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PROFESSOR ARCHIL KHARADZE

[ NIKOLOZ VAKHANIA |

Professor Archil Kharadze - prominent mathematician, devoted teacher and distinguished person-
ality - was born in April 21, 1895, in a village of Western Georgia. He attended his elementary school
in the same rural area, and then in 1912 successfully finished, being awarded the Silver medal, his
middle school education at a gymnasium (grammar school) in Thilisi. His father Kirile Kharadze who
had a strong appreciation towards education but did not have enough funds, still managed to send
his gifted son to Moscow for higher education, and in the same year of 1912 Archil Kharadze became
a student of Department of Physics and Mathematics of the famous MGU, Moscow State University.
That period, like probably all other periods for Moscow State University, was excellent for the history
of this university. Mathematics courses have been conducted by famous mathematicians including
D. Egorov, B. Mlodzeevski, L. Larkin, N. Luzin. Very soon young A. Kharadze became one of the
advanced students at the department. Being in his third year, in 1915, he made his first research and
was marked by the university with official Certificate of Approval for it. He has finished university ed-
ucation by the end of 1916, and was officially graduated, after passing State examinations, in March of
1917 with first grade diploma and an official offer (by recommendation of Prof. D. Egorov) to remain
at the university for preparing to professorship. However, because of the financial shortage, this offer
was not realized, and young mathematician A. Kharadze returned to Thilisi by fall of the same year
1917. After a few months, in May of 1918, at the age of 23, he started to work at Thilisi University
which was officially inaugurated just a few months before he became a university lecturer. In 1930 he
was appointed a university professor and the head of Chair of mathematical analysis. In 1975, after
several persistent applications made by him to the rector of the university, he left the position of the
head of chair.

During the long-lasting pedagogical and research career, Prof. A. Kharadze had a considerable
influence on Georgian mathematicians and mathematics due to his excellent many-sided research in
mathematics, his devotion to teaching mathematics, his exemplary personal properties and the general
attitude in diverse problems usually arising in the social life of any community of people.

Starting to teach at the university, A. Kharadze immediately faced two major problems: lack (or
full absence) of mathematical terminology in the Georgian language and full absence of Georgian
text-books in basic mathematical disciplines. Both of these problems caused serious difficulties in
teaching, and required the urgent care. The full responsibility for this direction, as well as for many
others which usually appear in any pioneering undertaking, fell naturally on the “magnificent four” of
the Georgian mathematicians of the first generation Georgi Nikoladze (born in 1888, graduated from
Technological Institute of St. Petersburg in 1913), Andria Razmadze (1889, Moscow State University,
1910), Nikoloz Muskhelishvili (1891, St. Petersburg University, 1915) and the youngest of them Archil
Kharadze (1895, Moscow State University, 1917). They, these four, made the principal contribution
to the establishment of Georgian mathematical terminology significantly improving the possibility to
teach and write mathematics in Georgian. Of course, this job could not be, and by no means was,
a single work done by one attempt. It was a constant care of the just mentioned founders of this
initiative as well as of their followers in the next generations. And I want to mention in this respect
the name of Prof. G. Chogoshvili. The work on terminology is, of course, closely connected with the
writing of textbooks. One of the first Georgian mathematical textbooks was the manual “A theory of
determinants” by A. Kharadze, first issued in 1920. In subsequent years two more editions of this book
and also several editions of the two large textbooks in mathematical analysis and foundations of higher
mathematics for non-mathematical specialities have been published by him and also in cooperation
with Prof. A. Rukhadze. Later, in forties of the last century, Prof. A. Kharadze invited professors
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V. Chelidze, B. Khvedelidze and 1. Kartsivadze to work together with him on the project of writing a
fundamental course of mathematical analysis for mathematical specialities. This work lasted several
years and was completed successfully in 1950. Since than this capital book in two volumes had four
editions, and still remains a good source for mathematics students to go deep in the subject.

Now I want to sketch out Prof. A. Kharadze’s mathematical inheritance. I want to give an idea
about scope of his mathematical interest. I cannot speak about technical details, and will just try
to show some areas of his research and give some of his results only for those particular cases which
allow simple formulations.

It is my very pleasant obligation to say here that during the preparation of the mathemati-
cal part of this communication I was essentially using the very interesting small book written by
Prof. 1. Kartsivadze and Prof. B. Khvedelidze, and published by Thilisi State University in 1985 on
the occasion of Prof. A. Kharadze’s 90 anniversary.

1. We start with a qualitative approach to explicit solutions of algebraic equations of third and
fourth order based on what is known as the notion of circulant determinant. A circular determinant is
the determinant of a circular matrix which means a matrix any of whose row, starting from the second
is a circular permutation of the first one. It was noticed by Prof. A. Kharadze that any algebraic
equation of order k = 3 and k = 4 can be written as a circulant determinant Ay(x), and moreover,
the determinant Ag(x) can be expressed as the product of linear forms. These two arguments for the
case k = 4 give

xz, a, b, ¢
c, x, a, b

A x — b) b b
4(2) b, ¢ =, a
a, b, ¢, =z

) ) 3

and Ay(z) =(x+a+b+c)(z+ia—b—ic)(x —a+b—c)(x —ia—b+ic) with a,b, ¢ depending on
the coefficients of the equation. Therefore, the roots of the equation can be expressed in an explicit
elementary form if this is the case for the dependence of a, b, c on the coefficients which happens for
some classes of the equations. The analysis of reasons why this approach did not work for k > 4 was
given as well.

2. We continue with the introduction of special numerical sequences and closely related with them
polynomials which can be regarded as a generalization of some classical objects. These polynomials
have an independent interest and, besides, they are used by A. Kharadze in other areas of his research,
and we will be talking about that a bit later.

3. Among geometrical investigations of Prof. A. Kharadze we note a contribution to the theory of
generalized evolutes and their applications. He gave an extension of the notion of pedal of plane curve
to the case of two-dimensional surfaces in three dimensional space. These ideas and results he then
successfully used to establish the from of the general solution of some partial differential equations.
A particular case of such equations for three independent variables is the following one

Pu  Bu  PBu u
- 4+ — 4 — —3— =
ox3®  oy* 023 Oxdy0z

4. Many interesting and valuable results were obtained by Prof. A. Kharadze in the area of classical
mathematical analysis. We mention a few of them starting with a simple elegant result concerning
the generalization of the well-known Leibnitz’s criterion for alternating signs series.

Let 6 be a primitive root of the equation z* = 1, and (an)n>1 be a decreasing sequence of positive
numbers tending to zero. Then the series

Z an 0"
n

is converging and the following inequality for its remainder is valid
QA

3 s

k

0.

Irn| < if k£ iseven

and

a . .
7| < —— — if k isodd.
QSmﬁ
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5. Prof. A. Kharadze gave a condition for convergence of continuous functions which reminds a
criterion for normal systems of holomorphic function. This could be considered as a result of his
significant interest to the Montel’s theory of normal families of functions.

6. It is particularly noteworthy a wide circle of papers by Prof. A. Kharadze on the localization of an
intermediate point £ in the intermediate value theorems (of Lagrange, Cauchy, Taylor, Rolley). On this
subject the monograph entitled as “On application of intermediate value theorems for polynomials”
was issued by him. This area is closely related with the theory of orthogonal polynomials, and Prof. A.
Kharadze successfully used some generalizations of the sequences of classical orthogonal polynomials
for finding the precise subintervals of localization of intermediate points £ for diverse families of
polynomials. In this directions some deep generalizations of Chakalov’s and Favard’s results were
obtained. A very special case of an excellent theorem of Prof. A. Kharadze is Chakalov’s theorem
which can be formulated as follows: for the class of polynomials of degree 2n or 2n —1 (n =2,3,...)
defined on the interval (—1,1), intermediate points for Lagrange theorem belong to the inner interval
made up by the endroots of the Legendre polynomial of order n and this is the smallest interval
with this property. For example, for any polynomial of the third order (n = 2) these bounds are
—% <¢&L % (note that % and —% are the only two zeros and therefore are the endroots of the
Legendre polynomial Py(z) = 1(32% — 1), -1 <z < 1).

7. Another circle of papers by Prof. A. Kharadze deals with algebraic and analytical theory of
polynomials in one and several variables. He studied new problems in the theory of classical orthogonal
polynomials and also found some notable applications of results obtained by him in this area to diverse
problems of mathematical analysis. We will mention here only two of them.

(i) It is known that every sequence of orthogonal polynomials is a Hamel basis in the linear space
of polynomials. Choosing for Hamel basis generalized orthogonal polynomials introduced by Prof.
A. Kharadze himself, he found areas for all zeros of polynomials in the complex plane. For exam-
ple, if (H,) denotes the sequence of generalized Hermitian polynomials, and polynomial of degree is
represented as

90(2’) = Z anank(z)a Amk 7& 0,
n=0

then all zeros of the function ¢ are situated in the area of the complex plane described by the following
inequality
| sin ka| < bk(l + ﬂ),
|amk|

where z = re’®, M = max |anx| (n = 0,1,...,m — 1) and b, are real (positive) numbers depending
explicitly on the coefficients of the expansion of ¢ .

One of the consequences of the general theorem of Kharadze in this direction is the following result
first proved by P. Turan: if is an even polynomial on the complex plane, and its representation by
Hermitian polynomials is

f(z) = coauHau(2), cam #0,
k=0

then all roots of f are situated in the area described by the inequality

lzy| < E(l—i-ﬂ), M =max|co|, E=0,1,...,m—1, z+iy=-z.
4 ‘62m|

(ii) In the analytic theory of polynomials it is known Grace phenomenon meaning the following:
any linear relation between the coefficients of a polynomial characterizes in a certain sense the area of
the complex plane where all zeros of the derivative of the polynomial are situated. Several refinements
of this classical result belong to Prof. A. Kharadze. One of them is the following: if a polynomial of
degree n satisfies the condition

£(0) = £(0) = ilf (i) — F(O)],

then the derivative of f has at least one root in the circle with radius ctg 7~ and center at zero.

Now let me finish my very schematic account on the mathematical inheritance of Prof. A. Kharadze,
and go back to his personality. I could speak much about Archil Kharadze, his very non-trivial
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personality, his moral self-restriction (Solzhenitsin’s expression). Yes, I could speak on this matter as
much as my English would let me go on. But now I will be concise and try to express my attitude in
short.

In some occasional cases professional communities have their spiritual leaders. Spiritual leaders
usually do not have any official positions on top levels of the administrative staircase, neither are
officially elected for the leadership. Unlike the case of official elections, when we sometimes make
mistakes, in choosing the spiritual leaders mistakes are very rare, if at all. Spiritual leaders gain only
new heavy duties and no benefits. And still, it is the highest moral position in the society. There is no
sufficient condition for getting it but there are many necessary conditions that can be groupped around
professional level, devotion and ability to serve public interests, spotless honesty. No meetings, no
negotiations, no debates are needed to decide the choice. Guration date exists since no inauguration
exists at all for such cases. The decision matures gradually, bit by bit to arrive to the full consensus.
People believe that spiritual leaders are the conscience of their communities. Professor Archil Kharadze
undoubtedly was the conscience and the honour of the Georgian mathematical community for many
years. | am fully aware that no one from our mathematical community, in past years or afterwards,
would question this statement.
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ON AN APPLICATION OF POWER INCREASING SEQUENCES

HUSEYIN BOR

Abstract. In this paper we prove a general new summability factor theorem for infinite series
involving quasi-power increasing sequences. Some new results are also deduced.

1. INTRODUCTION

A positive sequence (X,,) is said to be a quasi-o-power increasing sequence if there exists a constant
K = K(0,X) > 1 such that Kn?X,, > m?X,, for all n >m > 1 (see [18]). For any sequence (A,) we
write that A\, = A\, — Ant1. Let > a, be a given infinite series with partial sums (s,,). We denote
by u% and t& the nth Cesaro means of order o, @ > —1, of the sequences (s,,) and (nay,), respectively,
that is (see [13]),

n n

1 1
up = o > A2T)s, and tf = T > AT vay, (ta' =tn),

v=0 n oy=1

where

at+1)(@+2)---(a+n)
n!

A series ) a,, is said to be summable |C, «;0|,, k > 1 and § > 0, if (see [15])

00 00
Z n5k+k—1|ug _ Ug_1|k — Znék—lug'k < 0.
n=1 n=1

ag =t

=0(n%), A%, =0 for n>0.

If we set =0, then we get the |C, a|; summability (see [14]). Let (p,) be a sequence of positive
numbers such that

n
Pnzz:pv%oo as n—oo, (P,=p_;=0,i>1).
v=0

The sequence-to-sequence transformation

1 n
Up = Fn UZ:OPUSU

defines the sequence (v,,) of the Riesz mean, or simply, the (N, p,,) mean of the sequence (sy), generated
by the sequence of coefficients (p,,) (see [16]). The series > a,, is said to be the |N, p,;d|, summable,
k>1andé >0, if (see [7])

Z(Pn/pn)5k+k_1\vn — vy |F < o0

n=1
If we set § = 0, then we obtain the |N,p,|, summability (see [1]). If we take p, = 1 for all n, then we
get the |C, 1; 0], summability. Finally, if we set 6 = 0 and k = 1, then we get the |N, p, | summability
(see [20]).

2020 Mathematics Subject Classification. 26D15, 40D15, 40F05.
Key words and phrases. Absolute summability; Summability factors; Riesz mean; Power increasing sequences;
Holder’s inequality; Minkowski’s inequality.
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2. KNOWN RESULT

Several theorems have been proved dealing with the | N, p,,; §|, summability factors of infinite series
(see [3,5-12,17]). Among them, in [10], the following theorem has been proved.

Theorem A. Let (X,,) be a quasi-o-power increasing sequence for some o (0 < o < 1). Suppose that
there exist the sequences (B,) and (\,) such that

[AN,| < B, (1)
Bn—0 as n— oo, (2)
> nlABLX, < oo, (3)
n=1
If
" Py\Ok |s,|F
— =0(X,) as n— o 5
;(Pv) vXh1 (Xn) (5)
and (py) is a sequence such that
P, = O(npn), (6)
PrApp = O(pnpn+1); (7)
m—+1
P,\dk—1 1 P,\ok 1
EM P o((B) R o o .
hold, then the series Y - ; Ao s the [N, pn; 6|, summable, k > 1 and 0 <6 < 1/k.

3. THE MAIN RESULT

The aim of this paper is to prove Theorem A under weaker conditions. Now, we prove the following

Theorem. Let (X,,) be a quasi-o-power increasing sequence for some o (0 < o < 1). If the conditions
(1), (2), 3), (4), (6), (7), (8) and

n

Pv ok tvk
Z () v|Xk‘_1 =0(X,) as n— o0 (9)

p?)
hold, then the series > -~ | ap Ijlp)‘” is the |N, pn; 6|, summable, k > 1 and 0 < § < 1/k.

Remark. It should be noted that the condition (5) implies the condition (9) but the converse is need
not be true (see [4,19]).

To prove our theorem, we need the following lemmas.

Lemma 1 ([18]). Under the conditions on (X,,), (Bn) and (A,) as as expressed in the statement of
the theorem, we have the following:

nXnfn = 0(1),
Z Bn X, < 0. (10)

Lemma 2 ([2]). If the conditions (6) and (7) are satisfied, then

(n%) (%)
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4. PROOF OF THE THEOREM

Let (T;,) be the sequence of (N,p,) mean of the series Y | @ Then, by the definition, we

np

vazarp)\ —ZP P,U 1)041,P>\ 7
TL,U 1

UPy

have

and hence
n

DPn Pvflpva'u)\v
Ty —Thy = . n>1, (P, =0).
! PnPn—l 1; UPv ( ! )

Using Abel’s transformation, we get

-1
R e G DI ot
nsn-— v=1

v=1

n—1
Pn P, Ao
- Z 7(71 + 1)%]%@7

PnPnfl :lpv
n—1 t n—1
PyPy A, (v + 1 Py Dt A(P, /v%p,
FR o O+ Vg = gy L P AP /7)

+)\ntn(n + 1)/712 = Tn,l + Tn,2 + Tn,3 + Tn,4-

To complete the proof of the theorem, by Minkowski’s inequality, it is sufficient to show that

oo

P Sk+k—1
Z <n> [Tl < 00, for r=1,234.
Dn

Now, applying Holder’s inequality, we have

m+1 m—+1 n—1 k
P, Ok+k—1 P,\k—1 1 P, 1
Z <7> |Tn,1|k :O(]-) (7) Pk {Z pv|tv|>‘vv}
n=2 Pn n=2 Pn n—1 \ 4=1 Do
m+1 Sk—1 1 n—1 Pk 1
*O(l) (7) P (7) pv|tv|k|)‘v|kﬁ
n—>2 DPn n—1 — DPov
X{ 1 nflp }kl
Pn—l o1
Mmoo p\k 1 Al Sk—1 1
o> (Z) pultaf Il 0 (51)
p— Do v —t DPn P,
"L (P 11
=0) 3 (%) ol ulplie 5 ()

(J)ék |tv|k
Do ’L)X,Uk_l

PNk |t |F
—0(1) 3~ A\ (?) T
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T P,k |t'u|k
DY (7)o
v=1 Pv X”

v

m—1

(1) Y 1AM Xy + O(1) A | X,

v=1

,_.

ZﬂvX + O An|Xm =O0(1) as m — oo,
v=1

by the hypotheses of the theorem and Lemma 1. Now, using (6), we obtain

m+1 m+1 n—1 k
pn)6k+k71 A P, \ok—1 1 P,
— Tu2l* =0(1) Y- (=) | At
; (pn T; Pn Pr_, Uz::l Do

—o() mf (=) iji (%)kpvlmvl’“ltvlk

m b m+1 Sk
oY () parn Y (B L
v=1 Po n=v+1 n n—l1
—om > (1) (1) e
v=1 v v
m 4
=0 Y- (1) B Bl
v=1 v
o N\t
oW Yva (30)
ol NS AN A L (Pt
—om Y aea Y (1) 4 k1+0<1>m/3m2_jl(m) ——
m—1
=0(1) 3" v|AB|X, +O(1 Zﬁv DmBn X
v=1

=0(1) as m — oo,

by the hypotheses of the theorem and Lemma 1. Again, using Lemma 1 and Lemma 2, as in T}, 1, we
have

ml oo\ Oktk-1

> <"> |T3* =0(1) as m — oo.
Pn

Finally, as in T}, 1, we have

i Pn>6k+k—1 X T PNk P NE-L i 1NK 1
> (- T,4" =0(1 () =LA
X)) mar=om X (G2 (Gr) () el

Pn ok _ _
=032 (32) " el vl
m

5k k
Z|)\|( n) %:O(l) as m — oo.

This completes the proof of the theorem. If we set =0, then we have a result dealing with |N,py,|,
summability factors of infinite series. Also, if we take p,, = 1 for all n, then we obtain a new result
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concerning the |C, 1; 0|, summability factors of infinite series. Finally, if we set § = 0 and k = 1, then
we get a result related to the |N, p,| summability factors of infinite series.
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A SYMMETRIZATION IN m-REGULAR RINGS

PETER V. DANCHEV

Abstract. We introduce and study the so-called (m,n)-regularly nil clean rings by showing that
these rings are, in fact, a non-trivial generalization of the classical m-regular rings. Our results
somewhat supply a recent publication of the author in Turk. J. Math. (2019) and some recent
assertions from an own draft (2020).

1. INTRODUCTION AND BACKGROUND

Throughout this paper, all rings are assumed to be associative and unital. Our standard terminology
and notations are in the most part in agreement with those in [8,9]. Specifically, we let U(R) denote
the set of all units in R, Id(R) the set of all idempotents in R, Nil(R) the set of all nilpotents in R,
J(R) the Jacobson radical of R, and C(R) the center of R. About some of the more specific notions,
we shall state them in detail below.

Let us recollect that a ring R is called von Neumann regular or just reqular for short if, for every
a € R, there is b € R such that @ = aba. If, in addition, b € U(R), the ring R is said to be unit-regular.
If, however, b € Id(R), we surprisingly arrive at the so-called Boolean rings in which every element
is an idempotent. Indeed, it is pretty easy to see that U(R) = {1} whence R is reduced (that is, it
does not possess any non-trivial nilpotent) and thus abelian (that is, each its idempotent is central).
Therefore, as both b,ab € Id(R), it must be a = a?b = ab, and hence a = a.a = a?, as required.

In that direction, we recall also that a ring R is called w-reqular if, for each a € R, there are
n € N and b € R, both depending on a, such that a™ = a™ba™; if b € U(R), we say that R is unit
m-regular. In case b = d” for some d € R and, possibly, n > 2, R is then called perfectly regular,
as well as if d € U(R), we call R perfectly unit-regular. In the same vein, we recall that a ring R is
said to be strongly w-regular if, for each a € R, there are n € N and ¢ € R, both depending on a,
with the property that a® = a"*'c = ca™! or, equivalently, a™ = a?"c". This leads to the fact that
any strongly m-regular ring is perfectly unit-regular and the latter one is obviously unit 7w-regular. It
was established in [1] that strongly m-regular rings are always m-regular, whereas the converse is not
generally true; however, it holds for abelian rings and for rings with a bounded index of nilpotence.
Another interesting class of rings is the class of the so-termed m-boolean rings that are rings R for
which, for every a € R, there is i € N with a’ = a’t!. These are, certainly, strongly m-regular by
taking ¢ = 1. Likewise, it is a principal fact that strongly m-regular rings are unit-regular, provided
they are regular.

It is worthwhile noticing that m-regularity was successfully generalized to some non-elementary ways
in [6], [7] and [3], [4], respectively. In this connection, as a non-trivial extension of the aforementioned
m-regular rings, it was recently defined in [4] the class of the so-called regularly nil clean rings as those
rings R having the property that for any r € R, there exists e € Rr N Id(R) with r(1 — e) € Nil(R)
(or, equivalently, (1 —e)r € Nil(R). In [4, Proposition 1.3] is given the following left-right symmetric
property, namely that there exists f € rR with the property (1 — f) € Nil(R) (or, in an equivalent
form, (1 — f)r € Nil(R). Likewise, it is proved in [4, Proposition 2.1] that m-regular rings are by
themselves regularly nil clean.
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On the other hand, referring to [5], a ring R is said to be double regularly nil clean or just D-regularly
nil clean for short if, for each a € R, there exists e € (aRa) N Id(R) such that a(1 —e) € Nil(R) (and
hence, (1 —e)a € Nil(R)).

Certainly, the requirement e € (aRa) N Id(R) is obviously equivalent to the relation e € (aR) N
(Ra) N Id(R) as the idempotent e € aR N Ra makes sense that e = e.e € aRa.

Apparently, D-regularly nil clean rings are always regularly nil clean. Reformulating [4, Problem
3.1], an intriguing question is of whether or not the properties of being regularly nil clean and D-
regularly nil clean are independent of each other, i.e., does there exist a regularly nil clean ring that
is not D-regularly nil clean?

By what we have discussed so far, our further work is mainly motivated by the following new and
more general concept:

Definition 1.1. A ring R is called (m,n)-regularly nil clean if, for any a € R, there exist two
nonnegative integers m,n and an idempotent e € a” Ra™ such that a™(1 — e)a™ € Nil(R).

It is clear that the condition a™(1 — e)a™ € Nil(R) is equivalent to a™ (1 — e) € Nil(R), that
is, (1 —e)a™™™ € Nil(R) as for any two elements z,y of a ring R it follows that zy € Nil(R) <
yr € Nil(R).

Moreover, if m = 0 and n > 1, we just obtain the R-version (marked for right), while if m > 1 and
n = 0, we obtain the L-version (marked for left), which both versions were discussed above.

2. PRELIMINARY AND MAIN RESULTS

We begin here with the following technicality, which could be useful for further applications.

Lemma 2.1. Suppose that R is a ring and m,n are nonnegative integers. Then R is (m,n)-reqularly
nil clean, if and only if R/J(R) is (m,n)-regularly nil clean and J(R) is nil.

Proof. Before we proceed to proving this assertion, we need the following folklore fact:
If P is a ring with a nil-ideal I and if d € P with d+ I € Id(P/I), then d+ I = e+ I for some
e € Id(P)NdPd such that de = ed.
The left-to-right implication, being valid in the same manner as in [4, Theorem 2.9], we will deal with
the right-to-left one. So, given an arbitrary element a of R, there exists b+ J(R) € Id(R/J(R))N(a+
J(R))(R/J(R))(a+J(R)) with (a+J(R))(1+J(R)—(b+J(R)) € Nil(R/J(R)). Consequently, bearing
in mind the above folklore fact, there is € R such that b+ J(R) = (a+ J(R))(r+ J(R))(a+ J(R)) =
ara+ J(R) = e+ J(R) for some e € Id(R) N (ara)R(ara) C Id(R) N aRa. Furthermore,

(a+ J(R)(1+J(R) = (e+ J(R))) = (a+ J(R)(1—e+ J(R))
=a(1—e) + J(R) € Nil(R/J(R))

and, therefore, there exists m € N having the property that [a(1—¢)]™ € J(R) C Nil(R). This means
that a(1 —e) € Nil(R), as required. O

Although it has been long ago known that the center of an exchange ring need not to be again
exchange, the following statement is somewhat curious even in the light of [4, Proposition 2.7].

Proposition 2.2. The center of an (m,n)-regularly nil clean ring is again an (m,n)-regularly nil
clean ring.

Proof. Letting R be such a ring and given ¢ € C(R), we can write that (¢(1 —e))™ =c™(1 —¢€) =0
for some e € Id(R) NcRe = c2R. What suffices to prove is that e € C(R). To do that, for all r € R, it
must be that er(1—e) € c™R(1—e) = Re™(1—e) =0 as e € ¢2R implies at once that e = ¢™ € ¢™R.
Thus er = ere and, by a reason of similarity, we also have re = ere. Hence, it now immediately
follows that er = re, proving the claim about the centrality of e.

What remains to be shown is just that e € cC(R)c = ¢2C(R). Indeed, write e = ¢?b for some
b € R. This forces that e = c%be = c?y, where y = be = eb as e is central. We claim that y € C(R),
as needed. In fact, for any z € R, one derives that yz(1 —e) = (1 — e)yz = (1 — e)ebz = 0 and that
(1 —e)zy = zy(l —e) = zbe(1 —e) = 0, because 1 — e € C(R), which tells us that yz = yze and
2y = ezy. Further, yz = yzc?y = c?yzy and zy = c?yzy and, finally, yz = 2y, as claimed. O
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It was proved in [4, Proposition 2.6] that the corner subring of any regularly nil clean ring is again
regularly nil clean as well as in [5] the same claim was proved for D-regularly nil clean ring. The next
assertion parallels to these two statements.

Proposition 2.3. Given two integers m,n > 0, if R is an (m,n)-regularly nil clean ring, then so is
the corner ring eRe for any e € Id(R). In particular, if M,,(R) is (m,n)-regularly nil clean, then so
does R.

Proof. Choose an arbitrary element ere € eRe for some r € R. Since ere € R, it follows that there is
an idempotent f in R with f € (ere)R(ere) such that (1 — f)ere € Nil(R). But this could be written
as ere — fere = (e — f)ere = (e — fe)ere = ¢ € Nil(R). Thus (e — efe)ere = eq = eqe € Nil(eRe)
with efe € Id(eRe) N (ere)(eRe)(ere) = Id(eRe) N (ere)R(ere), because efe = f and ge = ¢ so that
eq € Nil(R), as expected.

The second part-half appears to be a direct consequence of the first part-half as R is always
isomorphic to a corner subring of M, (R). O

An important, but seemingly rather difficult problem is the reciprocal implication of the last asser-
tion, namely, if both eRe and (1 — e)R(1 — e) are (m, n)-regularly nil clean rings, does the same hold
for R, too?

Let us now denote by T, (R) the upper triangular matrix ring over a ring R, where n runs over N.
The next result sheds some more light on the structure of this ring.

Proposition 2.4. The ring T, (R) is (m,n)-regularly nil clean, if and only if the ring R is (m,n)-
regularly nil clean.

Proof. 1t is well known that
T, (R)/JIZXRx---xXR
—_———
n—times
for a proper nil-ideal I of T,,(R). So, the claim follows at once by using the standard arguments,
leaving the check to the interested readers. O

The next two tricky technicalities are pivotal.

Lemma 2.5. If R is a ring and x,y € R with x = zyx, then for the element y' := yxy the following
two relations

(%) ¢ = xy'z;

(0x) ¥ =y'zy’

are fulfilled.
Proof. About the first relationship, xy'z = z(yzy)r = (xyx)yxr = zyz. As for the second one,
y'zy' = (yay)z(yzy) = y(eyz)yry = y(zyr)y = yry =y, as promised. O

It is worthwhile noticing that in [4] it was showed that if a is a w-regular element, that is, a™
is regular for some n € N, then a is regularly nil clean, too. Nevertheless, this pleasant implication
perhaps cannot be happen in the situation of D-regular nil cleanness. Specifically, the following critical
assertion is valid:

Proposition 2.6. If R is a ring having an element a such that a™ is regular for some n > 2, then a
is (1,1)-regularly nil clean of index not greater than n.

Proof. Writing a™ = a™ba™ for some existing b € R, then with Lemma 2.5 at hand, we can also write
that b = ba™b. Indeed, setting b’ = ba™b, by consulting with the cited lemma we will have a™ = a"b'a™
and b = b'a™V’, so that without loss of generality, we could replace b’ via b. Furthermore, letting
e := aba™ "1, we easily check that e € Id(R) N (aRa) — by a way of similarity we may also consider
the idempotent f = a" 1ba. By a direct inspection, one verifies that [a(1 — e)a]™ = 0. In fact, first
of all, one finds that a(1 — €)a = a® — a?ba™ and that [a(1 — e)a]? = a* — a*ba™. So, by induction,
[a(1 — €)a]™ = a®™ — a®"ba™ = 0, as expected. O

We are now ready to proceed by proving with the following
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Theorem 2.7. All w-regular rings are (1, 1)-regularly nil clean.

Proof. For such a ring R, letting r € R, if 72 is a regular element, we are set applying Proposition 2.6.
However, if not, since r2 € R, there is an integer k > 1 such that (r2)* = r2* is a regular element. As
2k > 2, again Proposition 2.6 is applicable to conclude the claim. O

Now, the same idea as that in [5] can be adopted to get the following statement which could be of
independent interest, as well.

Lemma 2.8. Let V be a vector space over an arbitrary field K, let R = Endg (V) whose elements
are being written to the left of elements of V', and let a € R. Then there exists an idempotent e € aRa
such that (a(1 — e)a)? = 0.

We are now in a position to show the existence of a concrete construction of an (1, 1)-regularly nil
clean ring that is surely not w-regular.

Example 2.9. For any pair of natural numbers (m, n), there exists an (m,n)-regularly nil clean ring
which is not w-regular.

Proof. We will restrict our attention to the pair (1,1) as the argumentation follows by analogy with the
situation in [4] bearing in mind Lemma 2.8. The general construction can be exhibited by induction,
but it is a rather technical matter and so we leave all details to the interested reader. O

In regard to our considerations alluded to above, we state the following

Problem 2.10. What is the relationship between D-regularly nil clean rings and (m, n)-regularly nil
clean rings? Are they independent to each other or not?

In the case where the elements a and e from Definition 1.1 commute, these two notions are deducible
one of other, i.e., they coincide.

Another question of interest could be the following: It is long ago known that a ring R is exchange
if, for any r € R, there exists e € Id(R)NrR such that 1—e € (1—7)R. This, curiously, is equivalent to
the existence of an integer k& > 1 with the properties that e € r* Rr* and 1—e € (1—r)*R(1—7)*. This
can be directly proved observing that both elements 7* and (1 — r)* are commuting and co-maximal.

In that aspect, we define a ring R to be strongly m-exchange if, for every x € R, there exists an
idempotent e € 2" R™ for some natural n > 1 such that 1 —e € (1 —z)"R", and we define R to be
m-exchange if, for every x € R, there exists an idempotent e € ex™R™ for some natural n > 1 such
that 1 —e € (1 —e)(1 —z)"R", where R™ = {r™ | r € R} is a subset of R consisting of all n-th powers
of elements from R.

So, we come to our final problem.

Problem 2.11. Determine the structure of strongly m-exchange and m-exchange rings.

In view of [2], there are rather unexpected and non-trivial examples of strongly m-exchange rings,
so that the posed question seems to be hard. Indeed, in virtue of our discussion in the introductional
section, are perfectly regular rings always m-exchange?
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BOUNDARY VALUE PROBLEMS OF THERMOELASTIC DIFFUSION THEORY
WITH MICROTEMPERATURES AND MICROCONCENTRATIONS

LEVAN GIORGASHVILI* AND SHOTA ZAZASHVILI

Abstract. The paper deals with the linear theory of thermoelastic diffusion for elastic isotropic
and homogeneous materials with microtempeatures and microconcetrations. For the system of the
corresponding differential equations of pseudo-oscillations the fundamental matrix is constructed
explicitly in terms of elementary functions. With the help of Green’s identities the general integral
representation formula of solutions is derived by means of generalized layer and Newtonian potentials.
The basic Dirichlet and Neumann type boundary value problems are formulated in appropriate func-
tion spaces and the uniqueness theorems are proved. The existence theorems for classical solutions
are established by using the potential method.

1. INTRODUCTION

Construction of a refined mathematical model of continuum mechanics with regard for different
physical fields and their investigation is a very important problem from the theoretical and practical
points of view, due to the rapidly increasing use of composite materials in modern technological
processes, as well as in geology, biology, medicine, etc.

One such refined model, a thermoelastic diffusion theory with microtemperatures and microcon-
centrations, is proposed by M. Aouadi, M. Ciarletta, and V, Tibullo [1]. In this paper, the dynamical
problems for a thermoelastic material with diffusion, whose microelements are assumed to possess mi-
crotemperatures and microconcentrations, are considered. The constitutive and field equations of the
thermodynamic for the homogeneous and isotropic bodies are derived. Using the semigroup theory for
linear operators, they show that a wide class of mixed problems with appropriate initial and boundary
conditions are well posed, and the asymptotic behavior of solutions is established for a sufficiently
large time parameter.

Recently, in [2], a linear dynamical problem involving a thermoelastic material with diffusion, whose
microelements are assumed to possess microtemperatures and microconcentrations, has been analyzed.
The problem is studied from the numerical point of view, introducing a fully discrete approximation
by using the finite element method and the implicit Euler scheme. A discrete stability property is
established and some a priori error estimates are obtained.

The system of differential equations of thermodynamic diffusion linear theory for isotropic homoge-
neous elastic materials with microtemperatures and microconcentrations with respect to the displace-
ment vector, microconcentration vector, microtemperature vector, chemical potential function and
temperature function, represents a fully coupled complex system of second order partial differential
equations (see [1]).

If the physical characteristics involved in the dynamical system of differential equations are time
harmonic dependent (i.e., they are represented as the product of the time dependent exponential
function exp(—iot) with a complex parameter o = o1 + iog, 01 € R, 09 > 0, and a function of the
spatial variable z € R®), then we have the so- called system of pseudo-oscillation equations. The
corresponding matrix differential operator is strongly elliptic, formally non-self-adjoint operator with
constant coefficients.
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The present paper is devoted to the investigation of the basic boundary value problems for the
system of pseudo-oscillation equations for homogeneous isotropic materials by using the potential
method.

To this end, we construct the matrix of fundamental solutions explicitly in terms of elementary
functions for the pseudo-oscillation equations and investigate mapping properties of the corresponding
volume and layer potential operators.

Using the approaches developed in [5,6,8,12,15], with the help of the potential method we reduce
the Dirichlet and Neumann type boundary value problems to the corresponding system of singular
integral equations and prove the existence theorems in the space of regular vector functions.

2. CONSTITUTIVE RELATIONS AND BASIC DIFFERENTIAL EQUATIONS

Denote by R? the three-dimensional Euclidean space and let Q7 C R? be a bounded domain with
boundary S := 9Q*, QF = QF U S. Further, let @~ = R3\QF. We assume that Q € {QF, Q-1
is filled with a thermoelastic diffusion isotropic and homogeneous material with microtemperatures
and microconcentration. Denote by u = (uy,ug,u3) ', C = (C1,Co,C3)", and T = (Ty, T, T3) " the
displacement vector, the microconcentration vector and the microtemperatures vector, respectively.
By P we denote the chemical potential of material and by ¢ the temperature, measured from fixed
absolute temperature Ty. We assume that Tj is a given positive constant. The symbol (-)T denotes
transposition.

Denote by t;;, 745, @5, 75, and g; the stress tensor, the first mass diffusion flux moment tensor, the
first heat flux moment tensor, the flux vector of mass diffusion, and the heat flux vector, respectively.
By C*, §*, o}, (7, QF, and € we denote the concentration of the diffusive material, the microentropy,
the micromass, the microheat flux average, the first moment of mass diffusion, and the first moment
of energy vector, respectively.

In the case of an isotropic and homogeneous thermoelastic diffusion material, with microtempera-
tures and microconcentration, the constitutive equations read as follows [1]

tij =1;;(U) := p (0 u;i + 0 uj) + 05 (Ao divu —y2 P — 71 9), (2.1)
=1;;(U) := —hy 0;; divC — h50; C; — he 0; C, (2.2)

gij = qij (U) = —ky 0y divT — k5 0; T, — ke 0, T}, (2.3)
n, =n;(U) :=h1C; + h0; P, (2.4)
=qU)=kT,+ k0, (2.5)

pS*(U) v divu + ¢ + > P,
C*(U) =7y divu+ x99+ mP,
o;(U) == (h—h3)0; P+ (h1 — h2) Cj,
GU) = (k—k3)0; 0+ (k1 — k2) T,
P U) :=—-m1 C; — s Ty,
pe;(U) = —31C; — 1 Ty,
where U = (u,C,T, P,9)", 6;; is the Kronecker delta, 0 = (01,0s,03), 9; = 0/0x;, j = 1,2,3;

B3 wﬁz B2
A=A-—2 1 =p+—, pp="—,
0 0 o
A and p are Lame’s constants, f1 = (3\ + 2u)ay, B2 = (3X\ + 2p)ae, where «; is the coeffi-
cient of linear thermal expansion and «. is the coefficient of linear diffusion expansion; w and o

are the measures of thermodiffusion and diffusive effects, respectively; p is the mass density and

h, k, hj, kj, 7 =1,2,...,6, are the thermoelastic material constants;
72 J—
c w w 1
p L + B = —, m= -,
To 0 0 0

where cg is the specific heat at constant strain; ¢; and m; are the constants of microthermal and
microdiffusion conductivity, respectively; s is measure of microthermodiffusion.
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In the sequel, we assume that the above constitutive coefficients satisfy the following assumptions [1]
p>0, n>0, 3\g+2u>0, ¢>0, ¢; >0, em— 32 >0, cymy — 32 >0,
h >0, 3hg4+ hs+hg >0, hg+hs >0, 4dhhy — (h1 + h3)2 >0, (26)
k>0, 3ky +ks+keg>0, kgt ks >0, 4T0kk2—(]€1 —|—T0/<J3)2 > 0.

The linear field equations of dynamics of the thermoelasticity diffusion theory with microtempera-
tures and microconcentrations of homogeneous and isotropic bodies have the form [1]

2
pAu(z,t) + (Ao + p) grad divu(x,t) — o grad P(z,t) — v1 grad d(x,t) + p F(z,t) = p%7
T
he AC(x,t) + (hy + hs) grad div C(z,t) — haC(x,t) — hs grad P(z,t) = my ac{;j,t) 4o 0 é?t)’
ke AT (z,t) + (ks + ks5) grad div T(z,t) — koT'(x,t) — k3 grad J(z, t) — p G(z, 1)
_,, Y 0T t) (2.7)
= I ot Cc1 o ,
0 .. : _0P(x,t) 09 (z,t)
T2 divu(z,t) + hy divC(z,t) + hAP(z,t) =m ot
p OP(z,t) = 09(z,t)

0 . ki .. k
_71Edlvu(x’t)—’—f)leT(x’t)+TOAﬁ(x’t)—FTOS(CE’t)_% 9 +c ETa

where A is the Laplace operator, ¢ is the time variable, F' = (Fy, Fy, F3) T is the body force vector per
unit mass, G = (G1,Ga,G3) " is the first moment of the heat source vector, s is the heat source per
unit mass.

If all the vector and scalar functions in (2.7) are harmonic time dependent, i.e.,

u(z,t) =u(x) exp{—ito}, C(z,t)=C(x)exp{—ito}, T(z,t)=T(z) exp{—ito},
P(z,t) =P(x) exp{—ito}, ¥(z,t)=3(x) exp{—ito},
F(xz,t) =F(z) exp{—ito}, G(zx,t) =G(x) exp{—ito}, s(x,t) = s(z) exp{—ito},

with 0 € R and ¢ = /—1, we obtain the system of steady state oscillation equations of the thermoe-
lastic diffusion linear theory with microtemperatures and microconcentrations:

pAu(z) + (No + p) grad div u(z) + po?u(z) — 2 grad P(z) — v, gradd(z) = —p F(x), (2.8)

he AC(x) + (ha + hs) grad div C(z) + d C(z) + i0s0,T(x) — hs grad P(x) = 0, (2.9)

ke AT (z) + (kg + ks) grad div T (z) + 3¢9 T(x) + io3C(x) — ks grad d(z) = pG(x), (2.10)

ioye divu(z) + hy divC(x) + h A P(x) + iom P(x) + ioxd(x) = 0, (2.11)

ioy1 To divu(z) + k1 divT(z) + iox Ty P(x) + k Ad(x) +iccTod(z) = —p s(x), (2.12)
where

6 =iomq — ho, 9 =i0c) — ko;

u, C, T, F, and G are complex-valued vector functions, while P, 9}, and s are complex-valued scalar

functions, and o is a frequency parameter. If ¢ = o1 + i09 is a complex parameter with oo # 0,

then the above equations are called the pseudo—oscillation equations, while for o = 0, they represent

the equilibrium equations of statics. Note that the pseudo—oscillation equations are obtained from the

equations of dynamical system (2.7) by the Laplace transform with the complex parameter o.
Throughout the paper, we assume that o is a complex parameter,

oc=o01+i09, 01 €R, o09>0. (2.13)
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Let us introduce the matrix differential operator

LM(9,0) LO0,0) LOY(D,0) LU90,0) LEY(9,0)
L?0,0) LM(0,0) LU2(0,0) LUD(,0) LZ2(9,0)
L(0,0) := |L®(9,0) L®(0,0) LI(,0) LU®,0) L*)(9,0) , (2.14)
LW(d,0) LO0,0) LI,0) L190,0) LY, 0)
L) (9,0) LU9d,0) LI(d,0) LEYD,0) LEYd,0)] .,
where
LY(0,0) :=(uA + po®)Is + (Ao + 1)Q(0), L (9,0) := [0]sxs,
LG (0,0) :=[0]3x3, LW (d,0) :=ioyV, L®(0,0):=ionT,V,
L98,0) :=[0]3x3, L7(,0) := (he A+ )13+ (ha + hs5)Q(0),
L®(,0) :=iosw Is, L9(0,0):=hmV, LI, 0):=[0]1xs,
L(“)(E),a) Z:[O}3X37 L(12) (8,0') = io%l Ig,
(2.15)
LU, 0) :=(ke A + 50) I3 + (ks + k5)Q(0), LUV (0,0) := [0]1x3,
LU, 0) =k V, LU, 0):= - V", LUD 0):=—h3V',
LU, 0) :=[0]sx1, LI(d,0) :=hA+iom, L(8,0):=iocsxTy,
L®(D,0) := -V, L®D,0):=[0zx1, L*(,0):=—ksV',
LY (0,0) :=ios, L(25)(8, o) :=kA+ioccTy.
Here and in the sequel, I} stands for the k x k unit matrix and
Q(0) := [0k0j]3x3, V := [01,02,05), O = 0/0s,.
It is easy to show that for V = (V;, Vo, V3) T,
Q) = graddivV, Q(9)=[Q(d)]", Q)] =AQ(d). (2.16)

Due to the above notation, system (2.8)—(2.12) can be rewritten in a matrix form as
L(9,0)U(z) = ®(x),

where U = (u,C,T,P,9)", ®(z) = (—pF(x), 0, pG(z), 0, —p s(:c))T. The operator L(9, o) is not
formally self-adjoint differential operator.

Here, the central dot denotes the real scalar product a - b = Z}vaﬂ aiby, for a,b € CN | and [c x d]
denotes the cross product of two vectors ¢, d € C3.

In view of the constitutive equations (2.1)-(2.3), the components of the stress vector t( (U), the
first mass diffusion flux moment vector 7™ (U), and the first heat flux moment vector ¢ (U), acting
on a surface element with a unit outward normal vector n = (ny,ns,n3) ", read as

3 3 3
) =3ty U np, 0 0) = 0 (U)np, @V U) =Y ap(U)ny, G =1,2,3. (2.17)
p=1 p=1

p=1
It is easy to see that (2.17) can be rewritten as
tM(U) =20, u+ Non divu + p[n x curl u] —yan P — 4 nd,
™ (U) = —(hs + hg) 0, C — hyn divC — hs|n x curl C,
= —(ks +kg)0n T — kan divT — ks[n x curl T,

where 9, = 9/0n stands for the normal derivative.
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Due to the constitutive equation (2.4) and (2.5), the normal components of the flux vector of
mass diffusion and the heat flux vector across a surface element with a unit outward normal vector
n = (ny,na, ng)T, are expressed as follows:

3
m(U) = Z n;({U)n; =hin-C+h 0,P, @ (U) = Z ¢;(U)n; =kin-T+k 0,9.
=1 j

j=1

Throughout the paper, we will refer the eleventh vector (t(”)7 ™, ¢, n,, ¢n) " as the generalized
stress vector. Further, let us introduce the generalized stress operator

PM(8,n) [0]3x3 [0]3x3 —Y2m =N
0sxs  P@(0,n)  [0)sxs  [0)sx1 [0]3x1
P(0,n) = | [0]3x3 [0]3xs  P®(0,n) [05x1 [0]3x1 ; (2.18)
[0]1x3 hin' [0]1%3 h O, 0
[0]1x3 [0]1x3 kin' 0 ko |1

where
PO(8,n) = [P,ﬁ?(a,n)}m, 1=1,2,3,
P}E-;) (0,n) = pog; On + Noni 05 + un; Oy,
7’;&? (0,n) = he Okj Op + hany 0 + hsny O,
PIS’) (9,n) = ke Okj On + kanu, 05 + ks mj O

Note that for an arbitrary vector U = (u, C,T, P,) ", the eleventh vector P(d,n) U is related to the
components of the generalized stress vector as follows:

P@,n)U = (™, - —¢™ ., q,)7.

Let us introduce the associated boundary operator which is related to the adjoint differential
operator L*(0,0) := L' (-0,0),

(2.19)

PM(9,n) [0]3x3 [0]3x3 —ioyan  —ioy1Ton
[0]3xs PP (0,n) [0]3x1 [0]351 [0]351
P(0,n) == | [0]3xs [0l3x1  P®(0,n) [0]3x1 [0]3x1 ; (2.20)
[0]1x3 hsn' [0]1x3 h o, [0]1x3
[0]1x3 [0l1x3 ksn' [0]1x3 kOn ] 1u11

where PU)(9,n), j = 1,2,3, are given by (2.19).

3. GREEN’S FORMULAS

Here we assume that the boundary Q% of Q% is a Lyapunov surface and n stands for the outward
unit normal vector to 9QF.

Definition 3.1. Mector function U = (u,C,T, P,9)" is said to be regular in the domain Q7 if
UeC*(Qh)nct(Qh).

For regular vector functions U = (u, O, T, P,9)" and U’ = (u/,C",T', P',9')T in the domain Q7,
we have the following Green’s formulas:

/U’~L(8,U)de: /{U’}+-{P(a,n)U}+ds—/E(U’,U)dx, (3.1)
Q+ o+ Q+

/U-L*(a,U)U’dm: /{U}+-{7>*(a,n)U/}+ds—/E(U',U)dx, (3.2)
Q+ o0+ Q+
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where the differential operator L(9, o) is given by (2.14), L*(d,0) = LT (-0, o) is the formally adjoint
operator to L(0, o), the boundary operators P(0,n) and P*(0,n) are defined by (2.18) and (2.20),
respectively; the symbols {-}* denote one-sided limiting values on 9QF from Q% respectively; E(-, )
is the so-called energy bilinear form

E(U',U)= EOW u)+ ED(C,0)+ E®N(T',T) - po*u -u— (yo P+ y 9)dive/ —5C" - C
—i01C'- T+ h3C' -grad P — 50T - T —iocsq T - C+ ks T’ - grad 9
—iomP' P—iocy P divu —ioc» P 9+ h; C-grad P' + hgrad P’ - grad P
+kgrad ¥ -grad ¥ —ioccTod' 9 —ioy To ¥ divu+ kT - grad @' — io 3Ty PV,

(3.3)

where

3o + 2
EW (W, u) :% diva/ divu

LB (O O (O Oy
3kj=1 8xk aib'j 8xk al'j

3 / /
W ul, Guj> (8uk auj)
+= ( +L ) (52 + 52, (3.4)
2k,j=;k;éj ij 8$k 8a:j 5':zzk
_3h4 + hs + hg
B 3
3
hs +h oC, oC!, oC oC,;
et s (GE+) (5 5d)
ke, kitj .Z‘] Tl IJ Tk
3
hs +h ocy,  oC! oC aC;
P S (G52 (G 5) (5.5)
k=1 Tk T Tk T
:3k4 + ks + kg

he — s curlC' - curl C

E®(C',C) div ¢’ div C +

EG)(T', T) div T divT + 6 g Pl 77 curl T

Jathe S (om0 om om
4 hjT Ox;  Oxy Or;  Oxy,

ks + kg 5 8T,§ 81}/ 0Ty, 8Tj
7% k;1 (63% Oz; ) \ Oz, Ozj ) (36)

With the help of relations (3.1) and (3.2) we can show that the following second Green’s identity

/ U L(D,0)U —U - L*(8,0)U’] dz

O+
- [ [wy vy -y .y as (37)
aQ+
holds.
Let us note that the differential operator
L(9) := L(9,0) (3.8)
corresponds to the static equilibrium case, while the formally self-adjoint differential operator
£7(@)  [Osxs  [Osxs  [0)sxa [0)axa
[0]3x3 L(()7)(5) [0]sx3  [0]3x1 [0]3x1
Lo(@):= 1 [0lsxs  [O)sxs  LG(D) [0lsxa [0)sxa (3.9)
[0]ixs  [0]ixs  [0]ix3 h A 0
[0lixz3  [0lixs  [0ix3 0 kA

11x11
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with )
L (0) = uAIs + (o + 0)Q(D),
L67(9) = hoATs + (ha + h5)Q(9), (3.10)
L(0) = ke AL + (ks + k5)Q(),

represents the principal homogeneous part of operators (2.14) and (3.8). With the help of inequalities

(2.6), one can show that the differential operators Lo(9) and L(9,0) are strongly elliptic and the
following inequality

11
DalePICP? = Lo(€)¢ - ¢ = > Lo(€)y;¢iCk = Dal¢fI¢)?

k=1

holds with some constants Dy, > 0 (k = 1,2) for an arbitrary £ € R? and arbitrary complex vector
¢ eC,

4. THE MATRIX OF FUNDAMENTAL SOLUTIONS
Note that the construction of the fundamental matrix is carried out by the same method as indicated
in [6,7,14]. Let Fy_¢ and ]-'g;lm denote the direct and inverse distributional Fourier transform in the

space of tempered distributions (Schwartz space S’(R3)), which for regular summable functions f and

f reads as follows:

i - 7 17 1 ey —ia
Feuilf] = [ @)=t = (). FLIT = g [ T e = f(o),

R3 R3
where x = (21, 22, 23) and £=(£1,&2,&3). Note that for an arbitrary multi-index o= (a1, e, @3) and
fes'(R?)

Flo“f] = (=i&)*FIfl, F e f]=9)*F ), (41)
where |a| = a1 + ag + a3 and £* = 7" €52 £5°. Denote by I'(x,0) = [I'kj(x,0)]11x11 the matrix of
fundamental solutions of the operator L(9,0) (see (2.14), (2.15))

L(9,0)T(z,0) = 6(x) I3, (4.2)

where §( ) is Dirac’s distribution.
We represent the matrix I'(z, o) in the blockwise form

I'Y,0) I'®(z,0) T'(z,0) TW(x,0) I'®(z,0)

Iz o) TO(z,0) T®(z,0) TO(z,0) T (z 0)
[(z,0)= | TN (z,0) T (z,0) T (z,0) T (z,0) T (z,0) ,

Iz, o) 10N (2,0) T (z,0) T (z,0) ') (z,0)

ez, o) T (z,0) T (z,0) TCY(z,0) I'®)(z,0) Lixil

where

(g, :[FU) , ] . j=1,2,3,6,7,8,11,12, 13,
@)= [t@a)] .

F(ﬁ(x,a):[rgﬁ(x,a)] . j=4,5,9,10,14, 15,
3x1

q

FU)(x,a):[F;Q(x,a)] . j=16,17,18,21,22,23,
1x3

and T(19) (2, 0), 120 (z, ¢), T (2, 0), and ') (z, ¢) are scalar functions. By I'(¢, o) and T®) (¢, o)
we denote the Fourier transforms of the matrices I'(z, o) and T'®) (z,0), k = 1,2,...,25. Applying the
Fourier transform to equation (4.2) and taking into consideration (4.1) and the equality F[§(-)] = 1,
we get

L(—ig 0)I(&,0) = I (4.3)
We have to find f(f,a) from (4.3) and afterwards with the help of the inverse Fourier transform
construct the fundamental matrix I'(x, o) explicitly in terms of the standard elementary functions.
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First of all, we have to represent the matrix I['(¢, o) = [L(—i &, 0)] ! in such a form which is convenient
for calculation of the inverse Fourier transform. To this end, we proceed as follows. We set r := [{| =

VE + €2 + £ and introduce the notation
A(€) =LV (=i&,0) = (po® — pr®) I — (Mo + 1) Q&)
B(¢) =L (=i&,0) = (6 — her*) Is — (ha + h5)Q(E), (4.4)
D(&) ==L (—i&,0) = (30 — ker®) Is — (ks + k) Q(&),
where Q(-) is defined by (2.16). Applying the relations (2.16) and (4.4) we can easily show that
A() = A(=€) = AT(€),  B(&) = B(-¢) = B'(9),
D(§) = D(=§) =DT(€), Q&) =QT (&), Q) =r"Q(©),

and the matrices A, B, and D commute to each other.
In view of (2.14)—(2.16) from (4.3) we derive

AT, 0) +inpe T TUT(g, 0) +ime TUP)(g,0) = 61,13,

B()TUT(&,0) +i0 0 T (g, 0) +ihg €T TUT (€, o) = 85515,

io 3 TUTO (g, 0) + D TUHO (& o) +iks €T TUTO(E, 0) = 85,15,

026 TU (€, 0) — i hi DU (€ o) + (iom — hr?) TUT) (£, o) + io 2 TUT20) (¢ 5) = d4j, 9

o To LU (€, 0) —iky ETUHO(E o) +io 5 Ty LU (€, 0) + (i ¢ Ty — kr?) TUH20(¢,0) = 655,
j=1,2,...,5.

From the system (4.5), by direct calculations, we can show that the elements of the matrix f(f ,0)
have the form

TV 0) = fElw©B+5©QC), j=1,781213,
T, 0) = A%)bj@)Q(g), j=2,3,6,11,
(¢ o) = 3 ¢ (€)ET, j=4,5,9,10,14,15,

Lo ¢, o) = (5) ¢; ()€, j=16,17,18,21,22,23,

L0 (¢, o) = A(lg) a;(€), j=19,20,24,25.

Here,
A(§) = det L(—i€, 0) = a'(€) (d/(€) + ' (€)r®) a(€) (a(€) +b(€)r*) Ao(€) = dn [](* = A3),

d(€) =po® —pr?=—p(r’ =), A =pa’u, V() =-(No+p)
d'(§) + V(&)1 = po® — (ho+2u)r* = (Ao +2u)(r* = A3), A3 =po*(ho+20) 7",
dlz—/ﬁ()\o-i-Qu)hokohﬁkgd, d:()\o-‘rQ,u)th‘ohk‘, ho = ha + hs + hg, ko = ks + ks + k;

+A3, A4 and +X5, £Xg are the roots, with respect to r = |£], of the equations a({) = 0 and
a(€) + b(&) r? = 0, respectively;

a(§) = (hg r? — 0) (ke r?— ) + 02%f = hg ke (7’2 — /\g)(r2 — )\Z),
b(&) = (hy + hs) (ks + ks)r? + (kg + ks)(he 72 — 6) + (ha + hs) (ke 72 — 5), (4.7)
a(€) + (&) r* = (hor® — 8) (ko 1? — 500) + 07 56§ = hoko (r® — A2)(r* — Xe),

(4.6)
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£, j=7,8,...,11, are the roots of the equation Ay(£§) = 0 with respect to r = |{|, where

Ao(§) = [h1 hs(30 — ko r?) 1* = (iom — hr?)(a(§) + b(&) r?)] [ioc Tori r* — (iocTy — kr?)(po”—
— (Ao +20) )] + [ To (a(€) + b(&) r?) + 501 (h1 ks To + k1 ha)r?] [0? ¢ (po® — (Ao + 2p) %) —
— 0?12 r?] + ki ks(po® — (Ao +2p) %) [h1 har® — (iom — hr?) (6 — hor?)]r*— (4.8)
— 0?1927 To (a(€) + b(€) 1?) +io 73 12 [k1 Ky (§ — hor2)r? —

—(ioeTy — kr?) (a€) + (&) r?)] = —d [[(* - 3
=7

a1 (&) = (a'(€) + ' (€)r?) a(€) (a(€) + b(&)r*) Ao (€)
a7 (&) = a'(§) (@' (&) + V' (&)r?) (al€) + b(&)r*) (300 — ke 7)Ao (£),
ag(€) = —io a1 a'(€) (a'(€) +V'(€)r?) (a(€) + b(€)r?)Ao(€), (4.9)
a19(€) = —io 51 d'(€) (a'(€) + V' (€)r*) (a(€) + b(€)r*) Ao (£),
a13(€) = a'(€) (@ (&) +'(€)r?) (a(§) +b(E)r*)(6 — he 7*) Ao (£),
a1g(€) = a'(€) (a' (&) + ' (&)r) a(€) (a(§) + b(€)r?) vaa(£),
a(€) = a' (&) (@ (&) + ' ()r?) a(§) (a(§) + b(E)r?) 7as(£), (4.10)
a4 (&) = a'(€) (' (&) + ' (€)r) a(€) (a(€) + b(€)r?) v54(8),
ags (€) = a' (&) (@ (&) + ' ()r?) a(€) (a(§) + b(E)r?) 7s5(£),

714(8) =(a(§) +b(&)r?) [(a' () + V' (&)r?)(io ¢ Ty — kr?) — io 77 Tor?]
*klk?u( ()+b/() )6 —hor?)r?
Ya5(§) =io (a(§ ) [y v2r? — s ( (f) +V(&)r?)] —io 31 hy ks (d'(€) + V' (E)r®) r?,

154(9) =i To(a < ) ( ) 198 12 = 5 (0 (€) + V()] — i o s ((€) + H(€r2) 2, )
V55(€) =(a(&) + b(E)r?) [(a/ (&) + V' (&)r®)(iom — hr?) —io 75 r?]
— ha hy (a'(€) + V' (€)r?) (520 — ko %) .
b1(&) = —a(&)(a(€) + b(&)r*) {b' (&) Ao(&) +id’ (&) [r2va1 () + 1 ¥51(8)] ]
by(€) = —id(€)a(€)(a(€) + b()r?) [72 742( )+ 7 v52(8)]
b3(€) = —ia’(€)a(€)(a(§) + b(&)r?) [v21as(€) + 71 753(6)],
b(&) = a’(€)(a'(€) + V' (&)r*)a(é) [i hs (ko1 — 50) Y41 (§) — 0 301 k3 51 (€)], (4.12)
b7(€) = ' (€)(a' () + V' (&)r?) {Ao(€) [(ke 7 — 30) b(§) — (ka + ks) a(€)] '
+ a(€)[ihs (ko 1* — 520)va2(€) — 0 501 k3 ¥52()] }
bs(€) = a’(€)(a’(€) + b/ (§)r?) {icr 51 b(§) Ao (€)
+ a(&)[ihs (ko r* — 520)v43(€) — 0 31 ks v53(€)] }
b11(§) = d'(§)(a (5) + V' (O)r*) a(€)[i ks (hor” — 8)751(€) — 0 321 h3 141 (€)],
b12(&) = a'(§)(a’ (&) + V(¢ {a(ﬁ) [iks (ho 1 — 8)7¥52()
— 0 h3742(§)] —w'%lbﬁ)/\o( )}, (4.13)
bi3(&) = a'(€)(a' (&) + V' (&)r*){a(&) [iks (ho1* — 0)y53(E) — 0 31 b3 1a3(E)]

[(h4+h5) a(§) + ( he %) b(€)] Ao(§)},
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ca(€) = —ia’ (€)a(§)(a(€) + b(€)r?) [v27aa (&) + 71 v54(8)],
c5(€) = —ia/ (€)a(€)(a(§) + b(&)r?) [v27a5(€) + 71 755(6)],
co(&) = a’(&)(d'(€) + V' (&)r*)a(é) [i by (kor* — 520) Y44 (§) — 0 301 k3 y54(€)],
c10(8) = ' (€)(a' (&) + V' (§)r*)a(§) [i ha (ko r® — 50) Ya5() — 0 221 ks 155(€)],
c1a(€) = ' (§)(a' (&) + V' ()r*)a(§) [i ks (hor® — 0) ¥54(€) — 0 31 hy 44 (§)],
e15(€) = ' (§)(a (&) + V' (&)r*)a(€) [i ks (hor® — 8) v55(€) — 0 31 hy v5(E)], (4.14)
c16(€) = a'(€)(a (&) + b'(&)r*)a(€) (a(€) + b(E)r?)var (), .
ci7(€) = d'(€) (@ (&) + V' (€)r?)a(€) (a(€) + b(€)r?)ya2(£),
c18(€) = a'(€)(a' (&) + V' (&)r*)a(€) (a(€) + b(§)r?)vaz(£),
e21(€) = d'(€) (@ (&) + V' (€)r?)a(€) (a(€) + b(€)r?)ys1(€),
e22(€) = a' (€)(a' (&) + V' (&)r*)a(€) (a(€) + b(§)r?)752(£),
ca3(€) = d'(€) (@ (&) + V' (€)r?)a(€)(a(€) + b(€)r?)ys3(£),
141(€) =(a(§) +0(&)r?) [io® e 71 Ty — 0 Y2 i ¢ Ty — k?)]
+ [i0” 3e1 v1 h1 ks Ty + oky k3 y2(6 — hor?) |r?,
Ya2(&) =072 hy To 1 (520 — ko %) 4 102 s¢1 ky 71 Y2 12
— (d'(&) + V/(&)r?) [io® sese1 ky + i hy k1 kg r? — i hy (59 — ko r?) (i ¢ Ty — k1?)],
Y43(€) =0 k1 v1 72 (ho 1% — 8)12 — i0? 520 hy 73 Ty
. (4.15)
+ (' (&) + V' ()r?) [0 k1 (6 — hor®) + 0 31 hy (0 cTy — kr?)],
151(6) =T (a(€) + B(EW)[i0 372 — o (iom — hr?)]
+ 0 y1 hy ha To (500 — ko 72)1? + i0? 501 ky hg ya 12,
V52(&) =0 h1v1 v2 To (ko r?— ) r? —ic? s ke 73 r?
— (d'(&) + V' (&)r?) [0 3a1 k1 (h1? —iom) — 0 3chy Ty (ko r* — 34)],
v53(€) =0 k1 Y2 (8 — ho %) 12 + 0% 521 hy v1 72 To 2+
+ (a' (&) + V' (&)r?) [i k1 (6 — hor?)(iom — hr?) — iky hy hyr® — i0® 52300 by Tp),
Now, we can represent the matrix I'(¢, o) in the form
B(60) = [L(=i€. )™ = g7 MIE.0). (4.16)
where
[ a1(§) I3 [0]zx3 [0]3x3  [0]3x1 [0]3x1 ]
Olsxs  ar(§) Iz as(§) Iz [0]sx1  [0]sx1
M(& o) = | [Osxs @a2(§) s a3(§) Iz [0]sx1 [0]sxa
[0]1x3 [0]1x3 [0l1xz  a19(§) a20(§)
L [0]ix3 [0]1x3 [Olixa  a24(§) a2s(§) |
bi1(§) Q)  b2A6)Q(E)  b3(E) Q)  [0lsx1 [Olsx1 ]
bs() Q(E) b7 Q)  bs(§)Q(E)  [0zx1 [Osxa
+ | 01§ Q(E) b12(§) Q(E) b13(§) Q(E)  [Olsx1  [0]sx1 (4.17)
[0]1x3 [0]1x3 [0]1x3 0 0
[0]1x3 [0]1x3 [0]1x3 0 0
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[Olsxs  [O0]axz  [0]axz  ca(§)
[0lsxz  [0]sxs  [Olsxs  co(§)€T  c10(€) €T
+ [0]sxs  [Olsxs  [Olsxs c1a(§) €T es(§)ET
cas(§)§ ar(§)€ as(§)é
| e1(§) € () E ()€

Note that the entries of the matrix M(&, o) are polynomials in £. Therefore, to invert the Fourier
transform and find an explicit form for the fundamental matrix I'(x, o) we need the roots with respect
to r = || of the equation

A(§) =det L(—i &, 0) = 0. (4.18)
Due to the evenness of the function A(§) with respect to r = ||, it is clear that if r = rg is a root
of the equation A() = 0, then so is r = —r¢. In view of (4.6) the roots of the equation A(£) = 0
are £);, j = 1,2,...,11. For the sake of simplicity, we assume that A\; # Ag, for j # k, ImA; > 0,
and if Im A; = 0, then A; > 0, (see Appendix A). Therefore, in view of (4.16) we can represent the
fundamental solution as

1 1 1
I(z, L0 | = = Fol[me ]:7 2, (=] @
(:17 J) €—>.L (§ ) dl f—)a: (5 ) (I)(T) M(Z U) 5—)1 (I)(T‘) ( )
where
11
o(r)=[[0* =X, dv=—p(No+ 2p) ho ko he ke d.
j=1
Note that
1 11 »;
_ j
= Z 5T
D(r) = Af
where the parameters pi1,ps,...,p11 solve the system of linear algebraic equations

A" pr+ A" pr A+ A p =0, m=0,1,....9,

A0+ A pp 4+ Ay = L
They can be represented as follows:

—1
11

pi=| [I &i-X)

I=1,1#5

Note that if Im A; > 0, then

71 1 _ et Al
o |2 /\? Ar|z|
Therefore,

et |:1:\

Now, from (4.19), we deduce

11 ;
1 . eZ)‘J‘|I|
I'(z,0) = ird M(id, o) ;pj T (4.20)
or
I(z,0) = M(i0,0)¥(z,0),

4’/Td1
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where the differential operator M(¢ 0, o) is given by (4.17) with ¢ 0 for £ and
11 ei Aj |z
\I/(Jj’ 0) = ij

2P

We can simplify M (i 9, 0)¥(x,0) and rewrite the fundamental solution in a more explicit form.
this end, let us note that
ei)‘jlx‘ ei)‘jlm‘

= )2

]
and apply formulas (4.7)—(4.15) to obtain

) 61)\ |z PR |z|
a(id Zpg a . b(io ij 7,
11 . ei)‘jlm‘
a(i0)¥(z,0) =Y pjal’) e 1=1,7,8,12,13,19, 20, 24, 25,
xr
j:l
etAi |z|
bi(i 0 Z p;bt . 1=1,2,3,6,7,8,11,12,13,
i\j|z|
a(io Z pic S 1=4,5,9,10,14,15,16,17,18,21,22, 23,

where
a9 = heke(A3 — A3)(AF — A7),

bU) = (hy + hs) (ks + ks)A3 + (ks + ks) (he A3 — 6) + (ha + hs) (kg A3 — 540),
11

() = ()\0 + 2#)}10 kO h6 k6 d H()‘3 - >‘l2)a
=2
‘ 2 11
a/,(7j) :—/j/()\o-i-Q/J,)tho %Q_kG)\2 H H A_)\lz)a
=1 =5
' 2 11
af) = io s (o + 2mho ko d JTO2 = Np) TTOZ =),
=1 =5
=
2 11
afl) = —j (Ao + 2uho ko d (6 — he A3) TTA2 = 39) (X2 - A3),
=1 =5

a%l) = 1 (No + 2u)ho ko e ke H()‘? =M
=1

6
ag%) =K (>\O + 2#)}10 k‘o h6 kﬁ H(A? _ ) ,%%)7
=1

6
a) = it (o + 2p)ho ko hs ks TTOF = A7) 57,
=1

(4)

6
asl) = 1 (Xo +2u)ho ko he ks [J(A2 — AP 12,
=1
A3 [( )

v = hoko (A2 = A3 (A2 — Xo +20) (A2 = A3) (kX2 —io e Tp) — i v2A2]
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+ k1 ks (Ao + 21) (AF = A3) (6 — ho AD)A]

Y =0 ho ko (A2 = A2)(A2 = A2) [y 7222 + 3¢ (Ao + 2u) (A2 — A2)]
+io 1 hl k‘3()\0 + 2”) ()\? — )\%))\?,

V) = o ho ko To (A2 = A2) (A2 = A2) [m1 7222 + 52 (Ao + 201) (A2 — A3)]
+i0 e k1 hg(Xo + 2u) (A3 — A3)AZ,

12 = hoko (A2 = A2)(A2 = A2) [(Ao + 2) (A2 = A3)(h A2 —iom) — io 73 A2]

+ hy ha(Ao +20) (A2 = A2) (500 — ko A2)A2,
11

6
o = —ho ko h ko { (Mo + 1) d [TOF = A) —in(3? = A3) TTOZ =) [r2 80 + 7451}
3 =3

(A7 = AD) [z v +m %5,2)]

'.:1°W

b5 = i pho ko he kg (A2 — A2)

Il
@

A2 =) [r2rE + ),

o

b5 =i pho ko he ks (A2 — A2)

=3
4
b = 11 (Mo + 20) h kg [ (N2 = M) [ihs (ko2 — s0)7§) — 0 521 ks 7S],
=1
b = i (ho + 21) (A2 — -A){ - dH ) [(k6A? = 520) bY) — (kg + ks)a)]

+ CL(j) [Zhg(ko)\? — %0)’}/4(52) — 0 i1 kg 7(])} },

11
b = 11 (Mo +20)(A2 = M) (A2 = ) { —io s dbD [[ (A2 = 2P)
=7

+ a(]) [Zhg(ko/\ — %0)’}/4&3) — 0 k‘3 7(])} },

b§j1) = (Ao + 2u)he ke H()\f - A7) [ik3(ho)\? - 5)’75(&) — o hs %g)],
=1
11

by = 1 (o + 20) (] = AN = M) {a [iks(hoA] — 9)183 — 0301 hs 7y ] + iosard b TT(N?

=7
bl —u(/\o+2u)()\ = M) F = X9){a [ika(hoA] — )Y — o 521 hy Y]

+dH )[(ha + hs)a?) + (5 — heA?)p\P]},

(2 = A [z vt + 71950,

e

Ci‘j) = Z/Lho ]CQ h@ k@ ()\? - )\%)

Il
w

(A2 =) [r2 78D + D),

::]m

8 =i pho ko he ks (A2 — A2)

Il
w

4
e§ = (Mo +20) ho kg [[(A2 = M) [ihs (koA? — s00) 1) — 0 501 ks 8%,
=1

et = 1 (Mo + 24) h kg H M) [ihs (ko] — 220) i) — o 561 ks 4],
=1

289
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4
094) = (Ao + 2p) he ke H(AJZ — A7) [iks (hoAT — 6) “Yrgi) — o h %ﬁ)],
=1

4
C%) = (Ao + 2p) he ke H()\? — ) [iks (ho)\? —0) 7;” — o hs %(Ljs)],
=1
6

cig = 1 (o +2p1) ho ko ho ko TTOF = AP 47,
=1

6

% = 1 (Mo + 20) ho kg ho ko [[(A2 = AP) 742,
=1
6

i = 1t (o +241) ho ko ho ko [TOF = AP 735,
=1

6

=1
. u j
e = 1o +2p) he kg ho ko [[(A2 = A2) 12,
=1

6
=1

v = hoko (A2 = A3 (A2 — A2) [i0? se Ty — o (io e Ty — kA2)]
+ [i0? 31 y1 ha ksTy + 0 k1 ks y2(8 — ho A7) A2,
%(é) =oh v To )\?(%0 — ko )\?) +i0? 501 k1 1172 A?
+ (Ao + ZM)(/\? Y [i02 i ki +i1hi by kg)\? —th1 (3 — koz\?)(iacTo —k /\?)],
'y‘g)) =okiv1 v (ho /\? — 6))\? — 402 3 hy ’yf To /\?
— (Ao +2u) (A7 = A3) [0 5¢k1 (6 — ho A3) + 0 501 hy (i0 ¢ Ty — kA3)],
WY = hoko Ty (A2 = A)(A2 = \) [i0? 5272 — o i (iom — h A2)]
+ o y1 ha hs To(s00 — ko A?))\? +i0? s k1 haye /\57
Vé]é) =0 hi1v1 7T (ko /\? - %0))\? —io? s ki /\§
+ (Ao + 2#)()\? —\3) [0 51 Ky (R )\? —idom) — o »xhy To(ko )\5 —5)],
’Yéé) =0k (6 —ho )\jz) A? +i0? 31 hy 1 v2 To )\?
— (o + 2/1)(/\§ Y [z k1 (6 — ho )\?)(iam - h/\?) — ik hi hs /\? —i02 35 g TO]7

From (4.17) and (4.19), for the fundamental matrix, we get the following representation:

[ Vi(2,0) 13 [UESS [UESE [UESS! [0]3x1
[0l3x3 Vr(z,0) I3 Vs(z,0)l3  [Ol3x1 [0]31
I'(z,0) = 47rld1 [0]3x3 Uio(z,0) I3 Uis(z,0)l3 [0]3x1 [0]3x1
[0]1x3 [0]1x3 [0]13 Vig(z,0) Wa(z,0)
L [0]ixs [0]1x3 [0]1x3 Uou(z,0) WUos(z,0) |
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Q)i (z,0)  QO)T2(x,0)  QO)Ts(w,0) [O]sx1 [0]sx1
Q) ¥s(z,0)  QO)Tr(x,0)  Q@O)Ts(w,0) [Olsx1 [0]sx1
| QO)Tn(r,0) QO)Tia(r,0) QO)Tis(x,0) [Olaxi [0)sxa (4.21)
[0]1x3 [0]1x3 [0]1x3 0 0
L [0]1x3 [0]1x3 [0]1x3 0 0
[ [O3xs [0]x3 Osxs  V'¥4(x,0) V' ¥i(x,0) |
[0]3x3 [0]3x3 [0]3x3 VIWy(z,0) VIWi(z,0)
+ [0]5x3 [0]3x3 Olsxs VI y(z,0) VIWi5(z,0) ;
VU is(x,0) VUi (x,0) VIig(x,0) 0 0
| VY hiz,o) VUL (z,0) VUL(z,0) 0 0 |
where
1 el Azl
U(z,0) =Y p o< P 1=1,7,8,12,13,19, 20, 24, 25,
- j_lﬂ iz
Uy(z,0) = = > p b7 " o IS L2seTsILIZ,
]1;1 L\t Azl
Ui(z,0) =i pje” |;£| . 1=4,5,9,10,14,15,16,17,18,21, 22, 23.
j=1

Remark 4.1. Note that (4.20) can be rewritten in the form

11

[(z,0) =Y ®Y(z,0), (4.22)
j=1
where
G P 50,00 S 4.23
(LE,O')— 47Td1 (Z 70—)W7 ( . )

and M(i0,0) is defined by (4.17). Since M(i0,0) is a matrix differential operator with constant
coefficients, from the representation (4.23) it follows that the entries of the matrix ®U)(z,0) =

[@,(fé (w,o)} are metaharmonic functions corresponding to the wave number };, i.e., they are
11x11
solutions of the Helmholtz equation

(A+X2) @) (z,0) =0, |z #0,

and decay exponentially at infinity:
o i , ; _
Bl W) (z,0) —iX; @0 (2,0) = exp{—Im \; |2} O(|z| ), p,q=T,11,

as |z| — 4o0o. The entries of the matrix ®U)(x, ) and its derivatives likewise satisfy at infinity the
following decay conditions [16]:

05 (x,0) = exp{—Im \; ||} O(|z| 1),
9 ,

= W@ .
o pq(x,a) A

These asymptotic relations can be differentiated any times with respect to the variable z.

x . ~
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In accordance with formulas (4.22), (4.23) and Corollary A.2 (see Appendix A) we see that for
Imo = o2 > 0 the entries of the matrix I'(x,0) decay exponentially as || — oo, since Im A; > 0,
j=T,11.

Remark 4.2. Note that the matrix I'*(z,0) := [['(—x,0)] " represents a fundamental solution to the
formally adjoint differential operator L*(9,0) = [L(-0, O')]T,
. T
L*(0,0)[T(—z,0)] =1I116().
In the case of repeated roots the fundamental solution can be obtained from (4.20) by the standard
limiting procedure.
5. PRINCIPAL SINGULAR PART OF THE FUNDAMENTAL MATRIX

The principal singular part T'o(x) of the fundamental matrix (4.21) represents an 11 x 11 funda-
mental matrix of the operator Lo(9) defined by (3.9), (3.10) and solves the equation

Lo((?)l“o(a:) = 6(.’13)[11.
It is easy to show that

V() [Olsxs  [Olaxs  [Olaxs  [0)sxs
[0]sx3 Féﬂ(iﬂ) [0]5x3 [0]3x1 [0]3x1
[

I
Co(z) = | [0]3x3  [0]3x3 F(()IS)(JJ) 0]3x1 [0]351 .
O0lixs  [Oixs  [Ohxs T8@) 0
0]1x3  [0]1x3 [0]1x3 0 F(()25)(x) 11x11
where
(1) 1 2 )\Q"’,U
r =—— "I
(@) m{m s AO+2Mcz<a>|ac|},
(7) 1 2 h4+h5
r - iy A
V@ = g B e Q@
1 2 ks + k
F(13) — 7] _ 4 5
0@ = gl B T Q@)
o, _ 1
Fo (@) = A h ||’
(25) 1
T = — .
S A

Note that ['g(z) = I'j (z) = [o(—z) and the entries of the matrix I'y(z) are homogeneous functions
of order —1. For an arbitrary multi-index o = (a1, @, @3) and an arbitrary complex number o it can
easily be shown that in a neighbourhood of the origin (i.e., for small |z|)

%[l (xz,0) =To(2)] = O(|z[7%), o] = a1 + a2+ as,

which shows that I'g(x) is a principal singular part of the matrix I'(z, o).

6. POTENTIALS AND THEIR PROPERTIES

Let us introduce the generalized single and double-layer potentials, and the Newton type volume
potential,

V(g)(x) = / (@ —y,0)p(y)dS,, = €R\S, (6.1)
S
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W(e)(x) = / [P0, n(y)TT (z — ,0)] " @(y)dS,. =ecR\S, (6.2)
S
No= (¥)(z) = / D(z—y,0)Y(y)dy, =cR3 (6.3)
[oF

where I'(;o) is the fundamental matrix given by (4.20) or (4.21), ¢ = (¢1,2,...,¢11) " is a density
vector-function defined on S, while a density vector-function 1 = (11,...,%11)" is defined on QF
and we assume that in the case of {1~ the support of the density vector-function ¥ of the Newtonian
potential (6.3) is a compact set, P*(9y,n(y)) is the boundary differential operator defined by (2.20).
It can be checked that the potentials defined by (6.1) and (6.2) are C*°-smooth in R3 \ S and solve
the homogeneous equation L(d,0)U = 0 in R?\ S for an arbitrary continuous vector function ¢. The

volume potential solves the nonhomogeneous equation
L(0,0)No+(¥) =¢ in QF for ¢ e C%*(QF). (6.4)

Theorem 6.1. Let S = QT be CL7 ,smooﬂwith 0<~'<1,0=01+1i0y withoy >0, and let U
be a reqular vector function of the class C?(Q%). Then the integral representation formula

U(z) for xe€QF,

W{UY ) (z) = V{PUY)(z) + No+ (LD, 0)U) (z) = {0 for @€ O

holds.

This follows from Green’s formula (3.7) (see [4, Appendix DJ).
Similar representation formula holds in the exterior domain Q7 if the vector U and its derivatives
possess some asymptotic properties at infinity. In particular, the following assertion holds.

Theorem 6.2. Let S = 92~ be CY smooth with 0 < v’ <1 and let U be a reqular vector of the
class C%(Q~) such that for any multi-indexr o = (a1, o, a3) with 0 < |a| = a3 + s + a3 < 2, the
function 0“U; is polynomially bounded at infinity, i.e., for sufficiently large |z,

|0°U;(x)] < Colz|™, j=1,2,...,11,
with some constants m and Cy > 0. Then the integral representation formula

“W{UF (@) + V{PU})(@) + No- (L(0,0)U)(x) = {Omx) o

where 0 = o1 + 1 09 with g9 > 0, holds.

The proof immediately follows from Theorem 6.1 and Remark 4.1.
From Theorem 6.2, it follows immediately that if U € C?(Q~) grows at infinity polynomially,
and L(0,0)U possesses a compact support, then actually U and its all partial derivatives decay

exponentially at infinity and the following Green’s formula

/ U' - L(0,0)Udx = — / {U"}y - A{PO,n)U}dS — /E(U’,U)dx (6.5)
Q- a0~ Q-
holds for all polynomially bounded vector functions U’ € C*(Q~).

Now let us consider the mapping and regularity properties of the single and double-layer potentials
and the boundary pseudodifferential operators generated by them in the Holder C"™7 spaces. They
can be established by standard methods. We remark only that the layer potentials corresponding
to the fundamental matrices with different values of the parameter o have the same smoothness
properties and possess the same jump relations. Therefore, using the word for word arguments given in
[3,4,8,9,11-14], we can prove the following theorems concerning the above-introduced layer potentials.
Unless otherwise stated, for simplicity, we assume that

S =00 € ™" with integerm >2 and 0 <y’ <1;

(6.6)
oc=01+1i09, 01 €R, Imo=ay>0.
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Theorem 6.3. Let S, m, and vy’ be as in (6.6), 0 <’ <~v’, and let k < m —1 be an integer. Then
the operators

Vo CRY(S) o ORI @QF), W e (8) = CR O (QF) (6.7)

are continuous. For any g € CO"SI(S), h e Cl’al(S), and any x € S,

V(9)(@) % = V(g)() = Hala), (6.8)

(PO () V() (@)} = [ F2 I + K] g(a), (6.9)

{W(g)(x)}* = [ £2 Iy + N ] g(a), (6.10)

(P(B () W(h) () }F = {P(@srn(x)) W(h)(x) }~ = Lh(x), (6.11)

where

Hole) = / I(z —y.0)g(y) dS, (6.12)
S

K9(e) = [ [P@rn(@) T - 1.0)] 9(0)dS, (6.13)
S

Noa) = [ [P @) I~ v.0)] glw)ds, . (6.14)
S

Lh(x):= Qialir_r)ll_es’P(@z,n(x))/ [P*(ay,n(y)) FT(z—y,a)]Th(y) ds, . (6.15)

S

The proof of the relations (6.7)—(6.11) can be performed by standard arguments (see, e.g., [6,8,12]).
The relation (6.11) is called the Liapunov-Tauber type theorem.

With the help of the explicit form of the fundamental matrix I'(z — y,0) it can be shown that
the operators K and N are singular integral operators, H is a smoothing (weakly singular) integral
operator, while £ is a singular integro-differential operator.

Theorem 6.4. Let S, m, v, 8’ and k be as in Theorem 6.3. Then the operators

LR (S) = LS (6.16)
0’“ () = C* 9 (9), (6.17)
N CRO(8) = CR (), (6.18)
L£:CR(9) = kLS, (6.19)

are continuous. Moreover, 1) the principal homogeneous symbol matrices of the operators £27 1111 +K
and 271111+ N are non-degenerate, while the principal homogeneous symbol matrices of the operators
—H and L are positive definite; 2) the operators H, +27 I +K, £271I1+ N, and L are elliptic
pseudodifferential operators (of order —1, 0, 0, and 1, respectively) with zero index; in appropriate
function spaces, the following equalities 3)

NH=HK, LN =KL,

1 9 . 9 (6.20)
HL =4 111+N s LH=-4""11; +K=.

hold.

The mapping properties (6.16)—(6.19) are standard and can be proved as their counterparts in
[8,11,13,14]. Ttems 1) and 2) are based on the positive definiteness of the potential energy functional
and positive definiteness of the symbol matrix Lo(€) for € = (&1, &2,£3) € R3\ {0} (see (3.9), (3.10)),
(cf. [3,4,10,11,14] and [6]). Item 3) follows from the jump relations for the layer potentials and the
general integral representation formulas of solutions to the homogeneous equation L(9,0)U = 0.
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7. FORMULATION OF BOUNDARY VALUE PROBLEMS AND UNIQUENESS THEOREMS

Let us formulate the basic interior and exterior boundary value problems for the domains Q% and
Q~. We assume that S =90+ ¢ O, 0 <y ' < 1.

Problem (I(°))* (The Dirichlet problem). Find a regular solution vector function U =
(u, C, T, P,¥)" to the system of differential equations

L(0,0)U(z) = ®*(z), =€ QF, (7.1)
satisfying the boundary condition
{U(2)}* =f(z), z€8. (7.2)
Problem (I1(°))* (The Neumann problem). Find a regular solution vector function U =
(u,C, T, P,9)" to system (7.1), satisfying the boundary condition
{PO,n)U()} =F(2), z€8. (7.3)
We assume that the data of the boundary value problems belong to the appropriate classes,
ot e CON(Q)E, fFeCh(S), FecC™(S), 0<d <v'<1.

In addition, in the case of exterior problems we assume that the vector function ®~ is compactly
supported in 2~. Now we prove the following uniqueness theorem.

Theorem 7.1. Let ¢ = 01 + i02, with 01 € R and o9 > 0. Then the homogeneous boundary value
problems (I'9)* and (ITC9)* have only the trivial solution in the class of reqular vector functions.

Proof. Let U = (u,C,T, P,¥)" be a regular solution of the homogeneous boundary value problem
(1% or (IT(9))*. Apply Green’s formula (3.1) or (6.5) for the vector functions U and U’, where

e = m o5 LT
U =(izw, C, T, P, Toﬁ) )
Keeping in mind (3.3)—(3.6), we get the following relation:
+ /{U’}i PO, n)UYEAS — /E(U’,U)da: —0, 7
o0+ O*
where
E(U',U) =igEY (G, u)+ E?(C,C)+ E®(T,T) —i7 (2 P +79)divi — i po|o|? [ul?
—0|C)? —i0 s C- T+ hsC-grad P — 34 |T|? —i0o 3T - C + k3T - grad 9
—iom|P|* —ioyy Pdivu —io % PVY+hy C-grad P + h|grad P|?

k — I _
+ —|gradd®> —ioc|d)? —ioy 0 divu —io x PO+ —T - grad U
To To

3 2 3 2
_ 3o+ 2u, .. I Oup  Ou, 7 Oup,  Ou;
EW (@, u) :()7| divul> + & Z — - +Z Z i (7.5)
3 3 k=1 8xk 8xj 2 ke, ktj 6Ij aﬂjk
— ha+hs +h he —h
E®@T,0) :w‘ aiv O 4 1" eun cp?
3 2 3 2
hs + hg 0C}, 8C’j hs + hg 0C}, 8Cj
phothe 5~ |00k O S [%Ck 0G| (76)
4 biet s Ox;  Oxy 6 Pt Ory, Oz
ay — ks + ks + Kk ke — k
E®)(T,T) :34+735+6| divT|? + % | curl T2
3 2 3 2
ks + kg 0Ty, 8Tj ks + kg T, 8TJ
- P e P P (7.7)
4 bkt Ox; Oz 6 Py Ory  Oxj
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Since U = (u,C,T, P,9)" solves the homogeneous boundary value problem (I(2))*, or (IT(°))* the
surface integral in (7.4) vanishes and we arrive at the equation
/ B(U', U)dz = 0.
Q=
The real part of this equation reads as
/ {o2 EW(@,u) + E®(C,C) + EG(T,T) + poa |of*|ul?
O+
+03 [m|P]? + 3¢ (PY + PY) + c|[0]*] + o2 [m1|C]> + 30, (C-T+C-T) + ¢y |T)?]
1 _ _ (7.8)
+5 [2h2|C? + (h1 + hs) (C - grad P + C - grad P) + 2h | grad P|? |

1 _ _
+om 2k Ty |T1> + (k1 + To ks) (T - grad 9 + T - grad ) + 2 k | grad 9|?] }da = 0,
0

By means of relations (7.5)—(7.7) we see that EM(@,u) > 0, E?(C,C) > 0, and E®)(T,T) > 0.
Transforming the integrand and taking into account conditions (2.6), we establish

o 1
m| P + » (PO + PY) + c|0)* = - [(me—32) P>+ %P+ cd’] >0,
mq|C|? T+T- 2_ 1 NPT 9
HCP +5a (C-T+C-T)+ 1 [T =7 [(m1cr = 5)[C]? + a0 O+ TP] >0,
1

1 — —
3 [2h2|C|? + (k1 + h3)(C - grad P + C - grad P) 4 2h | grad P|* |

1
=~ {[4hh2 — (h1 +h3)’] |C* + |(h1 + hs) C + 2h gradP|2} >0,
1 =1 —
ﬁ [2 k2 TO |7"|2 + (kl + TO k?’)(T . gradrﬂ + T. grad,ﬂ) + 2k | grad,lg'Q}
0
1
= m{ [4To k ky — (k1 + To ks)?]|T? + [(ky + To ks) T + 2k gradW} > 0.
0

Consequently, from (7.8) we derive Re E(U’,U) > 0 in QF, implying U = 0 for 2 € Q*.

8. EXISTENCE RESULTS

Now, we apply the potential method and prove the existence theorems for the above formulated
Dirichlet and Neumann type boundary value problems. We reduce these problems to the equivalent
integral equations on the boundary of the elastic body under consideration and investigate their
Fredholm properties. We show that the corresponding integral operators are invertible. Without
loss of generality, we consider the boundary value problems for the homogeneous differential equation
L(0,0)U = 0, since a particular solution to the nonhomogeneous equation (7.1) can be written
explicitly in the form of the volume potential Ng= (®%) (see (6.4)). Moreover, throughout this section
we assume that the conditions (6.6) are fulfilled, unless otherwise stated.

8.1. Investigation of the interior and exterior Dirichlet problems. We assume that &) =
0 and look for solutions in Q* in the form of the double-layer potential U = W (h) (see (6.2)).
Applying the jump relations for the double-layer potential (see Theorem 6.3) and taking into accoun

the boundary conditions (7.2), for the unknown density vector function h = (hy, ha,...,h11)" we get
the following boundary integral equations:
[27' 11+ N]h=f on S, (8.1)

in the case of Problem (I(®))* and
[—27' 1 +N]h=f on S, (8.2)



BOUNDARY VALUE PROBLEMS OF THERMOELASTIC DIFFUSION THEORY 297

in the case of Problem (1(?))~.
Here, the operator N is given by (6.14). Due to Theorem 6.4, the operators £2~11;; + N are singular
integral operators of normal type with index zero. This leads to the following existence theorems.

Theorem 8.1. Let S € C*V and f € C7(S) with 0 < 7 < v < 1. Then the boundary value problem

(IN* is uniquely solvable in the space C*7(QF) and the solution can be represented by the double-
layer potential W (h) defined by (6.2), where the density h € CY7(S) is uniquely defined from the
integral equation (8.1).

Proof. The uniqueness follows from Theorem 7.1. Now, let us show that the singular integral operator
27 I+ N - CBT(S) = OB T(S) (8.3)

is invertible. Due to Theorem 6.4, we conclude that (8.3) is a Fredholm operator with zero index.
Further, we show that ker [2_1111 + N] is trivial. Indeed, let hy € CH7(S) be a solution of the
homogeneous equation

[2_1111 +/\/] ho=0 on S. (8.4)

We construct the double-layer potential W (hg). Evidently, W (ho) € C*7(QF) by Theorem 6.3. In
view of equation (8.4), we have {W(ho)(z)}* = 0 for € S and by the uniqueness Theorem 7.1,
we get W(ho)(x) = 0 for z € QF. Consequently, { P(9,n) W(ho)(x)}T = 0 for z € S. By the
Liapunov-Tauber theorem (see Theorem 6.3)

{P(0.n) W(ho)(x)}* = {P(8,n) W(ho)(x)}~ =0, z €S,
i.e., W(hg) solves the homogeneous exterior Neumann type boundary value problem (I7(®))~ and
decays at infinity exponentially. Therefore, W (ho)(z) = 0 in Q= by Theorem 7.1. Since
{W(ho)(2)}" — {W(ho)(2)}~ =2ho(z), z€S,
we conclude that hg = 0 on S, which shows that the null space of the operator 271I;; + N is trivial.
Therefore, (8.3) is invertible. O

Quite similarly, with the help of Theorem 7.1, we can show that the operator
27 N ChT(S) = ChT(9) (8.5)

is invertible, which leads to the existence theorem for the Dirichlet type exterior boundary value
problem.

Theorem 8.2. Let S € C*" and f € CV"(S) with 0 < 7 < v < 1. Then the boundary value
problem (I'9))~ is uniquely solvable in the class of vector functions belonging to the space C*7 ()

and decaying at infinity, and the solution is represented by the double-layer potential W (h) defined by
(6.2), where h € C1:7(S) is defined by the integral equation (8.2).

8.2. Investigation of the interior and exterior Neumann problems. These problems are for-
mulated in Section 7 as problems (I7(®))* and (I1¢°))~. As above, we assume that ®*) = 0 and look
for solutions in Q% in the form of the single-layer potential U = V(g) (see (6.1)). Taking into consid-

eration the boundary conditions (7.3), for the unknown density vector function g = (g1,92,...,911)"
we get the following boundary integral equations:
[—27'[11 +K]g=F on S, (8.6)
in the case of Problem (I7(?))* and
[27'11+K]g=F on S, (8.7)

in the case of Problem (I1(?))~. Here, the operator K is given by (6.13). Due to Theorem 6.4, the
operators #2711, 4+ K are singular integral operators of normal type with index zero. This leads to
the following existence theorems.

Theorem 8.3. Let S € C1V and F € CO’T(S)]Eth 0 <7 <v <1 Then the boundary value problem
(ITN* is uniquely solvable in the space C*™(QF) and the solution is represented by the single-layer
potential V(g) defined by (6.1), where g € C*7(S) is uniquely defined by the integral equation (8.6).
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Proof. The uniqueness is a consequence of the uniqueness Theorem 7.1. Now, we show that the
operator

27+ K 2 CYT(S) = CVT(S) (8.8)
is invertible. Due to Theorem 6.4, the operator (8.8) is a Fredholm operator with zero index. Therefore,
it remains to show that the null space of the operator —2711;; + K is trivial. Let go € C%7(S) solve
the homogeneous equation

[7 271[11 + IC]QO =0 on S.

Construct the single-layer potential V' (go). Evidently, V(go) € C*7(QF) due to Theorem 6.3. More-
over, V(go) solves the homogeneous Problem (I7(?))* and therefore it vanishes identically in Q, due
to Theorem 7.1. Further, by Theorem 6.3, we have { V(go)(z) } ™ = {V(go)(z) }~ =0 for x € S, and
since it exponentially decays at infinity, by the uniqueness theorem for the Dirichlet exterior boundary
value problem, we conclude V(go)(xz) = 0 for € Q. Finally, with the help of the jump relation

{P@,n) V(go)(x)}~ = {P.n) V(go)(w) }" =20 (2), z €S,
we derive gg = 0 on S. Thus, the operator (8.8) is invertible. O

By the word for word arguments we can prove that the operator
27+ K 2 C%7T(S) = %7 (S) (8.9)

is invertible, which leads to the existence theorem for the Neumann type exterior boundary value
problem.

Theorem 8.4. Let S € CYY and F € C%7(S) with 0 < 7 < v < 1. Then the boundary value problem
(119~ is uniquely solvable in the class of vector functions belonging to the space C7(Q~) and
decaying at infinity, and the solution is represented by the single-layer potential V (g) defined by (6.1),
where g € C%7(S) is a unique solution of the integral equation (8.7).

8.3. Investigation of the basic boundary value problems by the first kind integral equa-
tions. Here we apply an alternative approach and reduce the basic interior and exterior boundary
value problems, considered in the previous subsections, to the first kind integral equations (cf. [14]).
These results play a crucial role in the study of mixed boundary value problems.

9.3.1. Investigation of the Dirichlet problem with the help of the first kind integral
equations. We look for a solution to the problems (I®))* and (I(®))~ (see (7.1)-(7.2) with @) = 0)
in the form of the single-layer potential U = V' (g) (see (6.1)). In both cases, for the interior and exterior
boundary value problems, we arrive at the equation

Hg=f on S, (8.10)
where H is defined by (6.12). We have the following existence theorem.
Theorem 8.5. Let S € C*V and f € CY7(S) with 0 < 7 < v < 1. Then the boundary value problems
(I'NE are uniquely solvable in the class of vector functions belonging to the space C%7(QF) and

decaying at infinity, and the solution is represented by the single-layer potential V (g) defined by (6.1),
where g € C%7(S) is a unique solution of the integral equation (8.10).

Proof. The uniqueness follows from Theorem 7.1. Evidently, it remains to show the invertibility of
the operator

H o CVT(S) — ChT(S). (8.11)
To this end, we apply the operator £ (see (6.15)) to both sides of equation (8.10) and take into
consideration the operator equalities (6.20),

LHg = [—4_111 +K2}g:£f on S. (8.12)

Clearly, Lf € C%7(S) due to Theorem 6.4. Since the operators (8.8) and (8.9) are invertible, we
conclude that the singular integral operator

LH=[-2""In+K][27' n+K] : CV7(S) = C”7(9)
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is invertible, as well. Therefore, from (8.12), we get the following representation of a solution of
equation (8.10),

g=[ -4tk Lfec™T(s).
With the help of the uniqueness Theorem 7.1, one can easily show that the operators

H o CO7(S) = ChT(S), L :CHT(S) = CYT(S) (8.13)
are injective. Therefore, equations (8.10) and (8.12) are equivalent and the operator (8.11) is invertible,
which completes the proof. O

Corollary 8.6. A solution U € CV7(QF) of the boundary value problems (I©)* with &) = 0 is
uniquely representable in the form
Ux) =V(H f)(x), =€
where f = {U}* on S and
HL 2 ONT(S) = COT(S)
is the inverse to the operator (8.11).

This representation plays a crucial role in the investigation of mixed boundary value problems
(cf. [14]).

9.3.2. Investigation of the Neumann problem with the help of the first kind integral
equations. We look for a solution to the problems (I7(°))* and (IT(®))~ (see (7.1), (7.3) with
®* = 0) in the form of the double-layer potential U = W (h) (see (6.2)). In both cases, for the interior
and exterior boundary value problems, we arrive at the equation

Lh=F on S, (8.14)
where L is defined by (6.15). We have the following existence theorem.

Theorem 8.7. Let S € C*V and F € C%7(S) with 0 < 7 < v < 1. Then the boundary value problems
(ITNE are uniquely solvable in the class of vector functions belonging to the space C*7(QF) and
decaying at infinity, and the solution is represented by the double-layer potential W (h) defined by (6.2),
where h € CY7(S) is a unique solution of the integral equation (8.14).

Proof. The uniqueness follows from Theorem 7.1. Evidently, it remains to show the invertibility of
the operator
L:CH7(S) = C¥7(9). (8.15)
To this end, we apply the operator H (see (6.12)) to both sides of equation (8.14) and take into
consideration the operator equalities (6.20),
HLh=[—4"'"I;1 + N?|h=HF on S. (8.16)
Clearly, HF € C1'7(S) due to Theorem 6.4. Since the operators (8.3) and (8.5) are invertible, we
conclude that the singular integral operator
HL = [-27' T+ N [27 T + N 2 CH7(S) — CH7(S)

is invertible, as well. Therefore, from (8.16), for a solution of equation (8.14), we get the following
representation formula:

h=[—-4"'L + N2 HF € CVT(S).
Since the operators (8.13) are injective, we conclude that equations (8.14) and (8.16) are equivalent
and the operator (8.15) is invertible, which completes the proof. O

Corollary 8.8. A solution U € C*7™(QF) of the boundary value problems (II©O)* with ®* = 0 is
uniquely representable in the form

Ulz) =W(LF)(x), zeQF,
where F = {P(9,n)U}* on S and
£t CYT(S) = CHT(S)

is the inverse to the operator (8.15).
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9. APPENDIX A: PROPERTIES OF THE CHARACTERISTIC ROOTS

Here, we investigate the properties of roots of equation (4.6) with respect to r. In particular, we
prove the following assertion.

Lemma A.1. Let us assume that o = o1 + i 09 is a complex parameter, where o1 € R and oo > 0.
Then

det L(—i&,0) #0
for arbitrary ¢ € R3.

Proof. We prove the lemma by contradiction. Let det L(—i&,0) = 0, & € R3. Then the system of
linear equations L(—i&,0) X = 0 has a nontrivial solution X € C*!' \ {0} which can be Written as
X = (XD X® XxO® x® XxON)T where X0 = (XY x xUT ec3, j=1,2,3 and X0 € C,
j = 4,5, are scalars. Taking into consideration (2.14), the system L(—i{,0) X = 0 can be rewritten
as follows:

L(j)(—zf,a) xM 4 L(j+5)( i&,0)X? + L J+10)( i&0) X
+LU) (g, o) XW 4 LU20(—i¢ o) XO) = 0,

J=1,2,3,4,5,
implying
[(pl€l® + po®) Is = (Mo + ) Q)] XV +imag TXW 4im ¢TXO =0, (A1)
(6 = ho |€]*) I — (ha + hs) Q(E)] X P +ic 0 X®) +ihz e XW =0, (A.2)
i030 X + (500 — ko|€]*) Is — (ka + ks) Q(g)]X<3> +iks€TX® =0, (A.3)
oy XY —ih & XPD 4 iom—nh|g) XP +i0xXO =0, (A.4)
onToé XYW —iki £ X® +ioTo X + (iocTy — k[¢)?) X® = 0. (A.5)

Let us take the dot products of equations (A.1), and (A.2) by the vectors —ig X(1) and — X (2) respec-
tively, multiply equality (A.3) by the vector —X (3), then multiply complex conjugates of equations
(A.4) and (A.5) by the functions — X4 and — 2 X(5) respectively and sum up the results to obtain

o [ple? — po?] | XD +i7 (Ao + m) [€- XD + [h |62 = 6] XD + (ha + hs) | € - XP)?
—igm[XP . XO £ X@ . XO] —ihy (¢ X@) XO 4 [k €] — 5] | X
F (ks ks) |- X —iky (€ XO)XO) —ipy (¢ X@)XW 4 [iam +h|EP] X

+iTx [XWX6) + X@ xO)] - ”“1

(g X@) XG4 i7e+ |§|]\X(" = 0.

By separating the real part from this equation, we deduce

a2 [ €1 + p 1o 2] [ XD + 000 + ) |6 - XOP + he |62 |XP)? + (hy + hs) |€ - X
+ k:6 €12 X P 4 (ka + ks) |€ - XOP 4 0o [my [ XPP 456 (XP - X + X@ . XO) ¢, | X))

+ = {2h IX®)? —i (b + hg) [(£- XP)XD — (6 XP) XD] 4 2h ¢ | XV} (A.6)
{2T0 ko | X =i (ky + Toks) [(€- X)X — (¢ XO) XO) ] 4 2k ¢ | X O *}

+02[m‘X(4)‘ —|—%(X(4) .X(5)+W.X(5)) —|—C‘X(5)‘2] -0
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With the help of the following relations and inequalities (2.6),
|§|2|X(j)|2 _ ‘g.X(J’)‘Q — |5 « X@) |2, j=1,2,3,
he|€] | X * + (ha + hs)|€ - XP1F = ho|¢ - X 4 k| [¢ x XP] | >0,

ko |€)2 [ X ) + (ks + ks)|€ - X = ko € XP* + k| [¢ x XP] [ >0,

m ’X(2)|2+%1 (X@. X6 4 X@ . X®) 1 ¢ ‘X<3)‘2
_ é{[ml e — A XOP 4 | X 4o, XOP) >0,
m‘X(4>‘2 +o (XW. X6 4 x@ . X)) +C|X(5>|2
. 1{[mc_%2]|x<4>|2+ e X@ 4 eX® ) >0,
20y | XD — i (b1 + hs) [(£- XP) XD — (€ XP) XD] 4 2h ¢ | x|

= o7 Llahhe = (h + haP][X O 4 |(h + ha) X = 20neT XD} > 0,

2T ko ’X(3)’ —i(kl + Ty kj3> [(f ﬁ)X@) _ (5 . X(3)>m} + 2%k |€|2 ’X(5)’2
= i { [4T0kk2 - (kl +T0 k3)2] |X(3)|2 + |(k1 +T() kg) X(3) — 2’Lk£TX(5)|2} > 0,

from (A.6), we conclude that

XU =0, j=1,2,34,5.
Thus, the system L(—i&,0) X = 0 possesses only the trivial solution for arbitrary & € R®. This
contradiction proves the lemma. O

Corollary A.2. Let 0 = 01+t 09 be a complex parameter with 01 € R and o2 > 0. Then the equation
A€) =det L(—i&,0) =0
with respect to |£] possesses only complex roots £\;, j = 1,11 with Im A\; > 0, j = 1,11.
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BOUNDARY-TRANSMISSION PROBLEMS OF THE THEORY OF ACOUSTIC
WAVES FOR PIECEWISE INHOMOGENEOUS ANISOTROPIC
MULTI-COMPONENT LIPSCHITZ DOMAINS

SVETA GORGISHELI', MATA MREVLISHVILI', AND DAVID NATROSHVILI!:?

Abstract. We consider the time-harmonic acoustic wave scattering by a bounded anisotropic inho-
mogeneous obstacle embedded in an unbounded anisotropic homogeneous medium assuming that the
boundary of the obstacle and the interface are Lipschitz surfaces. We assume that the obstacle con-
tains a cavity and the material parameters may have discontinuities across the interface between the
inhomogeneous interior and homogeneous exterior regions. The corresponding mathematical model
is formulated as a boundary-transmission problem for a second order elliptic partial differential
equation of Helmholtz type with piecewise Lipschitz-continuous variable coefficients. The problem
is studied by the so-called nonlocal approach which reduces the problem to a variational-functional
equation containing sesquilinear forms over a bounded region occupied by the inhomogeneous ob-
stacle and over the interfacial surface. This is done with the help of the theory of layer potentials on
Lipschitz surfaces. The coercivity properties of the corresponding sesquilinear forms are analyzed
and the unique solvability of the boundary transmission acoustic problem in appropriate Sobolev-
Slobodetskii and Bessel potential spaces is established.

1. INTRODUCTION

The paper deals with the time-harmonic acoustic wave scattering by a bounded anisotropic inho-
mogeneous obstacle embedded in an unbounded anisotropic homogeneous medium. We assume that
the bounded obstacle contains an interior cavity. The boundary of the cavity will be referred to as in-
terior boundary of the obstacle. We require that the interior boundary of the obstacle and the interface
between the inhomogeneous interior and homogeneous exterior regions are the Lipschitz surfaces. The
physical wave scattering problem with a frequency parameter w € R is formulated mathematically as
a boundary-transmission problem for a second order elliptic partial differential equation with variable
Lipschitz-continuous coefficients, As(x, 0y, w) u(z) = Oy, (a,(fj) (2) O, u(x)) + w? ko(z) u(z) = fo(x), in
the bounded region Q» C R3 occupied by an inhomogeneous anisotropic obstacle and for a Helmholtz
type equation with constant coefficients, A;(0,,w)u(x) = agj) 02,0z, u(x) + w?ky u(x) = fi(z), in the
unbounded region €7 occupied by the homogeneous anisotropic medium. The material parameters

a,(;;—) and kg, ¢ = 1,2, are not assumed to be continuous across the interface. Note that in the case

of isotropic medium occupying the domain €, we have only one material coefficient a@ | ie., the

corresponding material parameters satisfy the relations a,(g.) = a(q)ékj, where dy; is the Kronecker
symbol.

We analyse the case when the transmission conditions relating the interior and exterior traces of
the wave amplitude u and its conormal derivatives are prescribed on the interface surface, while on the
interior boundary of the inhomogeneous obstacle there are given the Dirichlet or Neumann or mixed
Dirichlet-Neumann boundary conditions.

The transmission problems for the Helmholtz equation in the case of the whole piecewise homogenous
isotropic space R? = Qo UQ; with a smooth interface surface S = 02 = 0y, when A5(0) = A+ kow?
and A1(0) = A + kjw?, Kk, = const, ¢ = 1,2, are well studied in [14,24-26] (see also references
therein). In these papers, using the method of standard direct and indirect boundary integral equations
method the transmission problem is reduced to a uniquely solvable coupled pair of boundary integral
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equations for a pair of unknowns. Moreover, in [25], by coupling the direct and indirect approaches, the
transmission problem is reduced to a uniquely solvable single integral equation for a single unknown.

Using the harmonic analysis technique and the approach employed in the reference [26], the same
transmission problem for the whole piecewise homogenous isotropic space R?* = Qo U Q; with a
Lipschitz interface is considered in [40] using the potential method. Note that the harmonic analysis
approach gives the optimal Lo results, establishes the nontangential almost everywhere convergence of
the solution to the boundary values, guarantees the boundedness of the corresponding nontangential
maximal function, which in turn give better regularity results (see, e.g., [22]).

Similar acoustic scattering problems for the whole isotropic composed space R3 = Qy U Q; with
smooth interface and with a variable continuous refractive index k(z), when x(x) = 1 in the exterior
domain €, are also well presented in the literature. In this case, As(x,0;,w) = A + w?k(z) in
the isotropic inhomogeneous obstacle region and A; (9, w) = A + w? in the unbounded homogeneous
isotropic region. The problem is reduced to the Lippmann-Schwinger equation which is unconditionally
solvable Fredholm type integral equation on the bounded obstacle region §2; (see [12,35] and references
therein).

Analogous acoustic transmission problem in the whole composed space R? = Q,U); with a smooth
interface, corresponding to a more general isotropic case, when As(x, 0y, w) = Oy, (a(x) 3%.) +w? with
a sufficiently smooth function a(z) and A;(0,,w) = A + w?, was analysed by the indirect boundary-
domain integral equation method in the references [28,44,45].

The transmission problem for the whole composed anisotropic space R? = Qy U §; in the case
of a smooth interface and sufficiently smooth in {2 material coefficients a,(é) and k9 is studied in
[10] by a special direct method based on the application of localized harmonic parametrix. This
approach reduces the transmission problem to the uniquely solvable system of localized boundary-
domain integral equations.

In this paper, we investigate more general anisotropic boundary-transmission problems using the
so-called nonlocal approach when the interior boundary of the obstacle and the interface surface are
Lipschitz manifolds, and the coefficients a,(;) and k9 are Lipschitz-continuous. Moreover, we consider in
detail the case when the mixed Dirichlet-Neumann conditions are prescribed on the interior boundary.

We apply the theory of layer potentials on Lipschitz surfaces and reduce equivalently the boundary-
transmission problem to the variational-functional equation containing sesquilinear forms over the in-
terfacial surface and over a bounded domain occupied by the inhomogeneous obstacle. To substantiate
our approach, we use essentially the results of [13,21,22], and the so-called combined field integral
equations approach described in [6,8,27,36] (see also [7]).

The paper is organized as follows. In Section 2, we introduce the generalized radiation conditions
for anisotropic media, formulate the acoustic transmission problems for multi-component piecewise
anisotropic structures with Lipschitz-continuous boundaries and interfaces, and prove the uniqueness
theorems in appropriate function spaces. In Section 3, we construct the generalized Steklov—Poincaré
type integral operator in the case of Lipschitz surfaces and derive the corresponding Dirichlet-to-
Neumann relations for the acoustic equation in an unbounded anisotropic region. In Section 4, the
transmission problems are equivalently reformulated as variational-functional equations containing
sesquilinear forms which live on a bounded domain occupied by the obstacle and the interface surface.
The boundedness and coercivity properties for the sesquilinear forms are proved in the appropriately
chosen function spaces which eventually lead to the unique solvability of the original acoustic trans-
mission problems. Finally, for the readers convenience, in Appendix we collect some auxiliary material
related to anisotropic radiating layer potentials over Lipschitz surfaces.

2. FORMULATION OF THE PROBLEMS AND UNIQUENESS THEOREMS

2.1. Some auxiliary definitions and relations. Let ; := Q= be an unbounded domain in R?
with a simply connected compact boundary 9Q; = S; and QF = R3\ Q;. Further, let Q5 := Q1 \ Q3,
where Q3 is a subdomain of Q% such that Q3 C QF. Put Sy = 0Q3. Evidently, 0Qs = S; U 5.
Throughout the paper, n = (n1, na,n3) denotes the outward unit normal vector to Sy, ¢ = 1,2.
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In what follows, we assume that the interface S7 and the interior boundary S are arbitrary Lipschitz
surfaces, unless otherwise stated, and the following condition holds:

the interface S; contains a C?-smooth open submanifold S . (2.1)

By H*(Q) = H3(Q), H{ () = Hj10.(Q), Hoomp() = H3 comp(2) and H*(S) = H3(5),
s € R, we denote the Lo-based Bessel potential spaces of complex-valued functions on an open
domain  C R? and on a closed manifold S without boundary, while D(Q) stands for the space of
infinitely differentiable test functions with support in Q. Recall that H°(Q2) = Ly(2) is a space of
square integrable functions on §2.

Further, let us define the following classes of functions:
HY%(Q9; Ag) :={v € H' () : Ayv € H(22) },
Hyo2 (915 A1) == {v € Hiyo() © Ao € H (1) },
H*(Qs) := {v: ve H*(R?), supp v C Oz},
H*(M) :={g: g€ H*(Ss), supp g C M},
H* (M) :={ryg: g€ H(S2)},

where M C S5 is an open submanifold of the Lipschitz surface So with a Lipschitz boundary curve
OM and r,, stands for the restriction operator onto M.
We assume that the propagation region of a time harmonic acoustic wave u'°* is the domain
R3\ Q3 = OQ; Uy, which consists of the homogeneous part €2; and the inhomogeneous part Q.
Acoustic wave propagation is governed by a uniformly elliptic second order scalar partial differential
equation

Az, 0y, w) u'®(z) = O (arj(x) Ou**(x)) + w? k(z)ut(z) = f(x), =€ Q1 UQy,

where 0, = 0 = (01,02,03), 0j = Op; = 0/0x;, ay;(x) = ajr(x) and k(x) are real-valued functions,
w € R is a frequency parameter, while f is a square integrable function in R?® with a compact support,
I € Lacomp(R?). Here and in what follows, the Einstein summation by repeated indices from 1 to 3
is assumed.

Note that in the mathematical model of an inhomogeneous absorbing medium the function & is
complex-valued, with nonzero real and imaginary parts, in general (see, e.g., [12, Ch. 8]). Here we
treat only the case when the refractive index « is a real-valued function, but it should be mentioned
that the complex-valued case can also be considered by the approach developed in the present paper.

In our further analysis, it is assumed that the real-valued variable coefficients ay; and  are the
constants in the homogeneous unbounded region €y,

t

a,(:j) for x € Qq, k1 >0 for x € Qq,
ap;(z) = aji(x) = @) k(z) = (2.2)
api (x) for x € Qo ka(x) >0 for 2z € Qy,
where agj) and k1 are the constants, while a,(é) and k9 are the Lipschitz-continuous functions in Qo,

al), ke € CONQ), jk=1,23. (2.3)

(q)

Moreover, the matrices a; = [ak y ] kjo1 A€ uniformly positive definite, i.e., there are positive con-

=1
stants ¢; and ¢y such that

alel? <al? (@) &g <elé? Vel VEER? ¢=1.2. (2.4)
We do not assume that the coefficients ay; and x are continuous across the interface Si, in general,

i.e., the case a,(fj)(a:) + a,(clj) and ka(x) # K1 for & € S is covered by our analysis.
Further, we denote

To, AT, 0z, w)u(z) = A1(0p, w)u(z) := a,(clj) O0ju(r) + w?ky u(z) for = € Qy, (2.5)
To, AT, 0z, w)u(z) = Az(2, Or, w)u(z) := Oy, (a,(fj) (z) Oju()) + w? Ka(z) u(z) for x € Qs.
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We will often drop the arguments and write A; and Ay instead of A;(0,,w) and As(z,d,,w),
respectively, when this does not lead to misunderstanding.

For a function u,, sufficiently smooth in Q, (say, u1 € HZ_(Q1) or ug € H?(s)), the classical
conormal derivative operators T;E are well defined as

Tqiuq(x) = al(;;) ng(x) vsim (Ojuq(z)), € Spm, ¢ym=1,2, (2.6)

where the symbols ’y;rm and Vs denote one-sided boundary trace operators on .S, from the interior
and exterior domains, respectively.

Motivated by the first Green identity, the classical conormal derivative operators (2.6) can be
extended by continuity to the functions u; € Hllo’c0 (13 A1) and up € H0(Qy; Ay) giving well defined
canonical conormal derivatives T uy € H™2(Sy), Ty uy € H™2(Sy), and Ty uy € H™2(S3), defined
for arbitrary g; € Hz (S1) and g2 € Hz (S2) by the following relations:

(T uq, gT>S1 = —/Alul(sc) wy (z) dox — /[El(ul,ﬁ) — w?kiuy () wi (z)] d, (2.7)
21 951
(T us, gT>S1 —(T5 uz, %>S2 = /Agug(m) wa () dx
Qo
+ / (B (uz, Ws) — o kolw)us(x) wa(@) ] d, (2.8)
Qo

where the angular brackets (-, -)g,, are understood as duality pairing of H~2(S,,) with Hz(S,,) which
extends the usual bilinear Ly(Sy,) inner product, w; € Hclomp(Ql) with Vs, W1 = g1, w2 € H(Q9)
with 7;'1 wz = g1 and g wa = ga, and
Er(ur, 1) = ay) Qjur (z) pwn (2),  Bn(us,W2) == a) () djus(w) Dpwa(w). (2.9)
Evidently, there is a constant C' > 0 such that
1T wll <O ([[Avual
H™2(s1)
1T ual <O ([|A2uz]|
HT2 (5,
1Ty uall < C(Arue]
H  2(S2)

HO(QT) + HU‘l”Hl(QT))?

+ 2l ) (2.10)
+ fJuz||

HO(Qg)

HO(Qq) Hl(szQ))7

where Q7 is an arbitrary one-sided exterior neighbourhood of the surface S; = 9€2; located in ;.
For the properties of the trace operator in the case of Lipschitz domains and for the corresponding
conormal derivatives see [13,15], [29, Ch. 4], [30].

Recall that for arbitrary functions u; € Hllo’co(Ql;Al) and uy € HY?(Qy; As), the Green first
identities associated with the operators A; and Ay (see, e.g., [13, Section 3], [29, Ch. 4], [30, Theorem
3.9])

/ Ayuy (z) vy () dz + / [B1(u1,77) — w?kiu () v1(z)] do

Q1(R) Qi (R)

= <T1+u1 , ’}/;R)’U1>E(R) - <T1_u1 , 7§101>Sl Vo € Hlloc(Ql), (2.11)
/Agug(x) vo(z) dx +/ [E2(uz,03) — w’ka(2)ug(2) va () | da
QQ 92

= (T uz, 7;U2>Sl — (T ug, 'y;zvg>52 Y vy € HY(Qy) (2.12)

hold, where Q4 (R) := Q; N B(R) with B(R) being a ball centered at the origin and radius R such
that Q2 C B(R), (R) := 0B(R), E,(uq,73), ¢ = 1,2, are defined in (2.9).

By Z(£4) we denote the sub-class of complex-valued functions from H () satisfying the Som-
merfeld radiation conditions at infinity (see [12,37,42] for the Helmholtz operator and [19,20,34,41] for
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the “anisotropic” operator A; defined by (2.5)). Denote by S,, the characteristic ellipsoid associated
with the operator A;(0,,w),

a,(clj)fk £ —w?h =0, E€R® w#0.

For an arbitrary vector n € R?® with || = 1 there exists only one point £(n) € S, such that the outward
unit normal vector n(£(n)) to S, at the point £(n) has the same direction as 7, i.e., n(¢(n)) = n. Note

that £(—n) = —£(n) € S, and n(=£(n)) = —n.
It can easily be verified that

&(n) = w/mi(ay 'n-m)7% ar', (2.13)
where a1_1 is the matrix, inverse to a; := [a,(:j) ]Z,j:l’
in R3.

and the central dot denotes the scalar product

Definition 2.1. A complex-valued function v belongs to the class Z(€2;) if there exists a ball B(R) of
radius R centered at the origin such that v € C*(Q; \ B(R)), and v satisfies the Sommerfeld radiation
conditions associated with the operator A;(0;,w) for sufficiently large |z|,

v(z) = O(jz|™),  dkv(e) —i&k(nv(z) = O(lz|™%), k=1,2,3, (2.14)
where £(n) € S, corresponds to the vector n = z/|x| (i.e., {(n) is given by (2.13) with n = z/|z|).

Notice that due to the ellipticity of the operator A;(9,,w), any solution to the constant coefficient
homogeneous equation A;(d,,w)v(z) = 0 in an open region 2 C R3 is a real analytic function of x in

Q.

Conditions (2.14) are equivalent to the classical Sommerfeld radiation conditions for the Helmholtz
equation if A1(0,,w) = A(9) + w?, i.e., if k1 = 1 and a,(clj) = 0p;, where J; is the Kronecker delta.
The following analogue of the classical Rellich-Vekua lemma holds (for details see [19,34]).

Lemma 2.2. Let v € Z(Q1) be a solution of the equation A1(0z,w)v =0 in Oy and let

Rlirfoo Im { / v(z) Ty (x, 0, )v(x) dE(R)} =0, (2.15)
$(R)

where X(R) is the sphere of radius R centered at the origin. Then v =0 in Q.

Remark 2.3. For z € ¥(R) and n = z/|z|, we have n(z) = n and, in view of (2.6) and (2.14), for a
function v € Z(9Q4), we get

Ti(z, 0, )v(z) = al)ni(x) [1&(n) v(@)] + O] ™) = ial)ne & () v(x) + O(|2]2).

Therefore, by (2.13) and the symmetry condition a,(clj) = aﬁ), we arrive at the relation

o(@) T (2, 0, )v(w) = iw /i [o(@)? (ar 'y - ) "% arn -a~'n + O(|z] %)
= iwy/Rr (a7 'y n) 7 Jo(@)]? + Oz 3).

On the other hand, the matrix a; is positive definite (cf. (2.4)), which implies positive definiteness of
the inverse matrix a; *. Hence there are positive constants dy and d; such that for all n € %(1),

0<60<(af1n~n)_% <01 < 00.

Consequently, for w # 0, condition (2.15) is equivalent to the following relation:

lim /|v(w)|2d2(R):O,

R—+o0
Z(R)

which is the well known Rellich-Vekua condition in the theory of Helmholtz equation (for details
see [12,37,42]).
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2.2. Formulation of the transmission problems. In the unbounded region §2;, we have a total
wave field vt = 4" 4+ 4%, where 1™ is a wave motion initiating the known incident field and u*°
is a radiating unknown scattered field. It is often assumed that the incident field is defined in the
whole of R3, being, for example, a corresponding plane wave which solves the homogeneous equation
Au'™ = 0 in R3 but does not satisfy the Sommerfeld radiation conditions at infinity. Motivated by
relations (2.2), we set u1(x) := u*(z) for z € Q; and ua(z) := u'*(z) for z € Qs.

Now we formulate the transmission problem associated with the time-harmonic acoustic wave scat-
tering by a bounded anisotropic inhomogeneity embedded in an unbounded anisotropic homogeneous
medium:

Find complez-valued functions uy € Hﬁj’co(Ql;Al) N Z(Q1) and uy € HY2(Qo; As) satisfying the
differential equations

A0y, wur(x) = fi(x) for x € Oy, (2.16)
As(z, 0r,w)uz(x) = fa(x) for x € Qo, (2.17)
the transmission conditions on the interface Sq,
Vs =g u =, on S, (2.18)
Ty ug — Ty uyp =1, on Si, (2.19)

and one of the following boundary conditions on Ss:
The Dirichlet condition

Vg, u2 =0 on Sy, (2.20)
The Neumann condition
T5 ug =1, on Sa, (2.21)
The mized type conditions
'ys_w us =0 on Sap, Ty us =,y on San, (2.22)

where Sop N Saon = &, §2D U§2N = SQ, and
f2 = ngf € HO(QQ)’ fi= Tﬂlf € Hgomp(ﬂl)7 e Hgomp(R3)7

X L X L (2.23)
Y, € HE(Sl)v ¢1 € H_E(Sl)v wQ € H_E(SQ% ’(/}21\7 € H_E(SQN)'

In the above setting, equations (2.16) and (2.17) are understood in the distributional sense, the
Dirichlet type conditions in (2.18), (2.20) and (2.22) are understood in the usual trace sense, while
the Neumann type conditions in (2.19), (2.21) and (2.22) are understood in the canonical conormal
derivative sense defined by relations (2.7)—(2.8).

If the total field 4*°* and its conormal derivative are continuous across the interface, then ¢, =
Vs, u'™ and v, = T, uinc.

The above-formulated boundary-transmission problems with the Dirichlet, Neumann, and mixed
type conditions will be referred to as Problem (TD), (TN) and (TM), respectively.

2.3. Uniqueness theorems. Here we prove the uniqueness theorem.

Theorem 2.4. The boundary-transmission problems (TD), (TN) and (TM) possess at most one
solution.

Proof. Due to the linearity of the problems, we have to show that the corresponding homogeneous
problems possess only the trivial solution.
Let a pair (ug,u;) with uy € HY%(Q9; A) and uy € Hllo’co(Ql;Al) N Z(21) be a solution to the

homogeneous boundary-transmission problem (TD) or (TN) or (TM). Note that u; € C*°(£2) due to
ellipticity of the constant coefficient operator A;.
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Let R be an arbitrary positive number such that Qy C B(R). We can write Green’s first identities
(2.11) and (2.12) for the functions u; and wug in the domains Q4 (R) := Q; N B(R) and . In view of
the homogeneity of the boundary conditions on Ss, we arrive at the relations

[CL;:J) 8ju1(x) akul(l’) — w21€1‘ul($)‘2] dr = 7<T1_u1 s ")/;1 u1>51 + <T1+’u,1 s ’y;(R)U1>E(R), (224)
Q1 (R)
/[a,(fj) (z) Ojuz(w) Opuz(x) — wka(z)|uz(2))?] do = (T5 uz, 7§1u2>sl. (2.25)

Qs
Due to the homogeneous transmission conditions and since the matrices a, = [a,(c?]% j—1 are symmetric
and positive definite, after adding (2.24) and (2.25) and separating the imaginary part, we get

Im { / (@) T (x,0,)ur () dE(R)} —0,
(R)
whence by Lemma 2.2, we deduce that u; = 0 in ;.
Therefore, in view of (2.16)—(2.22), the function us € H%({g; As) satisfies the homogeneous
differential equation

Ag(x, 0y, w)us(z) =0 in Qo
the homogeneous Cauchy type conditions
"Y;;UQ =0 and Ty, up =0 on S,
and one of the homogeneous boundary conditions (2.20)—(2.22) on Ss.
Keeping in mind the relations (2.1) and (2.3), by the interior and boundary regularity properties
of solutions to a strongly elliptic partial differential equation, we deduce uy € C?(Qy U S7) (see,
e.g., [18, Lemmas 6.16, 6.18], [29, Theorem 4.18]). Thus, the Cauchy data of the function uy vanish

continuously on ST C 57 and due to [39, Theorem 2.9], we conclude that us = 0 in Qs, which completes
the proof. O

3. INTEGRAL RELATIONS FOR RADIATING FUNCTION IN THE DOMAIN 4

For any radiating solution u; € H2(Qy; A1) N Z(Q)) with Aju; € HY,,»(Q1) the Green third

loc

identity (for details see [13,19,29,34])
Uy + V(Tful) — W(’Ys_l Ul) = P(Alul) in (31)

holds, where V, W, and P denote, respectively, the single layer potential, double layer potential and
volume potential associated with the operator A;(9,,w),

Voly) = —/r(x —y.w) g(x)dSs, yE R\ Sy, (3.2)
S1
Woly) = — /[Tl(ac,(')w)l"(x W) g(z) dSs, yER3\ Sy, (3.3)
S1
Ph(y) := /F(x —y,w)h(z)dr, yeR> (3.4)
951

Here g and h are densities of the potentials, T (z,0,,) = a,glj-)nk(x)awj, n(x) is the outward unit normal

vector to S7 at the point x € Sy, and

expliwy/Fy (a7 te - 2)Y/?}
4r(det a))V/2 (ay ta - x)1/2

is a radiating fundamental solution of the operator A;(0,,w) (see, e.g., Lemma 1.1 in [20]).

I(z,w) = (3.5)




310 S. GORGISHELI, M. MREVLISHVILI, AND D. NATROSHVILI

Remark 3.1. In a neighbourhood of the origin, e.g., for || < 1, we have the decomposition

_ 1 1 . _1 2 —1 1/2
Pla,w) = 4w(deta1)1/z{(a;1x.x)1/2““\/*71 et arte ) Pk (@6)

while for sufficiently large |y|, we have the following asymptotic formula:

Rl o g
Dy~ a) = Q)P0 IO, o) =~ (3

where x varies in a bounded subset of R, ¢ = £(n) € S, corresponds to the direction 7 = y/|y|
and is given by (2.13). The asymptotic formula (3.7) can be differentiated arbitrarily many times
with respect to x and y. Both formulas, (3.5) and (3.6), hold true for an arbitrary complex parameter
w = w1 +iwy with w; € R, j = 1,2. Evidently, the function I'(z) := I'(z, 0) is a fundamental solution of
the operator A;(9,) := A1(0x,0), while I'(z, ¢) is the exponentially decaying real-valued fundamental
solution of the operator A;(9y,). In view of (3.6), we have

Wlal)l/?{(l +iw) /R — %(oﬂ 1)k (artz o) 2] (38)

INz,w) —T(x,i) = —
implying for |z| < 1 the following relations:

9 o
&rk 8xj a(Ek

[[(z,w) = D(z,1)] = O(1), [T(z,w) = [(z,i)] = O(|lz| ™), k,j=1,2,3. (3.9)
The mapping properties of these potentials and the boundary operators generated by them in
the case of Lipschitz surface S; are collected in Appendix A. Note that the mapping properties
of layer potentials associated with Lipschitz and smooth surfaces are essentially different (cf., e.g.,
[3-5,13,29,43] and references cited therein).
Evidently, the layer potentials Vg and Wg solve the homogeneous differential equation (2.16), i.e.,

AVg=AWg=0 in R*\ Sy, (3.10)

while for f; € HY,, (€1), the volume potential P f; € HZ_(R?) solves the following nonhomogeneous

comp
equation (see Lemma A.1)

fl in le
APf = _ (3.11)
0 in Rg \ Ql.

Using the properties of layer and volume potentials (see Lemma A.1(iii)), for the exterior traces of
Green’s third identity (3.1) and its conormal derivative on S7, we get

V(T uy) + (274 — W)(’ys_lul) = V;P(Alul) on S, (3.12)
(2_11 + W’)(Tful) — [,(7;1 ul) = Tf’P(Alul) on Sy, (313)

where the integral operators V, W, W’ and L are defined in Appendix A by formulas (A.2)-(A.5).
Recall that the operators V, 2711 —W, 2711+ W' and £ involved in (3.12)—(3.13) are not invertible for
resonant values of the frequency parameter w. The set of these resonant values is countable and consists
of eigenfrequencies of the interior Dirichlet and Neumann boundary value problems for the operator
A; in the bounded domain surrounded by the surface Sy (see [42, Section 4], [11, Ch. 3], [9, Section
7.7], [7]). Therefore, to obtain Dirichlet-to-Neumann or Neumann-to-Dirichlet mappings for arbitrary
values of the frequency parameter w, we apply the combined-field integral equations approach and
proceed as follows. Multiply equation (3.12) by i« with some fixed positive o and add to equation
(3.13) to obtain (cf., [6,8,27,36])

K(T{ u1) = M(vg, u1) = ®(A1ur) on Sy, (3.14)
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where
Kg :(21+W +zon)g—(T+—|—za’yS Vg on 5y, (3.15)
M = [£+z‘a(—§1+w)]h:(T1++z'ays+l)Wh on S, (3.16)
O fi o= (Ty +ian; )P fi= (I +iayf )P fi on Sy, (3.17)
for f; € Comp(ﬂl), ge H 2(S,) and h € H2(S;). The relation (3.17) follows from the imbedding

Pfl € Hloc( ) for fl € H((:)omp(Rg)
In view of Lemma A.2, from (3.14), for arbitrary u; € H1 9(Qy; A1)NZ(€), we derive the following
analogue of the Steklov-Poincaré type relation:
Trur = K™ M (y; w) + @(Ajur)] on Sy, (3.18)
where K~ : H=2(S;) — H~2(S)) is the inverse to the operator K : H~2(S;) — H~2(S}).

4. WEAK FORMULATION OF THE MIXED BOUNDARY-TRANSMISSION PROBLEMS AND THE
EXISTENCE RESULTS

Here we apply the so-called non-local approach to obtain the variational-functional formulation
of the transmission problem under consideration. To this end, let us assume that a pair (ug,u1) €
HY0(Q; Ag) x (HL2(Q13 A1)NZ(91)) solves the mixed transmission problem (TM) (see (2.16)(2.19))
and (2.22). Applying relation (3.18), transmission conditions (2.18)—(2.19) and mixed boundary con-
ditions (2.22) in the Green first identity (2.12), for the domain g, we arrive at the equation

B(ug,v) = F(v)

L L B (4.1)

Vove H (Qg;5p) :={we H (Q) : T52D752Dw:0}’

where ‘B is a sesquilinear form and § is an antilinear functional defined, respectively, as
B(ug,v) == B (ug,v) + B (ug,v), (4.2)
B (ug, v) := / [akj (2) Ojus () Opv(z) — w?ko(z)us(2) v(z) | da, (4.3)
Qo
B (ug,v) := —(K~! ./\/l(’y;'1 us), 7 ’U>Sl, (4.4)
/f? d.’E+<IC q)flv’y+v> <w1a7;v>sl _<K71M@177;v>51

- <’(/}2Na’7_;2N U>S2N7 (45)

with the operators I, M, and ® defined by relations (3.15)—(3.17). We associate with equation (4.1)
the following variational-functional problem (in a wider space).

Problem (VMT1). Find a function us € H'(a; Sop) satisfying variational-functional equation (4.1)
for all v € H'(Qs; S2p).

Now, let us first prove the following equivalence

Theorem 4.1. Let conditions (2.23) be fulfilled.
(i) If a pair (uz,u1) € H0(Qg; Ag) x (Hlloco(ﬂl; A1)NZ()) solves the mized transmission problem
(TM), then the function ug solves variational-functional equation (4.1) and the following relation holds:

ui(y) = Phiy) = V(I uz — 1) (y) + WL uz — 1) (y),  y €. (4.6)

(ii) Vice versa, if a function us € H'(Qg;S2p) solves variational-functional equation (4.1), then
the pair (ug,u1) with uy defined by (4.6) belongs to the class H'0(Qq; Ag) x (HI{)CO(Ql; A1) N Z())
and solves the mixed transmission problem (TM).
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Proof. (i) The first part of the theorem follows from the derivation of variational-functional equation
(4.1).

(ii) To prove the second part, we proceed as follows. If ug solves variational-functional equation
(4.1), then for v € D(Q3y) the equation

/ [a,(fj) (x) Ojuz(x) Okv(x) — WQHQ(Z')UQ(J:)@} dxr = —/fg(x)mdx,
Qo Q2
particularly holds and implies that ug is a solution of equation (2.17), As(x,0z,w)us = f2 in s in
the sense of distributions and, evidently, us € H>%(22; A3) in view of (2.23). Therefore the canonical
conormal derivatives T4 uy € H™2(Sy) and Ty uy € H™2(S,) are well-defined in the sense of (2.8).
Further, it is easy to see that function (4.6) is well-defined, solves the differential equation (2.16) in
Q; due to (3.10)~(3.11), and belongs to the space H2(Q1; A1)NZ () in view of (2.23) and properties
of the volume and layer potentials. Therefore, the canonical conormal derivative 7] u; € H ~3 (S1) is
also well-defined in the sense of (2.7).
Now we show that mixed boundary conditions (2.22) on S and transmission conditions (2.18)—
(2.19) on S; are satisfied. To this end, we write Green’s identity (2.12) for uy and arbitrary v €
H'(92; S2p),

[ Bl ) - ra(a)ua(o) @) de = - [ fa(o) oo o
Qo

Q3
+{(T5 ug, v ’U>Sl — (T3 uz, s, v>SgN. (4.7)
Comparing (4.7) and (4.1) leads to the relation

<IC71 M(’Y:l u2) ) 7;v>sl =+ <K71q)fl ) ’Y;rl U>S1 =+ <’¢)1375J~F1U>Sl - <IC71 M@l ) ’y;rl’l}>5,1

_<¢2N’75_2N U> = <T2+u2 , ’Y;rl U>51 - <T2_u2v ’YS_2U>52N (4'8)

San

for all v € H(Qg; Sap).
If we take an arbitrary function v € H'(Qg; Sap) such that 'yg‘lv =0, from (4.8), we get

<w2N7’75_2NU>52N = <T2_u2 , 75_2U>52N (4'9)

implying the boundary condition 75 us = 1,, on San. Consequently, due to the inclusion us €
HY(Qs; S2p), it is evident that the mixed boundary conditions (2.22) on S, are satisfied.
In view of (4.9), from (4.8), we deduce

Kt M(W; ug) + K10 49y — K7 Moy =Ty up on 8.
Applying the operator K to this equation and taking into account (3.17), we arrive at the relation
M(V;uz — 1) = KT ug — 1) = —(T7 + ioz’y:l)Pfl on Si.
By (3.15), (3.16) and (3.17), the later equation can be rewritten as
(T +iavt ) [Wiiue — 1) = V(T uy — 1) + P fi] =0 on Sy (4.10)
Let us introduce the function
w = W(’y;ug — 1) = V(T ug — 1) +P fi in R*\ S,

Evidently, in view of the mapping properties of the layer and volume potentials (see Lemma A.1),
on the one hand, r, w = u; € Hllo’co(ﬂl;Al) N Z(Qy) due to (4.6), and on the other hand, r_, w €
HY0(QF: Ay), where QF = R3\ Q.
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Further, by (3.10), (3.11) and (4.10), we deduce that w solves the homogeneous interior Robin’s
problem

Al(ﬁ,w)w:() in Q+ :Rg\ﬁl,
(Tf—kia’y;“l)w:() on S; =007,

where « is a positive number. Therefore, by the uniqueness theorem, for the interior Robin’s problem
we infer w = 0 in QF. Thus,

(75} in Qh
w =Wyl uz — 1) = V(T ug — 1) + P f1 = (4.11)
0 in QF.

Using the inclusion P f; € H2 _(R3), relation (3.17) and the jump relations, for the layer potentials

loc
across the surface S; (see Lemma A.1), we find from (4.11) that

— 0y At
Vs, W= Vg,

wa—wa:T;u2—¢1:Tfu1 on Sy,

w ZV;W — 1 =75 u1 on Sy,

which show that the transmission conditions (2.18)—(2.19) hold. This completes the proof. O

Theorem 4.2. The homogeneous variational-functional Problem (VMT1) possesses only the trivial
solution in the space H'(Qg; Sap).

Proof. Let us € H*(29; Sop) be a solution of the homogeneous variational-functional Problem (VMT1),

B (ug,v) = / [agfj)(;v) djus(z) Opv(z) — wka(z)us(z) v(z) | do
Qo
—<K_1M(7:1u2),7;‘1v>31 =0 Vv e H' (Q9;5p). (4.12)
By the word for word arguments applied in the proof of Theorem 4.1, we can show that us is a solution
of the homogeneous equation As(x, 0z, w)us = 0 in Qs in the distributional sense and, evidently, us €

H9(Qy; Ay). Therefore the canonical conormal derivatives Ty uy € H~2(S;) and Ty up € H™2(S,)
are well-defined in the sense of (2.8) and for ug and arbitrary v € H 1(92; Sap), Green’s identity

/ [Es(u2,0) — w?ka(z)us(z) v(z) ]| do = (T5 us o v>Sl — (T uz, 'yS;U>SZN (4.13)
Qo
holds. Comparing (4.12) and (4.13) leads to the relation
<’C_1 M(’Y;_l u2) ) 7;—1 U>Sl = <T2+u27 '7;_1 U>S1 - <T5u2 ) 75_2/0>52N (414)

for all v € HY(Qg;S2p). If we take an arbitrary function v € H'(Qs; Sop) such that fy:lv =0, from
(4.14), we find

Ty us =0 on Sop.
Therefore from (4.14), we deduce
/\/l(’y;1 ug) — K(Ty uz) =0 on Sy,
which can be rewritten as
(T —|—iozvs+1) [W(’y;rl uz) — V(T3 uz)] =0 on Si. (4.15)

Let
up == Wyl uz) = V(T5up) in R*\ 8. (4.16)
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Note that in view of Lemma A.1, 7, u; € Hllo’CO(Ql;Al) NZ() and r_, uy € H-O(QF; Ay) with
Ot = R3\ Q1. Moreover, by (3.10), (4.15) and (4.16), we see that u; solves the homogeneous interior
Robin’s problem

Al(a,w)ul =0 in Q+ :Rg)\ﬁl,
(Tfr—kioz'y;rl)ul:() on S; =007",

where « is a positive number. Consequently, u; = 0 in Q% and due to the jump relations, for the
layer potentials, from (4.16), we deduce

- A +o. At
Vs, U1 = Vg, U1 = Vg U1 = Vg Uz ON S1,
Tfulszul—TfulzT;"uQ on Sl.

Combining the above obtained results, we finally see that the pair (ug,u;) € H%(Q9; Ag) x (Hl’ Oy

loc
A)NZ (Ql)) solves the mixed homogeneous transmission problem and by the uniqueness Theorem

2.4, we have us = 0 in Q%, which completes the proof. O

Now let us consider the following variational-functional problem.

Problem (VMT2). Find a pair (uz,u1) € H*(Q2;S2p) x (HL(21) N Z(Qy)) satisfying the system
of equations

B(ug,v) = F(v) forall ve H (Q;S2p), (4.17)

ui(y) + V(T uz)(y) = Wi u2)(y) = Phi(y) + Vi (y) = Wenly), v €, (4.18)
where B and § are defined in (4.2)—(4.5) and conditions (2.23) are satisfied.

Corollary 4.3. System (4.17)—(4.18) is equivalent to the mized transmission problem (TM) in the
Jollowing sense: if a pair (uz,u1) € H'(Qa;S2p) X (HL (1) N Z(Q1)) solves system (4.17)~(4.18),
then it is unique and solves the mixed transmission problem (TM), and vice versa.

Proof. In view of Theorems 2.4, 4.1 and 4.2, it suffices to show that the right-hand sides of system
(4.17)—(4.18) vanish if and only if

fl = Oa f2 = 07 Y, = Oa 1/11 = 0’ 7/}2N =0. (419)

Let
Fw)=0 VwveH (Q;S2p), (4.20)
Pfi+ Vi —Wepy =0 in Q. (4.21)

By the same arguments as in the proof of Theorem 4.1 (see the derivation of formula (4.11)), from
(4.20), we obtain

Pf1 + V’Q/J1 — W(pl =0 in QQ. (422)

From relations (4.21) and (4.22) the equalities f; =0, ¢, =0, and ¢, = 0 follow immediately in view
of Lemma A.1. In accordance with (4.5), then (4.20) takes the form

- [ @ 0@ o~ (07, D), =0, Vv € (i Sen),
Q2

San

implying f2 = 0 and 1,, = 0, which completes the proof. O

Remark 4.4. Note that only equality (4.20) separately leads to (4.22) and does not imply relations
(4.19).

Now we prove the following boundedness and coercivity theorem.
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Theorem 4.5. For the sesquilinear form B defined by (4.2)—(4.4) and the antilinear functional §
defined in (4.5) under conditions (2.23), there are real constants C7 >0, j =1,2,3,4 such that

|B(uz2,v)| < CT |lusal| Yaug, v € H (Q; Sap), (4.23)

Hl(ﬂg) ||U||H1(92)

()] < C3 o] Vv e H' Q2 82p),

H(Q9)

Re B (ug, ug) > C5 |lusl? — O ||uz|)? Yuy € H' (Qa; S2p). (4.24)

Hl(9) HO(23)

Proof. The boundedness of the sesquilinear form B (uy, v) follows directly from the Cauchy-Schwartz
inequality, %(1)(1@,0)’ < Cs [Juall g1, V]| #1 (0z), While the boundedness of the sesquilinear form
B3 (uy,v) can be shown by the duality inequality, Lemma A.2, and trace theorem,

B (2, 0)| = (K7 M7, 02), 7 0) |

SO Miv u2)ll -4 s, HV;UHH%(&)

< CoIMOZ )l -y g ol oy < Cs 2wl gy ) Nl o)

< 04 ||u2||H1(Qz) ||U||H1(Qz)a

where Cj, j =1,...,4, are some positive constants. Consequently, (4.23) holds.
Keeping in mind conditions (2.23), relations (2.10), (3.11), (3.17), (4.5) and the estimate

(10, T 0)s ] < C (T +iand)PAL gl
1

S1)

< Cs (AP fill sy + 1P fill i 0a) 0l )

< Ol o 10l

the boundedness of the functional § can be proved by the arguments similar to the above ones,

8 <Cs (1l iy + 12 lliyay + el ol
H2(S1) H  2(S1)
Ml Vol forall v e H'(Qa:82m).
H 2(San)
Now we prove inequality (4.24). In view of the positive definiteness of the matrix as = [afj) ]z i1
we have
(1) 2 _ 2
Re B (ug, up) > Cy fluzlly, = Cuolluallyy s
where Cy > 0 and Cjp = w? max ko (z).
Q2
Further, by Lemma A.6, we deduce
RE%@)(uQvu?) = —Re <’C71 M(’Y;rl u2) ; 7; 7'l’2>5'1
/ + 2 ! + 2
>l = Chlnd i,
! + 2 el + 2
>l Chlnd i,
> Cpllvgwell®, = Cyllual®,
H2(S1) H2+6(522>
> —Cy ||uz|® ; (4.25)

1
H2 T (0y)

where C] > 0, C4 > 0, and ¢ is an arbitrarily small positive number. By Ehrling’s lemma (see,
e.g., [38, Theorem 7.30]), for an arbitrarily small positive number  there is a positive constant C/(¢)
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such that
1
2 < 2 2 1 Ly
||w||H%+6(02) < €||w||H1(92) + C’({-:)||w||HO(Q2> forall we H (), 0<d< 5
Therefore from (4.25), we have
ReB® (uz,u2) > ~C4 (eluall?,  +CE)ual?, )
with e such that Cy — e C} > 0, which completes the proof. O

Now we can prove the following existence results.

Theorem 4.6. Let conditions (2.23) be fulfilled.

(i) Variational-functional equation (4.1) is uniquely solvable in the space H'(Qq; Sap) for arbitrary
antilinear bounded functional § defined on H'(Qa; Sop).

(i) System (4.17)—(4.18) with § defined in (4.5), is uniquely solvable with respect to the unknown pair
(ug,u1) € HY(Q2;S2p) % (HE (1) N Z(21)).

(iii) The mized transmission problem (TM) is uniquely solvable in the space H'(Q2; Sap) x (HL,(Q21)N
Z()).

Proof. Ttem (i) follows directly from Theorem 4.2, Theorem 4.5 and the Lax—Milgram lemma (see,
e.g., [29, Theorem 2.33]).

Further, as we have already shown, equation (4.17) with § given by (4.5) uniquely defines the sought
function us and, consequently, equation (4.18) defines explicitly and uniquely the sought function uy
in €3 which proves Item (ii).

Item (iii) follows from the uniqueness Theorem 2.4, Corollary 4.3 and Item (ii). O

Remark 4.7. Investigation of the transmission problems with Dirichlet or Neumann boundary con-
ditions on the interior surface Sy can be carried out quite similarly by using the above-employed ar-
guments. Under conditions (2.23), they are uniquely solvable in the spaces H'(Q2;52) X (Hp (1) N
Z(1)) and H*(Q) x (H(921) N Z(21)) respectively.

5. APPENDIX A: PROPERTIES OF RADIATING POTENTIALS

Here, we present some results concerning the properties of the layer potentials defined by (3.2),
(3.3), and the volume potential (cf. (3.4))

PI(y) = [T(o—y.w) fo)do, ye R
R3

in the case gf Lipschitz domains which are employed in the main text of the paper. Evidently,
Pfi(y) = Pfi(y), where f; is the extension by zero of the function f; form 7 onto its complement
R3\ Q).

We start with the following well known results (for more specific properties see [2-5,13,16,17,29,
32,43] and references cited therein).
Lemma A.1. (i) [13, Theorem 1(i),(ii)] For all o € [—1, 1], the following layer potential operators

Vo H 2H0(8)) — HYTO(R3\ ),

C H™249(8)) — HEF(94) N Z(9Qy),

V loc
W . H2to(S)) — H'WO(R3\ Q),
1%

L H2T9(S)) — HIT7 () N Z(Q)

loc

are continuous.
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(i) [81, Ch.XI, Theorem 11.2]; [16, Proposition 2.1] If f € HJ,,,,(R?), then Pf € HZ (R*)N
Z(R3) and

AP =F in B Pf]lp g SC N o,

where Q* is an arbitrary bounded domain in R3, Qf := supp f, and C* > 0 is a constant which
depends on the diameter of the domain Q*.

(i) [13, Lemma 4.1]; [17, Theorem 1.1] For h € H™2(S;) and g € Hz(Sy), the following
Jjump relations

1
VEVh=~5,V(h) =V(h), TiVh= (i 1+ W’)h on Si, (A1)
1 _
7§1Wg:(:F§I+W)g, TTWg=T Wg=:Lg on S, (A.2)
hold true, where I stands for the identity operator, and

Vh(y) :=— /I‘(gc —y,w) h(x)dS,, ye€ S, (A.3)

S1
Wyly) :=— /[T1 (,0:)T(z —y,w))] g(x)dS:, y €S, (A.4)

S1
W h(y) = — /[Tl(y,ay)F(m g h(x)dSs, y € Sy, (A.5)

S1

I(x,w) is the radiating fundamental solution defined by (3.5). The operators (A.4) and (A.5) are to
be understood in the Cauchy principal value sense, while (A.3) is a weakly singular integral operator.
(iv) [13, Theorem 1(iii)—(vi)]; [32, Theorems 7.1, 7.2]; [16, Theorems 3.1 & 4.1]; [5,
Corollary 3.6, Theoem 3.10] For all o € [f%, %], the operators
V:H 2t9(S)) —» H2to(S)), 1T+ W H3(S)) —» H 319 (Sy),
1T+ W H3 7(S)) = H21o(Sy),  L:H3+(S)) — H™279(8)),

are continuous Fredholm operators with zero index.

Lemma A.2. Let K and M be defined by (3.15) and (3.16) with « > 0. For all o € [—3, 3] the
following operators

]. 1 1
ICE§[+W' +iaV:H 217(8)) — H 2T7(Sy), (A.6)
]. 1 1
Mz£+z‘a(—§l+w> CHEYO(S)) — HO34o(Sy), (A7)
are invertible.

Proof. Due to Lemma A.1(iv), we need only to prove that the operators (A.6) and (A.7) have the
trivial null-spaces. First, we consider the case ¢ = 0 and let g € H_%(Sl) be a solution of the
homogeneous equation

Kg=0 on S5, (A.8)

and construct the function v := Vg in R?, where Vg is the single layer potential defined by (3.2).
Evidently, v € H“O(R?\ Q1; A1), v € HL (5 41) N Z(Q), A1(9e,w)v = A1 (Dp,w)V(g) = 0 in
R3\ Sy, and T v = TFVg € H-2(S)) is well defined. In accordance with relation (3.15), equation
(A.8) is equivalent to the condition

(Tfr—i—iavérl)vzo on Sy, a>0. (A.9)
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Therefore v solves the homogeneous interior Robin problem in R?\ Q;. Boundary condition (A.9) and
Green’s formula

/ Ajv vdx + / [E1(v,7) — w2l€1|v|2} de = (T} v, 'yjlv>sl
R\, RI\T,

lead to the equality

/ [E1(v,0) — w?kq|v|? ] dz +ia/ |’y;r1v|2 dsS =0.
]R3\§1 S1

By separating imaginary part, we deduce fy;“ v = 0on Sy, implying T 1+ v = 0on S;. Therefore, with the
help of the general integral representation formula of solutions of the homogeneous differential equation
Ajw =0,v=V(T{v) — W(Vg'l v), we finally deduce v = V(g) = 0 in R3\ Q;. By the continuity
property of the single layer potential across the surface S; (see the first equation in (A.1)), we have
7;’1 V=50 = 0 on S;. Consequently, the radiating function v = Vg solves the homogeneous exterior
Dirichlet problem for the operator A;(0,,w) and therefore vanishes identically in ;. Consequently,
by the jump relations (A.1) for the conormal derivative of the single layer potential, we find that g = 0
on S implying that the null-space of the operator (A.6) is trivial.

Now let o € [~1, 1]. Recall that for —1 < oy < 09 < 3, the inclusion H—3+92(S;) ¢ H~3171(S))
is continuous and dense. Therefore the null-space of the Fredholm operator (A.6) is the same for all
o€ [—1, 1] (see, e.g., [33, Lemma 11.40], [1, Proposition 10.6]). This completes the proof for operator
(A.6).

The proof for operator (A.7) is quite similar. O

Introduce the boundary operators 17, W, VNV’, Z, K and M generated by the single and double
layer potentials V and W constructed by the exponentially decaying real-valued fundamental solution
I'(x—y,i) (see (3.5)). Evidently, they are defined by the same formulas as their counterpart operators
V, W W' L K, M,V and W with I'(z — y,4) for TI'(x — y,w) and have all the mapping and jump
properties described in Lemmas A.1 and A.2. In addition, for these “tilde” operators we have the
following assertion.

Lemma A.3. For all o € [-3, 1] and a > 0, the following operators

Vi H™EH0(Sy) — HEH0(Sy),
:I:% I+W'H 2t9(8)) — H™319(8)),
j:% T+W:H? o (8)) = H2t7(8)),
L:HE7(Sy) — H™5H(Sy),

K==I+W’' +iaV:H t7(8) —» H 27(5,),

N |

~ 1 — 1 1
M=C+ia ( - 5I+W) CHEYO(S)) — Ho349(8))
are invertible.

Proof. All the operators stated in the lemma are Fredholm ones with zero index and their null-spaces
are the same for all o € [—1, 3] (see, e.g., [33, Lemma 11.40], [1, Proposition 10.6]). Therefore it
suffices to show that the null-spaces of the operators are trivial for o = 0.

Recall that ; := Q= and QT =R3\ Q.

First, let us prove that the null-space of the operator V is trivial. Let geH -2 (S1) be a solution

to the homogeneous equation l~2g = 0 on S;. Then the single layer potential © = V(g) belongs to
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H'(QF, ;11) with A := A1(0,,1), exponentially decays at infinity, and solves the homogeneous interior
and exterior Dirichlet problems

Aq1(0y, )u-akj)ﬁk(?u—mu—Oin vsiluzOonSlzaﬁi.

Consequently, with the help of Green’s formulas (cf. (2.11))

/ A1 (O, Du(z) u(x) de + /[E1 (w, @) + k1 |u(z)|? ) de = £(TFu, 7§1u>sl, (A.10)

Q= Q=
we deduce u = 0 in QF, whence g = 0 on S; follows due to the jump relations for the conormal deriv-
ative of the single layer potential (see Lemma A. 1(111)) which completes the proof for the operator V.
Now, let us consider the operator Mandlet h € H? (51) be a solution to the homogeneous equation

Mh = 0 on S;. Then the double layer potential w = W(h) belongs to H'(Q*; A 1), exponentially
decays at infinity and solves the homogeneous interior Robin’s problem

Aq1(0,, )w—akj)ﬁkﬁw—mw—()mﬂ+ Tf‘w—i—z’a’y;w:OonSl.

Therefore by Green’s formula (A.10), we deduce w = 0 in Q" and by Lemma A.1(iii), we have
T1+ w =T, w = 0. Thus, w solves the homogeneous exterior Neumann problem and, consequently,
w=01in Q~ in view of (A.10). The jump properties of the double layer potential complete the proof
for the operator M. O

For the other operators stated in the lemma the proofs are word for word.

Lemma A.4. Foro € [—%, %], the operators

V-—V:H 3t9(8) = H>t7(Sy), (A.11)
W =W’ H 319(8)) — H™217(8)), (A.12)
W—W:Ht7(8)) — H2T7(S,), (A.13)
L—L:H7(S)) — H 29(8y), (A.14)
K—K:H 2t9(8) = H 2t7(8)), (A.15)
M—M:H?>7(8;) — H™3H7(8)). (A.16)

are compact.

Proof. In view of Remark 3.1 and relations (3.8) and (3.9), the potential type operators V — V and
W — W for o € [—1, 1] have the following mapping properties:

V-V :H 37(S)) — H7(Qy),
W — W : H319(Sy) — H3"7(Qy).

Therefore the traces on Sy of the functions V (k) — V(h) and W (g) — W(g) with h € H=2%7($;) and
g € H219(5;) belong to H'(S;) in view of the Lipschitz character of the surface S;. Recall that in
the case of Lipschitz surfaces, the space H*(S7) is well-defined only for —1 < s < 1. Moreover, in
general, the trace of a function from the space H*(Q%) belongs either to the space H*~2(9Q%F) if
1 < s< 2, or to the space H'(90F) if s > 2 (see, e.g., [13,15], [23, Section 3]).

Consequently, for o € (=1, 1), the operators (A.11) and (A.13) are smoothing operators with
the range in H'(S;) which is compactly imbedded in Hz17(S;), while operators (A.12), (A.14),
(A.15) and (A.16) are smoothing operators with the range in H°(S;) which is compactly imbedded

in H—2%9(8;) for arbitrary o € (-3, 3)-
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For o = :I:%, the claim can be proved again using relations (3.8) and (3.9). For illustration, we

consider operator (A.11) for o = 3, i.e., we show the compactness of the operator

1
29
V-V HS)) — H'(S)).

Let My be a bounded subset in H°(Sy), i.e. ||g]|go(s,) < Cp for all g € My. Let {gn}32, € Mo be an
arbitrary sequence and Q(y,z) :=I'(y — z,w) — T'(y — z, i) be defined by (3.8). Then the sequence

on(y) = V()W) — V(ga) W) = Qnly) := / QU 7) gn(x) dS,s, € S,
S1

contains a fundamental subsequence in the norm of the space H(S;) since the Hilbert-Schmidt integral

operator Q : H°(S1) — H°(S1) is compact. We denote the fundamental subsequence by oV = ggfM.
It is evident that the same arguments can be applied to the sequence

Dijv(zl)(y) = Dyj Qggll)(y) = /DyJQ(yw%') gn(‘r) dS., Yy e S1,
S1

where D, denotes a tangential differentiation. We again conclude that this sequence contains a
fundamental subsequence in the norm of the space H°(S;). Denote this subsequence by 07(12) =0 97(12).

Thus we have shown that the sequence v, = Qg, contains a fundamental subsequence vy(lz) in the
norm of the space H)(S;) which implies that the operator Q@ : H°(S;) — H'(S), i.e., operator
(A.11) for o = % is compact. For o = —%, the claim follows from the duality arguments.

Now let us consider operator (A.13) for o = 1,

R:=W-W:HS) — H'(S). (A.17)

Further, let M7 C H'(S1) be a bounded set and {g,,}5; € M; be an arbitrary sequence. It is evident
that the kernel function T} (z, 9,)Q(y, z) of the weakly singular integral operator

Rgaly) = / Ty (2,0,)Q(y, 2) gu(2) dSs. 1y € 51, (A.18)
S1

is bounded on S; x Sy in view of (3.8)—(3.9). Moreover, the kernel function D, T1(x, 9,)Q(y, z) of the
operator Dy, R g,(y) has a weak singularity of type O(|z — y|~1). Therefore, by the same arguments
as above, we again can show that the sequence {R g,,}22 ; contains a fundamental subsequence in the
norm of the space H'(S;) which completes the proof for operator (A.17), i.e., for operator (A.13) for
1
The duality arguments imply the compactness of operator (A.12) for o = —%.
The compactness of operator (A.12) for ¢ = % and operator (A.13) for o = —1 is trivial.
Next, we consider operator (A.14) for o = %,
N:=L—L:HY(S)— H(S).
We have

Ngly) = / Ty(4,0,)T: (v, 0,)Q(y,) g(x) dSs. y € 5.
S1

It is evident that the kernel function T4 (y, 0y )T (z, 05)Q(y, x) is symmetric and possesses a weak singu-
larity of type O(]z —y|™!) due to (3.8)—(3.9). Therefore the Hilbert-Schmidt operator A" : HY(S;) —
HY(S;) is compact, implying the compactness of operator (A.14). By the duality arguments, we
conclude the compactness of operator (A.14) for o = —1.

The above results along with relations (A.6)—(A.7) and their counterparts for the “tilde” operators
imply directly the compactness of operators (A.15) and (A.16) for o = :i:%, which completes the
proof. O
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Remark A.5. Actually, in the proof of Lemma A.4 we have shown the following mapping properties
(ct. [5]):

V—V:H (S — H(S),

H
W' — W' H™3(S;) = H°(Sy),
H

N

(S1) = H'(S51),

D
|
(Y
=

(S1) = H(S1),
K—K:H 3(S) = H(S)),
M= M:H3(S;) = H(S,).
For the operatoElC defined by (A.6), we have the following representation K = T+C with T = %I +W’
and C =W’ — W’ +iaV and by Lemmas A.2 and A.3, we deduce
K'=T1'-K'CT,
K-"M=T"1'L+g, (A.19)
where
Gi= KT M+ T £~ L via -~ g1+w)].
By Lemmas A.2, A.3 and A.4, the following operators
KCT 1 H2(S1) = HO(Sh),
G:H?(Sy) — HO(S)) (A.20)
are continuous.
Lemma A.6. There are positive constants C; > 0 and C4 > 0 such that
Re (—K™'My, s, > CLIGI2 y o = Col0logs,) for all & € HE(S).

- HE(S))
Proof. In view of (A.19), (A.20) and the Schwartz inequality for all ¢» € Hz(S;), we have
Re(— K" My, ¥)g =Re(—[T'L+3G]¥, ¥)g
>Re (=T 'Ly, §)g —[(Gv, ¥)g |

=Re(—-T 'Ly, )y — ’/w gwds‘
S1

>Re(—T 'Ly, V), — 1% mocs,) [1¥1lrocsy)
>Re(—T 'Ly, §)g — 1913 5,y 19 llmocs) (A.21)

with some positive constant c;.

To estimate the first summand from below, we proceed as follows. The general integral represen-
tation formula for an exponentially decaying solution to the homogeneous equation A;(9,,i)w = 0 in
) reads as

w+ V(T w) — W(’ys_lw) =0 in .

Substituting here w = Wgo with arbitrary ¢ € Hz(S;) and taking the generalized trace of the conormal
derivative on S7, we obtain

Z(%I#—W)go = (%I—i—W') Lo on 5.
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This implies the following operator relation with the domain of definition H %(Sl) and the range
Hﬁ%(slx
-1

T-L = (%I+VNV’)_1[I:Z(%I+W> . (A.22)

Further, substituting « = Wg with g = (31 + W)_lgo and ¢ € Hz(Sy) in (A.10) for Q= = Q; and

~ 1
taking into consideration the equalities 77 v = L (%I + W) v and (A.22), we get

(T ), = (=T Lo, %), = [1Br(wd) + mlu(o)?) do (A.23)
Q1
where FEj is defined in (2.9). Since the matrix a; = [a’l(vlj)]ijzl is positive definite, k; > 0 and

Yg,u = @, with the help of the trace theorem, from (A.23), we deduce

(=T 1L, B)g, > allulpan > csligullyy o = csllol?,y o (A24)
where c; and c3 are some positive constants.
Now, using the inequalities (A.24) and

1
1913 5, 1m0 <€ ||¢||2%(Sl) t e 11 Zo(s,)»

from (A.21), we finally obtain
Re(~ KMy, ) >Re( =T 'Ly, )y — el y g, IWllmocs))

> 2
> allvl?y

> (ca—een) 12,

el s, 19 0ocs,
— (4e) a1 19l Focs,)s
where ¢ is an arbitrarily small positive number. This completes the proof. O

Remark A.7. In many papers, the one-sided boundary traces of layer potentials and their conormal
derivaives are understood in the nontangential limit sense (for details see, e.g., [17,32,43]). Note
that in the case of a bounded Lipschitz domain 2, a single layer potential V(h) with a density
h € H_%(aQ), as well as a double layer potential W (g) with a density g € H%(('?Q), belong to the
space H'(2) and possess the Sobolev boundary traces belonging to the space H %(89) (see Lemma
A.1). Therefore, for these potentials the nontangential boundary values exist almost everywhere
on 0 and the corresponding nontangential maximal functions are square integrable (see [32,43]).
Consequently, for these potentials the Sobolev traces and the nontangential traces on 92 coincide
(see, e.g., [2, Remark 6.7]).
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BOUNDEDNESS OF HIGHER ORDER COMMUTATORS OF G-FRACTIONAL
INTEGRAL AND G-FRACTIONAL MAXIMAL OPERATORS WITH G - BMO
FUNCTIONS

ELMAN J. IBRAHIMOV™, GULQAYIT A. DADASHOVA!, AND SAADAT AR. JAFAROVA?

Abstract. In this paper we introduce the Gegenbauer BMO (G — BMO) space and study its
basic properties, analogous to the classical case. The John-Nirenberg type theorem is proved for
f € BMOg(R4). Moreover, the notions of a higher order commutator of Gegenbauer fractional
(G-fractional) integral Jg’a’k and Gegenbauer fractional (G-fractional) maximal operator Mg’a’k
with G — BMO function are studied. When commutator b is a (G — BMO) function, the necessary
and sufficient conditions for (Ly; Lq) boundedness of commutators J’C’;’D"k and Mg’a’k are obtained.

INTRODUCTION

The boundedness of the fractional maximal operator, fractional integral and its commutators plays
an important role in harmonic analysis and their applications. In recent decades, many authors have
proved the boundedness of the commutators with BM O functions of fractional maximal operator and
fractional integral operator on some function spaces (see, e.g., [1-4,6-8,13,19]).

The fractional integral operator I, and fractional maximal operator M, are defined as follows:

Iaf(z)/lx_ffj)n_a, n>1 0<a<n,
R7l

1
Mof@) =sw o [ Il

|w—y|<r
Let b € Lioc(R™), then the commutator is generated by the function b(z) and I, is defined as the form
b(x) — by
017 (@) = b)) — Ta0)@) = [ 2= pay,

|z —y[n—e
R’n

In [2] and [19], the following theorem is proved by a somewhat different method.

1 1
Theorem A. Let0<a<n, 1 <p< D oand = — = =2 Then [b, 1] is bounded from LP(R™) to
a

p q n
LY(R™) if and only if b € BMO(R").

Define the commutator [b, M,] of the fractional maximal operator M, as

M) =5 [ b)) W)y,

r>0

|z—y|<r

In [19], it is proved that under the conditions of Theorem A [b, M,] is bounded from L?(R™) to L%(R™)
if and only if b € BMO(R"™).

In the present paper, we prove theorems on the boundedness of commutators both of the G-
fractional integral and of the G-fractional maximal operator on G— BM O space. The results obtained
here are analogous to the corresponding theorem obtained for the [b, I,] and [b, M,] in [2] and [19].

The paper is organized as follows.

2020 Mathematics Subject Classification. 42B25, 42B35, 43A15, 43A80.
Key words and phrases. G-Fractional integral; G-Fractional maximal operator; Commutator, G — BM O space.
*Corresponding author.
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In Section 1, we present some definitions, notations and auxiliary results. In Section 2, the G—-BMO
space is introduced and its properties are proved. In Sections 3 and 4 we prove the (L x; Lg»)
boundedness of the commutator of G-fractional integrals and the (L, x; L, x) boundedness of the
commutator of G-fractional maximal operator on G — BM O space, respectively.

1. DEFINITIONS, NOTATIONS AND AUXILIARY RESULTS

Our investigation is based on the Gegenbauer differential operator G (see [5])

d 1 d 1
Gr=G= (2% — 1)%4%(352 - 1)>‘+§%,x € (1,00), A € (0, 3)-
The shift operator Aéhy generated by G is given in the form (see [10,11])
NN

Aéhyf(chx) = )) /f(chxchy — shashy cos ¢)(sin SO)ZA_ldgo
0

T(M(5

and it possesses all properties of the generalized shift operator given in the monograph due to
B.M.Levitan [16,17].
Let H = H(0,r) = (0,7). For any measurable set E, uE = |E|\ = [sh**ydy. For 1 < p < oo, let
E

L,(Ry,G) =L, z(Ry), Ry = (0,00) be the space of measurable functions on R4 with the finite norm
1

1z, = ( / |f<chy>|psh”ydy)P, | <p<oo
Ry
|fllson = [flloe = ess sup |f(cha)], p=oo.
xER+

For f € Llloi (R4), the G-fractional maximal operator Mg and the G-fractional integral J& are defined
in [14] as follows:

MEg f(chz) = sup —

j/Aﬁhy\f(cthsh”‘ydy.
r>0 |H|>\ 2A+1

H

,
Here |H(0,7)|x = [ sh®*ydy is the measure that is absolutely continuous with respect to the Lebesgue
0

measure of the interval H
oo

Ag\h f(chz)
ngf(chl') /(Slflyy)2>\-‘1-1—()zSh2>\ dy
0

The next result has been obtained in [14] and gives us the (L x, L, ») boundedness of Mg and J&
(see also [13,15]).

1 220 +1
Theorem B. Suppose that 0 < A < 5,0 <a<22+1,and1 <p< + .
@

(a) Ifl<p< %, then the condition %—% = 5xq7 U necessary and sufficient for the boundedness
of M& and J& from L, x(Ry) to Ly a(R4).

(b) If p = 1, then the condition 1 — % = oyt s necessary and sufficient for the boundedness of M¢
and J& from L1 x(Ry) to WLy A(Ry).

We denote by WL, »(Ry) the spaces of all locally integrable functions f(chz), € Ry, with the
finite norm
1
1 fllw Ly a®y) = S‘ilgﬂ{x € Ry ¢ [f(chz)| >r}}, 1<p<q.
T

Throughout the paper A < B mean that A < CB with some positive constant C', which may depend
on some parameters. If A < B and B < A, we write A = B and say that A and B are equivalent.
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Let H(z,r) = (x —r,x +r)N[0,00), r € (0,00), x € [0,00). Thus,

Hiz,r) = (0,2 4+ r), 0<z<mr,
o M@= +r), >

We will need the following lemmas.

Lemma 1.1 ([14]). For any u > 0, the following relation is true:

pt1
(shm+r) . O<az+r<2

[H (,7)]

R

2p
(shz+r> , 2<z+r<oo.

For x =0 and p = 2\, we have
¥
[H(©O,1)x~ (sh3)

IAN+1, if 0<r<2,

where y = 7(r) = {4/\ if 2<r<oo

Lemma 1.2 ([11]). If f € Ly A(Ry) , then for any y € [0,00), the inequality

[Aehy fllr, » < fllz, 1 <p< o0 (1.1)
holds.

2. THE GEGENBAUER BM O-SPACE

The space of functions of bounded mean oscillation, or BMO¢, naturally arises as the class of
functions whose deviation from their means over intervals is bounded. The L., functions have this
property, but there exist unbounded functions with a bounded mean oscillation. Such functions are
slowly growing, and they typically have at most logarithmic blow up. The space BM O¢ shares similar
properties with the space L., and often serves as its substitute. What exactly is a bounded mean
oscillation and what kind of functions have this property?

The mean of a locally integrable function over a set is another word for its average over that set.
The oscillation of a function over a set is the absolute value of the difference of the function from
its mean over this set. The mean oscillation is therefore the average of this oscillation over a set. A
function is said to be of bounded mean oscillation if its mean oscillation over all intervals is bounded.
Precisely, given a locally integrable function f on Ry = (0, 00), denote by

1
fr(chz) = R/Aé‘hyf(Chx)ShQ/\ydy,
il

where H = H(0,r), the mean (or average) of f over H. Then the oscillation of f over H are the

functions |Ag\hyf(chx) — fu(chz)|, and the mean oscillation of f over H is
1

T / A%, F(chr) — frr(cha)|shydy.
H

2.1. Definition and some properties of the G — BMO space.

Definition 2.1. We denote by BMOg (R ) the Gegenbauer-BM O space (G — BMO space) as the
set of locally integrable functions on Ry = (0, 00) such that

z,reER4

1
I fllBrog®sy = sup i /|A2\hyf(Ch$) — fu(cha)|sh*ydy < co.
H

We set
BMOg(Ry) = {f € LYS(RL) : |f mog @) < o0} -
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Several remarks are in order. First, it is a simple fact that BMOg(R4) is a linear space, that is,
if fg€ BMOg(R;) and u € R, then f+ g and uf in BMOg(R), and

If + gllsroe < | fllBmos + 19l Brog, lnfllBros = [kl fllBaog-

But ||| Barog is not a norm. The problem is that if ||| paro, = 0, this does not imply that f = 0, but
that f is a constant. From Proposition 2.2, every constant function C satisfies ||C||gamo, = 0, then
the functions f and f + ¢ have the same BMOg norms. In the sequel, we keep in mind that elements
of BMO¢ whose difference is a constant are identified. Although || - ||ppmog is only a seminorm, we
occasionally refer to it as a norm when there is no possibility of confusion.

We begin with the basic properties of BMOg.

Proposition 2.2. The following properties of the BMOg(Ry) space are valid:

1) If | fllBmos =0, then f is a.e. equal to a constant.

2) Loo(Ry) is contained in BMOg(Ry) and || fllBmos < 2| fllL..

3) Suppose that there exist a constant A > 0 and for all intervals H in Ry a constant Cy such
that

sup
z,r€ER4 |H|)\

/ | A, f (cha) — Crlsh*ydy < A, (2.1)

then f € BMOg(R4) and || fllBrmos < 2A.
4) If f € BMOg(R;), y € Ry, then Ag‘hyf is also in BMOg(R4) and

1A%y fllBrros < Il Brog-
5) Let f be in BMOg(Ry) . Given an interval H and a positive integer m, we have
|brr (cha) — bam g (cha)| < 2ml|b|| Barog -

Proof. To prove 1), we note that f is a.e. equal to its average C'y over every segment [0, N]. Since
[0, N] C [0, N + 1], it follows that C'y = C41 for all N. This implies the required conclusion.
To prove 2), we using (1.1). Then

chy|Achy (Ch$> fH Ch$)| < Achy (|Achy (Ch$>| + |fH(Chx>|)
<2A%,1f(cha)] <2 flr...

For item 3), we get
| A%y f (cha) — fH(Chx)l < | A%y f(chz) — Cu| + | fu (chz) — Cl

<|A},, f(chz) — Cp| + m / | A, f(cha) — Cr|sh* ydy.
H

Averaging over H and using (2.1), one has

I fllBmos < 24.

Let us prove property 4). Applying Lemma 1.2, we have

||AchnyBMOG >~ Ssup ‘H|>\/‘Achy chy Chx)_Aé\hny(CthSh?/\ydy

z,rERL

1
< swp o / AXy [ A%, f(ch) — fr(cha)|shydy

z,rER 4

z,rER4

1
< swp / 43, (ehe) = fu(che) sy = [ £ mavo
H
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Finally, we prove 5). In fact,

|bg (chx) — bop (cha)| < T ‘/ Achy f(chz) — fop(chz)) sh2 ydy
|2H| /|Achy f(chz) —bgH(chx)|sh2)‘ydy<2Hf||BMOG

Then A,, iteration yields

|bH —bog +boyg —b22H—|—' "+b27n71H —meH| < 2m||f||BMOG. O

Ezample. We show that L..(R.) is a proper subspace of BMOg(R,). We claim that the function
log(shz) is in BMOg(R4), but not in Lo (Ry). To prove that it is in BMOg(Ry), for every zp € Ry
and r > 0, we choose a constant Cy, , such that the average |Aé\hy log(shz) —Cy, | for all y € [0, zo+7]
is uniformly bounded.

Consider the integral

xo+T

1
|Aé‘hy log(sha) — Cyy | sh*ydy,

|H (0,20 4 7)|x )

where Cy, » = (logr)(logxp), 0 < 29 < 2 and 0 < zy < arcshl. We may take r = 1, then

1 zo+1
m / ’A()t\hy log(shx)’ sh® ydy
0
1 zo+1
TIH(0, 70 + 1)]x / ’Achy log(ch®z — 1)% | sh®ydy
0
1 zo+1 )\ N ) -
~HH(O,20 + 1)l 77 1og[(Cthhy - thshy coSs (p) _ 1] 2 Shz)\ydy
[H(0,20 + 1)|x / ’ 2>/

$0+1

1
llog sh(z + )| sh**ydy < logsh(z + z + 1)

S—
|H(0,z0 + 1)|x )

<logsh(zg + 1 + arcshl) <logsh(zg + 2) < logsh4.

Now, let Cy, 1 = log(2x0), arcshl < z < zg, ©op > 2. In this case, we have

zo+1

1 /|A

S — log(shz) — log(2z0)| sh* yd
0

chy

sh(z +x9+1) sh(2zo + 2) (sh2zg)ch2 + (ch2z)sh2
<1 1 =1
=108 sh(2x) <log sh2zq 8 sh2zq
h2
=log (ch2 + % h2> < log(ch2 + 2sh2) < log(3ch2),
x

since chx < 2shx if x < 1.
Thus, according to property 3), log(shx) is in BMOg(Ry). It is obvious that log(shz) is not in

Loo(Ry).
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Below, we will need some property of BMOg(R4) functions. Observe that if an interval H; is
contained in the interval Hs, then

1
it = fl < = [ 143, o) = Fry (i)™ ey
Hy

1
< / | A, f(chz) — fu, (chz)|sh* ydy
|H1[x P

|Ha|x
STAR I fllBrog-

2

Theorem 2.3. BMOg(Ry) is a complete space.

Proof. Let {f,} be a Cauchy sequence in BMOg(Ry). Thus ||fr — fmllBMos — 0, for n,m — oo.
We choose a subsequence { fn, } of {fn} such that ||f,,., — fu.llBrog < 5% for all k > 1. From this
it follows that

o0 (o] 1
Z ||fnk+1 - fnkHBMOc < Z ok =1L
k=1 k=1

Then for a.e. x € Ry,

o0
Z |f"k+1 - fm| < 00,
k=1

and, consequently, the series

fn1 (Ch(E) + Z{fnk+1(Chx) - fnk (Chx)}

k=1

converges, this is equivalent to the existence of

lim f,, (chx),for a.e. z € Ry.
k—o0
We define the function f as follows:

f(chz) = {kll)n;o fay(chz), forae. xz€Ry,

0, otherwise.
Thus we prove that
klim Sy, (chz) = f(chz),a.e. z € Ry.
—00

By the triangle inequality,

k—1

fn1 + Z (fnk+1 - fnk)
v=1

| frillBrOG =

BMOg¢g

k—1
§H|fm| + ) s = i
v=1

’BMOG

k—1
<l saros + || D [Fanes = o] < fmllsros +1-
=1 BMOg¢g

From this it follows that
1 fnill Baro, < const, at &k — oo,
ie, f € BMOg(R;).
Now, we show that
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In fact,
(o]
If = fnk”BMOG = Z (fnu+1 - fnu)
ok BMOg
o0 o0
< Z |fnu+1 - fnu| ‘ < Z Hfﬂu+1 - f"v BMOg <L
v=~k BMOg v=1

By the dominated convergence theorem,
If = farllBrros — 0, at k— oc.
Finally, we have to show that {f,} is the Cauchy. Given ¢ > 0, there exists N, so, for all n,m > N,
we have
”fn - meBMOG < %
We choose a number n; > N, such that

13
If = frillBMOG < 3

Then we have
If = fullBroe < Nf = fallBrmog + | fn = farllBrog < e

This completes the proof. O

The next section needs the following statement.

Theorem 2.4 (Calderon-Zygmund decomposition of R ). Suppose that f is a non-negative integrable
function on Ry. Then for any fived number B > 0, there exists a sequence {(j — 1)r,jr} = {H;} of
disjoint intervals such that

(1) f(cha) < B,z ¢ UHj;
J
(2) ‘UHj’A < %Hf”LL,\;
J

1
i ] A Fleha)shPydy < 203G, =12,
J j

(3) B <

Proof. Since f € L; x(Ry), by Lemma 1.2, Ag‘hyf € L; x(R4) and by the integral continuity, we

can decompose R, into a net of equal intervals (by the Lindel6f covering theorem (see [18]), this is
possible)) such that for every H from the net

1
ﬁ/A;\hyf(chac)shwydy < B. (2.2)
H
In fact, for any 8 > 0, there exists 6 = §(5) > 0 such that for every H; with measure |H;|y = |H|) <6,
[ A scmsiuay <5, =12,
Hj

where

|Hj\>\:/sh2)‘ydy, (G=1,2,...).
H;

First, we prove (3). Let H; = (0,7) be a fixed interval in the net. Then by (2.2), we can write

1
T / A}, f(chz)sh*ydy < B. (2.3)
Hy
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We divide the interval H; into 2" equal intervals and let Hy = (0, 2") be one from this intervals. By
Lemma 1.1 (then g = 2X), one has

s
27

22+1
\H |\ = /sh”ydy ~ (Sh#) . 0< 2% <2.
0
Since for 0 < t < 1, sht ~ ¢, we have
ro\2AF1 o\ 231 1\
[Hilx =~ (Sh2n+1> ~ (W) ~ (2715}12) ~ 27U (24)
Concerning Hj, there may possibly be two cases:
|H f Achy f(cha)sh®*ydy > 8.
1
(B) | H N, f A}, f(cha)sh* ydy < B.
1A
For case (A), from (2.4) and (2.3), we have
1
6 < |H/| /Aé\hyf<0hx)8h2)\ydy
Hi
2(2)\+1)n o\
~ |H!|» /Achyf(Chw)Sh ydy
1 g
2(2A+1n 2X 2\ +1)n
SW/Achyf(Chx) sh™ydy < 2 B.
Hi

Here H{ we choose as one of the sequences {H;}.
We consider case (B). Suppose that Hj = Ha(r,2r). Dividing the interval into 2™ equal partials
and reasoning however, we obtain

5 < |H/| /Achyf(Chm)ShZ)\ydy

H;

NW /Aéhyf(chl')shmydy < 2(2)\+1)n6,
H,

2(2A+1)n

where Hj we choose as one of the sequences {H;}. Further reasoning of the process, we obtain a
sequence of disjoint {H;} such that

B < /A?hyf(chw)sh”ydy S2BAng - (n=1,2,..).

H;

| Hj [

Proof of (1). Taking into account (2.4), from the Lebesgue differentiation theorem (see [12, Corollary
2.1]), we have
1 A 2A
f(chz) = lim [E(0, 7] / Al f (chz)sh™ ydy < B
H(0,r)
for a.e. x & |J H;. It remains to prove (2). Passing to the limit by n — oo in the inequality
J

U #

j=1,2,...n

n 1 n
< Z [Hjlx < = Z/f(chx)sh”‘xdx,
A =1 B i=1g,

which is contained in the proof of Theorem 2.4 in [12], we obtain the assertion (2). O
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Remark 2.5. The Calderon-Zygmund decomposition stay valid if we replace Ry by a fixed interval
Hy for f € Lp’)\(H()).

2.2. The John-Nirenberg type theorem. Having stated some basic facts about BMOg, we now
turn to a deeper property of BMOg functions, that is, their exponential integrability. As we saw in
Example 2.5, the function f(chz) = log(shz) is in BMOg¢.
This function is exponentially integrable over any segment [a,b] of Ry in the sense that
b

/e‘f(Chm)lshQ’\xdx < 00.

a
It turns out that this is a general property of BMO¢ functions, and this is the content of the next
theorem.

Theorem 2.6. For all f € BMOg(Ry.), for all interval H = H(0,r) and a > 0, we have
{o € H : |AY,, f(cha) — fu(cha)| > a}|s
< e| e TTHG with A = (200ne)”

The proof of this theorem is based on the Calderon—Zygmund decomposition and is the same as
that of Theorem 7.1.6 in [9)].

Corollary 2.7. For all 0 < p < oo and H = H(0,r), one has

1
1
Sulo<|H| /|Achy f(chz) fH(Chx)|pSh2Aydy) S fllBaog- (2.5)

>0
Proof. In fact
/ (AN, £(cha) — fir(cha)Psh™ ydy

oo 1A%, f(cha)— fr (cha)|
__p /( / ap_ldm>sh2Aydy

00
__b p—1 h*ydy | d
[ / Ay
0 {z€H: |Achyf(chm)—fH(chx)\>a}

oo

:ﬁ/ap 1 Ha: € H: |Achyf(chx) — fu(chz)| > oz}|/\dx

oo

____Aa
6|]{|/\/0517*1e If1BMOG (o
TR

L(p
—pe AP)“f”BMOG = T+ Dl flzvoc.

where A = (6(2’\+1)"e)_1. O

Since inequality (2.7) can be reversed for p > 1 via Holder’s inequality (see [14, Theorem 3.3]), we
obtain the following important L,  characterization of BMO¢ norms.

Corollary 2.8. For all 1 < p < oo, we have

1 v
sSup <H| /‘Achy (Chx) - fH(Chx)|pSh2)\ydy> ~ ||fHBMOG'

z,rER 4
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3. COMMUTATORS OF GEGENBAUER FRACTIONAL INTEGRALS

In this section we study the (L x, Lq,x) boundedness of commutators of the Gegenbauer fractional
integrals J&, where

T AN chx
Jé f(cha) = /(Cslilyy];g_a)shwydy, a<y<22+1.
0

We will also illustrate that the boundedness of commutators of J& may characterize the BMOg(Ry)
spaces. First, we will give some related results. Suppose that b € Lfg\(Rg, then the commutator
generated by the function b and the J& is defined as follows:

J& f(cha) = b(chx)Jg f(chz) — J&(bf)(ch)

(4% b(cha) — b(ch
_ / Chy ( z>]Ag\hyf(chx)sh2’\ydy.
0

—Q

This implies that

Jgaf(chx) = }13% {[bH(chx) — b(chx)] / b= S

T

+/ Aé‘hyb(chw) — by (chz)

A hz)sh**
(Shy)via chyf(c J))S ydy}a

where H = H(0,r).
Since b € BMO¢(R4), by Theorem 4.1 and Corollary 2.1 in [12], the first term tends to zero a.e.
and

[e%e] A _
J¢i" flcha) = / [AChyb(:lfy))’Y—ZH(Chx)]Achyf(chx)shz’\ydy,
0

The k — th order commutator of the J& we define as follows:

Chy b(chz) — by (chz)]” A
(shy)r—« chy

Jé’;’“ ow f(chz)sh* ydy.

0

Theorem 3.1. Suppose that 0 < a <y <2\ + 1,1 <p < I and let 1% gy g % Then Jg’a’k is
bounded from L, x(Ry) to Ly A(Ry), if and only if b € BMOg(R4).

Q

Proof. Sufficiency. Let 0 <a <y <2\+1,1<p< I and b€ BMOg(R,), we get

b,ok ch b(chz) — by (Chl‘)]
Jg®" f(chz) (/ /> i hy) < A}, f(cha)sh*ydy

= J1( ) + JQ(T). (31)

Consider Ji(r). By Holder’s inequality, we have

1

AN b(chz) — by (chx kq T AN chz)P P
‘Jl |< (/ chy H( )| 2)\ydy> </ chy‘f( )| Shg)\ydy>
0

(shy)y—«

= Jl,l(’l“) . J1.2(7"). (32)
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We estimate Jy.1(r). One has

o T |A. b(cha) — by (cha)|k4 ;
atr (Z / gy Sh”ydy)
k=

2 (k+1)

—k

27 %r 1
h 7'1 (% o
SZE [ b beho) = by )
0

T
T
k+1

]

<(shr) 7 [|b]1% 1r00 (Z 2_(k+1)a) < (shr) 7 ||b]| Brog -

k=0
Now we estimate Jy o(r). One has

27 kp 1

o] 1 p
J1.2(7”) < <Z W / Ag‘hy|f(chx)psh2>‘ydy)
k=0 2F+1 o (hb )y

<(shr)¥ (Mg f(chx)[?)7 .
Taking into account (3.3) and (3.4) in (3.2), we get
[ 71(r)] S (shr)* (Il Baro,, (Malf (cha)?)? .
Consider Jy(r). By Holder’s inequality, we have

i | (cha)]
[ J2(r)] §/\Ag‘hyb(chx)fbH(chx)| (};iyﬁﬂlnydy

A2 b(cha) — by (cha)[*9 i
chy H( )‘ sh”‘ydy
shy)('Y a)q

1

( / Aoty ) < B,

For Ji(r), we have

1
Z |Achy (chz) bH(chx)|kqsh2/\ J q
shy (’Y a)q yay
ok+1,

> (sh2kF)v—(v—a)g z
ﬁ(Z(@)hw [ 143, beha) ~ b (et s h”ydy)
k=0 0

By property (5), we have |by(cha) — bor 7 (chz)| < 2k||b||BMoG. Then

Qk“/(va

Jh(r) < (shr)yate” 7(2 SO / | A, b(cha) — bor g (chz)[*sh* ydy

k=0

(2F)7=(r=a)e

1
K p, 22
+k§::0 (sh2k )7 / b (cha) — bk (cha)[*sh ydy>

1

a—2 > k a a—2
<(shr)* 7 ||b|| BrrOe (Z WW) < (shr)* 4 ||bl| Brog s

k=0

335

(3.4)
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since

1 1 1 1 1 —

I Y l_TTw

p q Y q p q P

e oy —a)g— (v—a)vp_7>0@(v—a)7p>

Y —ap Y —ap Y —ap
S(-ap>y—wpewp>yep> 1
From (3.6) and (3.5), we have
| J2(r)] < (shr)* ™% || £, bl Bt (3.7)

Taking into account (3.5) and (3.7) in (3.1), we obtain

TG f(cha)] S |(shr)® (Mgl f(eha) )7 + (shr)* 31 1,0 ] Ibllarog

The right-hand side attains its minimum for

ShT(vap [EAP >5
@ (Mgl f|p(ch))¥

and we have

. [P K 1
75 F(cha)| 5{[} (M| 17 (cha)) P
¢ TS U alppenayr] T
+[”f'] q||f||Lp,A}||b||BMoc
(Ml fiv(cha))?

1 1-2
— (Mg fP(ch))? £ 1Bl aroe

since

1 1
1 1_oa_, p_op
p q 0 q Y

From this and Theorem 2.2 in [12], we have

oo

/\Jéa * fcha)|"shadz < | Mal 17z, I F15, % 100 5hroq
0

SIS, 1Bl
Thus, we obtain

b,a,k
176" F(cha) L, S IF L, B0 -

Necessity. Let 1 <p < 2, f € L, A(R;), and let Jga " act boundedly from Ly a(Ry) to Ly a(Ry),

ie.,
178" fcha) | Lyn S IF Ly (3.8)

In what follows, the function f will be assumed positive and monotonically increasing. The dilation
function f;(chz) will be defined as follows:

f(ch(tht)x) < fi(chz) < f(ch(ctht)z), 0<t <1,
f(ch(tht)x) < fi(chz) < f(ch(sht)z), 1<t < 0.
Using (3.9) for 0 < ¢ < 1, we obtain

1, = [ tciipsittads)” < ([ ipenemtopsiio)
0 0

[(ctht)z = u,x = (tht)u]

(3.9)
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1
P

—(tht)? <7| f(chu)|psh2’\(tht)udu>

<( </|f (chu) |psh2Audu)
sht
) U = () 1l
1 a2
< (Cht) 2>\+1 “(a +2/\+p17'y) ||fHLp,)\ 5 (bht) ”f”L AT

On the other hand,

1illz, s = ( / (fy(cha)Psha dz)p § < /| Febtht) Peba dz>"
0 0

[(tht)z = u,z = (ctht)u]

—(ctht)? <7| f(chu)|psh2A(ctht)udu> ’

1
<(ctht) 5 ( / | f(chu) |psh2’\udu>

224
cht\ »
= () Sl
1

2>\+1 (a+2,\+1 7) Hf”Lp A~ (5ht) @ Hf”pr

=(ctht) %"

<
(sht) " »
From (3.10) and (3.11), we have
1fellz, = (sht)* 7 fllz, , 0<t<L
Now let 1 <t < oo. Then from (3.9), we have

1

I fellz, A = (/|ft(€h$)psh2’\xd:v>p > </|f(ch(tht)a:)|psh2’\xdx>p
0 0

[(tht)z = u,z = (ctht)u]

=(ctht)? <7| f(chu) |psh2)‘(ctht)udu) ’

(ctht (/|f (chu)|Ps h2’\udu>

S(sht)* 7 £z, -
On the other hand,

1

Il < [ tcitsnasnods )

0
u

ht)x = = —
[(sht)z = u, "

]

337

(3.10)

(3.11)

(3.12)

(3.13)
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1
=(sht)™ </|f (chu |psh2A u du>

<(sht)™ </|f (chu)|Ps h2’\udu>
Afl—ry 2>\+1 a2
<(sht)*t 55 1fllz, 5 = (h)* 7 flz, 5 (3.14)
From (3.13) and (3.14), we have
1 fille, » & (SH) % flln,0, 18 < 00, (3.15)

From (3.12) and (3.15),
1fillz, » & (sht)*"7, 0 <t < oc. (3.16)

Further, from (3.9) for 0 < ¢ < 1, we have

1
||Jga’kft||Lq,A = </|Jbak (chz)|s h”‘xdm)

1
( / | J&F f(ch(ctht)x )%h%@)

[(ctht) = u,z = (tht)u]

—(tht) é( / | & f(chu)|7s hz’\(tht)udu) ’

) < / |Jger f(chu)|qsh2’\udu> ’

0

<(tht) =

2241

2241 7 sht) ¢ b,a,k
=) Y = (5) I s
1

1

S—=7 G Flleg, S
(cht)i+ € ™ (cht)
<(sht) FIE ], (3.17)

~

b,a,k
NG iz
q

On the other hand,
[e'e] i
19 il > ([ 176 entenn)o) s
0
[(tht)x = u,z = (ctht)u]

1
(ctht) é</|Jb°‘k f(chu)|9sh?* (¢ tht)udu>

2241

, cht q b,k
E e = () T Bl
1

b,a,k N
Ziht s 196" fllog s S (sht) "7 | I fllr, 5 (3.18)
S q

>(ctht) e

From (3.17) and (3.18), we have
176 fillz, o & (sht) "3 1JG* fll,., O <t<L. (3.19)



BOUNDEDNESS OF HIGHER ORDER COMMUTATORS OF G-FRACTIONAL INTEGRAL

Now let 1 <t < co. Then from (3.9), we get

o 1
176" fellz, 2 (/IJZ’a’kf(ch(sht)x)qsh”mdl’>
0

[(sht)z = u,z = i]

—(sht)~ (/JW F(chu)[sh ﬁ du )

<(sht) ™ TG g < ()T TG e

QA —

On the other hand,

1
TG fillyn > </|JM f(ch(tht)z )|qsh%dx>

[(tht)z = u,z = (ctht) ]
=(ctht)e [ [ |J5%F f(chu)|9sh® (ctht)udu ’
(/ )

2241 g ETA
>(ctht) "o [|IG " fllz, = (sht) "7 TG flL, -
From (3.20) and (3.21), we have
1IE" fell g = (sh) 3 [ TG  fllz, 5 1<t < oo
Combining (3.19) and (3.22), we obtain
b,k - b,k
176" fill g s = (sht) " [|JG" " L, 5, 0 <t < o0
Taking into account inequality (3.8), as well as (3.23) and (3.16), we obtain
17E" fillzyn = (sBOTIIE" fellz, s
S 6T fille, s S (W) T T flli, = (sh)* G D £,
%, then, as t — 0, we have
15 fln, =0 forall f € LyA(Ry).
If L — 1> 2 then, ast — oo,
a7
117G fllz, . =0 forall f € Lga(Ry),

which cannot be true.
Therefore,

5

ESE N
Q|

4. COMMUTATORS OF THE GEGENBAUER FRACTIONAL MAXIMAL OPERATOR

Let b € LY (R4 ), then the k — th order commutator MEr

is defined as follows:

— / |Ag\hyb(chx) by (chaz:)|kAChy|f(ch9L‘)|sh2>‘ydy7 k=1,2,...,

where H = H(0,r).

339

(3.20)

(3.21)

(3.22)

(3.23)

generated by the function b and Mg
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Theorem 4.1. Suppose that 0 < a <y <2A+1,1<p< I and % — % = % Then the commutator

Mg’o"k is bounded from L, x(R+) to Ly A(Ry), if and only if b € BMOg(Ry).
Proof. Let b € BMOg(Ry). For the fixed x € Ry and r > 0, we have

F(ch)| = / \Aéhyb chzx) — bH(chx)|k

Jb a, k:
¢ (shy) =

Chy | f(ChLL') |Sh2>\ydy

A}, | f(chz)[sh* ydy

/ \Achy (chz) — b (chz)[*

(shy)v—«
>71 AN b(ch by (chz)|F A ha)|sh?yd
oy | AL, b(chz) — by (cha)[" Ag,, | f(chz)[sh™ ydy
0
s [ AN, behn) — ()] A3, | )b ydy. (4.1)
|H|)\ H

Taking supremum for » > 0 on both sides of (4.1), we obtain
Mg f(eba) S TG (1f])(cha), V€ R
Thus, when b € BMOg(Ry), from this and Theorem 3.1, we have
b,a,k
[MgG*" f(cha)llz, @) S If L, @

On the other hand, suppose that Mb *k is bounded from Ly, A(Ry) to Ly A(Ry). Choose any interval
Hin Ry,

1
T / | A, b(chz) — by (cha)[sh* ydy
H

1
%W / |Aé\hyb(6hw) a bH(CthShZ/\ydy ' /Aé\hyXH(chx)shQ’\xdx
X
" H

1
N— s /( — /|Achy (chz) — by (chx)] - AchyXH(chm)sh xdm)shz)‘ydy
|H|)\ ! 7
NW Mba XH(Chx))Sh ydy
|H|>\ H
1 v @
SH(;( / sh”ydy> ( / MS“(XH(Chw))Sh”ydy)
|H|)\ H H
]. L] b,a ].
NT|HA|“ ||MG XH”Lq,A(H) = ﬁ|HA|" HXH”L“(H)
| A K | ‘)\
1 2 1
§T|HA|“ [Hi[? S 1.
[H|\ "
Thus b € BMOg(R,). O
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SOME MODULAR INEQUALITIES IN LEBESGUE SPACES WITH A
VARIABLE EXPONENT

MITSUO IZUKIM™, TAKAHIRO NOI2, AND YOSHIHIRO SAWANO3

Abstract. Our aim is to study the modular inequalities for some operators, for example, the
Bergman projection in Lebesgue spaces with a variable exponent. Under proper assumptions on
the variable exponent, we prove that the modular inequalities hold, if and only if the exponent
almost everywhere is equal to a constant. In order to get the main results, we establish a lower
pointwise bound for these operators of a characteristic function.

1. INTRODUCTION

The study on variable exponent analysis has been rapidly developed after the work [18] where
Kovécik and Rdkosnik have established fundamental properties of variable Lebesgue spaces (see also
[4,14,21]). In particular, the theory of variable function spaces in connection with the boundedness
of the Hardy—Littlewood maximal operator M has been deeply studied. Cruz-Uribe, Fiorenza and
Neugebauer [6,7] and Diening [9] have independently obtained the log-Hélder continuous conditions
that guarantee the boundedness of M on variable Lebesgue spaces. We also note that the recent
development of variable exponent analysis has the extrapolation theorem from weighted inequalities
to norm inequalities on variable Lebesgue spaces [5, 8].

In general, the boundedness of M on the variable Lebesgue space LP()(R™) describes that the norm
inequality

M fllrer@ny < Cllfllro @e) (1.1)
holds for all f € LP()(R™), where C is a positive constant independent of f. Lerner [19] has pointed
out the crucial difference between the norm inequality (1.1) and the following modular inequality

/Mf w>dw<c/\f )|P@) g (1.2)

More precisely, Lerner has proved that p(-) must be a constant function whenever 1 < ess Hignf p(z) <
rER™

esssupp(z) < oo and the modular inequality (1.2) holds. Izuki [11] has considered the difference
rER™
for some operators arising from the wavelet theory. Izuki, Nakai and Sawano [13,14] have given an
alternative proof of Lerner’s result. They have also studied the problem in the weighted case [15].
Recently, Izuki, Koyama, Noi and Sawano [12] have considered some modular inequalities for some
operators. In this paper, we focus on three operators below. First, we investigate the Bergman
projection operator on the unit disc D in the complex plane. The generalization of holomorphic
function spaces in terms of variable exponent and the boundedness of Bergman projection operators
on variable exponent spaces have been studied [1-3,16,17]. Among them we focus on the work [1] due
to Chacén and Rafeiro. They defined Bergman spaces AP() (D) with variable exponent p(-) on the
open unit disk D. Applying the local log-Hélder continuous condition and the extrapolation theorem,
they proved the density of the set of polynomials in AP()(D) and the boundedness of the Bergman
projection P : LP()(D) — APC)(D). In particular, Chacén and Rafeiro [1] have obtained the norm
inequality
IPfllLeer @y < CllflLeo o) (1.3)

2020 Mathematics Subject Classification. 42B35.
Key words and phrases. Variable exponent; Modular inequality; Lebesgue space.
*Corresponding author.
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for all f € LPO) (D).
Our second target operator is

_ -1 f(w) _ . 2
BRif(Z)—7/mdA(w), Z—$+Zy€R+7
B

where dA(w) denotes the Lebesgue measure and Rﬁ_ is the upper half-space over R? ~ C. Via this
identification of R? and C, the space AP()(R%) is defined to be the set of all holomorphic functions
which belong to LP()(R2). Karapetyants and Samko [17] proved that Bgz is a projection from
LPO)(R%) onto APO)(R2) if p(-) € P(R%), the set of all measurable functions p(-) : R2 — (0, 00) such
that loglog p(-) € L>°(R? ), satisfies the log-Hélder condition and the log-decay condition [17, Theorem
3.1 (1)]. So, they have obtained the norm inequality

1Brz fllLeor@2) < CllfllLeorw2) (1.4)

for all f € LPO(R2).

Finally, we consider bRi , the harmonic projection in R’}. Let R’ stand for the upper half-space
over R™ with n > 2. For « = (z1, 9, ...,x,), we write 2’ = (z1,22,...,2,—1) and T = (a/, —x,). As
usual, hP(R? ) stands for the harmonic Bergman space of harmonic functions that belong to LP(R".).
Once again dA(x) denotes the Lebesgue measure. The corresponding Bergman projection bRi defined
by

bey f(a) = [ Rl f(0)dAW)

K}
_ 2 n n(szryn)* |93*1,_/|2
-5 (3) [ )
7

is bounded from LP(R") onto h?(R’}) [22]. Namely, bg» f € hP(R’}) and the norm inequality

[brr. fll Lo ey < ClIf L@ (1.5)

hold for all f € LP(R"). Karapetyants and Samko have extended (1.5) to the variable exponent
settings [17, Theorem 5.1].

In the present paper, we consider the modular inequalities corresponding to the norm inequalities
(1.3), (1.4) and (1.5). More precisely, for example, if p(-) satisfies

1 < esssupp(z) < esssupp(z) < 0o
zeD z€D

and the modular inequality

/ PSPPI dA() < C / F()PPdA(z)
D D

holds for all f € L”(')(]D))7 then the variable exponent p(-) must be a constant function. We can prove
similar results for BRi and bRi' In order to prove them, we need a lower bound for the image of the
characteristic function of a certain set. We will show a key lemma for the lower bound before the
statement of the main results.

In the present paper we will use the following notation.

1. Given a measurable set E, we denote the Lebesgue measure of E by |E|. We define the
characteristic function of E by xg.

2. A symbol C always stands for a positive constant, independent of the main parameters.
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2. FUNCTION SPACES WITH VARIABLE EXPONENT
Let D be the open unit disk in the complex plane C, that is,
D:={zeC: |z| <1}
Let also R’ be the upper half plane, that is,
R" :={z = (2/,z,) €R" : 2’ e R" ! 2, > O}.

In the present paper we concentrate on the theory on function spaces defined on D or R} with n > 2.
We first define some fundamental notation on variable exponents. Let X denote either I or R}.

Definition 2.1.
1. Given a measurable function p(:) : X — [1,00), we define

py i=esssupp(z), p_ :=essinfp(z).
2€X zeX

2. The set P(X) consists of all measurable functions p(-) : X — [1,00) satisfying 1 < p_ and
P+ < 00.

Chacén and Rafeiro [1] defined generalized Lebesgue spaces and Bergman spaces on D with a
variable exponent.

Definition 2.2. Let dA(z) be the normalized Lebesgue measure on X and p(-) € P(X). The Lebesgue

space LP()(X) consists of all measurable functions f on X satisfying that the modular

oo(f) = / £ dA(z)
X

is finite. The Bergman space AP()(D) is the set of all holomorphic functions f on I such that
f e PO (D).

We note that Lp(‘)(X ) is a Banach space equipped with the norm
£l oo x) == nf{A >0 1 pp(f/A) < 1}.

The projection P : L?(D) — A?(D) is called the Bergman projection and given by

Pf(z) /(f(w)QdA(w)

1 —wz)
D

It is known that P : LP(D) — AP(D) is bounded in the case where p(-) = p € (0,0) is a constant
exponent [10,22]. See also [20] for the case of p = 2.
Chacén and Rafeiro [1, Theorem 4.4] proved the following boundedness

Theorem 2.3. Suppose that p(-) € P(D) satisfies the local log-Hdlder continuous condition

< -
log(e + 1/|z1 — 22|)

p(21) — p(22) (21, 22 € D).

Then the Bergman projection P is bounded from LPO)(D) to AP()(D), in particular, the norm in-
equality

1P fll oo @y < ClIf e )
holds for all f € LPO)(D).

In the following sections, we consider the modular inequalities corresponding to the norm inequal-
ities (1.3), (1.4) and (1.5).
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3. BERGMAN PROJECTION ON D

Theorem 3.1. Let p(-) € P(D). If the modular inequality

/ PF()PEdA(z) < C / FEPEAA() (3.1)
D D

holds for all f € LPO)(D), then p(z) equals to a constant for almost every z € .

In order to prove this theorem, we apply the following lower pointwise estimate for the Bergman
projection.

Lemma 3.2. Let 7 € D. Then there exists a compact neighborhood K of T such that
Re(Pxg(2)) 2 ¢ | El
for all measurable sets F C K, where ¢, is a positive constant depending only on 7.

Proof. Note that there exists a compact neighborhood K of 7 such that

. 1
Cr = Zﬂ}jréf}(T Re ((1—11)2)2> > 0.

Thus

9

Re(Pxe(2)) = /Re <(12> dA(w) > ¢ /dA(w) = ¢,|E|,

1 —wz)
as required. O
Now we prove Theorem 3.1.

Proof of Theorem 3.1. Let 7 € D and K, be the compact neighborhood appearing in Lemma 3.2.
Assume that p(z) does not equal to any constant for almost every z € K. Then we can find subsets
KF of K, such that

sup p(z) < inf p(z). (3:2)
zeEK . zeKt

Using Lemma 3.2 and modular inequality (3.1), we have
/ (ke | K7 )PP dA(z / kP - (2)[P*) dA(= / PR dA(2)
K D
for all £ > 0. Consequently, if kc,|K-| > 1 and k > 1, then we obtain
K |(kep | J7 )™ et PO < QR 1555 Prens PO,

This contradicts (3.2). Consequently, it follows that for all 7 € D there exists a compact neighborhood
K, such that p(z) is equal to a constant for almost every z € K. Since D is connected, it follows
that p(z) is equal to a constant for almost every z € D. O

4. BERGMAN PROJECTION ONTO Ri
As the following lemma shows, BRi is not degenerate.
Lemma 4.1. Let 7 € R2. Then there exists a compact neighborhood K, of 7 such that

Re (Bez (x)(2)) 2 C/ ||

for all measurable sets F C K.
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Proof. Let T=a+ i € C~ Rﬁ_. Firstly, we prove that there exist C'; and a compact neighborhood

K, of 7 such that
1
Re| ——= )| < -C, <0
e(<zw>2>— -

holds for any z,w € K,. To do this, we consider the real part of (Z — w)? keeping in mind that

Re (1> ~Re (<‘w>2) |
(z —w)? |z —wl*
We can take v > 0 so that 8 — v > 0 because 8 > 0. We learn that
K.={z+yi:a-(8-7)/2<z<a+(8-7)/28-7<y<B+7}CRY)
makes the job. In fact, let z = a + bi, w = ¢ + di € K. It is easy to see that Re(Z — w)? < 0, since
zZ—-w)*=(a—c)?—(b+d)?—2(a—c)(b+d)i

and |la —¢c| < —y<2(8—7) <|b+d|
Consequently, from the property of K., we have
-1 1
Re(fs (ve(2) = = [ Re (= ) dw) = €, [ aa(w) =B
E

s

for any E C K. O

Using Lemma 4.1 and an argument similar to the proof of Theorem 3.1, we obtain the following
theorem. So we omit the proof.

Theorem 4.2. Let p(-) € P(R%). If the modular inequality

[ dae < [1repe aae
P

2
R

p(2)

holds for all f € Lp(')(]Rf_), then p(z) is equal to a constant for almost every z € R2.

5. HARMONIC PROJECTION IN R’}
The same technique can be applied to the harmonic projection over R’ .
Theorem 5.1. Let p(-) € P(RY). If the modular inequality
[0 aac) < @ [irre aac)
R? R?
holds for all f € Lp(')(R’_f_), then p(z) is equal to a constant for almost every z € R!.
Proof. Let x = (2/,2,) € R". be fixed. Then we have

n(Tn +2n) — |z — 2> n-21,

—n—1
|{E _ Z|n+2 - on+1 Tn

for 2 = (#/,2,) = x = (2/,z,). Based on this equality, we will prove that p(z) is equal to a constant
for almost every z € R} via three steps.
1. If z, < %, then we obtain

n(n +yn) — |l —9> _ n—2x,

—n—1
|x _ g|n+2 on+3 Tn >0

as long as y = (v, yn) belongs to an open neighborhood U of x. Thus, if we go through the same

argument as before, we see that p(z) is equal to a constant p; for almost every z € R} with z, > 5

2. If x, > 7 instead, then we obtain

n(Tn +yn) — |t =72  n-—2z,

—n—1
|£U _ y|n+2 on-+3 Tn <0
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as long as y = (y',y.) belongs to an open neighborhood U of z. Thus, if we go through the same

argument as before, we see that p(z) equals to a constant py for almost every z € R} with z, < 3.
3. Finally, we prove that p; = p2. To this end, we consider a small neighborhood U at (0, %) and

a small neighborhood V at (0,3n). Since

n(Tn + 2n) — |z — 2|2
|z — z|nt2

<0
if v = (0,%) and z = (0,3n),
n(Tn + 2n) — |z — 2|2
|z — z|nt2

< —¢p

for any z € U and z € V for some ¢, > 0. Thus, we can through the same argument as before, to
conclude that p; = ps. O
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COMPLEX REPRESENTATION IN THE PLANE THEORY OF
VISCOELASTICITY AND ITS APPLICATIONS

TSIALA JAMASPISHVILI

Abstract. The complex representation in the plane theory of viscoelasticity and Kolosov—Muskhe-
lishvili’s type formulas in the conditions of plane deformation and in the plane stressed state are
obtained. Investigation of various possible forms of viscoelastic correlations can be found in [1-4,
6-9,11]. Certain contact problems of viscoelastic bodies and the corresponding integro-differential
equations are studied in [5,12,13]. The present paper considers the problem of a rigid punch on the
boundary of a half-plane in the presence of fraction.

1. INTRODUCTION

Basic equations of the creep theory expressing the connection between stresses and deformations
of hereditary aging media under small deformations have the form [1,4,11]

t

2es; (t,7) = / (rr) Ky () dr () = 1,2,3),
(1.1)
c(tr) = ‘;(f’(;) - / 7 (rr) K (t.7) dr.

where t is time, r is the radius-vector of the point, tg is the age of the material element at the
moment of loading, s;;(¢,7) and e;;(¢,r) are, respectively, the tensor deviator components of stress
and deformation, G(t) is the instantaneous shear modulus, E*(¢) is the instantaneous volumetric
deformation, € (¢,7) is the mean deformaton, o (¢,7) is the mean stress, K1 (t,7) and K (t,7) are the
kernels of shearing and volumetric creep deformation, respectively, which can be represented in the
form

Ky (t,7)= 9 [ ! + w(t, T):|, Ky (t,7) = 1 +C*(t,7)|,

ar |G (1) or | E* (1)

where w (t,7) and C* (t,7), are the creep measures of shearing and volumetric deformation. As
is known, the components of stress and deformation tensors o;; and €;; are connected with the

components of the corresponding deviator as follows:
1 1
Sij = 045 — 005, 0= 3 Oiiy €5 = Eij — E0ij, €= g&?ii;
here, §;; is the Kronecker symbol.

For one-dimensional stressed state of tension-compression we have
t
O-'LZ ?
g (t,r) = /0'” 7,r) K (t,7)dr, (1.2)

K (t,7) = a%— [ﬁ +C (t,T)] is the creep kernel of tension-compression deformation, E(t) is the
instantaneous Young modulus, C(¢,7) is the creep measure of tension-compression deformation. The
2020 Mathematics Subject Classification. T74B05.

Key words and phrases. Viscoelasticity; Volterra’s integral equation; The problem of a punch; Boundary value
problem of linear conjugation.



352 TS. JAMASPISHVILI

following correlations are known:

E(t) E(t)
21+ ()’ 1—2u1(t)’
w(t,m)=2[1+w(tn)]C 1), C* (,7)=[1+2w(t1)]C{,T1),

G (t) = E* (t) =

where v (t) is the Poisson coefficient of elasto-instantaneous deformation, vs (t,7) is the Poisson
coeflicient of creep deformation.
Elasto-instantaneous modules are the positive, continuous, bounded and monotonically increasing
functions on every ty < 7 < 00, therefore they may satisfy the following conditions:
dE (1)
dr
where Ej is an elastic modulus of the material, rather large in age. Creep measures are the nonnegative,
continuous functions of two variables with the following properties: tg < 7 <t < 0.
C(tt)=0, C(t,7)~e(r) (t—00),
aC (t, T oC (t,
(7)) 9C(T)
ot or
¢ (1) defines the aging process of the material, and the function 1 (y) characterizes hereditary prop-
erties of the material, moreover,

>0 (1<), E(r)~Eyj<oo (r—00), E(ty) >0,

Cit,r)~ypt—71) (1—=00, 7<U), <0 (r<t<o0).

dfh(_T)<0 (1<), @(r)~Coy>0 (1r—=00), ¢(ty) <oo
PW oo <o v~G ox). wO)=0

where Cj is the limiting creeping measure for the material, highly large in age.
In view of the above-mentioned properties, the creeping measure C(¢,7) is usually representable in
the form [4]:

Ct,1)=¢(7) (1 — e_v(t_T)) , v = const . (1.3)
The correlations expressing stress components through deformation components are obtained from
(1.1) and (1.2) by solving the Volterra integral equations. From (1.2) we get [11]:
t
=gy (t,r)+ /511‘ (r,7) R (t,7)dT.

to

04 (t, 7”‘)
E(t)

Here, R (t,7) is called a kernel of relaxation, or in other words, the resolvent of creeping kernel K (¢, 7).

2. COMPLEX REPRESENTATIONS IN THE PLANE THEORY OF VISCOELASTICITY

(a) For a plane stressed state o153 = 023 = 033 = 0, all the rest components of stresses together
with the components of deformation are the functions of variables (¢, z,y), therefore correlations (1.1)
take the form

s ) = o - [o, 2 [ s o] ar

B E(r)
_6ij2((tt))(0'11+0'22)+5ij % {lg((;’)) + 19 (L‘,T)C(t,T):l (0’11—|-(722)d7', 1,7 =1,2, (2.1)

to
t

t 0
533(t733,y)=—2(<t)) (011 + 022) +/E [Vl 77_- + o (taT)C(taT)] (011 + 092) dr.
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(b) For a plane deformation, 17 and €35 are independent of z, €35 (¢, z,y) = 0. Assuming E (t) =

E = const, v (t) = vo (t,7) = v = const, we obtain o33 = v (011 + 022), and equalities (1.1) take the
form

t

1+1/ v(l+v
Eij (t,x,y) E /01]8 dT—CSij%(Un-FUQQ)
/ 0
+0;;v (1 +v) / EC (t,7) (011 +092)dr, i,57=1,2. (2.2)
to

Expressions (2.1) and (2.2) are the analogues of Hook’s law in the theory of viscoelasticity, i.e., they
establish a connection between the components of deformation and stress tensors in the conditions of
plane deformation and plane stressed state, respectively.

In the absence of body forces, the equilibrium equations take the form

80'11 (t7 €, Z/) + 60'12 (ta xz, y) 80'21 (t7 €, Z/) + 6022 (tv x, y)

=0 =0.
ox 8y ’ ox ay
As is known [10], these equalities result in
0*U (t,z,y) U (t,z,y) 0*U (t,z,y)
ou (t,z,y) = T’ o2 (t,2,y) = oz o1z (t,z,y) = _Tay’

where U (t, z,y) is the stress function or the Airy function. AAU =0, A = 8:1;2 + 8‘9;
Equalities (2.2) yield

(1+v) (AU—%ZT[{) o 92U V(14 )
‘1 (t,l',y) = E - (]‘ + V) / EC (t37_) <AU — ax2> dT — TAU

+v(1+v) / %C’ (t,7) AUdr,
to

2 t
(1+v) (AU - 24) P 82U>d v+,

e (t.2,9) = . ) [ e (av- 50 -

to
/ 0
+v(1+v) / EO (t,7) AUdr.

to

Introducing the notation AU = P and considering holomorphic functions F' (z,t) = P+iQ (AP =
0, AQ = 0) and ¢ (z,t) = p+iq = 1 [ F(z,t)dz, we have P = 4% = 42—3, whence (2.3) takes the
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form

o _ U t
Ell(t?xvy):ﬂ: ( 0 d ) —(1+V)/§C(t,7') (45—)d7’

Ox E 0 Ox?
v (1+4v)0op ap
i 9z v(l+v /a dT,
( 5 (2.4)
ou,  (1+v) (45, - 0q U
€22 (ta z, y) ay E +v / or ( ayQ ) dr
4v (1+v) Jq 8q
— i 3 v(l4+v /a dT
where u1, us are displacement components.
As a result of integration of each of the correlations (2.4), we get
t
1+ (- 57) 8 oU
up = & —(1+u)/50(t,7) 4p—% dr
v (1 + 0
Sy s () [ Lo pa + (w0,
’ (2.5)
(1+) (4a- %) o oU
= -1 = 4g — 22
Uso 7 ( —|—u)/aTC’(t,T)< q 8y)dT
to
v (1 +v)

0
_Tq+4y(l+V)/§C(t’7)qd7+f2 (z,1).

Taking into account the third equality of (2.2), it follows that

flay (t) + fa (2,1) =0,

from which fy (y,t) = eyt + «, fo (z,t) = —ext + 5, i.e., f1 (y,t) and fo (z,t) provide a rigid displace-
ment of the body which can be neglected. From equality (2.5) we have

i + i = & J];”) (4<p (2,8) — (aU +zaU)>

ox oy
—(1+ V)/%C(t,ﬂ {490 (z,7) — (gg +Zaag>} dr
_ww (z,t) +4v (1 +v) / %C’ (t, 1) (z,1)dr. (2.6)

As is known [10], from a general solution of biharmonic equation, the Goursat formula U =Re [Z¢ (2, )

+x (2,t)], we find that 2F +i2Y 6y = p(z,t) + 2¢ (2,t) + ¥ (2,¢), where ax(z D = 4 (z,1), ¢ (2,t) and
¥ (z,t) are holomorphic functlons of the variable z = x + iy.
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If we introduce the notation

-0y =22~ [ Lewngmm

then expression (2.6) can be written as

wn iz = (14 0) (1= L) (B = w)p (5,) = (3¢ (5,0 + B (2,0)) , (2.7)
and for a plane stressed state, an analogous reasoning results in
w+iug = (1= L) (=g (2,0) = (1L4+2) (5 D + 6 (D)) (2.8)

Correlations (2.7) and (2.8) together with the relations
011 —+ 022 = 4 |:(I) (Z,t) —+ CI) (Z,t)i| s 0922 — 011 —+ 2i012 = 2 |:Z(I)/ (Z,t) —+ \I’ (Z,t):| 5

where @ (z,t) = ¢ (2,t), U (z,t) = ¢’ (2, t), are the analogues of the well-known Kolosov—Muskhelishvi-
li’s formulas in the theory of viscoelasticity.

3. SOLUTION OF THE PUNCH PROBLEM FOR A HALF-PLANE

Let in the conditions of plane deformation a viscoelastic body occupy a half-plane y < 0 which
we denote by ST, so the body S~ leaves on the right when moving along the ox-axis in a positive
direction. We denote the upper half-plane by S and the oz-axis by L.

Assume also that the principal vector (X,Y’) of outer forces applied to the boundary is finite,
stresses and rotations vanish at infinity. Thus, for large |z|, we have

X 4+1Y 1 X 4+1Y 1 X —Y 1
P (2,t) = akl +ol(=), @ (2t =- il +ol =), ¥(zt) = oo =).
2 z 22 z

Tz 2722 2mz

For a half-plane, Kolosov—Muskhelishvili’s formulas take the form [10]:
T12 — 011 + 2io1s = 2 [cb’ (2 1)(F—2) — B (2,1) — ® (z,t)} ,
09y —io1g = ® (2,t) — B (Z,t) + (2 — 2) ' (2, 1), (3.1)
W'y s = (1+v) (I — L) [(3 — ) D () + B (5, 8) + (F— z)m} . (3.2)

Equality (3.2) is written for the case of plane deformation. The prime denotes the derivative with
respect to the variable z, and in the sequel, the dot will denote the derivative with respect to the
variable ¢.

A punch with a base of given shape, with a force directed vertically downwards, acts along the
segment L' = [a;b] of the boundary. Let the punch displacement along the boundary normal be
translational (vertically downwards) in the conditions of friction. The boundary conditions have the
form

T (x,t) = kP (x,t), rel, (3.3)

v™ (z,t) = f (z,t) + const, rxel, (3.4)

T (z,t) = P(x,t) =0, reLlL-L, (3.5)

where f (z,t) is the given function defining the punch profile at the moment ¢t = tg, i.e., y = f (z,to)

is the punch profile equation.
Let f/ (x,t) satisfy the Holder (H) condition with respect to the variable x, and Py (¢ f P (z,t) dz,
Ty (t) = kP (t). From (3.1) and (3.2), passing to the boundary values as y — 0—, we obtaln
Y, —iX, =@ (x,t) — o (2,1),
v+ =1+v)(I-L)[(B—4) 0 (z,t) + O (z,t)],
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whence, in view of the boundary conditions (3.3)—(3.5), we have
(1 —ik) @7 (x,t) + (1 + ik) 3" (z,t) = (1 —ik) @~ (2,t) + (1 +ik) @ (z,1), (3.6)
(1+v)(I - L) [(3 4D () + B (2,t) — (3—4) B (2,8) — B (a, )} —2f (x,1). (3.7

From (3.6), according to the Liouville theorem, (1 —ik) ® (z,t) + (1 + ik) ® (2,t) = 0. Taking into
account the last correlation in (3.7), we obtain

(I—1L)[®* (2,t) — g (z,t)] = fo (z,t), (3.8)
where
2i (1 +ik)
(1+4+v)1+ik+ (3—4v) (1 —ik))

_ B4 (A +ik)+1—ik -
9= 1 ik + B _aw)(1—ik) folz,t) =

Introducing the notation

fi ().

F(.’E,t) =07 (x,t)—gcbf (l’,t), (39)
the Volterra integral equation (3.8) takes the form
(I—=L)T (z,t) = fo(x,t). (3.10)

Based on (1.3), the integral equation (3.10) reduces to the ordinary differential equation of second
order

U (z,t) +~va ()T (z,t) = A(z,t) (3.11)
with the following initial conditions
F(Z‘,to) :Efo (x,to), (3 12)
[ (z,t0) = Efo (z,t0) — vE*¢ (to) fo (z,t0),

where a(t) =1+ Ep(t), A(z,t) = FE [fo (z,t) +~fo (l‘,t)}.
A solution of equations (3.11) and (3.12) is represented in the form

r(x,t)c<x)/t5(7)d7+/ta(7) (/T‘Ll(;’(j))ds)dwcl (), (3.13)

to to to

where
C (CL’) = EfO ($>t0) - 7E290 (tO) fO (x>t0) ) Cl (:’U) = EfO (.Z‘,to) 5

50~ { - fatir)

to
Respectively, from (3.9) we obtain the following problem of linear conjugation:
Ot (2,1) = g® (2,8) + T (,1), (3.14)
where I' (z,t) is defined by equality (3.13).
Introducing the constant « defined by the equality

tgm —kiy 0< <f1 Wi t = —
« « e ge e
g (1 ) bR g g

Any solution of the homogeneous problem will be [10]

—_1_4 )
Xo(2)=(z—a) > "(b—z)>""
Finally, a general solution of problem (3.14) takes the form

2mia

b
Xo (2) [ (x,t)dx
0= 250 [ ST 0 (200, (315)

where the function C (t) to be determined.
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Under the expression (z — a)fé*a(b — z)*%“‘

we mean a branch which is holomorphic on the
1 1
gment [a,b] and takes a real positive value (z —a)>T*(b— )2~ on the upper boundary of that
gment. This branch is characterized by the fact that
(z — a)fé*a(b - z)7%+a

lim = —ie
Z—00 z

Tio

C (t) can be defined from the following formula:
—To () +iPy (t)  iPy (t) (1 4 ik)

lim 2® (z,t) = = ,
z—00 2 2w
~ Py (t) (14 ik) e™
whence by virtue of (3.15), we get C () = — (1) ( 2+ ik)e .
™
Finally,
b ,
I'(z,t)d Py (t) (1+ik)e™™
0 = 200 [ TBDL () DUC LR
i Xg (z) (z — 2) 27

It

a

can be easily verified that all the conditions of the problem will be satisfied if T (x,t) satisfies

Holder’s condition condition (H) with respect to the variable = on the segment [a, b].

Since
P(x,t) +iT (z,t) = P(x,t) (1 +ik) = O (z,t) — &~ (z,t),

therefore the pressure under the punch is calculated by the formula

10.
11.

12.

13.

b
ot = Xo (T) T (y,t)dy . 2P (t) (1 + ik) ™
e e e R o |

a

For k =0 (a = 0), we obtain a solution corresponding to the case without friction.
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A MEASURE ZERO SET IN THE PLANE WITH ABSOLUTELY
NONMEASURABLE LINEAR SECTIONS

ALEXANDER KHARAZISHVILI

Abstract. It is proved that there exists a translation invariant extension p of the two-dimensional
Lebesgue measure Az on the plane R? such that p is metrically isomorphic to A2 and all linear
sections of some p-measure zero set are absolutely nonmeasurable.

Throughout this paper, we use the following fairly standard notation.

XAY is the symmetric difference of two sets X and Y

dom(f) is the domain of a function f;

card(X) is the cardinality of a set X;

w is the least infinite ordinal (cardinal) number;

R is the real line equipped with the group of all its translations;

c is the cardinality of the continuum, i.e., ¢ is card(R);

A is the standard one-dimensional Lebesgue measure on R;

R" is the Euclidean n-dimensional space equipped with the group of all its translations;
An is the standard n-dimensional Lebesgue measure on R™ (in particular, A\ = ).

As is widely known, if Z is a Ag-measure zero subset of the Euclidean plane R?, then almost all
(with respect to A) linear sections of Z, parallel to the coordinate axes, i.e., A-almost all sets of the
form

{y: (z,y) € Z} (r € R),
{z:(x,y) €2}  (yeR),

are of A-measure zero. This fact is a direct consequence of Fubini’s classical theorem. More generally,
it follows from the same theorem that if [ is any straight line in R?, then A-almost all linear sections
of Z, parallel to [, are of A-measure zero.

The main goal of the present paper is to show that for a certain translation invariant extension u
of A9, which is metrically isomorphic to Ag, the above-mentioned fact fails to be true in a very strong
sense.

For our further purposes, we need some auxiliary notions from the general theory of invariant
(quasi-invariant) measures (see, e.g., [1,6,11]).

Let E be an infinite ground set and let G be a group of transformations of F.

A nonzero complete o-finite measure 6 on FE is called quasi-invariant with respect to G (in short,
G-quasi-invariant) if the domain of € is a G-invariant o-algebra of subsets of E and the family of all
f-measure zero sets is a G-invariant o-ideal of subsets of F.

A set X C FE is called almost G-invariant in E if for every transformation g € G one has

card(g(X)AX) < card(E).

Almost G-invariant subsets of E play an important role in many topics of general topology and of
the theory of invariant (quasi-invariant) measures (see, e.g., [1-4,6,10,11]).

A set Y C FE is called G-absolutely nonmeasurable if for every nonzero o-finite G-quasi-invariant
measure g on E one has Y ¢ dom(u).

2020 Mathematics Subject Classification. 28 A05, 28D05.
Key words and phrases. Invariant (quasi-invariant) measure; Almost invariant set; Measure zero set; Absolutely
nonmeasurable set.
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In other words, Y C E is G-absolutely nonmeasurable if Y is absolutely nonmeasurable with respect
to the class of all nonzero o-finite G-quasi-invariant measures on E.

In particular, if F is a group, then one can take as G the group of all left translations of E. In such
a case, identifying E' and G, one can speak of E-absolutely nonmeasurable subsets of F.

Lemma 1. Let (G,+) be an uncountable commutative group identified with the group of all its trans-
lations, and let Y be a subset of G.

The following two assertions are equivalent:

(1) there exists a countable family {g; : j € J} of elements of G such that

Ug; +Y :j e} =G;
(2) there exists a G-absolutely nonmeasurable set entirely contained in'Y .

For a detailed proof of Lemma 1, see [7].

We shall use this lemma in the special case where G is a group, isomorphic to the additive group
of R.

More precisely, let I be any straight line in the plane R2. For [, we may consider the family G; of all
those translations g of R? which satisfy g(I) = [. In other words, G is the stabilizer of [ in the group
of all translations of R2. Also, [ is equipped with the isomorphic image p; of A and yy is invariant
with respect to G;. But there are many other measures on [ which are invariant (or, more generally,
quasi-invariant) under G;. Let us denote by M, the class of all nonzero o-finite Gj-quasi-invariant
measures on [ (notice that the domains of such measures are various Gj-invariant o-algebras of subsets
of 1).

According to the general definition presented above, we say that a set Y C [ is Gj-absolutely
nonmeasurable in [ if Y is nonmeasurable with respect to each measure from the class M;.

Using Lemma 1, it is not hard to show the validity of the next auxiliary statement.

Lemma 2. Let [ be a straight line in the plane R? and let X be a set in | such that card(l\ X) < c.
Then X contains a Gy-absolutely nonmeasurable subset of [.

Proof. Since card(l \ X) < c, there is an element g € G; such that
(g+\X)NI\NX) =0
or, equivalently,
(g+X)UX =1.

Now, taking into account Lemma 1, we conclude that X contains some G;-absolutely nonmeasurable
set. O

Lemma 3. There exists a set Z C R? which satisfies the following three conditions:
(1) Z is almost R?-invariant, i.e., card((h + Z)AZ) < c for every h € R?;
(2) the inner Ago-measure of the set Z is equal to zero;
(3) for any straight line | in R?, the set |\ Z has cardinality strictly less than c.

Proof. We follow the argument used in [5].
Let a be the least ordinal number of cardinality ¢. We introduce the following notation.
{l¢ : € < a} is the injective family of all straight lines in R
{F¢ : £ < a} is the family of all closed subsets of R? having strictly positive Ay-measure.
{G¢ : € < a} is a family of groups of translations of R? such that:
(a) {Ge : € < a} is increasing by the standard inclusion relation;
(b) card(Ge) < card(§) + w for each ordinal £ < a;
(c) U{G¢ : £ < a} is the group of all translations of R?.
Further, we construct by transfinite recursion a family {zé : € < a} of points of R?.
Suppose that for an ordinal £ < a, the partial family {zé : ¢ < &} has already been defined. Let us
put

Le = Ge(U{le : ¢ <&} UGe({z¢ : ¢ < &3).
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Keeping in mind the fact that Ao(F¢) > 0, it is not hard to show that there exists a point 2’ € F¢ \ Le.
Then we define z; = 2.

Proceeding in this manner, we obtain the required a-sequence {zé : € < a} of points of R2. Tt
follows from the above construction that the set

7' =U{Ge(z) : £ < a}
is almost R2-invariant and As-thick in R2. Moreover, it is not difficult to check that
card(Z'nl) < c
for every straight line [ in R2. These properties of Z’ imply that the set
Z=R*\Z7

satisfies all conditions (1), (2) and (3) of Lemma 3, so is as required. O

Lemma 4. Let Z be a subset of R? as in Lemma 3.
There exists a complete translation invariant measure i on R? such that:
(1) p is an extension of Aa;
(2) Z € dom(u) and u(Z) =0;
(3) every p-measurable set X C R? admits a representation in the form
X =(XoUA)\ B,

where Xo € dom(Ay) and u(A) = u(B) = 0 (in particular, the measures 1 and Ao are metrically
isomorphic).

Proof. Since Z satisfies conditions (1), (2) and (3) of Lemma 3, the required measure y is obtained
in the standard manner, by applying Marczewski’s method of extending measures (see, e.g., [8,9,11]).

Moreover, slightly modifying the transfinite construction of Z, it can be established that u is a measure
invariant under the group of all isometric transformations of R2. O

Using the above lemmas, we can prove the following statement.

Theorem 1. For the measure u indicated in Lemma 4, there exists a set W C R? such that:
(1) W C Z and, consequently, u(W) = 0;
(2) for any straight line | in R?, the set IN'W is Gj-absolutely nonmeasurable.

Let a be the least ordinal number of cardinality c. We again denote by {l¢ : £ < a} the injective
family of all straight lines in R2.
Using the method of transfinite recursion, we construct a disjoint family {We : £ < a} of sets which
fulfil the following two conditions:
(a) We C le N Z for each ordinal £ < a;
(b) We is G -absolutely nonmeasurable for each ordinal £ < av.
Assume that, for an ordinal £ < «, the partial disjoint family {W¢ : { < £} of sets has already been
constructed so that
WC - lg (C < f)
Take the straight line l¢ and consider the set
Pe=(ZN01g) \U{le: ¢ <&}
Since card(le \ Z) < c, it is not difficult to verify that
card(le \ P¢) < c.

According to Lemma 2, there exists a set T' C P which is G -absolutely nonmeasurable. We then
define W =T.
Proceeding in this manner, we get the disjoint family of sets {W; : £ < a}. Finally, putting

W =U{We: ¢ <al,
we obtain the set W satisfying conditions (1) and (2) of Theorem 1.

The next auxiliary statement generalizes Lemma 2 to the case of R™.
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Lemma 5. Let n > 1 be a natural number and let {T'; : j € J} be a family of affine hyperplanes in
the Euclidean space R™ such that card(J) < c.
Then the set R™ \ U{T'; : j € J} contains an R"-absolutely nonmeasurable subset.

This lemma can be deduced from the general Lemma 1.
Using Lemma 5, we obtain an analog of Theorem 1 for the space R™ and for the Lebesgue mea-
sure \,, where n > 3.

Theorem 2. For any natural number n > 3, there exist a complete measure v on R™ and a set
V C R" such that:

(1) v extends N\, and is invariant under the group of all isometric transformations of R™;

(2) v is metrically isomorphic to A, ;

(3) v(V) =0;

(4) for every affine hyperplane T' in R™, the set V N T is absolutely nonmeasurable with respect to
the class of all nonzero o-finite translation quasi-invariant measures on I'.

A set U C R" is called R"-negligible in R"™ if U satisfies the following two relations:

(i) there exists at least one nonzero o-finite R"-quasi-invariant measure 6 such that U € dom(6)
(equivalently, U is not R™-absolutely nonmeasurable);

(ii) for every o-finite R™-quasi-invariant measure 6’ such that U € dom(#’), the equality 6'(U) = 0
holds true.

Some structural properties of R™-negligible sets are considered in [4] and [6].

It would be interesting to study the question of whether there exists an R™-negligible set U C R"™
such that, for any affine hyperplane I' in R™, the set U N[ is absolutely nonmeasurable with respect
to the class of all nonzero o-finite translation quasi-invariant measures on I'.
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DYNAMICS OF 2D SOLITONS IN MEDIA WITH VARIABLE DISPERSION:
SIMULATION AND APPLICATIONS

OLEG KHARSHILADZE', VASILY BELASHOV?, AND ELENA BELASHOVA3

Abstract. Dynamics of multidimensional solitons in media with variable dispersion is studied nu-
merically. The application of the obtained results to the dynamics of F'M.S waves in a magnetized
plasma, and the 2-dimensional surface waves on shallow water are discussed.

In this paper we consider the problem of dynamics the multidimensional solitons which are described
by the Kadomtsev—Petviashvili (KP) equation

Oru + audyu + BOPu = / A udz, (1)

—0o0

in complex media with the varying in time and/or space dispersive parameter S = S(¢,r). This
problem is mainly interesting from the point of view of its evident applications in physics of real
complex media with the dispersion. For example, such situation can have place in the problems of the
propagation of the 2-dimensional (2D) gravity and gravity-capillary waves on the surface of “shallow”
water [5,7] when £ is defined respectively as

B =coH?/6

and
B = (co/6)[H? - 30/pg]

where H is the depth, p is the density, and o is the coefficient of surface tension of fluid. If H =
H(t,z,y), B also becomes the function of the coordinates and time. Similar situation may have place
on studying of the evolution of the 3D fast magnetosonic (FMS) waves in magnetized plasma [1,6] in
case of the inhomogeneous and/or non-stationary plasma and magnetic field when f is a function of
the Alfv’en velocity va = f[B(t,r),n(t,r)] and angle § = (k™ B):

8= UA(C2/2w(2)i)(cot2 0 —m/M)

where m and M are the masses of electron and ion, respectively. It is well known [8] that the
1D solutions of the Korteweg-de Vries (KdV') equation (equation (1) with s = 0) with 8 = const in
dependence on value of 3 are divided into two classes: at |3] < ug(0,z)!/12 (I is the characteristic wave
length) they have soliton character, in an opposite case they are the wave packets with asymptotes
being proportional to the derivative of the Airy function [7,8]. In these cases, the KdV equation can be
integrated by the inverse scattering transform (IST) method [5,7]. But, if 8 = S(«,t) it is impossible
principally, and it is necessary to resort to a numerical simulation. Similar situation has place for the
multidimensional K P equation: in case S = ((t,r) the dispersive term becomes quasi-linear and the
model being not exactly integrable [7].

Here, the problem of study of structure and evolution of the nonlinear waves described by the KP
equation with S = B(t,r) is considered distracting from a specific type of the propagation medium.
The numerical experiments were conducted for several model types of function S when at t < ¢,
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B = Bo = const, and at t > .,

)8 z < a;
2 ﬂ(x)_{ﬁo-i-c, T > a;
/607 T S a;

2) B(x,t) = {ﬂOJrnc,n:(t_tcr)/T:LQ...; T >a

3) B(t) = Bo(1 + koBsinwt), B = (Bmax — Bmin)/2, (4)

0<ko<l, w21 <w<2rm/T,

a and c¢ are constants. In terms of the propagation of the waves on shallow water that means respec-
tively, that after reaching of time t..: 1) sharp “break of bottom”; 2) gradual “change of a height” of
a segment of bottom; and 3) the “oscillations of bottom” with time take place.

In the first series of numerical experiments we investigated the evolution of initial pulse in case when
at t., the spasmodic change of 5 = (¢, z,y) has a place behind soliton [“negative” step when ¢ < 0
in (2), (3)]. At this, the dependence of spatial structure of solution on parameter a was studied. The
obtained results (see Figure 1) showed that in all cases the evolution leads to the formation of waving
tail which is not connected with soliton going away and caused only by local influence of sudden change
of the “relief” 5(t, z,y). Consequently, the formation of oscillatory structure is connected not so much
with decreasing of a role of the dispersion effects behind soliton as with the spasmodic changing of 8
in space.

-300 -200 -1.00 000 100 200 300 400 500 600 7.00

FIGUrRE 1. Evolution of a 2D soliton of equation (1) for the dispersion change law
(3) at a = 5.0, ¢ = —0.0038 for ¢t = 0.6.

In the next series of simulations we considered a case when the sudden change of S takes place
directly under or in front of an initial pulse (“negative” step). An example of the results is shown
in Figure 2. One can see that for such character of the “relief” the disturbance caused by sudden
change of 8 has also local character, i.e. it doesn’t propagate together with the going away soliton.
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FIGURE 2. Evolution of a 2D soliton of equation 1 for the dispersion change law (2)
at a = 4.0, ¢ = —0.0038 for ¢ = 0.6.

But, unlike the cases of the first series, the asymptotes of leaving soliton become oscillating, besides,
against a background of the long-wave oscillations of the waving tail we can also see the appearance
of the wave fluctuations. The effects noted can be interpreted as a result of those that for the areas
of the wave surface with different values of local wave number k, the value of the dispersive effects
is different. As a result, the dispersive confusion of the Fourier-harmonics phases takes place in the
(x,y)-region not equally intensity everywhere and, consequently, it counteracts with different extent
of activity to the generation due to nonlinearity of the harmonics with big k.

In the next series of simulations with 8 changing with the laws (2) and (3) we considered the cases
of “positive” step (¢ > 0) being both in front of and behind of initial pulse for the wide range of values
of a. The examples of the most interesting results are shown in Figure 3.

One can see that when “positive” step is far in front of maximum of function u(0,z,y) the soliton
evolution on the initial stage does not differ qualitatively from that for 8 = const (Figure 3a), but in
the future their character is defined by presence of the step, namely the processes, caused by the same
causes which have been noted for the results of the second series, begin to be developed (Figure 3b).

As we can see, the appreciable change of the soliton structure which can lead to wave falling is
observed owing to intensive generation of the harmonics with big k, in the soliton front region, even
for rather small height of the step. Thus, the disturbance of the propagating 2D soliton has also local
character.

As to equation (4), the simulation for different kg = const and variable frequency w showed that for
some values of w the stationary (locally) standing waves can be formed, in another cases the formation
of the stationary periodical wave structures is possible, and in the intermediate cases a chaotic regime
is usually realized.

In conclusion, we studied propagation of 2D solitons in complex media with variable dispersion,
considering as a concrete example evolution of 2D solitary waves on shallow water. Let us note that
such approach can be useful and effective in the problems of nonlinear dynamics of the FMS waves
and wave beams in a magnetized plasma [1,5-7], and also in problems of investigation of evolution
and transformation of the internal gravity waves (IGW) and travelling ionospheric disturbances at
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FIGURE 3. Evolution of a 2D soliton of equation (1) for the dispersion change law
(3) at a = 5.0, ¢ = 0.0038: (a) t = 0.6, (b) t =0.8.

heights of the ionosphere F-region on fronts of the solar terminator and the solar eclipse spot [2, 4]
and in regions where basic ionosphere characteristics are changed in time and space [3].
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ON THE INFLUENCE OF BOUNDARY CONDITIONS OF RIGID FIXING ON
EIGEN-OSCILLATIONS AND THERMOSTABILITY OF SHELLS OF
REVOLUTION, CLOSE BY THEIR FORM TO CYLINDRICAL ONES, WITH AN
ELASTIC FILLER, UNDER THE ACTION OF PRESSURE AND
TEMPERATURE

SERGO KUKUDZHANOV

Abstract. The influence of boundary conditions of rigid fixing on eigen-oscillations and thermosta-
bility of shells of revolution which by their form are close to cylindrical ones, with an elastic filler,
under the action of external pressure and temperature, is investigated. We consider closed shells of
middle length whose form of midsurface generatrix is defined by a parabolic function. The shells of
positive and negative Gaussian curvature are studied. Formulas and graphs of dependence of the
least frequency and form of wave formation on the type of boundary conditions, external pressure,
temperature, rigidity of an elastic filler, as well as on the amplitude of shell deviation from the
cylinder, are presented. Comparison of the given parameters with the situation when the shell ends
are freely supported, is carried out. The question of thermostability is considered and the formula
for finding critical pressure is given.

In the present paper we investigate the influence of boundary conditions of rigid fixing, temperature,
external pressure and rigidity of an elastic filler on eigen-oscillations and stability of closed shells of
revolution, close by their form to cylindrical ones. We consider a light filler for which the influence of
tangential stresses on the contact surface and inertia forces may be neglected. The shell is assumed
to be thin and elastic. Temperature is uniformly distributed in the shell body. An elastic filler is
modelled by Winkler’s base; its extension upon heating comes out of account. We investigate the
shells of middle length whose form of the midsurface generatrix is defined by a parabolic function. We
consider the shells of positive, as well as of negative Gaussian curvature. Formulas and universal curves
of dependence of the least frequency and critical load on the Gaussian curvature, type of boundary
conditions, temperature, rigidity of an elasic filler, as well as on the amplitude of shell deviation from
the cylinder, are obtained. The question of thermostability is also considered and the formula for
determination of critical pressure is given.

1. We consider the shell whose middle surface is formed by the rotation of square parabola around
the z-axis of the rectangular system of coordinates x,y, z with the origin at the bisecting point of
a segment of the axis of revolution. It is assumed that the radius R of the midsurface cross-section
is defined by the equality R = r + do[1 — £2(r/¢)?], where r is the end-wall cross-section, g is the
maximal deviation from the cylindrical form (for §; > 0, the shell is convex and for §y < 0, it is
concave), L = 2( is the shell length, £ = z/r. We consider the shells of middle length [6] and it is
assumed that

(50/7)%, (50/0)° < 1. (1)
For the shells of middle length, the forms of oscillation corresponding to the lower frequencies are
accompanied by a weakly-marked wave formation in longitudinal direction as compared with the
circumferential one, therefore the relation

O*f062 < 0°f/0¢*  (f =u,v,w), (2)

is valid, where u,v,w are, respectively, meridional, circumferential and radial displacement compo-
nents characterizing oscillation form. Hence, according to Novozhilov’s statement [3], as the basic
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equations of oscillations we can take those corresponding to Vlasov’s semimomentless theory [5]. As
a result of simplification, the system of equations takes the form (due to the adopted assumption,
temperature terms are equal to zero [4])

0%u ow  9%v ow

Bw  otw otw 0w o 9w 0 O%w
€ 38 + T +4¢58€2&p2 + 45 o _t13§23gp4 —t2&p6
g OO gt ey ¥
905 1ot T E az\gpt) T

e=h?/12r2(1 = v?), &= dor /L2,
t;=T/Eh (i=1,2), $"=S"/Eh, v=pr?/Eh,

where E,v is an elastic module and the Poison coefficient; 77 and T are, respectively, meridional
and circumferential stresses of the initial state, S° is a shearing stress of the initial state; p is density
of the shell material; 8 is the “bed” coefficient of the elastic filler (characterizing elastic rigidity of the
filler); ¢ is angular coordinate, ¢ is time.

The initial state is assumed to be momentless. With rigid fixing of the shell ends there are no
meridional displacements at the ends. On the basis of a corresponding solution, taking into account
the filler reaction, temperature and also equations (1), we obtain the following approximate expressions

7 = QT{V + 570 F =2 a1 -2) (/) (1 V2)§2(7‘/€)2] } _ oTEh

1-v’
O 2
T20 = —qr |:1 — 21/%(%) :| + U)Qﬁo?", SO = O7

(4)

where wy and By are, respectively, deflection and “bed” coefficient of the filler in the initial state; «
is the coefficient of linear extension; T is temperature; ¢ is external pressure (g > 0).
Taking into account relations (1) and (2), we find that

S [1+v 9 2 9\ 2 2] ?w _ D*w Pw 0w
% 2(1 - 2 0 —1- )LE <« S8 S <« 2
n 2= 2 - =R G < S v < s
Therefore expressions (4) after substitution into (3) can be simplified and they take the form
TEh ] 2
N=-T=, B=-o {1 ~22(3) } +wofor, TY =ofh (i=1,2). (4)
— v r

Bering in mind that in the initial state the shell deformation in a circumferential direction is defined
by the equalities

0 0

o_ 02— Vo o_ _Wo

Ep = T+QT, €o="""

we get
wy = (—oy+ V(T(l))% —aTr. (5)
Substituting (5) into (4"), we obtain

70 o aT

Eh E 1—v’

Tg_ag_ qr b0 /T\2 Bor 0 on T
EhEm[l%(z)}*m[(“ﬁ”%aT?“]

Introduce the notation

__ar _io(i)Q _ Bor*
q_Ehu 6_ r g , Yo = Eh7 9—1+’YO
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Then (6) takes the form

0 0 0 0
o7 oT lop _ ( lop 01)
L 2o g1-2 — 22 4y )y —aT
T T B q( v5)+{ z tv g ) —alwl|, (7)
whence we arrive at
o ) o
E(l +70) = —q(1 — 2v0) + vy <~ aT 7. (8)
Substituting into (8) the first expression of (7), we obtain
0
& - ody| 4
—_— = — 1 —_ 2 .
i [q( v8) + T ]9
Consequently,
0 0
~op _ ol I oTy | _4
o T IR R T )
In view of the fact that R is close to r, in the expressions for stresses (9) we adopted R ~ 7.
As a result, the third equation of system (3) takes the form
Bw  Fw *w 0*w aTo O%w
46 46° q(1—2v6 B
e TR T R P {Q( v+ 1_J R
T ot 19?0t
et t o (5) =0 (10)
1—v0&2 0y dy E 0p?2\0yp
A solution of system (3) for harmonic oscillations of closed shells will be sought in the form
u=U(&)sinnp coswt,
v =V () cosny coswt,
w =W () sinny coswt.
From the first two equations of system (3) we obtain
n’U = [1-2(1—v)s|W', (11)
nV = (1+2v6)W. (12)

Note certain simplifications of boundary conditions of rigid fixing for the shells (for £ = const)
having the form

u=v=w=w;=0. (13)

On the basis of equality (12) we find that the fulfilment of the condition w = 0 leads to that of

the condition v = 0, while in view of (11), the fulfilment of the condition w; = 0 leads to that of the
condition u = 0.

< %o )~
Li\xl 4
\—_/ 5] ;
7 0)

—004 0 004 oy

FIGURE 1

Thus if conditions w = w; = 0 (§ = const) are fulfilled, then all conditions (13) are likewise fulfilled.
Let the shell edges be rigidly fixed. In addition, the solution should satisfy the condition of period-
icity with respect to ¢ and also the following boundary conditions with respect to the coordinate &,

w=0 (E=%xL/r), wg=0 (§==%L/r). (14)
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FIGURE 2

Solution w of equation (10), as is mentioned above, for harmonic oscillations is sought in the form
w = W sin nep cos wt. (15)
From (10) and (15) follows

T r? aT
@ _ (45n2 - & N\pp@ _ 2 P72 a1 — 2 Yo| —1 2
w (6n 1_Vn)W n{Ew +{q( V(S)—l—l_Vg n
—8n4—4(52}W:0, 02 =06%+~/4. (16)
oY)
4
[ o
L i
| } el T
1A
E——

-004 0 004 &y

FIGURE 3
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Assuming W = Ce®¢, we obtain the following characteristic equation
T
at — (45712 2 n4>0¢2
1—v

2 T -
_n4{p7“w2 + [q(l — 2v0) —1—? 7O]g_1n2 —en? —452} =0
v

E
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which can be written as
pP—ap—b=0, Q=pr’/E, (17)

ol
n4

7

p=a? a=46n®+ |
(18)

b= n4{Qw2 + {q(l —20v) + ?Tw}g_lrﬁ —ent — 452}.
— VvV

Proceeding from the condition b > 0, from (17) and (18) we have

a1 =x4/p1, az4q=Fiy/—po,

a a? a a?
LR N T (19)

General solution of equation (16) takes the form
W = Ach k1§ + Bshki&+ Ccoska€ + Dsin ks,
k1= \/p1, k2 =+/—p2.

Satisfying boundary conditions (14), we obtain the system of four homogeneous equations.
Since the determinant of that system is equal to zero, we get

thin? = ™ gkl = -2 (gt T t)r. (20)
ko k1

Consequently, this system falls into two independent systems and hence a solution falls into odd
and even functions. To the even function there correspond symmetric with respect to £ forms of
oscillations, while to the odd function there correspond skew-symmetric ones. Thus we obtain

. sin kol
W = D sinkoé — " shke ),
(bm S 15)

cos kol
wW=cC kol — ——— chk .
(cos 2§ Y, c 16)

First, let us consider the case § =0, G =~ =T = 0 where p; = —ps = Vb, k1 = ko = Vb = k.
Equation (20) corresponding to skew-symmetric forms of oscillations takes the form

thkl = tgkl.
To the lower root of that equation there corresponds the value
=3,927r/¢,

where as equation (20) corresponding to the symmetric forms of oscillation take for 6 =0, ¢ = v =
T = 0 the form

thkl = —tgkl.
To the lower root of that equation there corresponds the value
k=2,365r/t=0,75mr/¢, (21)

i.e., the lower value k corresponds to the symmetric form of oscillation. Therefore in the sequel we
will consider oscillations with symmetric form of deflection with respect to £&. Taking into account
that

—pip2 = b, b=n*(Quw?—en?),
for 0 =0,g=~v=T =0, we get
E* = nt(Qu? — ent).
This implies that to the lower root (21) for fixed n there corresponds the least value of eigen-frequency
defined by the expression

Qw? =en + (di\)*n™, dy =1,55, A\ =7r/2L.
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The least frequency value depending on n is realized for
n(z) = dl)\15_1/4. (22)

For n = ng, from (22), for the least frequency of cylindrical shell of middle length with rigidly fixing
ends we obtain the known formula [1]

Qi) = 2d3N\3e1/2,

ne (1) P
e T
- 1776 )]

004 0 004 O

FIGURE 5
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—/
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FIGURE 6

For freely supported ends, the least frequency of cylindrical shell is, as is known, defined by the
formula
Qi = 2X\3:1/2, (23)
Let us turn now to the general case and investigate axially symmetric forms of oscillations corre-
sponding to lower frequencies. Relying on (19), we have
aT

-V

—p2=p1—a, a= (46— 1 ng)nz.

from which, putting = = ¢,/p1, we obtain

_ T 2
—pol? =22 -3, 5247126*0 a (6) nt.

r 1-v\r
Then equation (20) corresponding to symmetric forms of oscillations can be represented as

zthe = —\/22 —  tg /a2 — B. (25)
On the basis of the first equality of (19), we have p;(p; — a) = b from which we find that

L

Consequently, in a general case, the eigen-frequencies w for the shells under consideration are
defined by formula (26), where x is any root of equation (25). The least frequency w is obtained by
minimizing the right-hand side of (26) with respect to n, when as x we take the least root of equation
(25) which we denote by x,,. On the basis of (24) and (25), it is not difficult to see that z,, depends
both on dg/r, T and on n. Such a minimization is realized by sorting out natural values n in the

4 _ T
Qw? = ent + 22(a? — B) (f) n~t 4452 - [q(l — 2wd) + ff ﬂg—ln?. (26)
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neighbourhood ng defined by equality (22). Below we present results of our calculations for the shells
with geometric dimensions £ = r, h/r = 1072, v = 0, 3 for different values §o/r (for g=~v =T = 0).
In Figure 1 we can see dependence of z,, on dy/r (curve (1) corresponds to the rigid shell ends fixing;
straight line (0) corresponds to the freely supported ends). Figure 2 presents dependence of n, on
do/r ((1) corresponds to rigidly fixing ends and (0) to freely supported ends). In Figure 3 we can see
the curves of dependence of the least frequencies w?/w2 on dy/r ((1) is the case of rigidly fixing ends
and (0) for fxreely supported ends [2]), w2 is defined by expression (23).
For w = 0, from (26) we obtain

alvyo
1—wv’

g(1 —2v8) = |en® + 2%(2* — B)n~" (%)4 + 45%‘1 g (27)

The least value g is obtained after minimization of the right-hand side of equality (28) depending on
n, when as x we take the least positive root of equation (26) which is denoted by z.. It is not difficult
to see that on the basis of the value z, depends on n.. Corresponding values ., n, G, /g, are critical
and presented depending on dq/r by the curves (1) in Figures 4, 5, 6 for 79 = T = 0. In Figure 6, over
the Oy-axis is drawn the dimensionless critical pressure g, /qy, (4o, characterizes critical pressure for
freely supported cylindrical shell and is defined by the equality g, = 0,855(1—v2)=3/4(h/r)3/?r /L [6]).
Comparing curves 1 in Figures 3, 6, it is not difficult to notice that their behaviour is qualitativly
close: if for g > 0 the values of the least frequency and of critical pressure increase, then for jy < 0
they first decrease up to dg/r ~ —(0,03 +0,04) and then increase. According to (27), the formula for
finding critical pressure g, has the form

- _ 1t alyo
T =1 2w (1—v)(1—2v9)
Thus we have obtained formulas for determination of lower frequencies for the shells of revolution
which by their form are close to cylindrical ones, depending on the boundary conditions of rigid fixing,

amplitude of cylinder deviation, rigidity of an elastic filler, external pressure and temperature. The
formula for determination of critical pressure depending on the above-mentioned factors, is also given.

[Enz +22(z2 - B)n"° (r/€)4 + 43211;2] -

REFERENCES

1. A. L. Goldenveizer, V. B. Lidskil, P. E. Tovstik, Free Oscillations of Thin Elastic Shells. (Russian) Nauka, Moscow,
1979.

2. S. N. Kukudzhanov, On the influence of normal pressure on frequencies of eigen oscillations of shells of revolution,
which are close to cylindrical ones. Izvestiya RAN MTT 6 (1996), 121-126.

. B. V. Novojilov, Theory of Thin Shells. (Russian) Sudpromgis, Leningrad, 1962.

P. M. Ogibalov, V. P. Gribanov, Thermal Stability of Plates and Shells. (Russian) Moscow, 1968.

. V. Z. Vlasov, General Theory of Shells and Its Applications in Technology. (Russian) Gos. Izdat. Tekh. Teor. Lit.,
Moscow-Leningrad, 1949.

6. A. S. Volmir, Stability of Deformable Systems. (Russian) Nauka, Moscow (1967).

T w

(Received 29.01.2020)

A. RAZMADZE MATHEMATICAL INSTITUTE OF I. JAVAKHISHVILI TBILISI STATE UNIVERSITY, 6 TAMARASHVILI STR.,
TBiLisI 0177, GEORGIA
E-mail address: nikolos.ku@gmail.com






Transactions of A. Razmadze
Mathematical Institute
Vol. 174 (2020), issue 3, 377-379

ON THE VECTOR FIBER SURFACE OF THE SPACE Lm(Vn) OF TRIPLET
CONNECTEDNESS

GOCHA TODUA

Abstract. In this paper, we consider the theory of the surface of metric vector fibers for the space
Lm(Vn) with triplet connectedness. It is proved that in metric vector fibers there always exists
an internal triplet connectedness. Analogues of Gauss—Weingarten derivation formulas and also
analogues of generalized Gauss, Peterson—-Codazzi—Mainardi equations are found.

Let us consider the vector fiber space Lm(Vn), where the local coordinates of a point transform
by the law [2]

det #0; det||AZ]| #0; 4,5,k=1,...,n; «a,B,y=1,...,m. (1)

=
oxk

Assume that the tensor field Gap(A, B,C =1,2,...,n 4+ m) is given on the space Lm(Vn), i.e.

Gap = X9%8Geop,

where ‘ _
lo v o vk ‘
XA _ H@XA _ |07 Oz z 0
B = —B || - - a .08 A%
0% oz~ oz~ || ||AGYT Aj
oxt OzP
An inverse matrix of the matrix has the form
pa_ || 0XY) _|lost o) | 0
Pollox? T laee 0z |Ae 4By e
roar AGAyyT AR
ozt oz8

Since G*# = AYAJG?°, where G, G = §¢ and Gg; = Ag;vak + A AL ASYP G, we can use them
to construct the values I'? as follows: I'® = G**Gy;.

Furthermore,

GOBGy = AXALGT ABRRG y + APGTP A5 AT, Ay G

Since AYAG = 05, A k*AY + AS ALz, = 0, —%fAﬁkAgkAz = AJAJ;, we observe that the values

7
I'¢" form an object of linear connectedness with the following transformation law

* * *
o . paXkpy kpa v
Fi = A,yl’i Fk _xi A,ka )

and the values
i = Gij — F?Gaj — F?Gm + F?F?GQB

2020 Mathematics Subject Classification. 53B05.
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are a double covariant symmetric tensor so that we can construct an object of affine connectedness
'’ in the following manner

ik~ 59 P(Vigpj + Vigkp — Vpgik)-

Note that the linear connectedness I'$' induces the vertical affine connectedness defined by the
object VgI'f" = T'g; with the following transformation law

T3, = #HAJASTY, — A%,

Structural equations of the space Lm(Vn) with triplet connectedness have the form [3,4]:
Duw' = wk A ﬁ}'w
DO = 0 A& + R w' AWk, ) @)
D&§ = @F ANOS + R’ Aw® + R, wh A 67,
D&} = &k NGJ + RY,wP Aw? + RiwP NG

Jpy
Assume that a hypersurface 91 is given on the space Lm(Vn)

w' = Mgy*
and the 1-forms ¥ re such that
Dy = 9> Ay,
Dby = by Ape + ¢ Ny,
Note that
DO* =6 AN&§ + R, Awk =07 ADE + R My A MFy® = Ry A b,
where R%, = RS MiMF.
The extension of system (3) is given by
VMg = My v®, VMg, + Mg, = Mg, °,
VM!

abe T 2M(ia\d\¢g)c — My, = M7,
where

i i _pi e
{M[ab] =0, My, =—Rj, MEMIM,
Mib[cd] = _R;qufngMi
The values M, M!, and M?, form a fundamental third-order difference-geometric object of the
surface 91.

The normal vector of the hypersurface 91 at the point T satisfies the equations
gijniMé =0, gijninj =1.
A metric tensor of the hypersurface 91 is written in the form
Gab = 9ij MM}
and Vgab = gabeth®, Where gape = iy MIM], + gi; ME M.

The vectors M}, e; and n’e; admit representations in the form of a linear combination of vectors of
the reference point {T', M,,n}:

Mi

ab€i = QabCMc + Eabn7 (4)
nflel- = EZMb + ngn,
where

QS = g“lgin ML, ME, Loy = grin® MLy, L2 =—gPL.0, na = grn®nl. (6)
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We call equations (4) and (5) the Gauss-Weingarten formulas of the hypersurface 91. From (6) we
obtain

VQ5, + MG, = Quqv?, (7)
V»Cab = ['abcwca (8)
where i ) ) .
Qpa = 9°° 49ik My ME + g gix My M + g% gin My M),
»Cabc = gkin]chéb + gkinkM(ibc’

ec ea ,bc

9.4~ —9 9 YGabd-
From (7) and (8) it follows that QS, is the object of affine connectedness and L, is the tensor.
We call the object Q¢, the object of induced affine connectedness of the hypersurface 9. It is easy
to prove that the induced affine connectedness and the internal affine connectedness coincide. The
1-forms of this connectedness have the form

Vi = vy + Qpey”.
It is obvious that B _ L
Dwa:d)b/\%la D¢g:¢gA¢g+Ml?cdwc/\wda
where
Mg = Qpeq) — Q1 Q-
The values M., form the tensor which we call the curvature tensor of the hypersurface 9. By
extending equation (4) we obtain
k
Rj»quC]foMcq = (M:zibc — £a[b£(ci])MZl — (V[Cﬁm‘b] — Mglcﬁad + Ea[bnc])ni,

where %C is the symbol of nonholomorphic covariant differentiation.

From the above equalities we obtain the generalized Gauss equations

Rlqung?MgMé = Mébce + ‘Ca[b‘cc]d (9>

and the generalized Peterson—Codazzi—Mainardi equations

k
RkquMfoMan = lelcﬂad — V[Cﬁ‘a‘b] - Ea[bnc}, (10)

where

d
Ripq'r = qsz% Mabce = gdeMabc-

qr?
Equations (9) and (10) establish the connection between the curvature tensor of the space Lm(Vn)
and the curvature tensor of the hypersurface 91 in Lm(Vn) [1,5].

REFERENCES

1. G. Todua, On internal tensor structures of the tangent bundle of space Ly, (V,) with a triplet connection. Bull.
Georgian Natl. Acad. Sci. 173 (2006), no. 1, 22-25.

2. G. Todua, The groups of izomorphy and izotropy of the space Lm(Vn). Proc. A. Razmadze Math. Inst. 149 (2009),
103-108.

3. G. Todua, Differential invariants of vector fibering Ly, (V5). Proc. A. Razmadze Math. Inst. 159 (2012), 95-106.

. G. Todua, Lifts. Lifts. On tensor structures. Trans. A. Razmadze Math. Inst. 170 (2016), no. 2, 272-279.

5. G. Todua, On the internal tensor structures of the fibration T'(Lm(Vn)). Trans. A. Razmadze Math. Inst. 172 (2018),
no. 1, 126-132.

N

(Received 06.03.2020)

DEPARTMENT OF MATHEMATICS, GEORGIAN TECHNICAL UNIVERSITY, 77 KOSTAVA STR., TBILISI 0171, GEORGIA
E-mail address: gochatodua@mail.ru






Transactions of A. Razmadze
Mathematical Institute
Vol. 174 (2020), issue 3, 381-388

EXTENSION OPERATORS ON SOBOLEV SPACES WITH DECREASING
INTEGRABILITY

ALEXANDER UKHLOV

Abstract. We study extension operators on Sobolev spaces with decreasing integrability on the
base of set functions associated with the operator norms. Sharp necessary conditions are given in
terms of the generalized measure density condition and in terms of a weak integral equivalence of
the Euclidean metric and an intrinsic metric.

1. INTRODUCTION

Let Q be a domain in the Euclidean space R™, n > 2. Recall that the operator
. 1 1
E:Wy(Q) = Wy (R"), 1<q<p<oo,

is called an extension operator on Sobolev spaces (with decreasing integrability in the case ¢ < p), if
E(f)|Q = f for any function f € W (Q) and
E(f) | WHR"
Ble  wp  JEOIWEIN
rewr@ngoy  IIF TWR(Q)]

Sobolev extension operators arise in the analysis of PDE (see, for example, [15,21]) and play an
important role in the Sobolev spaces theory. In the present article we prove the sharp Ahlfors type
necessary generalized (p, ¢)-measure density condition for extension operators of seminormed Sobolev
spaces: Let there exist a continuous linear extension operator E : L;(Q) — L}I(R”), n<q<p<oo,
then

O (B(z,r))P"UB(x,r) N QT > co|B(x,r)|P, 0 <r <1, (1.1)
where ® is an additive set function associated with the extension operator and a constant cy =
co(p,q,n) depends on p, q and n only. In the case p = ¢ the measure density condition was in-
troduced in [9] (see, also [24]) and the study of the case ¢ < p requires the use of set functions
associated with the extension operators [23,28].

It is well known [3,21] that if & C R™ is a Lipschitz domain, then there exists the bounded
extension operator E : W, (Q) — W} (R"), 1 < p < oo. In [11], the notion of (e, §)-domains was
introduced and it was proved that in every (e, d)-domain there exists the bounded extension operator
E: W]f(ﬂ) — Wf(R”), forall k>1and p > 1.

The complete description of extension operators of the homogeneous Sobolev space Li(Q), Q C R?,
was obtained in [26] in terms of the quasi-hyperbolic (quasiconformal) geometry of domains. Namely,
it was proved that a simply connected domain Q C R? is the L}-extension domain iff Q is an Ahlfors
domain (quasi-disc). In the case of spaces L’;(Q), 2 < p < o0, defined in domains Q C R2, the
necessary and sufficient conditions were obtained in [20] and formulated in terms of sub-hyperbolic
metrics. Note that extension operators on Sobolev spaces W;(Q) were intensively studied in the last
decade (see, for example, [4,9,12,13,19]), but the problem of the complete characterization of Sobolev
extension domains in the general case remains still open.

In the case p > n, the necessary conditions on W[}—extension domains written in terms of an intrinsic
metric and a measure density were obtained in [24]. Extension operators of Sobolev spaces defined
in domains of Carnot groups E : W) (Q2) — W, (G) were considered in [8] and extensions of Sobolev
spaces on metric measure spaces can be found in [10].

2020 Mathematics Subject Classification. 46E35.
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382 A. UKHLOV

The results of [9,24] state that the extension operator
. 1 1/mn
E:W,(Q) - W,(R"), 1<p<oo,

does not exist in Holder cusp domains @ C R™. In [7], the extension operators with decreasing in-
tegrability from domains with the Holder cusps were constructed by using the method of reflections.
Later, the more general theory of composition operators on Sobolev spaces with decreasing integrabil-
ity was founded in [22,27]. Using another technique, the extension operators in such type of domains
were considered in [16,17]. An extension operator from Hélder singular domains with decreasing
smoothness was studied in [2]. The detailed study of extension operators on Sobolev spaces defined
in non-Lipschitz domains is given in [18].

Extension operators with decreasing integrability are considered in [23], where for the first time
was introduced a set function (measure) associated with extension operators and were obtained the
necessary conditions in integral terms. In the present article, we give a sharp necessary condition
of the existence of extension operators on Sobolev spaces with decreasing integrability in capacitary
terms and prove the generalized (p, ¢)-measure density condition that refines the results of [23] and
generalized [9] in the case n < ¢ < p < oc.

The necessary conditions written in terms of intrinsic metrics are considered also. On this base,
the lower estimates of norms of extension operators are obtained. The norm estimates of extension
operators have applications in the spectral theory of non-linear elliptic operators and give estimates
of Neumann eigenvalues in terms of operator’s norms [5].

2. SET FUNCTIONS ASSOCIATED WITH THE EXTENSION OPERATOR

Let © be a domain in the Euclidean space R™, n > 2, then the Sobolev space VVp1 (), 1 <p<oo,
is defined as a Banach space of locally integrable weakly differentiable functions f : 2 — R equipped
with the following norm:

1F TWo @ =11F [ Lp@)Il + [V f | Lp()]],

where Vf is the weak gradient of the function f and |V f | L,(Q)| its norm in the Lebesgue space
L,(?). The homogeneous seminormed Sobolev space L;,(Q), 1 < p < 0, is considered with the
seminorm

IF 1 Lyl = V£ | Lp()]l.

We consider the Sobolev spaces as Banach spaces of equivalence classes of functions up to a set of
p-capacity zero [15].

2.1. Set functions and capacity. Let A C R" be an open bounded set such that ANQ # (). Denote
by Wo(A; Q) the class of continuous functions f € L} () such that fn belongs to L), (ANQ)NCo(ANQ)
for all smooth functions n € C§°(2). We define the set function

qp [ VED I LAl 1_1_1
rewo(asey \ I [ LE(ANQ) )
This set function was introduced in [23] in connection with the lower estimates of norms of extension

operators on Sobolev spaces. For readers convenience we give the detailed proof of the following
theorem announced in [23]:

K g P

B(A) =

Theorem 2.1. Let there exist a continuous linear extension operator
E: L;(Q) — L;(R”), 1<g<p< oo

Then the function ®(A) is a bounded monotone countably additive set function defined on open bounded
subsets A C R"™.
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Proof. Let A1 C Ay be open subsets of R™. Then extending functions of Cy(A;) by zero, we have
Co(A1) C Cp(Az) and obtain

B |E() | Li(A)] |E() | Li(4s)]
P = <||f e mm) = remtan) (IIf [Z5(A2 N Q)]

IE(f) | LL(A)] )"
=P(A,).
fewi‘&m<|f|L,%<AmQ>||> B(42)

Hence @ is the monotone set function.
Consider open bounded disjoint sets Ay, k = 1,2, ... such that Ay = J,-,; Ax. We choose arbitrary
functions fi € Wy(Ag; ) such that

<

|

1B | Lyl = (2(4) (1= 57)) " Ik | Ly(Ae N ),

£ | Ly(Ae N QP = @(40) (1= 57 ) -

N
where k =1,2,... and € € (0, 1) is a fixed number. Setting gy = > fi, we find that

L;<91Ak> z(EN:( o (1- i))’q‘n;vu Am>||Q>

(G o)
((Y2)0s)

since the sets, where VE(f) do not vanish, are disjoint. By the last inequality, we have
1

1 {1 N
L HRTS
((Uk 1‘4]“ mQ H 1

1
q

E(gn)

[\

gn|L

o)

(I’(Ao)% 2 sup

HQN

where the upper bound is taken over all the above functions gy € Wy ((UIJLI Ak) ;Q). Since both

N and ¢ are arbitrary, we have

> DA <@ (U Ak> :
k=1 k=1
The inverse inequality can be proved directly. O

Corollary 2.2. Let there exist a continuous linear extension operator
.7l 1
E:Ly(Q) = L,(R"), 1<q<p<oo.
Then

IB(F) | LA < (AR S | LHAND), =~ (2.1)

=
D=

for any function f € WL (A)NCo(A).

Recall the notion of a variational p-capacity [6]. The condenser in the domain Q@ C R”™ is the
pair (Fp, F1) of connected, closed relatively to €, sets Fy, F1 C . A continuous function f € L;(Q)
is called an admissible function for the condenser (Fpy, Fy), if the set F; N Q is contained in some
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connected component of the set Int{x € Q : f(z) = i}, i = 0,1. We call as the p-capacity of the
condenser (Fp, F1) relatively to the domain 2 the following quantity:

cap, (Fo, F1;Q) = inf || f|L},(Q)[|7. (2.2)

Here the greatest lower bond is taken over all functions, admissible for the condenser (Fy, Fy) C Q. If
the condenser has no admissible functions, we put the capacity equal to infinity.

Let F; = E be a subset of open set U C Q and Fy = Q\ U, then the condenser R = (E,U) =
(Q\ U, E) is called a ring condenser, or a ring. Note that the infimum in (2.2) can be taken on over
functions f € C§°(2) such that f =1on E and f=0o0n Q\ U.

Theorem 2.3. Let there exist a continuous linear extension operator
.7l 1/mn
E:L,(Q) = L,(R"), 1<g<p<oo.
Then for any compact set E C (U N Q) the inequality
1 1 1 1 1
capd (E,U) < ®(U)* capy (E,(UNKNY)), —=-—-, (2.3)
K
holds for any open set U C R™.
Proof. Let a smooth function u € L),(€) be an admissible function for the condenser (E, (UNQ)) C Q.
Then, extending u by zero on the set U'\Q we obtain the function E(u) € L}(R™) which is an admissible
function for the condenser (E,U) C R™. Hence, by inequality (2.1), we have
B 1
capd (E,U) < ®(U)* Ju | L,(Q)]-
Since u is an arbitrary admissible function for the condenser (E, (U N Q)) C €, therefore
1 L 1
capg (E,U) < ®(U)* capp (E,(UNQ)). O
2.2. Generalized (p, ¢)-measure density conditions. Consider measure density conditions in do-
mains allowing the extension of operators with decreasing integrability.
Theorem 2.4. Let there exist a continuous linear extension operator
. 1 1 n
E:L,(Q) = L, (R"), n<qg<p<oo.
Then the domain § satisfies the generalized (p, q)-measure density condition
O(B(z, )P B(z,r) N Q7 > ¢o|B(z, )P, 0<r<]1,
where x € Q and a constant co = co(p, q,n) depends on p, q¢ and n only.

Proof. Fix a smooth test function 7 : R” — R with supp(n) C B(0,1) such that 7 is equal to 1 in the
neighborhood of 0 € R™ and 0 < n(x) < 1 for all z € R™. Consider the points = € Q, y € Q, and
denote by r := | — y|. Then the function

1o =n (22

is a smooth function such that f = 1 in the neighborhood of z € Q, f(y) = 0 and

IVf(2)] < for all z e R"™

= |

Substituting this test function f into inequalit,

I | Lg(B(z, )| < ®(B

(2.1), we obtain
1)) 7 || | Ly(B(z,r) N Q)|

<

—~

. C
< ®(B(x,r)) % =|B(a,r) N Q7.
T
Because ¢ > n, applying the embedding theorem of the space of compact supported Sobolev functions
to the space of Hélder continuous functions (see, for e.g., [15])

L;(B(mvr)){_)H’y(B(x’T))v Vzl_n/%
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we have

1 _ @) = W)l

e =y fr—yl'

<|If [ H'Ba,n)| < CIlf | Lg(B(a, 7).

So, using these inequalities, we obtain

L _
(Tz)q -0 zl/ll‘z' < @(B(x,r))%c%B(z,r) najs.
Hence
(r")i < &(B(a,r)) 7 CC|B(z,7) N Q|7,
and the required inequality is proved. O

To prove the sharpness of condition (1.1), we consider as an example the Hélder singular domain
o, a > 1, [7,14,18]:

Qo = {(z1,22) ER*: 0 <21 < 1, [z < 2f} U B((2,0),V2).
Then |B(0,7) N Q| = er®t! and, substituting it into inequality (1.1), we obtain
®(B(0,r))P~ 2@tV > Cr2P 0 < < 1.

Hence 1 < ¢ < 2p/(a+1) that coincide with the sufficient condition of the existence of (p, ¢)-extension
operators [7,14,18]. So, the necessary condition of Theorem 2.4 is sharp.

Recall that a bounded domain  C R is called a-integral regular domain [23] if the function

. |B(z,7)]
K(z) =1 2B
() P 1B, rnal

belongs to the Lebesgue spaces L, (f2). From Theorem 2.4 follows the assertion which was originally
formulated in [23]:

Theorem 2.5. Let there exist a continuous linear extension operator
.7l 1/mn
E:L,(Q) = L,(R"), n<gqg<p<oo.
Then the domain Q) is a-integral reqular for o = q/(p — q) and
N
Bl = erf| K | La()]]7,
where a constant ¢; = c1(p,q,n) depends on p, q and n only.
Proof. Rewrite inequality (1.1) in the form
|B(z,r)| \7 _ 1 9(B(,7))
|B(z,7) N QY T [Bla,r)|
Putting » — 0 and using the Lebesgue type differentiability theorem, we have

1 —
K(z)* < 07¢/(x)’ for almost all z € Q.
1

Integrating the last inequality on the closed domain £, we find that for any bounded open set  C
UcCR",

a

1 1 1 1
/K(m)(’ dx < —H/q)’(x) dr < — /<I>’(x) de = —®(U) < —||E|". O
‘1 ‘1 ‘1
Q Q
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2.3. Intrinsic metrics in extension domains. Let v : [a,b] — Q be a rectifiable curve, then the
length I(y) can be calculated by the formula

In the domain © C R", we define an intrinsic metric in Alexandrov’s sense [1]:

da(z,y) = infl(y(x,y)), =,y€Q,

where infimum is taken over all rectifiable curves v C €2, joint points z,y € €.
We use the following lemma [8,25].

Lemma 2.6. For any points x,y € §) there exists a function f € WL (Q) such that:
(1) 0K f(t) <1 foranyte€Q, f(x) =1 and f(y) =0,
(2) [f(t) = f(s)] < dalt,s)/da(z,y),
(3) supp(f) C B(z,da(z,y)) :== B(z, R),
(4) |Vf] <1/da(z,y) a.e. in Q.
Note that the proof of this lemma is based on the test function
f)y =20 e,
f( ) dQ (.’E, y)
for fixed z,y € Q, which was introduced in [25] (see, also [8]). The sets 2, and dqg (¢, Q) are defined
for the fixed points x,y € Q by the formulas
Q, ={s€Q:dalz,s) >da(z,y)}
and
da(t, Q) = inf{da(t,s) : s € Q. }.
In the following theorem we give the relation between the intrinsic metric and the Euclidean metric
in (p, q)-extension domains that can be considered as a generalized Ahlfors type metric condition.

Theorem 2.7. Let there exist a continuous linear extension operator
E:L)(Q) = Ly(R"), n<q<p<oo.
Then in the domain 2, the intrinsic metric is (p, q)-equivalent to the Euclidean metric
da(e,y)' "7 < Co®(Bx, R)*|r —y|'"%, R =do(,y). (24)
for all |x — y| < 1, where a constant Cy = Cy(p,q,n) depends on p, ¢ and n only.

Proof. Substituting the test function f from Lemma 2.6 into inequality (2.1), we obtain
1

IE(f) | LY(B(x,R)| < ®(B(z, R))* - —————, (2.5)
dﬂ(xvy) P
because of
I 1 LA@) < ( | s dz) '
B(z,R)
<< / <1)”dz)‘1’ 11
o R RY™% dQ(z,y)l_%.
B(z,R)

In the left-hand side of inequality (2.5) we apply the embedding theorem of the space of compact
supported Sobolev functions to the space of Holder continuous functions L} (B) < H7(B),y = 1-n/q.
So, we obtain

L W@ =IOy ) 5B, r)| < Collf | LB B)].

lw—yl'"7  Je—yltTT T
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Hence
1 1
m = |z —yl <1

< CO(I)(B(%R))% : W

The theorem is proved. O

Let x € €2, we define the value [23]

M(z) = limsup M(x,r) := 1imsup{ inf  {m:doy) < mlz— y|}} .

r—0 r—0 |z—y|<r

Inequality (2.4) leads to the following lower estimate of the extension operator formulated in [23]:

Theorem 2.8. Let there exist a continuous linear extension operator

. 1 1 n
E:Ly(Q) = L,(R"), n<qg<p<oo.

Then

I1EI| = Col|M | La ()] ™5, (2.6)

where a = (pg — pn)/(p — q) and a constant Cy = Co(p, q,n) depends on p, q¢ and n only.
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THE UNIFORM SUBSETS OF THE EUCLIDEAN PLANE

MARIAM BERIASHVILI

Abstract. We consider some measurability properties of the uniform subsets of the Euclidean plane
R2. Furthermore, it is shown that there exists an uniform subset of the plane which is simultaneously
a Hamel basis of the plane.

Many years ago, Luzin posed the so-called graph problem, in particular, he asked whether there

exists a function
p:R—R
such that the whole plane R? may be covered by countable isometric copies of the graph of ¢.

Let us define the standard terminology which was introduced by Luzin (see, e.g., [7,9]).

Let e be an arbitrary nonzero vector in the Euclidean plane and w be the first infinite cardinal
number (i.e., w = card(N)).

e A set A C R? is called uniform in direction e if card(l N A) < 1 for any straight line [ C R2,
parallel to e.

e A set B C R? is called finite in direction e if card(l N B) < w for any straight line [ C R?,
parallel to e.

e A set C C RZ is called countable in direction e if card(INC) < w for any straight line [ C R2,
parallel to e.

After this definition we can reduce the equivalent formulation of Luzin’s problem:

There exists a countable family of uniform sets, whose union is identical to R2.

The Luzin’s problem has found interesting applications for the mathematicians, in particular, this
topic has a close connection with Sierpinski,s partition of the plane R2?. Furthermore, under the
assumption of the Continuum Hypothesis (CH) Sierpinski has solved positively the question (see,
e.g., [8,9]).

Sierpinski’s Theorem. Assuming Continuum Hypothesis in R2, there exist two subsets A and B
such that

o The set A is uniform with respect to the axis R x 0;
o The set B is uniform with respect to the axis 0 X R;
o There exists a countable family {h, : n > w} of translations of R?, for which we have

U{h,(AUB) :n <w} =R

Note that the converse assertion holds true. In particular, the existence of the sets A and B
satisfying the above-mentioned properties, implies the validity of CH.

The theorem of Sierpinski and the problem of Luzin have found interesting connections with the
measure extension problem. The study of the measurability properties of uniform sets is an essential
topic of our research. In the measure theory, the standard concept of measurability of sets and
functions with respect to a fixed measure p on a base (ground) set F is well known. We now introduce
the concept of measurability of sets and functions not with respect to a fixed measure , but with respect
to certain classes of measures, which are defined on different o-algebras of subsets of the base space
E (see [4,5]).

Let E be a set and let M be a class of measures on E (in general, we do not assume that measures
belonging to M are defined on one and the same o-algebra of subset of E).

2020 Mathematics Subject Classification. 28 A05; 28D05; 03E20.
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e We say that a function f : E — R is absolutely (or universally) measurable with respect to
M if f is measurable with respect to all measures from M.

e We say that a function f: E — R is relatively measurable with respect to M if there exists
at least one measure p from M such that f is y-measurable.

e We say that a function f : E — R is absolutely nonmeasurable with respect to M if there
exists no measure p from M such that f is y-measurable.

Accordingly, we say that a set X C F is relatively measurable (absolutely measurable, absolutely
nonmeasurable) with respect to M if its characteristic function y x is relatively measurable (absolutely
measurable, absolutely nonmeasurable) with respect to M.

Example 1. There exists p Ilo-invariant extension of the Lebesgue measure s such that all uniform
sets in direction of the Oy-axis are measurable with respect to p.

Example 2. There exist the A uniform set in direction of the Oy-axis and the B uniform set in
direction of the Oz-axis such that A U B is absolutely nonmeasurable with respect to the class of all
IIs-invariant extensions of the two-dimensional Lebesgue measure.

Let M(R?) be a class of all nonzero o-finite translation invariant measures on R?. A set X C R?
is called negligible with respect to M (R?) if these two conditions are satisfied for X:

e there exists a measure v € M(R?) such that X € dom(v);
e for any measure u € M(R?), the relation X € dom(u) implies the equality pu(X) = 0.

A set X C R? is called absolutely negligible with respect to M (R?) if for every measure p € M (R?),
there exists a measure p/ € M(R?) such that the relations

u' extends p,Y € dom(u'), ;' (Y) =0

hold true.
Let us notice that any R2-absolutely negligible set is also R2-negligible, but the converse assertion
fails to be valid.

Example 3. In 1914, Mazurkiewicz presented a transfinite construction to show that there exists
a point subset M of the Euclidean plane R? such that every straight line in the plane meets M at
exactly two points. After his result it is natural to say that a set Z C R? is a Mazurkiewicz subset of
R2 if card(Z N1) = 2 for every straight line [ lying in R2. The above definition immediately implies
that for any nonzero vector e € R2, the Mazurkiewicz set Z is finite in direction e. If M C R? is
finite in some direction [, then M is negligible with respect to the class M (R?). In particular, every
Mazurkiewicz set is negligible with respect to the same class of measures.

Example 4. By the definition, a Hamel basis for R is any of its bases construed as a vector space
over Q. It is a well-known fact that in the theory ZF +DC, where DC denotes the so-called Axiom of
Dependent Choice, the existence of a Hamel basis implies the existence of a subset of R, nonmeasurable
in the Lebesgue sense. Moreover, every Hamel basis of the space R"™ is an absolutely negligible subset
of R™.

We recall that a subset X of R™ is A,,-thick (or A, massive) in R™ if for each \,-measurable set
Z C R™ with A\, (Z) > 0, we have

XNZ#0D.
In other words, X is A, -thick in R™ if and only if the equality
(An)«(R*\ X) =0
is satisfied.

Example 5. In the R™ Euclidian space, there exists the set Y such that: (i) Y is finite in direction
of any e € R™ vector. (ii)There exists a countable family {h,, : n > w} of translations of R™ for which
the intersection of sets (hx(Y))r € N is A,-thick (massive) set in R™.
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As is mentioned above, under CH, the Sierpinski theorem yields a positive solution to the Luzin
problem, but in the frame of ZFC, the final result was obtained by Davis (see, e.g., [2]).

Davis Theorem. There exist a function
¢o:R—R
and a countable family (gn)n<w of motions of the Euclidean plane R? such that
U{gn(Ty) :n < w} = R2,
where I'y denotes the graph of ¢.

Example 6. The graph of a function ¢ : R — R, which yields a positive solution of Luzins problem,
is an absolutely nonmeasurable subset of E = R2 with respect to the class of all nonzero o-finite
measures on R? that are invariant under the group of all isometries of R2.

It is shown in the above-presented example that there is a finite set which is simultaneously a Hamel
basis. The proof of this statement can be find in [6]. This fact motivated us to prove the following
theorem.

Theorem. There exists an uniform subset of R2? which is a Hamel basis of R2.
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WEIGHTED MULTILINEAR HARDY AND RELLICH INEQUALITIES

DAVID E. EDMUNDS! AND ALEXANDER MESKHI?3

Abstract. Multilinear variants of weighted Rellich inequalities are derived on the real line. Weighted
estimates for multilinear Hardy operators are also discussed.

1. INTRODUCTION AND PRELIMINARIES

A considerable effort has been made in recent years to establish the (weighted) boundedness of
integral operators in Lebesgue spaces. Such problems have been studied extensively in Harmonic
Analysis, especially in the last two decades (see, e.g., the monograph [9] and references therein). Our
aim is to establish an m— linear weighted Rellich inequality

m m
H I | U j <C | I ‘
Ly (1)
j=1 w(8()) j=1

with a certain positive constant ¢, independent of u,, € C§°(I), k = 1,...,m, where 6(z) is the distance
function on I given by the formula

, I:=(a,b), —00o<a<b< +4oo, (1)

"
U ;
Tl Lei (1)

§(z) = min{x — a,b — x}, (2)
and p is defined as follows:
1 1
f::Z—, 1<pp<oo, k=1,...,m. (3)
p w1 Pk

Throughout the paper, we assume that m is a positive integer, and p is determined by (3). Note that
in this case 0 < p < co.

Let v be an a.e. positive function (i.e., a weight) on the interval I := (a,b), —00 < a < b < 0.
We denote by L (I) (or by L (a,b)), 0 < r < oo, the Lebesgue space defined by the norm for r > 1

(quasi-norm if 0 < r < 1):
b 1/r
9lloe = ( / |g<z>|rv<as>dm> |

If v = const, then L} (I) will be denoted by L"(I) (or by L"(a,b)).
We establish (1) by deriving appropriate multilinear weighted Hardy inequalities

[T [swa| <TI0 (@
j=17 L7 (a,b) j=1

m b m

H/fj(t)dt < CH I £5ll 27 (a,p)- (5)
Jj=17y LY (a,b) j=1
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It should be noted that the necessary and sufficient conditions governing the two-weight bilinear Hardy

inequality
b b N b b
([ (oY) el form) ™ (fra) ™

for non-negative f and g were found in [10] under different conditions on weights for various ranges
of p1, p2 and ¢, with ¢ > 1.

The Rellich inequality in the linear setting has first appeared in [14]. The papers [2,4-8] (see also
the monograph [1]) were devoted to this problem, generally speaking, in a higher-dimensional setting.
Here we formulate the following statements which are inherited from [5].

Theorem A (the case n = 1). Suppose that —co < a < b < oo and let r € (1,00); put §(t) =
min {t —a,b—t}. Then for all u € C3(a,b),

/ab ;((tt))J:dt = <2rr 1)T (r . 1>T /ab ()] d.

Theorem B (the higher-dimensional case). Let Q be a non-empty, proper open subset of R™ and let
r € (1,00); suppose that u € C3(Q). If r = 2, then

2
/M)"ldxg E/ Au(z)? dz,
o Oar,4(7) 9 Jo
while if r € (1,00)\{2}, then for some explicit constant K (r,n),
|u(@)]" / r
—— —dx < K(r,n Au(x)|" dzx.
| e < Krn) [ (o)

Here, dpr,a and Opg2r are the mean distance functions obtained by averaging, in a certain sense, the
distance to the boundary of  in all possible directions.

2. RESULTS
We have proved the following statements.

Theorem 2.1. Let —co < a < b < oo, I := (a,b), and let w be a weight function on the interval

(0, (b— a)). If

b

- 1/p
Dyp:= sup (/w(x)xmpdx> TP < oo,

0<T<b—a
-

then for all u; € CZ(I), j =1,...,m, inequality (1) holds with the constant C' given by the formula

. m 1/p
C= 41/1’Da7b {1 + omp—2 H(p;)p} . (6)

i=1
The next statement deals with the cases b = co and a = —oo, respectively.
Theorem 2.2. Let —oo < a < oo. Suppose that I := (a,00). Let w be a weight function on (0,00).

If

- i 1/p
D :=sup (/w(m)m"”’dm) tmUP < oo, (7)
>0

then for allu; € CZ(I), j =1,...,m, inequality (1) holds, where

Cc=2"""D[] i (8)

i=1
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Theorem 2.3. Let —oco < b < o0 and I := (—o00,b). Suppose that w is a positive function on (0, 00).
If condition (7) is satisfied, then for all u; € C3(I), j =1,...,m, inequality (1) holds, where

=271 D[ s, (9)

i=1
where D is defined by (7).
By applying Theorems 2.1, 2.2 and 2.3, we can easily deduce the following statements.
Corollary 2.4. Let —0o < a < b < 00 and I := (a,b). Then for all u; € CZ(I), j = 1,...,m, the

inequalty
m » ) 1/p m .
(/ ’ H uj(:c)‘ 6(x)~ mpdx) < CH w51 es (1) (10)
AR j=1

holds, where
m 1/p
C=(2mp—1)"'/7 [1 + 2P H(pé)p}

i=1
Corollary 2.5. Let —00 < a < oo and let I := (a,0). Then inequality (10) holds for allu; € CZ(I),
j=1,...,m, where
C= 2m71/p(2mp — 1)71/’7 Hp;
j=1

Corollary 2.6. Let —0co < b < 0o. Suppose that I := (—o0,b). Then inequality (10) holds for all
u; € C3(I), j=1,...,m, where C is defined by

m
C =2m"YP(2mp — 1)"Y/P Hp;
j=1
To get the main results of this paper, we obtain the following statements about the weighted

multilinear Hardy inequalities in which by H, and H; are denoted the Hardy-type operators of the
following form:

H,f(z) = /f € (a,b), —oco < a<b< o

r—a

Hf(x /f € (a,b), —o00o<a<b<oc.

b—a:

Theorem 2.7. Let —co < a < b < 00, v be a weight function on (a,b). Then inequality (4) with a
positive constant ¢, independent of f;, f; € LPi(a,b), j =1,...,m, holds if and only if

/ 1/p m—1/p
Agp = sup (/v(x)dx) (t - a) < 0.
a<t<b f

Moreover, if c is the best possible constant in (4), then
Aa,b <c< C’Aa,,ba
where
1/p
C (2 +2m LT H?,, (a,b)) ; if b < oo,

2m-1/p H;nzl HHaHLPi(a’OO)’ if b=o0
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Theorem 2.8. Let —0co < a < b < 00, v be a weight function on (a,b). Then inequality (5) with a
positive constant ¢, independent of f;, f; € LPi(a,b), j =1,...,m, holds if and only if

/ 1/p m—1/p
B, = sup (/U(:r)d:c) (b—t) < 0.
a<t<b

a

Moreover, if ¢ is the best possible constant in (5), then
Ba,b <c< CBa,bv
where
mp—1 m 1P 1/p ;
(2 +2 ILZ 15l (a,b)) ) if a>—oo,
2P [T [ H |l vi (—o0.0)» if a=—o0.

Historically, in the linear case the two-weight problem for the Hardy operator was solved by B.
Muckenhoupt [13] for the diagonal case, and by J. Bradly [3] and V. Kokilashvili [11] for the off-
diagonal case (see also the monograph [12], Ch.1 and references therein).

Finally, we mention that the results of this note with proofs will appear separately.
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WEIGHTED NORM ESTIMATES FOR ONE-SIDED MULTILINEAR INTEGRAL
OPERATORS

GIORGI IMERLISHVILI! AND ALEXANDER MESKHI?:3

Abstract. In this note one-sided and two-weight inequalities for one-sided multilinear fractional in-
tegrals are derived. One-weight estimates are based on Welland’s type pointwise estimates which are
also presented. Integral operators studied in this note involve one-sided multi(sub)linear fractional
maximal operators, multilinear Riemann-Liouville and Weyl integral transforms.

In this note one— and two-weight norm inequalities for one-sided multilinear fractional integrals are
presented. One-weight estimates are based on Welland’s type pointwise inequalities which are also
derived. Integral operators involve one-sided multisublinear fractional maximal operators, multilinear
Riemann—Liouville and Weyl integral transforms.

Let f; :R—= R, i=1,...,m, be measurable functions and let

F o= (Fiaeo s ).

Throughout the note, it will be assumed that p is a constant satisfying the condition

I 1
S=2 (1)
p i Pi
where 1 < p; <oo,i=1,...,m.
Multilinear fractional integrals were introduced and studied in the papers by L. Grafakos [4], C.
Kenig and E. Stein [7], L. Grafakos and N. Kalton [5]. In particular these works deal with the operator
t)g
/ fattgle =t 4 o epn,

It\" 7

where + is a constant parameter satlsfylng the condition 0 < v <
In the above-mentioned papers it was proved that if % = ;
bounded from LP* x LP? to L9.
As a tool to understand B, the operator

17(7)(1‘): / ( Jiyr) - fn(Ym) — d?,

|z =1+ + 2 — yml)
(RP)m

1 _ 1 1 :
— 1 where 5= o T o then B, is

where x € R", v is a constant satisfying the condition 0 < v < nm, ? = (f1,--, fm), 7 =
(Y1,---,Ym), was studied, as well. The corresponding multisublinear maximal operator is given by
(see [11]) the formula

@3z

Mo (F) (@) supHQPl_wjn [ lay:
Q

where the supremum is taken over all cubes @ containing x. It can be immediately checked that

,(F)@) > cnr My (F)(2),

where f; > 0,7 =1,...,m and c is a positive constant, depends only on n and v. If m = 1, then Z,
will be denoted by I,

2020 Mathematics Subject Classification. 26A33; 42B35; 46B70; 47B38.
Key words and phrases. One-sided multilinear fractional integrals; Weighted inequality; Fefferman-Stein inequality;
Boundedness.
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Let 0 < r < oo and let w be a weight function (i.e., w be an a.e. positive function) on R”. We
denote by L (R™) the class of all measurable functions f on R™ such that

1/r
1 fllzr @ny = (/If )dx) < 0.

In 1974, Muckenhoupt and Wheeden [12] showed that the weighted Sobolev-type inequality

1L, ()] L (Rr) < ClIf|

where 1 <r < 00,0 <y <1/r,1/s=1/r —~/n, holds if and only if w € A, ;. A locally integrable
non-negative function (weight) w on R™ is said to belong to A, s (1 < r,s < oc0) if and only if

. 1/s 1 . 1/r! 1 1 B
bup (|Q| / (m)dw) <|Q|Q/w (x)dm) <oo, - + o= 1,

where the supremum is taken over all n-dimensional cubes ) with sides, parallel to the coordinate
axes.
We say that a vector of weights @ = (w1, ..., wy) satisfies the A , condition (? =(p1,-.-,Pm))

if ,_
o i (i) ) 1 f ) <

Theorem A ([11]). Suppose that 0 < v < nm and 1 < p1,...,pm < 00 are exponents with 1/m <
p < n/vy and q is the exponent defined by 1/q = 1/p —v/n. Then the inequality

(/(|Ify(7)(l’)|(ﬁ%(@))qu)l/ <CH</ ()i (a ))pidx)l/pi

holds for every 7 € LPr(wh') x -+ x LPm (wPm) if and only if W satisfies the A 4 condition.

L7 (R")s

In [14], the authors derived the following different type one-weighted result.
Theorem B. Let 0 < v < nm, suppose that f; € LY, (R™) with 1 < p; <mn/y (i =1,...,m) and

‘ Yai s g . 1/p;
Zl_llsgp (|Q| /wq (ac)dx) <|Q|/w p (x)dx) < o0,

L. We set % = Z:nl o . Then there is a constant C' > 0, independent of f; such

w E ﬂ Ap,.q tee.,

i=1

where £ = L
qi pi

that

HI’Y(7)HL;IM(]R") S CH ||fi|’Lﬁip,i (R™)"
i=1

The one-weight problem for multisublinear maximal functions and multilinear singular integrals was
studied in [8] under the A4 condition. Various types of Fefferman—Stein multisublinear inequalities
for fractional maximal functions were established in [13] and [6].

We introduce the following one-sided multisublinear fractional maximal functions:

h>0

. 1T
Mz (F)a —suthl,a/m/m(ymczyi, 0<a<m,
z—h

x+h

+ N .
ME(T)(@ —;gthl e [ M, 0<a<m,
xr
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which play an important role in the study of multilinear variants of the Riemann-Liouville and Weyl
integral transforms

f1 yl fm(ym)
/ / (x—y Jr(x—ym))mfozd?’ 0<a<m, zekR,

/ / fl y1 “ fn(Ym) d? O<a<m, xz€cR,
y1 +(ym_ m @

respectively.

If m = 1, then the operators Ry, Wa, M, and M} will be denoted by R, W,, M, and M,
respectively.

For the linear one-sided fractional integral operators the one-weight problem was solved in [1] (see
also [2] Ch. 2 for related topics). In particular, the following statement holds.

Theorem C. I[f0<a<1l,1<p<l/a(l/a=oc0,ifa=0),1/¢q=1/p—a, 1/p+1/p' =1. Then

1/
{/ |T(f |qu} <C{/f pdx} ’
holds.

(a) for T = M5 or T = Ry (a>0) if and only if u € A, i.e

1 a+h 1/q 1 a ) 1/17/
— q — -p <
{h / u (x)dw] [h / u (m)dw} <C
a a—h

for some constant C and all a, h with a € R, h > 0;
(b) for T'= M} or T =W, (a>0) if and only if u € A} i.e.

o] [ ] ] s

as
for some constant C and all a, h with a € R, h > 0.

For the two-weight theory for linear one-sided fractional integral operators under different types of
conditions on weights we refer to the papers [3,9,10] (see also the monograph [2, ch. 2] and references

cited therein).
Now we formulate the main statements of this note.

WELLAND-TYPE INEQUALITIES

Theorem 1. Let 0 < o« < m and 0 < ¢ < min{a,m — a}. Then there exists a positive constant C
depending only on m, a and € such that the following pointwise inequality

< o| (Mo D)) (M D) |

holds for all ? = (f1,.-., fm), where fi, i =1,...,m, are bounded functions with a compact support.

Ro()ie)

The similar theorem can be written for the Weyl integral transform.

Theorem 2. Let 0 < a < m and 0 < € < min{e,m — a}. Then if?:: fis-oos fm),

o|(Mi @) (M Tr@) ;

where f;, i = 1,...,m, are bounded functions with compact support and C depends only on m,
a and €.

Wa(Tio)| <
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ONE-WEIGHTED INEQUALITIES

Theorem 3. Let 0 < a < m, suppose that f; € LY, (R) with 1 < p; < m/a (i = 1,...,m) and

w e ﬂ A g e
m 1 z+h 1/(1i 1 < , 1/1):'
Hsup ( / w (¢ )dt) ( / w P (t)dt) < o0,
k>0 \ N h
T xzeR T xz—h
m
where qi = i — . We set % = l; qi Then there is a constant C' > 0, independent of f; such that

m
IRa(Dllzs, @ < CTL il .

i=1

Similar theorem for the Weyl integral transform holds.
Theorem 4. Let 0 < o < m, suppose that f; € LV, (R) with 1 < p; < m/a (i = 1,...,m) and
w e ﬂ At

Pi,qi ne.,

m 1 z 1/q: 1 z+h 1/’-’;

Hsup < / w‘“(t)dt) < / wPi(t )dt) < 00,

k>0 \h h

~ T xzeR z—h T

where qi = % — . We set % =3 %. Then there is a constant C' > 0, independent of f; such that
(2 Z:1 k2
W Fllzs, @ < CTLIFillms, -

i=1

FEFFERMAN-STEIN TWO-WEIGHTED INEQUALITIES
In the two-weighted setting, we proved the following Fefferman-Stein type inequalities:
Theorem 5. Let 0 < a < m and let 1 < min{py,...,pm} < max{pi,...,pm} < min{q,m/a}.
Suppose that p is defined by (1). Let v; be weights on R, i =1,...,m. We set v(z) = ﬁl vf/pi (z).
i=

()], <1
(v )], <TT

hold, where C is a constant, independent of f;, i =1,...,m, and

Then the inequalities

fz apzq Vi

)1/11’

LPi(R)

Fo(Mg o)

LPi(R)

1 z+h p/pi
+ — .
Ma ,Pisq (CU) - 2};13 (h(lapi/m)q/p / Vg (y)dy) ’

x

1 p/pi
Mapia (x):ili% <h(1am/rn)q/p / ”Ui(y)dy> .
z—h

Corollary 1. Let o, p;,q and m satisfy the conditions of Theorem 5.

If
1 p/pi
HSUP (I I—ap;/m)q/p /vi(y)dy> < 0,

I
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then the following trace-type inequalities hold:

(i
M2y, =TT 1

LI®) ~
+ m
e, <]
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THE PUNCH PROBLEM OF THE PLANE THEORY OF VISCOELASTICITY
WITH A FRICTION

GOGI KAPANADZEY2 AND LIDA GOGOLAURI!

Abstract. The paper considers the problem of pressure of a rigid punch onto a viscoelastic half-
plane in the presence of friction. The problems of the linear theory of viscoelasticity attracted
the attention of many scientists first of all due to the fact that building and composite materials
(concrete, plastic polymers, wood, human fabric, etc.) exhibit significant viscoelastic properties and,
thus, calculations of constructions for strength, with regard for the viscoelastic properties, are now
becoming increasingly important. Thanks to this fact, various methods of calculating the above-
mentioned problems were proposed, one of which is the Kelvin—Voigt differential model on which
the present paper is based.

Using the methods of a complex analysis elaborated in the plane theory of elasticity by
N. I. Muskhelishvili and his followers, the unknown complex potentials, characterizing viscoelas-
tic equilibrium of a half-plane, are constructed effectively and the tangential and normal stresses
under the punch are defined.

INTRODUCTION

The theory of viscoelasticity originated in the works by Boltzmann [3] and developed in his works
by Volterra [10] finds applications not only in mechanics of deformable solid bodies, but also in
other branches of mathematical physics. Viscoelasticity combines the properties of materials to be
viscous or elastic during deformation. In addition, elastic bodies and viscous liquids, as is known,
differ significantly in their properties under the deformation; the former after removal of applied loads
return to their undeformed state and the latter (for example, incompressible liquids) are deprived
of this property. Moreover, stresses in an elastic body are connected directly with strains, but in
viscous liquids (with some exception) they are connected with deformation velocities (for details,
see [2,4,5,8,9]. For viscoelastic materials, the ordinary equilibrium equations, the boundary conditions
and compatibility equations written in terms of stresses remain valid for purely elastic bodies under
the condition that the constants F and o obtained in the equations are replaced by the functions
E(t) and o(t). Moreover, unlike purely elastic materials (steel, aluminium, quartz) whose behavior
does not deviate much from the linear elasticity, such materials as synthetic polymers, wood, metals,
human fabric, etc., exhibit under high temperatures significant viscoelastic properties.

Of great importance in the development of the theory of viscoelasticity are synthetic materials
worked out at the end of the twentieth century and also their widespread applications in various
fields.

Subsequently, various models of material properties evaluation for viscoelasticity have been elabo-
rated (see [1]).

In the theory of linear viscoelasicity, Hook’s law can be represented either by the Volterra equation
(integral model), or by the dependence where there occur both the deformations and their derivatives
in time (differential model).

In the present work the use is made of the Kelvin—Voigt differential model in which Hook’s law is
of the form [8]

Xo = N0+ 2uey, + A0+ 21" e,
Y, = N + 2pey, + N0+ 21 ¢y, (1)
2020 Mathematics Subject Classification. 45J05, 74B05.

Key words and phrases. The Kelvin—Voigt model; Kolosov—Muskhelishvili’s formulas; Problem of a punch; Boundary
value problem of linear conjugation.
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X, = @4_@ + u* @4_%
v= 1\ Bz Oy H\ 9z oy )’

where ¥ = ez, + €4y = g—g + %Z’ Xz, Yy, Xy, U, U, €z, €yy, €xy are the functions of the variables z,

y, t. Under t we will always mean the time parameter and the dots in the expressions 9, ..., (unlike
dashes) will denote time derivatives ¢; A, u are elastic and \*, pu* are viscoelasticity constants.

We cite here the certain well-known Kolosov—Muskhelishvili’s formulas which can, as is known, be
attributed to any solid bodies (see [6])

X, +Y, = 4Re[®(z, )] = 4Re[¢ (2, 1)],
Y, — X, +2iX, = 2[z¢" (2,t) + ¢/ (2,1)] = 2[z'(2,t) + ¥(z,1)].
In the sequel, we will also use the formula following from formulas (2),
Y, —iX, = ®(z,t) + O(2,t) + 22/(2,t) + U(z,1). (3)

We assume that the resultant vector (X,Y") of outer forces applied to the punch is finite, and stresses
and rotation vanish at infinity, thus for large |z|, we have

X +1Y 1 X —1iY 1
O(z,1) = — ) W) = 2. 4
== ()i wen =TT (1) @

It can be easily seen that from the correlations (1) and (2), for the function ¥(z,t) = ez + €4y we
obtain the following differential equation

(2)

. 2 A p
9(z,t) + k¥ (z,t) = ———Re[p'(2,1)], (k: ),
(2,1) (2,1) N [¢"(2,1)] s
whose solution is of the form (assuming 9(z;0) = 0)
) t
Iz, t) = N /Re[gp’(z,r)]ek('r*t)dr (5)
0
Similarly, from the same correlations (1) and (2), for the function v(z,t) = ez, — €, we have
1
i(2,t) + (s, 1) = = Relz () + 9/ 0)), (=),
whose solution under zero initial conditions has the form
¢
1
1ent) = =z [ Relze () + 0/ (6)
0

From (5) and (6), we get
¢

2u"epy = /Re [%*cp/(z,T)ek(T_t) _ (E(p”(z,r) + wl(z,T)) enl(‘f‘—t):| dr,
O (7)
t
2 e = / Re [5°/ (2, 7)e 0 4 (2" (2, 7) + ¥/ (2,7)) 0] ar,
0

where "

»* = 2p .
Taking into account equalities do = dz, doe = dz, dy = —idz, dy = idz,, from (7), by integration
with respect to x and y, respectively, we obtain the formula
t

2u* (u + iv) :/ [%*go(z,r)ekﬁ*t) + (go(z,T) — 29 (z,T) — w(z,T)) em(Tft)} dr 4 2u* (ug + ivg), (8)
0

where ug = u(z,0), vo = v(z,0).



THE PUNCH PROBLEM OF THE PLANE THEORY OF VISCOELASTICITY 407
Formula (8) is an analogue of Kolosov—Muskhelishvili’s formula for the second basic problem of the

plane theory of elasticity ( [6]) for viscoelastic isotropic body.
From formula (8), by differentiation with respect to z, we obtain

t
2u*v (m,y,t) = Im[/%*ek“t)@(z,ﬂdr}
0

t

+Im[/em(7t) (‘I)(Z,T) — ®(z,7) — 29 (2,7) — \II(Z,T))dT] + 2p* v’ (2,9, 0). 9)

Statement of the Problem. Let a viscoelastic body occupy a lower half-plane S~. By L we denote
the boundary of that domain (i.e., the Oz-axis) and assume that a portion L’ = [—1; 1] comes in contact
with the punch of prescribed base shape and the punch goes into the half-plane by a given force acting
onto the punch and directed vertically downwards. We will also assume that the displacement of the
punch is translatory in the direction, normal to the boundary, in the presence of friction. In this case,
the boundary conditions can be written in the form

X, (z,t) =ap(x,t), a=const >0, xe€l;
X, (x,t) =Y, (2,t)=0, zel’'=L-1L} (10)

v (2, t) =f(z,t) + ¢, xelL', (c=const),

where f(z,0) = f(z) is the given function defining the base shape of the punch before pressing into
the half-plane. In (10), by X, (z,t),...,v" (2,t) we have denoted the expressions X, (,0,t),...,
v~ (z,0,t), and the same wrltlng will be retained in the sequel.
The total tangential stress in the case under consideration has the form T, = «aNy, where
1

No = [ N(z,t)dz N(z,t) is a normal stress at the point # € L', and hence, the resultant vec-
1

tor of outer forces acting onto the punch (which are assumed to be prescribed) is of the kind
(X;Y) = (aNo; —No).
Relying on (3), formula (9) is written as follows:
t t

Im {x*/ek(Tt><I>(z,7)d7+2/em(Tt)qD(z,T)dT
0

0
¢
+/€m(77t)Xy(Z,T)dT =2p*[v'(z,y,t) — v (z,y,0)]. (11)
0
Passing in (11) to the limit as z — = (z € S7), we obtain

Im [%*

t
FNd (2, 7 d7+2/em(7' D~ (z,7)dr
0

o—_

t
+/em(77t)ny(x,T)dT =fi(x,t), (12)
0

where
fil@, ) =207 [f' (2, 8) — f'(2)].
Differentiating (12) with respect to ¢ and adding the obtained equality with (12), multiplied by m,

we have
t

Im [(m—k)%* /ekTq)_(x,T)dT + (" + 2)eM D (2,1) | + ekth_ (x,t) = fa(x,t), (13)
0
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where
falat) = e [ i) + mfi(@,0)] .
After the differentiation with respect to t, it follows from (13) that

Im [(5"m + 2k)®~ (2, 1) + (5 + 2)d~ (x, t)} b X (2, 8) + BX (2,8) = folm, e . (14)

Following N. I. Muskhelishvili (see [6]), we extend the function ®(z,t) to the upper half-plane (i.e.,
ST) so as to continue analytically the values of ®(z,t) into the lower half-plane through the unloaded
sections (i.e., to L")).

In our case, on the basis of the boundary conditions (10) and formula (3), we define ®(z,t) in S
as follows:

D2, t) = —Bu(z,t) — 29, (2,1) — Uu(2,t), 2€ ST, (15)

where @, (z,t) = ®(Z,t); U.(z,t) =V(z
Taking into account that [®.(z,t)], = ®(z,t), [V(z,1)], = ¥(z,t), from (15) we have

D, (z,t) = —D(2,t) — 20" (2,t) — V(z,1). (16)

~+
N2

The obtained in such a way piecewise holomorphic function we denote again by ®(z,t), and then
to find the function ¥(z,t) by ®(z,t), from (16) we get

U(z,t) = —®(2,t) — Pu(2,t) — 2®(2,t) (17)

Thus, the stress and displacement components are expressed in terms of one piecewise holomorphic
function ®(z,t).
Introducing the value (17) into (3), we have

Y, —iX, = ®(z,t) — B(Z,t) + (2 — 2) P (2, 1),

whence
- Sy — — P +
Y, (x,t) —i X, (z,t) = @7 (x,t) — T (x,t), zec L' (18)
Owing to the fact that X" = —aY, (z,t), from (18) we get
_ « _
X, (2,t) = o [‘I>+(z,t) - P (a:,t)] (19)

Taking into account equalities @~ (z,t) = ®f (z,t) and ®*(x,t) = &, (x,t) and bearing in mind
that X (z,t) = Xy (2,t), from (19) we obtain

(1—ia)® (z,t) + (1 + ia)®, (x,t) = (1 — ia)® (2,t) + (1 + ia)®] (z,1),
and thus we conclude that the vanishing at infinity function
(1 —ia)®(z,t) + (1 +ia)P.(2,1)
is holomorphic on the whole plane and, consequently,

1+ia

P(z,t) = D, (z,t
(1) = ~ 1 ®u(5,1)
whence we obtain
1+ic——— 1+ia0——
O (2,t) = — Ot (z,t); PV(x,t) =— O (z,1). 2
(0,) = — T, B (,0) = — 1B (5, 0) (20)

On the basis of (20) and (19), we get

X, (1) = —[1 () + ﬁm]
= —Re{1 iam@_(x,t)} = —Im[liiczaé_(x,t)]. (21)
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From (2) and (13), with regard for the equality X" = —aY¥,~, we have

3 - _Xy_ (x,0)
R [(I) ( ’O)] - 4oy ’ (22)
Im [® (2,0)] = 3 (X, (x,0) = fa(x,0)] .

Thus, for @~ (x,0) we obtain the formula
X, (x,0) i

O (1,0) = — ™ i [X; (z,0) — fg(:r,O)] . (23)
Taking into account the fact that
2i0é _ 1 2 _ —
1 +iozq) (z,0) = Toa2 [20°Re @~ (2,0) — 2aIm &~ (z,0)]
1 _ 9 _
+m [2aRe @~ (z,0) + 20° Im &~ (z,0)],
from (21) follows
B 2a _ _
X, (2,0) = Tia? [Re® (,0) + aIm @~ (z,0)] . (24)

Substituting into (24) the values Re® (z,0) and Im & (z,0) from (22), after not complicated
calculations, we obtain
402 fo(z,0)

St (14 2a2) 2
After the appropriate calculations, it follows from (25) and (23) that
fa(=,0)

7 (1+2a?)+2

X; (z,0) = (25)

O (z,0) = [ +i(1 + 2a2)]. (26)

For the tangential and normal stresses under the punch we have

T(z,t) = X, (v,t) = —2alm {ﬁ@‘(m,t)}

Pa,t) = Y, (x,t) = —éT(m,t) = 2Im [

(27)

1
1+ix

o (z, t)] ,

respectively.
Thus the problem reduces to finding of the function ®~ (z,t). Relying on (21), from (14) we get

N 20 7. N 2ika 7 _ okt
Im{ [(% +2)— 1+ia}¢ (x,t) + [% m+ 2k — 1 er](b (x,t)} =e " fo(x,t).
We write the obtained equation in the form
Im [(a +ib)® (x,t) + (c+ id) @~ (x,t)] = fs(x,1), (28)

where
a=(x"+2)(1+a%) —2a% c=(m+2k)(1+a?);
b= —2a; d = —2ak; (29)
fa(a,t) = (14 a®)e ™ fo(a,t)

In view of (20), from (28), after simple transformations, we obtain
c—id (14 ia)(a+ib)
a—1 (1 —ia)(a —ib)
2i(1 + ia)’

Tl )+ a2y 2 Y (50)

Bt (x,t) + q>+(x,t)} S [cb—(a:,t) +

a+1
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Considering the piecewise holomorphic function €2(z,t) defined by the formula

B(2,t) + SUP(2,1), ze ST,

a—1ib

Q(z,t) =

(i>(z,t) + Zi%q)(ac,t), z€S8,

from (30) we obtain the following boundary value problem of linear conjugation:
Of(z,t) = gQ (w,t) + F(x,t), (31)
where
2i(1 + ia)?
(a —ib)(1+ a?)

14 .
_ _(tia)ati) gy
(1 —ia)(a —ib)
Taking into account that on the basis of (29),
(1+ia)(a +ib) = (5" + 2 +iasx™) (1 + a?),

we can write the constant ¢ in the form

fg(l‘,t).

14148
=— , 32
1—1iBy (32)
where .
ax
fo = w2
Bearing in mind that o > 0, »* > 0 and introducing the constant ¢ defined by the conditions
1
tg w6 = By, 0§6<§, (33)
due to (32), the coefficient of problem (31) is written in the form
g=e, (34)

where v = % + 0.
As a canonical function of problem (31) we can take the function
x(2) = (1421 —2)8,
where under the right-hand side is meant the certain branch which is holomorphic outside of L', adopts
on the upper side of the segment the positive values and takes at infinity the form

x(z) = (1+2)7H (1 = 2)2 7% = —ize™ 4 O(1). (35)

Relying on the above reasoning, we obtain factorization of the coefficient of problem (31) in the
form

X~ (2) ’
x*(z) (36)
Further, the vanishing at infinity solution of problem (31) of the class hgy (for that class, see [7]) is
of the form )
1 X" (0)F (0, t) Dy
Qz,t) = d 37
0= o / o=z TG 37)

21
where Dy is the constant defined from the conditions (4) and (35), having the form

(1 + ia)NO 67ri5

Do =
2m
Owing to (33), (34), (36) and (37), we have
1
6—2771'5 1 X+(O')F(O' t) Doe—Qﬂ'iJ
Q- = F — : —
(%) (1) mixt(z) / oc—x da} xt(x)

Having defined Q~ (x,t), to find ® (z,t), we obtain the following differential equation
O (z,t) + AO ™ (x,t) = Q™ (x,1), (38)



THE PUNCH PROBLEM OF THE PLANE THEORY OF VISCOELASTICITY 411

where .
yo &7 z‘d S i A = [e*m(1 4+ a?) + 2K][»*(1 Jg a?) + 2]+ 4ka27
a—ib [>*(1 + a?) + 2]" 4 402 (39)
205" (m — k) (14 a?)
(14 a2) + 2 + 402
The solution of equation (38) is represented by the formula
t
O (z,t) = e~ PrFira)t [@(I,O) + /6(/\1“)‘2)797(1‘,7’)&' , (40)

where &~ (z,0) is of the form (26).

On the basis of the above-obtained results, we can conclude that in our case (i.e., in the case of
pressure of a rigid punch with friction) the tangential and normal stresses defined by formula (27)
have, as is seen from (40), the character of damping oscillations with respect to time ¢t. Also, taking
into account (39), we can conclude that oscillations are absent in the following cases:

(1) for « = 0 (i.e., without friction);

(2) for m = k (i.e., the constants A,...,u* are connected by the relation £ = ML)
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ON ONE NEUMANN TYPE PROBLEM FOR SECOND ORDER LINEAR
DIFFERENTIAL EQUATIONS

IVAN KIGURADZE

Dedicated to the Blessed Memory of Professor A. Kharadze

Abstract. Optimal in a certain sense conditions guaranteeing the existence of a unique solution of
the differential equation

u = p(t)u+q(t),
satisfying the Neumann type boundary conditions

u'(a) = tru(a) +c1, ' (b) = lau(b) + ca,

are established.

On a finite interval [a, b], we consider the differential equation
u” = p(t)u+q(t) (1)
with the boundary conditions
W' (a) = lyula) +c1,  u'(b) = lau(b) + ca, (2)
where p, g € [a,b] — R are Lebesgue integrable functions, ¢; € R (i = 1,2),
41 >0, {4 <0.

For £; = 0 (i = 1,2), the boundary conditions (2) are the Neumann ones. In this case, problem
(1), (2) is studied in detail (see, e.g., [1,3-5] and the references therein). However, this problem in a
general case remains still insufficiently studied. The present paper is devoted to fill up this gap.

Assume

p(t) = (Ip@)+p@) /2, p-(t) = (Ip(t)| - p(t) /2,

b

P, = / pi(tydt, P — /b (1) dt.

a

Theorem 1. Let {1 >0, {5 <0,

0y — Uy +mes {t € [a,b] : p(t) #0} >0, (3)
b — b+ Py <P, (4)

and there exist a number A > 1 such that

Jienr a2 ()7 o)

Then problem (1), (2) has one and only one solution.

To prove this theorem, we need the following

2020 Mathematics Subject Classification. 34B05.
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Lemma 1. Let ¢4 >0, ¢ <0, conditions (3), (4) be fulfilled and the homogeneous problem
u” = p(t)u, (1o)
u'(a) = lru(a), ' (b) = lau(b) (20)
have a nontrivial solution u. Then there exist points to € |a,b[, t1 € [a,to[, and ta € |to,b] such that
u(to) =0, u'(t1) =0, ' (t2)=0. (6)
Proof. In view of (29), it is obvious that
u(a) #0, u(b) #0. (7)

First, let us show that the solution u in the interval ]a, b[ has at least one zero. Assume the contrary,
ie., u(t) # 0 for a <t < b. Then by virtue of inequality (7), we have

u(t) #0 for a <t <b.

Consequently,
u// (t)
u(t)

Integrating this identity from a to b, and taking into account equality (2¢), we find

+p(t) =0 for almost all ¢ € [a, b]. (8)

b
2
u'(t)
/ ap MR

whence, owing to conditions (2)—(4) and (8), it follows that u/(t) = 0,
p(t) =0 for almost all ¢ €la,b], €1 —¥f2 >0,

and either u(a) = 0, or u(b) = 0. But this contradicts condition (7). The obtained contradiction
proves that for some ¢ € ]a, b[ the equality

u(to) =0 (9)

is fulfilled.
Without loss of generality, we can assume that

If /1 = 0, then
u'(t1) =0, (11)

where t; = a. Let us show that if ¢; > 0, then this equality is fulfilled for some ¢; €]a,to[. Assume
the contrary, i.e.,

u'(t) >0 for a <t<ty.
Then, in view of (9), we have
u(t) <0 for a <t <.
But this is impossible since
u(a) =u/(a)/l1 > 0.

Thus we have proved that for some ¢; € [a, to[ equality (11) is fulfilled.
Analogously we can show that for some to € |tg, b], the equality

Ul(tQ) =0
is fulfilled. 0
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Lemma 2 (T. Kiguradze [2]). Let for some ag € [a,b] and by € ]ag,b] the differential equation (1¢)
have a nontrivial solution u satisfying either the boundary conditions
u'(ag) =0, wu(by) =0,
or the boundary conditions
u(ag) =0, u'(by) = 0.
Then

bo
7\ 22

(bo — ag) P /[p(t)]i dt > (5) ” for X > 1.

ao

This lemma is a corollary of Theorem 1.3 from [2].

Proof of Theorem 1. Assume that the theorem is not true. Then, owing to the Fredholmicity of
problem (1), (2), the homogeneous problem (1p), (29) has a nontrivial solution w.

According to Lemma 1, there exist points ty € |a,b[, t1 € [a,to[ and to € Jto, b] such that the solution
u satisfies equalities (6). Thus by Lemma 2, we have the inequalities

to to

(to — t1)?* ! /[p(t)}’l dt > (3)2/\72’ (ts — to) /[p(t)}’l &> (g)zx\fz.
Consequently, 1 0
[(to — t2)(t> - m)]”‘l( / PO dt) ( / o dt) - (O

On the other hand,

(tg —t1)? < (b—a)? 7
4 - 4

( / (o e ) / o ) < ( / pona) fas / pog ) /s

(o) > ()

a

(to —t1)(t2 —to) <

Therefore,

However, this inequality contradicts inequality (5). The obtained contrdiction proves the theorem. O

Remark 1. If ¢; > 0 and ¢5 < 0, then for problem (1), (2) to be uniquely solvable, it is necessary
that inequality (3) is fulfilled. Indeed, if the above-mentioned inequality is violated, then p(¢) = 0 for
almost all ¢ €]a,b[, £1 = 2 = 0 and, consequently, the homogeneous problem (1), (29) has an infinite
set of solutions.

Remark 2. Examples 1 and 2 below show that conditions (4) and (5) in Theorem 1 are unimprovable
and they cannot be replaced by the conditions

€1—£2+P+<,P_+E, (12)

b
[ < 2 (FEE) (13)

b—a

no matter how small € > 0 is.
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Example 1. Let € be an arbitrary positive constant,

2
)= (), h= o te(@), = ta(e),
and z €]0,1[ be so small that
de tg(z) < 4? +e.
b—a b—a

Then ¢; > 0, {5 <0,

4
61—€2+P+=ﬁtg(x)<77_+s,

b

/[p(t)]idt: (bfa)(b2_x&)2A < (b*a)(bza)2A < bfa (bia

a

)2)\—2

(14)

Consequently, all the conditions of Theorem 1 are fulfilled, except inequality (4), instead of which
inequality (12) holds. Nevertheless, in this case the homogeneous problem (1¢), (29) has the nontrivial

solution

u(t) = cos (% - :E)

Example 2. Let € €]0, 5[, 2 €]0,¢[,

p(t)E—(Zi—Z)z, glzw—l-x

and the number A € [1, +00[ be such that
7r+x<( 2 )x(ﬂJre)l—%
b—a b—a b—a '

T+ T+z (m+x)?
b—a te(@) < b—a < b—a

b
fooran=0-o (325" < (2™

Then

61—£2+'P+:

Consequently, all the conditions of Theorem 1 are fulfilled, except inequality (5), instead of which
inequality (13) holds. On the other hand, the homogeneous problem (1p),(2) has the nontrivial

solution

u(t) = cos (W — x)

Theorem 2. If {1 >0, ¢, <0, and
by — Uy + Py
1+(b—a)(€1 _ZQ+P+> ’

then problem (1), (2) has one and only one solution.

P_<

Proof. First note that inequality (15) yields the following inequalities
5261—€2+P+—P7 >0,
r=1-0b-a)(P_-+5'P2)>0.

(16)
(17)

Assume that the theorem is not true. Then the homogeneous problem (1p),(2¢) has a nontrivial

solution u. Put
b

e =min{|[u(t)]: a<t<b}, y= (/u’z(t)dtf.

a
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Then )
22 <u?(t) <22 +2(b—a)2y+ (b—a)y® for a <t <b. (18)
On the other hand, in view of inequality (16), it is obvious that
y > 0. (19)

Integrating both sides of the identity
o (t)u(t) = p(t)u*(t) for almost all t € [a,b]
from a to b and taking into account the boundary conditions (2¢), we obtain
b b

b
t12(a) — L2(b) + / [p(t)] u?(t) dt + / (1) dt = / [p(t)]_u(t) dt.

Thus, by inequality (18), it follows that
(lr — by +Pp)a® +y> < P_(2* +2(b— a)%gcy +(b—a)y?),
that is,
(622 — (b—a)26 2P_y)" + 12 <O0.
However, this inequality contradicts inequalities (17) and (19). The obtained contradiction proves the
theorem. O

Remark 3. Condition (15) is unimprovable and it cannot be replaced by the condition

by — 0l + Py
_ < 20
P < T —ot—hip) € (20)

no matter how small is € > 0.

Indeed, if
4
0<e<y—, 0<z<es(b—a)?/2
—a
and the function p and numbers ¢; (i = 1,2) are defined by equalities (14), then instead of (15)
inequality (20) holds, but nevertheless, the homogeneous problem (1y), (29) has the nontrivial solution

u(t) = cos (% - x)
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ON THE BOUNDEDNESS IN GENERALIZED WEIGHTED GRAND LEBESGUE
SPACES OF SOME INTEGRAL OPERATORS ASSOCIATED TO THE
SCHRODINGER OPERATOR

VAKHTANG KOKILASHVILI

Abstract. In the present note, in generalized weighted grand Lebesgue spaces on R%, d > 3, we
consider the boundedness of diffusion semi-group maximal functions, Riesz transforms and their
adjoints, as well as the Littlewood-Paley quadratic functions related to the Schrédinger differential
operator —A + V, where the potential V satisfies a reverse Holder inequality with an exponent,
greather than d/2. The class of weights, more general than that of Muchenhoupt’ one, is used.

1. INTRODUCTION

Our note deals with the mapping properties of certain integral operators associated with the
Schrodinger differential operator

L=-A+V(z), z€RY d>3,

where A is the Laplasian and V(z) is non-negative, non-identicaly zero and for some ¢ > g satisfies
the reverse Holder inequality

(119 / Uq(y)dy)l/q < |;|B v(y)dy,

B

for every ball B C R%.

We consider the boundedness problems relating to the Schrodinger integral operators in some
nonstandard Banach function space.

The mapping properties in LP of several types Schrodinger—Riesz transforms have been studied
in a pioneer work by Z. W. Shen [9], in which he introduced the following critical radius function
associated with the potential V:

p(a:)—sup{r>0: rTa / §1}, z € R%.
B(x,r)

This notion has played an essential role in the extensive study of the boundedness of Schrédinger
integral operators in weighted LP spaces with weights, larger, in general, than Muchenhoupt’s ones.

Here, we present the definition of generalized weighted grand Lebesgue spaces L{,’)“b(R”7 w).

Let 1 < p < o0, ¢ be a positive non-decreasing function on (0,p — 1) satisfying ¢(0+) = 0. The
generalized weighted grand Lebesgue space Lg)’d)(R”, w) is defined as the set of all everywhere finite
measurable functions for which

1
p—e
s oy = 50 (066) [17@P 2wt @iae) ™ < .

<e<p—1
R’Vl

where wv® € Ll (R™) foralle, 0 <e <p—1.
Further, we follow the definitions given in [3].
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Definition 1. Let 1 < p < co. A weight function w € A;,OC if there exists a constant ¢ > 0 such that

. C
( B/ way) Z w Ty ) <l

for every ball B = B(x,r), where 0 < r < p(z), z € R%.

Definition 2. Given p > 1, the class
— ,0
AP = l |A§ ,

0>0
where A”Y is defined as the weights w such that

(from)"(foom) " <am(e )

The following proper inclusions

for all balls B(z, ).

A, C AP C AY°
are valid.
In the case for p = 1, the function w(x) =1+ [z|7, v > d(p — 1) belongs to Af, but it is not in A,,.

Here, we establish the weighted inequalities in L§)7¢(R”, w) for the following Schrodinger operators:
i) Maximal operator of the diffusion semi-group

M* f(x) = supe™ £ f(x);
>0
ii) £- Riesz transform
R=VL2,
and its adjoint
R*=L7%V;
ili) £-Littlewood-Paley function

Nl

2
tdt)

o)) = (ﬂjte‘“(f)(w)
0

Let T stand for any of the above operators.
Now we present one of the main results of our note.

Theorem 1. Let 1 < p < oo, w € Af and let v € LP(R",w), v7 € Af for some v > 0. Then the
operator T is bounded in Lﬁ)’¢(R", w).

By Tioc we denote the p-localization of T":
Tpf(z) =T (FXB@.p(x) (2)) -
Theorem 2. Let 1 < p < oo, w € AZJOC and let v € LP(R™, w), v7 C Ag’loc for some v > 0. Then
the operator Tioc s bounded in Lﬁ)’(b(R”,w).

The boundedness problems for the classical versions of the above-mentioned integral operators
when £ = —A in weighted grand Lebesgue spaces in the framework of Muckenhoupt’s A, classes were
studied in [4-7] (see also the monograph [8, Chapter 7], and references therein).
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TWO-POINT BOUNDARY VALUE PROBLEMS
FOR SINGULAR TWO-DIMENSIONAL LINEAR DIFFERENTIAL SYSTEMS

NINO PARTSVANIA

Abstract. For two-dimensional systems of ordinary linear differential equations with singular co-
efficients, unimprovable in a certain sense conditions are established guaranteeing, respectively, the
Fredholmicity and unique solvability of the Dirichlet and the Nicoletti problems.

On an open interval ]a, b[, we consider the two-dimensional linear differential system

wi = pi(t)us—; +qi(t) (i=1,2) (1)

with the Dirichlet boundary conditions
ui(a+) =0, u(b—) =0, (21)

and the Nicoletti boundary conditions
ui(a+) =0, ua(b—) =0, (22)

where p; and ¢; :]a, b[— R are Lebesgue integrable functions, while the functions py and g2 :]a, b[— R
are Lebesgue integrable on every closed interval contained in ]a, b[.

We are mainly interested in the case where the functions ps and g2 have nonintegrable singularities
at the points a and b, i.e. the case, where

b

/ (Ip2(t)| + g2(t)])dt = +o0.

a

System (1) is singular in that sense.

In the case, where p;(t) = 1 and ¢1(t) = 0, i.e., when system (1) is equivalent to a second order
linear differential equation, the singular problems (1), (2;) and (1), (22) are investigated in sufficient
detail (see, [1-6] and the references therein). In the general case the above mentioned problems are
still not well studied. The present paper is devoted exactly to this case.

Theorems 1; and 15 below contain conditions guaranteeing, respectively, the Fredholmicity of the
singular problems (1), (21) and (1), (22). Based on these theorems we have established unimprovable
in a certain sense conditions for the unique solvability of these problems (see, Theorems 2; and 29, and
their corollaries). They are generalizations of some results by T. Kiguradze [4] concerning the unique
solvability of the Dirichlet and the Nicoletti problems for singular second order linear differential
equations.

We use the following notation.

r+x Tr—x
o, = X2 g = EZ

u(to+) and u(tp—) are the right and the left limits, respectively, of the function u at the point to;

L([a, b]) is the space of Lebesgue integrable on [a, b] real functions;

Lioc(Ja,b]) and Lioe(]a, b]) are the spaces of real functions which are Lebesgue integrable on every
closed interval contained in |a, b[ and ]a, b], respectively;

2020 Mathematics Subject Classification. 34B05.
Key words and phrases. The Dirichlet problem; The Nicolleti problem; Fredholmicity; Singular; Linear differential
system.
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If p € L([a, b]), then

p(s)ds for a <t <b.
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A vector-function (u1,uz) :]a,b[— R? is said to be a solution of system (1) if its components
are absolutely continuous on every closed interval contained in ]a,b[ and satisfy system (1) almost
everywhere on |a, b[ .

A solution of system (1) satisfying the boundary conditions (21) (the boundary conditions (23)) is
said to be a solution of problem (1), (2;) (of problem (1), (23)).

We investigate problem (1),(21) in the case where the functions p; and ¢; (i = 1,2) satisfy the
conditions

p1 € L([a,0]), a1 € L([a,b]), p2 € Lioc(la, b)), g2 € Lioe(Ja b)), (3)
b
pi(t) >0 for a <t <b, (5:/p1(t)dt>0. (4)

a

Along with system (1) we consider the corresponding homogeneous system
u; = pi(thuz—; (i =1,2). (1o)
The following theorem is valid.

Theorem 17. Let along with (3) and (4) the conditions

b
/ Lo (p0)(®)[p2(8)]_dt < +00

and
b

[ a0 O (Ll OO, + laa(®)]) e < +00 )

a

be satisfied. Then for the unique solvability of problem (1), (21) it is necessary and sufficient that the
corresponding homogeneous problem (1g), (21) to have only the trivial solution.

Theorem 2,. Let there exist a constant A > 1 and a measurable function p :]a,b[— [0,+o00[ such
that along with (3)—(5) the conditions

p2(t)] = p()py *(8) for a<t<b,

and
/ 22-2
A T\
< —
[ Lswoor < (5) s
are satisfied. Then problem (1), (21) has one and only one solution.
Corollary 1;. If along with (3)—(5) the condition

b

/ Lo (p1)(8)[pa(t)] _dt < 6 (7)

a

holds, then problem (1), (21) has one and only one solution.
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Corollary 21. If along with (3)—(5) the conditions

pa(t) > —(§)2p1(t) for a<t<b, (8)
mes {t € Ja, bl : pa(t) > —(%)2])1@)} >0 )

hold, then problem (1), (21) has one and only one solution.

Example 1;. If

0 <pi(t) <exp ((t—ba)_(;—t)) for a <t <b, 5:/p1(t)dt>0,
) b—a
T—a)t— a2 1?2 €xp ((ta)(bt)) <po(t) <0 for a<t<b,
14 b—a
lg2(t)| < mexp ((t—a)(b—t)) for a <t <b,

where ¢ > 0, u < 3, then all the conditions of Corollary 1; are fulfilled, and therefore problem (1), (21)
has a unique solution.

The above example shows that the functions ps and g2 in the conditions of Theorems 1; and 2,
may have singularities of arbitrary order at the points a and b.

Remark 1;. Inequalities (6) and (7) in Theorem 2; and Corollary 1 are unimprovable and they
cannot be replaced, respectively, by the conditions

b
/Ia,b(pl)(t)p)\(t)dt < (%)%_25 +e

a

and
b

[ Lasto)Olpa(0)_de <5+

a

no matter how small € > 0 would be.

Remark 2;. Inequalities (8) and (9) in Corollary 2; are unimprovable as well since if along with (4)
the conditions ,
T .
n==(3) m®), a®=0 (=12
hold, then problem (1), (2;) has an infinite set of solutions.

In contrast to problem (1), (2;), we investigate problem (1), (22) in the case where instead of (3)
the conditions

p1 € L([a,b])a Q1 € L([(l, b])a D2 € Lloc(]a;b])a g2 € Lloc(]aab]) (10)
are satisfied.

Theorem 1,. Let along with (4) and (10) the conditions

b
/L@n@wxm4u<+m
and

b
/fa(pl)(t) (La(lga)®)p2(®)], + lg2(#)]) dt < +o0 (11)
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be satisfied. Then for the unique solvability of problem (1), (22) it is necessary and sufficient that the
corresponding homogeneous problem (1g), (22) to have only the trivial solution.

Theorem 2,. Let there exist a constant A > 1 and a measurable function p :]a,b[— [0, +o0[ such
that along with (4), (10), and (11) the conditions

1

p2(D)]_ = p(t)p, () for a<t<b,

and
/ 22—2
by < (N7
[ oo < (5) (12)
are satisfied. Then problem (1), (22) has one and only one solution.
Corollary 1a. If along with (4), (10), and (11) the condition
b
[ L0 ®l0)_dr <1 (13)
holds, then problem (1), (23) has one and only one solution.
Corollary 25. If along with (4), (10), and (11) the conditions
T2
> (L
pa(t) > (26) pi(t) for a<t<b, (14)
T2
mes {t €la, bl : pa(t) > —(%) pl(t)} >0 (15)

hold, then problem (1), (22) has one and only one solution.

Example 15. If

b
0<pi(t) < (t—a) 2exp (1> for a<t<b, 6= /pl(t)dt > 0,

t—a
a

_blanp((ta)l(bt)> <p2(t) €0, |g2(t)] < (tga)#exp (tla) for a <t <b,

where £ > 0, ;1 < 1, then all the conditions of Corollary 15 are fulfilled, and therefore problem (1), (22)
has a unique solution.

Remark 1,. Inequalities (12) and (13) in Theorem 1 and Corollary 15 are unimprovable and they
cannot be replaced, respectively, by the conditions

b

[reioroa s (5)" "+

a

and
b

/u@mwmamﬁs1+a

a

no matter how small € > 0 would be.

Remark 2;. Inequalities (14) and (15) in Corollary 25 are unimprovable as well since if along with
(4) the conditions
T\ 2 .
po(t) = —(%) ), ¢{t)=0 (1=1,2)

hold, then problem (1), (22) has an infinite set of solutions.
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ON THE SECONDARY COHOMOLOGY OPERATIONS

SAMSON SANEBLIDZE

Abstract. The new secondary cohomology operations are constructed. These operations together
with the Adams operations are intended to calculate the mod p cohomology algebra of loop spaces.
In particular, the kernel of the loop suspension map is explicitly described.

1. INTRODUCTION

Let X be a topological space and H*(X;Z,) be the cohomology algebra in the coefficients
Z, = Z/pZ where Z is the integers and p is a prime. Given n > 1, let P¥(X) C H*(X;Zp) be
the subset of elements of finite height

Pi(X)={r € H*(X;Zp) | 2" =0, n > 1}.

Let Py : H™(X;Z,) — HP™PT1(X;Z,) denote the Steenrod cohomology operation. Given n,r > 1,
we construct the maps

$py t H (X Z,) — H>™ U TY(X;Z,)/Im Py, p > 2, (1.1)

and
Vo 2 PP(X) — HMOHD=20"+H1(X 7.3/ Tm Py (m is even when p > 2) (1.2)
in which 1y ,»_; = 1y is the Adams secondary cohomology operation for p odd or p = 2 and k > 1
(cf. [1-3]). Note that when n > 1, these maps are linear for n +1 = p*, k > 1 (e.g., H*(X;Z,) is a
Hopf algebra). Let QX be the (based) loop space on X. Let o : H*(X;7Z,) — H*"1(QX;Z,) be the

loop suspension map. Theorem 2 (cf. [3]) explicitly describes Ker o in terms of the operations P; and
1,» and higher order Bockstein homomorphisms 8j associated with the short exact sequence

0—Zp = Zprrr — Zpr — 0.

The calculation of the loop space cohomology algebra H*(QX;Z,) in terms of generators and
relations will appear elsewhere.

2. THE SECONDARY COHOMOLOGY OPERATIONS ;.

The secondary cohomology operations are constructed by using the integral filtered model of a
space X considered in [4].

2.1. The Hirsch filtered models of a space. Given a commutative graded algebra (cga) H, there
are two kinds of Hirsch resolutions

pa: (RH,d)— H and p:(RH,d)— H,

the absolute Hirsch resolution R,H and the minimal Hirsch resolution RH, respectively. The first
R, H is endowed, besides the Steenrod cochain operation E;; =1, the cup-one product, with the
higher order operations E, 4, p,q > 1, as they usually exist in the cochain complex C*(X;Z); the
second RH is, in fact, endowed only with the cup-one measuring the non-commutativity of the cup
product - :=— . In general, the operations F, , appear to measure the deviations of the cup-one
product from being the left and right derivations with respect to the cup product. But in RH the
freeness of the multiplicative structure enables us to fix the relationship between the cup and cup-one

2020 Mathematics Subject Classification. 55520, 55P35, 55N10.
Key words and phrases. Cohomology operations; Loop spaces.
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products by explicit formulas, while the relation between RH and the cochain complex C*(X;Z) is
fixed via zig-zag Hirsch maps

(RH,dy) & (R H, dy) L C*(X; 2). (2.1)

In fact, RH = R,H/J for a certain Hirsch ideal J C R,H. Thus, the Hirsch algebra (RH,d},), being
generated only by the —i-product, becomes an efficient tool for calculating of the loop cohomology
algebra.

Denote H* = H*(X;Z). Given a prime p, let by, - RH — RH ® Z, be the standard map. For
z =[] € H(X;Z,) with ¢ € RH ® Z,, let z( := t;pl(c). If ¢ € P¥(X), then in RH there is the

equality dr; = /\x"+l =0 mod p, some 1 € RH, and p does not divide . Note that the essential

idea can be seen for n = 1 (the case n > 1 is somewhat technically difficult only). Each z € P}
produces an infinite sequence of elements (2., )m>0 in RH given by the following formulas:

drog+1 = Z (*l)lzl ATy o T2, T+ E T2i4+1T254+1 + PTok41,
i1 tinr1=k i+j=2k—1
don — (1) gz; + pa i k>0
Tk = T Px2g, tm,%, ], R =2 U.
itj=2k—1

(The signs are fixed for |z] and n + 1 to be not simultaneously odd above.) In particular, when z is
odd dimensional and n, A = 1, one gets for k,¢,7 > 0:

dxy = Z T + pTg.
i+j=k—1
In turn, the sequence (&, )m>0 by means of the —1- product induces four kinds of infinite sequences
bz e {bi:?, bZ:;, by b,lcé} in RH for n > 1 (more precisely, one sequence (bg ¢)k ¢>1 when n = 1)
with by == by = by (k1 > 2 when n > 1, while k,1 > 1 when n = 1), by, = b3i%., 0,5 > 1,
defined by the recursive formulas: b1 = —(—1)|Z|b?)’11 for (k,¢) = (1,1), and

Ln 2x1 + Az —1 ), |z| is odd,
dby’y =

o —1 4§, |z| is even,
(in the latter case, we, in fact, have b1 1= X xi(xoUsmo)a}),
i+j=n—1
iyt = % xob“fxo, and for k, £ >1:
i+j=n—1
dby = —(=1)* oy apl, y + 20 = w

+ Z ( EIH tas bZ’*M m Trtm—1 (*1)62@:—)1 1 xgzt)—l)bzfr,é—m> T PbZZZ (2.2)

0<r<k
0<m<t
: : _ _ 11 nmn inm _ nd, .
with the convention x_1 1 Ty, = Ty, —1 To1 = —Tm, and oy 1= 0 = 0 ), Qg = agy; in
particular, for |z| odd:
s+t o
( s )7 n= 17
((Sj;%/z), n > 1 and s, ¢ are even, mod p,
At = ((s+t71)/2) -1 dsi dti dd d
g2 ) m and s is even and ¢ is odd, mod p,
0, n > 1 and s,t are odd, mod p,
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and for |z| even:

((S':;%/Q), n > 1 and s, ¢ are even, mod p,
Qg t = ((H;Ql)/?), n > 1 and s is even and ¢ is odd, mod p,
0, n > 1 and s,t are odd, mod p.

Therefore, when |z| is odd and n, A = 1, formula (2.2) takes the form

k+24
dbye = < i > Thgo—1+ Tho1 —1 Te—1

r+m
- Z <( r ) bk*’f"e*m Tr4m—1+ (xT*I ~1 xmfl) bkr,lm)

1<r<k
1<m<¥{

- Z ((bkfr,f + bk,lfr)xrfl - xrfl(bkfr,l + bk,ffT)) + pgk,ﬂ
1<r<k,l
The values of the perturbation h on z, and by, are, in fact, purely determined by the transgressive
terms yg 41 := hag|popor—1m and ¢’y = h(byy)|roHer-1 1, respectively. Namely,

Usr; Usa7; ~

hl'q: E _xmvlyi2t+yj '7+phxq
iri=q—m,r; >1
jrij=q+1, r;=>1

0<m<q
3 ; k% _
and denotlng ’7’%@ = aao’eo . aks’es and m[s] =m + e + My,
o *7* ... *)*
h(bk E) z : kel k0+£0 1 TG e —ey T TG e e—ts
1<k;<kit1
1<l;<lit1
k% * ok k% 7% %
Y Ala Y B (0 ) + it + ph(B). (2.3)
k=k[t] ;€=E[t] 1<r<k

1<m<¥¢

Furthermore, by means of by ¢, we define the elements b, , € RH as follows. Fix the integer k > 1.
Denote by, = by and grr = 1. If by i has already been constructed for 1 < m < q and o qx :=
Ok (q—=1)k - - - Ok 2k Ok k> let

b gk = Ok,qkbk,qk — Th—1 ~1 b (—1)k = Ok,qk Ok qk

—Ok,(q=1)k Th—1—1 Dk (q—1)k — == — Ok2k T 1 brok — T4 I ) bk
Then
drbrgk = Ok,qk Thtqh—1 + Tp_q N g gk + P Brgk + Pk gk
= Ok,qk Thtqk—1 + wk,l( Y4 Wi, gk T Ok,qkCh,qk > (2.4)
where Wy g1 = Up, gk +p[~)k’qk + (hbg gk — Okqk C,q) and ug 4, is expressed by x; and b, with

(s,t) < (k,qk).
a) Let p be odd. Set k = p" and ¢ = p — 1 in (2.4), and define (1.1) for 2 € H*"*1(X;Z,) and
r>1by

Yra(2) = [tzp(%\):l—pl + wpﬁ(p—l)pr)};

b) Let p and m be not odd simultaneously. Set k = 2p"~! and ¢ = p — 1 in (2.4), and define (1.2)
for z € P™(X) and r,n > 1 by

¢T,n(z) = [tzp('x;;igl_l + U]2pr—172(p71)p7‘71):| .
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Theorem 1. For any map f: X — Y, the following diagrams

B2 (X;2,) 2 BT (XG2,) T Py

[t et

H2H (v z,) 2 g (Y z,) o Py
and

pr(x) Lo gOneED=2p"4 (X 7Y/ Tm Py

1 1

pr(y) Lom g D-20"+1y, 7))/ Tm Py
commute.

Sketch of the proof. Define the cohomology operations on H*(C*(X;Z,)) by means of the canonical
operations {E, 4}pq>1 on the cochain complex C*(X;Z,) ([4]) that agree with v,.,, on H*(RH,d})
via zig-zag maps (2.1). O

Let D* := HY(X;Z,) - HY(X;Z,) C H*(X;Z,) be the decomposables and le) denote m-fold
composition Py o--- 0 Py.

Theorem 2. Let H*(X;Z,) be a Hopf algebra. Given r > 1, let p(r) denote the largest integer such
that pP(") divides the factorial p"). Let T* C H* (X;Z,) be the subset of indecomposables defined for
a € I*, = € H*(X;Zy) and the integer k. > 1 such that B, Pft)(z) = Byt P{t_l)wlyn(z) =0
mod D* fort < k., and

a) Forp>2:

Bp(r.) 771KZ)(Z), n =1 and z is odd dimensional,
- Bp(x.) 73&271)1/}1,”(2), n > 1 and z is even dimensional;
b) Forp=2:
a = Pa(r.) Sqffl)wl,n(z)v n > 1.
Then Kero = 7% U D*.

Proof. Themap 7: RH®Z, — V®Z,, a®1 — aly @1 realizes the loop suspension map o as (cf. [4])

o H™(X;Z,) ~ H™(RH ® Zp,dp) = H™ YV ® Zp, dy) ~ H™ QX Z,).

The inclusion D* C Kero immediately follows from the above definition of 0. Let a € Kero be
indecomposable. Then for y € RH with [tz, (y)] = a, there is the sequence (2,)m>0 in RH and r > 1
such that

dh(mmfl) =Y + Um—1 mod b,

dp(z;) = u; mod p, wu; € D*, i<m for

P, p and |zg| are odd,
m =
2pm L, otherwise.
p(r) o .
Let z = p;T[th (z0)]. Denote k. := r. Then taking into account (2.3) and the coefficients g, qr of

Thtqk—1 in (24) for g =p—1and k = p' and k = 2pt~1 1 < t < k,, we establish the equalities of
Ttems a) — b) as desired. Hence, a C Z*. The implication Z* U D* C Ker o is obvious. 0
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ON THE EXISTENCE OF UNIVERSAL SERIES WITH SPECIAL PROPERTIES

SHAKRO TETUNASHVILI

Abstract. An arbitrary system of Lebesgue measurable and almost everywhere finite functions

® = {pn(z)};2; such that there exists a universal series with respect to @ is considered. A theorem

asserting that for any sequence of real numbers (cn)no ; there exist two universal series with respect
to ® such that every ¢, is a product of two corresponding coeflicients of these two universal series
is formulated.

Let ® = {p,(z)},—, be an arbitrary system of Lebesgue measurable and almost everywhere finite
functions defined on [a, b].

Definition 1. A series
Z anen(z) (1)
n=1

is called a universal series with respect to ® in the sense of subsequences of partial sums of this series,
if for any Lebesgue measurable function f(x) defined on [a, b] and finite or infinite at any point of [a, b]
there exists a strictly increasing sequence of natural numbers (my),-, T co such that the equality:

klir&;anwn(f) = f(x)

holds for almost all x € [a, b].

In what follows, for the sake of brevity, a universal series (1) with respect to ® in the sense of
subsequences of partial sums of (1) is called a universal series with respect to ® and measurable is
applied instead of Lebesgue measurable.

D. E. Menshoff was the first who established the existence of universal trigonometric series and
proved that any trigonometric series is a sum of two universal trigonometric series (see [3]). Namely,
he proved that for any sequence of real numbers (¢,,), - ; there exist two universal trigonometric series

with coefficients <a£ll)) and (ag)) , respectively, such that for every natural number n > 1 the
n=1 n=1
following equality
Cp = ag) + ag)

holds.

A. A. Talaljan proved (see [2, Theorem 9.2.11]) that for any complete and orthonormal system &
there exists a universal series (1) with respect to ® such that lim «, = 0.

n—oo

Various aspects of the theory of universal series are presented in the article of K. G. Grosse-
Erdman [1].

In [4], the above-mentioned result of Menshoff on trigonometric series is generalized for the series
with respect to any system ® of measurable and almost everywhere finite functions such that there
exists a universal series with respect to ®, in particular, for the series with respect to any complete
and orthonormal system & (see [4, Theorem 1 and Theorem 2)).

The above-indicated results of [3] and [4] hold true not only for the sums of corresponding coefficients
of the above-mentioned two universal series, but also for the products of corresponding coefficients of
certain two universal series. Namely, the following theorem holds.
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Theorem 1. Let ® = {¢,(x)},—, be an arbitrary system of measurable and almost everywhere finite
functions defined on [a,b] and (cn)zozl be any sequence of real numbers, then a necessary and sufficient
condition for the validity of the equality

cn =tV ~a£2)

o0 o0

for every natural number n > 1, where > ag)(pn(aﬂ) and Y. ag)(pn(ax) are certain universal series
n=1 n=1

with respect to @, is the existence of a universal series with respect to ®.

A consequence of Theorem 1 and of the above-mentioned theorem of A. A. Talaljan is the following

Theorem 2. Let ® = {p,(z)},—, be any complete and orthonormal system of functions defined on
)

(o]
[e's) . . . (1
-1, there exist two universal series Y o,

n=1

[a,b], then for any sequence of real numbers (cy) on(x)

and ag)gon(x) with respect to © such that the equality
n=1

Cn = ag) -ag)
holds for every natural number n > 1.

Proposition 1. For any system ® of measurable and almost everywhere finite functions defined on
[a,b] such that there exists a universal series with respect to ®, in particular, for any complete and
orthonormal system ®, there exist two series

> onpale) and Y pule)
n=1 n=1 "

with respect to ® such that every one of them is a universal series with respect to ®.
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ON SETS OF UNIQUENESS OF SOME FUNCTION SERIES

SHAKRO TETUNASHVILI}2 AND TENGIZ TETUNASHVILI?3

Abstract. Uniqueness theorems for function series with respect to systems of finite functions,
Lebesgue measurable and finite functions, and some orthonormal systems of functions are formu-
lated.

1. NOTATION AND DEFINITIONS

Let ® = {p,(x)},—, be a system of finite functions defined on [0,1], a = (a1,a2,...,ay,...) be a
sequence of real numbers, and § = (0,0,0,...) be a constant sequence of zeros. a # 6 means that there
exists a natural number ny > 1 such that a,, # 0.

Let S be the set of all sequences of real numbers, S = {a: a = (a1,a2,...,an,...)}. Let Sy be the
set S\{0}, i.e., So={a: (a€S) & (a#0)}.

Consider a series with respect to ®:
> angn(@). (1)
n=1

For every fixed z € [0, 1] let

A(z) = {a : (a € So) & (ian%(@ £ 0)}

and for every fixed a € Sy let
E(a) = {Jj : (z€]0,1]) &(Zangon(x) # O) }
n=1

o0

Definition 1. A set H C [0, 1] is called a U-set if the convergence of a series Y anen () to zero for
n=1

every z € [0, 1]\ H implies that a,, = 0 for every natural number n > 1.

2. A UNIQUENESS THEOREM FOR SERIES WITH RESPECT TO SYSTEMS OF FINITE FUNCTIONS

Let ® = {p,(z)},—, be a system of finite functions defined on [0, 1], then the following assertions
hold true:

Theorem 1. A set H C [0,1] is a U-set if and only if
U A@) = S.

z€[0,1]\H
Proposition 1. A set H C [0,1] is a U-set if and only if
E(a)ﬂ([o, 1N\H) #0 for any a € Sp.
Proposition 2. If the empty set is a U-set, then a nonempty set H C [0,1] is a U-set if and only if

UAax)c U Aw).

reH z€[0,1]\H
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3. A UNIQUENESS THEOREM FOR SERIES WITH RESPECT TO SYSTEMS OF LEBESGUE
MEASURABLE AND FINITE FUNCTIONS

Let ® = {¢,(z)},~, be a system of Lebesgue measurable and finite functions defined on [0, 1].
In what follows, u, and p* stand for Lebesgue inner and outer linear measures of a set, respectively,
and measurable is applied instead of Lebesgue measurable for the sake of brevity.

Definition 2. A series Z ann(z) is called a null-series with respect to ® if Y anen,(z) =0 for
n=1
almost all z € [0, 1] and there exists a natural number ng > 1 such that a,, # 0.

Definition 3. An orthonormal system of functions & = {<pn( )}oo; defined on [0, 1] is called a strictly

convergence system if Z a? < oo implies that a series Z ann(x) converges almost everywhere on
n=1

[0,1] and Z a? = oo implies that a series Z ann(2) diverges on a subset of [0, 1] of positive Lebesgue

n=1
measure.

It is well known that if ® is a strictly convergence system, then there is no null-series with respect
to ®.

Note that examples of strictly convergence systems defined on [0, 1], are lacunar trigonometric
systems (see [3, Ch. 5, §6]), Rademacher’s system (see [1, Ch. 4, §5]), Kashin’s complete and
orthonormal system [2].

The following assertions hold true.

Theorem 2. If there is no null-series with respect to the system ® = {p,(z)} ~,,
H C [0,1] such that pu.H =0 is a U-set.

Note that if a set H C [0, 1] is such that . H = 0 and p*H = 1, then u, ([0, 1]\ H) = 0 and therefore,
according to Theorem 2, we have

then any set

Corollary 1. If there is no null-series with respect to the system ® = {pn(x)}>2

et and a set H C [0,1]
is such that p H =0 and p*H =1, then both H and [0,1]\H are U-sets.
Corollary 1 implies:

Corollary 2. If ® = {¢,(2)},2, is a strictly convergence system and a set H C [0,1] is such that
weH =0 and p*H =1, then both H and [0,1]\H are U-sets.

Remark. It can be proved that after appropriate modifications of the notation and definitions pre-
sented in Section 1, the assertions formulated in Section 2 remain true for multiple function series,
too.
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