)(a@y, T)U(2)]4}+ = Gf) on SJS,Q) UTl¢,

romfug '}t = £V on S,

where
[TD @B, n, 1) UD ], =0 009D, [T, WU ], =3P ;89
QW = T)\gl)alu,gl — T, 1)654,0 b rml“)alw“) + Tdél)ﬂ(l) € HTS+T7 (Q(l)),
QD = AV 4 rdP9@ e HIT T (@),
fo€ By, (Tr), Fyie By '(Tr), fo e B (Sp)), G§" e B\ (Sy uTe),

/ 1 1
GP e B HSY UTe), s<s < S5y l<r<oo

Since the symbols of the differential operators —775[1)81-8]- and —n}f)aiaj are positive, the above prob-
lem can be reduced to the strongly elliptic system of pseudodifferential equations. Moreover, the
corresponding pseudodifferential operator is positive definite. Therefore (see [25])

s'4+1 1 1
uD e BT QW) u® e HITTQ®), s< s < S5, L<r<oo.
Due to the embedding theorem (see [33]), for sufficiently small 6 > 0, sufficiently large r and
s'>1/2+1/r — § we have

1

HTH@W) coitii@m), 1 THe®) c o i@,

Therefore (3.49) holds with ¢ = 1/r + 4. O
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3.3. Asymptotic behaviour of solutions near the exceptional curves. Here, we study the
asymptotic properties of solutions to the mixed boundary-transmission problem near the interfacial
crack edge OI'c and at the curve OI', where the interface intersects the exterior boundary. Let us set
{:=0l'cuUol =0l'y.

Note that the regularity and the asymptotic behaviour of solutions near the collision curve 8S(D1)
were studied in details in [8].

For the sake of simplicity of description of the method, we assume that the boundary data and the
geometrical characteristics of the problem are infinitely smooth. In particular,

1 /a1 2 0o 2 1 oo (D)
& eox@y). @ ey, £ e =Sy,
fr€ C=(T7), Fje0*(Tr), QY eC™(Tc),
Al 1 2 00 /T ~ 1 2 0 /T
Fy=F—r, G —r. G € C&(Tr), Fi=Fi—r, Gl —r., G5 € 0 (Tr),
QP ec=T¢), i=13, j=T.4, k=16,

where C5°(I'r) denotes a space of infinitely differentiable functions vanishing on OT'r along with all
tangential derivatives.

We have already shown that the mixed boundary-transmission problem is uniquely solvable and
the pair of solution vectors (U (1), U(?)) are represented by (3.46), (3.47) with the densities defined by
the system of pseudodifferential equations (3.6)—(3.11) i.e., (3.24)—(3.27).

Let @ := (1, AW, h?)T € X5 be a solution of the system (3.24)~(3.27) which is written in matrix

form (3.32)
N.® =Y,
where
o5 116 00 /= 16 0o T 14
Y € [C (SD)] X [C (FT)] X [CO (FT)] .
To establish asymptotic properties of the solution vectors U () and U2 near the exceptional curve
¢ = OT'r, we rewrite the representations (3.46), (3.47) in the form
UM — VT(l)([pT(l)]—lw) + VT(l)([PT(l)}_lh(l)) +RW in M,
U® — VT(2)([pT(2)]*1fL(2)) +R® in QO
where
~_1 1
ZZ) € [BP’Z? (S(Dl))]67 h(l) = (h1(1)7 R hﬁ(l))T € [BP,ZI; (FT)]6a
=~ == 4 - S 16
W == g gt g T e [Bpp ()] RO = vO(RIITGE) € [ex@M) ],
R® = V(PO 1GP) + V(PP 1F) e [¢*@Q®)]", F=(F,....F)"

The vectors h (1) = (hl(l), cey hﬁ(l))—r and ¢ = (1, ...,16) " solve the following strongly elliptic system
of pseudodifferential equations (see (3.24)-(3.27)):

r oy Ay = 0 on Sy,
. D (A(l) + 6(2))h(1) —p® on T
jas T T T
where
1 1 1 16
0 = 17 =y AOG N =, [ADR V], k=T,
oo (1
oM = @, .. o) e [c=(E)°,
2 —1 (2 1
B2 = fy v, [HOPE)IGP ]~ [ADGD),
+ 1y [P (PO)TE] = r, [ADY], j=1,2,3,

@52) = fj —Tr, [‘A'(rl)Gél)]J — T, [A'(rl)w]j , J=4,5,
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O = fo+ o, [HEO(PP)TF], = v [AD Y,
o® = (@ .. o)) e [c>([T7)]°

Applying a partition of unity, natural local coordinate systems and standard rectifying technique
based on canonical diffeomorphisms, we can assume that ¢ = OT'r is rectified. Then we identify a
one-sided neighbourhood on I't of an arbitrary point & € £ = 0I'r as a part of the half-plane x5 > 0.
Thus we assume that (z1,0) =2 € £ = 'y and (x1,22,4) € I'p for 0 < 2 4 < € with some positive .

Denote by m; the algebraic multiplicities of )\52) (1), where )\52), j = 1,6, are the eigenvalues of the
matrix Da(z1) (see (3.39)). Let pi(z1),...,m(z1), 1 <1 <6, be the distinct eigenvalues. Evidently,
m; and | depend on x, in general, and my +--- +m; = 6.

It is well known that the matrix Do (1) in (3.39) admits the following decomposition (see, e.g., [19]):

Do(a1) = D(z1) Tp, (1) [D(wl)} T (@1,0) L= oDy, (3.51)

where D is the 6 x 6 nondegenerate matrix with infinitely differentiable entries and Jp, is block
diagonal

T (1) 1= diag {u (@) B (1) ..., u(an) B (1) }.

Here, B")(t), 7 € {my,...,m;} are upper triangular matrices,
th=J
G T
r _ 15 (M) — —J)r
B( )(t) - Hb];; (t)||r><r’ b]; (t) - ]_’ ] = k;,
0, j> k.
Denote
Bo(t) := diag { BV (), ..., B™)(1)}. (3.52)

Applying the results from reference [15], we derive the following asymptotic expansion:

14 A(g 1 -1
W (1,22, 4) = D(@1) 252" o) Bo( - %10g$2,+) (D(fl)) bo(z1)

M
N k
+ 3" D(a1) 2y 2 A By (wr,log a1 ) + B (a1, 224, (3.53)
k=1

where by € [C(0)]°, B\, | € [C=(e)]5, ¢+ = £ x [0,¢],

" k(2mo—1)
By (z1,t) = Bo( - ﬁ) Z 7 dij(1);

Jj=1

mo = max {my,...,m}, the coefficients dy; € [C>(£)]°, A := (Agg), ce Aé2))T,

1 1 !
A () = gz los Xy () = g arg X (@) + 52 Tog X ()]

- < argA§2)(x1) <7, (21,0) €, j=1,6,
and

1 1 (2) 1 (2)
—-3+A +k . —3t+A +k —3t+A +k
x?,i (z1) = dlag{xz’j 1 (1) e, $2,i 6 (z1) } .

Now, having in hand the above asymptotic expansion for the density vector function h(}), we can
apply the results of [14] and write the spatial asymptotic expansions of the solution vectors U M and
U@

lél) n(sl)fl

vO@) =3 Z{ > a4 (e, m) AT By ()] ()

p==£1s=1 7=0
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M+2 M42-1
T 1
>0 Y ahadd() ) ) EAE B <x17logz<1>>} FUM(),  (354)
k,0=0 j+p=0
k+l+j+p>1
1
1) ._ 1
x3 >0, C( ) = “omi logzgyl)“
l(2> (2) 1
-y z{ I e P
p==x1s=1
M+2 M+2-1 . )
T30 Y0 dhadd (e (2GR BE <x1,logz<2)>} U@, (355)
k,l=0 j+p=0
ktl+j+p>1
1
2) ._ 2
z3 > 0, C( ) = “om logzs(’ﬂ).
The coefficients ds(;)( W, d(2 (-, 1), ds(l])p( , ) and ds(lj)p( , i) are the matrices with entries from the

space C'*(¥), BS(,ij)p(xl, t) and Bg(kj)p(xl, t) are polynomials in ¢ with vector coefficients which depend
on the variable z; and have the order vy, = k(2mo —1) +mo — 1+p+j with mg = max{ma,...,m;},
l0=(OF, Uk, € [eM1@D))°, U7, e [eMH@@)]",
K x : K ) x K 2 x
(L2 = ding {2y o0, Gyalen],
(22 = diag { (22)<+a7 0, (o @)raiden ],
kEeER, p==1, (x1,0) €,
Zs(,l-tZl = —X9 — I3T, (21, Zs,(l_)l = T — l‘37’5,(_)1,
23(2-31 = —T2 — 3737'3(,3217 Zs(,2—)1 = T2 — 3337'3(,2—)17
. (3.56)
—T<argzs 41 < W, —TW<argzg 4 <,

{r <1’1}°1ec°°<>, (r 23 e o).

™)
Here, {Ts(’li)l}l": (respectively, { l ) are the different roots of multiplicity n{", s=1,.. ., lo(l)

(respectively, nd? s=1 l( )) of the polynomlal in ¢, det A 0)([JL1) (21,0,0)]71 ) (respectively,
det A20) ([JT (21,0, 0)] n+)) with ng = (0,41,¢)", satisfying the condition Re7,}; < 0 (respec-

tively, Re 7'g il < 0). The matrix J,., (respectively, J,.,) stands for the Jacobian matrlx corresponding
to the canonical diffeomorphism s¢; (respectively, ) related to the local coordinate system. Under
this diffeomorphism, the curve £ is locally rectified and we assume that (z1,0,0) € ¢, zo = dist(x,., ),
x3 = dist(z, '), where z,. is the projection of the reference point 2 € Q) (respectively, z € Q)
on the plane corresponding to the image of I'r under the diffeomorphism s (respectively, ).

Note that the coefficients ds(j1 )( , 1) and d(2)( , 1) can be calculated explicitly, whereas the coeffi-
cients c; can be expressed by means of the ﬁrst coefficient by in the asymptotic expansion of (3.53)
(see [14]),

b

1
5 G (21,0) P (21) D(x1),

1 _ )
= G (21,0) Pm V(1) Dlay) ™3 =2@D) s =130 =000 1,

2T 83

1 ~
45 (w1, +1) = 5= Gy (21,0) PSP (1) D),

(@1, +1) =

A (21, -1) =

1 _ ~ .
— G, (21,0) P 4(2)(331) D(x1) e”(%fA(ml)), s = I,ZO(Q), j= O,nS(Q) -1,

2
d(')(xlvfl):%_r sj

5]
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where D = | Drjllaxe, k=1,2,3,6, j =1,6, is composed of the entries of matrix D (see (3.51)),
-1

S7 )

s 1
PO ) = VS (00,0,0.£0) [6( = 5 s + KV:1,0,0,£1)]

s]

1 —1
PP (1) = V2 (21,0,0 il){@( — 5L —I—ICSQ);a:l,O,O,il)} ,
1 qnsY—1-j O
VS (21,0,0,41) 1= —— (¢ — 7 )ms
" D —1— ) dgnt =i

< (A0 (T, (@1,0)7Y) - (0.£1L,0)7)

-1

)

c=r ™)
s,£1
It dni?—1=i @
VS (21,0,0,£1) i= —- o) . 5 (¢~ 7 &)m
jl(ns” —1— ) d¢ns""—1-3
—1
< (A®O (I, (21,0)7)- (0,£1,07) ] :
C:7—5(,2:21

G, (21,0) and G, (x1,0) are smooth scalar functions explicitly written in terms of diffeomorphisms
s and 25, respectively, and

1 -
¢j(21) = a;(21) By (= 5+ B(a1)) D™ @1)bo(an),
j=0,....,n =1, (j=0,....,n2 —1),

where

By ( — % + A(a:l)) = diag_‘;{B”“‘1 (— % + Agm(fﬂl))’ ..., B™ (— S+ Az(z)(fﬂl)) }7

2
B™(t) = Hbgq(t)uqumq, g=1,...,1,
1 p=k (71)1)716 dpik l7\’(f+1)
. — A2 | Cfor k<
by, (1) = (27ri) (p— k)l dtr=F (t+1)e or p
0 for k> p,

and I'(t + 1) is the Euler integral,

aj(w1) = diag {a™ (o)., a" (o) },

; 3
a(J)<x1) = § - A(Z)(xl) +.77 q= 1al7 J = Ovns(l) -1 (.7 = OvnS(Z) - 1)a
amq( (]) — Ha (J))qu><1nq7
D —k N — ~mq
—1)P=F(2 Ph,
L GO I )
, (a (0)+1)p I+1
a (ozl(f)) I=k

(—1)P b (al), j=1,n" =1 (j =10 1), k<p,
0, k>p,

1
Ha=—75— Agz)(wl), —1 < Repq <0.

Analogous investigation for the basic mixed and interior crack problems for homogeneous piezoelectric
bodies has been carried out in reference [8], where the asymptotic properties of solutions have been
established near the interior crack’s edges and the curves, where the different boundary conditions
collide. In [8], it is shown that the stress singularity exponents at the interior crack edges do not
depend on the material parameters and are equal to —0.5, while they depend essentially on the
material parameters at the collision curves, where different boundary conditions collide.

As it is evident from the above exposed results, the stress singularity exponents at the interfacial
crack edges and at the curves, where the interface intersects the exterior boundary, depend essentially
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on the material parameters, in general. More precise results for particular classes of solids are presented
in the next section, where the stress singularity exponents are calculated explicitly.

4. ANALYSIS OF SINGULARITIES OF SOLUTIONS

Here, we assume that I'; and £ are rectified with the help of the diffeomorphisms mentioned in the
previous section and for 2’ € £ = 9T'r by II,.» we denote the plane passing trough the point 2’ and
orthogonal to ¢. We introduce the polar coordinates (r, a), r > 0, —7 < a < 7, in the plane II,» with
the pole at the point z’. Denote by I‘% the two different faces of the surface I'r. It is evident that
(r,+m) € TE.

The intersection of the plane IT,, and Q) is identified with the half-plane r > 0 and —7 < a < 0,
while the intersection of the plane II . and () is identified with the half- planer > 0and 0 < a < .

The roots given by (3.56) are represented as follows:

3(21 = —r[cosa+ TS(;Ql(‘r/)Sina}7 Zs(lzl = r[cosa - Ts(ll

s:L...,lo(l), ' €,

23(2-31 = —r[cosa + Ts(fgl(m’) sin a}, ZS(Z_)l r[cosoz — 7(2)1(96’) sin 04],

A

(') sina],

s=1 , o’ €l
From the asymptotic expansions (3.54) and (3.55) we get

1 (1) (1) 1

U(l) Z Z Z (', a) r'y-&-z&B ©) 5(72(1'/7 Q)+, (4.1)

p==+1s=1 ;=0
l(2> (2) 1

U@ (x Z Z Z (2) (2', @) 1T By (¢) 5(32,3(1,7 Q)+, (4.2)
—1 j=0

where
, , 4 1
prHio — diag{r”““‘sl, e WG“%}, (=—-——logr,
274
11 , 1 A
vi= 5—1-2 arg \;(z'), 9;= ~5x log [A;(z")], 2'€4, j=1,6, (4.3)

and \; = A§-2)7 j =1,6, are eigenvalues of the matrix

Do(a') = [Sa(2',0,+1)] " S,(a/,0,—1), 2’ €L, (4.4)

Note that the subsequent terms in expansion (4.1) and (4.2) have higher regularity, i.e., the real parts
of the corresponding exponents are greater than ;.

W) =) L@ 0 =) . -
sins Csipo» Cyp and Cg ) in asymptotic expansions (4.1) and (4.2) read as

1 . g 1 +id—j ~(1
D, @) = sida dD !, [, @) T, B @)= Bo( — 5 log M, ) ¢s(e)

The coefficients ¢

j=0,nY =1, p==1, s=1,1\Y,
. i6—j o~ 1
cs(fzt(a:’, a) =sina ds(j (2', 1) [w( ) (2!, oz)]’H_ 7 8(2(3: a) = Bo( ~om 10g¢s(,2,2 (', 04)) cj(z'),

(2) (2)
J=0,ns" =1, p==1, s=1,1",

where
ws(l)(m/’ @) = —pcosa — Ts(})(x )sina, s = 1,10(1),
v, a) = —pcosa — 7P (') sina, s = 1,17,
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(€))

SJp

(1,kp)
sjp

(2)

sjp

(2,kp)

coin(@’s @) = |le (@ )lgeer Cojul@’s @) = [leg, " (@s Q|60

In what follows, for special classes of elastic materials we will analyze the exponents ; +4d;, which
determine the behaviour of U (Y and U (®) near the line 4.

As it was mention above, A\¢ = 1 (for details see [7, Section 5.7] ). Therefore, v = 1/2 and dg = 0
in accordance with (4.3). This implies that one could not expect better smoothness for solutions than
C'/2, in general.

More detailed analysis leads to the following refined asymptotic behaviour for the temperature
functions (cf. [8]).

Theorem 4.1. Near the exceptional curve £ the functions 9 and 93 possess the following asymp-
totic behaviour:

19(1) — bgl)r% +R(1)7 (45)
19(2) — bgz),r% +R(2)7 (46)

where b(()i) e C e RO ¢ C%'M/_E, 1 = 1,2, in the corresponding one-sided neighbourhoods of ¢
and 1+~ —¢ > % for sufficiently small € > 0.

Proof. Indeed, uél) =91 and uf) = 92 are the solutions of the transmission problem (3.50) with
C™ data. Since the matrices [’I]i(;)]gxg and [T]Z(?)]gx 3 are positive definite, this transmission problem
can be reduced to a system of pseudodifferential equations, where the principal part is described by

the scalar positive-definite invertible pseudodifferential operators

H v (— 2T+ K )T AR L (—2 e k2 )T (D) — HY(Dr)

scalar scalar scalar scalar
(1) -1 (1) -1 (2) -1 (2) -1 ps-1
Hscalar( —-27 I+ ,Cscalar) + 7-Lscalar( -2 I+ ICscalaT) . B;LP (FT) - B;,P(FT)’
1 1 1 1
———<s< -+, 1<p<oo,
p 2 p 2
where Kgi)alm, 1 = 1,2, are compact. These pseudodifferential operators have principal homogeneous

symbol —2& (7—[(1) +HP ;x, &), which is positive and even in £. Hence we can establish re-

scalar scalar?

fined explicit asymptotic relations of type (4.5), (4.6) for the temperature functions uél) = 9M and
uf) =9 in the corresponding one-sided neighbourhoods of ¢ (see [14,15,17,18)). O

From (4.5) and (4.6), it follows that

(i) The leading exponents for uf” = 91 and u{? =9 in the neighborhood of line ¢ are equal
to 1
2
(ii) Logarithmic factors are absent in the first terms of the asymptotic expansions of 9(*) and 9¥(?);
(iii) The temperature functions ¥ and 9¥(® do not oscillate in the neighbourhood of the collision
curve ¢ and for the heat flux vector we have no oscillating singularities;
(iv) The temperature functions () and 9® belong to C'z () and C'z (), respectively, (cf. [],

Theorem 6.4).

Non-zero parameters ¢; in (4.3) lead to the so-called oscillating singularities for the first order
derivatives of UM and U ®), in general. In turn, this yields oscillating stress singularities, which
sometimes lead to mechanical contradictions, for example, to an overlapping of materials. So, from
the practical point of view, it is important to single out the classes of solids for which the oscillating
singularities do not occur.

Let us consider the above investigated mixed boundary-transmission problem for particular elastic
components. We assume that the medium occupying the domain Q") belongs to the 422 (Tetragonal)
or 622 (Hexagonal) class of crystals. The corresponding system of differential equations reads as
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(see, e.g.,

where c11, €12, c13, €33, Caa, Cgg are the elastic constants, eq4 is the piezoelectric constant, ¢q5 is
the piezomagnetic constant, »;; and sr33 are the dielectric constants, 11 and pss are the magnetic
(14+v97)A31 are the thermal strain
constants, 1711 and 733 are the thermal conductivity constants, p3 is the pyroelectric constant and mg is
the pyromagnetic constant. In the case of Hexagonal crystals (622 class), we have cgg = (¢11 — c12)/2.

Note that some important polymers and bio-materials are modelled by the above partial differential
equations, for example, the collagen-hydrozyapatite is one example of such a material. This material

permeability constants, 7, =

T. BUCHUKURI, O. CHKADUA AND D. NATROSHVILI
[16])

(c11 3% + o6 5'3 + C44 5§)U§ ) + (c12 + co6) 5'1521&51) + (c13+caa) alasu(l)

— €14 02030 — 15 02059V — F; 919 — o) 2 (1) = I,
(c12 + cgs ) D201l + (co6 02 + 11 02 + caa 02 ) ul) + (13 + caq ) O205ul”
+ 1401030 + 1501839 — F,8,01) — o) 72 ué” = Iy,

(c13 + caa) 03010l + (13 + caa ) B300ul) + (caa 02 + caa 02 + 33 02 ) ul”
— 3 8500 — oW 724D = FB»
6145233Ug ) 6143133% 2 + (5011 51 + o111 32 + 533 53 ) — (1 + vy7)p3 O30 9 = = Fy,
(un 31 + p11 32 + a3 83 )w(l) — (1 +voT)ms 959 = Fy,
+73 33u3 )+ 7 To p3 930 + 7 To mg 931
+ (1102 4+ 111 02 + 133 02) 0V — (7dy + 720 M) 9D = Fy

Q155253u§ - Q1531(93U2

—TTo(“haw +M 32U

(]. +I/07'))\11 = (1+l/07'))\21 and 53 =

is widely used in biology and medicine (see [31]). Another important example is TeOy [16].
In this model, the generalized stress operator is defined as

with

T(ax7n77-) = H T’jk(a«”ﬁ’n”r) ||6><6

T11(0,n, T) = c111101 + ceN202 + c4an303, T12(0z,m,T) = c12n102 + ceen201,
T13(0z,n,T) = c13n103 + c4am301, T14(0z,n,T) = —€14n302,
T15(0r,n, T) = —q15M302, T16(0z,m,T) = =71 11,
T51(0z,n,T) = ce6n102 + 121201, T52(0p,n, T) = co6n101 + c111202 + €4411303,
T53(0p,m, T) = 130203 + C44n302, T54(0,m, T) = €14m301,
T55(0y,m, 7) = q15n301, To6(0n,m, T) = —71 N,y
T31(0p,n, T) = €44n103 + 130301, T32(0p,n, T) = c4am2 O3 + €131302,
T55(0x,n) = 44101 + C44m202 + 331303, T54(0p,m,7) =
T35(0,m, 7) = T36(0z,m, T) = =3 N3,
T41 (O, n, T) = €14M203, Ty2(0py,n, 7) = —€14m103,
T43(0z,m,7) =0, T44(0r,n, T) = 211(n101 + N202) + 233m303,
Ty5(0z,m,7) =0, T46(0z,m, T) = —p3ng,
T51(0z,m,T) = q15M203, T52(0z,m,T) = —q151103,
T53(0z,m,7) = 0, T54(0z,m,7) =0,
T55(0z,m, T) = p11(n101+n202) +u33n30s,  Ts6(0x,n, T) = —m3ns,
T5;(dz,m,7) =0, for j =1,5, Ts6(0z, 1, T) = M1 (n101 + n202) + n33n303.
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The material constants satisfy the following system of inequalities

2
c11 > |ciz],  caa >0, ce6 >0, caz(cin + ciz) > 2c73,

4.7
211 >0, 233>0, m1 >0, nm33>0, p11 >0, pss>0, .7
which are equivalent to the positive definiteness of the internal energy form (see (2.7), (2.8)).
From (2.9), (2.12), (2.13), and (4.7) it follows also that
33 > p% Todal, U3z > mg Tod(;l, Cc11C33 > 0%3. (4.8)

Under these conditions the mixed boundary-transmission problem in question is uniquely solvable.
M _ s

Furthermore, we assume that ej4 # 0, e15 # 0, = «, the surface I'¢ is parallel to the

11 733
plane of isotropy (i.e., to the plane z3 = 0) in some neighbourhood of dT'¢, and the domain 0@ ig
occupied by an isotropic material modeled by the generalized thermoelasticity equations (see (2.1),

(2.2))
pAu® + (X + p) grad diva® — (1 + vo7)A@ grad 92 — o724, = 0,
77(2)A19(2) _ (Td0(2) + T2h(§2))19(2) _ @y, = 0,
p>0, 3x+2u>0, 1 >0, hi¥ >0, di¥ —vphs® > 0.

In the case of this particular mixed boundary-transmission problem we find the exponents involved
in the asymptotic expansions of solutions explicitly in terms of the material constants. To this end,
we find the eigenvalues of the matrix (4.4) explicitly and calculate the exponents 7 + id involved in
the asymptotic expansions (4.1) and (4.2).

Taking into account the relations

6(—2—116 + kW0, 1) - 6(— 2715 + KW; a0, 11), SHW; 2,0, -1) = S(HW: 2,0, 1),
for these symbol matrices we introduce the short notation
a(— 91, + /cgU) = 6(—2*116 +KW;a,0, 1) - 6(— 211 + KW a0, il)

and
o(HW) = s(HW; 2’ 0, £1).
These symbols can be calculated explicitly (see [8], Appendix B):

[ —1 0 0 +Au +A15 0]
0 . 0 0
0 A -3 0 0 0
U(féfﬁilcg)): A, o32 02 -1 0 o
+A5 0 0 0 -3 0
L 0 0 0 0 0 -3

where

Ay — —i q15 co6 (b2 — b1) Q15€14

Ay = i Gaces (b2 —b1) . e14q15 [ [0 caa(ba — b1)(5e33 b1b2 + %11)}
21 bovV'B 0‘%11614 VB ’

»11 044 (ba — b1) (2633 bibay + %11)]

33 VB

by — b bo — b
Ay = 614 %33( 2 1)’ Asy = Q15 %33( 2 1)

2vB ’

4- VB n \F RNY: ‘
by =4 ——, €14 = 614+a lqi%) , 042&:@>07
2 cqq 533 2y 33 711 %33

2a by bo VB a%11614
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A:’é)%4+044%11+666%33>0, B:A274C44066%11%33>0, A>+/B.

[cog 3¢
Note that biby = 66711
C447133

It can be proved that A14A41 <0, Aj5451 <0 (see [8], Appendix B).
Let us calculate the entries As3 and Asy. Introduce the notation
C .= C11 C33 — 6%3 — 2013 C44, D = 02 — 4824 C33C11- (49)
Consider two cases.
Case 1. Let D > 0. Then

i C44 (d2 - dl) (011 —C13 dldz) i C44 (dz - dl) (033 dydy — 613)

Ags = , Asp = , 4.10
» 2d, dyv/D - 2dy dyv/D (4.10)
where
C—-VvD C++VD
dy =\ 77—, dy =\ 77—
244 C33 2 Ca4 Ca3
Inequalities (4.7) imply C' > +/D and
v C — 2¢44~/C33+/
dydy = YL (dy — dy)? = CUVESVAL o g, (4.11)
C33 C44C33
Then, from (4.10), we obtain Asg Az > 0.
Case 2. Let D < 0. In this case,
Ay = i aC44(\/C11 €33 — 613.)7 Agy = —i (IC44(\/011 €33 — €13) 1/C33 ’ (4.12)
-D -D C11
where
1 [ —C + 2¢cy44/
a== \/ Flaavens (4.13)
2 C44C33

and we get again

Ao Aoy — 64214 02(\/011 €33 — 013)2 V€33 0
23432 = D Jen > 0.

The symbol matrix 0(7—[9)) has the following block-wise structure:

Cu 0 0 0 0 0
0 Cp 0 0 0 0
o0 0 Cm o0 0 o0

cH)=10 0 0 Cu Ci 0 )
0 0 0 Cu Csw 0

0 0 0 0 0 Cgl.,

where

b2b1< %11)
Ci=——"7 (sm3+—),
11 2\/§ 33 byby

dg—dl ( 833> .
ST (s ey [ 22 ) i D >0,
2\/5 33 44 11
022:
) C33 .
o £ — fD <0
/D (033 + ca4 Cn) ) 1 <y,
_bod (Caa ++/c11C33), itD>0
Cor 2\/5 44 11633 /) )
33 — a .
7% (644 + y/C11C33 ), if D < 0,
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Cu— — {bz —b (044 n 066) i Q%s [ ESV caa(ba — b1)(s233b1b2 + %11)} }
2v/B b1b2 200561163, 33 VB ’

C55 _ _{bQ —bl <C44+ bcf’l;> -+ i |: 711 o C44(b2 —bl)(%33b1b2+%11):| }7
192

2v/B 201162, |\ se33 VB
Cour — Oy — _C14015 [ s11 Caa(ba — b1)(5e33b1b2 + %11)} Cor — 1
15=Cou=—"5[{/——— , Cep=—— )
2as0107y 33 VB 2,/m1ns3

Remark that Cj; <0, j = 1,6 (see [8], Appendix B).
The symbol matrix oi(Bg)) = G(Bg); x’,0,%1) reads as

oo 2020
' Ap 7T A+3u

1
"
0
0
0
0
0

oooi’l.g o
S
ooogli_.o

S

OO O O o O
OO DO OO O
= O O O o O

6x6

Then the symbol matrix of the Poincaré—Steklov type operator has the form

1 -1
o (AD) = o (MM (~5le £ KD) = [AF] o

where
2C 4A14C 4A,5C
.Alil :All = 117 AitQZA{E :_/41i :0) Ait4::|:$’ A{E :i$7
Ql 3 6 Q1 5 Ql
+ + 2C2 + 4A23C2 + + "
Az =0, Ajp = Azz = Q, Adz = IFT7 Agy = Ags = Ay = 0,
4A32C33 2C55
A?jﬁ =0, Az)j,cz = ¢Tv Aéts = Asz = 0y’ A3i4 = A?j,% = A§t6 =0,
4A441Cua  4A5Cys
An =7 < : + O ) Al = -Az:;t3 = Az:fﬁ =0,
2 —8A15A451)C 8A14A51Cys
Ait4:~/444:( 15451) 11, 8414451 Cas.
Q1 Q1
AE = Ay = - 8415441Cas (2 —8414441)Cy5
. 440 Cas A, o |
41Cys 51Css
A = (MRS 20 ) A, = Af, = A% =0,
A = Ay = — (2—-8A415451)Cs5  8A14451Cs5
54 o, o ,
AL = Agy = 8A415A441Cys i (2 —8414A441)Css
1 Q1 ’
Agi = Agz = Ay = Agy = A = 0, AZ = Ass = —2Cq0.

Introduce the notation
Q1= —1+4A14A0 +4A15A5 <0, Q2= —1+4A3A3,.
Lemma 4.2. The following inequality Qo = —1 4+ 4A23A30 < 0 holds.

Proof. Consider two cases.
Case 1: D > 0. Then inequality 4A453A32 < 1 can be equivalently reduced to the inequality

Ci4(d2 — d1)2(011 — Clgdldg)(033d1d2 — 013) < d%d%D

189
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By replacing here dids by its expression from (4.11), we get
2 V€11
ci4(da — d1)* (Veriess — ais)” < \/?D-
33

Now, replace (de — d;)? and D by their expressions from (4.11) and (4.9), respectively, to obtain

C — 2¢44+/C11C33 vV C11
Ci4( ) (\/611633 — 613)2 < (02 — 4Ci4633C11).
C44C33 V€33
From the above inequality we deduce

c14(C — 2cqav/ericss) (Vericss — c13)? < v/erieas(C + 2caav/ericss)(C — 2c44/C11C33)-

Substituting here the expression of C' from (4.9) to obtain

caa(v/Cricas — c13)? < \/cricaz(ciicas — i3 — 2¢13Ca4 + 2¢4a1/C11C33),

ie.,
caa(y/c11633 — 013)2 < \/0117033[(\/@4- c13)(v/c11¢33 — c13) + 2ca4(y/c11033 — 013)]>
we arrive at the inequality
caa(v/e11633 — c13) < \/cr1c33(y/c11ca3 + C13 + 2¢44). (4.14)
But (4.14) holds, since
caa(v/e11633 — c13) < 2caav/C11633 < v/cr1c33(v/c11633 + €13 + 2¢a4),

due to the inequality \/¢11¢33 > |c13] (see (4.8) ).
So, we finally obtain

Q2= —14+4A33A3, <0.
Case 2: D < 0. In this case, due to (4.12), we have

4a?ci,(v/eriess — ci3)? \/ea3
- 11

<1

Therefore

4@204214<w/611033 — 613)2\/033 < —D\/c11.

Inserting here a and D from (4.13) and (4.9), respectively, we rewrite the above inequality as

70 =+ 264 C11C:
( Jci*/m ) caa(vencas — iz)” < (= C° +4clyegen) Ve
33

Replacing here C' with it’s expression from (4.9), we get

caa(v/eriess — c13)? < (2caav/Cricss + cricss — iy — 2013¢44)1/C11C33,

implying

caa(y/cric33 — 013)2 < {2644(\/011633 —c13) + (Veriess + ci3)(Vercss — 013)} 1/ €11€33.
Dividing the inequality by /c11¢33 — c13, we obtain

caa(y/erie33 — c13) < V/eriess (2¢a4 + y/cr1633 + c13). (4.15)

Thus, the inequality Q2 < 0 is equivalently reduced to the relation (4.15), which coincides with (4.14)
and which is true as is shown above. This completes the proof. O

Introduce the notation

oy = o5 (A + B®)) .= &AM + BP;2',0,+1), 2’ € L.

The characteristic polynomial of the matrix (05r )~lo, can be represented as follows:

det (05 — Ao ) = det [02_ (AD 4 B®) — Aof (AL + 652))}
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— det { (oMo (576~ K2) ™ 407 (B2)] = Ao (D)o (5T + £O) ™ 4o (B2)] }

2
[ (1= N)Ay, 0 0 —(1+NAf, —(1+NAf 0o ]
0 (1=NAa —(1+N)A% 0 0 0
0 —(1+NAL (1= N)A 0 0 0
et ) ( JAz  ( )A33 ) . (416)
—(1+MN)AS 0 0 (1=NAu  (1-NAS 0
—(14 N A% 0 0 (1—NAL (1= N Ass 0
I 0 0 0 0 0 (1= N Ass] .
where
%11 = A1 + %7 A:ﬂ = Af,, vzl:fg, = Af; «4:22 = A +a,
Afy = Afy +ib, Afy = Aj, —ib, Asz = Az +a, Aj = Af,
-A44 = A447 42_5 = -A457 4;_1 = -Ag_lv -A;_4 = -A54a
Ass = Ass, Ags = Ags + 1.

From (4.16), one can easily deduce

(1—NAp  —(1+ )AL,
det (05 — Aoy ) = det

—(1+ )\)ng (1- )\)uzlv33

1=NAn —(L+ M)A, —(1+ VA

xdet [—(14+M)AL  (1-NAu (1= NAg | (1—X)Ag = 0.
—(I+ AL (=N (1=N)Ass

Therefore, one of the eigenvalues, say Ag, is equal to 1 and other eigenvalues are defined by the
following equations:

det

det

Equation (4.17)

Lemma 4.3. The expression q :=

Proof. We have

[(1— M)Az —(1+\)AS P vt
| o | | 23] = (1= XAz Az — (1 + A2 AG AL, = 0, (4.17)

—A+ AL (1= VA

[(1=NAn —(1+ XA, —(1+ M)A

—(1+NA;, A= NA (1= MNAg | =0 (4.18)
—(1+MAL, (1=MNAss (1= N)Ass

can be rewritten as

(1 — ’\>2 = %;3%;2. (4.19)
L+A Ao As3
A A

18 positive.
A2 Aszz

.Av;r?) = A;} + b, AV;Q = A?TQ —1b, .ZQQ = Ao +a, Av33 = As3z + a,

where

+
Az =

~ 4A453C
Qx

4A32ng 2022 2033
— A, Axn= , Asz =
Q2 2T BT

A32:*
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Since
Qg =-1 +4A23A32 <0, Co < 0, Cj33 < 0, a>0,

we have _ B
A22 > 0, A33 > 0.

Further, we show that Aj; A, > 0. Using the relations
Cyy = Csg css Aoz = —Asp i

\/0117 vV C33’
we deduce Az3Ca2 = —C33A32 and, consequently, A, = —AJ;. Since AJ; is pure imaginary, we get
oy N2
A;E;A;Q = _(Aég + Zb) > 0,
which implies ¢ > 0. O

Now, consider equation (4.18),
1=NAn —(1+ M)A, —(1+NAf;
det |—(1+NAL  (1=NAw  (1-NAgs | = (1 =22 Ar A dss
—(1+NAH,  (1=MNAss (1= N)Ass

— (1= NP A AsgAgs — (14221 = NVALAL Ass + (1+2)°(1 = N ALAL A
+(1+2)2(1 = NAFAL Ass — (1+ 2)2(1 = N AF AL Au =0,
which can be rewritten as
(1-=XN[1=X)?A+ (1+X)?*B] =0.

Consequently, we get A5 = 1 and two other eigenvalues are defined by the equation

(%)2 _ _g — (4.20)

where

A= Ay AuAss — Ar Asa Ass,

B = —Af Al Ass + AL A Ags + AL AL Asy — Al AL A
Lemma 4.4. The inequality p = % > 0 holds.
Proof. We have

—~ = ~ = 2—-8A415451)C 8A1445C 841544, C 2—-8414A4)C
ApuAss — AsyAys = {( 15451) 44, 414451 45}{ 15441 45+( 14441)Css

Q1 Q1 Q1 Q1
[ (2—8415451)Cys " 8A14A51055] [81415/141044 + (2 - 8A14A41)C45]
@1 Q1 @1 @1

_ (2—-8A15A451)Cuy . (2 —8A14A441)Cs5 + 64414451 A15A41Cy

Q1 Q1 Q3
_ (2-8415451)Cs5 (2 —8A14A401)Cy5 64414451 A15441CusCss

Q1 Q1 Q3
= M(Cy4Cs5 — Cz215) + N(Cir) — Cy4Cs5) = (CyCs5 — Ci5)(M - N),

where

(2 —8A15451)(2 — 8A414A41) 64414451 A15 A0
. . N = : .
Qi Q1
Note that M — N > 0, since A14A41 < 0 and A15A51 < 0. Indeed, we have

2 —8A15451)(2 —8A14A 64A14A51A15A 4
M_N = ( 15 5122(2 14Aa) 14 512 15441 @[1 — 4 Ay Au — 4A1sAsi] > 0.
1 1 1

M =
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Now we show that C44Cs5 — 025 > 0. Rewrite Cy4, Cs5 and Cy5 in the form
Cu=—-(m+gisn), Css=—(m+ein), Cui=euqsn,

where

(by — by) ( ) 1 [ w11 caa(ba — by)(5e33 b1ba + 2211)
m = + > O7 n= ———— _— >0
“o/B caa b1b2 201165, |\ 533 VB
(see [8], Appendix B) and

CusCs5 — Ciy = m® + (€3, + qi5)mn > 0.
Consequently, o o
N AgsAss — AsyAgs > 0
and, since A1 > 0, we have o L
A= A1 A4 Ass — A1 A5 Ags > 0.
Now, we show that
B - _./414./441./455 + A ./451./445 + A15A41A54 - ./415./451./444 > 0

First, we prove the inequality —A},Af Ass + Af,Af; Ass > 0. Indeed,

— A A Ass + AT AR Aus = AT (= AT Ass + Af Aus)

4A14C 4A4,C 4A5,C 8A15441C 2 —8A1,A441)C
_ 14 11{( 41 44Jr 51 45)( 15441 45+( 14 41) 55)

Q1 Q1 Q1 Q1 Q1
_ <4A41C45 n 4451 C55> (8A15A41044 n (2-— 8A14A41)C45>}
Q1 Q1 Q1 Q1
_4A14Cyy {41441 (2 —8A414A441)C44Cs;s n 32451415441 C3;
Q1 Q3 Q1
_ 4A41(2 —8A14A41)C3; _ 32145114151441044055}
Q3 Q3
32A414A44:C 1—-4A,4A 4A51 A
B 14@141 11 {( Q214 41) (CasCss — C2) + %(035 ~ CuuCss)
1 1
324,444, C 1 —4A4A4 —4A5,A 32A414A41C
_ 14A441C14 14 412 51415 (CasCas — C2.) = 14 241 11 (CaaCss — C2).
Q1 Q1 Q7

Therefore, taking into account the inequalities A14A44 < 0, Ci; < 0, CyuyCss — 04215 > 0, we
conclude that

_Vzlvizjilvz(f)f) + vzl/ik4vzlv;>1df4v45 > 0
Further, we prove that
,,2('1‘_5,11_1_,154 - ./z(i%;(;_lj@; > 0.
Conducting algebraic transformations as in the previous case, we get
-"TEZL-’ZM - -’ZT:;-Z;NZM = -’115( A -A44 + -A41-’454)
_ 4A15C1y [_ <4A41045 " 4A51055> ((2 —8A15451)Cuy i 8A14A51045)

Q1 Q1 Q1 Q1 o
4A441Cuas 4A51Cy5\ /(2 —8A15451)Cus . 8A414451Cs5
+ + +
( Q1 Q1 ) ( Q1 Q1 )}
_ 4415Cn [_ 32441 A414451C8;  4451(2 — 8415451)Cu4aCss
Q1 Q3 Q1
32441 A14A51C44Cs5  4A51(2 — 8A15451)Ci5
+ X + . |
Q7 Q1

_ 441545 Cn {_ 32414A0Ch;  4(2 — 8415451)CusCs;s
o) Q1 Q1
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32A41414C14Cs5  4(2 — 8A15A51)C35
+ . - 2 ]
Q1 Qf

4A15A51C11 132414A 4(2 — 8A1545
=1 Q11 1 { Cl; A (—C35 + CyyCss) — 42 = 8415451 Q21 ) (—C35 + C44Css)
1 1
32A15A45:C11 T4A14 A 1—-4A5A 32A4,5A45,C
= 15@151 = [ 82 u_ Q215 51)} (—C2%, + C44Cs5) = 71562251 L (—C3%; + C44Cs;s).
1 1 i

Taking into account the inequalities As1A15 <0, C1; < 0 and CyyCs5 — 0?15 > 0, we obtain
Jz(i‘%jils/z(f)él - jf5ﬂglj44 > 0
A
Thus, B > 0 and, consequently, p = B > 0. g

Due to (4.19) and (4.20), we have the following expressions for the eigenvalues of the matrix
(03) to, (i-e., the roots of polynomial (4.16) with respect to \),

1—1 _ 1—
M= VP T = A =Y o M= =L
1+iy/p 1+.4
Note that |A1| = [A2] = 1. Moreover, since A3 and A4 are real, they are positive (see Appendix,

Subsection 5.2).
Applying the above results, we can explicitly write the exponents of the first terms of the asymptotic
expansions of the solutions (see (4.3)):

11 1 1 1—iyp
= — _— A _ — -
MR N Ty T o BT b
1+1(a (1—iyp)—a (1+f)) L lacta\f
=—-+—[arg(l- —ar = — — —arctan
9 9n g P g WP 9 x b,
1 1
v = 3 = arctan /p, 61 =0,
1 1
"= + — arctan/p, 0o =0,
v
1 ~ 1 1-/q
=y == 03 =—04=0=——1
Y3 =74 Bk 3 4 o Og1+\/§7
1
V=% = 5 05 =06 = 0.
It is evident that 0 < v < % and % <2 < 1.
Note that in this case By(t) has the following form (see (3.52)):
Iy [0]4x2 . 1t
By(t) = , here B/ (t) =
o(t) [0)25c4 B(Q)(t) w (t) 1

Now, we can draw the following conclusions:

(1) In view of Theorem 4.1, the solutions of the problem possess the following asymptotic be-
haviour near the edge curve ¢ = 9I'r:

@D, oM T = D pm  (Dpd ey (D438 (0308 4 (D | (O
F1CH - b(()l) rs 4 bgl) PR
u® = c((f) 4 0(12)7'% Inr + cég) r%“g + c§2) r%*ig + cf)r% + c?)r“Y2 4+

92 = b(()2) T% T bgz) P24
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(- ), 7 = 0,...5, are the 5-dimensional vectors, c(-Z), j = 0,..5, are the

where coefficients >
k)

3-dimensional vectors and b§- , 7 =0,1, k=1,2, are scalars.

As we can see, the exponent v, characterizing the behaviour of u, (1), 1) and 42
near the line £ depends on the elastic, piezoelectric, piezomagnetic, dielectric and permeability
constants, and does not depend on the thermal constants. Moreover, y; takes values from the
interval (O7 .

For the general anisotropic case, these exponents also depend on the geometry of the line
£, in general.

(2) In general, we have the following smoothness of mechanical and electromagnetic fields:

(u®, M My e [cM (ﬁl)]S, u® e [em (Qg)]?’, 0<m < %

(3) Since vy, < %, we have no oscillating stress singularities for physical fields in the neighbourhood

of the curve /.

Note that in the classical elasticity theory (for both isotropic and anisotropic solids) for mixed bound-

ary value and mixed transmission problems the dominant exponents are

101 444 with § # 0 and,

consequently, there occur oscillating stress singularities at the line £ (for details see [12,13]).

5. APPENDIX

5.1. Properties of Potentials and Boundary Operators. Here we collect some theorems describ-
ing the mapping properties of potentials and the corresponding boundary integral (pseudodifferential)
operators. The proof of these theorems can be found in references [7,8,20].

Theorem 5.1. Let 1 <p < oo, 1 <q< o0, s €R. Then the single layer potentials can be extended
to the following continuous operators:

v (B 9] =B @) v (B8] - T @),
v ) S @) VA [308) = @)
Theorem 5.2. Let 1 < p < 00, 1 < qg< oo, h® e [B;q%(aQ(Q))]‘l’ B ¢ [B_’q%(ag(l)”‘s_

Then

(VRO = (V,On®)) = 1@ (h@) on 90@

(T@O,r, VROV = [ 127 L+ 2] (@) on 90O
{VT(l)(h(l))}+ = {V.ORONT =HD (hW) on 90O,

(TO@,n, )V, =[5 2 L+ KD ] (AD) on 000

where I, stands for the k X k unit matriz.

The operators 'H(Tl), 7—[(72)7 ICQ) and ICSQ) possess the mapping and the Fredholm properties [7].

Theorem 5.3. Let 1 <p < oo, 1< qg< oo, se€R. The operators
1P . [H (00" - [H;“(afz@))} , HW  [H0Q M) o [Hy (99 1)°,
1P . (B (00" = [Bstt o), w1 . [B; Q(1>] [Bst1 (00 ™M)]°,
K& s [Hy09@)]" = [Hy(092@)]", KO s [Hy 002" = [Hy (092 D)]°,
K@ (B (00 = [Bs(00®)]*, KO (B (00M)]° = [Bs (00 M)]°

are continuous.

Theorem 5.4. Letl <p< oo, 1 <g< o0, s€ER and 7 =0 +iw. The operators

T

1P - [H3(09?))] —>[H;+1(a§z<2 ) 1Y [H (00 W) = [HH 00 W))°,
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1D o [Bs (00@)] = [Bs (00 ®)]Y, 1D By (000 = [Bst 90 M)]°,

T

are invertible if o >0 or T = 0.
The operators

TD N P JOR [HS(@Q@))]“ [H: (00 @),
+270 1, + K@ (B (00)]* = [Bs, (00,
271 [g+ KD [H8<aQ<1>)}6 —[H (aQ<1>)}6
27 1o+ k0 ¢ [Bs,(00M)]° = [ B (00M)]°,

are invertible if o > 0.
The operators

2 g+ D [HE02W) ] = [H (00 M)]°,
27 g+ KO ¢ [B(09M)]° = [ By (09M)]°
are Fredholm ones with the index, equal to zero for any T € C.

5.2. Fredholm properties of pseudodifferential operators on manifolds with boundary.
Let M be a compact, n-dimensional, smooth, nonselfintersecting manifold with the smooth boundary
OM # & and let A(z, D) be a strongly elliptic N x N matrix pseudodifferential operator of order
v € R on M. Denote by &(A;z,£) the principal homogeneous symbol matrix of the operator A(x, D)
in some local coordinate system (z € M, £ € R\ {0}).

Let Ai(x),...,An(x) be the eigenvalues of the matrix

[S(A;2,0,...,0,+1)] ' [S&(A;2,0,...,0,—1)], = €M,

and introduce the notation
§j(z) =Re[(2mi) 'InA;(z)], j=1,...,N.

Here In{ denotes the branch of the logarithmic function, analytic in the complex plane cut along
(—o0, 0]. Note that the numbers ¢;(z) do not depend on the choice of the local coordinate system
and the strong inequality —1/2 < §,(z) < 1/2 holds for all x € M, j = 1, N, due to the strong
ellipticity of A. In a particular case, when &(A;z,¢) is a positive definite matrix for every € M
and & € R™"\ {0}, we have 1 (x) = --- = dn () = 0, since the eigenvalues A1 (z),..., Ay (z) are positive
for all x € M.

The Fredholm properties of strongly elliptic pseudo-differential operators on manifolds with bound-
ary are characterized by the following theorem (see [2,4,18,30]).

Theorem 5.5. Let s € R, 1 < p < 00, 1 < g < 00, and let A(z, D) be a pseudodifferential operator
of order v € R with the strongly elliptic symbol S(A; x, &), that is, there is a positive constant co such
that

ReS(A;z,&)n - n=coln?
for x € M, £ € R™ with [¢| =1, and n € CV.
Then the operators

A [H MY = [H )Y

~ (5.1)
N —y N
A B (M) = [Br (M)
are Fredholm and have the trivial index Ind A = 0 if
1 v 1
- —1+ sup J(x) <s— - < -+ inf 5.2
, o i(x) 5 <5 ., (). (5.2)
1<GEN 1<]<N

Moreover, the null-spaces and indices of the operators (5.1) coincide for all values of the parameter
€ [1,4+00] provided p and s satisfy inequality (5.2).
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NEW RESULTS ON SEMI-/-CONVERGENCE

CARLOS GRANADOS

Abstract. In this article, we use the notions of semi-open, semi-I-open sets and S-I-convergence
to show and study other properties on semi-/-convergence. Besides, some basic properties of semi-
I-Fréchet—Urysohn space are shown. Moreover, the notions related to semi-/-sequential and semi-
I-sequentially open spaces are proved. Furthermore, we show some relations of semi-/-irresolute
functions between preserving semi-/-convergence functions and semi-/-covering functions.

1. INTRODUCTION

The notion of ideal was introduced by Kuratowski in 1933 [5], an ideal I on a space X is a collection
of elements of X which satisfies: (1) § € I, (2) if A,B € I, then AUB € I, and (3) if B C I and
A C B, then A € I. This notion has been grown in several concepts of general topology. In 2019, Zhou
and Lin [8] used the notion of ideal on the set N to extend the notion of I-convergence, the results
were useful for the developing of this paper. Recently, in 2020, Guevara et.al. [3] have shown some
basic properties of S-I-convergent sequences and studied the notions related to the compactness and
cluster points by using semi-open sets, furthermore, they have proved that S-I-convergence implies
I-convergence for any ideal I on N. On the other hand, in 1963, Levine [6] introduced the concept
of semi-open sets in topological spaces, and then in 2005, Hatir and Noiri [4] presented the idea
of semi-IT-open sets and semi-I-continuous functions in the ideal topological spaces. In this article,
we took in the whole the notions mentioned above, define other properties on semi-/-convergence
and study the relation between semi-/-sequentially open and semi-/-sequential spaces. Moreover, we
define and study some basic properties of preserving semi-/-convergence functions and semi-I-covering
functions, furthermore, we prove some relations with semi-/-irresolute functions. Besides, the idea of
semi-I-Fréchet—Urysohn spaces is defined.

Throughout this paper, the terms (X, 7) and (Y, o) mean topological spaces on which no separation
axioms are assumed unless otherwise mentioned. Additionally, we sometimes write X or Y instead of
(X, 7) or (Y, 0), respectively.

2. SEMI-/-CONVERGENCE
We first introduce some definitions.

Definition 2.1. Let (X,7) be a topological space, A C X and € X. Then A is said to be
semi-neighbourhood if and only if there exits a semi-open set B such that z € B C A.

Definition 2.2. A sequence (z, : n € N) in a topological space X is called semi-I-convergent to a

point z € X, provided for any semi-neighbourhood U of z, it has Ay = {n € N: z, ¢ V} € I, which

is denoted by s-I- lim z,, = x or x, —°' x, and the point z is called the s-I-limit of the sequence
n—oo

(xn :m €N).
Definition 2.3. Let (X, 7) be a topological space and A C X. Then A is called semi-I-sequentially

open if and only if no sequence in X — A has a semi-/-limit in A. That is, the sequence cannot be
semi-I-convergent outside of a semi-I-sequentially closed set.

Definition 2.4. Let I be an ideal on N and X be a topological space, then:
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(1) A subset J of X is said to be semi-I-closed if for each sequence (z, : n € N) C J with
zn =T 2 € X, then z € J.

(2) A subset V of X is said to be semi-I-open if X — V is semi-I-closed.

(3) X is said to be a semi-I-sequential space if each semi-I-closed set in X is closed.

Definition 2.5. Let (X, 7) be a topological space. Then X is semi-I-sequential, when any set A is
semi-open, if and only if it is semi-/-sequentially open.

Now, we show some results.

Lemma 2.1 ([8]). Let I be an ideal on N and X be a topological space. If a sequence (X, : © € N)
I-converges to a point x € X and (y, : n € N) is a sequence in X with {n € N: z, # y,} € I, then
the sequence (y, : n € N) I-converges to x € X

Lemma 2.2 ([8]). Let I C J be two ideals of N. If (x,, : n € N) is a sequence in a topological space
X such that z, =1 x, then z, =7 .

Lemma 2.3. Let (X,7) be a topological space. Then B C X is semi-I-sequentially open if and only
if every sequence with semi-I-limit in B has all, but finitely many, terms in B, where the index set of
the part in B of the sequence does not belong to I.

Proof. Suppose that B is not a semi-I-sequentially open, then there is a sequence with terms in X — B,
but semi-I-limit in B. Conversely, suppose that (z, : n € N) is a sequence with infinitely many terms
in X — B such that semi-I-converges to y € A and the index set of the part in B of the sequence does
not belong to I. Then (x, : n € N) has a subsequence in X — B that has still to converge to y € B
and so, B is not semi-I-sequentially open. O

Lemma 2.4. Let I and J be two ideals of N, where I C J and X is a topological space. If V C X is
semi-J-open, then it is semi-I-open.

Proof. Let V C X be semi-J-open. Then X —V is semi-J-open, if (2, : n € N) is a sequence in X —V
with z, —*! z, thus by Lemma 2.2, it has € X — V. Therefore, V is semi-I-open. O

Corollary 2.1. Let I and J be two ideals of N. If a topological space X is semi-I-sequential, then it
is semi-J-sequential.

Lemma 2.5. Let I be an ideal on N and X be a topological space. If a sequence (X, : © € N) is
semi-I-convergent to a point © € X and (y, : n € N) is a sequence in X with {n e N:x, £y} € I,
then the sequence (yn, : n € N) is semi-I-convergent to x € X.

Proof. The proof is followed by Lemma 2.1 and Definition 2.2. 0

Lemma 2.6. Let X be a topological space X, A C X and I be an ideal on N. Then the following
statements are equivalent.

(1) A is semi-I-open.

(2) {neN:x, € A} ¢ I for each sequence (z,, : n € N) in X with z,, »*T z € A.

(3) {n € N:x, € A}| = 0 for each sequence (z,, : n € N) in X with z,, =*T z € A.

Proof. (1) = (2) : Suppose that A is a semi-I-open set of X and let (x, : n € N) be a sequence in
X satisfying z,, =/ 2 € A. Now, take Ng = {n € N: z,, € A}. If Ny € I, then Ny # N and so,
A # X. Now, take a point a € X — A and define the sequence (y, : n € N) in X by y, = a,n € Ny,
thus y, = x,, n ¢ Ny. By Lemma 2.5, the sequence (y, : n € N) semi-I-converges to z. We can
see that X — A is semi-I-closed and (y,)neny € X — A, as a consequence, z € X — A, but this is a
contradiction. Therefore, Ny ¢ I.

The implication (2) = (3) follows from the notion that the ideal I is admissible.

Now, let us show the following implication. (3) = (1) : Let A be nonsemi-I-open in X. Then
X — A is not semi-I-closed and there is a sequence (z,, : n € N) C X — A with z,, =*/ z € A and this
is a contradiction. O
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Theorem 2.1. Every semi-I-sequential space is hereditary with respect to semi-I-open (semi-I-closed)
subspaces.

Proof. Let X be a semi-I-sequential space. Suppose now that A is a semi-I-open set of X. Then
A is semi-open in X. Now, we can see that A is semi-I-sequential. Let V be a semi-I-open set in
A, thus V is semi-open in X. Indeed, by Definition 2.5, if we show that V is semi-I-open in X,
this will be sufficient. Now, suppose that there is a point y € Y — V and take an arbitrary =z € V
and a sequence (z, : n € N) C X with x, —s 2 in X. Since A is semi-open in X and z € A,
the set {n € N : x,, ¢ A} € I. We define the sequence y,, : n € N) in X by y, = x,, z, € A,
Yn = Y, Tn, ¢ A. By Lemma 2.5, the sequence (y, : n € N) is semi-I-convergent to z. Since
{neN:z, ¢V} =|{neN:y, ¢ V}| and by Lemma 2.6, V is semi-I-open in X.

Now, let A be a semi-I-closed set of X. Then A is semi-closed in X. For any semi-/-closed set J of
A we have to show that J is semi-closed in X, but since X is a semi-I-sequential space, it suffices for
J to be semi-I-closed in X. Hence, let (x,, : n € N) be an arbitrary sequence in J with z,, —=*/ r € X.
Thus we obtain that x € J. Indeed, since A is semi-closed, therefore x € A and so, x € J, since J is
a semi-I-closed set of A. O

Theorem 2.2. Semi-I-sequential spaces are preserved by the topological sums.

Proof. Let {X5}sea be a family of semi-I-sequential spaces. Take X = @ X, being the topological
dEA
sum of {Xs5}sea. We now show that the topological sum is a semi-I-sequential space. Let J be a

semi-I-closed set in X. For each § € A, since X is semi-closed in X, J N X is semi-/-closed in X.
We can see that J N X5 C Xs and J N X is semi-I-closed in X5. By the assumption, we have that
J N X is semi-closed in X;. By the definition of topological sums, we get that J is semi-closed in X.
Therefore, the topological sum X is a semi-I-sequential space. O

Remark 2.1. The union of a family of semi-I-open sets is a topological space which is semi-I-open.
Therefore, the intersection of finitely many sequentially semi-I-open sets is sequentially semi-/-open

Definition 2.6. Let I be an ideal on N and A be a subset of a topological space X. A sequence
(x5, : m € N) in X is [-eventually in A [8] if there is B € I such that for alln € N— B, z, € A.

Proposition 2.1. Let I be a mazimal ideal on N and X be a topological space. Then A is a subset of
X, where A is semi-I-open if and only if each semi-I-convergent sequence in X, converging to a point
of A is I-eventually in A.

Proof. Let A be a semi-I-open and z,, —* z € A. Since I is maximal, by Lemma 2.6, B = {n € N :
xn ¢ A} € I. Therefore, for each n € N— B, z,, € A, i.e., the sequence (z,, : n € N) is I-eventually in
A. O

Theorem 2.3. Let I be a maximal ideal of N and X be a topological space. If V., W are two semi-I-
open sets of X, then VNW is semi-I-open.

Proof. Tt will be shown that every semi-/-convergent sequence converging to a point in V N W is
I-eventually in it. Let (z, : n € N) be a sequence in X such that z,, —* = € V. N W. There are
A, S € I such that for eachn € N— A, z, € V and for eachn €e N— S, x,, € W. Since AUS € I and
foreachn e N— (AU S), x, € VNW, we have V N W is a semi-I-open set. O

3. FURTHER PROPERTIES

3.1. Semi-/-irresolute functions. In this part, we introduce semi-I-irresolute functions and show
some relations between continuous and semi-/-continuous functions.

Definition 3.1 ([1]). Let f : (X,7) — (Y, 0) be the functions. f is called sequentially continuous,
provided V is sequentially open in Y, then f~1(V) is sequentially open in X.

Definition 3.2. Let I be an ideal on N, (X, 7), (Y, o) be topological spaces and f : (X,7) — (Y,0)
be a function, then:
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(1) f is said to be preserving semi-I-convergence, provided for each sequences (z, : n € N) in X
with x, —°! z, the sequence (f(x,) : n € N) is semi-I-convergent to f(z).
(2) [4] f is said to be semi-I-irresolute if for each semi-I-open V in Y, then f~!(V) is semi-I-open
in X.
Lemma 3.1 ([4]). Every semi-I-irresolute function is semi-I-continuous.

Theorem 3.1. Let f : (X,7) — (Y,0) be a function. If f is continuous, then f preserves semi-I-
convergence.

Proof. Suppose that f is continuous and let (z,, : n € N) be a sequence in X such that z,, —*/ r € X.
Now, let V be an arbitrary semi-neighbourhood of f(x) in Y. Since f is continuous, f~(V) is
a semi-neighbourhood of z. Therefore, we have {n € N : z,, ¢ f~1(V)} € I. We can see that
{neN: f(z,) ¢V}={neN:z, ¢ f~5(V)}. This implies that {n € N: f(z,) ¢ V} € I. Hence,
fzn) =1 f(z). O

Theorem 3.2. Let f: (X,7) = (Y,0) be a function. If f preserves the semi-I-convergence, then f
is semi-I-irresolute.

Proof. Suppose that f preserves semi-I-convergence and J is an arbitrary semi-I-closed set in Y.
Let (z, : n € N) be a sequence in f~1(J) such that z,, —*/ x € X. By the assumption, we have
f(z,) =L f(z). Since (f(z,) : n € N) C J and J is semi-I-closed in Y, hence f(z) € J, i.e.,
x € f~1(J). Therefore, f~1(J) is semi-I-closed in X and then f is semi-I-irresolute. a

Proposition 3.1. Let f: (X,7) — (Y,0) be a function. If f preserves the semi-I-convergence, then
f is semi-I-continuous.

Proof. The proof is followed by Lemma 3.1 and Theorem 3.2. O

Theorem 3.3. Let I be a maximal ideal on N. Then a function f : (X, 7) — (Y, 0) is semi-I-irresolute
if and only if it preserves semi-I-convergent sequences.

Proof. Assume that f is semi-I-irresolute and a sequence x,, —*! z in X. We have to show that
f(z,) = f(z) in Y. Now, let V be a semi-neighbourhood of f(z). Then x € f~(V) is semi-I-open
in X, because V is semi-I-open in Y. Hence, there is B € I such that for alln € N— B, z,, € f~1(V).
This means that for all n € N — B, f(x,) € V. Therefore, {n € N : f(z,) ¢ V} € I and hence,

Fa) —* f(). .
Theorem 3.4. Let X be a semi-I-sequential space and f(X,7) — (Y,0) be a function. Then the
following statements are equivalent.

(1) f is continuous.
(2) f preserves semi-I-convergence.
(3) f is semi-I-irresolute.

Proof. (1) < (2) was proved in Theorems 3.1 and 3.2.

(3) = (1) : Let f be semi-I-irresolute and J be an arbitrary semi-closed set in Y. Then J is
semi-I-closed in Y. Since f is semi-I-irresolute, f~1(.J) is semi-U-closed in X. By the assumption,
we find that f~!(J) is semi-closed in X. Therefore, f is continuous. O

Proposition 3.2. Let f : (X,7) = (Y,0) be a function and X be a semi-I-sequential space. Then
the following statements are equivalent.

(1) f is continuous.

(2) f is semi-I-continuous.

Proof. The proof is followed by Proposition 3.1 and Theorem 3.4. O

Lemma 3.2. Let X be a semi-I-sequential space, then the function f: (X,7) — (Y, 0) is continuous
if and only if it is sequentially continuous.

Proof. Let X be a semi-I-sequential space, then every semi-I-closed set is closed, by [1] who proved
that f is continuous if and only if f is sequentially continuous, indeed we have completed the proof. [
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Corollary 3.1. Let X be a semi-I-sequential space and for a function f : (X,7) — (Y, 0) the following
statements are equivalent.

(1) f is continuous.

(2) f preserves semi-I-convergence.
(3) f is semi-I-continuous.

(4) f is sequentially continuous.

Proof. (1) & (2) < (3) was proved in Theorem 3.4, by Lemma 3.2, we have (1) < (4). O

Lemma 3.3. Let f: (X,7) = (Y,0) be a function and X be a semi-I-sequential space. Then the
following statements are equivalent.

(1) f is sequentially continuous.
(2) f is semi-I-continuous.

Proof. The proof is followed by Proposition 3.2 and Corollary 3.1. g

3.2. Semi-/-irresolute and semi-/-covering functions. Continuity and sequentially continuity
are the ones of the most important tools for studying sequential spaces [7]. In this part, we define the
concept of semi-I-covering functions and show some of their properties.

Definition 3.3 ([1]). Let f : (X,7) — (Y, 0) be a topological space. Then f is said to be sequentially
continuous, provided f~!(V) is sequentially open in X, then V is sequentially open in Y.

Definition 3.4 ([1]). Let f : (X,7) — (Y, 0) be a topological space. Then f is said to be sequence-
covering if, whenever (y, : n € N) is a sequence in Y covering to y in Y, there exits a sequence
(x, : n € N) of points x,, € f~1(y,) for all n € N and z € f~*(y) such that x,, — .

Definition 3.5. Let f : (X,7) — (Y,0) be a function. Then f is said to be semi-I-covering if,
whenever (y, : n € N) is a sequence in Y, semi-I-converging to y in Y, there exits a sequence
(z,, : n € N) of points z,, € f~1(y,) for all n € N and z € f~1(y) such that z,, —°! z.

Theorem 3.5. FEvery semi-I-covering function is semi-I-irresolute.

Proof. Let f: (X,7) = (Y,0) be a function and f be a semi-I-covering function. Assume now that
V is a non-semi-I-closed in Y. Then there exits a sequence (y, : n € N) C V such that y, =%/ y ¢ V.
Since f is semi-I-covering, there exits a sequence (r, : n € N) of points z,, € f~(y,) for all n € N
and z € f~1(y) such that z,, = 2. We can see now that (z,, : n € N) C f~1(V) and so, z ¢ f~1(V),
therefore f~1(V) is non-semi-I-closed. As a conclusion, f is semi-I-irresolute. O

Theorem 3.6. Let f: (X,7) — (Y, 0) be a function. Then the following statements hold.

(1) If X is a semi-I-sequential space and f is continuous, then'Y is a semi-I-sequential space and
semi-I-irresolute.
(2) IfY is a semi-Y -sequential space and f is semi-I-irresolute, then f is continuous.

Proof. (1) Let X be a semi-I-sequential space and f be continuous. Suppose that V is semi-I -
open in Y. Since f is a continuous function and X is a semi-/-sequential space, take an arbitrary
sequence (z,, : n € N) C X such that z,, »*/ z € f~}(V) in X. Since f is a continuous function, by
Theorem 3.1, f(x,) —*! f(z) € V. Now, since V is semi-I-open in Y and by Lemma 2.6, we have
{neN: f(zn) €V} =0, ie, |{neN:z, € f71(V)}| =0, therefore, f~1(V) is semi-I-open in X.

Assume now that V' C Y such that f~1(V) is semi-I-open in X. Then f~!(V) is an open set of
X, since X is semi-/-sequential space. As is well know, f is continuous, then V' is open in Y. Hence,
f is continuous.

(2) Let Y be a semi-I-sequential space and f be semi-I-irresolute. If f~1(V) is an open set of
X, then f=1(V) is a semi-I-open set of X. Since f is semi-I-irresolute, V is a semi-I-open set of Y.
Now, we know that Y is a semi-I-sequential space and so, V is an open set of Y. Therefore, f is
continuous. g

By Theorems 3.4 and 3.6, we have the following result.
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Corollary 3.2. Let f : (X,7) — (Y,0) be a function, then f is continuous if and only if [ is
semi-I-irresolute and Y is a semi-I-sequential space.

3.3. Semi-I-Fréchet—Urysohn spaces. A topological space X is said to be Fréchet—Urysohn [2] if
for each A C X and each z € CI(A), there is a sequence in A converging to the point z in X. Now,
in this part, we introduce the notion of semi-I-Fréchet—Urysohn and show a short result.

Definition 3.6. Let (X, 7) be a topological space. Then X is said to be semi-I/-Fréchet—Urysohn or,
simply, S-I-FU, if for each A C X and each « € sCI(A), there exits a sequence in A, semi-I-converging
to the point z € X.

Lemma 3.4. For two ideals I and J on N, where I C J, if X is a S-1-FU-space, then it is a
semi-J-FU-space.

Proof. Let A be a subset of X and z € sCI(A). Since X is a S-I-FU-space, then there exits a
sequence (z, : n € N) in A such that z, —sI . As a consequence, z, —*! z in X, and so, X is a
semi-J-F'U-space. O

Theorem 3.7. Let (X, 7) be a topological space. If X is a S-I-FU -space, then X is a semi-I-sequential
space.

Proof. Let {A5 : § € A} be a family of semi-I-closed subsets of X, where § € A € X, since X is
a S-I-FU-space, by Definition 3.6, As C X and each xz € sCI(As). Now, since As is semi-I-closed,
sCl(As) = As € CI(A), but by Definition 3.6, there exits a sequence semi-I-converging to the point
x € sCl(A) € Cl(A) € X, therefore {As : § € A} is a closed set of X. As a consequence, X is a
semi-I-sequential space. O
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HAUSDORFF MEASURE OF NONCOMPACTNESS OF CERTAIN MATRIX
OPERATORS ON ABSOLUTE NORLUND SPACES

CANAN HAZAR GULEC AND MEHMET ALI SARIGOL

Abstract. The absolute Nérlund spaces |N;f|k ,k > 1, have more recently been introduced and
studied by Hazar and Sarigol [On absolute Norlund spaces and matrix operators, Acta Math. Sin.
(Engl. Ser.), 34 (5) (2018), 812-826]. In the present paper, we characterize the classes of infinite ma-

trix and compact operators transforming from |N;f |k into X and obtain some identities or estimates
for the Hausdorff measures of noncompactness, where X is one of the spaces £, ¢ and cg.

1. BACKGROUND, NOTATION AND PRELIMINARIES

A linear subspace of the space w, the space of all (real-- or) complex-valued sequences, is called a
sequence space. We write £, ¢, cg and ¢ for the spaces of all bounded, convergent, null sequences and
the set of all finite sequences, respectively. By e(™ and ¢, (61 = £), we denote the sequence whose
only non-zero term is 1 in n-th place for each n € N and the space of all k-absolutely convergent
series, respectively.

Let X, Y be two sequence spaces, A = (an,) be an infinite matrix of complex numbers and A,
be the sequence in the n-th row of A, that is, A, = (an.),—, for each n € N. Then, we write
A(z) = (4, (2)), the A-transform of z, if

An(z) = i AT
v=0

converges for n > 0. If A(z) = (A, (x)) € Y for all z = (z,) € X, then A is called a matrix
transformation from X into Y, denoted by A : X — Y, and we also denote the class of such maps by

(X7F?)/r) .a sequence space X, the matrix domain X4 and the 8-dual of X are introduced by
Xa={zcw:A(z) e X}, (1.1)
XP ={e=(g,) € w: Xe,x, converges for all z € X},
respectively.

If A = (any) is an infinite triangle matrix, i.e., an, # 0, and a,, = 0 for v > n, there exists its
unique inverse [30]. Throughout the paper, k* denotes the conjugate of k > 1, i.e., 1/k + 1/k* =1,
and 1/k* =0 for k= 1.

A sequence space X is called a BK- space if it is a Banach space with continuous coordinates
P, : X — C defined by P, () = x,, for n > 0, where C denotes the complex field. Also, a BK- space
X D ¢ is said to have AK if every z = (z,,) € X has a unique representation x = Y oo x,e) [2].
For example, £, ¢ and ¢y are BK-spaces according to the norm ||z, = sup,ey |z,| and £ is a

1/k
o0
BK-space according to the norm [z, = ( > |xv|k> , 1 <k < oo. Moreover, the spaces ¢y and
v=0
¢y have the property AK under their natural norms [13].
2020 Mathematics Subject Classification. 40C05, 40F05, 46A45, 46B45, 46B50.
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If X D ¢ is a BK- space and a = (a,) € w, then we write

)
§ AyTy
v=0

provided the statement on the right is defined and finite, which is satisfied whenever a € X?, where
Sx denotes the unit sphere in X, i.e., Sx = {x € X : ||z| =1} [14].

If S and H are subsets of a metric space (X,d) and € > 0, then S is called an e-net of H, if, for
every h € H, there exists s € S such that d (h,s) < e; if S is finite, then the e-net S of H is called a
finite e-net of H. By M x we denote the collection of all bounded subsets of X. If Q € M x, then the
Hausdorff measure of noncompactness of () is defined by

x(Q) = inf {¢ > 0: @Q has a finite e-net in X} .

The function x : Mx — [0, 00) is called the Hausdorff measure of noncompactness [21].

If X and Y are normed spaces, the set B(X,Y) states the set of all bounded linear operators
L: X — Y and it is also a normed space to the norm |L| = sup,cg, |L(x)|y , where Sx is a unit
sphere in X, and we write B(X) = B (X, X). Further, let X and Y be Banach spaces. Then a linear
operator L : X — Y is said to be compact if its domain is all of X and the sequence (L (z,)) has a
convergent subsequence in Y for every bounded sequence x = (z,,) € X. We write C (X,Y) for the
class of such operators. Studies on the Hausdorff measure noncompactness and compact operators
can be found in [11,13,17-21].

The following results are important tool to compute the Hausdorff measure of noncompactness.

Lemma 1.1 ([13]). Let X and Y be Banach spaces, L € B(X,Y). Then the Hausdorff measure of
noncompactness of L, denoted by ||L|, , is defined by

1L = x (L (Sx))
and L is compact, if and only if || L], = 0.

: (1.2)

lallx = sup
TESx

Lemma 1.2 ([21]). Let Q be a bounded subset of the normed space X, where X = £, for 1 < k < oo.
If P,:X — X is the operator defined by P, (x) = (xo,21,...,2,0,...) for all x € X, then

x(Q) = lim sup [|(I = P) (z)]],
T—00 er
where I is the identity operator on X.

Also, we need the following known results for our investigations.

Lemma 1.3 ([13]). Let 1 < k < oo and k* = k/(k—1). Then we have (3, = % = cg = /{,
ff =l and Zf = l~. Furthermore, let X denote any of the spaces Lo, c,co, €1 and L. Then, we
have ||a|y = |lallxs for all a € XP, where |.|| x5 is the natural norm on the dual space XP°.

Lemma 1.4 ([13]). Let X andY be BK -spaces. Then we have (X,Y) C B(X,Y), i.e., every matriz
A€ (X,Y) defines a linear operator Ly € B(X,Y) by L (z) = A(z) for all z € X.

Lemma 1.5 ([7]). s Let X D ¢ be a BK-space and Y be any of the spaces loo,c,co. If A € (X,Y),
then || Lall = |l x,¢) = sup, [|4n % < oo

Lemma 1.6 ([25]). Let 1 <k < oo. Then A € (U, £)if and only if

00 ) k*N 1/k"
i
40 = {3 (Slanl) | <o
v=0 n=0

and there exists 1 < & < 4 such that HAH/(ZM) =¢ HA”(ZM) .
Lemma 1.7 ([12]). Let 1 <k < oo. Then A € (£, ¢x) if and only if

o 1/k
k
|mmum=am{§jam|} < 0.
v n=0
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2. ABSOLUTE NORLUND SPACES

Let Xa, be an infinite series with the n-th partial sum s, and (u,) be a sequence of nonnegative
terms. The series Ya, is said to be summable |4, u,|, , k > 1, if

Zu LAA,(s)F < 00, A_1(s) =0,

where AA,(s) = A,(s) — Ap—1(s), for n > 0, A_1(s) = 0, [22]. If we take A as a matrix of
weighted mean (N, py,) (resp., u, = P,/py), then the summability |A, u,|, reduces to the summabil-
ity }N, P,y un|k (resp., |N, pn|k, [5]), [29]. Further, if u,, = n for n > 1 and A is the matrix of Nérlund
mean (N, py), then it is the same as the summability |N,p,|, ,k > 1, given by Borwein and Cass [6],
which also includes the summability |C, «|, of Flett [9]. By a Nérlund matrix A = (any), we mean

{pn_@/Pm 0<v<n,
Apy =
0, v>n,

where (p,,) is a sequence of complex numbers with P, =pg+p1 + -+ +pn #0, po #0, P_,, =0 for
n>1.
More recently, the space |N;’ k has been introduced as the set of all series, summable by the absolute

Nérlund method |N, py, un|, for k > 1, i.e.,
k
< oo}, (Iv2], = I8, ).

. Puiy  Paios
’Np|k:{a— (ay) Ew: Zuk 12( P, — Pnl >al,

-1
v=1
Certain matrix operators on this space have been studied by Hazar and Sarigdl [10] together with
their norms, which is also generalized some known results in [6, 15,24, 26]. Also, one can see some
related works on sequences and series spaces in [1,3,4,8,11,16,23,27].

Note that if the matrices T® = (tsﬁ,)) and E®) = (e,(ﬁ,)) 1 < k < oo, are defined by

PTL—'U

th) =9 P’ Osvsmn (2.1)
0, v > n,
u%/k*, v=n-—1,

elf) =S un/*, v=n, (2:2)
0, v#En,n—1,

respectively, then we may restate |N“’]C (k) gy o 0 view of the identity (1.1), where 1/k* =0

for k =1 [10]. Further, there exists the inverse matrix S® of T() since T(?) is triangle matrix. To
obtain the matrix S®), take py as a non-zero. Then there exists a sequence (Cy) such that

- 1 =0
NP C=4 TV (2.3)
= 0 n>1,

)

which gives that

Yn = P ZP _oTy if and only if z, = vz(:)Cn v Polu,

where P, =po+p1+---+pn # 0 for n > 1, and so, S®) = (sm,) is defined by

Cp_oP,, 0<v<n,
8552:{0" e Tt (24)
R v >n.
Throughout the paper, for any sequence x = () ‘N “’k, we associate the sequence z = (z,) by

z = EWMoT®) (). If we say that T () = y, then
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. o~ (Pay,  Pui
— l/k:A — 1/k tn—v In-1-v 9
R S e e (25)

forn >1,y_1 = 0. So, it is trivial that = € |[N2| ,
if and only if z € Sp,. In other words, E®or®) . |N“| — {}, is a bijective linear map preserving
norm [10].

Further, we recall that ’N;j

if and only if 2 = E(k)oT(p)(z) €/l andx € S|Nu|
PlE

‘k is a BK-space (see [10]) with respect to the norm

I2lly), = | BT (@) (2:6)

o

We require the following notations and lemmas.

n
Gnv - Z-Prcnfr 0, Z 07
r=v
m

Dy = {6 =(gy) Ew: 1istvGW exists},

v=r

m

S G| < oo},
.

Dg{s(sv)ew:sup

m,r

V=T

D3 - {5 - (gv) cw: Supz Sk Zev ur

M or=0

oo}.
Lemma 2.1.

a) A€ (f,c) & (i) limy, an, evists, v >0, (i) sup,,, |an,| < oc.
b) Ae ({,{x) < (ii) holds.

c) If 1 <k < oo, then A € (L, c) < (i) holds, (iii) sup,, > |am,|k* < 0.

v=0
d) If 1 <k < o0, then A € (0, ) < (iil) holds.
e) If 1 <k < oo, then A € (U, co) & (iii) holds, (iv) lim,, an, =0, v > 0.
f) A€ (o) & (ii) and (iv) holds [28].

Lemma 2.2. Let 1 < k < o0. If a = (a,) ‘N“ , then a = (a,) € Ly~ fork > 1, and a € o for
k = 1. Moreover,

o0 o0
Z ApTy = Z Ay 2y (2.7)
v=1 v=1

, where z = EWoT®)(z) is the associated sequence defined by (2.5)

holds for every x = (zy) |N“
and

o0
Gy = u;l/k* Zaer. (2.8)

Also, the following result is immediate by Lemma 2.2.

Lemma 2.3. Let (u,) be a sequence of nonnegative numbers. Then ‘N;j’i

and |N,|? = Dy N Dy for k=1 [10].

=DiND;3 forl <k<oo

Lemma 2.4. Let @ = (a,) be defined as in (2.8). Then |a|]

Nyl = ||&||€k* for 1 < k < oo and

- B
||a||‘*Np| = llall,_ for k=1, where a € ‘N;j’k .
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Proof. Let 1 <k < oo and a € ‘N;j’f . Then by Lemma 2.2, we get @ = (a,) € £+, and equality (2.7)

holds, and also, by (2.6), = € S|N“ ,
Pk

Ha|||*Nu| = sup T,| = sup Zauzv = ||a||1,k
ik |N“ zeS@k v=1
and, since a = (a,) € £+, by Lemma 1.3,
el = lallg, = llall,,. -

This concludes the proof.

The proof for k = 1 is similar to the above, so it is omitted.

Lemma 2.5. Let V be a sequence space and (u,) be a sequence of nonnegative numbers.

(’N;j|k7V) , then F(F) ¢ (L, V'), where the matriz Fk) = (fy(ff})) is defined by

f’r’(LITC)) = qul/k* Z Ay Gy

Proof. The proof is seen at once by Lemma 2.2.

Now, we give some lemmas on the operator norms.

if and only if z € Sy, . So, it follows from (1.2) and (2.7) that

Lemma 2.6. Let (u,) be a sequence of nonnegative numbers and define the matriz F*) = (fé]f,)) by

(2.9). If A is in any of the classes (|N;‘k,00) , (’N;)‘|k ,c) and (|N;j|k ,Eoo> , then for 1 < k < oo,

b
e

IZall = 4]

Nu

OO) =
and for k=1,
— — (1)
1Zall = 14l g, ey = sup [ E)),

Proof. 1t follows immediately by combining Lemmas 1.4, 1.5 and 2.4.

O

Lemma 2.7. Let (u,,) be a sequence of nonnegative numbers and the matriz Fk) = (f,i’i’) be given

by (2.9).
a) If A € (|Np|,Ly), then for k> 1,

L= Wl =[],
1Zall = 14l "

b) IfAe (|N;f}k ,E) , then for 1 < k < oo, there exists 1 < £ < 4 such that
=17,

(tt) & (£1,6)
Proof. Tt follows by combining Lemmas 1.4, 1.6, 1.7 and 2.5.

IZall = 14l

INg1,06) ~ H

3. CoMPACT OPERATORS ON ABSOLUTE NORLUND SPACES

In this section, we characterize the classes (|N;j’k , X) and C (|N;j|k ,X), and also obtain some

identities or estimates for the Hausdorff measures of noncompactness in these classes, where X is one

of the spaces £, ¢ and cg.
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Theorem 3.1. Let (u,) be a sequence of nonnegative numbers and let F1) = (fﬁ)) be given by

féi) = limZaanjl,, n,v > 0.
m

Jj=v
a) A € (|Npy|,lo), if and only if
i G e > .
hTEnZaWGW exists for each n,v > 0, (3.1)
J=v
sup Zaerm < oo for each j, (3.2)
sup ffg) < 00. (3.3)
n,j

b) A € (|Np|,c), if and only if (3.1), (3.2), (3.3) hold and
lim f%) exists for each j.
c) A€ (INp|,co), if and only if (3.1), (3.2), (3.3) hold and
lim f%) =0 for each j.
Proof. a) A € (|Np|,l), if and only if (an,)52, € \Np\ﬁ for each n, and A(x) € {y for every
x € |N,|. Also, by Lemma 2.3, it is seen that (anj);’;o € Dy N Do, ie., (3.1) and (3.2) hold for each
n. To prove the necessity and sufficiency of (3.3), let € |N,|. Consider the composite operator

EMoT® : |N,| — £ defined by (2.1) and (2.2). Then it is easy to see that E(VoT®) is a bijective
linear operator, since T®) and E(") are bijective linear operators (see, [10]). Now, we write z € ¢,

where T?) (z) = y and z = (EWoT®) (2), ie., 2z, = Ay, for n >0, y_; =0, and also y,, = > 2;.
3=0
Then, it follows from (2.3) and (2.4) that

Zamxv = Z (Pj Zam,Cvj>yj = fo,ij)zj,
v=j §=0

v=0 3=0
where
m .
(1) Y anoGoyj, 0<j<m,
fmj = §v=J
0, j>m.

Moreover, if any matrix R = (r,,) € (¢,¢), then the series R, (z) = X,7nv2, converges uniformly in
n, since, by Lemma 2.1, the remaining term tends to zero uniformly in n, that is,

o0
g TnvToy

v=m

(o)
< sup |7y Z |z, | — 0 as m — oo,
n,v

v=m

and so we get

lim R, (z) = Zlim TryZoy- (3.4)
v=0

Hence, it is easily seen from (3.1) and (3.2) that F(1) = <f7(,37)) € (¢,¢), and so, by (3.4), we have

Aw) =Y (1im 751)) 25 = S s = FO(e)
j=0

Jj=0

where fr(é) = lim,, fgj) This results in A(x) € £o, for every @ € |N,|, if and only if F()(z) € £y, for
every z € £ , which implies that A € (|N,|, ) if and only if (3.1) and (3.2) hold, and F(") € (¢,£,.) .
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Also, it follows from Lemma 2.1 that F(1) € (¢, £..), if and only if (3.3) is satisfied. This concludes
the proof of the part of a).
The parts b) and ¢) can be proved similarly, so we omit the detail. O

Theorem 3.2. Let k > 1, (u,) be a sequence of nonnegative numbers. Define the matriz F*) =
( (k)> b
nuv Y

fr(L]Z) = u;l/k* Zaanjw n,v > 0.

Jj=v
Then
a) A e <|N;j|k ,&}o) if and only if (3.1) holds, and
K
Sk Zam | <00, (3.5)
< 0. (3.6)

b) A€ (}N;,‘|k ,c) , if and only if (3.1), (3.5), (3.6) hold, and
lim f\*)  exists for each v.
c) Ae (’N;j‘k,co) if and only if (3.1), (3.5), (3.6) hold, and

hm f(k) =0, for each v.

Proof. a) Let A € (|N;f‘k ,Zoo) . Then, equivalently, (anj)?io € (|N;f‘k)5 and A (z) € {s for every

B
T € ‘N;’k Also, by Lemma 2.3, it is seen that (am) (‘N“’ ) if and only if (an]) 0 € D1ND3
for each m, which is the same as (3.1) and (3.5). To prove the necessity and sufficiency of (3.6), by
considering (2.1) and (2.2), we define the operator E*)oT®) : ‘Nzﬂk — {k by
(E(k)oT(p)> (z) = u/F AT®) (2).
It is easy to see that a composite function E*)oT®) is a bijective linear operator, since T and
E®) are bijective linear operators (see, [10]). Given z € ‘N;j’k. If we say that T (x) = y and
z= (E(k)oT(p)) (), ..z, = u}/k*Ayn for n > 0, y_1 = 0, then we have z € {, and since the space
|N;j|k is isomorphic to ¢y, it follows that = € |N;j|k , if and only if z € ¢. Further, y, = >_ uj_l/k*zj.

§=0
So, considering (2.3), as in the proof of Theorem 3.1, we obtain

m m
E : _2 : 7 (k)
Anjdj = fmj Zj
j=0 j=0
where

Oa j>m.

Furthermore, if any matrix R = (ry,,) € (k, ¢), then the series R,,(z) = Xy rn,, converges uniformly
in n, by Lemma 2.1. In fact, applying Holder’s inequality to the remaining term, we get

S . 1/k* o 1/k
< (Z ol ) (Z mk)
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and the right-hand side of this inequality tends to zero as m — oo, since x € ¢j. This means that
the remaining term tends to zero uniformly in n, and so, R,(z) = X,7,,Z, converges uniformly in n,
which implies

[oe]
lim R, (z) = Zlim TnoTo- (3.7)
v=0
Thus, it is easily seen from (3.1) and (3.5) that F(*) = (fy;)) € (g, c), and so, by (3.7),
An(@) =" (im F8)) 20 = D7 1Bz = FO(2),
v=0 v=0

where lim,, ﬂfg = f,S’? This gives that A(z) € {y for every z € |N;‘k, if and only if F*)(z) € £y
for every z € £}, which implies that F*) € (¢}, £.), and so, it follows by applying Lemma 2.1 to the
matrix F*) for k > 1 that F®) € (¢4, /o), if and only if (3.6) holds. This concludes the proof of the
part of a).

Since b) and ¢) can be proved similarly, so we omit the details.

The following lemma is required to characterize a subclass of compact operators K (’N;|k , X ),

where X is one of the spaces £, co and c. O

Lemma 3.3 ([19]). Let X D ¢ be a BK-space. Then we have:
a) If A e (X,lx), then
0< |Lally < lim sup A [

b) If A € (X, co), then
[Lally, = lim_ sup || An[y -
¢) If X has AK or X =L, and A € (X,c), then
1. * . x
5 Jim sup |4, —ally < IZall, < T sup 4, — ally
where a = () s given by o, = limy, o apy, for all v € N.
By using Lemma 3.3, we establish the following result.

Theorem 3.4. Let k > 1 and (u,) be a sequence of nonnegative numbers. Also, define the matriz
Flk) — (f,&ﬁ’) by (2.9).

Then we have:
a) If A€ (INg|, tc) , then

~ ) |I*
0< ”LA”X < nhﬁn;Q sup HF" . (3.8)
and .
Ly is compact if lim HF,(L’“) —0. (3.9)
n—oo Oy
b) IfAe (|N1ﬂk,co> , then
— i ®]|"
1Zall, = Jim sup || E0 (3.10)
L4 is compact, if and only if lim ’ F,(Lk) .= 0. (3.11)
n—oo k
c) IfAe (‘Nzﬂk ,c) , then
]_ * *
Lo ® _ sl < < i H k) _
nl;rrgosup“Fn aHek < |Lall, < nILrI;OSup FE, |, (3.12)
Ly is compact, if and only if lim HFT(Lk) - .= 0, (3.13)
n—oo k
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where & = (&) is given by &, = lim, f,(Llf,), for allv € N.

Proof. First, by Lemma 1.1, we point out that (3.9), (3.11) and (3.13) are obtained from (3.8), (3.10)
and (3.12), respectively. Also, since ‘N;’k ,k > 11is a BK-space, using parts a) and b) of Lemma 3.3
with Lemma 2.4, we get (3.8) and (3.10), respectively.

Finally, we see that (3.12) holds. In fact, if A € (’N;f|k ,c) , we write F'®) € (£4,c) by using
Lemma 2.5, where A (z) = F®) (2) for all € |N;f{k and z € {j. So, since ¢} has AK, from part c) of
Lemma 3.3, we get

*

, (3.14)

FF) _ &
n .

1 *
Il H (k) _ ~H < < 1 ’
5 nhm sup HF" a b S [Lpmwll, < nhn;o sup

where & = (&,) is given by &, = lim,_, fyf)) for all v € N.
On the other hand, z € S|Nu‘ , if and only if z € Sy, by (2.6). So, it follows from Lemmas 1.1, 1.4
Pk

and 2.5 that
1Zall, = (481 ) = x (FOS0) = I1Zpwll, (3.15)

Hence (3.12) is obtained by (3.14) and (3.15), which completes the proof. O

Theorem 3.5. Let F(®) = ( 7%)) be defined as in (2.9) and (uy) be a sequence of nonnegative

numbers. Then we have:
a) If A € (|Np|, L), then for 1 <k < oo,

9] BN\ 1/k
IEall, = s (3 []") (3.16)
n=r+1
and
L 4 is compact, if and only if rlggo sup i f,%) ’ =0. (3.17)
v n=r+1

b) If A e (|N;f‘k ,5) , then for k > 1, there exists 1 < & < 4 such that

1 o o] k*\ 1/k
izl =g m (X ( X |s]) )
n=r+1

v=1

and

L4 is compact iff rlgrgoz ( Z f’r(ll’f)) )k* —0.

n=r+1

v=1

Proof. a) Let Sx = {x € X : |[z[| = 1} . Now, from (2.6), we can write that x € S|y |, if and only if

z € Sy for all z € |[N,| and z € £. For brevity, we write S|y | = S and Sy = S. By Lemmas 1.1, 1.2,
1.4 and 1.7, we have

|Eall, =x (48) = x (FVS)

= lim sup H(I —P)FW (2)

00 ZES

S ) L\ Lk
= lim su (1 )
L r—o0 vp <n—zr;rl fnv

where P, : ¢ — ¢ is defined by P, (2) = (20, 21, -+, 2r,0,...), which completes our assertions.

Also, (3.17) is derived from (3.16) by using Lemma 1.1.

Since part b) is proved easily as in part a) using Lemma 1.6 instead of 1.7, so, we omit the
details. O
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SOLITONS ON A SHALLOW FLUID OF VARIABLE DEPTH

OLEG KHARSHILADZE!, VASILY BELASHOV? AND ELENA BELASHOVA?

Abstract. The results of numerical study of evolution of the solitons of gravity and gravity-capillary
waves on the surface of a shallow fluid, when the characteristic wavelength is essentially greater than
the depth, A > H, are presented for the cases when dispersive parameter is a function of time,
and the spatial coordinates 8 = S (¢, x,y). This corresponds to the problems when the relief of the
bottom is changed in time and space. We use both the one-dimensional approach (the equations
of the KdV-class) and also two-dimensional description (the equations of the KP-class), in case of
need.

1. BASIC EQUATIONS AND GENERAL PROPERTIES OF SOLUTIONS

Let us consider the models of the Korteweg — de Vries (KdV) and Kadomtsev — Petviashvili (KP)
equations in their application to hydrodynamics, namely, to describe the gravity waves on the surface
of an ideal incompressible fluid of small (compared to wavelength) depth. In this case, the generalized
density and “sound” velocity in the general set of the hydrodynamic equations [3] acquire the sense of
fluid depth H, and velocity ¢ = \/gH, the term gH?/2 plays the role of the pressure, this corresponds
to the effective adiabatic index v = 2 [5]. Then the Boussinesq equations take the form

2
%‘F(VV)V-FVQH—F%VAH:O, (1)
0H
E“FV(HV)—O, (2)

(h = const is the depth of the fluid). It is easy to add into these equations the terms associated with
the capillary effects. Assuming that the curvature of the surface is not too large and the additional
pressure to the fluid caused by the surface tension is defined by the Laplace formula

5p:0(R1_1+R2_1) ,

where o is the surface tension coefficient, Ry and R, are the main curvature radii, we can write
dp = —oAn, where 7 (x,y,t) is the surface function (the value of is sufficiently small). Replacing pgh
in (1) by pgH + dp (p is the fluid density), we obtain

ov gh? o

— \Y VH — — — | VAH =0. 3

vV (G- 2) )
Equations (2), (3) are the Boussinesq equations having regard to the capillary effects [5]. The factor
change at the dispersive term in the dispersion relation in its standard form [5] leads to the change of
the dispersion equation and, instead of w = cok (1 - %HQI{Z + - ) , we have

1 3o
w=cok |1 —= H2—>k2+---], 4
’ { 6 < Py @
where ¢y = /gH. In this case, the dispersive factor is defined by
Co (9 930
=—|H"——). 5
b 6 ( pg) (5)
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Using furthermore the results of [3], we transform (1) and (2) to the form

xr
Opu + audyu — BAZu = — (co/2) / 8§udx,
— 0o
that is, we obtain the KP equation for the gravity-capillary waves on the shallow fluid. Note that for
sufficiently large o > %pH 2. the dispersive parameter changes its sign that involves the qualitative
change of the evolution character and the form of the solutions [1]. Consider now in more detail
the following interesting case. Often there are the cases when the factor g is unusually small. As it
follows from (5), 8 = 0 for H = (30/,09)1/2 ~ 0.48cm (for pure water). However, § = 0 does not
mean that there is no dispersion in medium. It simply means that in this case the next terms in the
Taylor expansion in k of the full dispersion relation must be taking into account. In addition, the
corresponding additional terms appear in the equation. This generalization leads to the KP equation
which can be written as

Oru + audyu — BOZu + yOPu = — (co/2) / 8§udx, (6)

where the coeflicients are

o = §C£’7 — CQ[HQ(gHQ —_ i) _ i(3£ _HZ)Q} .

2H 6 ) pg 12 \ pg
Using the methods based on the implicit and explicit difference schemes [1, 3], numerical integration
of (6) enables us to investigate the structure of the one-dimensional (1D) and two-dimensional (2D)
solitons on a shallow fluid in the case of anomalously weak dispersion. We have found that the quali-
tative form of the solutions depends significantly on the value of parameter £ = (3/V) (=V/y)"/? < 2,
where V is the soliton’s velocity in the reference frame moving along the x-axis with the phase veloc-
ity cg. In the 1D case, for € = 0, the structure of propagating solitons does not differ qualitatively
from that of solitons of the usual KdV equation (see [5]), and in the 2D case — from the structure
of the algebraic KP-solitons [1,3]. Such solitons on the surface of a fluid have negative polarity (the
hollow solitons). When ¢ > 0, for example, in the case of the increasing fluid depth, starting from
the depth H = (30/ pg)l/ 27 the structure of solitons radically changes: by remaining to decay from
their maximum to zero in the transverse direction as before, now their sign varies along the direction
of their propagation (in addition, the amplitude of the 2D solitons falls from the maximum to zero in
the transverse direction, as before). As e — 2, the number of oscillations in the tails increases and
now the solitons become similar to the 1D and 2D high-frequency trains, respectively, i.e., envelope
solitons!. Note that a similar structure is typical also for solitons of internal gravity waves, consid-
ered in detail in [2—4]. Separately for the cases 1D and 2D, let us consider now some our results of
numerical simulation of the soliton dynamics on the surface of a shallow fluid which is describes by
the standard KdV and KP equations (equation (6) with v = 0) when the factor § is a function of the
space coordinates and time.

2. STRUCTURE AND EVOLUTION OF 1D SOLITONS OF GRAVITY AND GRAVITY-CAPILLARY WAVES
WITH A VARYING RELIEF OF THE BoTTOM

First, let us consider the evolution of the 1D solitons in the framework of model (6) with v = 0
and right-hand side being equal to zero (the KdV equation):
Opu + audyu + BO3u =0 (7)

on the surface of a fluid with varying in time and space dispersive parameter § = S (t,z). Such
situation can take place, for example, in the problems on propagation of the gravity and gravity-
capillary waves on the surface of a shallow fluid [1], when 8 = ¢oH?/6 and 8 = (co/6) [H? — 30 /py] ,
respectively (see above). In these cases, if H = H (t,z), the dispersive parameter becomes also the

IFor the structure of the 1D solitons of the generalized KdV equation, see also [1-3].
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function of the x coordinate and time. In [2,3], it has been shown that the solutions of the KDV
equation for 8 = const, depending on the value of /3, are divided into two classes: for |5| < ug (0,2)1/12
(where [ is the characteristic wavelength of the initial disturbance), they have soliton character, in the
opposite case, the solutions are the wave packets with asymptotes being proportional to the derivative
of the Airy function (see also [5]). In these cases, the KdV equation can be integrated analytically by
the inverse scattering transform (IST) method. But even in the 1D case, if 8 = § (¢, x), this approach
is impossible principally, it is necessary to resort to a numerical simulation in the conforming problems.

Let us formulate the problem of numerical simulation of the KdV equation with 8 = 8 (¢,z) and
consider some results of our numerical experiments in studying the structure and evolution of the soli-
tary waves on the surface of a shallow fluid. To solve the initial problem for the KdV equation (7) with
a variable dispersion, we have used an implicit difference scheme [3] with O (7'2, h4) approximation.
Initial conditions were chosen in the form of the solitary disturbance

u(0,2) = ug exp (—2°/1?) , (8)

and in the form of a ”smoothed step”

c
B — 9
1+ exp (x/1) ©)
with different values of parameters ug, [ and ¢, defined by the convenience of numerical calculation
for specific sizes of the numerical integration area. The zero conditions on the boundaries of the
computation region were imposed, and simulation has been conducted for a few types of model types
of function 8 (see Figures 1 and 2) when for ¢ < t, 8 = Sy = const, and for t > ¢,

1) B(z) = {50’ TS 6 (10)

Bo+ec, x>a;

u(0,2) =

507 Z'SQ,
Bo+mne, n={t—te)/T=1,2,...; x=>a

2) B(x,t) ={ (11)

3) 5 (t) = ﬁO (1 + kOB SiHWt) ) 5 = (5max - ﬂmin) /2a

0<ko<l, m/2T<w<2m/T;

(12)
where a and c¢ are the constants. In terms of the problem of the wave propagation on the surface of

a shallow water that accordingly means that on reaching tcy we have: 1) sudden "breaking up of the
bottom”, 2) gradual ”changing of height” of the bottom area, and 3) ”bottom oscillation” with time.

Bmax H Bmin: Bmax_ He

4

FIGURE 1. Dependence 8 = 8 (t,x) of type of "step”, models (10) and (11).

Consider briefly some results of numerical simulation for two types of initial conditions and different
kinds of model function g = B (¢,z). In the first series of numerical experiments we investigate the
evolution of the initial disturbance in the form of the solitary soliton-like pulse (8) for the models
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B Bmin Bmax

FIGURE 2. Dependence 8 = (¢, x) of type of ”"bottom oscillations”, models (12).

with spasmodic change of dispersion [models of “step” type bottom (10) and (11) with values of the
parameter a corresponding (for ¢ = 0) to the position of the “break” behind and ahead of soliton,
and values ¢ < 0 (“negative” step) and ¢ > 0 (“positive” step). The obtained results show that in all
cases the deformation of initial pulse occurs with time. If the step is located behind the soliton, in
both cases ¢ < 0 and ¢ > 0 , the waving tail which is not associated with the main maximum of the
outgoing forward main pulse is formed, and its evolution is entirely determined by the value § in its
location. In case t = 0, the “step” is located ahead front of the initial pulse, for ¢ > 0, in the model
(11) a steep front is formed quite rapidly, that leads to the overturning of the wave with time. For
¢ > 0, we can observe the destruction of the soliton (Figure 3), which occurs due to the fact that in
the region of localization of its front, the relative role of nonlinear effects falls due to the increase of
the dispersive parameter here, and dispersive effects prevail.

i i
t = .2519671 -8B2 t = .3648238 82
h = 8.81 h = 8.81
tau = .BOABZ8 taun = .BOOBZE
x x
-1.8 1.8 -1.8 1.8

FIGURE 3. Evolution of the KdV soliton in model (11) with ¢ < 0.

The second series of numerical experiments is devoted to the study of evolution of the initial
disturbance of type (9) for the models of "bottom” (10), (11) for different values of parameters a
and c.

Figure 4 shows the result of numerical simulation of evolution of the initial disturbance (9) for the
model of “bottom” in the form of a positive step in the case if “break” is located directly under the
region of the disturbance front of the fluid surface. It is seen that due to the fact that the development
of perturbations occurs mainly in the region where the value of the dispersion parameter corresponds
to the multi-soliton solution of the KdV equation [3,5], the solitary disturbance propagates with the
development of high-frequency oscillatory structure behind the shock front, and in the region of the
soliton ”tail”, where dispersive effects dominate over the nonlinear ones, the high-frequency train of
oscillations decays rather quickly to zero and it is limited in the region x < 0. Figure 5 shows the
example of the results of simulation of the evolution of initial disturbance in the form of the “smoothed
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t = .2476989

t =.4974988

FIGURE 4. Evolution of ”step” (9) in model (10) with ¢ > 0: a — ¢ ~ 0.25; b — ¢ ~ 0.5.

step” (9) in case when the break of the “bottom” is negative and located in front of the localization
region of the fluid surface disturbance. It can be seen that in this case, the front of the disturbance
becomes more gentle with time, the oscillatory soliton structure in the front region is not formed, but
the development of low-frequency oscillations behind the main maximum occurs. This result is easily
explained within the framework of the similarity principle for the KdV equation [5]: the evolution of
the 7tail” of the initial disturbance occurs in the region of small values of the dispersive parameter,
whereas in the front region, where the dispersion is relatively large, the formation of a shock wave
does not occur.

As for the third law of change of 8 (harmonic oscillations of the parameter S with time on the
whole z-axis), a series of numerical experiments for various kg = const and a variable frequency w [see
law of change (12)] show that the stationary (locally) standing waves can be formed for some values of
w, in other cases, the formation of stationary periodic wave structures is possible, and in intermediate
cases, a chaotic regime is usually realized.

3. STRUCTURE AND EVOLUTION OF 2D SOLITONS OF GRAVITY AND GRAVITY-CAPILLARY WAVES
WITH A VARYING RELIEF OF THE BOoTTOM

Let us now consider the problem of evolution of the 2D solitons in the framework of the standard
KP equation

Opu + audyu + BO3u = kK / Oyudz (13)
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a b

t =.2499589
t =.7499545

X

I

FIGURE 5. Evolution of “step” (9) in model (10) with ¢ < 0: a — ¢ ~ 0.25; b — ¢t ~ 0.75.

with a varying in time and space dispersive parameter 5 = (3 (¢, z,y). This situation can take place in
the problems dealing with the propagation of gravity and gravity-capillary waves on the surface of a
shallow fluid [3] when the fluid depth is the function of the spatial coordinates and time H = H (¢, z,y).

Here, we have the same situation as for the 1D model of the KdV equation described above: if
analytical solutions of the KP equation are known, in case 8 = (¢, r), the dispersion term of equation
becomes quasi-linear and the model is not exactly integrable (the IST method is not applicable) [3].
The problem of numerical simulation of the KP equation with 8 = 8 (¢, x, y) is formulated analogously
to the problem for the KdV equation (see previous section). To solve the initial problem for the KP
equation (13) with a variable dispersion (varying relief of the bottom), we use an implicit difference
scheme [1] with O (727 h4) approximation. The initial conditions are chosen in the form of the exact
2D one-soliton solution of the KP equation [3], the complete absorption conditions on the boundaries
of computation region [1,3] are imposed, and simulation is conducted for the same types of model
function as for the KdV equation [see formulae (10)—(12)]. Consider the basic results of the numerical
experiments on the investigation of the structure and the evolution of 2D solitary waves on the fluid
surface with a variable dispersion.

The first series of numerical experiments have been aimed at the study of soliton dynamics under
spasmodic character of the dispersion change (the function 8 = 8 (¢, x, y) has the form of the ”step”).
First, we investigated evolution of the initial pulse when the spasmodic change of 3 for t., takes place
behind the soliton ["negative” step when ¢ < 0 in formulae (10), (11)]. In addition, we have studied
the dependence of the spatial structure of a solution on the value of parameter a in models (10) and
(11). The obtained results (see Example in Figure 6) show that in all the cases the evolution leads to
the formation of waving tail which is not connected with the soliton going away and caused only by a
local influence of sudden change of the “relief” 5 = (¢, z). Consequently, the formation of oscillatory
structure is connected not so much with decreasing of a role of the dispersion effects behind the soliton
as with the spasmodic changing of 3 in space.

In the next series of numerical simulation, we considered the evolution of a 2D soliton when the
sudden change of the dispersion parameter is located directly under or in front of an initial pulse
("negative” step). An example of the results of this series is given in Figure 7. Analysing the obtained
results of the whole series, we can see that for such character of the relief of the function £ the
disturbance caused by sudden change of the dispersive parameter has also a local character, i.e.,
it doesn’t propagate together with the going away soliton. But, unlike the cases considered in the
first series of simulation, the asymptotes of a leaving soliton become oscillating (in any case, in the
time limits of numerical experiment), besides, against a background of the long-wave oscillations of
the waving tail we can also see the appearance of the wave fluctuations. The effects noted may be
interpreted as a result of those that for the areas of the wave surface with different values of local
wave number k, the value of the dispersive effects is different. As a result, the intensity of the phase
mixing of the Fourier-harmonics within the (x,y)-region varies with the coordinates and, therefore,
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300 200 -1.00 000 100 200 300 400 500 600 700

FIGURE 6. Solution of eq. (13) for the dispersion law (10) with a = 5.0, ¢ = —0.0038
for t = 0.6.

it reacts differently to the nonlinear generation of the harmonics with various (in particular, large)
wave-numbers k.

300 200 400 000 100 200 300 400 500 600 7.0
FIGURE 7. Solution of eq. (13) for the dispersion law (11) with a = 4.0, ¢ = —0.0038
for t = 0.6.

In the third series of the experiments with dispersive parameter changing with the laws (10) and
(11) we consider the cases of ”positive” step [¢ > 0 in formulae (10) and (11)] being both in front
of and behind the initial pulse for the wide diapason of values of parameter a. The examples of the
most interesting results are shown in Figure 8. One can see that when ”positive” step is far in front
of maximum of the function wu (0, z,y), the soliton evolution at the initial stage does not practically
differ qualitatively from that for 8 = const (Figure 8a), but in the future, the evolution character is
defined by the presence of the step, namely, the processes, caused by the same causes noted for the
results of the second series of numerical simulation, begin to be developed (Figure 8b). As we can
see in the figure, the appreciable change of the soliton structure which can lead to the wave falling
is observed owing to an intensive generation of the harmonics with big k, in the soliton front region,
even for rather small height of the step (i.e., even if the value of parameter a in formulae (10), (11) is
still rather small). Thus, as it follows from the results of this series, the disturbance of the propagating
2D soliton caused by sudden change in time and space of the dispersive parameter with ¢ > 0 is also
of local character.
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As to the second law of the § change (model (12) — harmonic oscillation of the parameter 5 with
time on the whole (z, y)-plane), the series of numerical simulations for different ky = const and variable
frequency w [see law (12)] show that for some values of w, the stationary (locally) standing waves can
be formed, in other cases, the formation of the stationary periodical wave structures is possible, and
in the intermediate cases, a chaotic regime is usually realized.

100 200 300 400 500 600 7.0

-300 -200 -1.00 0.00

b

300 200 100 000 100 200 300 400 500 600 7.00

FIGURE 8. Evolution of soliton of eq. (13) for the dispersion law (11) with @ = 5.0,
¢=10.0038: (a) t =0.6, (b) t =0.8.

In the experiments, carried out for different values of the parameter ky and w = const, we have
found that the stable (in any case, in the limits of the numerical computation time) solutions can
be derived only for ky < §p in formula (12), and the solutions are unstable in the other cases. An
example of evolution of the 2D soliton, when its structure along the x — — and y—axes acquires the
wave character and the amplitude of its maximum decreases with time, is given in Figure 9.

Summing up the above, one can note that the numerical simulation of evolution of the 2D solitons
describing by the model of the KP equation with 8 = (¢, 2,y) enable us to find different types of
stable and unstable solutions including those of the mixed ”soliton — non-soliton” type for various
character of dispersion changes in time and space.

The obtained results open the new perspectives in the investigation of a number of applied problems
of dynamics of the non-one-dimensional nonlinear waves in the specific physical media, including upper
atmosphere (ionosphere), magneto-sphere and in a plasma [1-3,5].
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FIGURE 9. Evolution of 2D soliton of eq. (13) for t = 0.4, 1.2, 2.0.

4. CONCLUSION

In the paper, the results of numerical study of evolution of the solitons of gravity and gravity-
capillary waves on the surface of a shallow fluid when the characteristic wavelength is essentially
greater then depth, A > H, were presented for the cases, when dispersive parameter is a function of
time and spatial coordinates, 5 = S (¢, z,y). This corresponds to the problems when the relief of the
bottom is changed in time and space. We have considered three cases of variable dispersion when the
sudden ”breaking up of the bottom”, the gradual ”changing of height” of the bottom area, and the
”bottom oscillation” with time take place. To solve the problem, we have used both the 1D approach
(the equations of the KdV-class) and also the 2D description (the equations of the KP-class). For all
cases, numerical solutions of the problem in 1D and 2D geometry were presented. It was noted that
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the realized approach can be useful also in other applications of the nonlinear wave theory such as
dynamics of 1D and multidimensional solitary waves in other specific physical media, including upper
atmosphere (ionosphere), magnetosphere and in a plasma.
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SCHUR-GEOMETRIC AND SCHUR-HARMONIC CONVEXITY OF WEIGHTED
INTEGRAL MEAN

SANJA KOVAC

Abstract. Recently, there have been many new results on Schur convexity of integral means. In this
paper we investigate the necessary and sufficient conditions for the existence of Schur-geometric and
Schur-harmonic properties in weighted integral means, weighted midpoint and weighted trapezoid
quadrature formulas.

1. INTRODUCTION
Let us recall the definitions of convex, n—convex and Schur-convex functions.
Definition 1. A function f is conver on an interval I if for any two points z,y € I and A € [0, 1],
FOx+ (1 =Ny) <Af(2) + (1 =N f(y). (1.1)
If inequality (1.1) is reversed, then f is said to be concave.

Let A C R™. We introduce the following notion: for x = (z1,...,2n), y = (Y1,---,Yn) € A, we
write x <y, if

n n k k
Zl‘[i]zzym and Zl‘[i]fzym for k=1,...,n—1,
1=1 =1 =1 =1

where [; denotes the i—th-largest component in x.

Definition 2. Function FF : A C R" — R is said to be Schur-convex on A if for every x =
(1,..-,2n), Yy = (Y1,.-.,Yn) € A such that x <y, we have

F($1,...7$n) SF(yhayn)

Function F' is said to be Schur-concave on A if —F is Schur-convex.
Remark 1. Every convex and symmetric function is Schur-convex.

Numerous researchers have recently investigated Schur-geometric and Schur-harmonic convexities
[2,8,9].
First, let us define for x = (x1,...,2,) € R*, Inx := (Inzy,...,Inxz,) and i = (i, ce i)

Let us give the following definitions:

Definition 3. Function F' : A C R} — R is said to be Schur-geometrically convex on A if for
every X = (21,...,%n), ¥ = (Y1,.-.,Yn) € A such that Inx < Iny, we have

F(.’L‘17...71'n) SF(ylvayn)

Function F' is said to be Schur-geometrically concave on A if —F' is Schur-convex.

Definition 4. Function F': A C R™ — R is said to be Schur-harmonically convex on A if for
every X = (21,...,%n), ¥ = (Y1,--.,Yn) € A such that i =< %, we have

F(xy,.. . xn) < F(y1,. - Yn)-

Function F' is said to be Schur-harmonically concave on A if —F is Schur-convex.

2020 Mathematics Subject Classification. 26D10,26D15,26D20, 26D99.
Key words and phrases. Weight function, Schur convex, Schur-geometric convexity, Schur-harmonic convexity.
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Schur-convexity has been investigated by numerous researchers. The following result was proved
in [4] for the arithmetic integral mean.

Theorem 1. Let f be a continuous function on an interval I with a non-empty interior. Then

_ %xfjf(t)dt zyyel,x#y
F(x’y)_{)y”(m) r=yel

is Schur-convex (Schur-concave) on I? if and only if f is convex (concave) on I.

The next result for Schur-convexity of the weighted arithmetic integral mean was proved several
years ago [7].

Theorem 2. Let f be a continuous function on I C R and let w be a positive continuous weight on I.
Then the function

Fu(z,y) = o Jo v fB)dt zyelaty
f(z) r=yel
is Schur-convex (Schur-concave) on I? if and only if the inequality

[ w®f Ot _ wiw)f () + wl) i)
ff w(t)dt — w(z) +w(y)

holds (reverses) for all z,y € I.

The Schur-convex property of the functions

_1 [y _ zty
M(z.y) = v b fdt— f(552)  wmyela#y
0 r=yel
(z)+f(y) v
- 9 ) 617
T(x,y):{ = nyelry
0 rT=9y€E

has been recently investigated (see [1,3]).
The objective of this paper is to give the necessary and sufficient condition for the function F,,(z,y),
function M, : I? — R defined by

My (o) — | Tromm S wOfOd = F(55) - wyelety
o 0 z=yel
and function T, : I? — R defined by

+
To(z,y) = {f(x)zf(y) N wl(t)dt fzy w(t)f(t)dt z,yel,x#y
| 0 r=yel

to be Schur-geometrically convex (Schur-geometrically concave) and Schur-harmonically convex (Schur-
harmonically concave) on I?. The necessary and sufficient condition for the functions M, (x,y) and
Tw(x,y) to be Schur-convex on I? is given in [5].

Let us recall the weighted one-point quadrature formula [6]. If f : [z,y] — R is such that f(") is a
piecewiese continuous function, then we have

/ tydt = iAJ JFOD() + (-1 / Wi (t, 2) £ (1)t (1.2)

where for j =1,...,n

Aj(z) = ((;1_)31_)' /(z —5) " tw(s)ds

x



NEW ERROR ESTIMATION 227

and .
win(t) = ﬁ [, (t—s)""tw(s)ds t€lx,z],
Wiw(t, z) = 1 t n—1
wan(t) = oy J, (E—8)"tw(s)ds  t e (zy]
In order to prove our results, we shall use the following characterization of the Schur-geometric
convexity and Schur-harmonic convexity [9]:

Lemma 1. Let f : I? C Ry — R be a continuous function on I? and differentiable in the interior
of I2. Then f is Schur-geometrically convex (Schur-geometrically concave) on I? if and only if it is
symmetric and

(logb — loga) (bgg - ag‘i) >0(<0) (1.3)

for all a,b € I.

Lemma 2. Let f : I? C Ry — R be a continuous function on I? and differentiable in the interior
of I?. Then f is Schur-harmonically convex (Schur-harmonically concave) on I* if and only if it is
symmetric and

(b—a) <62?)‘£ - anD > 0(<0) (1.4)

for all a,b € I.

2. MAIN RESULT
Theorem 3. The function F,(z,y) is Schur-geometrically convex (concave) on I* C R% if and only
if the inequality
Jr w® (Bt _ zw(x)f(@) +yw(y)f(y)
[lwydt = zw(z) +yw(y)

holds (reverses) for every x,y € I.

(2.1)

Proof. Obviously, Fy,(z,y) is continuous on I?, differentiable in the interior of I? and symmetric. Let
x,y € I, and without loss of generality, we can assume that z < y. After direct computation we get

0 0
(logy — log ) (ya‘;; — 1136£>

w(y) f(y) [P wt)dt — [T w(t) f(t)dt - w(y)
(J wt)dt)*

—w(a)f(x) [} wt)dt — [ w(t)f(t)dt - (w(ff))>

(J2 w(tydt)”

<yw(y)f (y) + 2w(x) f(x) —

= (logy —log ) - (y

Y

_ logy —logz (zw(x) +yw(y)) - [ w(t) f(t)dt
- [Tw(t)dt [ w(t)dt
(logy —log ) (zw(z) + yw(y)) (zw(@)f(x) +ywy)fy) _ [, wt)f(@)dt (2.9)
[Yw(t)at zw(x) + yw(y) Jywt)at ) '
so, the sign of the expression (2.2) depends on the sign of the term in the brackets. According to

Lemma 1, the function Fy, is Schur-geometrically convex (concave) if and only if (2.1) holds (reverses),
so we have proved the theorem. O

Theorem 4. The function F,(x,y) is Schur-harmonically convex (concave) on I? C Ri if and only
if the inequality
Jowt) @Bt _ aPw(@)f(2) +y*w(y)f(y)
Fod =~ c2w@) + yPuly)

holds (reverses) for every x,y € I.

(2.3)
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Proof. The function F,,(z,y) is continuous on I?, differentiable in the interior of I? and symmetric.
Let x,y € I, and without loss of generality, we can assume that z < y. We compute

oF, ,0F,
(y— ) (y Gy - 6:0)
o w) ) [Lwt)dt — [T w(t)f(t)dt - w(y)
=(y—=)- <y : —
(Lw )
e ~w@)f(@) Sy w(t)dt — [ w(t)f(t)dt - (—w(x))>
(J2 w(tyr)®

oy w e (@) +yPu(y)) J7 w
= Tud < (@)f(z) + vy w(y)f(y) Tty )
y)

_ (=) (PPw(e) +y*w(y) (2*w(@)f(z) +y*wy)fly) [ wt)f(bd (2.4)
[ w(t)dt 2w (z) + y*w(y) [Pwt)ydt | '
(y—a)(®w(@)+y’w(y)) . ) P . .
The term T el is always positive, so the sign of the expression (2.4) depends only on

the sign of the term in brackets. According to Lemma 2, function F, is Schur-harmonically convex
(concave) if and only if (2.3) holds (reverses), so we have proved the theorem. U

Remark 2. If w(t) = y — (the case of a uniform weight function), we get the following classification
of Schur-geometrically and Schur-harmonically convexity (concavity):

F(z,y) is Schur-geometrically convex (concave) < L yﬁ?dt < (ngizf @) holds (reverses) for every
z,y € 1.
Y r 2 2
F(z,y) is Schur-harmonically convex (concave) < f“”yf_(?dt < = (;?jzzf @) holds (reverses) for
every x,y € 1.

Theorem 5. The function My, (x,y) is Schur-geometrically convex (concave) if f : I — R is decreasing
(increasing) and the inequality

Jo w®f(B)dt _ zw(x)f(@) +yw(y)f(y)
wtyde = aw(@) +yw(y)

(2.5)

holds (reverses) for all x,y € I.

Proof. Tt is easy to check that M, (x,y) is symmetric, contionuous on I? and differentiable on the
interior of I?. According to Lemma 1, we have to check that M, (x,y) satisfies condition (1.3). Let
xz,y € I, and without loss of generallity we can assume that z < y. Then we have

(logy — log x) oM, _ 8M
gY g Y By 83;

= (logy —logz) |y - ) [y wdt — [Jwt) f()dt-wly) y,, (z+y
Sl )<y <fmw<>dt) i (5)
. —w(z)f(x) - ffw(t)dt — ffw(t)f(t)dt (—w(x)) ¢, (T4y
(J wtyde)? 2 ))
- W (xw(x)f(x) +yw(y) f(y) — (zw(z) + yw(y)) -

y—u | z+y\ | _ (ogy —logz)(zw(z) + yuw(y))
2 / (t)dt - f( 2 ) B [P w(t)dt

J2 (t)f( )

x
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[P w(t) f(t)dt
[P w(t)dt

x+y

e

(@) f@) +yw)f@) y-x [ed y
zw(x) + yw(y) 2 zw(z) + yw(y)

(If the function f is decreasing (increasing),

then the middle term in the upper identity is > 0 (< 0) so)

> (<) logy ~logz)(@u(@) +yw(y)) (aw@)f(x) +yw)fly) [ wOfOd
- Ji w(t)dt zw(z) + yw(y) [Tw(tydt )

Since (2.5) holds (reverses), the condition in Lemma 1 is satisfied and the proof is completed. O

Theorem 6. The function M, (x,y) is Schur-harmonically convex (concave) if f is decreasing (incre-
asing) and the inequality

Jrwt) Bt _ *w(@)f(2) +y*w(y)f(y)

Jywtydt 22w(z) + y2w(y) (2.6)

holds (reverses) for all x,y € I.

Proof. Since M,,(z,y) is symmetric, continuous on I? and differentiable on the interior of I?, according
to Lemma 2 we have to check that M, (z,y) satisfies condition (1.4). Let x,y € I, and without loss
of generality, we can assume that < y. Then we have

o) (5 - 22 )

dy Jr

JLw() f(t)dt
Y (t)dt

x

= g <x2w<x>f<x> ) )~ (@) + o))

Y

2 .2
Y 2x /w(t)dﬁf’(x;y)

x

_ (- o)) + Puly) (me(x)f(x) +yPw)fy)  Jw)f()d

S, wt)dt 2w (z) + y*w(y) Vw(t)dt
-z, 2ty [P w(t)dt
A )$2w(w)+y2w(y)>

(If the function f is decreasing (increasing),
then the last term in the upper identity is > 0 (< 0) so)

> (<) (y — o) (@*w(@) + y*w(y)) (2w(@)f(@) +yPuy)fy) [, wOf@)dt
- [ w(t)dt 22w(z) + y?w(y) [lwtydt ]
Since (2.6) holds (reverses), the condition in Lemma 2 is satisfied and the proof is completed. O

Remark 3. For the case of the uniform weight function we have:
JY f(t)dt

M(z,y) is Schur-geometrically convex (concave) if f is decreasing (increasing) and “=—"— <
%@jﬂy% holds (reverses) for every z,y € I.
M (z,y) is Schur-harmonically convex (concave) if f is decreasing (increasing) and f:yf_(;)dt <

%eryzf(y), holds (reverses) for every x,y € I.

Theorem 7. The function Ty (z,y) is Schur-geometrically convex (concave) if f : I — R is convex
(concave), twice differentiable and
[ twt)dt  zw(x) + yw(y)
Jlw@)dt — w(z) +w(y)

(2.7)
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and

w(x)wy)(y—z) _ [
RS g/w(t)dt (2.8)

T

holds (reverses) for all x,y € I.

Proof. The function T}, (x,y) is symmetric, continuous on I? and differentiable on the interior of I2,
so according to Lemma 1, we have to check if the condition (1.3) holds. Let us assume z,y € I, z < y.
We have

(togy—tog) (453~ »2 ) = (1ogy  log ) (yf’<y> yu(u)/()

2 [Tw(t)dt
Lye) [Je®f0dt af@)  aw(@)f(@) ww(x) f w(t)f(t)dt>
Y 2 Y " P)
<f w(t)dt) 2 Jw(t)dt (fw(t)dt)

_ (logy —logz)(zw(z) + yw(y)) . (ff w)f(B)dt — zw(@)f(z) + yw(y)f(y)
[P w(t)dt

J,w®dt  yf'(y) —af (x)
zw(x) + yw(y) ' 2 ) ' (2.9)

From (2.7), we have
y

= w(y) / (y — w(t)dt = w(z) / (t — 2)w(t)dt. (2.10)
Further, from (2.10), we have

wy) [ttt = w(o) [ (v=o—y+

w(y) [y — ywt)de
= = =
Jw(t)dt

Applying (2.11) and according to the inequality (2.7), we have

JLw@®dt w(y) [y —thwd)dt
2 S w(t)dt =

If f is convex, we have f”(t) > 0, so function f’ is increasing, and we have

0<z<y= fl(e) <[f(y) = af'(x) <zf(y) <uf(y) (2.12)

w(z)w(y)(y — )
o@ i) (2.11)
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Applying (2.10), (2.11) and (2.12), we have

yw) f'(y) [X(y —thw ()dt*fcw F( fytfm)w(t)dt
(zw(z) + yw(y fy t

w(y) [(y — thw(t)dt
= m (yf'(y) —xf'(2))
(zw(z) + yw(y)) [w(t)dt

Jowtdt — yf'(y) —af(x)
zw(x )+yw(y) 2 '

B—e

(2.13)

zw(x)
zw(z)+yw(y)’

and then add those two identities, we obtain

On the other hand, if we apply (1.2) for n = 2 and z = x and multiply by and also

yw(y)
zw(z)+yw(y)’

JPw®)f)dt  zw(x)f(x) +yw(y)f(y)

[P w(t)dt zw(z) + yw(y)

yw(y)f'(y) [, (y = w(t)dt — zw(x) f'(x) [} (t = z)w(t)dt
(o) + yul)) - 7wty

B I [xw [l (s = thw(s)ds + yw( B ft(t - s)w(s)ds} ' (t)dt 210

a (zw(z) +yw(y)) - [, w( . '

Now, we apply (2.13) in (2.9) and use (2.14) to get

T, man,) S (logy — log z)(zw(z) + yw(y))
Ay Ox [lw
I [xw(x). fty(s—t)w(s)ds—kyw( ) [Ht = syw (s)ds] F7(t)dt
(zw(z) +yw(y)) - [, w(t)dt
(logy —logz) - [* [Iw [l (s = thw(s)ds + yw(y) - ft(t — s)w(s)ds| f"(t)dt
(t)

(J7 w(t)dt)”

Since f is convex and the integrals in the brackets are non negative, we have proved that

(logy — log ) (yag; — xag;w) >0, for all z,y € I, x < y, so, the function T,, is Schur-geometrically

convex.
The proof for the Schur-geometrically concave case is similar. O

for z = y, multiply by

+

(logy —logx) (y

X

Theorem 8. The function T,,(x,y) is Schur-harmonically convezr (concave) if f : I — R is convex
(concave), twice differentiable and

f;’ tw(t)dt _ zw(x) + yw(y)

[Pwydt — w(x)+w(y) (2.15)
and

w@w(y)y—2) _ [

2 w(z) +w(y) S/w(t)dt (2.16)

x

holds (reverses) for all x,y € I.

Proof. Since the function T, (z,y) is symmetric, continuous on I? and differentiable on the interior
of I?, according to Lemma 2, we have to check if the condition (1.4) holds. Let us assume z,y € I,
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x < y. We have

(2.17)

Again, as in the proof of Theorem 7, we conclude that (2.10), (2.11) and
Jwtdt  wly) [[(y - wt)dt

2 [l w(t)dt -

hold.
If f is convex, we have f”(t) > 0, so, the function f’ is increasing, and we have
O<z<y= fl(x) < fy)=2"f(x) <2*f(y) <y () (2.18)
Applying (2.10), (2. 11) and (2 18), we have
() [X(y (t)dt — 2?w(z) f'(z) [t — z)w(t)dt
(2 ( )+y w(y)) - [, w(t)dt
w(y) [ (y — thw(t)dt
= 7 (yzf'(y) —a?f'(x))
(z2w(z) + y?w(y)) [ w(t)
Ji w Y (y) — 2P f(2)
~ 2?w(z )+y w(y) 2 '

B —e

(2.19)

z2w(x)
z?w(z)+y?w(y)’

and then add those two identities, we obtain

On the other hand, if we apply (1.2) for n = 2 and z = 2 and multiply by and also for

v w(y)
z2w(z)+y?w(y)’

ff w(t)f(t) oz w( )
fy

z =y, multiply by

(

2w(
y) [y w(t )dt — x w(x) (x
(22 ()

S [ePw(@) - [ (s = thw ds+yw() f(t ) (s)ds] 1t
_ (2.20)
(z?w(@) +y2w(y)) - [} w(t)d
Now, we apply (2.19) in (2.17) and use (2.20) to get
( L > (y — ) (z*w(z )+y2w(y))
J7 w(t)dt

fy[‘z ) [X(s — thw ds+yw() f(t syw(s)ds| f"(¢)dt
(z2w(@) +y2w(y)) - [, w(t)dt
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(y—z)- ff [wa(x) . fty(s — tw(s)ds + y?w(y) - f;(t — s)w(s)ds| f"(t)dt
(2 w(tydt)” |

Since f is convex and the integrals in the brackets are non negative, we have proved that

(y — z) (yQaaLyw 712%) > 0, for all z,y € I,z < y, so, the function T}, is Schur-harmonically

convex.
The proof for the Schur-harmonically concave case is similar. O

Remark 4. For w(t) = ﬁ it is easy to check that conditions (2.7), (2.8), (2.15) and (2.16) are valid,
so, if f is convex, then T is Schur-geometrically and Schur-harmonically convex.

REFERENCES

1. Y. Chu, G. Wang, X. Zhang, Schur convexity and Hadamard’s inequality. Math. Inequal. Appl. 13 (2010), no. 4,
725-731.

2. Y. Chu, X. Zhang, G. Wang, The Schur geometrical convexity of the extended mean values. J. Conver Anal. 15
(2008), no. 4, 707-718.

3. V. Culjak, I. Franji¢, R. Ghulam, J. Pecari¢, Schur-convexity of averages of convex functions. J. Inequal. Appl. 2011,
Art. ID 581918, 25 pp.

4. N. Elezovié¢, J. Pecarié, A note on Schur-convex functions. Rocky Mountain J. Math. 30 (2000), no. 3, 853-856.

5. S. Kovag, Schur-convexity of the weighted quadrature formula. Math. Inequal. Appl. 22 (2019), no. 4, 1397-1403.

6. S. Kovag, J. Pecari¢, Weighted version of general integral formula of Euler type. Math. Inequal. Appl. 13 (2010),
no. 3, 579-599.

7. F. Qi, J. Sandor, S. S. Dragomir, A. Sofo, Notes on the Schur-convexity of the extended mean values. Taiwanese J.
Math. 9 (2005), no. 3, 411-420.

8. H.-N. Shi, J. Zhang, Q.-H. Ma, Schur-convexity, Schur-geometric and Schur-harmonic convexity for a composite
function of complete symmetric function. SpringerPlus 5 (2016), no. 1, 1-8.

9. J. Sun, Z.-L. Sun, B.-Y. Xi, F. Qi, Schur-geometric and Schur-harmonic convexity of an integral mean for convex
functions. Turkish J. Anal. Number Theory 3 (2015), 87-89.

(Received 21.07.2020)

FACULTY OF GEOTECHNICAL ENGINEERING, UNIVERSITY OF ZAGREB, HALLEROVA ALEJA 7, 42 000 VARAZDIN, CROATIA
E-mail address: sanja.kovac@gfv.unizg.hr






Transactions of A. Razmadze
Mathematical Institute
Vol. 175 (2021), issue 2, 235-251

RATIONAL PAL TYPE (0,1;0)-INTERPOLATION AND QUADRATURE
FORMULA WITH CHEBYSHEV-MARKOV FRACTIONS

SHRAWAN KUMAR!, NEHA MATHUR?, VISHNU NARAYAN MISHRA® AND PANKAJ MATHUR!*

Abstract. We present a Pal-type (0, 1;0)-interpolation on an inter-scaled set of nodes, when Her-
mite and Lagrange data are prescribed on the zeros of Chebyshev—Markov sine fraction Uy (z) and its
derivative U}, (z), respectively. A quadrature formula based on the obtained Pal-type interpolation
has been constructed. Coefficients of this quadrature are obtained in the explicit form.

1. INTRODUCTION

The study of different type interpolation processes has been a subject of interest for several math-
ematicians. In almost all the cases the interpolatory polynomials are considered on the nodes which
are the zeros of certain classical orthogonal polynomials. The main idea of the present paper is to
construct a rational interpolation process and its corresponding quadrature formula.

Let Rop—1(ag,a1,as,...,as,—1) be a rational space defined as

p2n—1('r) }

Raon-1(ao,a1,...,a2,-1) := { =
n n Zﬁol(l—&-akx)

32751 are real and belong to [—1,1], or are

where pa,_1(x) is a polynomial of degree < 2n —1 and {ay
paired by a complex conjugation.

Chebyshev and Markov introduced rational cosine and sine fractions [9] which generalize Chebyshev
polynomials, possess many similar properties [8,16, 18] and are called Chebyshev—Markov rational
fractions. More details on the rational generalization of Chebyshev polynomials can be found in

[1-6,19]. Let Uy, (z) be the rational Chebyshev-Markov sine fraction,

Un(z) = W (1.1)

where

n arccos ——— n\T) = ——F/——,
2n 1
1—
Aan (2 Z ARSTD S (1.2)

1+apz’

The rational fraction U, (z) can be expressed as

Un(e) = 2t

7M1+ ag)

where P, (z) is an algebraic polynomial of degree n — 1 with a real coefficient, and {a)};"," are as
defined above. The fraction U, (x) has n — 1 zeros on the interval (—1,1) given by

—1<zp 1 <Tpo< - <x2< 1 <1,
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with
ton(zr) =km, k=1,2,...,n— 1.
Also, the rational function Ag,(z) can be expressed as

p2n71($)
)\Qn(ir) = Ton_1,. O
k=0 (1 + akx)

where pa,_1(z) is a polynomial of degree atmost 2n — 1. It has no zeros in the interval [-1,1]. On
differentiating (1.1), we get

= €08 o (7) Aop (2)V1 — 22 4 sin g, (7)

Uy (z) = (L 2257 (1.3)
and
U,ll(.%‘k) = —(/\1271(?%)). (1.4)

In 1962, Rusak [15] initiated the study of interpolation processes by means of rational functions on
the interval [—1,1]. The nodes were taken to be the zeros of Chebyshev—Markov rational fractions.
In [13], rational interpolation functions of Hermite-Fejér-type were constructed. Min [10] was the
first, who considered the rational quasi-Hermite-type interpolation. He constructed the interpolated
function and proved its uniform convergence for the continuous functions on the segment with the
restriction that the poles of the approximating rational functions should not have limit points on
the interval [—1,1]. Based on the ideas of [13] and using the method, somewhat different from that
of [10], Rouba et al. [12], [14] revisited the rational interpolation functions of Hermite-Fejér-type.
They also proved the uniform convergence of the interpolation process for the function f € C[—1,1]
and obtained explicitly its corresponding Lobatto type quadrature formula. Recently, Shrawan Kumar
et al. [7] studied the Radau type quadrature for an almost quasi-Hermite-Fejér-type interpolation in
rational spaces.

In this paper, we have considered the existence and explicit representation of a P4l type (0, 1;0)-
interpolation on the rational space R3,—3(ag,a1,...,a2,—1), when the Hermite and Lagrange data
are prescribed on the zeros of Uy, () ({1 }7Z1) and its derivative U/, (z) ({tx}}_7), respectively. These
zeros are inter-scaled such that

=2, <Tp 1 <th9<Tpo<- - <T2<t; <1 <1=20.

A quadrature formula corresponding to the interpolation process has also been obtained.

2. EXPLICIT REPRESENTATION OF PAL TYPE (0, 1;0)-INTERPOLATION

For any function f € C[—1,1] the P4l type (0,1;0)-interpolation function W, (x, f) satisfying the
conditions

Walzk, f) = f(zr),  k=0,1,....n,

W (zk, f) = ax, k=12,...,n—1, (2.1)
Wi (te, ) = f(tx), k=1,2,...,n—2,
can be explicitly represented as
n n—1 n—2
Wz, ) =Y fer)Br(x) + Y axDi(x) + Y f(tr)Cr (@), (2.2)
k=0 k=1 k=1
where ay, k = 1,2,...,n — 1 are arbitrarily given real numbers, {Ej(2)}}{_,, {Dx(z)}?=] and

{Cx(2)}7Z? are fundamental functions of the P4l type (0,1;0) interpolation W, (z, f), satisfying the
following conditions: for £k =1,2,...,n — 2,
C’k(xj):O, j:071,...7n,
Cl(z;)=0,  j=1,2,...,n—1, (2.3)
Ck(t]): ks j:172a"'7n_27
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fork=1,2,...,n—1,

Dk(l'j): 5 j:O,L...,n,
Di(z;) =6k,  j=12,...,n—1, (2.4)
Dy(t;) =0, ji=12...,n—2

and for k=0,1,2,...,n,
Ek('r]): gk j20717"'7na
El(z;) =0, j=1,2...,n—1, (2.5)
Ei(t;) =0, j=1,2,...,n—2.
In the following lemmas, we give the explicit representation of these fundamental functions of the P4l
type (0, 1; 0)-interpolation W, (x, f).
Lemma 1. The fundamental functions {C’k(x)}z;lz satisfying conditions (2.3) can be explicitly rep-
resented for k=1,2,....,n—2, as
(A2n (t4))?2 (1 — 2°)Up () L ()
(1 = )UR(tr) Aan(@))3/2
where U, (z) are given by (1.1), Aan(x) are given by (1.2) and {Li(z)}}Z} are given by
Uy (z)
(z — te) U}, (t)
Proof. We will show that {Cy(z)}}Z7 given by (2.6) satisfies conditions (2.3). Obviously, for k =

L,2,...,n =2 Ci(z;) =0,j =0,1,...,n and Gi(z;) = 0, j = 1,2,...,n — 1. Also, for j # £,
Cvk(tj):0,j:1’...,7’L—2andforjzk-7

(A2n(t))*? (1= 1)U (tk)

Ci(x) = (2.6)

Ly(z) =

lim C = lim L =1
3, O ) = A0 ()22 b 4
which completes the proof of the Lemma. O

Lemma 2. The fundamental functions {Dk(a:)}z;ll satisfying conditions (2.4) can be explicitly rep-
resented for k=1,2,...,n—1, as

A2n (1)) (1 — a?)Us (2)U;, (2) i ()

PSR Ge@p >0
where U (x) are given by (1.3), Aoy () are given by (1.2) and {£(x)}}Z] are given by
(o) = ) (2.9

(z — 2x)Up(xk)
Proof. Obviously, for k = 1,2,...,n — 1, Dg(z;) =0, j = 0,1,...,n and for j # k, D;(z;) = 0,
i=12,...,n—1, for j =k,
: Aan (@) (1 —2)Un(z) 1. ( Un(@)
lim D.(z) = (A2n k)= n 1 n =1
i o) = (o zmytree) (ontge) (5

Also, Dy(t;) =0, j =0,1,...,n, which shows that {Dy(z)}7_], given by (2.7), satisfies all conditions
(2.4) and hence completes the proof of the Lemma. O

Lemma 3. The fundamental functions {Ey(x)}7_, satisfying conditions (2.5) can be explicitly rep-

resented as
(A2n(1))%2 (1 4 2)UZ (2)U;, (x)

EO(SC) = QU%(l)Urll(l) ()\2’”(3:))3/2 ) (29)
fork=1,2....n—1,
T 3/2 — 22 \U' (2
B) = e Oa T (1t~ )ik, (2.10)
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where
_we U)o A (wk)
T T Uy Dhan () (2.11)
and
Fae) = S0 CUPE_ (1= 2)Ua@Un(e) (212)

U3(=DUL(=1)  (Aan(2))/?

Proof. Obviously, for j # k, we have E(z;) =0, =0,1,...,n and for j = k, using de L’Hospital’s
rule and (1.4), we have

lim Ey(x) = (127 ) ( lim 78111#2”( )>
zw Adn(@r) \e=ar (z — ap)
)y, Db’y
L)\ Vioe '
Also, for k=1,2,...,n—1, wehaveEk(tJ)—O i=12...,n—2.

On differentiating (2.10) with respect to z and using (1 4) we get

(1—2a?) {2U7'1(x){1+bk(w—xk)} (sinugn(:r))/
U} (2x) (Aan () 1/ (Azn(2))3/2 T — T
N (ka,’L(a:) + {1+ bi(z — )} U} ()
(A2n(2))3/2
B 3N, () U] (2){1 + br(xz — ax) } sin poy, () sin oy, ()
o) ()] (52
then for j # k, we have Ej(z;) =0, j=1,2,...,n— 1 and for j =k,
(1-af) 20, () : sin pizn () ) ((sin pon(2) )’
i, B4 =St e (i, (5257) (52527) )

n

. (ka;L(xk) + U () 3A’2n(a:k)Ué(xk)) ( lim W%W)T

()\Qn(mk))g/2 2()‘§n(xk))5/2 r=xr T — Tk

By (x) =

We know that

. osinpon(z) — _)\2”7(:%)
N
and
. !
. sin poy, (2 1
where
vy () + (1= 2Ny, ()
Hon (T) = — (1— 22)3/2 ’
therefore
Tp Up(zr) Ao (k)
lim E - br| =0
Jm By () = L_xk Up(or)  Dhanler) | F] 77

due to (2.11) which shows that {Ey(z)}7Z} given by (2.10) satisfy all the conditions given by (2.5)
fork=1,2,...,n— 1.

Similarly, we can show that Fy and E,(x) given by (2.9) and (2.12), respectively, satisfy conditions
(2.5) for k =0 and (2.5), for k = n, respectively, which completes the proof of the Lemma. O

Remark 4. The P4l type (0, 1; 0)-interpolation W, (f, z), satisfying conditions (2.1) can be explicitly
represented as (2.2) with the help of Lemmas 1-3. Taking all a;’s as zero, W,,(f, z) reduces to the
interpolated polynomials of degree < 3n — 3.
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Theorem 5. The function W, (f,x) is a rational function, that is,

W (f,x) € Ran—3(ao, a1,az,...,a2,—-1).

Proof. Since U,, € R,—1(ag,a1,...,a2,—1), We can express it as
Sn,l(x)
U, = ,
= s
where S} (x) == 2” 1(1 +zag), Sn—1(x) :=cp_1(z —x1)(x —x2) ... (¥ —2p_1) and c,_;1 depends

onn and {a;};", " So, we have

Sh (@)
Y4 = 2 k=1,2 -1
k(x) S;;(l‘) qk(x)a ) 4y , )
where
Sn_l(x)
T) = , k=1,2,....n—1.
W) = g oo — o)
Thus ¢(x) € Rp—2(ag,a1,...,a2,—1). Similarly, we can express
Qn—2(x)
/ —
where Q,,—1(2) := dy_1(z — t1)(z — t2) ... (x — t,—2) and d,,_; depends on n and {ay}{";". Then
Sp(tr) .
Li(z) = S;;((J;)) g (z), k=1,2,...,n—1,
where
* Qn—2($)
T) = , k=1,2,...,n—2.
G = g e — )
Thus Li(z) € Ry—3(ao, a1, ..., a2,—1). Hence, by (2.6), (2.7) and (2.10) the lemma follows. O

Remark 6. Notice that the poles of the rational function W,,(f,x) can be found from the equality
A2n(x) = 0. They depend on the parameters ax,k = 0,1,...,2n — 1. The relationship between the
zeros of the function Mg, () and the parameters ay, is described in [17].

3. QUADRATURE FORMULA

Under the same assumption on the parameters a, as, ..., as,1, we consider the following P&l type
(0, 1; 0)-interpolation.
For the given function f defined on [—1, 1], we define the function

fokﬁk +Zak0k +thk'7k 3.1)

where, for k=1,2,...,n—1,

(o) et L [y (PR 4 ) (o] o)

(1 —27)Up (k }
(1+2)U2(x)U), (x) (1 —2)U2(x)U) (x)
202(-1)U;,(-1) ~

205(MUL(1)

Qo(z) =

fork=1,2,....n—1,

, Qu(z) =

(1 — 2?)Un (2)Uy ()0 ()
(1 = 27) (U} (xx))?

(- ) U2(a) L)
WO =T R

op(z) =

and for k=1,2,...,n — 2,
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The function V,,(z) given by (3.1), satisfies conditions (2.1) and hence is the P4l type (0,1;0)-
interpolation, and

Vo(f,z) € Ran—3(a1,az,...,a2n—1).

The quadrature formula corresponding to the interpolatory function (3.1) is given by

/ (1= 22)f(r)de ~ 3 fon) / (1 - 22)Q (2)da
4 k=0 e

n—1 1 n—2 L
43 F@) [(1- )o@+ Y 1) [(1- 2 ul)de
k=1 ] k=1 “
n n—1 n—2
~ > Ef(ze) + Y Dpf'(xk) + > Cuf(ur), (32)
k=0 k=1 k=1
where
1
E), :/(1 — ) (x)dx, k=0,1,...,n, (3.3)
-1
1
Dk:/(1—x2)ak(x)dz k=1,2,...,n—1, (3.4)
21
1
Ck :/(1—x2)7k($)dx, k=1,2,...,n—2. (3.5)
-1
Theorem 7. The quadrature formula (3.2) can be expressed as
L n—1
5 B 2m(1 — 22)3/2
[ = 3 (e ) s 36)

Remark 8. The quadrature formula (3.6) can be evaluated by finding the value of the integrals
(3.3), (3.4) and (3.5). These integrals have singularities lying in the interval [—1,1]. The integrals are
evaluated by performing suitable transformations and using the Cauchy residue theorem at the poles
which lie in the interval.

To prove Theorem 7, we shall need the following lemmas below.

Lemma 9. For Dy, k=1,2,...,n—1, given by (3.4), we have

1
_2\2772 /
PSS S R AP
(1 =) (Un(en))® J C)
Proof. Dy for k=1,2,...,n—1, given by (3.4), can be represented as
1
Dy = I, (3.7)

(1 =) (Up(wx))?

where

[0
I __/1 : d

T — T)
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1
sin? pioy, () (@ sin pon () — cos pon () Aoy () V1 — 22
_ dx = Iy — Ixa,
(x — xg) V1—22
where )
.3
T sin® g, (z)
11 = dzr 3.8
o /(xwk)\/lfc? (3.8)
and )
Ty — / sin? fion () €os fion () Aap () . (3.9)
. (x — z)
Consider the transformation )
l—y
_ 1
T=T7 ) (3.10)
which gives
4y
dr = — 3.11
2y
V1i-o2= "2 3.12
S (3.12)
—2(y* — y})
r—Tp) = ——— . 3.13
=) = T+ ) (313)
We know that
gz (22} = sindan(y) (314)
inpo, [ —== | = sin @2, (), .
SIIL [i2 1+ 42 S P2n (Y
where sin ¢9, (y) is Bernstein’s sine fraction
. 1 _
sin d2,(y) = 5 (xa() = X' ), (3.15)
where
2n—1

_ Yz
Xn(y) = H —
7=0

and 2y, are the roots of the equations y? + (1+ax)(1—ax) ™t =0,Zz, >0,k =0,1,...,2n—1. Taking
into account the assumptions on the parameters ax, £ = 0,1,...,2n — 1, we have the following:
1) zo = i, 2) if ar and a; are paired by a complex conjugation, then the corresponding numbers zj,
and z; are symmetric with respect to the imaginary axis. Besides, the function sin ¢s, (y) has zeros at
+yk, yp = /(1 —2)/(1+ 1), k=1,2,...,n — 1. Thus, by using transformation (3.10)—(3.13) and
(3.14) in (3.8), we get

oo

PR b / (1 —y2> sin® gon (1)
k1l — — 2 2 2 y
2 ) \1+¢?) (v* — i)
1+y? .
— "%
2 z%ykl,r%lzk>0 Jkl(Z)’
where
T (1= 32\ sin® 6o, (y)
J = d
(%) / (1+y2> (w2 —22)
—o0
From (3.14), we have
. 1 _ _
sin® gan(y) = —= (X2 (¥) — 3xn(¥) + 3% () — X2 ° (V) - (3.16)

81
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Thus
JM(Z) = é(Jku(z) — 3Jk12(2) + 3J;€13(z) — Jk14(2))7 (3.17)
where
s 1— o2 3
Jr11(2) = / <1+Zy/2) (;;”(y;)dy,
T (1= W)
Joz(2) __Zo (1 + y2> T
%) 12 .
Jus(z) = (1 +§) o —(y)2>dy
and
a -4\ xo')
Jialz) = / (1 +y2> (2 — 2"

— 00

Since zp = i, thus the integrand of Jg11(2z) has only a singular point y = z in the upper half plane.
Thus by the residue theorem, we have

_ 2 3
Jkll(z) =27 lim (1 Y > Xn(y)

y=z \1+y% ) (y +2)
1-22\x3(2) .
(1 +Z2) ;. (3.18)
Similarly,
1-22\ x,.%(2) .
Jle(Z) = <1_|_Z2> > ™, (319)
1—22\ xn(2)
Jklg(z) = <1 T Z2> > T (320)
and
1-22\x,'(2) .
Jr1a(z) = <1 n 22> . i (3.21)

Using (3.18), (3.19), (3.20) and (3.21) in (3.17), we get

L(1=22\xp(2) . (1-2"\x. (2)
T (2) 8i<<1—|—zQ> z m(l—&—zQ) PR
_ 2 _ .2 -1
1+ 22 z

1+ 22 z
Taking the limit as lim and using . (yx) = 1, it follows that

z2—Yk, Lz >0

Iip = 0. (3.22)
Now we evaluate Ij2, given by (3.9). Using (3.11) and (3.13) in (3.9), we get

() 0 e (1) o (1)
Io = —(1+yi)/y)\2n<l+y2 A 2CO§M2H Sl
(1 +y2) (% —viQ)

— 00

We know that
2

1—
COS L2n (sz> = COs ¢2n(y)7



RATIONAL PAL TYPE (0, 1;0)-INTERPOLATION AND QUADRATURE FORMULA

where cos ¢9,(y) is Bernstein’s cosine fraction

(xn(y) + X7 () -

[N

cos gan(y) =
Thus by (3.14) and (3.23), we have

Iio=—(1+y?) lim

2—Yr,Sz >0

7 y>\2n (%) Sil’l2 ¢2n(y) COS ¢2n (y) d
Y.

(1 +y%)(y* - 2?)

—00

By virtue of (3.14) and (3.23), we have

sin® Gan () coS dan (y) = —; O W) +xa2 W) — xaw) — X0 ' () -

Thus
1+y? .
Iy = ( 8yk) lim (Jkgl(Z) + Jr22(2) = Jr2s(z) — Jk24(2)>7
2—=Yk,S2 >0
where
00 _2 <
y YyAan (%) xi(y)d
k1 (2) _/ T+ )2 —22)
%) —y2 _
p YyAan (%) xn?’(y)d
k22(z) __/ (1+y2)(y2_22) Y,
00 2
J y)\2n (%) Xn(y) d
(%) ‘_/ T —2)
and

% yan (5) X3 (y)
Jr24(2) = / ( il ) dy.

(1 +y?)(y? — 22)

— 00

243

(3.23)

(3.24)

(3.25)

Since zp = i, thus the integrand of Jio1(z) has only a singular point y = z in the upper half-plane.

Hence by the residue theorem, we have

_12
PR— yAzn(L;z)xi(y)
TS T )+ )

_)\Qn (%) Xi(2)

= 1t 22 .
Similarly,
_,2 .
M (322) %)
Jk22(z) = (1 i 22) e,
/\2n (%) Xn(z) .
Jrosz(2) = 129 i
and

Jk24(2’) = (1 T 22) .

(3.26)

(3.27)

(3.28)

(3.29)
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Putting the values of Jia1(2), Jko2(2), Jr23(z) and Jix24(z) from (3.26), (3.27), (3.28) and (3.29), re-
spectively, in (3.25), we get

1—2°
(1+y3) . Azn <1+22> 3 -3 -1 ,
L= 1Y) A —nlz) = .
k2 3 z—>yk1,g1zk>0 (1 i 22) (Xn(z) + Xn (Z) X (Z) Xn (Z)) ™

Since xn(yx) = 1, thus

Tz = 0. (3.30)
Using (3.22) and (3.30) in (3.7), the Lemma follows. O
Lemma 10. For Ey, k=1,2,...,n— 1 given by (3.3), we have

g o (= ap)??
P Naalan)

Proof. Ey for k=1,2,...,n — 1 given by (3.3), due to (2.8) and Lemma 2 can be represented as

1
1
By =——v77— /(1 — 222U ()02 (x)dx
1— 2 U’ n
( xk) n(xk)_l
1
___(1-ap) / (1= 2®)Up () sin® pon ()
A%n(‘rk)U';L(xk) | (I — .I?k)Q :
Since
U’ (z) = — Ccos M2n(x))\2n($>m + x sin po, ()
s (1 — 22)3/2 ,
we have
(1- xi)
En(®@) = o S 3.31
{0 = 3 O o™ (331)
where
Iy = Iy — Ii2 (3.32)
with
xsin® pig, ()
T = d 3.33
e O a ’ (3.33)
and
1
.2
Ly = / Aap, () sin® pion, () cos pay (x) . (334
(x — )2

21
Using transformation (3.10) and due to (3.11), (3.13) and (3.14), (3.33) can be transformed to

(1+ )? 7 (L= y*)sin’ 6 (y)

Iy =

z . (2 —yp)?
(1+yp)? . 7 (1 — y2) sin® gon(y)
=% dy. '
2 Z‘)yklglzk >0 (y2 — 22)2 Yy (3.35)
Due to (3.16), (3.35) can be represented as
14 yi)? )
I = _% lim (Ikn(z) _3Ik12(z)+31k13(2) _Ik14(2’)), (336)

162 Z2—=Yk, Sz, >0



RATIONAL PAL TYPE (0, 1;0)-INTERPOLATION AND QUADRATURE FORMULA 245

where
T (=) = / Wdy,
T 1 a2
Tiaa(2) = / Wdy,
and

o) = [ U

Since zg = 4, the integrand of Ij11(z) has only a singular point y = z in the upper half-plane. Thus
by the residue theorem, we have

d (1—y2)x2(y)
) =2 G

which implies

3(1 — 2 2 / -9 3 _(1— 2 3
423
On simple calculations and using x,(yx) = 1, we get

2n—1

lim Ikll( ) 2y <3yk(]— _yk) Z

2= YK,z >0 ‘
J=0

Zj %
(yr — ) (Y — %5

- (1+ y,%)>. (3.37)

Similarly,
2n—1

Z( i R/ - —(1+y£)>. (3.38)

Yk — 2) (Yr — 25)

lim Ik14( ) 2% 53 <3yk( yl%)

2—=Yk,S2 >0 -
Jj=0

Since the integrand of Ix12(z) has only a singular point y = z in the upper half-plane. Thus again,
using the residue theorem, we have

d (1—y*)xn(y)
I — 974 lim — ¥ )XnJ)
e) =2 G

which gives

Iiia(z) = 2772-(2{(1 — 22X (2) — 224)27;(;2)} —(1— Zz)Xn(Z)>.

On simple calculations and using x,(yx) = 1, we get
lim  Jpa(z ( 3 i Bl —(1+ y2)). (3.39)
2=y, $2x>0 j:O (e = 2)(yr — %) ’
Similarly,
lim  Tps(z) = ( 1 %% —(1+ y2)> (3.40)
2y, Sz >0 ]% e (yk — Zj)(yk — Z}) k
Using (3.37), (3.38), (3.39), (3.40) in (3.36), we get

I = 0. (3.41)
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Now we evaluate Iy given by (3.34). Using the transformation (3.10) and due to (3.11), (3.13) and

(3.14), (3.34) can be written as

oo 1-y2\ . 2 1—y2 1—y?
Yo (—) sin® o (—) COS [ (—)
Lo = (1+4})? / A — Ay
(y _yk)
— 00

Thus by (3.15) and (3.23), we have

7 YAan, (%) sin® P20 (y) €O P2, (y)

Lo = (1+y)? i dy.
k2 = (14 yi) oy 50 (42 — 22)2 y
Using (3.24) in the above equation, we get
L+yp)?
Ty = _( Syk) lim  (Tx21(2) + Tr22(2) — Ir2s(2) — Iroa(2)),
2= YK,z >0
where
00 2
; YAan (ﬁ) xi(y)d
k:21( ) - / (yz — 22)2 Y,
.2 .
T yhon (ﬁ) Xn 2 (y)
Iyo2(2) = / (12 — 22)2 dy,
[e’e) )\ 1—y2
Yo (1507 ) Xn(y)
and

T yhan (%) X' ()
Tiaa(z) = / (y2 — 22)2 W

— 00

(3.42)

Since zg = 4, the integrand of Ijs1(z) has only a singular point y = z in the upper half-plane. Thus

by the residue theorem, we have

2
4 yAgn(%)xi(y)
Iyo1(z) =2mi lim —
y—z dy (y + 2)2

m 1-22 11—\
— o (3 (155 @ + (n(155) ) 6.

On simple calculations and using . (yx) = 1, we get

. 1 .2
lim Ikzl(z) K <3>\2n< Yk

_ Zj =%
2—Yk,Sz >0 ka

= e —2) vk — %)

Similarly,

. 2n—
i 1 —y? 2i — 25
lim Iy z(3>\ ( k Ll
2=y, 32 >0 z2(2) 2y \7 M\ 1+ 7 j;o (Y — 2j) (Y — %)

(3.43)

(3.44)
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The integrand of Ixe3(z) has only a singular point y = z in the upper half-plane. Thus by the residue

theorem, we have

2
k23(z) - WZyL}Hldey (y+z)2

o (an (155 o+ (15 Z))XU)

which on simple calculations and using x,(yx) = 1, gives

i 1—y? Rl 2i — Z;
lim  Tpos(z) =— ( Aan [ —£ J )
2= Yk, Sz >0 23(2) ka( 2”( 2) (yx — 2)(yx — %)

i 1—y? Rl 2i — Z;
lim Ik24(z) =— ()\Qn (g) J J
k

22Uk, S2>0 2y I+y = (ye — 25) (ye — %5)
1—42\Y
“(e(55)),)
Ty Yk
Using (3.43), (3.44), (3.45) and (3.46) in (3.42), we get
1 212 1_ 2\ 2n—1 s
Ik2:*( +vi0) 7Ti<)\2n< yg) Z Zj — Zj _ >
4y Lyi) = (e —2) = %)
We know that .
nz_: % =% __ Aan(ak)
(e —2z) e — %) i(l+y3)

=0

hence
203, (w1)

V1—a3 ’

Putting the values of Ij; and Iy from (3.41) and (3.47), respectively, in (3.32), we get

Iy =

Substituting this value of Ij, in (3.31), the Lemma follows.
Lemma 11. For Ey defined by (3.3) for k =0, we have

Ey =0.
Proof. For k =0, (3.3) can be represented as

1

Fo = smemu )

IOa

where

Iy :/(1 +2)(1 — 22 U2 (2)U! (z)dz

= [t s (o) (£ e 8 %mm)dx’
21

(3.45)

(3.46)

(3.47)

(3.48)
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Iy = Io1 — lo2, (3.49)
where
1
1+ (xsin® pg, ()
d .
/’/1—93( e Y (3.50)
21
and
1
_ / 1+ (sin2 pon () cos m"(x))\%(x))dx. (3.51)
1—=z V1= 22
1
First, we evaluate Ip;. Using transformations (3.10) and (3.11), (3.12) and (3.14) in (3.50), we have
17 11—\ .,
Inn = 3 / y2<1 +y2) sin® ¢an (y)dy,

and due to (3.15), I} can be represented as

oo

1
Ipy = T <1011 — Ip12 — 3113 + 31014>7 (3.52)
where
-3
Ion = | S\, 3.53
011 / 21+ 42) Y ( )
(1= )x2" ()
I n W g
na= [ S
[ (= y?)xa()
Io13 = ~ 7 7 d 3.54
013 / 2+ y?) Y ( )
and

T 1= 2)v1
Tors = / ( Y )an(y) dy.
(1 +9?)
Since zy = i, the integrand of Iy, given by (3.53), has only a singular point y = 0 in the upper
half-plane. Thus by the residue theorem, we have

d1—y? o
Io11 = 2mi li 3 (y) = 6mi — — — | = =247, (1). .
o = 2ri iy ) = o ) (£-2)=-2ma) (3.55)
Similarly,
1012 = _2477)\271(1) (356)
Again, using the residue theorem for Iy, given by (3.54), we get
d1— y 2n—1
1013 = 2m ;11}1’%) dy 1+ y2 Xn = 2m Z ( — ) = —87T)\2n(1). (357)
and, similarly,
To1a = =87 A2, (1). (3.58)

Thus using (3.55), (3.56), (3.57) and (3.58) in (3.52), we get
Io1 = 0. (3.59)
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Now, for Ipz, given by (3.51), due to (3.10)—(3.12) and (3.14), on a simple calculation, we have

% sin? B2n(y) o8 P2 (y) A2n <1+y2 )
Ipo = d
02 / y(l +y ) Y

— 00

which, due to (3.24), can be represented as

1
Ipz = 3 (1021 + Ioaz — I3 — 1024>, (3.60)
where
I _ / )\Qn (1+y ) Xn(y)d
021 (1 Ty ) Y,
oo 2 —
)\271 (ler ) XnS(y)
Ipoo = d
022 / y(1+92) Y,
o /Oo Aan, <1+y ) Xn(y)d
023 —7 vty ) Y
and

dy.

OO)\zn(l m )Xn (y)
1024:/ (++y)

— 00

Now, since for Iy21, the only singularity on the upper half plane is y = 0, hence by residue theorem,

we have
den (154) 4 w)

lyo1 = 2mi ?}g% ) = 2miAan(1). (3.61)
Similarly,
Tpao = 2midg, (1). (3.62)
Again, for Ips3, by the residue theorem, we have
2
Ipes = 2mi lim Ao (W) xn(v) = 2midg, (1) (3.63)
=0 (1+y7) "
and
To2q = 2midan (1). (3.64)

Substituting the values of (3.61), (3.62), (3.63) and (3.64) in (3.60), we get
Ios = 0. (3.65)

Putting the value of Ip; and Iy from (3.59) and (3.65), respectively, in (3.49), we get Iy = 0 which,
due to (3.48), implies

Ey = 0.

Lemma 12. For E,, defined by (3.3) for k = n, we have
E, =0.
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Proof. For k =n, (3.3) can be represented as

1
1,

50 = o™

where

(1= 2)(1 = 2*)Up (2)Uy, (2)d

1—x (xsin® pg,(x)  sin? pon () cos pon () Aap ()
- dx = Inl - In2-
L+a (1—2?) V1— 2?2

Following the same steps as in Lemma 11, we get I,,; = I,,2 = 0 which implies that I, = 0 and hence
the Lemma follows. O

L L—_

Lemma 13. For Cj given by (3.5), we have C,, =0, k=1,2,...,n—2.

Proof. C given by (3.5), can be represented as

O = TR

where

(- 2P ()
Ik—/ (.’lt—tk) dx,

which reduces to

1
1 x sin® n(T .
I, = / ( ( on () — sin® ton () cos ugn(x))\gn(x)>d;v = Ix1 — Igo,

. T —tg) V1—22
where
1
.3
2 sin® oy, ()

Iy = | ————=dz

" /(J?tk)\/IIQ
and

1
I — / sin? fion, () €08 pon () Aap () de
k2 1 @ —tr) :

Proceeding as in the above lemmas, it follows that Ix; = Iyo = 0 which implies that I, = 0, from
which the Lemma follows. g

From Lemma 9-13 and (3.2), Theorem 7 follows.

4. CONCLUSION

Here, a quadrature formula corresponding to the Pal type (0, 1; 0)-interpolation in rational spaces
has been obtained. This study may further be extended to the case of lacunary interpolation in
rational spaces.
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FRACTAL STRUCTURES FROM THE BAND MATRICES FOR MATRIX
ALGORITHMS

RICHARD MEGRELISHVILI! AND SOFIA SHENGELIA?

Abstract. The aim of the present paper is to construct a set of high order strong matrices for
a key-exchange matrix algorithm on an open channel and to create a high-speed one-way matrix
function. Fractal structures are synthesized from band matrices. Square matrices are considered
over a Galois field of GF (2). Each initial n-th order square matrix is primitive (the degree value is
equal to 2™ — 1) or its degree value is a Mersenne number 27 — 1, when j < n (except n = 18).

1. INTRODUCTION

In cryptographic algorithms, the main task is the question of reliability of the algorithm. In matrix
algorithms, the process of encryption and decryption is implemented by matrices, and for the algorithm
to be reliable it is necessary to create powerful high-order matrix sets.

Each cryptographic system uses its own procedure, types of keys, methods of their distribution and
coding algorithms. The essence of the asymmetric cryptography consists in a specific character of a
one-way function. The one-way function is a y = f(z) function; its value can be obtain by computer
calculations in case x is known, but it is impossible to get the value of x argument by means of the
function f(x) and computer calculations at a real time. This fact is clearly illustrated by an example
of the Diffie-Hellman [2] one-way function a* = y(mod p).

2. THE MATRIX FUNCTION

To implement a one-way matrix function, we have the n X n matrix A. For simplicity of the
statement, the matrices are considered over the GF (2) field. Matrix A presents a secret parameter
selected randomly from a group of high powered /1; thus, A € A, v € V,,, where V,, is a vector space
over GF (2) (v is an open parameter). Then the one-way matrix function looks as

vA = u, (2.1)

where both v € V,, and u are open parameters.
It should be mentioned that if for Diffie-Hellman’s algorithm the one-way function

a® = ymodp (2.2)

is based on the problem of a discrete logarithm, then the problem for that function appears to be
the recursion inside the matrix [4,7]. In a cryptographic algorithm, the use is made of a one-way
function for solving the authentication and verification tasks for a certain period of time. We also
use this function for solving the problem of stability of our matrix one-way function for a certain
period of time. Towards this end, using the exponential one-way function, the key exchange takes
place through the open channel. The result of this key exchange is the secret parameter k = v. At
the same time period, the key exchange or other operations are performed with our algorithm. In this
case, parameters v and A in (2.1) are secret and only parameter u is open [3].

In authors’ opinion, after reading the next section there should be no doubt both about the high-
speed of the matrix one-way function and about that of the key exchange algorithm on an open
channel.

2020 Mathematics Subject Classification. 15B99.
Key words and phrases. Fractal Structures; Band Matrices; Matrix Algorithms.
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The function (2.1) fundamentally differs from the function (2.2) by the fact that for the function
(2.1) is used the operation of multiplication, whereas the function (2.2) is exponential.

3. THE MATRIX ALGORITHM

The Matrix Algorithm about Key-Exchange on an Open Channel is Implemented in the Following
Way:
e Mariami chooses (randomly) an n X n matrix A; € A and sends to George the following vector:

uyp = vAz;
e George chooses (randomly) an n x n matrix As € A and sends to Mariami the vector
ug = vAg,

where n is a size of vector u (open), A; and As are (secret) matrix keys.
e Mariami computes
ki = u2Aq;
e George computes
ko = u1As,

where, k1 and ko are secret keys, ky = ko = k, because k = vA1 Ay = vAsA;.

The one-way matrix function and a new matrix algorithm for the corresponding open channel key
exchange considered in this paper have been first obtained and studied by the first author.

As is shown above, for the implementation of the key-exchange algorithm we need high power
multiple n X n matrices which are, at the same time, commutative. A number commutation in Diffie-
Hellman’s algorithm is implemented naturally, in accordance with the construction of the commutative
multiplicity of A for each value of dimension n, while for our algorithm this task is difficult.

In the given work, we present an effective and constructive solution. The characteristics of effective
and constructive methods for construction of matrices are included in the following statements:

e For each n > 1 dimension, the initial n X n matrix should generate either a maximum number of
matrices (2" — 1), or this number should be the number of Mersenne, meaning 2/ — 1, where j < n.

e The method of synthesis of any n X n matrix of any dimension, should be the same (where n
is probably implementable maximal dimension of the initial matrices). Hence the technology of the
construction for initial matrices should be implementable and similar to any given dimension of n.

For simplicity, the n-th order square matrices and other structures are considered in the Galois
GF(2) field. Obviously, of great importance is generation of a high power matrix set for the functioning
of a new key exchange function. The synthesis of such matrix sets and their structural study attract
particular attention [5,6].

The new algorithm is an original cryptographic approach, especially, when its quickness is taken
into account. However, at the same time, this algorithm needs analyzing in regard to its cracking and
generating a required set of high order matrices. The study, analysis and software implementation of
such issues is also the main goal.

4. SOFTWARE IMPLEMENTATION

The object of our study is a matrix, finding such a structure, whose existence makes the matrix
able to generate a multiplication cyclic group of matrices with a maximum value or a value equal to
the Mersenne prime degree.

In order to find out such structures it is necessary to verify the matrices of different orders regarding
whether this scheme gives such a multiplication group of matrices that is generated by any matrix
constructed by this structure and its value of degree is maximal, i.e., whether this matrix is primitive
(a matrix is primitive in case it generates a group with a maximum value of the degree). For this
purpose a method for natural increase of matrix order has been introduced, i.e., a method for natural
increase of the n order.

Several types of nondegenerate initial matrixes are experimentally tested. As a result, a general
structure is obtained, the matrices generating multiplication groups, sometimes with maximum degree
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value and sometimes with a degree value equal to Mersenne prime are alo abtained. Only in a single
case, (except for n = 18) [8-10], the matrix degree value is not a Mersenne prime and it is a subject
to an individual structural study. The paper also deals with new original fractal matrix structures,
banded matrices, etc.

The original matrix algorithm described in the paper is in some degree a similar model to the
Diffie-Hellman open channel key exchange algorithm. When the Diffie-Hellman algorithm stability
depends on the highest values of p simple number (i.e., stability depending on a real scale of time),
the one-way matrix function stability also depends on the high value of the A set.

The research is carried out for the matrices that are free from the internal recursion. A high order
matrix set consisting of primitive matrices is constructed (see Figures 1, 2, 3).

Matrix of the first Fractal structure:

1 01 00

1 0 1 (1) 8 (1) (1) 0 0 01O

n=3 A=|0 0 1]; n=4, A= ; n=5 A=1]1 0 0 0 1
1 0 0 1

1 1 0 011 0 01 0 0 1

0 01 1 0

Matrix of the second Fractal structure:

00 0 1 1

01 1 8 (1] 1 (1) 001 10

n=3 A=[1 1 0|; n=4, A= ; n=5 A=]0 1 1 0 O
1 1 0 0

1 0 0 100 0 1 1 0 00

1 0 0 0 O

FIGURE 1. The fractal structure from the band matrix.
Matrix of the third Fractal structure:

01 0 0 O

01 0 (1) (1) ? 8 1 01 00

n=3, A 1 0 1]; n=4, A= ; n=5 A=]10 1 0 1 0
01 01

01 1 00 1 1 0 01 01

00 0 1 1
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FIGURE 3. The fractal structure from the band matrix.

By using software, the orders of e were calculated for the initial normal n x n matrix structures
and the results are shown in the table below (Table 1).

1. Each initial n order square matrix is primitive (the degree value is equal to 2 — 1) or its degree
value is a Mersenne prime 2/ — 1, when j < n (except for n = 18).

2. The corresponding matrices of the pairs (3, 4), (7, 8), (15, 16), (31, 32), (63, 64), (127, 128),
(255, 256) and (511, 512) of values (n, n + 1) are described by the following formulae:

A%:tll_l = FEyr_q; Agii“‘l = Fy-, wherer > 2.

3. It is also noteworthy that nowadays in cryptographic algorithms the 289 probable selection
variants are very difficult even for the latest computers. We have calculated all matrices including the
1000 x 1000 size matrices. Each initial n order square matrix is primitive and its degree value is equal
to 2™ — 1 (Table 2).
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TABLE 1. The results for calculated orders of e for the initial normal n x n matrices.

n e n € € n €
2L [ 17 211 217 215
21 | 18 87381 2% | 114 FRLET
3 [ 270 | 20y 291 [115 | 291
4 220 | 20 20y 271 | 116 271
21 211 291 (117 | 2
22 20y 20y (118 | 271
28] 201 [l 21
8 | 281 | 24 2] 2W1 [ 120 | 2H1
9 21| 25 251 20y | 121 FLRLT
271 27 201 [122 | 291
Sl 271 | 27 210 ] Iny [ |
12| 20| 23 291 44 211 [ 60 | 21 |76 | 2841 | 92 | 2501 | 108 | 281 | 124 | 291
13| 2’1 201 (45 290 [ 61 | 2801 |77 | 291 | 93 | 29001 | 1@9 | 21 [125 | 251
14 [JFIENT 23] 46 | 21 [ 62 | 251 [ 78| 2Ta | 94 | 21 | 110 | 2Ha [126 | 2T
15 [ 251 | 31 277 47 %1 (@[ 2 | e | 21 251 [ 111 | 271 (AT 2]
16 [ 250 | 32 761 48| 2901 |64 | 270 |80 | 291 | 96 | 2®1 | 112 | 2¥1 | 128 25

119 278 438 639 809
131 2381 441 641 810
134 293 443 645 818
135 209 453 650 831
146 302 470 651 833
155 306 473 653 834
158 309 483 659 846
173 323 491 683 866
174 326 495 686 870
179 329 509 690 873
182 330 515 712 879
186 338 519 719 891
189 350 530 723 893
191 354 531 725 911
194 359 543 726 923
209 371 545 741 930
210 377 554 743 933
221 378 558 746 935
230 386 561 749 938
231 393 575 755 939
233 398 585 761 950
239 410 503 765 953
242 411 606 771 965
245 412 611 774 974
251 414 614 779 975
254 419 615 783 986
261 426 618 785 989
270 429 629 791 993
273 431 638 803 998

257

4. Tt is noteworthy that these results completely coincide with the results of Ukrainian scientist,
Professor Anatoly Beletsky. Although, as is well known, the initial matrices have completely different
structures, [1] i.e., the structures that are derived from the generalized Gray Codes.



258 R. MEGRELISHVILI AND S. SHENGELIA

During the last decades overwhelming necessity has arisen for modern scientific-theoretical and
technological studies in security (reliability) and high-speed performance and their practical use in
asymmetric cryptography systems. The paper considers a new trend in asymmetric cryptography,
namely, a single-sided matrix function and the issues of generation of matrix sets, necessary for its
fulfilment, and also the problems of new fractal matrix structure synthesis. The above circumstances
provide actuality of the issue and its immense theoretical and practical value.
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A COMPARISON BETWEEN BERNOULLI-COLLOCATION METHOD AND
HERMITE-GALERKIN METHOD FOR SOLVING TWO-DIMENSIONAL MIXED
VOLTERRA-FREDHOLM SINGULAR INTEGRAL EQUATIONS

DOAA SHOKRY MOHAMED AND DINA MOHAMED ABDESSAMI

Abstract. In this paper, a numerical solution of two-dimensional singular integral equations is
proposed. For this, two operative methods are demonstrated, Bernoulli polynomials with collocation
method and Hermite polynomials through Galerkin method which is a useful technique in two-
dimensional integral equations. Various numerical examples are presented to illustrate the efficiency
of these two methods. Maple 17 program will be used to solve the system numerically.

1. INTRODUCTION

In the last years, there was a significant importance of multidimensional singular integral equations
(MSIE). Many problems in physical, biological and applied mathematics fields reduce to a singu-
lar integral equation. Such as hydrodynamics, population genetics, elasticity, and others. In 1928,
F. G. Tricomi [20] was the first who proposed an important study concerning (MSIE). He considered
double singular integrals. Recently, many researchers had studied the numerical solutions of singular
integral equations in several formulas. For instance, [2,7] involved solutions of the nonlinear singular
integral equations, whereas in [6,15] with Hilbert kernel. J. Obaiyst et al. [11] deal with hypersingular
integral equations. E. Hashim [5], V. A. Zisis and E. G. Ladopoulus [21] presented solutions for the
singularity of linear integral equations. S. Banerjea et al. [3] worked on a weak singular kernel with a
water wave problem as an application. There are different methods for solving two-dimensional integral
equations (see [4,8-10] and others). M. Rahman [14] discussed the solution of linear integral equa-
tions in one-dimension using the Hermite—Galerkin method. In our paper, we work on the solution of
two-dimensional singular mixed Volterra—Fredholm integral equations using the Bernoulli-collocation
method and Hermite—Galerkin method. One can observe that the Hermite—Galerkin method is a novel
technique in the two-dimensional integral equations.

The aim of this paper is to convert the singular integral equation to a non-singular form by repeal-
ing the singularity and then converting it into a system of algebraic equations based on orthogonal
polynomials.

The next sections are arranged as follows; some definitions and properties of Bernoulli and Hermite
polynomials are introduced in Section 2. The description of the collocation and Galerkin methods
with two-dimensional singular mixed Volterra—Fredholm integral equations are explained in Section 3.
Section 4 includes some numerical examples that illustrate the above-mentioned methods. Finally,
Section 5 gives the conclusions.

We list here some of the most important advantages of the proposed methods.

e The proposed methods are easy to implement, and it is a powerful mathematical tool to obtain the
numerical solution of various kind of problems with little additional works.

e By using these methods, the problem under consideration is transformed into a system of algebraic
equations which can be solved via a suitable numerical method.

2020 Mathematics Subject Classification. 45Exx, 11B68, 65160, 33C45.
Key words and phrases. Mixed Volterra—Fredholm integral equations; Two-dimensional singular integral equations;
Bernoulli polynomials; Collocation method; Hermite polynomials; Galerkin method.
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2. SOME DEFINITIONS AND PROPERTIES

2.1. Bernoulli Polynomials. In many topics of mathematics, Bernoulli polynomials have a vital
role, e.g., in the theory of numbers [13] and in complex differential equations [19].
The Bernoulli polynomials are expressed by the formula [19]

Bn(z) = Zn: (Z) 2" % By, (2.1)

k=0

where(}}) = #Lk), and B, (z) is the Bernoulli polynomial of n‘"* degree.

In a special case, if x =0 in (2.1), then B, (0) = B,, are called Bernoulli numbers, and By = 1.
The Bernoulli numbers can be calculated as follows:

Z<”Zl) Bi(z)=(1—n)az", n=0,12,....
k=0

The first few Bernoulli polynomials are

1 1
By(z) =1, Bi(z)=z-— 2 By(z) =2 —x+ 6 Bs(x) = 2% — 22 + 2%
1 5 5 1
By(z) = wt —20° 4+ 2% — 30° Bs(x) = z’ — 51:4 + §x3 — Em,
1 1
Bgs(z) = 25 — 325 + 2x4 + 2372 5

2.2. Hermite Polynomials [12]. The differential equation y” — 22y’ + 2A\y = 0 has polynomial
solutions called Hermite polynomials which were introduced for the first time by Pierre-Simon Laplace
in 1810. Charles Hermite defined the multidimensional polynomials. Hermite polynomials are a
mutually orthogonal function with weight functions, which can be determined easily by using the
Rodrigues formula

2 d" 2

Hy(z) = (=1)" ¢ o), n=0,1,2,....
The first few Hermite polynomials are
Ho(z) =1, Hy(x)=2x, Hy(x)=42>—-2, Hs(z)=8z>—12z, Hy(x)= 162" — 482 + 12,
Hs(z) = 322° — 1602 + 1202, Hg(x) = 642® — 4802* + 72022 — 120.

Hermite polynomials have the generating function

oo
H,
w(zx,t) = e2ot—a® _ E n('x)t”, lt] < oo.
n!
n=0

3. THE DESCRIPTION OF METHODS

We are concerned with solving the two-dimensional singular mixed Volterra—Fredholm integral
equations which have the form

t b
u(z,t) = f(z,t) + //(t —2)27 @z, y) uly, 2)dydz, (3.1)

where 0 < a < 1 and (z,t) € [a,b] X [¢,d], where u(z,t) is an unknown function, f(z,t) is a given
function defined on [a, b] x [c,d] and k(x,t,y,2) = (t — 2)*~! ¢(z,y) is the singular kernel satisfying
the discontinuity condition in the domain ([a, ] x [c, d])?.
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3.1. Bernoulli-Collocation method [16,19]. This method is based on approximating the unknown
function u(z,t) in (3.1) on the form

= Z Zaij Bi(z) B;(t), (3.2)

i=0 j=0

where B;(x), B;(t) are Bernoulli polynomials and a;; are unknown coefficients to be determined in
order to obtain the approximate solution, in the following steps:
Curtailing the infinite series (3.2), we get

N N
)= > ay Bi(x) By(t), (3:3)

i=0 j=0

Substituting from (3.3) into (3.1) we get

N N
SN ay [Bie / / )7 $la,y) Bily) By()dyds] = fla,t).  (3.4)

i=0 j=0
Using the collocation points x,,, t; of Bernoulli polynomials given by

AL A

for p,¢=0,1,2,...,N and z,, € [a,b], t; € [c,d],
equation (3.4) would be written as

q, (3.5)

Tp =a+

tq b
ZZ% ) Bj(ty) —/ /(tq —2)°7 1 (2, y) Bily) Bj(2)dydz] = f(2p,t,),0 < a < 1. (3.6)

=0 j=0

Substituting collocation points (3.5) into (3.6), we get a system of algebraic equations which contains
(N +1)2 of a;; unknown coefficients. Solving this system to obtain a;; values, we get an approximate
solution @(x,t).

The accuracy of this method is given by the formula (see [18])

lu(e,t) = a(z, )] <y A C N(@2m)~™",

where
A= max _|k(z,t,y,2) |

0<x<b,c<t<d
A is a positive constant, independent of N, and a bound for the partial derivative of u(z,t),~ is a
positive constant and C' is the coefficient matrix.

3.2. The Hermite—Galerkin method. Assume that u(z,t) is an approximate solution of (3.1). We
use Hermite polynomials through the Galerkin method which has the form

N N
t) ~ chi,j H;(z) Hj(t), (3.7)

i=0 j=0

where H;(x), H;(t) are Hermite polynomials and ¢; ; are unknown Hermite coefficients to be deter-
mined in the following steps.
Substituting from (3.7) into (3.1), we get

DD iy [Hilw)

i=0 j=0

where 0 < a < 1, (z,t) € [a,b] X [c, d].

b
/ (t = 20" oa,y) Hily) Hy(2)dydz] = [(,0),  (3.8)

\ﬁ
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Multiplying both sides in equation (3.8) by H,(x) Hy(t), then integrate with respect to « and y
from a to b and from ¢ to d, respectively, such that p and ¢ = 0,1,2,..., N. Hence, equation (3.8)
becomes of the form

N N
=0

d b
Civj//Gij(ZL',t) Hp(l') H, ( ) dxdt = pqa (39)
J=0 c a
where

Foy = /d /b Fla,t) Hy(z) Hy(t) dudt,

Gy, t) = / / ) b(a.y) Hily) H(=)dydz.

Substituting p,q = 0,1,..., N into (3.9), we get a system of (N +1)? non-singular algebraic equations.
By solving this system, we get Hermite coeflicients ¢; ;.

The accuracy of this method depends on reducing the error using low-degree interpolation poly-
nomials without increasing time of calculation (see [17]). The error function is expressed by the
formula

E(x,t) = |u(x,t) — u(x, t],
for x; € [a,b] and t,, € [c,d], the error function can be written as follows:
E(zy,tm) = [u(zr, tm) — @l tm] =0,

or E(xy,t,) <107%  (k;) is a positive integer,
if max(107%/) = 107%, k is a positive integer.

4. NUMERICAL EXAMPLES

In this section some numerical examples of two-dimensional singular mixed Volterra—Fredholm
integral equations are presented to illustrate the previous methods.

Example 1. Consider the singular VFIE [1]

t o1
25 1
u(z,t) = v2t? — ﬁt? +//y2 (t—2)7"" u(y, 2)dydz, (4.1)
00
where x,t € [0, 1] with the exact solution u(z,t) = 22¢%.

In Table 1, we give the absolute error of equation (4.1) by the Bernoulli-collocation (BC) and
Hermite—Galerkin (HG) methods for different values of z,¢t and N = 2,4,6 according to Section 3.
Figures 1, 2, and 3 clarify the exact solution of (4.1), the absolute error for N = 6 by BC and HG
methods, respectively. Moreover, these methods are compared to the Toeplitz matrix method [1] that
given for N = 40.

Example 2. Consider the singular VFIE [1]
¢

1
12
u(z,t) = 2%t? — 5 *tF //x2 y(t — 2)7"° u(y, 2)dydz, (4.2)
00

where z,t € [0,1] with the exact solution u(x,t) = z2¢2.

The absolute error of equation (4.2) for different values of z,t and N = 2,4,6 by BC and HG
methods are obtained in Table 2. We plot Figures 4 and 5 to show the absolute error with N = 6
by our methods. Furthermore, these examples compared to Toeplitz matrix method [1] are solved for
N = 60.
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FIGURE 1. Exact solution of Examples 1 and 2.

FIGURE 2. Absolute error of Example 1, N = 6 by BC method.
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F1cURE 3. Absolute error of Example 1, N = 6 by HG method.

25% 107

2210

13x 1

1% 107

5% 107

FI1GURE 4. Absolute error of Example 2, N = 6 by BC method.



COMPARISON BETWEEN BERNOULLI-COLLOCATION AND HERMITE-GALERKIN METHODS

# g -
7 e ]
B .

oo e
oy,

FI1GURE 5. Absolute error of Example 2, N = 6 by HG method.

TABLE 1. Absolute Error of Example 1 by BC and HG methods for N = 2,4, 6.

n =2 n=4 n==~06

(z,y) BC method  HG method BC method HG method BC method HG method

(0,00 1.2x107' 1.15x107® 1.0x 1071 8.6399 x 107 1x107'°  3.1208 x 107°
(0.1,0.1) 1.2x 107 3.6077 x 107° 6.970 x 107" 6.7453 x 1077 3.294 x 10! 2.9815 x 1077
(0.2,0.2) 1.2x107'% 4545 x 1070 8.882x 107! 1.8246 x 107% 1.255 x 107*°  2.2109 x 10~°
(0.3,0.3) 12x107'° 7.659x 107'% 1.388x 107'° 1.8611 x 1077 1.774x 107'° 1.1138 x 107°
(0.4,0.4) 1.2x107'% 7.046 x 107° 2,048 x 107! 5.9285 x 1077 2.531 x 107*°  9.7149 x 10~°
(0.5,0.5) 1.2x 107" 1.4533x107° 2.702 x 107'° 1.6656 x 107¢ 3.322 x 107'° 1.8397 x 107°
(0.6,0.6) 1.2x107'% 1.6322 x 107° 3.480 x 107! 8.6798 x 10™7 4.016 x 107*° 5.3769 x 10~°
(0.7,0.7) 12x 107" 1.0899 x 107° 4.788 x 107'° 6.5042 x 10™% 5.385 x 107'°  1.6465 x 107°
(0.8,0.8) 12x107'" 1.455x 107" 6.838 x 107'° 1.2693 x 107¢ 8.329 x 107'°  1.0652 x 10~°
(0.9,0.9) 12x107' 4114 x 107 9.207 x 1071° 67722 x 1077 1.0599 x 107° 1.2718 x 107°

(1,1)  12x107*% 6.791 x 107%  1.2191 x 107 6.2889 x 1075 1.0661 x 107° 3.9371 x 107°

265
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TABLE 2. Absolute Error of Example 2 by BC and HG methods for N = 2,4, 6.
n =2 n=4 n==~6
(z,9) BC method  HG method BC method HG method BC method HG method
(0,00  810x107" 1.24x107%  1.100 x 107 4.6954 x 1076 2 x 10710 1.0264 x 1074
(0.1,0.1)  6.9x 107" 29013 x 1077 6.996 x 10~'* 23239 x 107®  9.8772x 107" 1.7232 x 107°
(0.2,0.2) 5.6 x 107 4559 x 1071 1.181 x 107 68951 x 1077 1.8759 x 107  1.1683 x 107>
(0.3,0.3) 41x107'" 4518 x107'0 2444 x 107*° 3.1453 x 1077  1.5683 x 107'°  7.8709 x 107
(0.4,0.4) 24 x107*  1.6951 x 1072 3.745 x 107 1.5990 x 1077  1.3114 x 107  9.7149 x 10~°
(0.5,0.5)  5x107'  2.3067 x 107° 5.165 x 107 55695 x 107%  4.0122 x 107'?  1.6494 x 107°
(0.6,0.6) 1.6 x 107  1.7741 x 107° 7.210 x 107 2.9392 x 1077 4.6349 x 107**  9.1906 x 10~°
(0.7,0.7)  39x107'" 5408 x107'° 1.0063 x 107° 8.5861 x 107  6.43557 x 10~ 1.9329 x 107°
(0.8,0.8) 6.4 x107*  6.763x 107'% 1.3374 x 107 1.2693 x 1077 1.73078. x 107'°  4.1436 x 10~°
(0.9,0.9) 9.1 x 107" 25278 x 1077 1.6814 x 1077  6.5965 x 107°  5.42449 x 1071  4.2443 x 1076
(1,1) 1.2x 1071 11416 x 107%  2.0952 x 107 2.6867 x 107°  7.8985 x 107°  6.3423 x 107°

5. CONCLUSIONS AND DISCUSSIONS

In this paper, two methods are presented to solve the two-dimensional singular mixed Volterra—
Fredholm integral equations by the results of the given two examples we compare between the two
methods and establish the following deductions

1. The two methods are better and more effective than Toeplitz matrix method [1], numerically.
2. The Bernoulli-collocation method is more effective than the Hermite—Galerkin method in appli-

cation.

3. The proposed computational methods could be further applied to the non-linear Volterra—
Fredholm integral equations.
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ON AN ABSTRACT FORMULATION OF A THEOREM OF SIERPINSKI

DEBASISH SEN! AND SANJIB BASU?

Abstract. In our earlier paper, we gave an abstract formulation of a theorem of Sierpinski in
uncountable commutative groups. In this paper, we prove a result which generalizes the earlier
formulation.

1. INTRODUCTION

Sierpiriski [9] in one of his classical papers proved that there exist two Lebesgue measure zero sets
in R whose algebraic sum is nonmeasurable. In establishing this result, he used the Hamel basis
and Steinhaus famous theorem on a distance set. Several generalizations of Sierpinski’s theorem are
available in the literature. Kharazishvili [7] proved that for every o-ideal Z in R which is not closed
with respect to the algebraic sum, and for every o-algebra S(2 Z) for which the quotient algebra
satisfies the countable chain condition, there exist X, Y € Z such that X +Y ¢ S. Now, instead of
the real line R, if we choose a commutative group G and any non-zero, o-finite, complete, G-invariant
(or, G-quasi-invariant) measure g, then an analogue of Sierpinski’s theorem can be established with
respect to some extension of p. In fact, it was shown by Kharazishvili [10] that for every uncountable
commutative group G and for any o-finite, left G-invariant (or, G-quasi-invariant) measure y on G,
there exists a left G-invariant (or, G-quasi-invariant) complete measure p’ extending p and two sets
A, B € (i) (the o-ideal of p/-measure zero sets) such that A+ B ¢ dom(p'). In [1], the authors gave
an abstract and generalized formulation of Sierpinski’s theorem in uncountable commutative groups
which do not involve any use of measure.

Most of the notations, definitions and results of this paper are taken from [1] (see also [2, 3]).
Throughout the paper, we identify every infinite cardinal with the least ordinal representing it as
card(E) for the cardinality of any set F, and use the symbols such as &, p, a, k etc. for any arbitrary
infinite cardinal k and k& for the successor of k. Further, given an infinite group G and a set A C G,
we denote by gA (g € G) the set {gx : © € A} and call a class C of subsets of G as G-invariant if
gA € C for every g € G and A € C.

Definition 1.1. A pair (3,7) consisting of two non-empty classes of subsets of G is called a G-
invariant, k-additive measurable structure on G if:

(i) ¥ is an algebra and Z (C X)) is a proper ideal in Gj

(ii) both ¥ and Z are k-additive. This means that the both classes ¥ and Z are closed with respect
to the union of at most k number of sets;

(iii) ¥ and Z are G-invariant.

A k-additive algebra X is diffused if {z} € ¥ for every € G and a k-additive measurable structure

(X,Z) is called k" -saturated if the cardinality of any arbitrary collection of mutually disjoint sets from
¥\ Z is atmost k.

In the sixtieth of the past century, Riecan and Neubrunn developed the notion of small systems and
used the same to give abstract formulations of several well-known theorems in classical measure and
integration (see [12-14], etc.). Small systems have been used by several other authors in the subsequent
periods [5,6,11,15]. The following Definition introduces a modified and generalized version.

2020 Mathematics Subject Classification. 28A05, 28A99, 03E05, 03E10, 28D99.
Key words and phrases. G-invariant class; G-invariant k-small system; k-additive measurable structure; Admissible
k-additive algebra; Saturated set.



270 D. SEN AND S. BASU

Definition 1.2. For any infinite cardinal k, a transfinite k-sequence {N,}
sets in G is called a G-invariant, k-small system on G if:

(i) 0 e N, for all a < k;

(ii) each N, is a G-invariant class;

(iii) F € N, and F C E implies F € N;

(iv) EeN, and F € ﬂ./\/a implies EU F € Ny;

w<r Of nonempty classes of

a<k
(v) for any o < k, there exists o > « such that for any one-to-one correspondence § — N, with

B> a*, LJEﬁ € N, whenever E, € N,;
B
(vi) for any «, 8 < k, there exists v > «a, § such that N\ C N, and N, CN,.
We further define

Definition 1.3. A G-invariant k-additive algebra & on G is admissible with respect to the k-small
system {N,},_, if for every a < k:

(i) S\ Na # 0 #SNNy;

(ii) N, has an S-base, i.e., F € N, is contained in some F € N, N S;

(iil) S\ N, satisfies the k-chain condition, i.e., the cardinality of any arbitrary collection of mutually
disjoint sets from S\ N, is at most k.

The above two Definitions have been used by the present authors in some of their recently done
works (see, for example, [1-3]). We set Ny, = ﬂ N,. From conditions (ii), (iii) and (v) of Defini-
a<k
tion 1.2, it follows that N, is a G-invariant, k-additive ideal in G and denote by S the G-invariant
k-additive algebra generated by S and N,. Every element of S is of the form (X\Y)U Z, where
XeSandY,Z e N, and (5 ,No) turns out to be a G-invariant, k-additive measurable structure
on G. Moreover, we have the following

Theorem 1.4. If S is admissible with respect to {Ny}
structure (S, Nao) on G is k' -saturated.

wcr s then the G-invariant, k-additive measurable

A proof of the above theorem follows directly from condition (iv) of Definition 1.2 and from condi-
tions (i), (ii) and (iii) of Definition 1.3 or, in short, from the admissibility of S. Based on the above
Definitions and Theorems, some combinatorial properties of sets [9, Ch. 7] and also on the important
representation theorem for infinite commutative groups [9, Appendix 2], the present authors have
proved in [1] the following

Theorem 1.5. Let G be an uncountable commutative group with card(G) = k' . Let {Natoo, beaG-
invariant, k-small system on G and let S be a diffused, k-additive algebra on G which is also admissible
with respect to {Ny}, . Then there exists a subset A of G such that A € N, but A+ A ¢ S.

2. RESuULT

Theorem 1.5 is an abstract formulation of Sierpinski’s theorem given in terms of any diffused, G-
invariant, k-additive measurable structure on a commutative group G to which we have referred to
in the Introduction. In this section we prove a result which extends our previous formulation to the
groups that are not necessarily commutative.

Definition 2.1 ([4]). Let R be an equivalence relation on a set X and E C X. The saturation of
E in X with respect to the equivalence relation is the union of all equivalence classes of R whose
intersection with F is nonvoid.

In other words, it is | J{C : CNE # @ and C € X/R}.

It is easy to check that if H is a normal subgroup of any group G, then the saturation of any
set E in G with respect to the equivalence relation generated by the quotient group G/H is the set
HE. If E coincides with its saturation, then it is called saturated. Thus F is saturated if HE = FE.
A saturated set is also called H-invariant [8].
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Theorem 2.2. Let G be any uncountable group with card(G) = k', Let {Na}oow be a G-invariant,
k-small system on G and S be a G-invariant, k-additive algebra on G which is admissible with respect
to {No}._.. We further assume that G has a normal subgroup H € S such that G/H is commutative

with card(G/H) = k' and the saturation of any set E in G with respect to G/H also belongs to S.
Then there exists a subset A of G such that A € Ny and AA¢ S.

Proof. We write I' = G/H. By the hypothesis, I' is commutative. Let f : G — I' be the canonical
homomorphism. We set &’ ={Y CT': f7}(Y) e S} and N, = {Y C T : f1(Y) € N,} for any
a <k

Since S is a G-invariant, k-additive algebra on G and f is a canonical homomorphism, so &’ is a
T-invariant, k-additive algebra on I". Also, since H € S, therefore &’ is diffused.

Condition (i) of Definition 1.2 for {N.} _, is obvious. Let h € T' and F' € N/. Then h = f(z)
for every x € gH, where g € G and f~!(F) € N,. Since N, is G-invariant, therefore f~1(hF) =
zf1(F) € N,. Hence hF € N, which proves condition (ii) of Definition 1.2 for {N/} _,. Finally,
from the Definition of N/, and some simple properties of inverse images of any function, it follows that
conditions (iii)-(vi) of Definition 1.2 also hold for {N.} Thus {N.},_, is a D-invariant, k-small
system on T.

We shall now show that S’ is admissible with respect to {N} _,. Clearly, § € &’ NN, for a < k.
Since S is admissible with respect to {N,},_,, so by (i) of Definition 1.3, there exists for every a < k,
aset A, € S\N,. If A, is saturated with respect to the equivalence relation generated by the quotient
group G/H, then A, = f~1(B,) for some B, € S'\N/. If A, is not saturated, we replace it by
H A,, which is saturated, and choose B, such that HA, = f~1(B,). Consequently, B, € &' \ N/, and
condition (i) of Definition 1.3 is satisfied.

Let F € N and E = f~1(F). Then E € N, by (ii) of Definition 1.3 there exists 4 € S NN,
such that E C A. If A is saturated, then A = f~(B) for some B € S'N N/, and F C B. If A is not
saturated, we choose the saturation of G\ A, i.e., H(G \ A) with respect to the equivalence relation
generated by the quotient group G/H. But H(G \ A) € § and so, G\ H(G \ A) € S. Moreover,
G\ H(G\ A) is a subset of A. Therefore G\ H(G \ A) € N, NS. We choose B(C TI') such that
G\ H(G\ A) = f~Y(B). Then F C B and B € 8’ N N/.. This shows that A/, has an &'-base for
every a < k and condition (ii) of Definition 1.3 is proved. Lastly, any arbitrary collection of mutually
disjoint sets from 8"\ N/, is at most k which follows directly from the fact that a similar result is true
for the sets from S\ N,. This shows that 8"\ NV, satisfies the k-chain condition for every o < k which
proves (iii) of Definition 1.3.

Thus we find that S’ is a D-invariant, k-additive algebra on I which is diffused and admissible with
respect to the I'-invariant, k-small system {N/}_ _, on T.

Let N, = m N’ and &' be the T-invariant, k-additive algebra generated by S’ and N_. Thus

a<k
(g’ ,NZ.) is a I'-invariant, k-additive, measurable structure on the quotient group I' which is k-
saturated. Hence by Theorem 1.5, there exists B € N7, such that BB ¢ S'. Let A = f~!(B). Then
AA = f~Y(B)f~Y(B) = f~Y(BB). So, AA is saturated. If possible, let AA € S. Then AA = EAP,
where E € S, P € N, and E, P are both saturated. Hence E = f~1(F), P = f~}(Q), where F € &,
Q € N, and therefore AA = EAP = f~YF)Af~Y(Q) = fY(FAQ) = f~'(BB). But this implies
that BB € 8’ — a contradiction. O

a<k® a<k

Remark. In general for Theorem 2.2, G need not be commutative. Let H' be a noncommutative group
with card(H') = w (the first infinite cardinal) and A’ be a commutative group with card(4’) = w;
(the first uncountable cardinal). We set G = H’ x A’ as the external direct product of H' and A’.
Then G is isomorphic with the internal direct product HA, where H = {(h,es) : h € H'} and
A={(e,,,a):a € A’}. Moreover, G is noncommutative having H as a normal subgroup and G /H=
A is commutative with card(G/H) = w;.



272 D. SEN AND S. BASU

10.

11.

12.

13.
14.

REFERENCES

. S. Basu, D. Sen, An abstract formulation of a theorem of Sierpiriski on the nonmeasurable sum of two measure zero
sets. Georgian Math. J. 26 (2019), no. 4, 617-620.

. S. Basu, D. Sen, On a theorem by Pelc and Prikry on the nonexistence of invariant extensions of Borel measures.
Anal. Math. (2021). https://arXiv:2002.00334v1.

. S. Basu, D. Sen, A nonseparable invariant extensions of Lebesgue measure- A generalized and abstract approach.
Georgian Math. J. (2021), https://doi.org/10.1515/gmj-2021-2096.

. N. Bourbaki, Elements of Mathematics. General Topology. Part 1. Hermann, Paris; Addison-Wesley Publishing
Co., Reading, Mass.-London-Don Mills, Ont. 1966.

. J. Hejduk, E. Wajch, Compactness in the sense of the convergence with respect to a small system. Math. Slovaca
39 (1989), no. 3, 267-275.

. R. A. Johnson, J. Niewiarowski, T. Swiatkowski, Small systems convergence and metrizability. Proc. Amer. Math.
Soc. 103 (1988), no. 1, 105-112.

. A. Kharazishvili, Some remarks on additive properties of invariant o-ideals on the real line. Real Anal. Exchange
21 (1995/96), no. 2, 715-724.

. A. Kharazishvili, Transformation Groups and Invariant Measures. Set-theoretical aspects. World Scientific Pub-
lishing Co., Inc., River Edge, NJ, 1998.

. A. Kharazishvili, Nonmeasurable Sets and Functions. North-Holland Mathematics Studies, 195. Elsevier Science

B.V., Amsterdam, 2004.

A. Kharazishvili, A. Kirtadze, On algebraic sums of measure zero sets in uncountable commutative groups. Proc.

A. Razmadze Math. Inst. 135 (2004), 97-103.

J. Niewiarowski, Convergence of sequences of real functions with respect to small systems. Math. Slovaca 38 (1988),

no. 4, 333-340.

B. Riecan, Abstract formulation of some theorems of measure theory. Mat.-Fyz. Casopis. Sloven. Akad. Vied. 16

(1966), 268-273.

B. Riecan, Abstract formulation of some theorems of measure theory. II. Mat. Casopis 19 (1969), no. 2, 138-144.

B. Riecan, T. Neubrunn, Integral, Measure, and Ordering. Mathematics and its Applications, 411. Kluwer Academic

Publishers, Dordrecht; Ister Science, Bratislava, 1997.

. Z. Rieconova, On an abstract formulation of regularity. Mat. Casopis Sloven. Akad. Vied 21 (1971), 117-123.

(Received 26.05.2018)

LSAPTAGRAM ADARSHA VIDYAPITH (HiGgH), HABRA, 24 PARGANAS (NorTH), W.B. INDIA

2DEPT OF MATHEMATICS, BETHUNE COLLEGE, KOLKATA, W.B. INDIA
E-mail address: reachtodebasish@gmail.com
E-mail address: sanjibbasu08@gmail.com



Transactions of A. Razmadze
Mathematical Institute
Vol. 175 (2021), issue 2, 273-278

ON THE ABSOLUTE MATRIX SUMMABILITY FACTORS OF FOURIER
SERIES

SEBNEM YILDIZ

Abstract. In this paper, a general theorem on the local property of the }N,pn; 6|k summability of
factored Fourier series, which generalizes some known results has been extended to absolute matrix
summability factors of Fourier series.

1. INTRODUCTION

Let > a, be a given infinite series with partial sums (s,). Let (p,) be a sequence of positive
numbers such that

n
Pn:va%oo as n—oo, (P_;=p_;=0, i>1).
v=0
The sequence-to-sequence transformation

1 n
tn=— >
n P,n ’U:OpUS’U

defines the sequence (t,,) of the Riesz means or, simply, the (N, p,,) mean of the sequence (s,,) generated
by the sequence of coefficients (p,) (see [4]).
The series Y a,, is said to be ’N,pn; 6‘1@ summable, where k > 1 and 6 > 0, if (see [2])

[eS) Ok+k—1
P,
> (”) |ty — tn_1 |F< oc.

ne1 \Pn

In the special case, p, = 1 for all n (resp., 6 = 0), the ‘]\_/',pn;é‘k summability is the same as the
|C, 1;0|, (resp., |]\7,pn’k) summability (see [1]).

A sequence ()\,) is said to be convex if A2), > 0 for every positive integer n, where
A2)\, = AN, — ANp1 and AN, = Ay — Ay (see [9]).

Let A = (ayy) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then
A defines the sequence-to-sequence transformation, mapping the sequence s = (s,,) to As = (A,(s)),
where

An(s) = Zamsv n=0,1,....
v=0
The series ) a, is said to be |A, p,; 0|, summable, where & > 1 and § > 0, if (see [5])

o Skt+k—1
Z (Pn) |An(s) — An71(8)|k < 00.

o1 \Pn
If we take ap, = }p;L, then the |A, p,; 4|, summability is the same as the ’]\_f,pn; 6|k summability. If
we take ay, = }%Z and § = 0, then the |A,p,; 4|, summability reduces to the |N ,pn’ ,, summability.

Also, if we take § = 0, then the |A, p,; |, summability reduces to the |4, p,|, summability (see [6]).

2020 Mathematics Subject Classification. 26D15, 40D15, 40F05, 40G99, 42A24.
Key words and phrases. Holder’s inequality; Minkowski’s inequality; Summability factors; Absolute matrix summa-
bility; Infinite series; Fourier series.
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Given a normal matrix A = (ay,,), we associate two lower semimatrices A = (a@,,) and A = (Gn.)
as follows:

&nv:Zam, n,v=0,1,... (1)

1=v

and
dOO = C_LOO = Qa00, dnv = Qpy — C_Ln—l,va n = 17 2a e e (2)

It should be noted that A and A are the well-known matrices of series-to-sequence and series-to-series
transformations, respectively. So, we get

n n
An(s) = § ApySy = § AnyQy
v=0 v=0

and

AA,(s) = i QoG-
v=0

2. THE KNOWN RESULTS

Let f be a periodic function with period 2, integrable (L) over (—m, 7). We may assume that the
constant term of the Fourier series of f is zero, that is,

[ s =o.
f(t) ~ i(an cosnt + by, sinnt) = i Cn(t).
n=1 n=1

In [3], Bor proved the following result dealing with the |]\7 P 0 | ,, summability factors of Fourier series.
Theorem 2.1 ([3]). Let k> 1 and 0 < 6 < 1/k. If (\,) is a convex sequence such that > pnA, 1S

convergent and

P F
<U> P,AN, =0(1) as m — oo,
Do

ok
P,
<> Py =0(1) as m — oo,

n=v+1 Pn Pnfl Py Pv ’

then the }N,pn; 5|k summability of the series Y Cy(t)\n Py at a point can be ensured by a local prop-
erty.

In [7], Sulaiman has obtained a result from which a special case improved the result of [3] in the
following form.
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Theorem 2.2 ([7]). Let k > 1 and 0 < 6 < 1/k. Let (¢n) be a complex sequence. If (|An]) is
non-increasing such that Y p,|\n| is convergent and

m P ok P

2 (pv) P%f')‘””%‘k =0(1) as m— o0, (3)
v=1 v v

Z (pv) [AX|[ou] = O(1) as m — oo, (4)
v=1 v

m P'u ok 1

Z () ——PoillApy [ =0(1) as m— oo, (5)
v=1 Pv v+1

i (Pn>5k_1 1 _O (R;)ékl
n=v+1 Pn Pnfl Po Pv ’

then the ‘Z\_f,pn; 5’19 summability of the series Y Cy(t)\n Py at a point can be ensured by a local prop-
erty.

3. MAIN RESULT

The aim of this paper is to generalize Sulaiman’s result in [7] for the |A, p,,; §|r summability method.

Theorem 3.1. Let (p,) be a complex sequence. Let k > 1 and 0 < § < 1/k. Suppose that A = (any)
is a positive normal matrix such that

=1, n=0,1,..., (6)
Un—1v = Ay, forn>v+1, (7)

_ofP
ann—()(Pn).

If (JAn]) is non-increasing such that Y p, |\, | is convergent and satisfy conditions (3)—(5) of Theorem
2.2 and the conditions

3 (fj)ék |A,U<anv>|=0<(i’)5kg> o X

n=v+1
m+1 Sk Sk
P, . P,
E () |Gnpt1] = O () as m — oo 9)
neor1 \Pn Py

are satisfied, then the |A, p,; 0| summability of the series

Z Ch (t)AnSDnv

n=1

at any point is a local property of f.
Lemma 3.1 ([8]). From conditions (1), (2) and (6), (7), we have

n—1
Z |A'u(&nv)| S Apn,
v=1

|&n,v+1 ‘ S Ann-

Lemma 3.2 ([7]). If (|\n]) is non-increasing such that > pn|An| < 00, then Py A, = O(1), as
n— 00.

Lemma 3.3. Let (¢,) be a complex sequence. If (sy,,) is bounded, and all the conditions of Theorem 3.1
are satisfied, then the series

i anAnPn
n=1
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is |A, pn; 0|k summable, where k > 1 and 0 <6 < 1/k, and (J\,]) is the same as in Theorem 3.1.

Proof. Let (I,

n) denotes the A-transform of the series Z G AnPn, then

n=1

Aln = i dnvav)\USOw
v=1

Applying Abel’s transformation to this sum, we have

AT,

(]

—

AW (dnv)\v<)0v) ZU: ar + GnpAnPn zn: Gy
r=1 v=1

Z A, (dnv)\UQDv)sv + ann)\nwnsn

n—1 n—1
A(dnv)Av@vsv + Z AAU@vdn,v+15v + Z A()OU)\’U-',-l&n,UJrlSU + ann)\nQOnSn
v=1 v=1

1+ In,2 + In,3 + In,4-

To complete the proof of Lemma 3.3, it suffices to show that

o P Sk+k—1
N e A O
= \Pn

First, applying Holder’s inequality, we have

o\ SkHh—1 mAl o p o\ Sktk—l on-l
p) | T vzz() {ZA )| | ||sov||sv|}

o \Pn

m—+1

P SkHh—1n-] b1
() S A 30 1A [Flul* % {Z 1A ()| }
=2 Dn v=1 v=1
m+1 P Sk+k—1 n—1
ow>. ( ) af;;l{ T |Av<am>||xv|kw}
= v=1

Pn

m m+1 ok
0> ulflelt 3 (P) 1A ()]

v=1 n=v+1 Dn

) B2 g

- - Po
Z( ) R e
v=1 v

) pu

m — 00,

e
Il
—

by virtue of the hypotheses of Lemma 3.3 and by using condition (3) of Theorem 2.2, condition (8) of
Theorem 3.1 and also taking into account Lemma 3.1 and Lemma 3.2. Now, using Holder’s inequality,

we have

(.

o \Pn

Pn

Sktk—1 mAl o\ Sktk—1 cn-l k
YD Y €3 IR D SR
n=2 v=1
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P Sk+k—1n—1 D Sk—6 — k—1
) Z(P) |an,v+1|mv|msv|’“x{2( )|an,v+1||m@||%|}

v=1 v=1

m—+1 P Sk+k—1 n—1 » 0k—46 n—1 k—1

=0<1>Z(p") (P> |an,v+1||mv||%|><{z( ) |AAU||%|}
v=1 _

n—1 Sk—46

( 3 (’;) |an,v+1||mv||%|}

v=1

oq,,g

m P m—+1 P Sk
—o>- (5) andied Y (5) fanel
v=1 v n=v+1 Pn
m D Sk—46 P Sk
oY (B) (3) 1anlied
v=1 v v
m Pu )
— o) () ISV

by virtue of the hypotheses of Lemma 3.3 and by taking condition (4) of Theorem 2.2 and also
condition (9) of Theorem 3.1. Further, we have

m—+1 P Sk+k—1 m—+1 Sk+k—1 n—1 k
3 () sl 3 (p ) {Z|an,v+1|Asov||Av+1||sv}
TL:2 n

Pn =1
m+1 J2 Sk+k—1n—1 | 1| n—1 k—1
n v+ A~

= O<1) Z () Z |A§D'U| |an v+1| { Z |an,v+1|>\v+1pv+1}

n=2 Dn v+1 v=1

m+1 P Sk+k—1 | 1‘ n—1 k—1

n v+

= O<1) Z () Z |A<pv |an v+1‘ { Z |)\'u+1|pv+1}

n=2 Dn v+1 v=1

m+1 Sk n—1

Pn |/\v+1|

—0 Y (2] X180 i

n=2 Dn v=1 p’UJrl

A, m+1 P, ok
Z 2 2l Y (22) i
v+1 n=v+1 Pn
m ok
P, )\v

=0 () Ay \’f' +1|

v=1 Dy pv+1

=0(1) m— oo,
by virtue of the hypotheses of Lemma 3.3 and using condition (5) of Theorem 2.2, condition (9) of

Theorem 3.1 and also taking Lemma 3.1 and Lemma 3.2. Finally, by virtue of the hypotheses of
Lemma 3.3 and using condition (3) of Theorem 2.2 and taking Lemma 3.2, we have

m P Ok+k—1 m P Ok+k—1 . m P Ok+k—1
S (E)T it = (B) et = () et
n=1 n

n=1 n n=1 Dn
P —1
=0<1>Z<) Aal¥lipnl®
el Pn
P,

m
n:l

( n> 2 Al F (Pa A ) F
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m Pn ok D
=0(1) Z (p) ﬁ|)\n||4pn|k =0(1) as m — oo,
n=1 n n

which completes the proof of Lemma 3.3. O

Proof of Theorem 8.1. Since the convergence of Fourier series at a point is a local property of its
generating function f, our theorem follows immediately from Lemma 3.3.

4. CONCLUSIONS

If we take a,, = %> in Theorem 3.1, then we have a result of Theorem 2.2. Also, if we take 6 = 0
in Theorem 3.1, we have a new result dealing with the |A, p,|, summability of Fourier series.
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ASYMPTOTIC ANALYSIS OF COUPLED OSCILLATORS EQUATIONS IN A
NON-UNIFORM PLASMA

GRIGOL GOGOBERIDZE

Abstract. We study a set of coupled oscillators equations describing Alfvén’s linear coupling and
fast magnetosonic waves in a magnetized plasma. Using the methods of asymptotic analysis, we
derive analytical expressions for the transformation coefficient, as well as Liouville-Green asymp-
totic solutions. The obtained results are compared with the mathematically similar Landau—Zener
problem in quantum mechanics.

1. INTRODUCTION

The aim of the present paper is to study coupled evolution of linear plasma waves in a shear flow.
This mechanism is expected to be responsible for generation of compressible perturbations in the solar
wind [5].

In a plasma with the uniform background velocity shear Uy = (Ay,0,0) equations that describe
coupled evolution of the Alfvén waves (AW) and fast magnetosonic waves (FMW) are governed by
the following coupled oscillators equations [4]:

2

b

dTQy + [1 + K;(T)} by = *Ky(T)biz, (1)
%, )
dr2 + [1 + Kz} b, = —Ky(7)K.by. (2)

Here, b, and b, are the Fourier amplitudes of the corresponding magnetic field components, K, is the
dimensionless wave number K, = k. /k,, k. and k, are the components of the wave number vector,
K,(t) = K, — ST is the dimensionless wave number, S = A/k, V4 is a dimensionless shear rate, Vx4
is the Alfvén speed and 7 = V4k,t is a dimensionless time.

The solutions of the characteristic equation of the set of equations (1), (2) are

Qp(r) =1+ K2+ K. (1), Q4 =1. (3)

They can be easily identified as the frequencies of FMW and AW, respectively.

In the next section we present detailed analysis of equations (1), (2). We study the phenomenon
of a mutual transformation of wave modes and derive analytical expression for the transformation
coefficient.

2. ASYMPTOTIC ANALYSIS

It is well known from the theory of coupled oscillator systems that if inhomogeneity is weak enough
(in the considered case the condition implies that the normalized shear rate should be small S <« Q4 =
1) and the frequencies of the modes are not close to each other (in the case under consideration this
condition of weak coupling implies [4] § = |K,|/S'/? < 1), then the Liouville-Green approximation
[2,6,7] is valid and the asymptotic solutions of equations (1), (2) are given by the following expressions:

v, = _DEAE i Qpamir
QF7A(T)

2020 Mathematics Subject Classification. 33C10, 34E05.
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where Dp 44 are the Liouville-Green amplitudes of the corresponding oscillations determined by the
initial conditions. It is well known [6] that the signs + correspond to the waves propagating along
and backward with respect to the x-axis, respectively.

If one considers equations (1), (2) in a complex 7-plane, then the Liouville-Green solution is
valid everywhere, except some vicinities of turning points, where Q0 = 0, and the resonant points,
where Qp = Q4. If the Liouville-Green approximation is valid, then there is no energy exchange
between FMWs and AWs and the energy densities of the modes satisfy the standard relation Ep a4+ =
Qp, AD%’ .- Analysis of equation (3) shows that if S < 1, the turning points are not located close to
the real 7-axis, i.e., physically speaking, in this case the wave reflection is absent [3]. When solving
the equation Qp = Q4, one finds that there are two second order resonant points Ky (11 2) = ik,
(the resonant point 71 has the order n if (Q; — Q) ~ (71 — 7)™2 in the neighborhood of 7).

As follows from equation (3), the frequencies are closest, i.e., an effective coupling is possible
only in some vicinity at the time moment when K,(7) = 0. This means that the Liouville-Green
approximation is always valid far on the left— and right-hand sides of this point. This circumstance
enables to study the wave coupling based on the asymptotic analysis that is usual in the scattering
theory. Assume that at the initial moment of time K, (0) <« 1 and the initial amplitudes of the modes
are DF 4- Denote the amplitudes on the right of the resonant area by DF 4- If so, the problem
reduces to the derivation of the so-called transformation coefficient Tr4 that connects the initial and
final amplitudes Tr4 = (D%)?/(D%)2. Physically, Tr4 represents a part of energy of the initial FMW
transformed into the AW energy.

If the condition for the effective coupling § = |K,|/S'/? < 1 is not satisfied, the transformation
coefficient is exponentially small, namely [4],

3
Tra =~ gexp (—(;) ) (4)

Analytical expression for the transformation coefficients can be derived also in the opposite limit
0 < 1. In this case, it can be readily shown that b, and b, coincide with the eigenfunctions of FMW
and AW, accurate to the terms of order K2. Consequently, the terms on the right-hand sides of
equations (1), (2) represent the coupling terms of the same accuracy. Since K, < S'/3, the coupling
is weak, and if initially there exists only FMW, one can neglect the feedback of AW to FMW. Then,
using the well-known expressions for the solution of a linear inhomogeneous second-order differential
equation, in the above-considered limit (6 < 1), we obtain

7 3 2
—02/3 . xr )
Tra~2 6/xsm(3 2273 )dx
0

7 3
/xsin (a;) - ’ym) dx = ﬂgyAi(—v),
0

and using the expansion of the Airy function Ai(y) into power series [1], we finally obtain

92/3 r(i
772 1— %54 . (5)
ser )\ )

The results of numerical solution of the initial set of equations (1), (2) (solid line), as well as
analytical expressions (4) (dash-dotted line) and (5) (dashed line) are presented in Figure 1. It shows

that the transformation coefficient reaches its maximal value (T 4 )maz = 1/2 at §°” that can be found
numerically, or alternatively, by finding the maximum of the analytical expression presented by the

equation (5):
1/4
27/431/31" 2
5" = < (3) . (6)

Note that

Tra =~

5T (5)
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FIGURE 1. The transformation coefficient Tr4 vs §. Dash-dotted line and dashed
line represent analytical expressions (4) and (5), respectively. Solid line is obtained
by numerical solution of equations (1), (2).

Formula (6) is in a perfect accordance with the numerically calculated " (see Figure 1), despite
the failure of equation (5) at § ~ 1. This fact can be explained as follows: the only reason why
equation (5) fails is the neglect of the feedback mentioned above. The feedback changes the value of
the transformation coefficient, but does not affect the value of §°".

3. DiscussioN AND CONCLUSIONS

It is well known (see [2,7] and references therein) that if in the coupled oscillators system with
eigenfrequencies €2; 2, in the neighborhood of the real T-axis there exist only a pair of complex con-
jugated first-order resonant points 7y and 7o, the transformation coefficient can be derived from the
exact asymptotic formula

). (7)

We shall make two remarks about this equation. Firstly, it shows that in the case of the first-
order resonant points only the eigenfrequencies are needed to derive the transformation coefficient.
Secondly, equation (7) is valid in the case of strong wave interactions. For instance, if a complex
conjugate resonant point of the first order tends to the real 7-axis, then T} tends to unity, i.e., the
energy of one wave mode is entirely transformed into another.

None of these properties remain valid in the case of the second order resonant points. Firstly,
the transformation coefficient is small in the both limiting cases § > 1 and § < 1, i.e., when the
resonant points are both close and far from the real 7-axis. Secondly, only the expressions of the
eigenfrequencies are not sufficient for the derivation of the transformation coefficient, the problem
needs deeper analysis. Thirdly, the maximum value of the transformation coefficient is 1/2. This
means that even in the optimal regime, only half of the energy of FMW can be transformed into AW,
and vice versa. It has to be noted that the Landau-Zener theory [6] provides the same maximum
value for the transition probability in the two-level quantum mechanical systems.

The last point we would like to discuss in the present paper is the comparison of our problem
with the theory of quantum transitions in the two-level systems. First of all, note that equations
(1), (2) correspond to the so-called quantum mechanical diabatic representation. On the other hand,
the normal variables that were introduced in [3,4], correspond to the adiabatic representation. As
in the two-level quantum systems, both representations are useful for derivation of a transformation
coefficient in different limits. One distinction that makes our problem different and generally more

Ti2 = exp (— ‘Im/(Ql — Qo)dr

70
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difficult is that in the area of the effective interaction the ’coupling terms’ (terms on the right-hand
side of equations (1), (2)) cannot be treated as constants. This circumstance does not allow to use
another powerful asymptotic method, the so-called momentum representation [6,7].
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ON NONMEASURABLE UNIFORM SUBSETS OF THE EUCLIDEAN PLANE

ALEXANDER KHARAZISHVILI

Abstract. It is shown that the cardinality continuum is not measurable in the Ulam sense if and
only if for every nonzero o-finite diffused measure p on R? there is a p-nonmeasurable uniform
subset of R2. Several related results are also considered.

The main goal of this communication is to discuss briefly uniform subsets of the Euclidean plane
R? in the context of their nonmeasurability in some generalized sense.

Let [ be a straight line in the plane R? considered as a certain direction in R2.

A set Z ¢ R? is called uniform in direction [ if any line of R?, parallel to [, meets Z at most at
one point.

A set Z C R? is called a graph in direction [ if any line of R?, parallel to I, meets Z exactly at one
point.

Accordingly, we say that a set Z C R? is uniform in R? (is a graph in R?) if there exists a line [
in R? such that Z is uniform (is a graph) in direction .

There were established interesting properties of uniform subsets of the plane, which are closely
related to the Continuum Hypothesis (CH) and to certain propositions in the plane geometry (see,
e.g., [1-3,8,9]).

Some other properties of uniform sets in R? are connected (more or less) with the notion of
measurability. To illustrate the above-said, let us give several examples.

1. Every uniform set is G-negligible, where G denotes the group of all translations of R? (see [5,6]).

2. There exist uniform sets which are not G-absolutely negligible (see again [5,6]).

3. For any straight line [ in R?, there exists a G-invariant measure p; on R? which extends the
standard Lebesgue measure A, on R? and is such that all uniform sets in direction [ belong to dom (1)
(it is clear that if Z is uniform in direction I, then 1;(Z) = 0).

4. There exists a graph in direction /, which is a Hamel basis of R?. Since every Hamel basis of R?
is G-absolutely negligible (see [4]), one can conclude that there exist G-absolutely negligible graphs
in R2.

5. No finite family of uniform subsets of R? can be a covering of R? (see [8]).

Observe that the last fact easily follows from Banach’s classical result stating that there exists a
finitely additive translation invariant measure on R?, which extends Ay and is defined for all bounded
subsets of R2. Notice also that the analogous fact remains valid for uniform hyper-surfaces in the
multi-dimensional Euclidean spaces.

In the sequel, we need a simple auxiliary proposition.

Let [ be any fixed straight line in R? and let Z C R? be uniform in direction [. The following two
assertions are valid:

(a) every subset of Z is uniform in the same direction I;

(b) Z = Z1 N Zy, where Z; and Z5 are two graphs in the same direction .

Recall that a measure p defined on some o-algebra of subsets of a ground set E is diffused (or
continuous) if all singletons in F belong to dom(x) and p vanishes on all of them.

Also, recall that a cardinal number a is measurable in Ulam’s sense if there exists a probability
diffused measure whose domain is the power set of a.

Theorem 1. Let {l; : j € J} be a countably infinite family of pairwise non-parallel directions in R2.
The following two assertions are equivalent:

2020 Mathematics Subject Classification. 28 A05, 28D05.
Key words and phrases. Euclidean plane; Uniform set; Nonmeasurable set; Cardinality of the continuum.
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(1) the cardinality continuum c is not measurable in Ulam’s sense;
2) for any nonzero o-finite diffused measure u on R?, there exist a direction l; and a graph in this
K J
direction, which is nonmeasurable with respect to p.

The proof of Theorem 1 is essentially based on the profound result of Davies [3].

Remark 1. Let {l; : k € K} be a fixed finite family of pairwise non-parallel directions in R? and
suppose that for any nonzero o-finite diffused measure ; on R? there exist a direction I; and a uniform
set in this direction, which is nonmeasurable with respect to p. Then, using the result from [1], it can
be shown that ¢ = w,, for some natural number n. So, in this case, c is substantially restricted in its
size and automatically turns out to be nonmeasurable in Ulam’s sense.

Theorem 2. Assume Martin’s Aziom (MA) and let {l; : j € J} be a countably infinite family of
pairwise non-parallel directions in R2.

Then there exists a countable family {Z; : t € T} of sets in the plane R? such that:

(1) every set Z; is a graph in some direction l;y), where j(t) € J;

(2) for any nonzero o-finite diffused measure i on R, at least one set from the family {Z; : t € T}
is nonmeasurable with respect to (.

The proof of Theorem 2 is again based on the result of Davies [3] and on the fact that under MA
there exists a countable family {B; : i € I'} of subsets of R?, which is absolutely nonmeasurable with
respect to the family of all nonzero o-finite diffused measures on R2. Actually, the role of {B; : i € I}
can be played by a countable topological base of some generalized Luzin subset of R2.

Remark 2. Under the assumption that c is not measurable in Ulam’s sense, the problem of generalized
nonmeasurability can be considered for other classes of point sets in R?, e.g., for the class of all Vitali
subsets of R2, for the class of all Bernstein subsets of R?, or for the class of all Hamel bases of R?
(cf. [6,7]).
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WEIGHTED EXTRAPOLATION IN MIXED NORM FUNCTION SPACES

VAKHTANG KOKILASHVILI' AND ALEXANDER MESKHI!»2*

Abstract. Rubio de Francia’s weighted extrapolation results for pairs of functions in mixed-norm
Banach function spaces defined on the product of quasi-metric measure spaces are obtained. As a
consequence, we formulate appropriate results for the mixed-norm Lebesgue, Lorentz, Orlicz and
grand Lebesgue spaces. Here we treat only the weighted extrapolation in grand Lebesgue spaces
with mixed norms.

1. INTRODUCTION AND PRELIMINARIES

In this note we formulate weighted extrapolation theorems for pairs of functions (f,g) in mixed
norm spaces defined on the product of quasi-metric measure spaces with doubling measures (spaces of
homogeneous type). Let (X,d, ) and (Y, p,v) be the spaces of homogeneous type. We showed that
if the one-weight inequality holds in the classical weighted Lebesgue space for all weights from the
”strong” Muckenhoupt class A(%) (X x V) defined with respect to products of balls By x By, By C X,
By C Y, then appropriate inequality holds for the same pair of functions in mixed-norm Banach
function spaces (E1(X), E2(Y)) provided that the Hardy—Littlewood maximal operators Mx and My

are bounded in the spaces (Ell/qo)l(X) and (Eé/qo)l(Y), respectively, for some ¢o > 1 (for a similar
result in the Euclidean setting see [12]). We treat both cases: diagonal and off-diagonal ones.

Rubio de Francia’s extrapolation theory is one of the important tools to study the boundedness of
integral operators in the weighted function spaces.

By taking (f,g9) = (f,Tf), as a special case, one can obtain one-weighted inequalities for that
multiple operator T' of Harmonic Analysis for which the strong Muckenhoupt condition guarantees
the one-weighted boundedness. To such operators belong, for example, strong maximal operators,
Calderén—Zygmund singular integrals with product kernels and multiple fractional integral operators.
Based on the extrapolation result for the mixed-norm Lebesgue spaces we can derive, for example,
the one-weight mixed-norm inequality due to D. Kurtz [18] regarding the strong maximal operator in
mixed-norm Lebesgue spaces under the A,(A,) condition on weights, and formulate an appropriate
weighted extrapolation result.

One of the novelties of this note is that together with the extrapolation results we determine
weighted bounds in terms of the weighted Muckenhuopt characteristics. The derived extrapolation
results are applied to the weighted extrapolation in the mixed-norm Lebesgue, Lorentz, Orlicz and
grand Lebesgue spaces. It should be emphasized that the majority of the results are new even for the
case of Euclidean spaces with the Lebesgue measure.

Let (X,d,p) be a quasi-metric measure space with a quasi-metric d and measure p. In what
follows, we will assume that the balls B(z,r) := {y € X; d(z,y) < r} with center x and radius r are
measurable with positive p for all z € X and r > 0.

If o satisfies the doubling condition w(B(z,2r)) < Cau(B(x,r)), with a positive constant Cy,
independent of x and r, then we say that (X, d, u) is a space of homogeneous type (SHT), shortly).

We assume that (X, d, p) and (Y, p,v) are the spaces of homogeneous type without atoms.

For the definition, examples and some properties of an SHT see, e.g., [3]. We also assume that the
class of continuous functions is dense in L' defined on an SHT.
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For a given quasi-metric measure space (X, d, u) and g, satisfying 1 < ¢ < oo, we denote as usual
by L9(u) = L9(X, ) the Lebesgue space equipped with the standard norm.

Let (X,d, u) be an SHT. The Hardy—Littlewood maximal function defined on X and given by the
formula

1
Mx f(x) = ;ggMB/If(y)du(y) (1)

is the Hardy-Littlewood maximal operator defined on an SHT (X, d, u).

For the sharp bounds of the norm of the maximal operator Mx in terms of characteristics of weights
we refer to [13] and references cited therein.

Let 1 < r < co. We say that a weight function w defined on X x Y belongs to the Muckenhoupt

class A&S) if

= o (g | v (g [ o) <o

B1x Bs B1 X Bs

where the supremum is taken over all products of the balls By x Bo C X x Y.
Let 1 < p,q < oo. Suppose that p is a p-a.e. positive function on X x Y such that p? is locally

integrable. We say that p € A,(,‘?q) if

1 1 , q/p
— - ¢ dy x 7/ P dp x ) < o0,
[Pl ags) B?g%2<p(31)y(32) / e ”)(MBl)V(Bz)B” rer >

Bl ><Bl

where the supremum is taken over all products of balls By x B, € X x Y.

If p = g, then we denote A;,Sq) by éS)'

Let E be a Banach function space (BF'S) on X (for the Definition and some essential properties
of BF'Ss, see [1]). For a BF'S E, we denote by E’ its Kéthe dual (or associated) space.

Now we define the mixed-norm space for BF'Ss E; and E5 defined on quasi-metric measure spaces
(X,d, ) and (Y, p,v) respectively. The mixed-norm space, denoted by (E1(X), E2(Y)) (or simply,
(E1, E9)), is defined with respect to the norm defined for the p X v- measurable function f : X xY — R:

1 e ) = |15,

It can be checked that (F4, Es) is a BF'S.
For a Banach space F and 0 < p < oo, the p-convexification of E is defined as follows:

EP ={f:|fI" € E}.

By

EP may be equipped with the quasi-norm ||f||gr = |||f|”\|}5/p. It can be observed that if 1 < p < oo,
then EP is a Banach space, as well. For 1 < p < oo and BF'Ss F; and Es, we have

(Eh E2)p = (E‘f, Eg)

Before formulating the main results we recall that Rubio de Francia’s extrapolation in the setting
of a strong Muckenhoupt condition was treated in [6] (see also [12,15]).

We say that a BF'S E belongs to M(X) if the maximal operator Mx defined with respect to the
balls B C X (see (1)) is bounded in E. The class M(Y) is defined similarly.

To formulate the main results, we need the following notation:

[MX}MY] = ||MX||(E1/‘10)/||MY||(E;/‘10)/; [MX7MY] = ||MXH(E1/5O)/||MYH(E;/§O)/'

2. MAIN RESULTS

Now we formulate the main extrapolation results for the mixed-norm BF'Ss.
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Theorem 2.1 (Diagonal Case). Let F be a family of pairs (f,g) of measurable functions f and g

defined on X x'Y. Suppose that for some 1 < pg < oo and for every w € A,(,“g) and (f,g9) € F, the
one-weight inequality

< / 9" (z, y)w(z,y) dp x 1/) %S CN([w]A;)?)( / oz, y)w(z,y) du x I/> " (2)

XXY XxY

with some non-decreasing function s — N(s), holds. Suppose that there exists 1 < gy < oo such that
Ell/qo and E;/qo are again BFSs. If (Ell/qo)’ € M(X) and (E%/qo)’ e M(Y), then for any (f,g) € F,

||g||(E1,E2) < 161/q005‘]([MX7MY}vPOvQO)”f”(El,EQ)’

where the positive constant C' is defined in (2),

J([MX7 MY]7PO7C]0)

N (2ro—a0 (Eqé)Q(pofqo) ([MX,MY])(2((q0)/71)+1)(p07q0) , Qo < Po
N 2((10_1,0)/((10_1)(E(qo)/)Q(qo—pu)/(qo—l)([]\/l)ﬁ]WY])(2qo—po—1)(qo—1))7 4 > Po

and C is defined by C = max {27 Z(qofpo)/(qopofpo)}.

Theorem 2.2 (Off-diagonal Case). Let F be a family of pairs (f,g) of measurable functions f,g €

LO(u x v) defined on X x Y. Suppose that for some 1 < pg < qo < oo and for every w € A(li)qo/p'
0

and (f,g) € F, the one-weight inequality

( [om et duXV>q10< en(ulys, ) [ @t o) duxu);“’ 3)

1420
XxY Po XxXY

with some positive constant C' and non-decreasing function s — N(s), holds. Suppose that there exist
1 <pp <00, 1< qy< oo such that

and E1(X)V® | B (X)V/Po Ey(Y)/% , Ey(Y)VP are BFSs, and also the following condition

Po/qo _ Do/ qo

B ()®) = [(E ) ™) ] E()®) = [(Ba(r)7)]

is satisfied.
—1/a-\/ 1/
17 (BY™) € M(X) and (B,/™) € M(Y), then for any (f,g) € F,
||g||(flf2) S 16(70 CW([MX,MY],Z)anOaﬁOaaO)HfH(El,EQ)a
where the constant C' is the same as in (3),

7<m7p07 q07§07 ao)

_ agh\ 2\ 7(@o—aqo0) 1422400 —a) _
NKQCQ(I + ZTE) ) ([Mx, My]) % ] o < qo;

(@ —a0)

N{<202(1+g{é> ) ~ap—1 (M)@ﬁo—'yqo—l)/(ﬁo—l)}’ @ > o,

L L

and C := max {27‘70(% 740)727(50)/(%7%) }
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As corollaries, we have appropriate extrapolation results for the mixed-norm Lebesgue, Lorentz,
Orlicz and grand Lebesgue spaces. Here, we give the statements about only grand Lebesgue spaces
with mixed norms.

In 1992, T. Iwaniec and C. Sbordone [14], in their studies related to the integrability properties of
the Jacobian in a bounded open set ©, introduced a new type of function spaces LP)(Q), called grand
Lebesgue spaces. A generalized version of spaces L)?(Q) can be found in the work of L. Greco, T.
Iwaniec and C. Sbordone [11].

Harmonic analysis related to these spaces and their associate spaces (called small Lebesgue spaces),
was intensively studied during the last years due to their various applications, we mention here,
e.g., [2,7-10], the monograph [17] and references therein.

To formulate and prove the main result of this section we need to introduce the following notation:
let o;, i = 1,2, be sufficiently small positive numbers and let ¥;(-) and ¥2(-) be n-tuple positive
increasing functions on the intervals (0,0;), ¢ = 1,2, such that ;13}) Y;(A) =0, i =1,2. In this case,
we say that ¢; € ¥,,, i =1,2.

We say that for weight functions v and v on X and Y, respectively, a function f : X x Y belongs
to (LZI)’wl(')ual (X),LﬁQ)’wQ(')’”"’(Y)) 1 < p1,po < o0, if

||f|| (Lﬁl)‘WN-)‘ﬁ (X)7L{/’2)>1/)2(-)>02 (Y))

p2—¢€2

JE
P2—¢&2

s swp(walea) [ (wnten) [ 1w )" va) T <o

0<e1<o1 0<e2<o2

If ¥;(-) = 1,4 = 1,2, then the space (L”l)’wl(')"’1 (X), Lp2)¥2(),02 (Y)) is the mixed norm Lebesgue
space. Further, if 1;(-) = 6;, i = 1,2, then we denote (LP1):¥1():o1(X), LP2)w2().02 (Y)) by (LP1)-011 (X)),
Lp2)92.02(Y)).

Theorem 2.3. Let F be a family of pairs (f,g) of non-negative functions f,g € L°(u x v) defined
on X xXY. Suppose that for some 1 < pg < oo and for every w € Ax(vf) (X xY) and (f,g) € F, the
one-weight inequality

a1 BN

PO P’
([ ot doxe)” < on(ulg) ([ ot o) ()

XxXY XxXY

with some non-decreasing function s — N(s), holds. Then there is a positive constant C' such that for
every 1 < pi,pas < oo, ¥; € VU, i=1,2, andu € Ap, (X), ve A, (Y),

||g||(LlZl)vw1(')101 (X),Lpl)fu’?(')’az(Y)) S C”f”(Lzl)’wl(‘)«G'l (X),Lpl)*wQ(’)"-"?(Y))’
where 01,09 > 0 are the numbers such that u € Ay, _»,(X), u € Ap,_0,(X).

Theorem 2.4 (Off-diagonal Case). Let F be a family of pairs (f,g) of non-negative functions f,g €

L(uxv) defined on X xY . Suppose that for some 1 < pg < qo < 0o and for everyw € Afl—)qo/p’ (XXY)
0

and (f,g) € F, the one-weight inequality

( /gqo(x,y)W(x,y) dp X V)qlﬂ< ON ([w] s )( /fpo(x’y)w%(%y) dh x V>;0,

XXY Po XXY

with some non-decreasing function s — N(s), holds.
Then for any 1 < p1,q1,p2, g2 < 00, satisfying the condition

1 1 1 1 1 1

b1 q1 B p2 q2 Po 4o
any 01,02 >0, u € Ay, 4, (X), v € Ay, 4,(Y), and for all (f,g) € F

)
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we have
o) ua 9@ D] 250 m(X)H ROTY. C||o@llu@) £ @, ) .01
with a positive constant C independent of (f,g), constants o; and n;, i = 1,2 satisfying the condition
1 1 1 1 1 1

)

Pr—m @ —01 Pp2—T72 ¢Gg2—02 Po Qo
where o1, o2, m and n2 > 0 are positive numbers such that u® € Aii(g —o,)/(p1—ns) (X)),
v € At (g3-02)/(p2—ma) (V)

p32),02,m2"7
Ly ’
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ON POISSON TYPE INTEGRALS IN THE POLYBALL

ROMI F. SHAMOYAN

Abstract. We consider some natural extensions of Poisson integral in the unit ball to polyballs
and extend some known classical results to the case of product domains (polyballs). In particular,
we extend some known results in the unit ball on Poisson integrals related to BMO to the product
domain case.

1. INTRODUCTION

Let B, = |z| < 1 be the unit ball in C", S™ = 9B be the unit sphere in C".

Let d(z,w) = |1 — (z,w>|%, z,w € B, be the restriction of d on S,; it is a non-isotropic metric
(see [4,6]).

Let also Q(&,7) = {77 €8S, :|1— <§,n>|% < 7“}, r>0,£e€8, Wecal Q a d-ball putting r
sometimes as a subscript for the extension to the ball, S, = {|z| = 1}.

We denote various constants appearing in this paper by C,C1,C5,c. As usual, we define both a
Poisson kernel P(z,w), z,w € B,, P(z,w) = %, and a Poisson integral of a positive Borel
measure p P(p) in a standard way (see, e.g., [6]). For some new and classical results on these objects
we refer the reader to [4,6] and [2,5]. By do we denote the Lebesgue measure on S,. For the d
function we refer to [4,6] (see also below).

In this note we discuss some problems in an open new research area of Poisson type integrals in
product domains in C"®. Some new objects in this note will be defined and some interesting new
problems will be posed and solved. We provide first known results in a unit ball (see [6]).

It has been shown in [4,6] that for an f function of a certain class (these estimates were used in
the study of analytic BMO)

/ 00 = 1@ Plasaon) > (5 / - s ). )

we can see that for all 2 < |a| < 1,

/ £(6) ~ F(@[*Pla. )do(€) < clsup) / f — fol?do < oo (2)

(see [4,6]). Next, it has been shown (see [4,6]) that
(sw) [ Pewiuto) > (20, ®)

2
z€B, anren

for a positive Borel measure p in B.
And if c = (sup)%, then we have

&,r
(s) [P wpantm) < @67 Y (50). (®)

l=1>5 7 k>0
(see [4,6]) for a positive 1 Borel measure.
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The question is how to extend these and other similar results for a positive u Borel measure to
more general situation if, for example, we consider more general Poisson type kernels of the type

15(2’, &) = 751(1"”2)% , where

IT [1—2;€|%
j=1 m m
Zﬂj =n, Zaj = 2n,
i=1 i=1
with z; € B, j =1,...,n, £ € S (we assume sometimes |z;| = |z|) and to a group of positive Borel
(u;) measures, where j =1,...,n.

In this paper, we have found some ways on how to extend (2)—(4) to this more general situation.
These results may have various applications in the function theory. Complete proofs will be provided
in a separate note. We simply modify already known proofs provided in one domain.

Indeed, a natural idea consists in finding some ways to modify old and known proofs to the product
domain case. However, there exist some technical difficulties.

Following the proof for the case m =1 (see [4,6]), for a positive Borel u measure we find

;32(3/(3/ j171i111|1<zj,wj>|6m ) H'M(wm)) 26%7 (A)

n n

‘ ]

where Q.(§) = {z€ B, :d(z,&) <r}, £ € Sp; 7 >0, Da; =mn, Y. 6; =2n, 3; >0; aj >0,
j=1 j=1
j=1,....m0<p; <oo,i=1,...,m.
Next, we have the following known estimate (see [6])
n - 1 i
(‘Zu>p3 ) /P(z,w)d,u(w) <16 C(Zan)’ where (A)
ity k=0

P(z,w)—w c:(sup)(M>, neN, zwéeDB,.

=GP
The natural question to give an extension of this (A) estimate to

o= ) ([ e

Pm

)djos (1) ..dum<wm>) 7

g

where
m
) 11 )
P(Z,10) = 51— :
[T~ (z5,w;))P
j=1
and

m
Zaj =n, Zﬂ] =2n, 0<pj<oo, z, w;e€B, j=1,...,m,
j=1 j=1
following carefully one functional known proof (see [4,6]).

Note that here u; are positive Borel measures on B, i =1,...,m.

We have found the following generalization:

m

11 = [20) dpaw) -

( sup ) [ ‘ 3(16”)C<ZW> <C,-C: ()
B J

k=0
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m m
where Y f; =2n, ) a; = n, for some positive constant C,.
j=1 j=1
We mention another known estimate and provide below some similar type extensions to the poly-
balls.

Note (see [4,6]) that for Q = Q( a € B, a#0,

Jal, \/W)

) 21 = la)” |
fo / O = H @ Zgapn 0 2 T s

and [ |f—f(a)2do > gomst f \f— f(a)|?do, where Q = Q(ml Vg |a|2) as runs over B, /0, whereas
Q Q1

the above @)1 runs over all d balls of radius less than 1 (see [4,6]). We provide some generalizations

of such estimates.
Let now f € LP* (S, X -+ X Sp),

Ia( ( [F(Erses &) = flar, oy am) P x
Y

m

m
O<pi<oo, 1=1,...,m, Zaizn, Zﬂj:?ﬂ, Oéj,ﬁj>0, j=1....m

(1 —fas*)" 2 .

Pr1

o(&)) " ~--da<£m>) 7

3

Il
-

—s

|1 _5 az‘ﬁl

.
Il
-

Then

n

2 T|> = (/- (/|f§1,...,§n—f<a1,... P dote))” (©
e J

||\/1—|a|2>7 a€B,, a#0, 2B;—a;>0, i=1,...,m.

And for same parameters, let

3

@
Il
—

Q=0

i </ (/Hm@ fzaz>|”1x}élt_?ﬂ:da(gl))z?...da<§m))p;'

1=

—

Then we also have

Y

3

I a Ta ;) ey S H <Q/ | fi(&i) — fi(ai)|pi>plia (©)

i=1

where f; € LP1(B), i = 1,...,m; the proof is based on the estimate

(1= @& =1~ (pg€) + = lah (1)

and, hence, |1 —a&| < 2(1—|al?) (see [4,6]), where £ € @ and is similar to one domain proof (see [4,6]).
The above estimates may have various applications. In this note we omit the details of proofs of
the last estimates refereing to [4,6] for complete elegant proofs of simpler “one domain” cases.
We have also the following known estimate (see [4,6]):

/ £©) |( '“:QZd <cCir, (A)
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ro < |a| < 1, for some constant C, where
L — (su 1 _ P o 00 P — 1< O')
0P = (s p)(U(Q)t)Q/f fol'do <o, [eH(B). (o) = 5 !fd .

We refer to [4,6] for t = 1, p = 2 case of (A).

We wish to extend (A) again using an extension of classical Poisson kernel P(z,&) and carefully
studying the classical known proof in [1,2]. We have found the following result, the main result of
this note. Here we formulate this result.

Theorem 1. Let f € LT(S), p > 1. Then we have

1= ) -
1) (s ) / na f<QO>|P><j1_Tl(|1_'§;J|)ﬂjda<§><cci’p,

Zo<\a3|<1

for some positive constant C, where oy, 5; >0, j=1,...,m, Qo=Q (71‘ \1— \a|>, a; € B |a] >,
Z B = Z a; +n.

j=1
Also,
@) (s / () = f(ay)IF - B(@,€)do(€) < C, (C19),
for all aj| € [ro,1), laj| = al, a; = dlg;, P(@€) = ( [ et ) where

S B=Ya;+n feH", 1<p<oo, j=1,...m

jz1 jz1
Putting fg = ﬁ ( J fda), S > 0, we can similarly provide another version of our theorem with
Q

other restrictions on a;, 3;, j = 1,...,m, extending classical results.
It will be interesting to consider another object

1 -
f5=g@)s(£fda>, 0=QxQ S5>0

on the product domains and to prove similar to our theorem result for those domains, as well.
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TWO-DIMENSIONAL UNSTEADY PULSATION FLOW OF A VISCOUS
INCOMPRESSIBLE FLUID BETWEEN THE POROUS WALLS

VARDEN TSUTSKIRIDZE

Abstract. Two-dimensional unsteady pulsation flow of a viscous incompressible fluid through a
porous channel is considered. This motion gets excited from the periodical time change of a pressure
drop and a percolation velocity.

1. INTRODUCTION

The problems of viscous conducting fluid flows in channels are classical problems of magnetic
hydrodynamics. Beginning with the work of Hartmann, who considered the flow in a planar channel,
up to present days, a considerable number of studies have been devoted to this issue. Recently, interest
in such flows has increased due to applications to MHD generators. There we have to deal with the flow
of a conducting fluid in a common rectangular cross-section channel with two non-conducting and two
conducting walls, with a transverse magnetic field applied along the latter walls. A similar problem for
perfectly conducting electrodes and ideally insulating sidewalls was solved in the articles [1,2,6,8,9,12].
However, its solution was either not obtained in a finite form, or it was impossible to obtain integral
characteristics of the flow for large Hartmann numbers from a formal solution.

The approximate method presented below gives the possibility to find a solution in a practically
convenient form, as well as take into account the final conductivity of the channel walls.

2. Basic PART

Let us consider the unsteady flow of a viscous fluid in a porous channel with a constant cross-section.
If oz is directed in parallel to the walls, and the axis oy is perpendicular to them, then the equations of
non-steady two-dimensional motion of a viscous incompressible fluid will be as in [3-5,7,10,11,13-15]:
ou ou ou 10p (82u 82u)
v )

81}+u8v+1}8v:_18p+y(82v+82v> (1)
ot Ox Oy p Oy ox2 0y )’

@+@_0

ox Oy '

The desired velocities u(zx,y,t) and v(z,y,t) must satisfy the following limiting conditions:
u(z,y,0) =0, ov(z,y,0) =0,
u(z,—h,t) =0, v(z,—h,t) = vy, (t), (2)
u(x, h,t) =0, v(x,h,t) = vy, (t).
Let us introduce the following dimensionless quantities:

2

]
u = ugui, U= Vg1, 33:1561217}1961, y = hy, t=7t1’
0

vl
e

- ’Uoh 1,  Vw; = VoV01, Vw, = VoUo2-

2020 Mathematics Subject Classification. 85A30, 7T6WO05.
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Then from system (1) we will have equations in a dimensionless form:

(v0)282u o2u @: 0( ou 8u)+8p

w) 02 T a2 T W “or T ay) T ar

(E)zﬂ ai%i@:%(u@ﬂ@w(w)@ (3)

ug/ Ox? + oy2 Ot Ox Oy v/ Oy’
@ + @ =0
or Oy

where ug,vg - are the characteristic average velocity and rate of infiltration, accordingly;

[ - is the length of the channel,

h - is half distance between the walls,

Ry = % - is the number of Reynolds infiltration. In system (3) indices are down for the sake of

simplicity.
We are looking for solutions of system (3) in the following form:
af(y,t

o) = (0= 0) 2L oty = s

Then it will be as

’f 0 0? afy\? 1 0
o7 o7 _ Ofif_(if) P )
dy oyot dy oy 1—z0z
2
>f _of -R Of | uodp (4)

o2 ot Yoy v oy
Let the values ﬁ%, vo1(t) and wvga(t) vary according to the periodic law:

1 0Op ot
et iwty)
1—20z a+eeh,

Vo1 = € (1 + 86“‘”&) ,

where a , b are unknown constants determined from the boundary conditions;

c and d are the stated constants.
We will search for the function af(y,t) in the following form:

Fy,t) = o(y) + e o(y). (5)

Substituting (5) into system (4) and neglecting the terms containing and above from the first

equation of system (4), we have

7"

¢ =Ry (@SOI - @’2) + a, (6)

6" —iwg =Ro (99" + 90" —20'0) +5, (7)

and from (2), we have the following boundary conditions:
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Assume that the Reynolds number of infiltration Ry = % is a small quantity. Here, we present
the functions ¢(y) and ¢(y), as well as the unknown constants a and b as the series on powers Ry:

o(y) =D RE, oy) =Y Rior(y),
k=0 k=0 (8)

o0

o)
CL:ZRga,k, b= Rgbk.
k=0 k=0
Substituting (8) into equations (6) and (7) and equating the coefficients at the same powers Ry,
we get in the first two approximations:

"

QOO = ao,
¢o — iwdy = by,

" " 2
Y1 = oy —¢ +ai,

"

¢1 —iwdy = b1 + podg + Yo Po — 20pPg,

500(71) =¢ 900(1) = da 12 (71) =0 Oa
¢0(_1) =G ¢0(1) =d, ¢ (_1) =0, ¢0(1) =0,
07

where £ > 1,2, ..., and strokes show derivatives on y.

The solution of system (9) is not difficult. We find the functions ¢y, 1 and ¢g, as well as the
values ag, by, a1. Finding the function ¢; and value b; in the allowed approximation does not make
sense, since the terms ¢; and b; have coefficients as the product of two infinitely small values e Ry.

Thus, for g, ¢g, ©1, ag, bp and ay, we obtain the following expressions:

poly) = A (y° —3y) + B,
doly) =  [44 (shiy - yViwehvi) + B,

D
ag =6A, by = %[4a(iw)3/2ch\/a], ay = %AQ
AB A?
pr=" (1) = - (7 - 3%+ 2y)

4 70

with the notation

—d d
A:C4 , B:C; , D:2<sh\/i;f\/izch\/i;>.

Finally, for the components of velocity and pressure drops along and across the main flow, in the
proposed approximation, we will have

u(@,y,t) = (1— ) [2o(y) + Row) (y) + 2™ ¢ (y)].

v(z,y,t) = po(y) + Row1(y) + e [po(y) + Rod1(y)],
op
ox

8 Vo " " iw " . !
Fp = —2[po + Royp; + e (% - M(bo) — Ropospo) -
Yy Uo

= (1 —2)[ag + Roa1 + Eei“tbo],
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3. CONCLUSION

Thus, the pulsating flow of a viscous incompressible fluid between porous walls was studied. Fluid

flow is caused by pulsating pressure drop and pulsating movement of porous walls [3,10,11,14].

1.

2.

N oo

10.

11.

12.

13.

14.

15.
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