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Abstract

In the work by analysis of one-dimensional unsteady flows, based on the fundamental law of conservation with application of
Fourier series is shown that in the presence of periodic, steady pulsations along the flow, the main frequency as well as all higher
frequencies remain constant and only the amplitude of oscillations is changed that is in full agreement with the results of analysis
of more complex three-dimensional flows. Thus, is confirmed the validity of the principle of conservation of frequencies or time
scale along the flow. So, is obtained very interesting result for turbulence problem solution.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Oscillation; Turbulence; Time scale; Conservation

1. Introduction

Integrating the Navier—Stokes differential equation, Osborne Reynolds admitted that:
VF =V (F). (1.1)

In the work [1] was shown, that one of the main reasons of the Reynolds problem arising is this assumption.
If we have an arbitrary periodic function:

_ 1 K
F=— F(x,y, z,t)dt. (1.2)
To Jo

The following relations are valid:
— F —
VF =V (F)+ —Vr =V (F) - FA. (1.3)
7o

V2F =V*(F) —2A[V (F)] - F (VA) + FA?, (1.4)
where-t is the duration of oscillation. A = (1/f) grad (f) = grad (In f) = —grad (In ).
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Integrating the differential equations of Navier—Stokes by taking in account (1.2)—(1.4), are obtained differential
equations, that differ from the Reynolds equation. At the same time, the Reynolds equations express conservation laws
for integral flows and they do not cause doubt. Consequently, the presence of two different systems makes it possible
to obtain very important additional information on the turbulence problem. One of these results is the principle of
conservation of frequencies (or time scales) along the flow.

In this paper, we prove what has been said on the example of a one-dimensional nonstationary periodic flow.

From acoustic theory it is well known that at propagation of acoustic waves, pressure fluctuation period and
character at various locations of the perturbation region are qualitatively identical [2,3]. With increasing of distance
from the source of vibration the amplitude of perturbations changes due to dissipation at perturbations spreading in a
large space (in the case of spherical waves), however, the period of oscillation at this is not changing. Therefore, audio
signals are not distorted, despite that they become weaker. In terms of acoustics theory, mathematically this would be
easily explained, since perturbations that are propagating with the constant speed C should create the same pattern
in different locations of space with shift in time x/C (see solutions of wave equations). Thus, we can say that for the
case of acoustic disturbances, the preservation of oscillation frequency is observed. However, let us put the question
of whether or not to preserve as constant the oscillation frequency along the flow, if we have arbitrary, strong periodic
disturbances? The theory of acoustic waves in this issue does not help us, because, at significant perturbations, the
wave propagation velocity is not constant due to its dependence on the changing of the environment state parameters.

However, as will be shown below, if in the one-dimensional flow are propagated periodic waves of arbitrary shape,
the frequency of these oscillations in arbitrary cross section also will be the same. In other words, we show that
conservation of frequency along certain lines is a property not only of acoustic disturbances, but also of arbitrary
non-stationary periodic processes. Starting from simple examples, with the transition to a more general problem, we
show that this property is a common feature of all periodic oscillatory processes. Therefore, this feature would be
called as principle of conservation of frequencies (or time scales) along the vector of substance that is subject of
periodic fluctuations.

2. Basic part

For obviousness, let us assume that in the straight channel receives periodic stream. If in the initial section of the
channel we install the pressure sensor, it will register the oscillation process with the period of 7y (Fig. 1, line 1) or
with the frequency f = 1/19 = w/2m. For these processes, there is a conventional, minimum angular velocity that
will be determined from the equation w = 2 f = 27 /7.

The sensor located in a certain distance from the entrance section will also detect a certain periodic process with
interval 7., and the perturbation amplitude will be relatively less (line 2). But third sensor that is located very far from
the entrance, almost will not register vibrations due to dissipation and smoothing of the waves, the flow will gradually
make stationary character (line 3).

We will show that, in arbitrary section of one-dimensional periodic flow, the oscillation period of the pulsating flow
parameters must be the same not only for small but also for any perturbations (typ = 7, = idem). In other words, in
any section, the period of the vibration and main angular velocity will be the same

9o _ 2.1
ax '
0T,

o (2.2)
0x

to confirm the above mentioned, let us consider the instantaneous value of mass flow in an arbitrary cross-section
of flow G = pU F. The instantaneous specific mass flow would be written as the sum of two functions, one of that
depends on the coordinate x and the other is a periodic function, (and dependent on x and 7)

g=pU=nx)+ox,t), 2.3)
thus, a periodic function is possible to express as a Fourier series [4,5]
¢ (x,7)= Y [a(x);cos(iwt) + b(x); sin (iw)], (2.4)

i=1,00
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Fig. 1. The fluctuation of pressure in different cross-sections of one-dimensional unsteady flow.

wherein the amplitudes a(x);, b(x); and main frequency w as well are dependent on x. Knowing the instantaneous
value of mass flow, the total amount of transferred per second substance is possible to determine from the expression

1 [= w (™
§=—/ gdl:n(X)+—/ @ (x,1)dt
Ty Jo 2 0

2 2
=nkx)+ i Z {a(x),» f cos (iwt) d (wt) + b(x); / sin (iwt) d (a)t)} =n(x). 2.5)
2 0 0

i=1,00

It is natural that, regardless of the nature of pulsation, in arbitrary section of the periodic flow will be passed the
same amount of mass. Therefore we will have:

0 _on_,

= = 2.6

ox ox (2.6)
Thus, the function 1 does not depend on the coordinate x and for the instantaneous mass flow we have

g=pU=C+ Y [a(x);cos(iwr) + b(x); sin (iwr)] . 2.7)

i=1,N

And now, on the basis of the last expression, let us analyze the law of mass conservation. As it is known, for
one-dimensional non-stationary flows this law is expressed grounded on the equation of continuity

0 apU
Py o 2.8)
ot ox
The integrating of this expression with respect to time, in an arbitrary section gives:
™ 9pU
/ Pt =0, 2.9)
0 0x

if (2.7) will be differentiated along the x and substitute in (2.9) we obtain:
o da(x); . ab(x); . .
Z ——cos (iwt) + ——sin (iwt) | dt
o 5 ax ox

ow N . .
- 5 > [a(); (i) sin (iwr) — b(x); (it) cos (iwt)] dt = 0, (2.10)
0 i=1,N
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or, after introducing of integration sign within the summation sign:

Z [aa(X)i /rx cos (iwt) dt + e /rx sin (foor) dtj| "
0x 0 Ox 0

i=1,N

1 dw o o .
i Z |:a(x)[ / (iwt)sin (iwt) d (wt) — b(x); / (iwt)cos (iwt) d (a)t)i| =0. (2.11)
@wTOX TN 0 0

It is easily seen that first two members of Eq. (2.11) are equal to zero, thus we have

dw 2

2
o |:a(x),» f (iot) sin (iwt) d (o) — b(x); / (iot) cos (iwt)d(wt)] —0. (2.12)
0 0

i=1,N

At the same time, from the theory of definite integrals follows:

2
/ (iwt)cos (iwt) d (wt) = 0, (2.13)
0
2
/ (iwt)sin (iwt) d (wt) = —27. (2.14)
0
Therefore, we will obtain
0
2718—2) 'Z [ax)] =0, (2.15)
i=1,N
or
0
2 _o. (2.16)
0x

Thus, we have shown that in any periodic mass flux the main frequency remains constant along the flow.

In the work [1] we have shown that the vibration frequency gradients are directed perpendicular to the vector of
flow, that indicates the direction of propagation of physical substance. Obtained by us for one-dimensional flow result
entirely coincides within the framework of this principle. I.e. we have shown that this result is valid for any flow. At
this the stated judgments are valid not only for the mass flow, but also for energy flux and flows of various substances.

In the future we will show that — in the continuum where are processes with periodic disturbances, the minimum,
main frequency and all higher oscillation frequencies of substances flows (mass, concentration, energy, etc.) remain
constant in the direction of dissemination of substance (or along the streamlets of given substances).

3. Conclusion

Based on Eqs. (1.2)—(1.4) and above mentioned analysis of one-dimensional pulsating flow, is shown that, proposed
by Professor Aptsiauri principle of conservation of frequencies (or the time scales) has convincing theoretical basis. At
the same time, the system of obtained additional theoretical equations creates the possibility of solving the turbulence
problem.
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Abstract

We prove that the group SO3(Q) of rational rotations is the inverse limit of a family of finite solvable groups of order 23k=2.3
whose 2-Sylow subgroups have nilpotency class 2k — 3, exponent 2k=1and Frattini subgroups coinciding with the commutator
subgroups, and we give generators for these groups.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Profinite groups; Hurwitz quaternions

This paper gives a presentation of the orthogonal group
SO3(Q = {X € Q7 : XX' = I}

of rational isometries of the quadratic form Q(x, y, z) = x> + y? + 22 as a profinite group.

Equivalently, we consider a set of infinitesimal generators for (a representative subgroup of) the inverse limit
SO5(Q), and we notice that they are scalar multiples of infinitesimal generators for SO3(R) by a scalar factor of the
form arcsin(26), which has 2-adic norm greater than one. Thus, each term of the inverse limit is nilpotent, and the
Baker—Campbell-Hausdorff formula has a finite number of terms, an effective tool for further computations.

1. SO3(Q)

For the presentation of the elements of SO3(Q), it is natural to consider the (Q-algebra of Hurwitz quaternions
H={z=m+ni+pj+gk: m,n,p,qeQ, ij=—ji=ki’=j=—1}.

In fact, the subgroup N of Hurwitz quaternions of norm 1, by conjugation, on the 3-dimensional rational space of
vector quaternions z = xi + yj + zK, and this action gives back a representation of the group SO3(Q).

* Corresponding author.
E-mail addresses: bokel71 @yahoo.com (T. Bokelavadze), raffaecllo.caserta@unipa.it (R. Caserta).
Peer review under responsibility of Journal Transactions of A. Razmadze Mathematical Institute.
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Representing the quaternion z = m + ni + pj + gk as a rational matrix of the shape

m —n —p —q
7 — n m q —p ’

P —q m n

q P —n m

one sees that the norm is

Vdet(Z) = /m? +n? + p? + ¢

For the normalized quaternion w of norm 1, the elements wiw !, wjw~' and wkw ™" are respectively:

0 g>+ p*> —n*—m? 2mgq — 2np —2nq — 2mp
1 —q* = p*+n*+m? 0 2nq + 2mp 2mq — 2np
m?2 +n? + p? + ¢ 2np — 2mq —2nq — 2mp 0 —¢* = p*+n+m? ]’
2nq + 2mp 2np — 2mgq g> +p*—n*—m? 0
0 —2mq — 2np qg* — p*+n*—m? 2mn — 2pq
1 2mgq + 2np 0 2pq — 2mn ¢ —p+nt—m?
m2+n2+p2+q2 | —¢* + p* —n* +m? 2mn — 2pq 0 2mgq + 2np ’
2pq — 2mn —q* +p*—n*+m? —2mq — 2np 0
0 2mp — 2nq —2pq —2mn —g*+ p*+n? —m?
1 2ng — 2mp 0 qg*> — p* —n*+m? —2pq — 2mn
m2+n?+ p2+ 42 2pq +2mn —¢*+pP+n’—m? 0 2ng — 2mp
2

g —p*—n*+m 2pq + 2mn 2mp — 2ngq 0

If m,n, p,q € Z and if we write the coordinates of the above conjugate elements of i, j, and k in columns, then
we obtain the following representation of SO3(Q):

1 m? +n®— p*—q°® 2mq+2np 2ng —2mp
2np —2mq m? —n®+ p*— 4 2pg+2mn
2 2 2 2
me+nt 4 ptta 2ng+2mp 2pg—2mn m* —n? — p* + 4*

The above construction shows that, similarly to the classical case of Pythagorean triples, a primitive Pythagorean
quadruple (a, b, ¢, d) is parametrized by (m, n, p, g), and, in fact, all 3 x 3 orthogonal matrices with rational
coefficients are obtained in this manner (cf. [1]). The same result follows also from the Lebesgue identity (cf. [2])

(m* +n* + p* +¢»* = (m*> +n* — p* — ¢*)* + 2mgq + 2np)* + (2ng — 2mp)*.

2. Cofiltration

For an odd prime p let p = a> +b*> +c> +d? and let w = ‘/T?(a +1ib + jc 4+ kd). The conjugation by w of a vector
quaternion xi 4+ yj 4+ zk produces the following rotation of Q?

a>+b*—c*—d? 2bc — 2ad 2ac + 2bd
- 2ad + 2bc -+ -d 2¢d — 2ab
p 2bd — 2ac 2ab + 2cd @t — b — 2+ d>

This shows that, for any p > 2, there are elements in SO3(QQ) which cannot be reduced modulo p. For instance, let
p = 7. In this case, w = 4(2 + i3 + j6) gives in turn

]—3—26

=l -3 2]eso@.
2 6 3
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On the contrary, for p = 2, we can see that, for each k = 1,2, ..., it is possible to reduce modulo 2k the arbitrary
element
1 m* +n* — p* —g? 2mq+2np 2ng —2mp
2np—2mq m* —n*+ p* — ¢ 2pg+2mn

212 2 2
meHnT+pttg 2ng+2mp 2pg—2mn m* —n*—p*+4°

of SO3(Q), because the 2-adic valuation of each numerator is never smaller than the 2-adic valuation of the
denominator m? + n? + p? + ¢2, that is, the coefficients of each element in SO3(Q) are always rational numbers
with odd denominators.

In fact, it is well-known that the only prime where the Hurwitz quaternion ramify is p = 2, whereas for any odd
prime p the algebra Q, ® H splits, becoming isomorphic to the ,-algebra Qixz of 2 x 2 matrices (cf. e.g. [3]).

We notice that the reduction modulo 2* induces a homomorphism

S03(Q) — 5 < S03(Z/2'2),
which, for k > 1, is not surjective. In fact, putting for short
Gy = SO05(Z/2*7) = {X € (z/2*7)>3 = XX' =1},
and denoting by P, a 2-Sylow subgroup of G, and by @(x) the Frattini subgroup, we find that

k | 1Gel | nel(Po) | exp P | &(P) | PL | Z(P) | PLNZ(PY)
2203 2 22 P, (%)2 (@)3 P
312°-3 3 2? Pl G| ) (£)?

whereas, for k > 4 we always find (%)3 = Z(P;) < P/ and:

k | 1Gil | ncl(P) | exp P | &(Py) | ncl(P)) | |P/]

41273 5 pE P 2 2/
50283 7 24 P 3 210
6283 9 25 P 4 213

Hence we conjecture, for k > 4, (5)° = Z(P;) < P/ and

|Gl ‘ ncl(P) ‘ exp P ‘ d(P) ‘ ncl(P’) ‘ |P’|
23k-3‘2k—3‘ 2FT ‘ P’ ‘ k—2 ‘23"_5

For the image = of SO3(Q), denoting again by P a 2-Sylow subgroup of =, we claim that

| =k ‘ ncl(Py) ‘ exp P ‘ D(Py) ‘ ncl(P)) ‘ | P/|
2% 2.3 2k=3 |20 [P k-2 |2%°

In fact, as a consequence of Hensel Lemma, the following elements are generators of =:

1 0 0
10 0 I
A,=10 0 —-1}]; B,= 5 51;
01 O 4 3
o -~ 2
5 5
1 2 2
0 0 -1 3 3 3
B,=|-1 0 0]; C= % —1 —%
3 3 3
0O 1 O 2 2 1
3 3 3
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and the following are generators of its 2-Sylow subgroup:

1 0 0
1 0 0 0 34
A,=l0 0 —-1]: B, = 5 5/1;
01 0 4 3
0o —— =
5 5
34, 12 2
5005 > o1
BZ: 4 3 ; C = — _ _ - ,
z = 0 3 3 3
>3 2 2 1
0 0 1 s =2 2
3 3 3

because one can directly check that they generate the first reduction modulo 2%,

Remark. Since

k—1
1 1 .
—=——=(1-244—-84+--)=) (=2) (mod 2%)...,
3132 ( + +-0) ;:0( )" (mod 2%)

the series Y - ((—2)* converges to % with respect to the 2-adic metric, and since manifestly Y - (—2) = 3(mod 8),
the matrix

1 2 2
g 31’ 32 s 1 -2 2
c=|Z - _=Z =Z(—2)k. 2 -1 =2 e€S05Q),
303 3 = 2 2 1
2 2 1
3 3 3
corresponding to a rotation having the axis (1, 0, 1), and the angle 6 such that cos(f) = —% and sin(f) = %i, is
mapped onto
1 -2 2 3 -6 6
3-12 -1 =2)=16 -3 —6] €S0s(Z/8%),
2 2 1 6 6 3
1 0 o0 34,
5 5
which does not belong to the subgroup generated by | ¢ z % and % g 0
4 3
0 5 3 0 0 1

3. Logarithms in SO3(Q)

It is well-known that, in the case of SO3(R), the Baker—Campbell-Hausdorff formula is weakened by the fact that
it is an infinite series, rather than a polynomial (cf. [4]). This is also the case for SO3(Q). In this last section, we
consider the logarithmic image of the nilpotent group =, in order to get the Baker—Campbell-Hausdorff formula as a
polynomial. In passing, we also notice that this representation makes it possible to represent the elements in SO3(R)
as Witt vectors, an effective tool for an arithmetic analogue of ordinary differential equations, where the role of the
derivative is played by the Fermat quotient operator d(x) = "_2"2 (cf. [5,6]).

Notice that, since the logarithm is defined on elements of the shape I + 2X, the element log(A) does not converge

in our group. Consider therefore the subgroup H generated by By, B;, C, having index 4 in the 2-Sylow subgroup Py
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of the projection of SO3(Q), that is,

1 2 2
3 4 -z =z
1 0 0 2 T 3 303
3 4 5 5
5 5 s k] = . .
= 2 O3 3 3
0 + 3 >3 2 2 1
5 5 0 0 1 -z -
503 3 3 3
-1 0 0
Since H > <0 Lo ), which has no logarithm, we have to split again
0 0 -1
-1 0 O
H=(B>B,C)x| 0 1 0
0 0 -1
It turns out that H and (B)%, B., C), modulo 2, have nilpotency class k — 1.
Since
3+4i
Lf1 10 5 O 0y —i o
B.=-|i —i 0 0 3—4i 1 i 0
2o o0 2 5 0 0 1
0 0 1
we get
344
L[ 10 5 O 0y —i o
b, = log(B,) = log 3 i —i 0 0 3—4i of [t i 0
0 0 2 5 0 0 1
0 0
344i
L[ 10 5 O 0y —i o
=5 i —i 0]log 0 3—4i 1 i 0
0 0 2 5 0 0 1
0 0 1
1 1 1 0 —ivr 0 0 1 —i O 0 - 0
:Ei—iO 0O i o)t i O)={(v O O]},
0 0 2 0 0 0/\0 0 1 0 0 0
where ¥ = arcsin(4/5), and
o0
. B 2n— DIt x2H! B 1 x* 1.3 %
msm(x)_; ol w1l T2 3 Tras T

(here the double factorial k!! denotes the product of the integer from 1 to k£ having the same parity of k). Since, for
X € ZZZ,
3

arcsin(x) = x (mod 2) = x + lx3 (mod 22) =x+ le + =X+ £x7 (mod 23) =
6 6 40 336 Y

we get for ¢ = arcsin(4/5) € Z/2*Z the following values
mod [ 2] 2% 2% |24 ]2 |2f
v 0[O0 [4]4]20]20

The same computations yield

0 0 0
20, =log(B5)=[0 0 -2v
0 29 0
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Finally, since

4i =2 0 0
v 12 32 1 V2~
C=7 —V2i V2i 0 0 4i4+2 ol ! —V2i -1
-1 -1 2 T3 1 0 1
0 0 1
then
4i -2 0 0
v 12 WG 1 V2i -1
c=1log(C)=-[—v2i ~2i 0]log 4i++/2 1 —v2i -1
4 0 ——— X2 0
| -1 2 32 1 0 1
0 0 1
v 1 2\ /=6 0 0\ /1 ~2i -1
=1 |-v2i V2i ool o e o)1 —v2i -1
—1 -1 2 0 0 O 1 0 1
6
0 — 0
V2
B 0 0 0
| V2 ; V2 |
0 —— 0
V2
where for % = %2«5/3) € 7,27 we get the following values

mod\2\22\23\24\25\26
0
5 ‘0‘2‘6‘14‘14‘46
For instance, for k = 6 we find
1 0 0\’
0 3 4 0O 0 O
2b, = log 5 5| =24{0 0 1] (mod 64),
0 4 3 0 -1 O
5 5
3 4 0
5 5 0 10
b,=1log| 4 3 0 =441 -1 0 0] (mod 64),
5 5 0 0 O
0 0 1
1 2 2
> 15 0 10
c=log|= —— —=|=18]—-1 0 1] (mod 64).
3003 3 0 -10
2 2 1
3 3 3

It is worthwhile to remark that, even if ¢ is not zero modulo 4, the exponential series exp(c) converges, because
(¢/2)° = 0 modulo 4.
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Abstract

We analyse some new aspects concerning application of the fundamental solution method to the basic three-dimensional
boundary value problems, mixed transmission problems, and also interior and interfacial crack type problems for steady state
oscillation equations of the elasticity theory. First we present existence and uniqueness theorems of weak solutions and derive the
corresponding norm estimates in appropriate function spaces. Afterwards, by means of the columns of Kupradze’s fundamental
solution matrix special systems of vector functions are constructed explicitly. The linear independence and completeness of these
systems are proved in appropriate Sobolev—Slobodetskii and Besov function spaces. It is shown that the problem of construction
of approximate solutions to the basic and mixed boundary value problems and to the interior and interfacial crack problems
can be reduced to the problems of approximation of the given boundary vector functions by elements of the linear spans of the
corresponding complete systems constructed by the fundamental solution vectors. By this approach the approximate solutions of
the boundary value and transmission problems are represented in the form of linear combinations of the columns of the fundamental
solution matrix with appropriately chosen poles distributed outside the domain under consideration. The unknown coefficients of
the linear combinations are defined by the approximation conditions of the corresponding boundary and transmission data.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Method of fundamental solutions; Theory of elasticity; Elastic vibrations; Mixed boundary value problem; Mixed transmission
problem; Crack problem; Approximate solutions

1. Introduction

The Method of Fundamental Solutions (MFS) for partial differential equations was first proposed by V. Kupradze
in the 1960s (see the pioneering works in this direction by V. Kupradze and M. Alexidze, [1,2], [KuAl]). The main
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idea of the MFS is to distribute the singularity poles {y®}?° | of the fundamental solution I'(x — y) of a differential
operator outside the domain under consideration, construct the set of functions {I"(x — y®)}2° | prove its density
properties in appropriate function spaces, and then approximate the sought-for solution by a linear combination of the
fundamental solutions, Z,ICV:le I'(x — y®) with unknown coefficients C;, which are to be determined by satisfying
the corresponding boundary conditions.

Starting from the 1970s, the MFS gradually became a useful technique and is used to solve a large variety boundary
value problems (BVP) arising in the mathematical models of physics, engineering, and biomedicine (see [1-18], and
the references therein). However, it should be mentioned that until now it has not been worked out how to apply
the MFS to crack type problems in solid mechanics, since the different approaches related to MFS described in
the scientific literature are not applicable to crack type problems. To work out this problematic topic and to extend
the MFS to crack type boundary-value problems are among the main goals of the present investigation. We will
reformulate crack type problems in the form of mixed type transmission problems introducing an artificial interface
boundary containing the crack faces and then substantiate mathematically the MFS on the basis of the results obtained
for mixed transmission problems.

For the basic and mixed exterior boundary value problems, as well as for the crack and mixed transmission
problems of steady state elastic oscillations, here we develop the approach which is applicable for all values of the
oscillation frequency parameter.

We have to mention here that the main shortage of the MFS is its poor conditioning which should be alleviated,
e.g., by preconditioning of the corresponding system matrix or by iterative refinement or by some other artificial
approaches available for special particular cases (see, e.g. [19]).

However, the MFS features remarkable and unusual ease of implementation due to the following reasons (see,
e.g. [3,17,19]): “Uniform character of the trial functions, complete absence of singular integral evaluations, it does
not require an elaborate discretization of the boundary, simplicity of finding values of approximate solution at inner
points of the domain of interest, the derivatives of the MFS approximation can also be evaluated directly, extreme
abundance of the set of trial functions that results in a high adaptivity of the method, MFS can be applied even in the
case of domains with irregular boundaries (e.g., for domains with Lipschitz boundaries)”. More detailed overview of
the results related to the fundamental solution method can be found in [17] and the references therein.

In this paper we prove linear independence and density property of the appropriately chosen systems of vector
functions constructed by the corresponding fundamental solutions (Kupradze’s matrix of fundamental solutions).
These systems are associated with particular type of problems and actually they reduce the solving procedure of
boundary value problems to the approximation problems of the boundary data in the appropriate non-orthogonal
complete systems of vector functions.

The paper is organized as follows. In Section 2, we introduce the notions of regular, semi-regular and weak
solutions and formulate classical and weak settings of boundary value and transmission problems for steady
state oscillation equations of the elasticity theory. We formulate also the corresponding uniqueness theorems for
the problems under consideration in the class of vector functions satisfying the Sommerfeld—Kupradze radiation
conditions at infinity. In Section 3, existence and uniqueness theorems are proved for weak solutions and the
corresponding estimates are obtained in appropriate function spaces. Section 4 is devoted to the fundamental solution
method for basic and mixed boundary value problems, as well as for the basic and mixed transmission problems
containing crack type problems as special particular cases. Special systems of vector functions are constructed
explicitly by means of the columns of Kupradze’s fundamental solution matrix and their linear independence and
completeness are proved in appropriate Sobolev—Slobodetskii and Besov function spaces. The problem of construction
of approximate solutions to the boundary value and transmission problems are reduced to the approximation problems
of the given boundary vector functions by linear combinations of the elements of the corresponding nonorthogonal,
linearly independent, complete vector systems. In Appendix A, we collect some auxiliary material needed in the main
text of the paper concerning properties of layer potentials and the corresponding boundary operators. In Appendix B,
we present alternative integral representations of radiating solutions in unbounded regions. Finally, in Appendix C,
we recall some results from the theory of strongly elliptic pseudodifferential equations on manifolds with boundary
in Bessel potential and Besov spaces which are the main tools for proving existence theorems for mixed boundary,
boundary-transmission, and crack type problems by the potential methods.

The approach developed in this paper can be successfully applied to boundary value problems of mathematical
physics for homogeneous and piecewise homogeneous bounded and unbounded composite media containing interior
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or interfacial cuts where the screen or crack type conditions are prescribed. In particular, it can be applied to the
interior and exterior problems of statics of the theory of elasticity, as well as to the interior BVP of steady state
oscillations for bounded domains. As it is well-known, the interior problems of steady state oscillations have discrete
(countable) sets of resonant frequencies for arbitrary bounded domain and the corresponding nonhomogeneous BVPs
are not solvable for arbitrary data (see e.g., [12, Ch. 7], [20]). However, the approach described in the paper can be
applied also to the interior problems if the oscillation parameter does not belong to the set of resonant frequencies,
i.e., if the corresponding homogeneous boundary value and transmission problems of steady state oscillations possess
only the trivial solutions.

2. Basic equations and operators, statement of problems, and uniqueness theorems

The basic equation of elastic vibrations in the case of isotropic solids reads as [12]
A0, w)u(x) = pu Au(x) + (A + p) grad divu(x) + o w’ ulx) =0, 2.1)

where A = 97 + 37 + 05 is the Laplace operator, d = (91, 8, 33), 0 := 3/dxy, o is the constant density of the
homogeneous elastic solid under consideration, @ € R is the oscillation frequency parameter, u = (uy, us, u3)" is the
displacement vector (the amplitude), and A(9, w) is the matrix differential operator,

A@, 0) = [y A+ O+ ) 8d; + 00" 815,50

J; is the Kronecker symbol, A and p are the Lamé constants satisfying the inequalities i > 0, 24 +3u > 0. When
o = 0, Eq. (2.1) coincides with the Lamé equilibrium equations of statics and generates the operator A(d) := A(9d, 0).
The principal homogeneous symbol matrix A(£) := [8;|& |2 “+ (A + 1)&r& 13x3 of the operators —A(3, w) and —A(9)
is positive definite, A(£)n - n > 8 |€)7 |n]>, V& e R?, Vn e C3, where &, is a positive constant, a - b denotes the
scalar product of complex valued vectors a = (a;, az, a3) and b = (by, by, b3):a - b = Zi:lak br: R? and C3 stand
for the set of real and complex 3-tuples respectively.

Let 27 be a bounded 3-dimensional domain in R? with a boundary § = 92F, 2+ = 2T U S, and 2~ = R3\ 2+.

Throughout the paper, for simplicity, we assume that S is an infinitely smooth surface if not otherwise stated.

By C(2%) we denote the subspace of functions from C*(£2*) whose derivatives up to the order k are continuously
extendable to S from 2F.

The symbols { - };’ and { -} denote one-sided limits (traces) on S from 2% and {2~, respectively. We often drop
the subscript S if it does not lead to misunderstanding.
By L, Ly 10es Lp, comps W;, WI’,,IOC, W;’wmp, H;, and B;!q (withr >0, s e R, 1 < p <oo,1 <g < o0)we
denote the well-known Lebesgue, Sobolev—Slobodetskii, Bessel potential, and Besov function spaces, respectively
(see, e.g., [21,22]). Recall that H] = W) = Bg’z, Hy = Biz, W[’, = B;,’p, and H]’j = W;f, for any r > 0, for any
s € R, for any positive and non-integer ¢, and for any non-negative integer k. In our analysis we essentially employ
also the following function spaces:

Hy(M) = {f: [ e HM,), suppf C M},
BS (M):={f: feB (M, suppf C M},
HY(M) = {r, f : f € H)(Mp)},

B, (M) ={r,f: [ €B, (Mo},

where M is a closed manifold without boundary and M is an open proper submanifold of M, with nonempty smooth
boundary M # J; r,, is the restriction operator onto M.

Remark 2.1. Let a function f be defined on an open proper submanifold M of a closed manifold M, without
boundary. Let f € By, (M) and f be an extension of f by zero to Mo\ M. If the extension preserves the space, i.e., if
f e B;, q(M ), then we write f € B;,q(M ) instead of f € r,, B‘;,’ q(M) when it does not lead to misunderstanding.

Now let us introduce some definitions (cf. [23]).

Definition 2.2. We say that w is a regular function in 2% if w € C'(2%) N C2(NF).
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Definition 2.3. Let us consider the following smooth dissection of the boundary surface § = SpUSN, SpNSy = @,
€=SpNSy e C®, andlet OF = 2%\ £.
We say that w is a semi- regular function in Qi and write w € C(Qi, §)if

(i) w is continuous in 2F; _
ii) the first order derivatives of w are continuous in {2;° and there is a constant § € [0, 1), such that at the collision
¢
curve £ the following estimates hold

[Orw(x)| < C[dist(x,@)]_‘s, X € ngt, C =const, k=1,2,3,

where dist(x, £) is the distance from the reference point x to the collision curve ¢;
(iii) the second order derivatives of w are continuous in £2* and integrable over £2* and over any subdomain of 2~
of finite diameter.

Evidently, C(2; 8) € [C(2%) N C'(2F) N C*(0F)].

Definition 2.4. Let an elastic solid occupying the domain £2% contain an interior crack. We identify the crack surface
as a two-dimensional, two-sided smooth manifold X~ C 2% with the crack edge €. := 0. We assume that } is a
proper submanifold of a closed surface Sy surrounding a bounded domain {2, which is a proper subdomain of £2%.
We choose the direction of the unit normal vector to the fictitious surface Sy such that it is outward with respect to the
domain (2. This agreement defines uniquely the direction of the normal vector to the crack surface . The symbols
{- } and { -}, denote the one-sided limits on X' from (2 and 2%\ 2, respectively.

Further, let 25 := 2%\ ¥ and 2% := 2%\ T with ¥ = Y UL,

We say that w is a semi-regular function in (Zi and write w € C({2%; §) if

(i) w is continuous in Qi and one-sided continuously extendable to Y from (2 and from 21\ 2, i.e., w is
continuous in the regions QE, nE \ {2, and QO, ~

(i) the first order derivatives of w are continuous in Q; and one-sided continuously extendable to X from (2 and
from 2* \ ﬁo, and there is a constant § € [0, 1), such that at the crack edge £, = 9 the following estimates
hold

|,w(x)| < C [dist(x, £)] 7%, x € 2%, C=const, k=1,2,3;

(iii) the second order derivatives of w are continuous in £25; and integrable over 2}, and over any subdomain of 25,
of finite diameter.

Evidently, formally we can write C(.Qi, 8) C [C(.Qo) N C(Qi \ 2)NC! (.Q )n CZ(.Q )] which is to be understood
in the following sense: if w € C(.QE, §), then r, o w e C(.QﬁE \ ), w € C! (.Q ), w € C2(.Q ).

Definition 2.5. We say that a vector u = (i, u>, u3) " in the exterior domain {2~ satisfies the Sommerfeld—Kupradze
type radiation conditions at infinity if u is representable in {2~ as a sum of two metaharmonic vectors, the so called
longitudinal u" = u® and transverse parts u® = u® (see, e.g., [12]),

u=u+u® with Au™ + k2 u™ =0, m=1,2,

Q Q
k=k,= [ ———, khy=k, = [=,
1 p = At 24 2 s =W "

satisfying for sufficiently large » = |x| the radiating conditions
Au(x)

ar
Denote the Sommerfeld—Kupradze class of radiating vector functions by Z({27).

—ikyu™)=00"", m=1,2.

Assume that the domains 2% are occupied by an isotropic homogeneous elastic material.

Denote by e = ey (1) and oy; = oy («) the strain and stress tensors respectively associated with the displacement
vector u. Then the components of the stress vector 7(d, n)u acting upon a surface element with normal vector n read
as [12]

{T@, nyuly =oun, oy=I[Adudivu+2pmeyl, ey = 27" (Bxuy + dyuy).
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Here 7'(0, n) is the boundary stress operator,

T, n) = [Tud,m)]3x3, Ti(0,n) = Ang 0y + L1y 0y + 1S Oy, (2.2)

where 0, = d/9dn stands for the normal derivative.

Now we formulate the basic exterior BVPs of steady state elastic oscillations.
The Dirichlet problem (D) : Find a regular complex-valued solution vector u € [C'(27)]> N [CX(27)PP N Z(27) to
the steady state oscillation equation (2.1) in {2~ satisfying the Dirichlet type boundary condition

{ux)}” = fx), xes, (2.3)
where f € [C'(S)]? is a given smooth vector function on S.

The Neumann problem (N), : Find a regular complex-valued solution vector u € [CHO2HP NICH2HP NZ)
to the steady state oscillation equation (2.1) in {2~ satisfying the Neumann type boundary condition

{TO,nu(x)}” =F(x), xeS, 24)

where F e [C(S)]® is a given vector function on S. ~
Mixed type problem (M);: Find a semi-regular complex-valued solution vector u € [C({2; ; P N Z(27) to the
steady state oscillation equation (2.1) in {2~ satisfying the mixed type boundary conditions:

{ux)}” = f*(x), x € Sp., (2.5)
{T@,nux)} = F*x), x €Sy, (2.6)

where f* € [C'(Sp)]? and F* € [C(Sy)]? are given vector functions. ~

Crack type problem (C),: Find a semi-regular complex-valued solution vector u € [C({25; PN Z({25,) to the
steady state oscillation equation (2.1) in {2y, satisfying either the Dirichlet or Neumann type boundary condition on §
and the following crack type conditions on X':

[T, mux)}" = FPw), xe X, 2.7
{T@.nux)} =F7 ), xeXx, (2.8)

where F&) e [C(X)]? are given vector functions.

Note that, if the mixed type boundary conditions are prescribed on the boundary surface S, then in addition we
have to require that a solution is semi-regular in a neighbourhood of the collision curve ¢.
Basic crack type problem (BC)_ : Find a semi-regular complex-valued solution vector u € [CR3.: P N Z(R}) to
the steady state oscillation equation (2.1) in R} := R?\ ¥ satisfying the crack type conditions on X:

(T@, mu))" = FPw), xe X, (2.9)
{T@. nux)} =F7 ), xeXx, (2.10)
where F&) e [C(X)]? are given vector functions.
Now let us assume that the domains 2" = 2% and 2@ = 2~ are occupied by isotropic elastic materials with
Lamé constants A*), 1®) and the density o, ¥ = 1, 2. In this case S is the interface of the composite elastic solid
where various type transmission conditions are to be prescribed.

Basic transmission problem (BT),,: Find regular complex-valued solution vectors u'! € [CHOHP N [C202H)P
and u® e [C'(27)P N[C?(£27)]® N Z(£27) to the steady state oscillation equations

AL®@, 0 (x) = n" Au(x) + (A + 1) grad div u(x) + 0 w? u" (x)

=0, xeNW, k=12, (2.11)

satisfying the rigid transmission conditions
WPy — w®w) = fx), xes, (2.12)
(TY@, nyuVx)) —(TP0, Hu®x))” = Fx), x€S8, (2.13)

where f € [C'(S)]? and F € [C(S)]? are given vector functions on S and

T, n) == [TS@, Maxs, T @, n) = And,, + uny 8y, + 18,0, (2.14)
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If the interface S contains a crack along a subsurface S¢ C S, then we have the following dissection S = Sc USy,
where St = S\ Sc is the rigid transmission part of the interface, and S¢ N Sy = @.
Basic mixed transmlsswn problem (MT),,: Find semi-regular complex-valued solution vectors u") € [C(QJr NP
and u® € [C( (PN Z(027), £ = Sc N Sy, to the steady state oscillation equations (2.11) satisfying the rigid
transmission condltlons on Sz,

Wy — w0y = ), x e sy, (2.15)

(TO®, uP ) —{(TP0, nuPx)}” = FDW), xeSr, (2.16)
and the crack conditions on Sc,

(100, muP))t = FP(x),  x e Sc, (2.17)

{TP@, nu® )}~ = F(x),  x € Sc, (2.18)

where ) e [C'(S7)], FD e [C(S7)]*, and Féi) € [C(S¢)]? are given vector functions.

Weak setting of the problems. In the case of weak formulation of the above boundary value and boundary-
transmission problems we look for weak solution vectors in the spaces [W;(.Q*)]% and [W1 o127 Y N Z(020),
1 < p < +o0, respectively. In this case the differential equations (2.1) and (2.11) are understood in the distributional
sense, the Dirichlet type conditions (2.3), (2.5), (2.12), and (2.15) are understood in the usual trace sense, while the
Neumann type conditions (2.4), (2.6)—(2.10), (2.13), (2.16)—(2.18) are understood in the generalized functional trace
sense, defined with the help of Green’s identity (cf. [12,24]):

(Tuy®, (@))s = + / [E@, ) — 00 - vldx, 2.19)

where u € [W;(Q*)P, v € [W (2P, oru € [WIIUL(Q*)P, S [Wpl,ywmp((f)]3 with 1/p + 1/p’ =1
1 < p < +00, the over-bar denotes complex cqnjugatlon the symbol (-, -)s denotes bilinear duality brackets between

_1 1
the mutually adjoint spaces [B), 5 (S)]* and [B[f, p,(S)]3,

3
Ia42u . ‘
Eu, v) = T“ divu divo + % S @k + deur) G + dvn) + % > Gut — ) Bvic — dyvr) -

k£l k=1

1
Note that by relations (2.19) the generalized traces {Tu}* € [By.) (S)]? are well defined for weak solutions of the
homogeneous differential equation of steady state oscillations, u € [W,(27)’ and u € [W} ,,.(27)].
In the case of weak setting, the boundary data belong to the natural Besov spaces:

p loc

-1 -1 -1 _L)
felB,, SV, frelBy,’ Sp)l, fT elB,, (SO, FelB,, (S,
_1 _1 ~_1
F* e [B, (S, F® e [B, (D), FP' - F9 e [B, (D7D,
_1 _1
FD e [B, ) (Sr)P, F& €[B,}(So)P.
With the help of the Rellich-Vekua lemma the following uniqueness theorem can be proved (for details

see [12,20,25-28].

Theorem 2.6. Let the manifolds S = 3%, Sp, Sy, St, Sc, and X be Lipschitz. Then the BVPs (D), (N), (M),
(C),, (BT),, and (MT),, possess at most one weak solution for p = 2 and for all values of the frequency parameter .

3. Existence theorems

Here we employ the notation introduced in Appendices A—C and formulate basic existence results for weak
solutions and prove representability of solutions by the layer potentials.

We apply a special representation of solutions by the layer potentials and reduce the above formulated BVPs of
elastic oscillations to the corresponding uniquely solvable integral (pseudodifferential) equations for arbitrary value
of the oscillation parameter w. Similar approach for the Helmholtz equation has been developed in the Refs. [29-31].
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Throughout the paper, B(R) denotes the ball centred at the origin and radius R such that 27 C B(R) and x is a
complex number
x=14+ix€C, x;,x€R, 1 #£O.

Theorems 2.6, A.1, B.1 and B.2 directly lead to the following existence results for the exterior Dirichlet and
Neumann type problems.

-1
Theorem 3.1. The Dirichlet problem (D), with arbitrary boundary vector function f € [Bp, o (S)]3 is uniquely

solvable in the space [W;’ loc(!?’)]S NZ($27), p > 1, and the solution is representable as a linear combination of the

double and single layer potentials

u(x) = W(g)x) +x V(g)x), xe 2,
where the density vector function g € [B,I,;,%(S)]3 is defined by the uniquely solvable elliptic pseudodifferential
equation

Ng=[-2"L+K+xHlg=f on S.

Moreover, the following estimate holds

lulliwico-naryp < Co(R) AN 1 (3.20)
r (By.,” ()P

where Cp(R) is a constant independent of f.

_1
Theorem 3.2. The Neumann problem (N), with arbitrary boundary vector function F € [B ooh (S)]3 is uniquely

solvable in the space [WIL ! OC(Q_)]3 NZ($27), p > 1, and the solution is representable as a linear combination of the

double and single layer potentials

u(x) = W(g)x) +x V(g)x), xe27,

-1
where the density vector g € [B o (S)]3 is defined by the uniquely solvable elliptic pseudodifferential equation
Mg=[L+x(2"'E+K)]g=F on S.
Moreover, the following estimate holds

”u”[Wl(Q—ﬂB(R))P SCvB|FI _2
r [By.} ()P

where Cn(R) is a constant independent of F.

For the mixed problem we have the following assertion.
Theorem 3.3. Let 4/3 < p < 4. The mixed problem (M), with arbitrary boundary data

. -1 3 . _1 3
f € [Bp.pp (SD)] s F* e [Bp,; (SN)] s
is uniquely solvable in the space [Wll’ IOC(Q_)]3 N Z({27), and the solution is representable as a linear combination of
the double and single layer potentials

u@) = WN (S + D)) +x VIN (L + D)), xe 2, (3.21)

-1
where f, € [Bp, s (S)]3 is some fixed extension of the vector function f* from Sp onto the whole of S, while
~l-

ge [Bp, ’ (SN)]3 is defined by the uniquely solvable elliptic pseudodifferential equation
rsNMN_lg = Fy on Sy,

where

1
% — -7 3 *
Fo=F*—ry, MN"'f. € [B,hswm]’. el iy <2000

o’ (9] (B, (Sp)PP
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Moreover, the following estimate holds

el r-nmarne < CuGR IS oy +IF ]
[Bp,,” (Sp)P [Bp.h (S\)PP

where Cy(R) is a constant independent of f* and F*.

Proof. Invertibility of the operator

~1-1 _1
rg, MNT' 2 (B, 7 (SWI — [B, j (SV)I (3.22)
for4/3 < p < 4 follows from Theorems B.2 and C.2, since the principal homogeneous symbol matrix of the operator
—MN,
S(-MNix.6) = -Lex. ) [K.(x. O, xeS, &=(.6)#0

is positive definite due to (A.19) in Remark A.4 and the null-space of the operator (3.22) is trivial.
Existence and uniqueness of a solution to the mixed problem and estimate (3.22) follow then from (3.21) and
Theorems 2.6, B.1 and A.1. O

For the weak solution of the basic crack type problem the following existence result holds.

_1 ~L
Theorem 3.4. Let4/3 < p < 4and F® ¢ [Bp,f;,(ﬂ)]3 with FH — FO) ¢ [Bp,f,(ﬂ)]% Then the basic crack type
problem (BC),, is uniquely solvable in the space [W;JOC(R%)P N Z(RSE) and the solution is representable as a linear
combination of the single and double layer potentials

u(x) = W(g)x) = V(FP = F)(x), x eR3, (3.23)

~l—

1
where g € [B e )]3 is defined by the uniquely solvable elliptic pseudodifferential equation

rSNEg =Fy on X, (3.24)

where

1 _1
Fo= 3 (4 FO) 4, K (F9 — FO) € 18, 5 ()P

Moreover, the following estimate holds

ety nsryp < Cu®IFT +FO o [ FO—F7) 4] (3.25)
[By. b (2P By 5 (2P

where Cy(R) is a constant independent of F®.

Proof. Let us rewrite the boundary conditions (2.9)—(2.10) of the crack problem (BC),, in the following equivalent
form

TG, mu}" —{T®,nu}” = FP — F on ¥, (3.26)
IT@,mul}" +{T®,mu}” = FP + F7 on 5. (3.27)

The vector function (3.23) satisfies condition (3.26) automatically, while condition (3.27) leads to Eq. (3.24).
Existence and uniqueness of a solution to the basic crack type problem and estimate (3.25) follow then from (3.23)
and Theorems 2.6, A.1, A.3, B.2 and C.2. Indeed, the principal homogeneous symbol matrix L(x, §) = &(L; x, &)
of the operator L is positive definite (see Remark A.4) and the null-space of the operator

~1—1 _1
ro L ¢ [Bpy (DF — [Bp (D) (3.28)

is trivial implying the invertibility of the operator (3.28). Thus Eq. (3.24) is uniquely solvable and the estimate (3.25)
holds. [
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In the case of transmission problems, we use the same notation for potentials and the corresponding integral
operators as above but equipped with superscript ) which indicates that the layer potentials V), W) and the
corresponding integral operators H | JC), /E(“), L N® and M® are constructed with the help of the fundamental
solution I"®(x — y, w) associated with the operator A“)(3, w) and the stress operator is defined by (2.14).

-1
Theorem 3.5. The basic transmission problem (BT),, with arbitrary boundary vector functions f € [B o (S )]3 and
1
F € [Bp,,’f (S)]3 is uniquely solvable in the class of vector functions [W,l(.Q*)]3 X ([W;JOC(.Q’)]3 N Z(.Q’)), p>1,
and the solution pair (u(l), u(z)) is representable by the layer potentials:
uPx) = vOm)(x), xe Nt =00, (3.29)
u@(x) = WA(9)(x) + % VA(g)(x), x €2 =07, (3.30)

_1 -1
where the density vectors h € [Bp,f, (S)]3 and g € [Bp,pp (S)]3 are defined by the uniquely solvable elliptic system of
pseudodifferential equations

HYL —NPg=Ff on S, (3.31)
[2'L4+KVYTh—MPg=F on S. (3.32)
Moreover, the following estimates hold
1P lpep < 8P (AL g +IFL 4 ), (333)
W@l - [B,L, o SR [By} ()P
1 lwpo-naor < CorR (11 oy +1FI ), (3:34)
[W,,(Q NB(R))] BT [B;),pp P pr.,';’ S)B3

where C g} and C g%(R) are constants independent of f and F.
Proof. The representations (3.29)—(3.30) lead to the system of pseudodifferential equations (3.31)—(3.32). Due to the
invertibility property of the operators N® and M® (see Appendix B, Theorem B.1), we derive
—1 -1

g = (N(Z)) HDOp — (N(Z)) f, (3.35)

Th=W®)""f—(M>F, (3.36)
where 7 = [T;j13x3 is the pseudodifferential operator of order —1 defined by the relation

T = (W) 'O — (M®) (=271 [+ kD),
Rewrite system (3.35)—(3.36) in matrix form

QP=10, (3.37)
where & = (g, )T, ¥ = (—(N@))‘lf, W) (M‘Z))_IF)T, and

on[ o)
[0]3x3 T 656

Note that ¥ = 0 if and only if f = F = 0. Therefore the homogeneous equation (3.37) corresponds to the
homogeneous basic transmission problem (BT),,.
The principal homogeneous symbol matrix of the operator 7 reads as follows (see Appendix A, Remark A.4)

&(T:x,&) = (K?)"'HO — (L)' K® = (L®)7'[KD (HV) ™ — LO(KP) '] (-HD), (3.38)

where the matrices K", K?, H®, and L® are defined in (A.15). From the results stated in Remark A.4 it follows
that the matrices (}L(z))fl, K (H(l))fl - L® (K(_z))il, and (—H™) are positive definite nonsingular matrices for
all x € S and & € R?\ {0}. Consequently G(T cx, € ) is an elliptic symbol. Moreover, 7 is a composition of three
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Fredholm operators with zero index and due to Atkinson’s theorems (see, e.g., [32, Ch. 1, Theorem 3.3]) the index of
the Fredholm operator

1 1
- 3 -5 3
T 2 [Bpp (O] = [Bp," (9]
equals to zero. Therefore the operator
=5 13 7P R FPRE =5 13
Q : [By," ()] x [Bph(S)] = [By," ()] x [By.," (5] (3.39)
is Fredholm with zero index as well.
From the uniqueness theorem for the basic transmission problem (BT), for p = 2 and the general theory of
pseudodifferential equations on smooth manifolds without boundary it follows that the null space of the operator
(3.39) is trivial for 1 < p < oo. Thus the operator (3.39) is invertible and the system (3.31) is uniquely solvable

implying the uniqueness and existence of a solution to the problem (BT),, for 1 < p < oco.
The estimates (3.33)—(3.34) follow then from Theorem A.1. [

Remark 3.6. From the arguments in the proof of Theorem 3.5 and relations (3.35) and (3.36) it follows that
h=T'WN®) " f =T (MP)'F, (3.40)
g= W) [HOT W) = 1] f = (W) T HOT T (MP) T (3.41)

Now we analyse the basic mixed transmission problem (MT),. To this end, rewrite the mixed transmission
conditions (2.15)—(2.18) in the formulation of problem (MT),, in the following equivalent form

Wy — @ =" on Sy, (3.42)
{(TV@, "y —{TP@, mu®}" =F, on S, (3.43)
(1@ mu Y +(TP@,mu®)” = Fe¥ + F¢on Sc, (3.44)
where
(T)
={o o o s (345)

and we assume that the following necessary compatibility condition is fulfilled

_1
Foe[BohS)]. (3.46)

Denote by f* some fixed extension of the vector function £’ from Sy onto the whole of S preserving the space,
~1-1

=L 1
f*€Bp,” (S)]3. Evidently, an arbitrary extension has then the form f = f* + g, where g € [B,., (Sc)]B.
Motivated by the existence result for the basic transmission problem described in Theorem 3.5, let us look for a
solution to the basic mixed transmission problem (3.42)—(3.44) again in the form (3.29)—(3.30),

uP(x) = vO)x), xe Nt =00, (3.47)

u?(x) = W) + x VA(g)(x), xe N =02, (3.48)
where (see (3.40)-(3.41))

h=T' W)+ - T (M?P) 'R, (3.49)

g= W) [HOT W) = 1]+ - W) T HOT T (MDY R, (3.50)

Fy is defined in (3.45), f* is the above introduced fixed extension, and g is an unknown vector function.
Due to Theorem 3.5, we find that

Wy —u®) " =f*+% on S,
(0@, nyuVyr — (120, nu®}" =F on S,

implying that the transmission conditions (3.42)—(3.43) are satisfied. The remaining condition (3.44) leads to the
following pseudodifferential equation for the unknown vector function g on S¢,

(27" +KY)h + MPg = FP + FS on S,
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which can be rewritten as

rse Pg=V¥ on Sc, (3.51)
where
P=(-2"'1 +IC<1))T*1(N<2))71 +M(”(NQ))’I[’H“)T”(N@)*l — 1], (3.52)
o= 4 P (27 s+ KO T W) - (M) R
— g, (MOWOY T (HOT WO — L1 = HOT N (MP) T Ry} (3.53)

Due to mapping properties of the operators involved in (3.52) and (3.53) we have (see Appendices A and B)

¥ € [B, 5 (So)P (3.54)

and the operator

~l—1 _1
ro, P ¢ 1By (SOT —> [Byh (ST (3.55)

is continuous.
In view of the relations derived in Appendix A, Remark A.4, and the equality (3.38), for the principal homogeneous
symbol matrix 6(73; x, & ) of the operator P we have:

&(P) = KV (-H) ' [KO@EHD) T - LP(K?) LK)
+LOER?) - [kO@ED) " - LPR®) ] TLOR?) T - 1)
L KO@EY) 4 LOED) T KOEY) - LOE) T LOR) - LOR®)
= {[K(_l)(}HI“))_1 + ]L(z)(]f{(_z))_l] [K(_l)(H“))_l — L(z)(ﬁ{(_z))_l]_l + 13}[—L(2)(H~<(_2))_1] )
Note that, due to the relations presented in Remark A.4, the matrices A := JK(,I)(]H[(”Y1 and B .= —LL® (]K(f))fl are

positive definite and consequently they are self-adjoint. The symbol 6(73) can be rewritten as

S(P)={(A-B)(A+B) '+ 5}B={(A-B)(A+B) '+ (A+B)(A+B)'}B
—2A(A+B) 'B=2(A"+B")"",
implying that the symbol G(P) is positive definite. Therefore by Remark C.1 and Theorem C.2, operator (3.55) is
invertible if (see (C.1) withs = 1 — %, v=1,and§; =0,j=1,2,3)

3
z 4.
4<[)<

The above results lead to the following existence theorem.
Theorem 3.7. Let% <p<4

1-4 -4 -5
D e, (SHP, FT e[B,h(SHP, FS €lByh(So)l,

and let the vector function Fy defined in (3.45) satisfy the inclusion (3.46).

Then the basic mixed transmission problem (MT),, is uniquely solvable in the class of vector functions [Wpl((fr)]3 X
([Wll;,m,(ﬂ_)]3 N Z(Q‘)), and the solution pair (u(l), u(z)) is representable by the layer potentials (3.47)—(3.48)
with densities given by (3.49)—(3.50), where the unknown vector function g is defined by the uniquely solvable
pseudodifferential equation (3.51).

Moreover, the following estimates hold

1 1 T + -
e pons < Cotr (PPN o+ IRl Ly +IFP+FE ),
[Bp,,F ()P [Bp. b (S [Bp. 5 (Sc)P
2 2 T + -
1 lpo-nsane < Cor@® (PPN g+ MRl +IFO+FON ),
[Bp, " ()P (B} ()P [Bp.5 (Sc)P

where Cz(vlz)r and C,(VZI)T(R) are constants independent of ), Fy, and Féﬂ + Féf).
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Remark 3.8. The above formulated existence theorems with p = 2 remain valid also for Lipschitz domains, i.e., when
the surfaces S, Sp, Sy, S7, Sc, 2, and their boundaries belong to Lipschitz continuous classes.

Remark 3.9. Applying the same arguments as in [23] for mixed and crack type problems, it can be shown that for
sufficiently smooth data weak solutions to the Problems (D), , (N)_, (BT),, actually are regular vector functions (see
also [12]), while the weak solutions to the Problems (M), (BC)_, (C)_, and (MT)_ actually are semi-regular vector
functions in the corresponding domains (cf. [25,27,33-36]). Therefore all the boundary, transmission, and crack type
conditions can be understood in the classical pointwise sense.

Remark 3.10. Note that the crack problem can be considered as a particular case of the mixed transmission problem.
Indeed, if we assume that in the formulation of the problem (MT),, both domains 2% and {2~ are occupied by the
same type materials, i.e., all material constants in both domains are the same, and on S the homogeneous transmission
conditions are prescribed (i.e. f7 = 0and F) = 0 on Sy in (2.15) and (2.16)), then the corresponding differential
operators are the same in both domains and the transmission part S of the interface S becomes a formal interface
since the continuity of the displacement and stress vectors across the surface Sy implies that in fact the differential
equation is satisfied also at the points of the surface S; and the corresponding solution actually is an analytic function
in R3\ S¢. Evidently we arrive at the basic crack problem with ¥ = Sc.

4. Method of fundamental solutions

Here we develop the Fundamental Solution Method for the above formulated boundary value and transmission
problems for the elastic oscillation system for arbitrary values of the frequency parameter w.

4.1. Auxiliary lemmata

Let Qg’ be an arbitrary simply connected subdomain of 2% such that .Q_(;L C 27" and denote_Sar = BQ(T .
Further, let {2;" be an arbitrary simply connected bounded subdomain of {2~ such that {3, C {2~ and denote
Sy =082 .
We assume that S and S, are simply connected surfaces.
Let {z¥}2° | be an everywhere dense countable set of points in 25" and {y*}2° | be an everywhere dense countable
set of points in (2, .
Denote by I')(x, w) the jth column of Kupradze’s fundamental matrix I'(x, w) (see (A.1) in Appendix A).
Consider the systems of functions which can be employed for constructing approximate solutions to the Dirichlet
problem,
ég) = {(p([)(x) }Zl, X € F, Qg) = {1//(1)()6) }z], X € F,
where
I'Yx —z%, @) for 1 =3k—1)+1,
pPx) =%« =20, w) for 1=3Gk-1D+2, k=1273,..., z¥ e, (4.56)
I'« —z%, ») for I =3k,
I'Yx —y® @) for 1=3(k—-1)+1,
YOx) = rPn —y® w) for 1=3k—-1)+2, k=1,2,3,..., y¥e. 4.57)
'Y —y® w) for =3k,

Note that due to definition (4.56) to each point z*) there corresponds the triplet of vector functions

Bk—1)+1) Bk—1)+2)

o0 k=1,2,.... (4.58)

2 ¥

Similarly, in view of (4.57), to each point y® there corresponds the triplet of vector functions

1)0(3(/{71)+1)’ w(3(k71)+2)’ 1//(3k), k = 1’ 2’ o (459)
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Evidently, 9" are radiating, complex valued analytic vector functions in R* \ (2_6“, while 1 are radiating, complex

valued analytic vector functions in R \ {2y . Moreover, ¢ and ¥ solve the homogeneous equation (2.1) in the
corresponding domains.
Now we prove several lemmas which play a crucial role in our further analysis.

Lemma 4.1. The system QS) is linearly independent on S.

Proof. We have to prove that any finite subsystem of @g) is linearly independent on S. Let m be an arbitrary natural
number and for some complex valued constants C; the following equality holds

ux) =3 "CpPx)=0, xeS, meN. (4.60)

=1
Denote by 20k =1,2,...,mo, the points involved in the expression (4.60). Without loss of generality we can
assume that for each z®, k = 1,2, ..., my, the expression (4.60) contains all three vector functions associated with

the point z® (see (4.58)). If necessary, we can add the corresponding terms with zero coefficients. Therefore, in what
follows we assume that m is multiple of 3, m = 3my.
Evidently, ™ is a radiating analytic vector function in R? \ {z¥};"°, which solves the homogeneous differential
equation
A@, o)™ (x) =0, xeR\ {zV},. (4.61)

Then in view of (4.60) and (4.61), we see that u"™ solves the homogeneous exterior Dirichlet problem (D), and due
to the existence and uniqueness Theorem 3.1 we conclude that ™ = 0 in £2~. By the analyticity then we get
u™(x)=0 for xeR¥\ {®}",. (4.62)

Let B(z", €) be a ball centred at the point z/) and radius ¢ such that z¥' & B(z\/, &) for k < mg and k # j. Denote
YWD, e) =3BV, e), j=1,2,...,my.
On the one hand, in view of (4.62) we have

[ T, nC)u™(x)dS =0, j=1,...,my. (4.63)
2z e)
On the other hand, there holds the equality (see [23, Appendix D], [12, Ch.5])
lim T3y, n(x)(x — 29 dS = L,
e—0 2(zD,e)
where I'(x — z\/)) is Kelvin’s matrix and I3 is the 3 x 3 unit matrix. Therefore, in view of (A.2) in Appendix A, for
g=1,2,3,and j = 1,2, ..., mg, we have
lim T @y, nNP(x — 7Y, w)dS
e—>0 22,6

= lim T (@, n()TD(x — 29YdS = (814, 824, 834) - (4.64)
e—0 2(W,e)

Keeping in mind (4.64) and passing to the limit in (4.63) as ¢ — 0, we find

lim T (0, n(x))u"™(x)dS = C3(j_1)41 limf T@e, n)NIV(x — ) dS
=0 IzEe e=0 2000
+ C3-ny2 lim T @y, NI (x — 29)dS
e—0 E(Z(j),e)
+ C3(j—1)+3 lim T, ne)) I (x — z9)dS
E— E(Z(j),!:‘)

= (C3(j—1)+1, C3(j—1)42, C3(j—133) " =0,
for j =1,2,...,mg, which implies that C; = 0 for/ = 1, 2, ..., 3my. This completes the proof. [



T. Buchukuri et al. / Transactions of A. Razmadze Mathematical Institute 171 (2017) 264-292 277
(=) . 1*% 3
Lemma 4.2. The system $;,’ is complete in [B,,,,, (S)] for p € (1, 400).

1
Proof. We have to show that the linear span of the system !PE;) is dense in [Bll,, ’ (S)]3. To this end we will apply
the following fact from the functional analysis which is a direct consequence of the Hahn—-Banach theorem (see, e.g.,
[37, Ch. 1, Section 5]). Let B be a Banach space and B* be its adjoint space. A subset X C B is dense in B if and only
if the relation

(f, x) =0 forall x e X
with f € B* implies that f is the zero functional.
-1
Thus to prove the density of the linear span of the system (ﬁg) in [B,, / (S)]® it suffices to show that if a vector

141
function x belongs to the adjoint space, x € [Bp, :,p ()P with1/p+1/p’ =1, and

x, oMs=0, 1=1,2,..., (4.65)
then x = 0. As above, here the symbol (-, -)s denotes duality brackets between the mutually adjoint spaces
(B, (S) and (B, 7 (S)F.

Condition (4.65) can be rewritten as

(. 1 =z®, 0)) =0, j=123 k=12....
Due to the density of the set {z}2° | in .Q(;r , we get

(x. TVC=z,0));=0, zefy, j=123
This implies that

VOO =(x. 't —z,0))g =0, ze £, (4.66)

where V(x) is a single layer potential with the integration surface S and with the density x (see (A.3)). Since the
single layer potential is analytic in £2* we conclude from (4.66)

V(x)(z)=0, ze". (4.67)
Moreover, by Theorem A.1 we have
Voo e [Whaeh T, vooe[W) @) nzw), p'> 1.

Further, by Theorem A.2, formula (A.11), and relation (4.67) it follows that the single layer potential V () ) solves the
homogeneous exterior Dirichlet problem in {2~ and in accordance with Theorem 3.1 vanishes in {2~. Therefore due
to Theorem A.2

{(T@.mVGO) —{T@.mVe} =x=0 on 5,
which completes the proof. [

Now, let us introduce the following systems of functions on S which can be employed for constructing approximate
solutions to the Neumann problem,

o = {T@. n)eP )}, Y = {T0, n)w )}, xes,
where T'(3, n) is the boundary stress operator (2.2), ¢ and V) are defined in (4.56) and (4.57) respectively.

Lemma 4.3. The system 45,(\7) is linearly independent on S.

Proof. We have to prove that any finite subsequence of the system @;V_) is linearly independent. Let m € N be an
arbitrary natural number and

> G T@.n(x)e"(x) =0, xeS. (4.68)
=1
where C; are complex valued constants.
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As in the proof of Lemma 4.1, we denote by 720k =1,2,..., m, the points involved in the expression (4.68)
and without loss of generality we assume that for each 7% k=1,2,...,m, the expression (4.68) contains all three
vector functions associated with the point z¥) (see (4.58)) implying that m = 3ms.

Now, let us set

W)=Y G, x g 9 (4.69)
=1

Evidently, u™ is a radiating analytic vector function in R?® \ {®};"*, which solves the homogeneous differential
equation

A@, o)™ (x) =0, xeR\ (V). (4.70)

In view of (4.69), (4.68), and (4.70) it then follows that u™ solves the homogeneous exterior Neumann problem N),
and due to uniqueness Theorem 2.6 we conclude that u™ = 0 in {2~ and consequently, by the analyticity property,
u™ = 0in R®\ {¥}}"°,. By the same arguments as in the proof of Lemma 4.1 we show that all the constants C},
[ =1,2,...,m,equal to zero, which completes the proof. [l

_1
Lemma 4.4. The system @R,f) is complete in [B,,,?,(S)]Sfor p € (1, 400).

_1
Proof. Asin Lemma 4.2, to prove the density of the linear span of the system @1(\,_) in [B[,,pp(S)]3 it suffices to show
1

that if a vector function y belongs to the adjoint space, x € [B;/’p/(S)]3 with 1/p+1/p’ =1, and
. T@,me")s =0, 1=1,2,..., 4.71)

_1
then x = 0. Here the symbol (-, -)s again denotes duality brackets between the mutually adjoint spaces [B), ; P

and [B], (S)P.
Condition (4.71) can be rewritten as

X, TO, I —z® w)g=0, j=1,2,3 k=12,...

which is equivalent to the relation

W) =0, k=1.2,..., 4.72)
where W () is the double layer potential with the integration surface S and with the density x (see (A.4)). Due to the
density property of the set {z¥}22, in 2", from (4.72) we deduce

Wix)(z) =0, zelf. (4.73)
By analyticity property of the double layer potential in domains 2% we conclude

W(x)z) =0, ze
Note that by Theorem A.1 we have

3 13 _ /

WO e [Wa (2D, WG e[W, (2] nzw), p'>1

Further, by Theorem A.2, formula (A.12), and relation (4.73) it follows that the double layer potential W(x) solves
the homogeneous exterior Neumann problem in {2~ and in accordance with Theorem 3.2 vanishes in {2~. Therefore
due to Theorem A.2

Wool" —{woo} =x=0 on s,
which completes the proof. [

Further, let us introduce the system which can be employed for constructing approximate solutions to the mixed
Dirichlet-Neumann problem,

o]

o) = v}, xes, 4.74)



T. Buchukuri et al. / Transactions of A. Razmadze Mathematical Institute 171 (2017) 264-292 279

where

(O]
Oy . JP(X) for xeSp,
VI = {T(B, n(x)e®(x) for x e Sy, (4.75)

where ¢ is given in (4.56), Sp and Sy are the Dirichlet and Neumann parts in the mixed boundary value problem
M), -
It is evident that the vector v¥ can be considered as the following pair of restrictions

70 = (rs, v re V) = (rs, o, re, T(9, n(x)e?).
Similarly, the system @\, defined in (4.74) can be identified with the system

3 . ~(
B = [0yx

SN

Lemma 4.5. The system 451(\;) is linearly independent on S.

Proof. Let m € N be a natural number and

m

> P =0, xes, (4.76)
I=1
where C; are complex valued constants.
As in the proof of Lemma 4.1, we denote by Wk =1,2,..., my, the points involved in the expression (4.76)
and without loss of generality we assume again that for each z¥, k = 1,2, ..., m, the expression (4.76) contains all

three vector functions associated with the point z* (see (4.58)) implying that m is multiple of 3, m = 3my.
Now, let us construct the vector

W) =Y o). x ¢ Q. 4.77)
=1

Evidently, ™ is a radiating analytic vector function in R? \ {z®}/° which solves the homogeneous differential
equation (4.70) in R \ {z®}]°,. In view of (4.77), (4.76), and (4.75) it then follows that u™ solves the exterior
homogeneous mixed problem (M), and due to the existence and uniqueness Theorem 3.3 we conclude that u™ = 0
in 2~ and consequently, by the analyticity property, u™™ = 0in R*\ {©¥}"° . By the same arguments as in the proof
of Lemma 4.1 we show that all the constants C;, [ = 1,2, ..., m, equal to zero, which completes the proof. [

~ -1 _1
Lemma 4.6. The system 451(\;) is complete in [Bp,pp (SD)]3 X [Bp,‘,’,(SN)]Sfor 4/3 < p < 4.

~ -1 _1
Proof. Asin Lemma 4.2, to prove the density of the linear span of the system Q');V;) in [Bp, s (SD)]3 X [BP,’;(SN)]3
it suffices to show that if a pair of vector functions ¥ = (x,,. x,) belongs to the adjoint space, X = (x,, X)) €
~—1+5 3 r3p 3.
(B, ,/(Sp)] x [B), ,.(Sw)] with 1/p+1/p'=1,and

~

X 95 = (xp V) sy + (X s vD)sy,
= (x> #sp +(T@, n(x)NP", )5y =0, 1=1,2,..., (4.78)

then ¥ = 0.
Here the symbols (-, -)s, and (-, -)g, denote duality brackets between the mutually adjoint pairs of Besov spaces
1 1

~—141 -1 _1 1
[Bp,:” (Sp)I? and [Bp,’;,(SD)]3, and [B), 5 (Sy)]® and [B[f,’p,(SN)]3, respectively.
Condition (4.78) can be rewritten as

Xp» TOC =205, +(T@, TV —29), x )5y =0, j=1,2,3, k=1,2,...

which is equivalent to the relation

Vi) @)+ Wix)*®) =0, k=1,2,..., (4.79)
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where V(x,) and W(y, ) are the single and double layer potentials on S with the densities
~—l+g 3 ~1 3
Xo €[B, 7S] xy €[By 0] (4.80)
Due to the density property of the set {z®}2°, in 2, from (4.79) we get

U) = V(x,)@+ W) =0, ze€f.

By analyticity property of the layer potentials in domains 2% we conclude

U@ =V(x,)@+ W)@ =0, ze0" (4.81)
Note that if 4/3 < p < 4,then4/3 < p’ < 4, and by Theorem A.1 we have
Ue[wh@H). vel[w! )] nzw), 4/3<p’ <4 (4.82)

Further, by Theorem A.2 and relations (4.81) and (4.80) we find that
[{UY'—{U}) =xy =00nSp, [T@ mU} —{T@® nU} =—x, =0on Sy.

Whence it follows that U belongs to the class (4.82) and solves the homogeneous exterior mixed problem (M), . In
accordance with the existence and uniqueness Theorem 3.3 U vanishes in {2~ implying x, = x, =0on S. O

Next, we introduce the system of vector functions which can be employed for constructing approximate solutions
to the basic transmission problem (BT),,.

By ¢®D(x) and ¥*P(x) we denote the vector functions defined by formulas (4.56) and (4.57) respectively
constructed by the columns Ve e =1,2, j =1, 2,3, of the fundamental matrix I'®) associated with the operator
AY(H, w). Here k = 1 corresponds to the bounded domain ﬁ = N while x = 2 corresponds to the exterior
unbounded domain 2~ = 2. The set of points {®}° | c 2F ¢ QW and {y®}2, C 2, C 2@ are the same as
above.

Let

Ppr = { 0 V(x), 2P (x)}

o0

= XE€ S,

where ¥-D(x) and ¢¢?)(x) are six vectors defined on S by the relations
w0y = (@), TO@, n)y D), xes, (4.83)
12 (x) = (—p"2(x), TP, n(x)e"?(x))", xe€s. (4.84)

Lemma 4.7. The system ®pr is linearly independent on S.

Proof. Letm, m; € N be arbitrary natural numbers and

my my
D Ca v+ Ca P () =0, x €S, (4.85)
=1 =1

where C; ., k = 1, 2, are complex valued constants.

Denoteby z¥,k =1,2,..., pp,and y®, k = 1,2, ..., py, the points involved in the expression (4.85) and without
loss of generality assume that for each M k=1,2,..., P2, and for each y(k), k=1,2,..., py, the expression (4.85)
contains all three vector functions corresponding to the points z*' and y® (see (4.58) and (4.59)) implying that m,
and m are multiples of 3, m, = 3p, and m; = 3 p;.

Now, let us construct the vectors

"y
u™D(x) = Z Cay"V), x ¢, (4.86)

=1

my -
u™(x) = Z Coo"Px), x¢ “Q(T (4.87)
=1
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Evidently, """ and u">?) are radiating analytic vector function in R\ {y®}’! ‘and R*\ {¥}}2, respectively and
solve the homogeneous differential equations

AV, ™ V(x) =0, x ¢, (4.88)

AP@, ™D (x) =0, x ¢ 0. (4.89)

In view of relations (4.83)—(4.89) it then follows that the pair (u™1'D, u®2?) solves the homogeneous basic
transmission problem (BT),, and due to the existence and uniqueness Theorem 3.5 we conclude that u') = 0
in 27 and u2? = 0 in £2~. Consequently, by the analyticity property, u1-) = 0 in R\ {y®}’", and u™2>? =0
in R\ {z®}72 . Now, by the same arguments as in the proof of Lemma 4.1 we derive that C;; = 0,/ = 1,2,...,my,
and C;, = 0,1 =1, 2,..., my, which completes the proof. [J

1—L1 _1
Lemma 4.8. The system Oy is complete in B, (S)]3 X [Bp,’,’)(S)]3for p> 1

-1 _1
Proof. To prove the density property of the linear span of the system @p7 in [B o (S)]3 X [Bp_’;,(S)f it suffices

to show that if a pair of vector functions x = (g, h) belongs to the adjoint space, x = (g, h) € [B;,I;%( S)]3 X
[Bp%,’p,(S)f with 1/p +1/p’ =1, and
(x, v =g, v s+ (b, TP@, my")s =0, 1=1,2,..., (4.90)
(x, 2"D)g = (g, o"P)s+ (h, TP@,n)p"?)s =0, 1=1,2,..., (4.91)
then x = (g, h) = 0.
Condition (4.90) and (4.91) can be rewritten as
(g, TUVC =y g +(TD@, m P9V —y®) nyg=0, j=1,2,3, k=1,2,...
(g, TYD(C = z2ONg+(TP@, ) IUP( —z0) nyg=0, j=1,2,3 k=1,2,...
which is equivalent to the relation
Vi) ™)+ wDhmy(y*®y =0, k=1,2,..., yP e, (4.92)
V) + w2y =0, k=1,2,..., P eqf, (4.93)

where V®)(g) and W*)(h) are the single and double layer potentials with the integration surface S constructed by the
fundamental matrix ') with the densities

141 1
8 € [Bp’l,_;e (S)]S’ h e [B;,J},(S)]S, p'>1

Due to the density property of the sets {y®} in £2; and {z®}°, in 2", from (4.92) and (4.93) we get

V()2 + W) =0, ze, (4.94)

VA + WP =0, ze . (4.95)
Due to analyticity of the layer potentials in domains 2% we conclude

U@ = vP(e)@) + W@ =0, ze, (4.96)

U@ = -VP)2) - WP)() =0, ze 0. 4.97)

Note that by Theorem A.1 we have
3 13 _
UV e[w2H], UPe[W,) ,(2)] nzw), p'>1
Further, by Theorem A.2 and with the help of relations (4.94)—(4.97) we find that
[ —{u®})" =0ons,
[T, UV} —{T@@, UP}” =0on S.
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Whence it follows that (UD and U®) belong to the appropriate classes of vector functions and solve the homogeneous
basic transmission problem (BT);,. In accordance with the existence and uniqueness Theorem 3.5 then U vanishes
in 2% and U® vanishes in 2~ which along with (4.96) and (4.97) imply g =h =0on S. [

Finally, we introduce the system of vector functions which can be employed for constructing approximate solutions
to the mixed transmission problem (MT),, which as a particular case covers the crack type problem.
Let us define the three vectors

@.n
Gy J¥T7 () for x e Sr, B
A (X) = {T(l)(a, n(x))w(/,l)(x) for x e Sc, | = 1, 2, e (498)
(.2)
02 . |9 T (X) for x € Sy, _
A (x) = {T(2)(a’ I’l(x))(p(l'z)(x) for x e Sc, [=1,2,... (4.99)

where -1 and -2 are the same as in the above introduced system @7 for the basic transmission problem.
Further, we define the six vectors

0"D(x) = (44D), TV@, n(e)y D) . xes, (4.100)
0"V (x) = (A(I,Z)(x)’ —T®(d, n(x))(p(l’z)(x))T, x €S, (4.101)
and set

o]

T xeSs. (4.102)

Pyr = { 0" D), 002 (x)}
Lemma 4.9. The system ®y7 is linearly independent on S.

Proof. Letm;, m, € N be arbitrary natural numbers and let
my mp
>0+ 0P =0, xes, (4.103)
=1 =1

with some complex constants C; ., k = 1, 2,.

Denote by 0k =1,2,..., P2, and y(k), k = 1,2,..., pi1, the points involved in the expression (4.103) and
without loss of generality assume again that for each z¥, k = 1,2, ..., p,, and for each y®, k = 1,2, ..., p, the
expression (4.85) contains all three vector functions corresponding to the points z*) and y® implying that m, and m,
are multiples of 3, my = 3p, and m; = 3p;.

Now, let us construct the vectors

mj .

WM =3 Cu ), x g (4.104)
=1
my -

u(mz,Z)(x) — Z Cia (p(l’z)(x), x ¢ “Q(T (4.105)

=1

Evidently, 11 and u2>? are radiating analytic vector function in R\ {y®}?*, and R\ {z®}7? respectively and
solve the homogeneous differential equations

AV@, ™Dy =0, x ¢ 07, (4.106)

AP@, oD (x) =0, x ¢ Q. (4.107)

In view of relations (4.98)-(4.107) it then follows that the pair (u1-", u2-2) solves the homogeneous mixed

transmission problem (MT),, with equivalently transformed conditions (3.42)—(3.44) and due to the existence and

uniqueness Theorem 3.7 we conclude that u™1*) = 0 in 2% and u"">? = 0 in £2~. Consequently, by the analyticity

property, u™1') = 0in R¥\ {y®}7, and u™2>? = 0in R?\ {¥}72,. Now, by the same arguments as in the proof of
Lemma4.1 we derive that C;; =0,/ =1,2,...,m;,and C;», =0,/ = 1,2, ..., myp, which completes the proof. [J

As in the case of the system @1(14_)’ here we can identify the system ®,,7 with the system &7 defined as

Bur = (509, B0,
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where
~ T
0 ) = (rg, "V, rg TV@, nC)Y Y, r 7Y@, n()y D)
~ T
01P(x) = (rg, 9%, 1o TP@, n(x)e"?, ry, TP@, n(x)e"?) .

Lemma 4.10. The system EMT is complete in the space

-1 3 _1 3 _1 3

[Bp. 7 (SD)] x [Bp.5(Sc)] x [Bp.5(9)] (4.108)
ford/3 < p <4
Proof. To prove the density property of the linear span of the system &7 in the space (4.108) it suffices to show that
if a pair of vector functions ¥ = (f, g, h) belongs to the adjoint space,

~ ~141 3 ~% 3 1 3

7= (e [0l x (B, ol | x (8], ,5)
with1/p+1/p’=1,andforalll =1,2,...,

(X, 0" =(f . ¥+ g, TV YD) se+ (k. TV@, myy D)5 =0, (4.109)

(. 0" =~f . ") s (8. TD@. ") 5o~ (h. TH@. " D)5 =0, (4.110)

then ¥ = (f, g.h) = 0.
Condition (4.109) and (4.110) can be rewritten as

(f TUDC =Ygy + g, TV@mIDC =y +(TD@, M0 =), hys =0,
—(f TUPC =25 + (g, TP@, WV — 2950 —(TP@, V(- —29), h)s =0,
j=123 k=1,2,...

which is equivalent to the relations

VO + W)+ whme ) =0, k=1.2..., y¥e 0.

—VANE) + W) = W) =0, k=1.2..... P e,
where V©(f), V®(g), and W (h) are the single and double layer potentials constructed by the fundamental matrix
I'®) with the integration surface S and the densities

fe [~ P(ST)] g€ [ /(sc)] he [B%, /(S)]3, 4/3 < p' < 4. 4.111)
Due to the density property of the sets { y(k)} 2, in £2; and {z(k)} 2, in 2, from (4.92) and (4.93) we get

V(N + V(@@ + W) =0, ze 2,

—VON@+ W) - W) =0, ze Q.

Due to analyticity of the layer potentials in domains 2% we conclude

UP() = V() + W (@) + W) () =0, zen, (4.112)

UP) ==V + W) =) — WPh)(z) =0, ze0*. (4.113)
Note that by Theorem A.1 we have

vl e[wheH u®e[w! (@) Nz, 453<p <4 (4.114)
Further, by Theorem A.2 and relations (4.112) and (4.113) we find that

UM} =g +hons, 4.115)

[TD@, UV} = —f ons, (4.116)
{UP}) =—g+hons, (4.117)
{T®@.mUP}" =—f ons. (4.118)
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Whence in view of (4.111) we find

{U“)}+— {U®}” =0o0n Sr, (4.119)
{T“)(a, n)U(l)}+ + {T(2>(3’ n)U@}* =0on Sc, (4.120)
{T(l)(3, n)U(l)}"" _ {T(2)(a’ n)U(Z)}_ —0OonS. 4.121)

From (4.119)—(4.121) and (4.112)—(4.114) it follows that the pair (U", U®) belongs to the appropriate class of
functions and solves the homogeneous mixed transmission problem (MT)_ . In accordance with the existence and
uniqueness Theorem 3.7 then U) vanishes in 2% and U® vanishes in {2~ which along with (4.115)—(4.118) imply
f=g=h=0onS. O

4.2. Construction of approximate solutions

In this subsection we describe how to construct approximate solutions of the above considered boundary value
problems. In what follows @, y®, @ <), = 1,2, are the vector functions introduced in the previous
subsection.

4.2.1. The Dirichlet problem
Let us look for an approximate solution of the exterior Dirichlet problem (D), (see (2.1), (2.3)) in the form

ux) =Y a¢Px), xe, meN, (4.122)
=1

where ; are sought-for complex valued constants. These constants are to be chosen in such a way that the norm
lu — u™ llrw L(2-NBR)P of the difference of the exact solution u and the approximate solution ™ should be small.

Note that for all m the vector function u™ solves the homogeneous differential equation (2.1) and is analytic and
radiating in R? \ .
Due to Theorem 3.1 and estimate (3.20), if the trace of «™ on the boundary S approximates the boundary function

f with a sufficiently good accuracy in the space [B,l,fpl/p(S)P, then the norm |lu — 1™ II[W})(Qme(R))]s for fixed R will

also be sufficiently small and #“ can be considered as a good approximation of the exact solution u in the region
27 N B(R)).

Lemmas 4.1 and 4.2 show that a good approximation on § of a boundary vector function f € [B,l,,_,l/ PSP} is
possible within an arbitrary accuracy by the linear combinations of type (4.122):

m
Y a0~ flx), xeS. (4.123)
I=1

Thus, construction of an approximate solution of the Dirichlet BVP is reduced to the approximation problem
for the boundary vector function into the linearly independent complete system of vector functions @g) explicitly
constructed by the columns of the fundamental solution matrix.

This approximation can be practically carried out by choosing finite sets of functions from the system 45;;’
appropriately and then applying some well-known methods, e.g., Galerkin, collocation, least square, adaptive cross
approximation etc. However, this is a very serious problem which needs a special investigation from the point of view
of numerical analysis (cf. [16-19,38,39]).

Similar approach with word for word arguments can be applied to all BVP considered in Section 3. Therefore,
below we will write down schematically only the expressions of approximate solutions in the corresponding domains
and formulate the desired boundary approximation problems (counterparts of (4.122) and (4.123)).

4.2.2. The Neumann problem
Approximate solution of the exterior Neumann problem (see (2.1), (2.4))

m
u™(x) = Zaz oPx), xefn”, meN,
=1

where a; are sought-for complex valued constants.
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Desired boundary approximation of the vector function F € [B,,,
Lemmas 4.3 and 4.4):

',fp(S)]3 in the system 5155\,_) (see Theorem 3.2 and

Zag T@,n(x)e?” =~ F on S.
=1

4.2.3. The mixed problem
Approximate solution of the exterior mixed problem (see (2.1), (2.5), (2.6))

m

u™(x) = Zal oPx), xef”, meN,
I=1

where g; are sought-for complex valued constants.
Desired boundary approximation on Sp and Sy of the vector functions f* € [B ,l,_,i /p (Sp))P and F* € [B ». l,f PSSO
in the system 45;;) (see Theorem 3.3 and Lemmas 4.5 and 4.6):

m
Zaup(”zf* on Sp,
=1
m

Zal T, n)e" =~ F* on Sy.
I=1

4.2.4. The basic transmission problem
Approximate solution of the basic transmission problem (see (2.1), (2.12)—(2.13))

mi
w0 =Y a "), xet, meN,
=1

my
u"22(x) = Za,,g "P(x), xefN”, meN,
=1
where a; 1 and q; , are sought-for complex valued constants.
Desired boundary approximation on Sp and Sy of the vector functions f € [B;f,i/ P($)PP and F € [B;llfp ()P in
the system ®p7 (see Theorem 3.5 and Lemmas 4.7 and 4.8):

mj my

1,1 12)
E ap Y — E a9 = f on S,
=1 =1

nmy

K|
> a TV@,my"Y = a4, TP, m)p"? ~ F on §.
=1 =1

4.2.5. The mixed transmission problem
Approximate solution of the mixed transmission problem (see (2.1), (2.15)—(2.18), and (3.42)—(3.45))

mi
™D (x) = Za“ w(“)(x), xe N, m eN,
=1

mjp
u™2(x) = Za,’z e"Px), xe, meN,
I=1
where a; 1 and g, , are sought-for complex valued constants.
Desired boundary approximation on Sz, S¢, and S of the vector functions

fOeB, PSP, FO+FO e [B PSP, FyelB, (ST
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in the system 51\” (see Theorem 3.7 and Lemmas 4.9 and 4.10):

mi mp

L1 12) o (T
day =3 a0 = £ on S,
I=1 =1

my

mi
Yo an TV@ Y + Y a, 7?0, me"? ~ F + F© on Se,
=1 =1

nmj m3p

> an TV@ Y =3 " a, T90, n)p"? =~ Fy on S.

I=1 I=1
Due to Remark 3.10 the crack problem is a particular case of a special mixed transmission problem and its approximate
solution can be constructed in accordance with the approach described in the present subsection.
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Appendix A. Layer potentials and their properties

Here we collect some auxiliary material needed in the main text of the paper concerning properties of layer
potentials and the corresponding boundary operators.

Denote by I'(x, w) and I'(x) respectively Kupradze’s and Kelvin’s matrices of fundamental solutions of the
differential operator of elastic oscillations A(d, w) and its principal homogeneous part A(d) (Lamé’s operator)

A0, w)I'(x, w) = I35(x), A()'(x) = I3 6(x),

where §(x) is the Dirac delta function. These matrices read as (see [12, Ch. 2])

2 ikt Ixl

I(x, w) = [Lj(x, ©)]3x3, Tj(x, 0) = Z((Skjal + B0k 9)) N (A.D)

3 (=Dt 0 0
= — s =, k Ek = —_—, k Ek‘,: -,
“ 4 hi 47 0w? : P A+2u == m

i M xpx;
L) = [Ty, Ty = ’EC | |xT3 .
L A+3n L y—

T 8rpot2pw M T 8zt

The following relations hold true

IFx,0)=I=x,0) = [[(x,o)]", Fx)=T(-x)=[I'w]",
| Tpg(x, )] < c(h, ) x|, [T (pgx, @) — Ipg(0)] = @] (R, p), (A2)
10 Tpg (x, @)= 3; Tpg ()| < |0*cOry ), 10,01 g (x, @) =391 Tpg (X)] < €, p, w)lx| ™",

where c(A, n) and c(A, i, w) are positive constants. These relations show that the Kelvin matrix of statics I'(x) is
the principal singular homogeneous part of Kupradze’s matrix I'(x, w). It is evident that the entries of I'(x, w) and
I'(x) are analytic functions of the real variable x € R*\ {0} and, moreover, the columns of I'(x, w) satisfy the
Sommerfeld—Kupradze radiation conditions at infinity.

Introduce the single and double layer potentials of elastic oscillations

V(g)(x) = f I'(x -y, w)g()dS,, xeR\S, (A3)
S

W(h)(x) := /[T(a},, nNI(x —y, )" h(y)dSy, x eR>\S, (A.4)
N

where g = (g1, g2, g3)" and h = (hy, hy, h3) " are densities of the potentials.
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By standard arguments and with the help of Green’s second formula one can derive the following integral
representation formula for a regular solution u to the homogeneous equation A(d, w)u = 0 in the domain 27,

u(x) in 0

W ({u) ")) = V(Tu) ) = { . (AS5)

Similarly, for a radiating regular solution of the homogeneous equation A(d, w)u = 0 in the domain {2~ we have an
analogous representation formula (see [12,27])

_ _ 0 in 07T,
= W{u}H)x) + V{Tu} )(x) = {u(x) in 0 (A.6)
These representation formulae can be extended to the classes [W;(Q*)] and [W1 027 )]*NZ(£27), and to Lipschitz
domains. From these formulae it is evident that any solution to the homogeneous equanon is actually an analytic vector
function of the real variable x € 2%. Further, if u solves the homogeneous equation A(9, w)u = 0in 27 and 2,

andr,, u € [Wy(QHP,r, ue [W1 10e(£27)1 N Z(£27) then by adding formulae (A.5) and (A.6) we get
u(x) = W([uls)x) — V([Tuls)(x) in 2F U 2~
with [uls = {u}§ — {uly, [Tuls == {Tu}§ — {Tuly,

which shows that if on some open part S; C S of the common boundary S of the adjacent domains 21 and 2~
the jumps of the Cauchy data equal to zero, i.e., rg [{u} —{u}"] = 0 and rs, [{Tu}*t — {Tu}"] = 0, then the
vector-function & defined by the equality
u(x) for x e 2T,
= {u(x) for xe 2,
(u()}t for x €S,

is an analytic vector function in the connected domain R3\ S, with S, = S \ Si.
Further we introduce the boundary operators generated by the single and double layer potentials,

(Hg)(x) = /SF(X —y.0)g(y)dSy, x¢€S, (A7)
KW = [[T@nIre =y 0] g0)ds,, xes. (A8)
(K h)(x) = fs[ Ty, n(y) I'(x —y, a))]T h(y)dS,, x¢€S, (A.9)
(Lh)(x) = { T (3, n(x))W(h)(x) }i, xes. (A.10)

The boundary operators # and £ are pseudodifferential operators of order —1 and 1, respectively, while the operators
K and K are mutually adjoint singular integral operators—pseudodifferential operators of order 0 (for details
see [12,40-45]).

We will employ the same notation equipped with subscript “0” for the elastostatic potentials constructed by the
Kelvin matrix I'(x — y) and the corresponding boundary operators.

Now we describe the basic mapping and jump properties of the above introduced layer potentials. They can be
found in [24-26,35,40,41,43-55].

Theorem A.1. Let S be C*-smoothand 1 < p < 00,1 <t <00, and s € R. The operators

+1+’L’(Q+) ]3

Vo (B, — [, [[8,,9] — [H m T nzen)
(BT — [ T@O] (BT — (B @z,

P,
BT — @ [[8,0F — e nze)]
(BT —[Br@nT (8] — [ @] nzaen)]

are continuous.
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If S is Lipschitz, then the operators
_1 _1
v (1o — [menH) [[HFO] — [H.Le0] nz@))
1 1
W (O] —[men] [[#O] — [H.eO] nze],

are continuous.

Theorem A.2. Let S be C®-smoothand 1 < p < 00, 1 <t < 00, and g € [B;,%(S)]3, he [B;,;%(S)f. Then
Vi) ={v(e) =Hg on s, (A.11)
{T@.mVv@) =[F2"'6+K]g on S,

(W) =[£27'",+K]h on s,
(T@,mWm " ={T@.mWH)} =Lh on s. (A.12)

The same relations hold for a Lipschitz boundary S and p =t = 2.

Theorem A.3. (i) Let S be C*°-smoothand 1 < p < 00,1 <t <00, s € R. The operators
Ho (o] — [ (B0 — (BT
27 L4+ K 227 B4+ K [HXS)] — [HYS)] [B:.(9)] — [B;,,(S)]s],
£ (ROl —[He] (B — (BT ]

are continuous Fredholm operators with zero index. The principal homogeneous symbol matrices of these operators
are non-degenerate. Moreover, the principal homogeneous symbol matrices of the operators —H and L are positive
definite.

(ii) If S is Lipschitz, then the operators

H : [H, 2(3)] [H (S)]
£27'+K ¢ [H 2(S)] [ H, 2(S)]
27"+ K [H )] — [H (S)]

1
L : [HXS] — [H, 2(S)]
are continuous Fredholm operators with zero index, and moreover, there exist positive constants Cy, k = 1,2, 3,4,
such that

_1
(h, —Hh)s = Cy ||hlI* , —Co|ThI* |  forall hel[H, *(S)P,
[H, 25 [H, 2($)P
1 (A.13)
(Lg,8)s=Cslgh* | —Calgll? o5 forall ge[H (ST,
3o [H()]
[Hy ()]

_1 1
where the symbol (-, -)s denotes the duality brackets between the mutually adjoint spaces [H, (TP and [HZ2 ST,
1 1

and T : [H, *(S)I* — [H, *(S)I® is a compact operator.
(iit) The following operator equalities hold in appropriate function spaces:

KH=HK, LK=KL, LH=—-4"L+K% HL=—4"+K~ (A.14)

Remark A.4. In the static case, i.e., for the operators constructed by the Kelvin fundamental matrix I'(x — y), the
operators Hg, 27" I3 + ICU and 2713 4+ Ky in items (i) and (ii) of Theorem A.3 are invertible. Moreover, ICO and Ky
are mutually adjoint singular integral operators and the inequality (A.13) holds with C, = 0 [36]. ~
In view of the relations (A.2), it is evident that the ooperators of elastostatics Ho, 27115 + Ko, 227115 + Ky,
Ly, and elasto-oscillations H, £27'I; + K, £27'I5 + K, £ have the same principal homogeneous symbol matrices
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respectively:
H(x, §) = 6(Ho; x,§) = 6(H; x, §),
Ke(x,§) = 6(F27' I + Ko)(x, §) = 6(F27 I + K)(x, £),
L(x, &) == &(Lo; x, é) S(L;x, §), _ (A.15)
Ki(x,£) = 627 I + Ko)x, §) = 6271 + K)(x, £),
xeS, &£eR*\ {0}
The matrices —H(x, §) and L(x, §) are positive definite matrices with entries being real valued even functions in
&, while the matrices Ky (x, §) and K (x, &) are non-degenerate and mutually adjoint, i.e., Ki(x &) =[Ki(x, 81",
The following matrices related to the so called Steklov—Poincaré operators of statics [—2~ 'L+ ICO]HO1 nd
—27' 5 + Kol Hy ! corresponding to the interior and exterior domains, respectively,

S(—27"15 + Kol Hy s x, &) = K_(x, ) [Hlx, )], (A.16)
— (127 1+ Kol Hy's 3, €) = — Ki(x, §) [Hx, )17, (A.17)

are positive definite as well. Moreover, from (A.14) it follows that

Ka(x, &) H(x, &) = Hix, ) Ke(x, £), L(x, §)Kix, §) = Kalx, §) L(x, &),
L(x, &) Hix, §) = Ky (x, §) K_(x, §), Hlx, §)Lix, &) = Ki(x, § K_(x, §).

Note that the matrices ]K_(x, &) and K+(x, &), as well as the matrices K_(x, &) and K (x, &) commute each other.
Therefore from (A.18) we derive

+ Lix, ) [Katx, )17 = =+ [Hx, )7 Ko (r, §) K (x, ) [Katx, )17
= £ [Hx, O Ke(x, §) = £ Ke(x, &) [Hx, )17, (A.19)
implying that the matrices & L(x, &) [Ri(x, £)]7! are positive definite in view of the positive definiteness of the
matrices (A.16) and (A.17).
Moreover, it can be shown that the entries of the matrlces s H(x, §) and LL(x, §) are real valued functions, while

Ki(x, &) =271 +i K(x, &) and Ki(x ) =427 +i K(x &), where the entries of the matrices K and K are
real valued odd functions in & (see Appendix C in [23]).

(A.18)

Appendix B. Alternative representations of radiating solutions

Let 271, 27, and S be the same as in Appendix A, and consider the following linear combination of the single and
double layer potentials

u(x) = W(g)x) + 2 V(g)x), x €27,

-1
where % = »; + i, € Cwithx, %, € Rand %, # 0, and g € (g1, g2, 83) € By, (P isa density vector.
Evidently, u € [W1 10c(827 )]* N Z(£27) in view of Theorem A.1, while by Theorem A.2 we have

Wy =[-2"LE+K+xH]lg=Ng. {Tuy" =Lg+x[27'L+K]lg=Mag,
where H, K, K and £ are given by equalities (A.7)—(A.10) respectively.
In Refs. [25] and [27] the following assertions are proved.
Theorem B.1. Let S € C®, s e R, | < p < 400, and 1 <t < +o00. Then the operators
N =TSP — HY S [BESF — BV (9], (B.1)
M HTSP — [H)SP  [1B) P — (B, (], (B.2)

are invertible.
For a Lipschitz manifold S these operators are also invertible for p =t = 2 and s = —1/2 and, moreover, there
are positive constants Cy and Cy such that the following inequality holds true

1
Re (=MINT g 8)g > Culigl® | —Callglyo sy forall g € [Hy ().
[H ($)]
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Theorem B.2. If u € [Wl],,lm,(ﬂ_)]3 NZ(27), 1 < p < 400, solves the homogeneous equation A, w)u(x) = 0 in
{2~, then u can be represented uniquely in the following two equivalent to each other forms

ux) = WN 'g)x) + x VW 'g)(x), x € 27,
u(x) = WM '"D)(x) + x VM ')(x), x € 27,

where N'=! and M~" are the operators inverse to N' and M respectively defined in (B.1) and (B.2), while the densities
g and h, are related to the vector u by the equalities

g=(u)s € By, ()P,  h={Tuls € [B, LS.

In the case of a Lipschitz surface S, the same assertion holds true with p = 2.

Appendix C. Fredholm properties of strongly elliptic pseudodifferential operators on manifolds with
boundary

Here we recall some results from the theory of strongly elliptic pseudodifferential equations on manifolds with
boundary in Bessel potential and Besov spaces which are the main tools for proving existence theorems for mixed
boundary, boundary-transmission, and crack problems by the potential methods. They can be found in [56-58].

Let M € C™ be a compact, n-dimensional, nonintersecting manifold with boundary 8M € C* and let A be a
strongly elliptic N x N matrix pseudodifferential operator of order v € R on M. Denote by &(A; x, &) the principal
homogeneous symbol matrix of the operator A in some local coordinate system (x € M, & € R" \ {0}).

Let A1(x), ..., An(x) be the eigenvalues of the matrix

[G(A; x,0,...,0,+D ] ' [S(A: x,0,...,0,—-1)], x €M,

and introduce the notation §;(x) = Re [(27r N~ 'Ina j(x)], j = 1,..., N, where In¢ denotes the branch of the
logarithm function analytic in the complex plane cut along (—oo, 0]. Due to the strong ellipticity of .4 we have the
strong inequality —1/2 < §;(x) < 1/2forx € M,j=1,2,..., N. The numbers d(x) do not depend on a particular
choice of the local coordinate system at a fixed pintx € M.

Remark C.1. Note that if G(A; x, &) is a positive definite matrix for every x € M and & € R" \ {0}, we have
dj(x) =0for j =1,..., N, since all the eigenvalues A;(x) (j =1, ..., N) are positive numbers for any x € M. The
same holds if &(A; x, &) is representable in the form

S(A; x, §) = 0V(x, §) 0(x, §) 0P (x, &),
where Q(x, &) = || Qkj(x, §)llnxny and 0"(x, &) = IIQ%'?)(X, E)llnxn, m = 1,2, are positive definite matrices and,
in addition, the entries Qg;.’)(x, &) are even functions in &.

The Fredholm properties of strongly elliptic pseudo-differential operators on manifolds with boundary are
characterized by the following theorem.

Theorem C.2. Lets € R, 1 < p <00, 1 <t < 00, and let A be a strongly elliptic pseudodifferential operator of
order v € R, that is, there is a positive constant Cy such that Re S(A; x,€)n - n > Co |n|* for x € M, & € R" with
€| =1, and n € CV.

Then the operators

A:[Eon] — [y oot [ (B ,on]" — [Bron]" ], (C.1)
are Fredholm with zero index if

1 1

——14 sup Si(x) <s — Y < — 4+ inf 8i(x). (C.2)

p x€dM, 1<j<N 2 p  xedM.1<jsN

Moreover, the null-spaces and indices of the operators (C.1) are the same (for all values of the parametert € [1, +00])
provided p and s satisfy inequality (C.2).
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Abstract

We formulate new identities involving new Green functions. Inequality of Popoviciu, which was improved by Vasi¢ and
Stankovi¢ (1976), is generalized by using newly introduced Green functions. We utilize Fink’s identity along with new Green’s
function to generalize the known Popoviciu’s inequality from convex functions to higher order convex functions. Then we construct
linear functionals from the generalized identities and formulate the monotonicity of these functionals utilizing the recent theory of
inequalities for n-convex functions at a point. New upper bounds of Griiss and Ostrowski type are computed.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction and preliminary results

Systematic study of convex functions started over the period 1905-1906 by thought provoking ideas and
fascinating work of Jensen. However there also exists some literature about convex functions even before Jensen
because one may find the existence of the roots of their definition in the work of O. Holder (1889) and J. Hadamard
(1893). The study of convex functions is used as a major tool to solve optimization problems in analysis. However
the impact of inequalities involving convex functions is magical as it solves many problems in different branches of
mathematics with considerable high rate. That is why the study of such inequalities has been given great importance
in literature.

Higher order convexity was introduced by Popoviciu, who defined it under the context of divided differences of a
function (see Ch.1, [1]). Inequalities of higher order convex functions are very important and many physicists used it
while dealing in higher dimensions. It is interesting to note that results for convex functions may not be true for convex
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functions of higher order. There are remarkable changes in the results, which forces to think about the existence of
such results. S. I. Butt and J. Pecari¢ pay tribute to Professor T. Popoviciu in their book [2] in 2015 at the 50th
years to Popoviciu’s inequality. They generalize Popoviciu’s inequality for higher order convex functions and give its
applications. Also in 2015 [3], a new class of n-convex functions at a point is introduced by J. Pecari¢, M. Praljak
and A. Witkowski. They developed a remarkable theory to investigate linear operator inequalities with the help of
the functions, which are n-convex at a point. This theory leads to many interesting and fascinating results with lot of
applications in operator theory and statistics.

A characterization of convex function established by T. Popoviciu [4] is studied by many people (see [1,5] and
references within). In recent years the inequality of Popoviciu is studied in [6-9]. The following form of Popoviciu’s
inequality is by Vasi¢ and Stankovi¢ in [5] (see page 173 [1]):

Theorem 1.1. Let [§1, 62] be interval in R, for integers s > 3,2 < m < s — 1, consider the tuplesz = (z1, ..., 25) €
[61,821°, q = (q1, - - ., g5) be a positive s-tuple along with the condition that Zf:lqi = 1. Then for ¥ : [61, 62] > R
being convex function

s—m m—1
Vs @) < — Va2 @)+~ V() (1)
holds, where
1 m ; C]ij Zij
Wm,s(zv q) = Cs71 Z Z Qij W Fm—
m—1 I1<ij<--<im<s j=1 Z qij
j=1
is the linear functional with respect to .
By inequality (1), we write
s—m m—1
POP[z, q; ¥] = sTllﬂl,s(Z, q + sj%,s(l, qQ — VY sz, q). 2)

Remark 1.2. Under the assumptions of Theorem 1.1, POP[z, q; ¥] > 0 for ¥ being convex function and zero for
constant and linear function.

In the current paper, we need the following results of our interest. For 1"~! to be absolutely continuous on
[61,82] C R, A. M. Fink in [10] proved the following famous identity:

s n-l ) s (e Ry
v (2) = n A2¢(5)d§+2(n C) (Vf (82)(z—82)° — ¥ (81) (z —81) )
1
1

8 — &1 o\ o 8 — &1

()

oD 16.—o) Js @—&"F2 €y () dé, 3
’ 1
where
b _ g8, E=<z<é,
F5|2 (ész)_{g—Sz, 7<&<6. @

The complete reference about Abel-Gontscharoff polynomial and theorem for ‘two-point right focal’ problem
is given in [11]. As a special choice the Abel-Gontscharoff polynomial for ‘two-point right focal’ interpolating
polynomial for n = 2 can be given as:

)3
V() =¥ (1) + (2 — 8)Y'(82) +/ G a2(z, w)y" (w)dw, %)

8
where G 4 »(z, w) is the Green function for ‘two-point right focal problem’ given as

Ss1—w, & <wc<z,
81—z, z<w<é.

Gi(z,w) = Gaplz,w) = { (6)

In the next section, we will present our main results by introducing some new types of Green functions.
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Fig. 1. Graph of Green functions for fix w.

2. New generalizations of Popoviciu’s inequality

295

We start this section by our nice observation to Abel-Gontscharoff identity (5) and the related Green’s function
for ‘two-point right focal problem’. Therefore keeping in view Abel-Gontscharoff Green’s function for ‘two-point
right focal problem’ we would like to introduce, some new types of Green functions Gy : [§1, 82] X [61, 8] — R,
(k =2,3,4,) defined as:

Ga(z, w) =

G3(Zv U)) =

Gi(z, w) =

Z_621 81§w§Z1
w—258, z<w<5d.

z—46;, 6 <w<=g,
w—29481, z<w<5édh.

Hh—w, § <w=<z,
8 —2z, z=<w<Zdh

(7

®)

€))

The graphical representations of G, k = 1,2, 3, 4, are depicted in Fig. 1 which shows that all four Green functions
are continuous and symmetric. Moreover, all functions are convex with respect to the both variables z and w. These

new Green functions enable us to introduce some new identities, stated in the form of following lemma:

Lemma 2.1. Let ¥ : [§1, 52] — R be a twice differentiable function and Gy, (k = 1,2,3,4) be the new Green
functions defined above then along with (5) the following identities hold:

)
V(2) = ¥(82) + (82 — DY (1) +/ Ga(z, w)y" (w)dw,
3

5]
Y(2) = Y (82) — (82 — 8P (82) + (2 — SV (81) + [ G3(z, w)y" (w)dw,

I

3
V(@) =Y @1) + (8 = 8)Y'(61) — (62 — )Y/ (62) + /5 Ga(z, wY" (w)dw.
1

(10)

(1)

(12)

Proof. We can give the proofs of above identities by following same integrating scheme, therefore we would like to
give the proof of (12) only:
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As
8 z 8
/ Gz, WY (w)dw = / Gy(z, WY (w)dw +/ Gz, w)y" (w)dw
L 81 z
z 13
= [ (& —wy " (w)dw + (62 — Y " (w)dw
51 Z

Z

= (& —wyy'w)l§, — / Ly )dw + 62 — DY) — ¥

3

= (62 — V(@) — (62 — 8NV (81) + ¥ (2) — ¥(81) + (82 — )Y (82) — (&2 — DY (2)
= (62 — DY (82) — (82 — Y (81) — ¥ (1) + ¥ (2).

Now by simplifying terms, we will get our identity (12). O

Remark 2.2. Lemma 2.1 gives another proof of special case of Abel-Gontscharoff identity (5). G3 and G4 are new
Green functions but results are not so simple as in other two cases.

Next we formulate generalized identities with the help of identities defined in Lemma 2.1 and Fink’s identity:

Theorem 2.3. Let yr : [81, 8,] — R be such that for n > 3, ¥ € C"[81, 8,] such that ¥~V is absolutely continuous
and let s,m €¢ N, s > 3,2 <m < s — 1,2 € [§,6]", q be a real s-tuple such that Z'j’;lqij % 0 for any

% € (81, 8] forany | < iy < -+ < iy < s with F2(5,)
=19

and Gi(-, w), (k=1,2,3,4) be the same as defined in (4) and Lemma 2.1 respectively. Then we have the following
new identities fork = 1,2,3,4

l<iy<-<iy<sand ) ;_,q = 1. Also let

Yy (&) -y (51)>

)
/ POP[z, q; Gi(z, w)]dw
8 — 81

3

POP[z, q; ¥(2)] = (n —2) (

)
P E— POP[z, q; G(z,
sy ), POPE € G w)
n—3 _9_
x (Z} (”g—,g> (VD (82) (w = 82)" — Yt (81) (w — 61>f)>dw
=
1

8 5
v (&) ( / POP(z, q; Gi(z. w)l(w — )" F;? (&, w)dw)ds. (13)

+
(n=3)1(82 = 81) Js, 51

Proof. Fix k = 1,2, 3,4. Applying Popoviciu’s functional (2) to identities (5), (10), (11), (12) along with their
respective new Green functions and following properties of POP|z, q; -], we get

)
POP[z, q; ¥] = / POP[z, q; Gi(z, w)]Y¥" (w)dw. (14)
3
Differentiating (3), twice with respect to variable w, we get
n—3
vy n—=2—=2¢\ (YD (E) (w—8)" =V (81) (w—8)°
w(w>—Z< 3 )( 5 - o )
¢=0
+ 1 7w - R 6 w) 67 € ds
(n=3)1(8— 381 Js, n
_ i (n ~1- c) € (82) (w — 8:)° " — ¢ (81) (w — §)°"!
- o\ @D 8 — 6
1

8
(w—E)"3F2 (5, w) ¢ (&) d&

1

HTEONCEY
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(M — ¢
o (¥l Y (&))
8 — 81
(1= 1= (896 w =87 —¢© ) (w — 8D
* ( 1! ) 8 — 8
s ¢ —D! 2 = 0
1 b 3 08
(w— &) F? (5, w) 9™ (§) dé. (15)

HCESNCES A

Substituting (15) in (14) and executing Fubini’s Theorem in the obtained terms we get (13) respectively for
k=1,2,3,4.
On the other hand, we rewrite (3) considering function 1" and replacing n by n — 2 (n > 3), to get

Yy (8) -y (51))

Y (w) = <n—2)<

8y — 81
n—3
n— 1=\ (9D 62 (w —8)" — D (8) (w —81)°
() )
1 5

HCEENCE &) Fy (6. w) 9" (6)ds

(1) _ (D
=(n—2)(w (62) — ¢ (51))

6y — &1
S n—1—=2\ (6D ) (w—8)" —p® (3y) (w — 8;)°
=2
1 & 38
(w— )" F;? (&, w) " (§) dE. (16)

+
(n—=3)!(62—681) Js,
Now employing Fubini’s Theorem in the last term obtained by putting (16) in (14), we get (13) respectively for
k=1,2,3,4. O

The next theorem gives artistic generalization of Popoviciu’s type inequalities for n-convex functions involving
new Green functions.

Theorem 2.4. Assuming the conditions of Theorem 2.3 be true, let for n > 3

)
| ORI 4 G wlw — 67 € wrdw = 0. & € 15152 (17)
d

forallk = 1,2,3,4. If ¥ is n-convex function such that w("_l) is absolutely continuous, then fork = 1,2,3, 4,

Y () =y (31))

8
POP[z, q; ¥(2)] = (n —2) ( / 2 POP[z, q; Gi(z, w)ldw

82_81 lS|
1 b2 o
- POPIz, q; Gi(z,
+(82—51) : [z, q; Gi(z, w)]
n—3 S
X(z <—” = 4)(%*” (82) (w — 82)° — Y&+ (&)(w—&)f))dw (18)

=

Proof. Fix k = 1,2,3,4. Since ¥~ is absolutely continuous on [§;, 8], ¥ exists almost everywhere. As i/
is n-convex, so ¥ (z) > 0 for almost everywhere on [y, §,] (see [1], p. 16). Hence we can apply Theorem 2.3 to
obtain (18). [
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Now we state the final result of this section in the form of following theorem:

Theorem 2.5. Let in addition to the assumptions of Theorem 2.3, q = (q1, ..., qs) be a positive s-tuple such that
Zleqi =1, and  : [81, 82] — R be an n-convex function.

(1) Forfixk = 1,2, 3,4, inequality (18) holds provided that n is even and greater than 3.
(i1) Let (18) be satisfied for all fixk = 1,2, 3,4 and

n—3

Z <’1_C#> (1//((-&-1) (32) (w — 52){ _ 1/f({+1) (31) (w — 81){) > (. (19)
=0 ’

Then we have
POP[z, q; ¥(z)] > 0. (20)

Proof.

(1) It is clear from Fig. 1 that Green’s function G4(z, w) are convex for all k = 1,2,3,4 and the weights are
assumed to be positive. Therefore applying Theorem 1.1 and taking into account Remark 1.2, we can obtain
POP[z, q; Gi(z, w)] > 0 for all k = 1, 2, 3, 4. Moreover, the function o

(w—&)"3(E -8, 8i<&E<w<¥,
(W—8)"3(E-8), §i<w<E&<,

is positive for even n > 3, as a result (17) is established. Now employing Theorem 2.4, (18) is established.
(ii) Putting (19) in (18), we get (20) forallk =1,2,3,4. O

o (W)= (w—&)"F? (E w) = {

3. Related inequalities for (n + 1)-convex functions at a point

In the present section we will give related results for the class of (n + 1)-convex functions at a point introduced
in [3].

Definition 1. Let / € R be an interval, ¢ € I° and n € N. A function ¥ : I — R is said to be (n 4 1)-convex at point
¢ if there exists a constant Z,. such that the function

ZC n
U(z)=Y(2) — PR (21)
is n-concave on I N (—o0, c] and n-convex on I N [c, 0o0). A function ¥ is said to be (n + 1)-concave at point c if the

function — is (n + 1)-convex at point c.

A function is (n + 1)-convex on an interval if and only if it is (n 4 1)-convex at every point of the interval
(see [3]). Pecari¢, Praljak and Witkowski in [3] study necessary and sufficient conditions on two linear functionals
2 :C([81,c]) > Rand A : C([c, §2]) — R so that the inequality 2(¢y) < A(yr) holds for every function ¢ that
is (n + 1)-convex at point c. In the present section we will give inequalities of such type for the particular linear
functionals obtained from the inequalities in the previous section. Let o; denote the monomials o;(z) = z',i € N.
For the rest of this section, f2,(¥) and A(y) where k = 1, 2, 3, 4, will denote the linear functionals obtained as the
difference of the L. H. S. and R. H. S. of inequality (18), applied to the intervals [§;, c] and [c, §,] respectively,
ie.,forze[§,cl’,qe R,y €c, 8] and q € R let

() =y (51)>

C—(Sl

f POP[z, q; Gi(z, w)]ldw
3

%) == POP[z, q; ¥ ()] — (n — 2) (

1 c
— =0 Js POP[z, q; Gi(z, w)]
n—3 9
x (Z (”g—,f) W @ w =t =yt ) (w - 81>¢))dw, (22)

=



S.1. Butt et al. / Transactions of A. Razmadze Mathematical Institute 171 (2017) 293-303 299

Y 6) =y (o)

82—6

8
M) := POPLly, q; ¥(y)] — (n — 2)( ) / POP[y, q; Gi(y, w)ldw

1 2 _
s | POP.G iy w
n—3 _2_
" (X; ("2 ) 0 60y o= ) = 05 @ = ) ) 2
=

It is important to notify that by introducing new linear functionals for k = 1, 2, 3, 4, (% () and A, (), identity (13)
applied to the respective intervals [}, c] and [c, 8,] takes the shape:

1 c c
_ (n) . o n—3 rc
U= o5 ¥ (:‘E)(/Bl POP(z. ¢; Gi(z. w)l(w — §)"°Ff, (&w)dw)ds, (24)

1 L2 8y
MhWY)= ———— | Y E) ( / POPly, @; Gi(y, w)l(w — §)"F (&, w)dw)ds. (25)
(n_3)‘(82_c) c c

Now we are ready to state the following theorem for inequalities involving (n + 1)-convex function at a point:

Theorem 3.1. Letz € [81, cl’, q € R%, y € [c, 5,1° and q € R® in such a way that for k = 1,2, 3,4

/ POP(z, q; Gi(z, w)l(w — §)"Fy (5, w)dw =0, & €[§,cl, -
8

§
/ 2 POP[y, @; Gi(y, w)l(w — £)" > F2 (£, w)dw >0, & € [c, 8], @n
/ ([ POP[z, g; Gi(z, w)l(w — §)"F{, &, “”"“’)ds N <C . 81>

81 31 82 -

E) 8
x / 2(/ " POPly. § Gi(y. wl(w — £ F2 &, “’)dw)dg’ -

where F;lz &,9), Gi(-,w), (k=1,2,3,4) be the same as defined in (4) and Lemma 2.1 respectively, and let (5. ({r),
Ar(Y) be the linear functionals given by (22) and (23). If ¥ : [81, 62] — R is (n + 1)-convex at point c, then we get
the monotonicity

Q.() < Ak(Y), for k=1,2,3,4. (29)
If the inequalities in (26) and (27) are reversed, then (29) holds with the reversed sign of inequality.

Proof. Using Definition 1, construct function ¥(z) = ¥ (z) — %an is such a way that the function ¥ is n-concave on

[81, c] and n-convex on [c, é;]. Fix k = 1, 2, 3, 4, and apply Theorem 2.4 to ¥ on the interval [§;, c], we have

Z,
0= (V) = () — ;Qk(an). (30)
Analogously applying Theorem 2.4 to ¥ on the interval [c, 6,], we get
ZC n
0 < A(¥) = L(¥) — F/lk(a )- €1y
Moreover, identities (26) and (27) applied to the function ¢” gives
nd—=3n24+2n (°f (€
uiony = [ ( | POPLz. a: Gutz. wiiw - 67 F, €. w) dw)ds, (32)
(c—481) 51 \Js,
nd—3n2+2n (% & _
o) = 2 ([ p0pty. @ Guty wltw - £ R 6wy dw . (33)

Therefore assumption (28) is equivalent to
O (0") = Ax(o™).
So form (30) and (31), we obtained the desired result. []
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Remark 3.2. In the proof of Theorem 3.1, we have shown that fork =1, 2, 3,4
ZC n ZC n
() < Wﬂk(o )= ?Ak(o’ ) < A(¥). (34

More importantly, inequality (29) still holds if we replace assumption (28) with the weaker assumption that is
Ze(MAi(a™) = Qi(a™) = 0.

4. New upper bounds of Griiss and Ostrowski type for generalized identities

In the present section we use Ceby§ev functional defined for Lebesgue integrable functions F, F, : [y, 2]

— R as
)
Fi(§)dé.
62—81/811 85— 8

1 8o )
CF1F) = 7= [ FuFa(ere - | Faee
1 1

to construct some new upper bounds.
The following inequalities of Griiss type were given in [12].

Theorem 4.1. Let Fy € L[8,68;] and Fy : [6§1,8,] — R be an absolutely-continuous function along with
(. — 81)(82 — JIF51* € L[Sy, 82]. Then the inequality

1 1
1 (C(]Fls IE‘Il)j|2< 62 / 2 )2
CF, Fy)| < —| ————— 7z — 6816 — D[F5(2)]°dz | 35
|C(Fy, F2)l ﬁ[(Sz—Sl) 8 ( (82 — D[F,(z) (35)
holds with %2 be the best possible constant.

Theorem 4.2. Let Iy : [§1, 8] — R be an absolutely continuous with F', € Ly[81, 8] and Fy = [81, 8] — Riis
monotonic nondecreasing function. Then the inequality

Tl (>
ClF,F)| £ ———— — 81)(82 — 2)dF2(2), 36
|Gy, F)| < 26— 0 Jy, (z = 81)(82 — 2)dIF>(z) (36)

holds with best possible constant %

In the sequel, we consider above theorems to construct new estimations of generalized identities proved earlier. In
what follows we let fork =1, 2, 3, 4,

5
O4() = / POPIz, q: Gi(z, w)l(w — &) Fy? (. w)dw, & € [51, 8], @37
81

First we express some Ostrowski type inequalities affiliated with our generalized Popoviciu’s inequality.

Theorem 4.3. Consider the suppositions of Theorem 2.3 be satisfied. Let |y™|" : [81,8,] — R be a R-integrable
function with r, v’ € [1, 0co] such that % +1=1 Then for k = 1,2, 3, 4, we have

T

1 8
‘P(DP[L GV - ——— ’ POP[z, q; Gi(z, w)]
(82 = 31) Js,
n—3 n_2_ ;
x (ZO <T) (WD (82) (w — 82" — Y FD (81) (w — 81>f)>dw‘
;=

/

8 r 1/r
/ " POP[z, ¢; Gi(z. w)l(w — &))" Fy? (€, w) dw dg) : (38)

I

1 ) ”
- - n
s T sl ||,</81

The constant on the R.H.S. of (38) is sharp for 1 < r < 0o and the best possible for r = 1.
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Proof. Fix k = 1, 2, 3, 4. Rearranging identity (13) in such a way that

1 b
'P@P[Zv q v(2)] - & o) POP[z, q; Gi(z, w)]
_ 5
nf P22 (0 @) (w0 — 0 — D @) (w— 1)) )
X g_' 2) (W 2 1) (w 1 w
=1
8
=1 | Ou&v™ §)ds|. (39)
41
where Oy (&) = % Employing the classical Holder’s inequality to R. H. S. of (39) yields (38). The proof for

sharpness is similar to the Theorem 3.5 in [13] (see also [14]). [

Next we give some upper bounds of Griiss type.

Theorem 4.4. Consider the suppositions of Theorem 2.3 be fulfilled. Also let ™ is absolutely continuous
with (. — §1)(8, — .)[w("“)]2 € L[81, 8] such that Oy (k = 1,2,3,4) defined in (37). Then the remainder
Rem(68, 82, Oy, w(")) given in the following identity

1 B}
POP(z q; ()] — —— [ POPIz g Gy, w)]
(82 = d1) Js,
n—3 _9_
x (Z ("gu—,Q“) (WD (82) (w = 82)F = YV (81) (w — 81)4)>dw

=0
A G T A CO N
(b2 =82 (n =31 Js,
satisfies the bound

Or(§)dE = Rem(31, 82, Ox, ¥™), (40)

1

1
|Rem(8y, 8y, O, ! [C(D’“D")]z

(n)
v )|§«/§(n—3)! (82— &1)

Proof. Fixk =1, 2, 3, 4. Using éebyéev functional for F; = O, F, = w(") and by comparing (40) with (13), we have
1
(n—3)!
Now applying Theorem 4.1 for the corresponding functions, we get the required bound. [

1
2 2
(5 —81)(8 — é)[x/ﬁ"*“@)]zds‘ .

|

Rem (81, 82, Oy, ™) = C(Ok, v ™).

Theorem 4.5. Let ¥ : [81,8:] — R be such that for n > 3, ™ is absolutely continuous and let YD > 0 on
[81, 821 with Oy (k = 1,3, 4) defined in (37). Then in the representation (40) the remainder Rem(81, 82, Oy, ™)
satisfies the estimate

(41)

19/llee [ D(82) + V(81 ¢ 2(8) — v *=2(8))
(n) k _
[Rem(81, 8, Ok, y™)| < (n_3)!|: 5 5 o, i|

Proof. Fix k =1, 2, 3, 4. Since, we have established
1

(n—3)!
Now applying Theorem 4.2 for F; — Oy and F, — ™, we have

1
|Rem(8, 8, Oy, v ™)| = (n —3)!

[ESAES ® € 5005 — EYTIE) (42)
= 208, — d0)n —3)! Jy, '

Simplifying the integral on R. H. S. of (42), we get the estimation in (41). [

Rem(8y, 8, O, ¥™) = C(Ox, ¥™).

IC(Ok, v ™)
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5. Mean value theorems and n-exponential convexity
In the present section, we construct a positive linear functionals and then give mean value theorems of Lagrange

and Cauchy type.

Remark 5.1. In virtue of Theorem 2.4, we can define the positive linear functionals from (18) (k = 1, 2, 3, 4), with
respect to n-convex function i as follows

1 %
Q) = POP[z, ¢; ¥(2)] = ——— [ POP[z, q; Gk(z, w)]
(82 = 31) Js,
n—3 _9_
x (ZO (—” 0 (;) (W 82) (w = 82)° =V (8) (w - 81><))dw > 0. (43)
{:

Lagrange and Cauchy type mean value theorems related to above functionals are given in the following theorems.

Theorem 5.2. Let i : [§1, 62] — R be such that v € C"[§, 82]. If the inequality in (17) (k = 1, 2, 3, 4) holds, then
there exist & € [81, 8,] such that

Q) = Y (E) % (%) ck=1,2,3.4,
where §(-) is defined by (43).
Proof. Similar to the proof of Theorem 4.1 in [15] (see also [16]). [
Theorem 5.3. Let v, i : [81, 62] — R be such that r, u € C"[81, 82]. If the inequality in (17) (k = 1, 2, 3, 4), holds,

then there exist & € [61, 62] such that

) _ Y "(&)
Q) (&)’
provided that the denominators are non-zero, where {.(-) is defined by (43).

k=1,2,3,4,

Proof. Similar to the proof of Corollary 4.2 in [15] (see also [16]). O
Theorem 5.3 enables us to define Cauchy means for (k = 1, 2, 3, 4), in fact
5 — (W))‘ <nk<w>>
um Q(n))’

means that £ is the mean of §;, 6, for given functions ¥ and .
We conclude our paper with the following remark.

Remark 5.4. One can construct the non trivial examples of n-exponentially and exponentially convex functions from
positive linear functionals % (-) (k = 1, 2, 3, 4), by following the n-exponentially method introduced by Pecaric et al.
in [17] and [18] (see also [13,19] and [14]). As an application it enables us to construct large families of functions
which are exponentially convex. Moreover by considering the class of 2-convex functions we can get the log-convexity
of these functionals and new Cauchy means, which are monotonic in nature.
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Abstract

In this work, we give sufficient conditions for the existence of a mild solution for some impulsive integro-differential equations
in Banach spaces. We study the existence without assuming the Lipschitz condition on the nonlinear term f. The compactness
on the Cy-semigroup (T (t));>¢ in a Banach space is not needed. We use Hausdorff’s measure of noncompactness, resolvent
operators and Darbo’s fixed point Theorem to obtain the main result of this work.
© 2016 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

In this work, we investigate the existence of mild solutions for the following impulsive integro-differential
equations with nonlocal conditions

t
' (t) = Au(t) +f C(t —s)u(s)ds + f(t,u(t)) fort € J =[0,b] and t # t;
Au(t;) :Ii(u(t,'))f(())ri =1,...,pand0 <ty <t <---<tp<b
u(0) = gu),

where A and C(¢) are closed linear operators defined on a Banach space X with fixed domain which is denoted by
D(A) while f and g are functions that will be given later and Au(t;) = u(ti+) — u(t;") constitutes the impulsive
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condition. The impulsive differential equations describe the evolution systems whose state changes rapidly in some
times, which cannot be modeled by traditional initial value problems. In mathematical modeling in those processes,
the change of state takes place momentarily and is represented by jumps (discontinuities) in the state of the modeled
systems. Processes of such characters are observed in several areas of applied sciences (mechanics, population
dynamics, biology, etc.). An impulsive differential equation consists of a continuous part and a discrete part by
representing the impulses.

In the case where C = 0, Eq. (1) is widely studied by several authors. Liu [1] discussed the classic initial problem
when f is Lipschitz continuous with respect to second variable and the impulsive functions /; are Lipschitz contin-
uous. Cardinali and Rubbioni [2] studied the multivalued impulsive semilinear differential equations by means of the
Hausdorff’s measure of noncompactness. Liang et al. [3] investigated the nonlocal impulsive problems for nonlinear
differential equations in Banach spaces first by assuming that f and g are Lipschitz, second by assuming that g is
compact and f is not compact and not Lipschitz. L. Zhu, Q. Dong and G. Li [4] investigated the impulsive differ-
ential equations with nonlocal condition without the compactness condition and without the condition of Lipschitz
continuous on f but by using Hausdorff’s measure of noncompactness and Darbo’s fixed point Theorem.

The aim of this work is to use Hausdorff’s measure of noncompactness, Darbo’s fixed point Theorem and the
resolvent operators to prove the existence of at least one mild solution of Eq. (1).

The organization of this work is as follows, in Section 2, we give some preliminary results on the noncompactness
measures, the impulsive differential equations and on the resolvent operators, in Section 3, we show the existence of
mild solution of Eq. (1). Finally, in Section 4, we study an example to illustrate the abstract result of this work.

2. Hausdorff’s measure of noncompactness and integro-differential equations in Banach spaces
2.1. Noncompactness measures

Compactness plays an essential role in the proof of Schauder’s fixed point Theorem and other fixed point Theorems.

Definition 2.1 (/5]). Let X be a Banach space and B be a family of bounded subsets of X. For every {2 € B, we
define Hausdorff’s measure of noncompactness « in the following way:

a(f) =infle > 0: 2 CU'_|B(x;,r),xi € X,r; <efori=1,...,n}

The Hausdorff’s measure of noncompactness satisfies the following properties.

Theorem 2.2 (/5])).

(i) Regularity : ¢(£2) = 0 < 12 is compact,

(ii) Monotonicity : if 21 C (, then ¢p(21) < ¢ ({2) for all £y and (2 in B,
(iii) semi-homogeneity : ¢ (A2) = |A|p({2) for all » in K and (2 in B,
(iv) semi-additivity : ¢ (21 U ) = max{¢p ({21), ¢ (%)} for all 21 and 2, in B.

Theorem 2.3 (/5]). Let B(0, 1) be the unit ball in a Banach space X of infinite dimension. Then «(B(0, 1)) = 1.

Theorem 2.4 ([5]). Let A be a bounded subset of a Banach space X of infinite dimension, then for all r > 0
a(B(A,r)) =a(A) +r,
where B(A,r) = Uyxea B(x,r) = A+ B(0,r) = A +rB(0,1).
Finally we prove a generalized Arzela—Ascoli’s Theorem by using the measure of noncompactness of Kuratowski.
Theorem 2.5 ([5]). Let X be a Banach space, K C R" be compact. Denote by C(K, X) the Banach space of all
continuous functions from K to X and let B C C(K, X) be bounded and equicontinuous. Then

a(B) =supa({x () : x € B}).
teK



306 M.A. Diallo et al. / Transactions of A. Razmadze Mathematical Institute 171 (2017) 304-315

Theorem 2.6 ([4] (Sadovskii’s Fixed Point Theorem)). Let X be a Banach space, F be a nonempty, bounded, closed
and convex subset of X. Suppose that T : F — F is a continuous map such that

a(T(B)) < a(B) forall B C F.
Then T has at least one fixed point on F.

Throughout this work, (X, || - ||) is a Banach space. Denote by C(J, X) the Banach space of all continuous functions
from J into X with the norm |u| = sup{|lu(t)||, € J}, by L'(J, X) the Banach space of all X-valued integrable
functions defined on J with the norm |u|; = fOT lu(t)||dt, by PC(J, X) the space of all continuous functions at
t € J,t # t; and left continuous at r = ¢; and the right limit u(t™) existsin X fori =1,..., p and

d
PCY(J, X) = {u : J — X differentiable at t # #;, d—”; e PC(J, X)} .

PC(J, X) is a Banach space with the norm [|u|| o = sup{||u(?)|, ¢ € J} and

C(J,X)C PC(J,X) C L'(J, X).

2.2. Resolvent operators

We recall some basic results about the resolvent operators for the following integro-differential equation

t

u'(t) = Au(t) + / C(t — s)u(s)ds fort > 0,
u(0) = uo, ’

@)

where A and C(-) are closed linear operators on X.
Denote by (Y, | - |) the Banach space D(A) equipped with the graph norm defined by |y| = || Ayl + ||y |l.

Definition 2.7 (/6]). A resolvent operator for the linear Equation (2) is a family of bounded linear operators (R ());>0
on X such that:

(i) R(0) = Idx and there are M > 0 and w € R such that ||R(?)|| < Me¥ forallt > 0
(i) for all x € X, the map t — R(t)x is strongly continuous from R* to X
(iii) forallt e RT, RO)Y C Y
@(iv) forally € Y, R(-)y € C(RT,Y) N C'(R*, X) and satisfies

t

R'(t)y = AR(t)y +/ C(t —s)R(s)yds 3
0
t

= R(1)Ay +/ R(t — 5)C(s)yds. )
0

In the next, we give some conditions on A and C(-) which ensure the existence of the resolvent operators for the
linear equation (2).

(Hy): A generates a Co-semigroup (T (t));>0 on X.
(Hy): For each t € [0, b], C(¢) is a bounded closed linear operator from Y to X. Moreover for all y € Y, the
application ¢ — B(t)y is in W1 (J, X) and there exists £ € £ (RT, RT) such that

IB (t)y|| <&@)|y|forally € Y andt € J.

Theorem 2.8 ([7]). Let the assumptions (Hy) and (H) be satisfied. Then there is a unique resolvent operator for the
linear Equation (2).
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Lemma 2.9 ([7]). Let the assumptions (Hy) and (Hy) be satisfied. Then for all a > 0, there exists C = C(a) such
that
IRt +h)— R@®)RMh)| <Chforall0 <h <t <a.

Definition 2.10 (/4]). A Co-semigroup (T (t)):>0 is said to be uniformly continuous for t > 0 if
lim ||T(t 4+ h) — T(¢)|| =O0forallz > 0.
h—0

Theorem 2.11. Let (H;) and (Hy) be satisfied. If the Co-semigroup (T (t))s>0 is uniformly continuous for t > 0,
then the resolvent operator (R(t)):>o is uniformly continuous for t > 0.

For the proof of Theorem 2.11, we need to use the following Theorem.

Theorem 2.12 (/8]). Let (H;) and (Hy) be satisfied, then
t
RtH)x =T (t)x +/ T(t —s)Q(s)xds,
0
where

Q@s)x = /S C'(s —u) /u R()xdvdu + C(0) /S R(u)xdu.
0 0 0

Moreover, the operators Q are uniformly bounded on bounded intervals, and for each x € X, Q(-)x € C(J, X).

Proof of Theorem 2.11. Let tg > 0 and & > 0. Then for ||x| < 1

fo

to+h
R(ty + h)x — R(tg)x = T(tyg + h)x + / ' T(to+h —s)Q(s)xds — T (tg)x — / T (tg — 5)Q(s)xds
0 0

to+h
- [T(to Fh)x — T(to)x] +/ T(to+h — 5)O(s)xds

o :
4 / [T(to Th—s)—T(— s)]Q(s)xds.
0

Thus
to+h
| R(to + h)x — R(o)x|| < T (to +h) — T (to)lllIx|l + / 1T (0 +h —s5)Q(s)xllds

fo
]
+ /0 1T @0 +h—s)—T (@ —)IIQ(s)x|ds.

By Theorem 2.12 || Q(s)x|| are uniformly bounded, then there exists ¢ > 0 such that || Q(s)x|| < ¢ for s bounded and
lx]| < 1. Thus

fp
R0 + h) — R(o) || < T (0o +h) —T(0)| +cMh + c/o 1T +h—s)—T(0—s)lds,

where M = sup{||T(¢)||,t € J}. Since (T (¢));>¢ is uniformly continuous for ¢t > 0, then | T (to + h) — T (tp)|| — O
as h — 0 and by the dominated convergence Theorem, we deduce that

0]
/ IT(to+h —s)—T(tg—s)|lds — 0as h — 0for 1y # s.
0

Then
|R(to +h) — R(tg)|| = Oas h — O.

We get the same estimate when #p > 0, 7 < 0 such that fo + & > 0, which allows us to conclude that (R(¢));>0 is
uniformly continuous for ¢ > 0.
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Theorem 2.13. Let (H;) and (Hy) be satisfied. If the resolvent operator (R(t))s>0 is uniformly continuous for t > 0,
let w € L'(J,RT). Then the following set

H = {/O.R(o—s)u(s)ds:u € Ww}

is equicontinuous J, where Wy, = {u : |u(s)|| < w(s) for a.e.s € J}.

Proof. Let us pose Hu(t) = fot R(t — s)u(s)ds fort € J and u € Wy,.
Lettg € Jand h > Osuchthattg+h € J.

to to+h
[Hu(to +h) — Hu(to)|| S/ ||R(t0+h—s)—R(to—s)llw(s)ds—l-/ IR (to + h — s)|lw(s)ds.
0

0]

Since (R(t));>o is uniformly continuous for t > 0, then by the dominated convergence Theorem, we deduce that
0]
/ IR(to +h —s) — R(tg — s)||w(s)ds — 0as h — O for fg # s.
0

The same proof works for 4 < 0. Then
lim sup ||Hu(to +h) — Hu(ty)| = 0.
~Yuew,
Lemma 2.14 ([4]). If W C C(J, X) is bounded, then for allt € J
a(W(t)) < a(W),

where W(¢) = {u(t) : u € W} C X. Furthermore, if W is equicontinuous on J, then
a(W) =a(W(J)) =supla(W@)) : 1 € J},

where W(J) = {u(¢) : u € W,t € J}. We consider now the problem of exchanging noncompactness measure and
integral. Let S : L1([0, b]; X) — C([0, b]; X) be an abstract operator satisfying the following conditions.

(S1): There exists D > 0 such that
t
IS () — Sg()]| < D /0 1£(s) — g(s)lids

forevery f, g € Ll([O, b]l; X) and ¢ € [0, b].
(S2): Let K C X be compact and sequence (g,),>1 C L'([0, b]; X) such that {gn(t);n > 1} C K fora.e.t € [0, b].
Then the weak convergence g, — go implies the strong convergence Sg, — Sgo.

Theorem 2.15 ([9]). If S satisfies (S1) and (S2). Let (fu)n>1 C LY([0, b]; X) and there exists v € L1([0, b]; RT)
such that || f,(®)|| < v(t) for a.e. t € [0, b], and for alln > 1. Then

t

a({Syp,@):n=>1}) < ZD/ a({fu(s) :n > 1})ds fort € [0, b].
0

Let (R(#)):>0 be the resolvent operator of Eq. (2). We define the operator
G:L'(J; X)—> C(J; X)
by

t
Gf(t):/o R(t — ) f(s)ds fort € J.



M_.A. Diallo et al. / Transactions of A. Razmadze Mathematical Institute 171 (2017) 304-315 309

Theorem 2.16. Let (H;) and (Hy) be satisfied. Let (f,,)n>1 C LY([0, b]; X) and there exists v € L1([0, b]; RY) such
that || fn(t)|| < v(t) fora.e. t € [0, b], and for alln > 1. Then

t
@l(G (0 0= 1) = 2R, [ a(lfu(s) sn = )ds for 1 € 10,01,
0

where Rj, = sup, (o 51 | R(®)]|.

Proof. It suffices to show that the operator G satisfies (S;) and (S>). Since ||R(¢)|| < Ry for all ¢t € [0, b], then
condition (S1) is automatically satisfied.

We claim that (S;) condition is satisfied. Since G is a bounded linear operator, then f,, — fy implies Gf,, = Gfp.
By using Ascoli—Arzela’s Theorem, show that {Gf,, n > 1} is relatively compact in C(J, X). It suffices to show that
for each r € J fixed, the set Y (¢) = {Gf,(¢), n > 1} is relatively compact in X and {Gf,,n > 1} is equicontinuous
onJ.

Let the compact K C X, t € J fixed and the set Q; C X be defined by

01 = Usepo.n R(t — 5)K.

The set Q; is relatively compact. In fact, let us define functions gy : [0, 1] — X defined by g, (s) = R(r — s)x for all
x € K and s € [0, t], then

Ql‘ = {gx([05 t])ax € K}
Note that {g,(-), x € K} is equicontinuous on [0, ¢]. In fact, let so € [0, ¢], h > 0 such that so + & € [0, ¢]

llgx(so +h) — gx(s0)ll = IR(t — so — h)x — R(z — s0)x||
< [IR(t —s0 — 1) = R(t — so)|[l|x].

Since (R(t));>0 is uniformly continuous for ¢ > 0, then
|IR(t —sog —h) — R(t —sg)|| > Oas h — 0.

Thus || gx (so+h)—gx(s0)|| = 0ash — Ouniformly for x € K. The same proof works for 7 < 0. Then {g,(s), x € K}
is equicontinuous on [0, ¢]. By using Lemma 2.14, since R(t — s) K is compact, then

a(Q)) = a({g:[0.1].x € K}) = s%p]a({gxs),x € K}) = sn[lop]a(R(r —9)K)
s€l0,1 s€(0,¢

< sup [|R(r —s)[le(K) = 0.
5€[0,1]

Then Q is relatively compact.

Lemma 2.17 ([10] Lemma 1.3).If f € L'(J, X), then

b
f f@®)dt € (b —a)co({f(t) : 1 € [a,bl})
a
foralla,b € J witha < b.
For all ng > 1, fy,(s) € K forall s € J. Then for s € [0, t],
R(t —5) fny(s) € R(t —s)K C Ureo, Rt — 1)K = 0.
Then by Lemma 2.17

t
Gfuy(t) = /0 R(t — ) fny(s)ds € tﬁ({R(r —8) fuo(s) 15 € [0, t]}) C tco(Qy).

Since f,,(t) € K forall n > 1 and ¢ fixed, then {Gf,(t),n > 1} C tco(Q;). We have

a({Gfp(),n = 1}) < a(tco(Q;)) = ta(co(Qy)) = ta(co(Qy)) = ta(Q;) = 0.
Thus {Gf,(t), n > 1} is relatively compact in X.
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Lettg € Jand h > Osuchthattg+h € J.

fo
IGfu(to +h) — Gfn(to)ll = /O [R(t0 +h —5) fn(s) — R(to — ) fu(s)llds

t0+h
4 / 1RG0 + h — 1L () ds.
0]

Since for all # > 0, R(¢) is a bounded linear operator and K compact. Then by using Lemma 2.9 and the fact that
R(#)K is compact, we deduce that

Jim sup [R(to + h = 5) fu(s) — R(to = 5) fu(s)]| = 0.

Then by the dominated convergence Theorem, we deduce that

1
/0 IR(tg + h — 5) fu(s) — R(to — ) fu(s)|lds — O as h — O for ty # s.
0

The same proof works for 4 < 0. Then

}}in}) |G fn(to + h) — Gf,(to)|| = O uniformly for n > 1.

Then {G f,;, n > 0} is equicontinuous. By applying now Ascoli-Arzela’s Theorem, we get the relative compactness of
{Gfn,n > 1}. We have G f, — Gfp, the relative compactness of {Gf,,, n > 1} provides that the last convergence is in
the norm of the space C(J, X).

Let S¢ be the unique mild solution of the following integro-differential equation

t
u'(t) = Au(t) +/ Bt — s)u(s)ds + f(¢) fort € J,
0 &)

u(0) = uyg.
Now we give the following result about a-estimation of the mild solutions.
Corollary 2.18. Let (Hy) and (Hy) be satisfied. Let (fi)k>1 be a sequence of functions. Assume that there exists a
function ¢ € L'(J, RY) such that
Ifx@®| < @) forae.t € Jandk > 1.
Then forallt € J

t
a({Sp () k=1} = 2Rbf0 a({fi(s) : k = 1hds.

3. Main results
Definition 3.1. A mild solution of Eq. (1) is a function u € PC(J, X) such that

t
u(t) = R(t)g(u) —I—/ R(t — ) f(s,u(s))ds + Z R(t —t;))I; (u(t;)) fort € J.
0

O<ti<t

Letr >0and W, ={u € PC(J, X) : lullpc <r}.

In order to prove the existence of mild solution, we assume the following assumptions.

(H3): The Co-semigroup (T (t)):>0 generated by A is uniformly continuous for ¢ > 0.
Hy): f:J x X — X satisfies the following conditions:

i) f(,x):J — X isstrongly measurable for x € X

(i) f(¢,-) : X — X is continuous for ¢t € J
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(iii) There exists [ € L'(J, RT) such that

a(f(t, B)) = 1(t)a(B)

forall t € J and every bounded subset B C X.
(Hs5): I; : X — X is Lipschitz continuous with Lipschitz constants k;, i = 1, ..., p.
(Hg): There exists a constant k € (0, m) such that:

lg(u) — gl < kllu — vllpc forallu,v € PC(J, X),
where m = th =30 ki

(H7): There exists r > 0 such that

R(11+ Y 1L 01 +b- sup I l) = (1= Ro(k+ 3 k)
i=1

i=1 teJ,uew,
Letly = [y [(s)ds.

Theorem 3.2. Assume that the conditions (H1)—(H7) are satisfied. Then the Eq. (1) has at least one mild solution on
J provided that

P
Ry (4[1 ~|—k+Zki> < 1.
i=1

Proof. We consider the operator H defined on PC(J, X) by

t
(Hu)(t) = / R(t —s)f(s,u(s))ds fort € J.
0

Let B, ={x e X:|xl <r}and W, ={u € PC(J, X) : |ullpc < r}.

We claim that H is continuous on PC(J, X). Let (uy),eny € PC(J, X) be such that u, — u in PC(J, X), then
there exists an integer r such that ||u,|| < r for alln € N, then u,, € W, and u € W,.. Since f(¢, .) is continuous on
X, it follows that

Jlm s, ua(5)) = f(s.u(s)] = 0.

By using (H7) hypothesis and the dominated convergence Theorem, we deduce that

b
|Hun — Hull < Ry / 15, un(s)) — £ (s, u(s))lds — O when n — +o0.
0

Thus H is continuous on PC(J, X). Furthermore, by the assumption (H7) and Theorem 2.13, we know that H (W,)
is bounded, equicontinuous on J. The following Lemma is needed.

Lemma 3.3 ([4]). If the condition (H7) holds, then for an arbitrary bounded set W C W,
'

a(HW (1)) < 4Rb/ af(s, W(s))ds fort e J.
0

Let O : PC(J, X) — PC(J, X) be defined by
(Qu)(1) = u(t) — R(1)g(u) — Z Rt — 1) Ii(u(t;)) fort € J.

O<ti<t

The fixed point of Q7! H is the mild solution of Eq. (1). We prove that Q~'H has a fixed point. Let u1,u, €
PC(J, X), then

1 (Qui) (1) — (Qua)(t) < llur () —u2() |l + IR(@)g (1) — R(1)g(u2)l
p
+ Z IRz — 1)1 (ui(#:)) — R(t — 1;) I; (2 (%)) |

i=1
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p
< luy —uzllpc + Rpkllur — uallpc + Ry Y _ killuy — uz|| pe

i=1
P

< (1 + Rb(k + Zh))llul —uzllpc-
i=1

We claim that Q is bijective. For this purpose, for any fixed v € PC(J, X), we prove there exists a unique
u € PC(J, X) such that

(Qu)(t) = v() fort € J.
We define the operator L : PC(J, X) — PC(J, X) by
(Lu)(t) = R(1)g(u) + Z R(t —t;)1; (u(t;)) +v(t) fort € J.

O<tj<t
The existence and uniqueness of a fixed point of L for any v € PC(J, X) implies that Q is bijective. Let
ui,upy € PC(J, X), then
I(Lun)(®) = (Lu) @] = [R@Ogwr) — RO

P
+ D IR — 1) (i (6)) — R — 1) i (wa (1)
i=1

p
Ryklluy = uzll pc + Ry Y killur — uzllpe
i=1

P
Rb(k + Zki>”“1 —uz|pc.
i=1

From the condition (Hg), we find that R;, (k + Zle ki) < 1, that is L is a contraction operator on PC(J, X). By

Banach’s fixed point Theorem, we deduce that L has a unique fixed point. Thus, Q is bijective.
We claim that Q’1 is Lipschitz continuous. Let vy, v € PC(J, X), then

1@ o) — (@ v < llvr — v2ll + IR(M(Q ™ v1) — R((Q ™ m)|
p
+ Y IRE =) L(Q o)1) — Rt — 1) Q™ ) (1) |

i=1

—1 —1
< llvi —v2llpc + Rpkl| Q™ "v1 — Q™ "v2llpc

P
+Ry Y _killQ™ v — 07wl pe

i=1

p
lor = vallpc + Re (k + Zki) 1o~ v — 0 mallpe

i=1

IA

IA

IA

1
< > lvi — v2llpc.
1—Ryp <k+ Zk,)

i=1

We claim that (Q~"H)(W,) C W,. In fact, for anyu € W, C PC(J, X),letw = (Q~'H)(u), from the hypotheses
(Hs)—(H7), we have

A

p t
lwI = IR + Z IR — ;) 1; () (@)l +/0 [R(t =) sup [ f(s,u(s))llds
i=1

seJ,ueW,

IA

seJueW,

p p

Ro((k+ Y ki)lullpe + 18O+ Y NEO) | +b- sup £ (s,u(s)l])
i=l1 i=l1

=,

we infer that ||w| pc < r. Thus, (Q~'H)(W,) C W,.
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Finally, we prove that Q~!H is a a-contraction. As Q! is Lipschitz continuous and H is continuous on
PC(J,X), we have Q' H is continuous on PC(J, X). Actually, since H(W,) is bounded and equicontinuous
on J, we can even deduce that (Q_IH)(WV) C PC(J, X) is equicontinuous on each J;,i = 0,1, ..., p, where
Jo=O,nl;Ji = (i, tip1l,i=1,...,p.

As Q! is Lipschitz with constant !

TRy (k+2 7, ki) for W C W,, we obtain that

. 1
a(Q 'HW) <

- a(HW).

1—m@+2@

i=1

On the other hand, from Lemma 3.3 for ¢ € J, we know that

t t
a(HW(t)) < 4Rb/ af(s, W(s))ds < 4Rbf L(s)a(W(s))ds.
0 0
From Lemma 2.14 and Lemma 3.3, we deduce that
a(HW) < 41 Rpa(W).
Consequently,

411 Ry

a(Q7 HW) < n
1—&@+§h)

a(W).

Since Ry (411 +k + Zle k;) < 1, the mapping Q! H is a a-contraction in W,, by Theorem 2.6 the operator 0~ H
has a fixed point in W, which is just the mild solution of Eq. (1). This completes the proof.

4. Application

Consider the following partial impulsive integro-differential equation

2 t 82
@z(t,x)Jr/O V(I—S)Wz(s,X)ds
+ L) (z(t,x)) fort € [0, b] and x € [0, 7],

z(t,0) = z(t, ) =0, (6)

0
EZ(I’X) =

P
20.0) =) izt ), 0 <11 <--- <1y <b,x €[0,7],
i=1

Az(ti, x) = kiz(tj,x),i =1,..., p; ki € Rforany i

where y € CcL([0,b],R), » : RT — R is continuous, ¢ : R — R is such that there exists @; > 0 such that
[p(x) —p(y)| <ailx —y|forallx,y € Randc;, k; € Rfori =1,..., p. To rewrite Eq. (6) in the abstract form,
we introduce the space X = L2(0, 7). Let A : D(A) — X defined by

(N

FXA)=}Q«ngWH%Qn)
Ay =y,

Let C(t) : D(A) — X defined by C(¢)y = y(t)Ay.
Let f : [0, ] x X — X defined by

ft, v)(x) =A(t)p(v(x)) fort €[0,b] and x € [0, ].
Letg : PC([0, b], X) — X defined by

p
gu)(x) = Zciu(ti)(x) forO<ty <---<t, <b, and x € [0, 7].

i=1
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Let [; : X — X defined by
Li(v)(x) =kiv(x) for0 <ty <--- <tp <b, and x € [0, ],

where u(t)(x) = z(¢, x). Let us suppose u(t) = z(¢, x), Eq. (6) takes the following abstract form

t

u'(t) = Au(t) —i—/ C(t —s)u(s)ds + f(t,u(t)) fort € J =[0,b]and t # t;

0
Au(ty) = L) fori=1,...,pand0 <ty <th <---<t, <b ®)
u(0) = g(u).

It is well known that A generates a Co-semigroup that is uniformly continuous for ¢ > 0, which implies that (H;)
and (H3) are satisfied. Moreover (Hj) is true, it follows that the linear Equation (2) has a resolvent operator (R());>0.
Claim that the application f : [0, b] x E — E defined by f (¢, v)(x) = A(#)¢(v(x)) fort € [0, b] and x € [0, 7] is
continuous. Let (vy)n>0 C L2%(0, 7) such that v, — v in L2(0, 7),

b4 1
1/t o) = @ 020 = ( fo £ 000 = £, 0) () Pdx)
= ( /O A0 (0 (1)) = 2O () Pdx )

T 1
= ROl [ 00 = oo Pd)

Lemmad4.1 ([11]). Let (f,) C L2(0, ) and f € L2(0, ) such that fn — fin L2(0, 7). Then there exist a
subsequence ( f,) of (fu) and a function p € L2(0, 7) such that

() fu,(x) > f(x)ask - +ooa.e. x €0, 7]
(i) | fu, ()| < p(x) for all k and for a.e. x € [0, 7].

By using the above Lemma 4.1. Then there exists a subsequence v,, of v, such that v, (z) — v(z) for a.e.
z€[0,]and p € L2((0, ), R") such that [V, (@) < p(2) forae.z € [0, ].

By the continuity of ¢, |¢ (v, (x)) — ¢ (v(x))| — 0 for a.e. x € [0, w] and |p (vy, (x))| < ai|vy, (X)] + |¢(0)] <
aip(x) + |¢(0)| € L?(0, 7). By the dominated convergence theorem ¢y (1)) = ¢(v(-)) in L%(0, ) for any
subsequence v, () of v,(-). Then ¢ (v,(-)) — ¢(v(-)) in L2%(0, 7) thus I f(, vy) — f(2, v)||Lz(0,,,) — 0asn —> o0
then (Hy) is satisfied. The conditions (Hs), (Hg) and (H7) are satisfied with k = Zf’zl |ci| and addition, if the
inequality

P
R (411 +k+ Zki) <1
i=1
held, where /1 = sup, (o fob lp(t)¢(z(t, x))|dt. Then due to Theorem 3.2 Eq. (6) has at least one mild solution u.
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Abstract

We first establish some Ostrowski type inequalities for mappings whose second derivatives absolute values are convex. Then we
give some special cases of these inequalities which provide extensions of those given in earlier works. Finally, some applications
of these inequalities for special means are also provided.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The study of various types of integral inequalities has been the focus of great attention for well over a century by
a number of scientists, interested both in pure and applied mathematics. One of the many fundamental mathematical
discoveries of A. M. Ostrowski [1] is the following classical integral inequality associated with the differentiable
mappings:

Let f : [a, b] — R be a differentiable mapping on (a, b) whose derivative f " (a,b) — R is bounded on (a, b),

ie., f’“oo = SUP,c(q.p | f/(1)] < 00. Then, the inequality holds:
L L, =) :
‘f(x)—m/a fydt| < L—ﬁm b-a) s (1.1)

for all x € [a, b]. The constant % is the best possible.
Ostrowski inequality (1.1) has applications in numerical analysis, probability and optimization theory, stochastic,
statistics, information and integral operator theory, see for example [2-20].
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The remainder of this work is organized as follows: In this section, we present definition of convex function and
give an important identity which will be used to establish our main results. In Section 2, some new Ostrowski type
integral inequalities are proved for function whose second derivatives absolute values are convex. These inequalities
are provided for special means in Section 3. At the end some conclusions of research are discussed in Section 4.

Definition 1. The function f : [a, b] C R — R, is said to be convex if the following inequality holds
FOx+A =0y =Af(x)+ A =1 f()

forall x, y € [a, b] and A € [0, 1]. We say that f is concave if (— f) is convex.

Dragomir and Pearce proved the following identity and using this identity they gave important trapezoid
inequalities.

Lemma 1 (/5]). Let f : I° C R — R be twice differentiable function on 1°, a, b € I° witha < b. If f" € Ly[a, b],
then

b _ 2 1
R [ fx)dx = i) / t(1 =) f"(ta + (1 — t)b)dt. (1.2)
2 b—al, 2 0

Sarikaya et al. gave the following identity for twice differentiable mapping:

Lemma 2 ([17]). Let f : I° C R — R be twice differentiable function on 1°, a, b € I° witha < b. If f” € Ly[a, b],

then
1 b a+b
m/a fx)dx —f(T)

_(b-ay
T4

1
2
e, te |0, =

( )1 <27 .

Theorem 1 ([17]). Let f : I C R — Rbe twice differentiable function on I with f" € L{a,b]. If |f”| is convex on
[a, b], then

a+b 1 b
'f( 5 )——b_a/a f@dt

In [10], Erden et al. gave the following important equality for twice differentiable function:

1
/ m @) [f"(ta+ (1 —)b) + f"(tb + (1 — Da)] dt, (1.3)
0

where

(1.4)

_ -’ [ [f @] +]f" @)
- 24 2 '

Lemma 3. Let f: I C R — R be twice differentiable function on 1° such that f" € L [a, b], the interior of the
interval 1, where a, b € I°with a < b. Then the following identity holds:

1 b "
m/a Py (x,t) f7 (1) dt

_h-2 a+by , f®)—f(a) 1 b
=5 <X— 5 )f(x)+f(x)—wmh(x)—m/; f@)dt

S Sen () (1.5)
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for
(a—t)y(t—a—my(x)), a<t<x
Py, (x,t) =
b-—t)@t—b—mux)), x=<t=<b

where my(x) = (x — #) h, h e€0,2)and x € [a, b].

Using the convexity of | f ”| and identity (1.5), we establish some generalized Ostrowski type inequalities.

2. Main results

Now, we establish our main theorems and also give some results related to these theorems.

Theorem 2. Let f: I C R — R be twice differentiable function on I°, the interior of the interval I, where a, b € I°
witha < b. If | 1 | is a convex mapping on [a, b], then the following inequalities hold:

|Sen ()]
1 " b— f - 4 - 3+ b — 3
S—z(b_a)z{}f (a)![( DD S O
N 2 4
+(b—a)( Db aymy() T2 +[mh(x)]}
2 6
_ 3 3
+|f”(b)|[ —© LM Gl AL
Y
P )+(b—a)mh( NG 2x> _[mhéxn o )[mh<x>]” o
foralla < x < “t2 with h € [0, 2] and
|Sx,h(f)|
1 , b—x)*— @ —a) — ) + (b —x)°
5—2(b_a)2{}f (a)||:( X) 4(x a) +mh(x)(x a) 3( x)
N3 N2 4 3
- )(x Dy 2a> _[mhéxn b—w [mh;xn}
_ N3 3
+|f”(b)|[ - LM el + o
_ 2 4
(b )( 0’ +(b—a)mh()€)( 2x) +[m”éx)] “ 2.2)

for all # <x <bwithh € [0, 2], where m,(x) = h (x — #) .

Proof. Taking modulus of equality given in (1.5) and using the triangle inequality for integrals, we find that

1

|Sen ()] = T6—a)

b
/ Py (1) £ (1) di

1 b 4
<55 | ol ofa
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B 1
T 2(—-a)

[/ la —t] 1t —a —mu)| | £ ()] dt

b
+ f b —tllt —b =m0l [ £ (t)ldt} :

Since | f ”| is a convex mapping on [a, b] ,we have

[rol= =+

f”(b_ta—i— t—ab>‘ - b—t If”(a)|+ t—a |f”(b)|.
—a —a b—a
Using (2.3), we get

’Sx,h (f)|
1

2(b — a)?
b
+/ b—tllt —b—mu)|[b—0)|f" @]+ —a)|f" (b)l]dt]

=<

[/ =11t —a—m@I [ =] @]+ —a) | f* B[] di

1 x
=20 _ar {If”(a>| [/ la 1]t —a —my()| (b —1)dt

+/b Ib—tllt—b—mh(x)l(b—t)dti|
+|f" )| U la —t] |t —a —mu(x)| (t —a)dt
+/b|b—t||t—b—mh(x)|(t—a)dt“

S [l @]+ )+ |7 )| (s + 1)] .

2(b — a)?

We calculate integrals /;,i =1, ..., 4, forthe casesa < x < # and # <x <b;

Incaseofa <x < # using the fact that m;,(x) < 0, we get

L :/x(t—a)(t—a—mh(x))(b—t)dt

= (b—a)/x(t—a)(t—a—mh(x))dt—/x (t —a)> (t —a —my(x))dt

_ )3 N2 PRy, N3
= -0 "5 e TS T 0 B2
b
12=/ (b—0)2t —b—myu(x)| dt
btmp(x) b
=/ (b —1)* (mh(x)+b—t)dt+/ (b—1)%(t — b —my(x))dt
x b+mp(x)
\ 4 b — 3 b — 4
:M-}-mh(x)( 3x) 4 4x),
X o 4 o 3
13=f (—at—a—moydi =~ 3“)

and

b
I =/ (b= 1)1t = b= my()| (t —a)dt

319

(2.3)

(2.4)

(2.5)

(2.6)

2.7)
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b+myp (x)
=/ b—-t)ymux)+b—1)(t—a)dt

b
+f Bb—-—0t)t—b—my(x))(t —a)dt

4 _ 3
_[mhéx)] o )[mh(xn b 4x> s )(b x)

(b —x)? b-x)°
2 3 '

+ (b —a) my(x) +®—-a

If we substitute the equalities (2.5)—(2.6) in (2.4), then we obtain the required inequality (2.1).
In case of # < x < b, using the fact that m;(x) > 0, we get

I =/X(t—a)|t—a—mh(x)|(b—t)dt
1 [mu(x0)]? (x—a)“ (x —a>3
= - +((b—a) > 2 my(x)
N2 N3
~-ame L -0 3")

(b —x)* Lo —x)*

b
L= / (b —1)* (mp(x) + b —t)dt = my(x)

3 TR
X 4 _ _ 3
13=f (=Pl —a—myoldr = T4 & 4“) e
and
b
I4=/ b—1t)(mpx)+b—1t)( —a)dt
_ 3 _ 4 _ 2 _ 3
=—m()(b DO b aym) E=  p— gy &=

4

(2.8)

(2.9)

(2.10)

@2.11)

(2.12)

If we substitute the equahties (2.9)—(2.12) in (2.4), then we obtain the desired inequality (2.2). The proof is thus

completed. [J

Remark 1. If we choose x = “+b in Theorem 2, then the inequalities (2.1) and (2.2) reduce to the inequality (1.4).

Remark 2. If we choose 4 = 0 in the inequalities (2.1) and (2.2), then we have the following inequality

‘f(x) (x—“—)f( )——/ F(n)d
b—a . 1 x—# ’ a+b (x —a)’
=7 |r@ z+(b_a> (2" -) 5 ar

trw) || L+ =2’ ( —a+b)+ b2y
Fi 4 b—a * 2 3(b —a)?

for x € [a, b].
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Corollary 1. Let us substitute x = a and x = b in Theorem 2. Subsequently, if we add the obtained result and use
the triangle inequality for the modulus, we get the inequality

2

<

h —

2b—a ., / fla)+ fb) 1 b

— (O -f @)+ 5 —b_a/af(t)dz
b-—a[2 h 1., ,

N e (IR GIRA TR

Remark 3. If we take 4 = 0 in Corollary 1, then we obtain

f@+f@® b

2

—a e , 1 b J
1 (f()—f(a))—m/a f@dr] <

6

Particularly, if | f(x)| < M, x € [a, b], then the inequality reduces the inequality

f@+f®) b-

2 4

which was given by Liu in [12].

a "(b ! ! ’ t)dt
(f()—f(a))—mfa S @ <

2
- M — a)
6

Remark 4. If we take 4 = 2 in Corollary 1, then we have the trapezoid inequality

f@+f®

1 b
5 b—aL‘ﬂﬂm

which was given by Kiris and Sarikaya in [11].

_ (- [!f” @]+ (b)q
- 12

2

2

_b—a’ [|f”(a)| + " )]

:| . (2.13)

(2.14)

Theorem 3. Let f : I C R — R be twice differentiable function on 1°, the interior of the interval I, where a, b € I°

witha < b. If |f”|q, q > 1, is a convex mapping on [a, b], then the following inequalities hold:

|Sx,h

<

fora <x <

|Sx,h

<

N

1 ( 1
2b—a)'ta \P 1

N A O S )
q+1 qg+2

),, ((x —a —my)?* + (—l)p[mh(x)]"“)%

_ g4)qt2 q
) " @] + —(xq f_’)z Vi (b)@

(40 + b = )7 4 (=1 o)) 7

_ y)4t2 _ _ g+l g2 q
><|:—(b ) \f”(a)}"+<(b R Ut >|f”<b)|‘1}

q+2

q+2 q+1
#,and
93]
1
1 1 P 1
. Hl(pH) (a1 + (= @ = my ()P )7
2(b—a) "4

J(e-ac - x—a)?
qg+1 qg+2

1
_ a2 q
) |f// (a)|q + %“p// (b)|q:|

(2.15)
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4 ((ma0) + b — 0P )Pt 7

b-x)"" e (b-—ab-x) b-x)TT\ 7
X[ 712 @] + o i |/ ()] (2.16)

for =57 b < v < b withh € [0, 2], where mp(x) = h (x - ”‘H’) and L+ + < =1.

Proof. Taking the modulus of equality given in Lemma 3 and then using the well-known Holder’s inequality, we have

|th(f)|
_2(b / | Py (x, t)|‘f//(f)|dl‘
:m[/ |a_t||t_a—mh(x)||f”([)|dt

+/|b—ﬂh—b—mﬁﬂﬂf%ﬂd@

fm[(/ 't_“""h(x)"’df) (/ (t—a)q|f”(t)}th>
b F b %
+</ "_b"”h(")“’df) (/ (b—t)qlf”(t)lth) _ o1

Since |f”|q is a convex mapping on [a, b] ,we get

1

|f// (t)|q —
Using (2.18), we have

/ ' (t — a)"lf” ®)|"dt

//(b_t t—ab>‘q | " ‘L] ‘ " b‘q (218)
(e =) = @ £ ®) .

s [a—arfe-nlr @l +a -l o]

- 1 b—-a)(x — a)q'H (x — a) . q _ a)q+2 , .
_b—a{[ g+ 1 I pf()| —;;7—U<my (2.19)

and similarly,

b
/‘(b——tﬂ|f”U)th
1 b
sgj;/‘w—ﬁﬂﬂb—mLﬂamq+a—anf%mV]

1 (b — x)q+2 . (b _ a)(b _ x)qul (b _ x)q+2 ,
Zb—a{ q+2 U(@V+[ . el IS § (2.20)

Moreover, we obtain

X o +1 _ +1
/ t—a—myolrdr = E£=° mh(X))Pp & () [my())" (2.21)
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fora < x < “2, and

[m, ()P + (x —a — my(x))?*!
p+1

X
/ [t —a — my(x)|Pdr =
a
for % <x <b.
Using the similar way we also have,

(mp(x) + b — )P+ (= 1)PH [y, (x)]7 !
p+1

b
f [t — b —mu(x)|Pdt =

fora <x < #,and

(mu(x) + b — x)P — [my,(x)]PH!
p+1

b
/ [t — b —mu(x)|Pdt =

for#fxfb.
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(2.22)

(2.23)

(2.24)

Using the identities (2.19)—(2.21) and (2.23) for the case a < x < # and using the identities (2.19), (2.20), (2.22)

and (2.24) for the case # < x < b, we obtain required results (2.15) and (2.16). [

Corollary 2. If we choose x = # in Theorem 3, then we have the inequality

a-+b 1 b
‘f( : )——b_a/a F () dr

2 v
<(b—a) 1 ;
- 24+$ p+1

(g+1D(@q+2) (g+1D(q+2)

[(q )| @+ @+ D" (b)|‘1]’ N [(q D @+ @+ | B

Corollary 3. If we choose h = 0 in Theorem 3, then we have the following inequality fora < x < b

b 1 b
Flo) — (x - %) - / Fydr

1 ( 1 >p
<
T2 —a)'te \P T
3 b—a_x—a) g Xx—a, qi|‘}
x{(x a) [(q+1 T2 |f(@)] +—q+2|f(b)|

1
N TN <b—a_b—x> , q]q
+ (b —x) [—q+2|f(a)| + R | f' )]

1,1 _
where;—l—g—l.

Corollary 4. Let us x = a and x = b in Theorem 3. Subsequently, if we add the obtained result and use the triangle

inequality for the modulus, we get the inequality for h € [0, 2]

h—2b— b 1 b

e - r@)+ HOT 2 - [
(b_a)2 1 ]17 p+l p+1l
R
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1 1
M%W+@+wawq+ '@+ @+ D|f @] |’
@+1(g+2) (@+1)(g+2)

1 1 _
where;—l—a_l.

Remark 5. If we take 4 = 0 in Corollary 4 , then we have

ynw+fwx_w—w
2 4

/ ! 1 b
me+fwﬂ—gjalfmw

1 L 1
<w—wx 1)v SO + @+ D[ @ O+ @ D@l )
-4 p+1 (@+1+2) (@+1@+2)

1 1 _
Where;+3_1.

Remark 6. If we take 4 = 2 in Corollary 4, then we have following inequality

f @+ f®) 1t
‘ 2 _b—a/a AQEL

1 L 1
<w—mx 1)# SO + @+ D@ SO+ @ D[ @l )
-4 p+1 (¢+1)(q+2) (g+1@g+2)

1 1 _
Where;+3_1.

3. Applications to some special means
Let us recall the following means:
(a) The Arithmetic mean:
a+b
2 bl
(b) The Geometric mean:
G =G(a,b) = Vab, a,b>0

(¢) The Harmonic mean:

A= A(a,b) = a,b>0

H:H(a,b)::] o a,b>0
ath
(d) The Logarithmic mean:
a ifa=">b
= = b -
L = L(a,b) a ifatb’ a,b>0
Inb—1Ina
(e) The Identric mean:
a ifa=»>b
I=Lab)=1{1/pb\ra . ab>0
- (—) ifa#b
e\ a“
(f) The p-logarithmic mean:
a ifa=>b
L,=L,(a,b) = pptl _ gptl ¥ , a,b>0
e [—a} ifa +b
(p+D®-a)

where p € R\ {—1,0}.
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The following simple relationships are known in literature
H<G<L<I<A.

It is also known that L, is monotonically increasing in p € R with Lo =/ and L_; = L.

Proposition 1. Leta,b e R, 0 <a < b, n € Z and |n(n — 1)| > 3. Then, we have

n(h—=2) A) g1 ; th . 4
— x—=A)x"" +x —7,11()6— ) —
L N N e GO =+ b —x)
Szdw-mz{mol Dla [ 1 +h(x —A) 2
(x —a)’ (x—a) | [h(x = AT
+ (b—a) 3 —(b—a)h(x —A) 3 + G j|
—_ NV (h— ) N3 N3
T nGn - D] [(x M M YN o)l Gl
4 3
— 3 _ 2 _ 4 _ 3
-0 8 - ayhe - P An-wb—mﬂﬂ;lﬂﬁ}
3 2 6 3
foralla <x < Awithh € [0, 2] and
#(x—A)x"‘l+x”—7hL” lx—A)—L"
! pa| =0 —(x—a)! (x —a)* + (b —x)*
Sm{ln("—l)la |: ) + h(x — A) 3
— 3 _ 2 _ 4 _ 3
to-a "2 o ahe - IS BEZAL ) BEZ AT }
2 6 3
_ )4 _ 3 N3
+ In(n l)l b 2 [ (b ) h(x . A) ()C Cl) -;’- (b )C)
—x)? —_ A4

forall A <x <bwithh €[0,2].
Proof. The proof is immediate from Theorem 2 applied for f(x) =x" ,x e R,n e Z, [n(n — 1)| > 3. O

Remark 7. If we choose & = 0 in Proposition 1, then we have the inequality

X" —n(x—A)x"'—L"
| ;

4 4 3
{|n(n_1)|an2[(b_x) ;('x_a) ++(b—a) (X—3a) ]

Szw—aﬁ

_ 4 _ 4 _ 3
+ |f’l(7’l _ 1)|bn—2 |:('x a) 4 (b -x) —|—(b—a) (b Sx) :|}

for x € [a, b].
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Proposition 2. Let a, b € (0, 0c0) and a < b. Then, we have

ln1+h(x—A) =2 (x—A) s
2L 2x
1 L{b-0*—x-a)* x—aP+@®-x)?
EZ(b—a)z {E[ 1 + h(x — A) 3
(x —a)’ x—a)?  [hx - A)J“]
+ (b—a) —(b—a) h(x — A) +
3 2 6
l{x—a*=b-x* x—aP+@®-x)?
+ﬁ[ ) —h(x —A) 3

—x)3 N2 — AV EANE
+ (b —a) ® Sx) +(b—a)h(x—A)(b 2x) —[h(x6 )l —(b—a)—[h(x3 )l ]}

foralla < x < Awithh € [0, 2] and

hix—A) (h-2)(x—A)
— —Inx
2L 2x

1 1| (-—x)*"=(x—a)t x—a)+®—-x)°
S2(b—a)2{a_2[ 4 +hix—4) 3

‘ln]-i—

—a) N2 _ 4 _ 3
+-a 3“) —b-ayhx — 2“) _[h(x6A)] +(b_a)M}

3 3
h(x—A)(x_a) + (b —x)
4 3

1| (x—a)*—B—x)?*
- :

3 2 6

—x)3 )2 AN
R S A S G YAl g ) } }
forall A < x <bwithh €[0,2].

Proof. The assertion follows from Theorem 2 applied to the mapping f : (0, 00) — (—00,0), f(x) = —Inx and the
details are omitted. [

Remark 8. If we choose 4 = 0 in Proposition 2, then we have the inequality,

(x—A)

X

1 L{b-—0*—x—-a)* (x —a)’
Sz(b—a)z{a_Z[ 4 b —a) }

llax=—a*=pm-x* b—x)?
7[ 3 +<b‘“>T“

for x € [a, b].

‘lnl+ —Inx

4. Concluding Remarks

In this study, first of all, using practical identity for twice differentiable functions proved by Erden et al., we present

some new upper bounds for generalized Ostrowski type inequalities by taking advantage of mappings whose second
derivatives absolute values are convex. Moreover, we provide these inequalities for special means.
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Abstract

In this paper, a main theorem dealing with |N, p, |; summability method has been generalized for ¢ — |N, pp; 8| summability
by using different and general summability factors of Fourier series.
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1. Introduction

Let > a, be a given infinite series with partial sums (s,). Let A = (a,,) be a normal matrix, i.e., a lower triangular
matrix of nonzero diagonal entries. Then A defines the sequence-to-sequence transformation, mapping the sequence
s = (s,) to As = (A,(s)), where

An($) =) amsy, n=01,.... (1.1)
v=0
Let (p,,) be a sequence of positive numbers such that
P,=Y p,—> 00 as n—oo, (Pi=p,;=0 izxl). (12)
v=0

The sequence-to-sequence transformation

1 n
o= go Pusy (P, #0), (1.3)
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defines the sequence (o;,) of the (N, p,) mean of the sequence (s,), generated by the sequence of coefficients (pj)
(see [1]). The series Y a, is said to be summable |N, Pl k > 1, if (see [2])

(o]

k—1
> (ﬂ> | Ao, ¥ < o0. (1.4)

n
n=1

summability is the same as |C, 1],

In the special case when p, = 1 for all values of n (resp. k = 1), then |1\_/ , pn| ‘

(resp. |N , Pn |2 summability.
The ¢ — |N ) | . summability method is defined by Seyhan (see [3]). The series Y _ a, is said to be summable
¢ —|N.pui 8|, k=1ands > 0,if

00
Z ¢2k+k_l |Gn - 0'”71|k < Q. (15)
n=1

If we take 6 = O and ¢, = %, then ¢ — |N, Dns 8|k summability is the same as |]\_/, DPn
Let f be a periodic function with period 27 and integrable (L) over (—m, ).
Without loss of generality we may assume that the constant term in the Fourier series of f is zero, so that

| , summability.

fﬂ f(t)dt =0, (1.6)
and
ft) ~ Z(a,, cosnt + by sinnt) = Z C,(0). 1.7)
n=1 n=1

2. Known result
Many papers dealing with ‘1\_] s Dn | , summability factors and ¢ — |]\_/ , Pni 8 | , summability factors of Fourier series
have been done (see [4—10]). Among them, Bor [5] has proved the following theorem.

Theorem A. If (1) is a non-negative and non-increasing sequence such that y_ p,i, < oo, where (p,) is a sequence
of positive n_umbers such that P, — oo asn — 0o, and ZZ:] P,Cy(t) = O(P,), then the series Y C,(t) P\, is
summable |N, p,|,, k> 1.

3. Main result
The aim of this paper is to prove a more general theorem which includes the above mentioned result as special

cases. Now, we shall prove the following theorem.

Theorem B. Let (p,) and (X)) be sequences satisfying the conditions of Theorem A and let (¢,) be a sequence of
positive real numbers such that

OnDPn = O(Pn)a (31)
= 1 .1
Sk—1 )
-0 — ), 3.2
2 05— (wv Pv) (3.2)
n=v+1
Zgoﬁkpnxn =0() as m— oo, (3.3)
n=1
> @k P, Ak, = 0(1) as m — oo. (3.4)
n=1

Then the series Y, C,(t) Py, is summable ¢ — N, Pn; v k>1and0 < 6k < 1.

We need the following lemma for the proof of Theorem B.



330 S. Yildiz / Transactions of A. Razmadze Mathematical Institute 171 (2017) 328-331

Lemma 1 (/5]). If (1) is a non-negative and non-increasing sequence such that Y p,i, is convergent, where (p,)
is a sequence of positive numbers such that P, — 0o asn — oo, then P,A, = O(1)asn — oo and y_ P, Ak, < oo.

Remark 1. It should be noted that if we take § = 0 and ¢, = p" in this theorem, (3.4) is satisfied by Lemma 1.
Condition (3.3) is satisfied by a hypothesis of Theorem A. Also in this case conditions (3.1) and (3.2) are obvious.

4. Proof of Theorem B
Let 7,(t) be the sequence of (N, p,) means of the series > C,(t)P,),. Then, by definition, we have

1 n v 1 n
L®)=—53 pv ) CitOPhi = 5= Y (Po = Po)Cul®) P
n o . no_o

Then, for n > 1, we have

pl‘t
PnPn—l

n
> Py Co(t) Py

v=1

5(t) = I (1) =

By Abel’s transformation, we have

ZA(PU IA)ZPC(t)+ )\ ZPC(t)

v=1

In(t) n l(t)—

nnl

= 0(1) { Z(P . Puxu+1>Pv} + O()pahs
n n 1
p n—1 p n—1

= 0(1) { PP, UX_I: PvPvA)\v - PP, UXZI: Pvpv)\v + pn)‘-n}

= O {L,1() + Lix(0) + L)} .

To prove Theorem B, by Minkowski’s inequality it is sufficient to show that
Z¢5k+’< N1L,.OF <oco, for r=1,23.

First, using the hypotheses of Theorem B, we have that

m+1 m+1 P n—1 k
Sk+k—1 Sk4k—1 n
Z€0 |I.l(t)| Z(p P,an,] UX:;PUPUA)\U
m—+1 1 n— 1 n—1 k=1
sk—1_ 4
< Zq) P {Z PUPUAAU} x {Pn1 UXZ;PUPUAAU}
m+1 n—1
=0(1)Z¢,§k ! ZPPA,\
m+l
= 0(1)213 P,AL, Y gl
n—l
n=v+1

—0(1)Z<p5kpm =0(1) as m— oco.

= 1, we have that

Now, when k > 1, applying Holder’s inequality with indices k and k" where % + k, =

k

m+1 m+1 n—1
D e L) = Zw‘”‘”‘ 5 P —— > " Pypuis
n=2 n—1 v=1




S. Yildiz / Transactions of A. Razmadze Mathematical Institute 171 (2017) 328-331 331

m+1 k=1
< Z Sk—1_ "~ Zpk )»k %
n=2
m m+1
= 0(1>ZP"A"pv 2 e
n=v+1 P

1
= 0<1>Z Pt poglt— 7

m

= 0<1>Z¢‘”‘<P ) p

—O(I)prv Pury = O(1) as m — o0,

by virtue of the hypotheses of Theorem B and Lemma 1. Finally, using the fact that P,A, = O(1), by Lemma 1, we
obtain that

Zw“*" 11,501 Zqﬁ“k "I putalt

m

< ook (Para) T (Pua)

m
= > @ @upn) AT (put)

n=1

= 0(1) Z (p;zk(Pn)\n)k_l(pn)Ln)

n=I

=0 @i (puda) = 0(1) as m— o,

n=1

by virtue of the hypotheses of Theorem B. This completes the proof of Theorem B.
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Abstract

The main research line of this paper is concerned with the existence and uniqueness of solutions for a certain class of coupled
systems of Caputo type fractional A-difference boundary value problems at resonance. To this aim, we use coincidence degree
theory to obtain existence results and impose growth controlling conditions on nonlinearities, uniqueness results will be concluded.
At the end by means of an illustrative example the obtained main results will be implemented.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The main objective of this paper is devoted to study of the following coupled system of higher order Caputo type
fractional A-difference boundary value problems at resonance

A%(t) = f(t + N —a—2,z, Az, A%z, ..., AV '),
t=a,a+1,....b, (1.1)
A%Z(t) =gt + N —a —2,y, Ay, A%y, ..., AV 1y),

AViya+N—-a—-2)=0, AV ya+N—-a—-2)=A""yo+N—-a—-1),i=2,3,...,N,
(1.2)
AV za+N—a—-2)=0, AV "2+ N—-a—-2)=A"""20+ N—-a—1),i=2,3,...,N,

where N—1 <a < N, N e Np,anda € Z;, b € Z, witha < b. A¢ denotes the Caputo type fractional A-difference

of order o > 0. In this paper we will assume that f, g : NSI%:Z:; x RN — R are continuous functions.
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With a sharp overview on the theory of fractional calculus, it is easy to check that discrete versions of the fractional
order operators do not follow the standard structure of corresponding continuous ones. More precisely in general,

all of the Riemann-Liouville based fractional operators have an impulse response function &, () = u }t();)_l as their
kernels. In discrete versions of these operators, corresponding kernels take a different forms such that there is no the
power term like one appeared in /,,, any more. Instead, these new kernels are closely related with just the Euler’s
gamma function I'(.).

The concept memory in fractional order operators turn back to these impulse response functions. Namely, according
to the varying of order y in A, (¢), fractional operators keep or lose the memory. So fractional order operators possess
full, null or one sided memory. For more details see [1-5].

On the other hand since less than a decade earlier by now, the theory of discrete fractional calculus is taking its
standard shape. Unerring, keeping the memory can be considered as one of the extraordinary properties of the newly

defined fractional operators (fractional A and V difference operators). In discrete fractional operators, the impulse
(t—t+17~!
I'tyy

response functions are of the form of fractional falling or, rising functions . (1) = %Q or, EV ) =
respectively. For more details about discrete fractional calculus, see [6—11].

Besides this advantage, establishing solvability of discrete fractional order boundary value problems is one of the
most popular research areas in discrete fractional calculus. As pioneering works, we suggest the collection of papers
due to P.W. Eloe and EM. Atici [7-9,12], works due to C. Goodrich [10,11,13,14] and Y. Gholami and K. Ghanbari
[15-17]. The most applied technique in the mentioned references is fixed point theory (fixed point theorems such as
Krasnoselskii, Krasnoselskii—Zabreiko, nonlinear alternative of Leray—Schauder and Banach). In this paper, we are
going to apply a different technique to obtain existence and uniqueness of solutions for coupled resonant system (1.1)
and (1.2), that is the coincidence degree theory due to Jean Mawhin. For an eager follower of the resonant problems,
we suggest the references [10,11,13,14,18-29] and references cited therein.

W. Rui in [26], considered the following two-point Caputo fractional boundary value problem

Dy.ox(t) = f(t, x(1), x'(1), x"(1)), te€[0,1], 2 <a <3,
x(0)=x'(0)=0, x"0)=x"(1),

where f : [0, 1] x R® — R is continuous. The author used coincidence degree theory to obtain at least one solution
for fractional boundary value problems. This paper together with [21] are the main motivation of this work.

The rest of this paper is organized as follows. In Section 2, we present necessary requirements of the discrete
fractional calculus and a quick overview of the coincidence degree theory. In Section 3, first we apply coincidence
degree theory for the existence at least one solution for coupled resonant system (1.1), (1.2) and then by means of
nonlinearities growth restriction, an uniqueness criterion will be presented. In Section 4, implementing the theoretical
obtained results, we present an illustrative example.

2. Preliminaries
We begin this section with basic definitions and lemmas of fractional A-difference calculus based on the

references [6,8,10]. We then give an overview to the J. Mawhin’s coincidence degree theory [25,30].

Definition 2.1. The fractional falling function is defined by
re+1)

= ————— teR\{.,a—-30a—2,aa—1}, R, 2.1
Tatl—a) eR\{..,« o o }, a € 2.1)
such that

(i) t*=0,providedthat {t + | —a} € Z_ ={...,—2,—1,0}, @ € R,

() L=1,

(iii) o* = I'(a + 1).
We will use the following notation.
N,={a,a+1,a+2,...}, )N={.,b-2,b—1,b},
NY={c,c+1,...,d—1,d}, a,beR, ¢,d € L.

As can be seen, the fractional falling functions, make the main structures of kernels for discrete fractional order
operators. So we can now define these operators as follows.

2.2)



334 Y. Gholami, K. Ghanbari / Transactions of A. Razmadze Mathematical Institute 171 (2017) 332-349

Definition 2.2 (c.f. [10], Sec. 2.3, Def. 2.25, p. 101). The left sided fractional A-sum of order « > O for f : N, - R
is defined by

1

A0 = Feos Y =o)L f (), 2.3)

S=a

where o > 0, o(s) =s + 1.

Remark 2.3. The left sided fractional A-sum of order & > 0, defined by (2.3) has the following property:
e A7* maps functions defined on N, to functions defined on N, .
Definition 2.4 (c.f [6], Sec. 3, Def. 13, p. 1607). The left sided Caputo type fractional A-difference of order @ > 0
for f : N, — R is given by
ALf()=A""" DAY F@), 1€ Napn—a, 2.4)
suchthatoe >0, n—1 <o <n, neN.
In the following lemma, we give the composition and power rules for Caputo type fractional A-difference operators,

that will be needed to obtain the main results.

Lemma 2.5. Assume that f is a real-valued function defined on N, and o > 0, 0 <n —1 < v <n. Then

Q1) AF%AYf(1) = f(1) — YITo U= Ak ().

(Q2) A A f() = f(0).

Q) At —a) = protds(t —ay*, v+ a+ 1 ¢ 7.
Q) AMA* f(r)y =AM~ f(t), M €N,.

Next we discuss the coincidence degree theory, see [25] and chapters IV and V in [30].
Definition 2.6. Assume that B and ® are real normed spaces. A linear mapping L : domL C B — D is called a
Fredholm mapping provided that the following conditions hold:

(i) ker L has a finite dimension,
(i1) ImL is closed and has a finite codimension.

Let L be a Fredholm mapping. Then its index is given by
IndL =dim kerL — codim ImL.

Assume that L is a Fredholm mapping with index zero and there exist continuous projectors P : ‘8 — ‘B and
0 : ® — © such that

ImP =%kerL, kerQ=1ImL, B=kerL®dkerP, ®=ImL®ImnQ.
It follows that the mapping
Llgominkerp : domL Nker P — ImL

is invertible. Let us denote the inverse by Kp : ImL — domL N ker P. The generalized inverse of L denoted by
Kpo:Z — domL Nker P is defined by Kp g = Kp(I — Q).

If L is a Fredholm mapping of index zero, then for every isomorphism J : Im(Q — kerL, the mapping
JO+ Kp g :Z— domlL is an isomorphism and, for every u € domL,

(JO+Kp o) lu=(L+J"Pu.
Definition 2.7. Let L : domL C B — D be a Fredholm mapping, E be a metric space, and N : E — D be a

mapping. N is to be called L-compact on E provided that, QN : E — D is continuous and Kp o : E — B is
compact on E. In addition, we say that, A/ is L-completely continuous if it is L-compact on every bounded E C 8.
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Theorem 2.8. Let {2 C ‘B be open and bounded, L be a Fredholm mapping of index zero and N be L-compact on
2. Assume that the following conditions are satisfied:

(1) Lu # ANu for every (u, 1) € ((domL \ ker L) N 342) x (0, 1),
(ii) Nu & ImL for everyu € ker L N 32,
(iii) deg(J ON lxerLran, 2 Nker L, 0) # 0 with Q : © — D a continuous projector such that ker Q = ImL and
J 1 ImQ — ker L is an isomorphism.

Then the equation Lu = Nu has at least one solution in domL N 2.

Before beginning the main body of our work, we describe the resonant nature of the discrete fractional coupled
system (1.1), (1.2). The operator Ly = A%, y in the homogeneous fractional A-difference boundary value problem
A%(t)=0, teN, N—1l<a<N, NeN,,
AV y@a@+N—-a—-2)=0,i=2,3,...,N,
is said to be resonant, provided that the fractional boundary value problem (2.5) has a nontrivial solution and L is said
to be non-resonant otherwise. On the other hand by property (Q;) in Lemma 2.5, it follows that

2.5)

N—1
A%y(1) =0 iff y(r)= Z cr(t — a)k.
k=0
Thus
N—1
Ay =) AVt —af, j=2.3.....N.
k=0

So, using the power rule (Q4) in Lemma 2.5 and taking t = a + N — o — 2 one has

N-—1

. I'k+1 I'(N —a—1

Ayt N - =Y gt Woe=lD 23N
N Tkh+j—N+1)TQN —k—j—1—a)
Equivalently, we have the following:

, (N—2)! (N —a—1) (N—1! (N —a—1)

—2= Cy_ . Cn_ . =0,

J=em N T N ) T Y T TN —a—2)

, (N=3) I'(N—a—1) (N=2)! T(N—a—1)

=3 = Cy_ . Cy_ .

S NS T TN —a =) T VYT T TN —a—2)

(N—1)! I(N —a—1)

Cn_ . =0,

R S TR 70 Vo

_ 2 I(N—a—1) 31 (N —a—1) (N—1)! (N —a—1)
J TN TN e ) TN TN ey T T N T e
. ' (N —a—1) 2 I(N—a—1) (N—1)! (N —a—1)
“N-1=C— " i S AR o . =0,
J TONTW ey TN T ey T T Y Y W S T~
N MW= N TN—a—D) L (N=DUTV =)
/= ‘O T(N—a—1)  "UU'T(N—a-2) NN ()

Therefore, the sequence of above equalities based on the first one (j = 2), ensure that the boundary value problem
(2.5) has a nontrivial solution. We are concerned with the resonance case.
At the end of this section, we introduce the appropriate Banach spaces as follows. Our basic Banach space is

E = C(Nfli%:gj, R), N—-l<a<N, NeN, (2.6)

equipped with the standard max-norm

b+N—a—1
Iflle = max|f(r)l, e N TNZaT).
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Now we define the Banach space

x={u

with corresponding norm

ueE, AN '"yueE, i=1,2,...,N—1, NGNZ},

lullx = max{||u||E, ANyl s i=1,2,...N—1, N e Nz}.
E
At last our desired Banach spaces are defined by
B=XxX
B, |I.lls) ’
B |l-I») {n(u, W)l = maxully. v]x},
and
D=EXxXE
D, I.llo) . ’
@ I-lo) {n(u, v)llp = max{flullz, [v]£).

3. Main results

Q2.7)

2.8)

2.9)

(2.10)

We begin the main results with constructing preparatory tools for applying coincidence degree theory as follows.

Letustake L; :dom L; N X — E as
Liy =A%y,
where

dom L, = {yeX’AN_iy(a—i—N—oz—D:O,

AV Y@+ N—-a—-2)=A""yb+N—-a—1),i=23,...

Similarly, we define L, : dom L, N X — E as
Lyz = Alz,
where

dom L, = {zeX‘ANiz(a+N—a—2):O,

AV lza 4+ N—a=2)=A""120+ N—a—=1), i=2,3,...

Therefore we can define L : dom L N8B — O as
L(y,z) = (L1y, L22),
where
dom L ={(y,z) €*B|y €edom L, z € dom L,}.
Also we define N : B — D as below
Ny, 2) = Nz, May),
where NV, : X — E fork = 1, 2, are defined as

Niz = ft+N—a—=2,z,4z, A’,..., A" ),
Noy =gt + N —a —2,y, Ay, A%y, ..., AV"1y).

Therefore considering (1.1), (1.2), (3.1)—(3.8) lead us to the L(y, z) = N (v, 2).

3.1)

(3.2)

(3.3)

3.4)

3.5)

(3.6)

(3.7)

(3.8)

To obtain claimed solvability results for the coupled system (1.1), (1.2), we shall prepare ourselves to apply the
coincidence degree theory. So, first we prove that the mapping L defined by (3.5) is a Fredholm operator of index zero

and then the mapping N defined by (3.7) is L-compact.
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Lemma 3.1. The mapping L : dom L N5 — D defined by (3.1)—(3.5) is a Fredholm operator having index zero.

Proof. Using (Q) in Lemma 2.5, it follows that ker L = (cl(t —a)N=L 4\t — a)N—’l). So ker L = R?. Suppose that
(u, v) € Im L. Thus there exists (y, z) € dom L such that L(y, z) = (u, v). Equivalently by means of property (Q;) in
Lemma 2.5, we deduce that

y(0) = A7 u@) + ¢t — )=t + oot — a2+ - ey,

21) = A v(@0) + di(t — )+ do(t — )P+ -+ dy.
The definition of the dom L in (3.2)—(3.6), implies that c; = d; =0, i =2,3, ..., n. Hence

¥(6) = A u(t) + ci(t — a)*=,

2(t) = A7) + dy(t — a)¥L
Therefore, it follows that

AVly(t) = AV (A% u) (8) + e T(N)

ANty = AV (A;) (1) + di T(N).
Equivalently, we have

AVy@)y = AN 7Nu(t) + e T(N) 39
ANTz(t) = AVt + d T(N). '

Let us take a look once again to the boundary conditions

AV ya+N—-a—=2) = A"y +N—a—1),

AV lza 4+ N—a=2) = AV 204+ N —a —1).
Imposing these boundary conditions on (3.9), we get the following

b b

S b+N-a—1-5Nus)=0, Y (b+N—a—1-s5ys)=0.
Assume given (u, v) satisfies the recent equalities. If we take y(t) = A *u(¢) and z(r) = A, “v(¢), then immediately
one may derive that (y, z) € dom L. Thus we have
b b
Y b+N-a—1-5us)=0, Y (b+N-—a—1-5ys) = o} ) (3.10)

S=a S=a

ImL = {(u, v)

We now define the operators Q; : E — E, k =1,2as

SP b4+ N—a—1—5)2Nu(s) Ou(t) — SP b+ N —a—1—5)2Nys)
SP b+ N—a—1—sN " T TN i N g1 g

Qu(r) = @3.11)

Clearly Q(u, v) = (Qu, Qrv) = R2. 1t is easy to check that for u, v € E, the following properties hold:
Qiu(t) = Quu(t),  Q3u(t) = Qru(0).

Consequently we conclude that Q*(u, v) = Q(u, v). Since (u, v) = (u, v) — Q(u, v) + Q(u, v), one can deduce that
D =1Im L 4 Im Q. In addition as a result of Im L N Im Q = {(0, 0)}, we find that ® = Im L & Im Q. Finally by
means of Definition 2.6, one has

Ind L = dimker L — codimIm L = dimker L — [dm® —dimIm L] =2—-[4—-2]=0.

Therefore the operator L defined above is a Fredholm operator of index zero. This completes the proof. [

In this position, we define the operators P, : X — X, k =1,2by

ANfl ANfl
Pu(t) = r"l(;)(t —a)M=L P = r”l(;)(t —a)N=L, (3.12)
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In this case, using the property (Q4) in Lemma 2.5, we conclude that Pfu = Pyu and Pjv = P,v. Now let us define
P :B — Bas P(u,v) = (Pu, P,v). So we have

ker P = {(u, V)

AN y@) =0, AV ) = o} )

Since (u, v) = (u, v) — P(u, v) + P(u, v), it is easy to check that B8 = ker P + ker L, and because of ker P Nker L =
{(0, 0)}, we deduce that 8 = ker P é ker L.
In the sequel we define the operator Kp : Im L — dom L Nker P as follows:

Kp(u,v) = (Ag“u, A;“v) . (3.13)
Thus for each (u#, v) € ImL, we have
LKp(u,v)=1L (A;“u, A% ) (A"‘A u, AGA ) (u, v). (3.14)

On the other hand, since for every (u#, v) € dom L N ker P, we have AVN"y(a) = 0 and AY"'v(a) = 0, hence in the
identities

u(t) = _"‘A“u(t) +c(t — a)b+ ot —a) =2+ + ey,

v(t) = A A%(@) + di(t — )Y 4 do(t — @)Y 4 dy,

all of the coefficients ¢;, d; = 0fori = 1,2, ..., N. This implies that
KpL(u,v) = (A% A% u, A7 A%, v) = (u, v). (3.15)

So, using (3.14) and (3.15), we conclude that K p = (Laom £rkerP)
We are now ready to prove the second step, i.e. prove that A/ defined by (3.7), (3.8) is an L-compact operator.

Lemma 3.2. Assume that (2 is an open and bounded subset of B such that domL N 2 # @. Then the operator N'
defined by (3.7), (3.8) is L-compact.

Proof. Continuity of f, g : f]:’, o ; x RN — R ensures that QN(2) and Kp(I — Q)N(2) are bounded. So,
using the Arzela—Ascoli theorem, it is sufficient to prove that K (1 — Q)N (2) CBis equicontinuous. The discrete
nature of the fractional delta difference operators easily proves it. Hence, the proof is completed. [J

Lemma 3.3. Assume that N — 1 <a < N, N € N,. Then

t —a)™=t

= max{ox{,o;'}, i=1,2,..,N— 1},
X

OVl =max(t — ) =max{(N = 1) —a — D¥=L (@ +b—a + (N — 1))N—1},

Ol = max (N—_‘l)'{(( —D—a— D=L @+ b—a+ (i — )=t } i=1,2..,N—1.
l!

Note that the N — 1 as superscript in Oxj depends on the N — 1 in the falling exponent of the falling function (...)}=1
and another one as subscript refers to the basis in the corresponding falling functions.

Proof. According to (2.8), we have

(t —a)¥=L =max{ a)¥=L ‘AN_i(t—a)A'_l : i=1,2,3,...,N—1}.
X E E
A direct calculation indicates that
I'(t— 1
At —a¥=L = ¢-a+l (N—1), teNIN2).

I'(t—a—N+3)
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So we have the following cases.

(i) Ift > a + N — 3, we have A,(r — a)¥=L > 0. Therefore max(t — a)¥=L = (@« + b — a + (N — 1)¥=1.
(i) Ift <a + N — 3, we have the following subcases:

l.t—a—N+3<0, I'(t—a—-—N+3)>0,
2.t—a—N+3<0, I't—a—N+3)<0.
Thus
l.t—a—N+3e(mm+1), m=-2k, keN,

2.t—a—N+3emm+1), m=-2k+1, keN.

Hence, it follows that:

1. A(t — o)=L > 0,
2. At —a)M=L <.

Finally we deduce that
ON"| = max(t —a)¥=L = max{(N —a -2 (@+b—a+(N- 1))1“}. (3.16)

On the other hand, (Q3) in Lemma 2.5, gives us the following

(N - 1)

AV -t = T -, =123, N -

So as calculated in (3.16), we have

07 = ‘ ANt — a)t=
E
_ (N_l)‘ . i—1 . i—1 .
= max ———— (G-1H—-a—-1)Y—(a+b—a+G@—-1)—¢,i=1,2,....N—1.
i!
Therefore
(t —a)¥=! =max{ox_},0§_},i=1,2,...,N—1}.
X

The proof is complete. [
Remark 3.4. By an analogous analysis as presented in Lemma 3.3, one has

(t—a—DH¥=L

=max{0x;,0;'21, i=1,2,...,N—1}. (3.17)

X

Remark 3.5. Given (u, v) € B, by means of Lemma 3.3 we have

[P, V)lls = || (P1(w), P1(V)) |l = maX{HPl(M)HX, ||P2(U)||X}
[ AV u(a)| AN @) )
(N —1)! H(t N a)uHX’ (N = 1)! ”(t - “)Nl”x} (3.18)

< A max{ ’AN_lu(a)L ’AN_lv(a)

= max{

where

max{ oNil o, i=1,2,...,N—1}
Ay = : 3.19
1 N =) (3.19)
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Also, since Ag(t —s — 1)~ < O witht —a > s and A,(t —s — 1)*=L > 0, it follows that
max (t—s— 1D =@t —a— 1)L
a<s<t—a
max  (f—a— 1D = (@ +b—a-+ (N —2)eL (3.20)
ler‘FN*L!*I
a+N—a—2
Hence, for (u, v) € ImL we have
|Kp(u, v)|s = H (A;“u, A;“v) ‘ = max{ H A;"‘u| e | A;“v”x}
B (3.21)
< Ay maxq lullg, Ivle ¢,
where
max{ ol lot] i =12 v - 1}
Ay = 3.22
2 T (3.22)
The forthcoming hypotheses will enable us to obtain the main results.
(Cy) The continuous functions f, g satisfy in the following properties:
NN e X R — RYU{O}, or  f: NOENZ%7) x R" — R~ U {0}, (3.232)
and
g NN xR > RYU{0}, or g :NoEN~27) x R" — R~ U {0}, (3.23b)
(C,) There exist positive real constants by, ¢, d;,d, for k = 1,2,..., N and real constants 6y, A € [0, 1] with
k=1,2,..., N such that for all (x|, x2, ..., xy) € RV,
N
[f+N—a =200, oan)| <di+ ) belul®, 1 eN, (3.240)
k=1
and
N
18+ N —a =2, x1. x5, ... x0)| Sda+ Y crlwl, teN,. (3.24b)
k=1
(C3) There exists a positive real constant B such that for any w;, z; € R, i = 1,2, ..., N, if min{|wy|, |zy|} > B,
one has either
N f @+ N—a—2,w,ws,...,wy) >0, or
v f(t+N—a—2,w,w,...,wy) <0, teN, (3.252)
and
wy.g(t+N—a—2,21,22,...,25) > 0, or
wy.g(t+N—a—2,21,22,...,2y) <0, teN. (3.25b)
(Ca)
N
(A +4)) xi <1, x=b,c, (3.26a)
i=1
N N
MY e+ My bi<l, (3.26b)
i=1 i=1

N

N
A Zbi + AZZci <1. (3.26¢)
i=1

i=1
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As a fundamental step to achieve the existence of at least one solution for the coupled resonant system (1.1), (1.2),
we shall prove boundedness of the following sets:

O = {(u,v) € domL\ker L| L(u, v) = AN (u, v), 1 € [0, 1]}, (3.27a)
2, = {(u,v) € ker L| N'(u, v) € Im L}, (3.27b)
25 = {(u,v) € ker L| A(u, v) + (1 = QN (u, v) = (0,0), A € [0, 1]}, (3.27¢)
Q4 = {(u,v) € ker L| — A, v) 4+ (1 = )QN(u, v) = (0,0), & € [0, 1]}. (3.27d)

Lemma 3.6. (2| defined by (3.27a) is bounded.

Proof. Taking a look at the {2, we have that A # 0. On the other hand L(u, v) = AN (u, v) € Im L = ker Q, that is
)»Zfza(b—i—N—a—1—s)ﬂf(s+N—a—2,v, AU,AZU,...,AN’IU)

SP b+ N—-—a—1—52N
AZf:a(b—i—N—a— 1 —s)ﬂg(s—l—N—a—Z,u,Au,Azu,...,AN_lu)

SP b+ N—a—1—522N

=0,

=0.

Therefore by means of property (C,), there exist fg, t; € NZix ) such that

f(tl, v, Av, sz,...,AN’Iv) =0,
g (to, u, Au, A, ...,ANflu) =0.

Thus according to the property (Cs), we conclude that |[AY~'u(ty)| < B and |AVN~'v(t;)| < B.
(u,v) € {2, implies that (u,v) € dom L\ker L. Hence, since P> = P, we conclude that (I — P)(u,v) €
dom L Nker P and L P(u, v) = (0, 0). So, by (3.21) it follows that

(7 = P)u, v)lls = [IKpL(I = P)(u,v)|ls = [|Kp (L1u, Lyv) || = H (A7 Lu, A7 Lyv)

B

<Al maX{IIlelE, IINzuIIE} (3.28)

</ maX{IIMvIIE, IINzullE}.

On the other hand we notice that

L(u,v) =N@,v), (u,v)edomL

— Liu = AN,
sz = M\Qu.
N— l(t
u(t) = LA Njv + Aku(a)
k=0
<—
n—1 (l )
(t) = LA “/\fzu+z Akv(a).
AN = AAQV “= 1./\/'111 + AN_lu(a),
<—
AVNy(@t) = AN TINGu 4 AV u(a).
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Now substituting + = fy in the first equality of the recent coupled equalities and + = #; in second one, since
[AN=1u(to)| < B and |AN~'v(#))| < B, one has

SNy — s — DEN] f(s 4+ N — o — 2, 0(s), Av(s), A%(s), ..., AV"Tu(s))
N-1
|AY u(@)| = B+ 4 Ta— M :

SN G s — D@V g (s + N — o — 2, uls), Auls), A%u(s), ..., AN"lu(s))

S=a

N—1
[A" v(a)l < B+ A Ta =™

Equivalently, (3.20) implies that

AN Yu(a)| < B4+ Ay f(s + N —a — 2, v(s), Av(s), A%v(s), ..., AV Lu(s))

)

IAN ") < B+ A,

g(s + N —a — 2, u(s), Au(s), A%u(s), ..., AN_lu(s))‘.

Finally applying the hypothesis (C,) represented by (3.24a) and (3.24b), we get the following

N 0,
|AN*1u(a)| < B+ /12 (dl + by ||U||i~1 +Zb, AN*"*lv ) ,
i=2 E
(3.29)
N A
AN v(@)] < B+ 4, (dz +orlully +) | AN u ) :
i=2 E
Let us consider Remark 3.5. As a result of (3.28), we have
I, Vlls = 1P, v) + U — P)u,v)ls < [P, V)|l + (I — P)u, v)|s
< maX{{Al AN Nu(a) +/12||N1v||E}, {AI‘AN_IU(G) +Az||NzuI|E},
{/h AN u(a) +Az||Nzu||E}, {A1 AVy(a) +A2||N1v||5”. (3.30)

In the sequel, we divide the remainder of proof into the four cases as following:

(1) Using (C;) and (3.29), we conclude that

I, v)llss < 41| AN u(a)| + Az IN1vll g

N
< MB+ (A + Ay) <d1 + by oll 4+ by | AV
i=2

0;
(i1) Once again using (C;) and (3.29), similarly we can derive

G, v)lls < 44 ‘A“v(a)

+ A | Noul g

N
< MB+ (A + 4) (dz o llull +) | AN

i=2

Ai
E
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(ii1) In the third case, we have the following

AN u(a)| + A2\ Nau g

N
<4 {B + (dl + by ||U||f5l +Zbi'
i

N
+ A <d2 + ¢ ||M||2~1 +th

i=2

G, V)|l < Ay

AN—H—IU

1)
)

AN—t-HM

(iv) In the last case, similar with case (iii) it follows that

I, Vs < 41| AV v(a)| + ANV £

N
<4 {B+ (d2+c1 lully +) e

i=2

AN—H—lu

)]
)

Interlacing the above inequalities (3.26a)—(3.26¢) in the hypothesis (Cy4), gives us the following:
()

N
+ 4 <d1 byl + Y b AV

i=2

M B +d (A + Ar)

G, V)l < .
1=+ )N b
(i)
A\ B+ dr (A + Ay)
I, v)llss < — bt
=M+ A3
(iii)
A B+ (Aydy + Ayd
G, v)llss < 1B+ Midi + Aody)
1—[A12,’.V_1b,-+/1221{\’_lci]
(iv)
AB + (M1dy + Aod
G, V)l < 1B + (Aidy + Apdy)

1— [/11 S+ AN, bi]

Finally, these results in the above four cases guarantee the boundedness of (2| defined by (3.27a), that is our desired
result. [

Lemma 3.7. (2, defined by (3.27b) is bounded.

Proof. Assume that (#,v) € (. Then u = ¢;(t — a)¥=L, v = c2(t — a)¥=L, ¢[, ¢, € R. On the other hand
N(u,v) = Njv, Mau) € Im L = ker Q, implies the following

Z?:a(b +N—a—1—52=Nr (s +N—a—2,cs — a)V=1, o Als — =L CZAN_I(s - a)L_l)
Sh b+ N—a—1—52=N

Zf:a(b—l—N —a—1 —s)ﬂf <s +N—-—a—2cs —a)b,clA(s —a)b,...,clAN_l(s —a)ﬂ)
P b+ N—-—a—1-52=N
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So, using hypothesis (C)), there exist constants #y, | € N’a’ such that
f (t1 +N—a—2,00 —a)¥L Al —a)¥=L, L AN — a)b) =0,
f (to +N—a—2,c1(tg— a1t e; Altg — a)M=L, . ey AN (1 — a)b) =0.
Consequently, because of the condition (C3), we have
leils fea| < (N——l)'
Recent inequalities ensure that {2, is bounded. This completes the proof. [J

Lemma 3.8. () defined by (3.27¢) is bounded.

Proof. Suppose that (1, v) € 2. So (u, v) = (c;(t — a)X=L, c2(t — a)¥=L), ¢y, c» € R. Therefore A(u, v) + (1 —
MON (u, v) = (0, 0) consequences the following hold

ernt — =L 4 1—=x) Zf=u(b +N-—a—1—s52Nyf (s +N—a—2,c(5s —a)¥N=L ey A(s —a)N=L, .. oy AN=I(s — a)b) _o,
P b+ N—a—1—s52N
A — =14 A=Yl b+ N—a— 1=V (s +N—a—2c10—a¥=L c; A —a)¥=L, ..., g AN=I(s — a)N=1) o

P b+ N—-—a—1—s52N

If A = 0, then a similar argument as given in Lemma 3.7 yields the boundedness of (2. Hence, let us consider
A € (0, 1]. In this case the hypothesis (C3) and more precisely the first parts of (3.25a) and (3.25b), enable us to
achieve to the desired result. [

Applying the counter part of hypothesis (Cs) that applied in Lemma 3.8, one can deduce the following lemma.

Lemma 3.9. (2 defined by (3.27d) is bounded.

Now we are ready to state and prove our main existence result.

Theorem 3.10. Assume that the hypotheses (C1)—(Cy) hold. Then the coupled resonant system (1.1), (1.2) has at least
one solution in 8.

Proof. Let £2 D U ,U{0} (or, £2 D U~ (% U £24 U {0}) be a bounded open subset f 3. It follows from Lemma 3.2
that \V is a L-compact operator on {2. Also by means of Lemmas 3.6-3.9, it follows that:

(1) L(u, v) = AN (u, v) for every ((u, v), 1) € [dom L \ ker L N3] x (0, 1).
(2) N(u,v) ¢ Im L for every (u, v) € ker L N 312.

So we just need to prove:
(3) deg (JONlkerr, 2Nker L, 0) # 0.

Define
H((u,v), A) = £AId(w, v) + (1 — A)J ON(u, v).
By the degree property of invariance under a homotopy, if u € ker L N 92, then

deg (J QN |kerr, 2 Nker L, 0)
=deg (H(.,0), 2 Nker L, 0)
=deg(H(., 1), 2Nker L, 0)
=deg (£Id, 2 Nker L, 0) # 0.

Hence, the assumption (iii) in Theorem 2.8 is fulfilled that completes the proof. [

So far, we have been studied only existence of solutions for the fractional A-difference coupled resonant system
(1.1) and (1.2). So as we promised above, it is time to establish the uniqueness results.

Theorem 3.11. Assume that the condition (C,) is replaced with the following conditions:
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(C’qu) There exist positive constants (a;, b;) € R2, i=1,...,N, such that for all ((x,-)’lv, (y,-)iv) e RN x RV, one
has

|[fG+N—oa—2,x1,%2,...,xn) — f(t+N—a—2,y1,y2, ..., yn)|

N
<Y ailxi -yl teN,, (3.31a)
i=1
gt +N—a—2,x1,x2,...,x5y) — fC+N—a—2,y1,y2, ..., yn)
N
<Y bilxi —yil, teN,. (3.31b)
i=I
(C/z,z) There exist positive constants (k;,[;) € R2, i =1,...,N, such that for all ((xi)]lv, (yi){v) e RY x RY, one

has

[fG+N—a—2,x,x2,...,x8) = fG+N—a—2,y1,y2, ..., n)|

N-1
EkN|XN—YN|—Zki|xi—yi|, te N, (3.32a)
im1

gt +N—a—2,x1,x2,...,x5)— f(t+N—a—=2,y1,y2,..., ¥n)

N—1
> Iyley —ynl = D ilxi —yil, teND. (3.32b)
i=1

Then the coupled resonant system (1.1) and (1.2) has exactly one solution in B provided that

~N—-2 N
Ini N
A N A+ 4 bi| > 1, 3.33
12:; ™ +ZJ+< 1+ 2)§| | > (3.33a)
-N—2k ) kl N
A N A+ 4 > 1, 3.33b
2% +kN]+< L+ 2>§|a|> (3.33b)
—N721 l N N
N—i 1
A 2 T + ﬂ + [Al ;W ~|—A2;|a,~|:| > 1, (3.33¢)
—N72k ) k N N
A £+k—l]+[/112|a,-|+/122|b,.|}>1. (3.33d)
N N

i=1 i=1
Proof. Considering y; =0, i = 1,2, ..., n and defining
dy=max f(t + N —a —2,0,0,...,0), d=maxg(t+N—a—2,0,0,...,0), teN,

we deduce that the condition (C,) is satisfied. Thus by Theorem 3.10 the existence of at least one solution for the
coupled resonant system (1.1) and (1.2) is immediate. The uniqueness of solution will be proved as follows.
Assume that (u;, v;) € B fori = 1, 2 are two solutions of fractional resonant system (1.1) and (1.2). So we have

Alu (1) = f(t + N —a—2,v;, Av;, sz,-,...,AN_lvi),

Afvi(t) =g (t +N—a—2,u, Au;, Au;, ..., AN_lui) .
Denoting u = u; — uy, v = v; — vy, it follows that

Ai‘u(t)=f(t—i—N—oz—2,v1,Av1,...,AN_1v1)—f(t+N—a—2,v2,Av2,...,AN_lvz),

Aiv(t):g(l+N—a—2,u1,Au1,...,AN71u1)—g(t+N—a—2,u2,Au2,...,AN71u2).
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Because of equality ImL = ker Q, we conclude that

Zf:a(h+N—a—1—s)ﬂ{f(s-',-N—a—Z,vl,Avl ..... AVly) = f(s+N—a—2,v, Avy, ..., AN’lvz)}
=0,
P b+N—a—1—s2N
Zf=u(b+Nfot7lfs)""N{g(s+N7a72,u1,Au1 ..... AN’lul)fg(s+N7a72,u2,Au2 ..... AN’lug)}
=0.
P b+ N—a—1—se=N
Accordingly the hypothesis (C;) implies that there exist f2, 3 € N such that
f<t3 +N—a—2,v, Avy, ..., Aval) = f(l3 +N—a—2,v, Avs, ..., AN1U2>,
g(tz +N—a—2,u, Aul,...,ANlbu) = g(tz +N—a—2,us, Aug,...,A“1u2>.
Now, by (C; ,) we have
0= 'f(t3+N—a—2,v1,Av1,...,AN_1v1) —f(t3+N—a—2,v2,Av2,...,AN_1v2)
N-2
> ey | AV M uiz) | = Y ki | AV ()| — Kalv(s)].
i=1
Therefore
N-2
kn_i . k
AV o] < 3T AN ()| 4 ().
Pl e
So, it follows that
N-2 N-2
_ kn_i i ki kn—i ki
AV ()| < —— AVl e < [ — + — |[lvlix- (3.35)
o K ALY ; ky kn

Similarly one can derive

N-2

In—i I
< Nty T . 3.36
< [E I + IN}HMHX (3.36)

i=1
Considering (3.34), we obtain

‘ANlu(tz)

ANy = Aiv_‘"_l f(t—l—N—a -2, vl,Avl,...,AN_lvl)

—f(t—l—N—ot — 2, v, Avy, ...,AN_lvz) +AN_1u(a),

AN_]v(t) = Aiv_“_l g(t+N —a—2,uy, Aul,...,AN_]ul)

—g(t+N—a—2,u2,Au2,...,AN_'ug) —i—AN_'v(a).

Substituting t = 7, in the first equality and # = #3 in second one and then applying the hypothesis (C; ), we can derive
the following

N
‘AN—lu(a) < AN (1) +A22a,- AN=Hy (3.37a)
i=1 E
N
‘Ava(a) < AN u(r) +A22bi‘ANi+lu (3.37b)
i=1 E
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Hence, using (3.35) and (3.36), we have

N-2 N
In_; [
N—1 N—i 1
ANl u(a)| = [;W+E:|||M||X+/12;bi||v||xa (3.382)
N—Zk ' ki N
AN-1 < o A ; . 3.38b
v(a) _[; o T [t Z;anunx (3.38b)

Let us recall once again (3.30). So, we have
G, V)l = 1P, v) + T — P)u,v)lls < [P, v)lls + (I — P)u,v)ls

SmaXH/h +/12||N1U||E}, {/11 +/12||/\/2M||E},

{a

Using (3.39) with (3.38a) and (3.38b), one can prove the following inequalities:

AN u(a) AN v(a)

AN Ny(a) AN "l(a)

+/12|I/\/zu||E}, {/11 +/12||N1UIIE}}- (3.39)

(i)
@, V)]s < A1 | AN u(a)| + A2\ Nivll g
As|dy |
< .
- {Al[ZiN_‘f i ,’7] + (4 + A2>Z,-N_1|b,-|}
(ii)
I, v)lls < 41|AY " v(@)| + A lINul g
Ar|ds)|
1 - {AII:ZzNzlz kiv—,;' + :_;]i| + (A + 4y) Zi:1|ai|}
(iii)
I, V)|ls < A1| AN u(a)| + Ar | Noul|
Ar|dy|
< .
1 — {/11[21']\,__12 ll}’T' + ll—[:/] + |:/11 Z;v:1|bi| + 4 Z,N_1|ai|:|}
(iv)
I, v)lls < A1|AYv(@)| + ANl E

- A |d, | .
1 - {AI[ZLZ B :—} + [Al YN a4+ A Zfinbn“

Implying the hypotheses (3.33a)—(3.33d) in the recent inequalities, we conclude that u = v = 0. Equivalently, we
have (u1, v1) = (uz, v2). Therefore, we have proved that the fractional A-difference resonant system (1.1) and (1.2)
has exactly one solution. [
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4. An application
Consider the fractional A-difference resonant system
5 3
Aly(t) = f<t - 504z A2z>,
teN, 4.1

s 3
fZ(l)Zg(f—E,y, Ayv A2y)»

()0 ()0 »(2)-n()
Q)0 w0 #()-2x()

Indeed, the aforementioned system is reduced by the primitive resonant system (1.1) under selectionof N = 3, o = %
9

4.2)

anda =1, b = 5. Also the functions f, g : Ng x R x R — R* U {0} in system (4.1) read as follows
2

7

flx,u, v, w):l—sin(%[x—EiD—i-w, 4.3)
7 -2

glx,u,v,w)=1-—sin <%[x - ED + el + |U1|OJ(;0|w l. (4.4)

Choosing dy =d, =2, by = ¢, = 1o5. k = 1,2,3and §; = 1, fori = 1,2and Ay = 1, A, = 1, itis easy to
check that the hypotheses (C;) and (C,) are satisfied. Also because of the nonnegative nature of f and g for given
positive parameter B > 2, the hypothesis (Cs) is also satisfied. On the other hand, case o = % and N = 3, with a
direct calculation it follows that the parameters A, and A, defined by (3.19) and (3.22), respectively, satisfy

A =~ 31.875, Ay ~ 266.48444. (4.5)

Therefore (4.5)) ensures that the hypothesis (C4) holds. So, based on Theorem 3.10, the coupled system (4.1) and
(4.2) admits at least one solution in 5.
1

For uniqueness, choosing a; = b; = ﬁ, i1 =1,2,3, ks =13 = To0o and k; =, =1, i = 1, 2 we conclude that

the hypotheses (C/Z,l)’ (C/z,z) and (3.33a)—(3.33d) hold. So the coupled resonant system (4.1) and (4.2) has a unique
solution in ‘B.
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Abstract

The paper deals with the linear theory of thermoelasticity for elastic isotropic microstretch materials with microtemperatures and
microdilatations. For the differential equations of pseudo-oscillations the fundamental matrix is constructed explicitly in terms of
elementary functions. With the help of the corresponding Green identities the general integral representation formula of solutions
by means of generalized layer and Newtonian potentials are derived. The basic Dirichlet and Neumann type boundary value
problems are formulated in appropriate function spaces and the uniqueness theorems are proved. The existence theorems for
classical solutions are established by using the potential method.
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BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The main goal of our investigation is analysis of the basic boundary value problems for the pseudo-oscillation
equations of the theory of thermoelasticity for isotropic materials with microstructure, whose microelements possess
microtemperatures.

A theory of thermoelasticity with microtemperatures, in which the microelements can stretch and contract
independently of their translations has been studied by Iesan [1]. This is the simplest thermomechanical theory of
elastic bodies that takes into account the microtemperatures and the inner structure of the materials. This model has
been investigate by various authors (see e.g., [2—4]).

The mathematical model of a linear theory of thermodynamics for microstretch elastic solids with microtem-
peratures, using the results established by Grot [5] has been proposed by Iesan [6]. This theory introduces three
extra degrees of freedom over the theory presented in [1]. An interesting aspect in this theory is the coupling of
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microrotation vector with the microtemperatures even for isotropic bodies. This effect is different from the classical
theory of Cosserat thermoelasticity for isotropic bodies [7], where the microrotation vector is independent of the
thermal field. In the model [6] a material particle is equipped with 11 degrees of freedom (3 displacement components,
3 microrotation components, 3 microtemperature components, 1 microdilatation and 1 temperature).

The system of differential equations of thermodynamics for isotropic elastic materials with microstructure,
with respect to the displacement vector, microrotation vector, microtemperature vector, microdilation function, and
temperature function, represents a coupled complex system of second order partial differential equations (see [6]).

If the mechanical and thermal characteristics are time harmonic dependent (i.e. they are represented as the product
of the time dependent exponential function exp(—iot) with a complex parameter 0 = o) +i0», 0, € R, 0, > Oand a
function of the spatial variable x € R?), then we have the so called pseudo-oscillation equations. The corresponding
simultaneous equations generate 11 x 11 strongly elliptic formally non-self-adjoint matrix differential operator with
constant coefficients.

The present paper is devoted to investigation of the basic boundary value problems for the system of pseudo-
oscillations. First, we collect the field equations, derive the corresponding Green’s identities and formulate the basic
boundary value problems. Further, we construct the matrix of fundamental solutions explicitly in terms of elementary
functions for the differential operator of pseudo-oscillations and establish the asymptotic properties near the origin
and at infinity. Applying the potential method and the theory of singular integral equations we investigate the basic
boundary value problems of pseudo-oscillations (cf. [§—13] and the references therein).

2. Basic differential equations

The pseudo-oscillation equations of the thermoelasticity theory of microstretch materials with microtemperatures
and microdilatations in the case of isotropic homogeneous bodies according to [6] have the form

(4 2)Au + (A + ) grad div u + pozu + xrot w + o gradv — By grad@ = — pH(x), 2.1
xrot u +yAw + (e + B) grad div w 4+ o — pyrot w = — pg(x), 2.2)

we Aw + (x4 + x5) grad div w + »xow — iopurot w + iouy gradv — x3 gradd = pG(x), 2.3)
— podivu — pp divw + agAv + nov + 160 = — pl(x), 2.4)

iBoToodivu + x1divw + i1 Toov + 1740 + iochd = — pS*(x), 2.5)

where «, B, v, A, i, %, 0, Po, Pi, o, k1, L2, a, byag, bo, L, Iy, 2, j = 1,2,3,4,5,6,7, are the real constants
characterizing the mechanical and thermal properties of the body, p is the mass density, § = Z,0%—2x, xy = ioch—x;,
Ny = To? — n, o is a frequency parameter, 0 = o] + ioy, 0, > 0, o € R, A is the Laplace operator,
u = (uy,uz, uz)' is the displacement vector, ® = (w;, o, ;)7 is the microrotation vector, w = (w;, wa, w3)'
is the microtemperature vector, v is the microdilatation function, 0 is the temperature, measured from a fixed absolute
temperature Ty (Ty > 0), ¢ = aTy; H = (H,, Hy, H3)", g = (g1, &2.83) ", and G = (G|, G,, G3)" are complex-
valued vector functions, connected with the body force, the body couple density, and the first heat supply moment
vector, respectively; [ and S* are complex-valued functions connected with the external microstretch body load and
the heat supply per unit mass, respectively; the superscript (-)T denotes transposition operation.

Let us introduce the matrix differential operator of order 11 x 11 generated by the left hand side expressions in
system (2.1)—(2.5)

LY®,0) L®90,0) L'"®,0) L"90,0) L%0,0)
L?®,0) L7@,0) L"0,0) L'@0,0) L%%,0)

L@,0)=|L%0,0) L®®,0) L0, 0) L™0,0) L@, 0) , (2.6)
LP0,0) LP0@,0) L0,0) L"@0,0) L*,0)

L®@®,0) L"0,0) L™@,0) L*0,0) L®0.0)],,,
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where

LY@, 0) = ((u+2)A+ poH)l + (h+w)Q@®@), LPD,0):=xR(3),
LY@, 0) = [0lsx3z, LWP@,0):=—uV, LY@, 0):=iBycTyV,
LO®,0):=xR®), L70,0):=(yA~+8]+ @+ p)0),
L®@,0) = —iouR@), LP,0)=1[0]1x3, L"7(3,0):=[0]x3,
L', 0) = [0l3x3, L"?(3,0) = —puiR(3),

L9, 0) = (s A+ 20 s + (s + 2)00), L@, 0) = — 1oV, @7
L®@®,0) =1V, L'0,0)=munV', L0, 0):= 0]y,
LY@, 0) :=iom,V', L1920, 0):=agA+ny, L%, 0):=ichTo,
L%, 0) ==V, L*0,0):=[0x1, L@, 0)=-xV",
L®@,0):=p1, L®0,0):=x;A+ioc.
Here and in the sequel /; stands for the k x k unit matrix and
0 -9 0
R(0) = 03 0 —a , 000) :=[0k0j]3x3, V :=[01, 02, 03], O = 3/0y,. (2.8)
-3 9 0

3x3

It is easy to see that for V = (V;, V5, V3)T

R(O)V =rot V, Q@)V =graddivV,
R(=3)=—R@®) =[R®)]", QOR®) = R®)Q®) =0, 2.9)
0@) =[0@]", R =00)— 514, [QO)] = Q@dA.

Due to the above notation, system (2.1)—(2.5) can be rewritten in the matrix form as
L@, ) U(x) = &(x), U=, o w6,

where &(x) = (—pH(x), —pg(x), pG(x), —pl(x), —pS*(x)). Note that L(9d,0) is not formally self-adjoint
differential operator.
Further let us introduce the generalized thermo-stress operator [6],

PY@,n) PP@,n)  [0l3x3 pon " —Bon "
0133  PP@,n) PP@,n) —byST(3,n) [0l3x
P@,n):=| [0l3x3 [01sx5  PO@,n) [0l [0]31 , (2.10)
[0]1x3 bpS(0, n) —on ayop 0
[O0]ix3 [O]1x3 nn 0 210 |

where

POG.m =[PP, 1=1.23.45,
’ 3

P@,n) = ( + 2)80, + Angd; + un e, P @,n) =% Y £pun,y,

=1
3 7 @.11)
P@.n) = y 80, + amid; + Pnjde. PO n) =01 Y exjpnyp,
p=1

P]i;)(a, n) = x0yj0, + x40 0 + xsn 0, S(3,n) = (9S1,05,,0S3),
081 = n203 —n3dy, 098 =n3d; —ny1dz, 083 =nj0, —nyd,

&xjp 1s the permutation (Levi-Civita) symbol, d, = d/0n is the normal derivative, n = (n, ns, n3).
The generalized thermo-stress vector has the form

P@,n)U = (TV@, m)U, TP@, n)U, TO@, n)U, TP@, n)U, T@,n)U)",
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where

TV@,mU = PV@, nyu + PP, n)o + (mov — Bob)n
]
= Qu+ %)a—u 4+ Andivu + pln x rot u] + x[n x w] + (nov — Bob)n,
n
T@@, U = PP, n)w + PP®, n)w — byST (3, n)v =

0
= (,3+y)8—w +andivw + B[n x rot o] — ui[n x w] — by[n x grad v],
n

3) 5) dw .
T (0,n)U = P (0, n)w = (x5 + x6)8— + x4ndivw + xs5[n X rot w],
n

ad 0
TY@, MU = boST (3, n)w — o n-w + aoa—v = aoa—v —Man-w—+byn-rot w,
n n
) a0
T @,n)U = »x;n-w~+ x7—.
on

We recall, that the central dot denotes the real scalar product a - b = Z,lcvzlakbk for a, b € CV, and [c¢ x d] denotes

the vector product of two vectors ¢, d € 3.
Further, let us introduce the associated boundary operator which occurs in Green’s formulas and is related to the

adjoint differential operator L*(3, o) := LT (=9, o),

PY@,n) PP@,n) [0l pon " —ipoToo n'
0153  PP@,n) iocPP@,n) —byST(@,n)  [0]35
PX@,n) = | [Ol3x3 [0]3x3 PO, n) (01351 (0351 , (2.12)
[0]1x3 boS(9, n) —i0 Won aoop 0
[0]1x3 [0]1x3 x3n 0 70y

11x11

where PY(3,n), j =1,2,3,4,5, are given by (2.11).

3. Green’s formulae
Let 27 be a finite three-dimensional region bounded by the Lyapunov surface 2+, 2 := R3 \ 2+.

Definition 3.1. A vector function U = (u,w,w, v, 0)" is said to be regular in a domain 27 C R3if U €
CX(Hncl).

For the regular vector functions U = (u, w, w, v,0)" and U’ = (u’, ', w’, v’, 8’) T in the domain 27, we have the
following Green formulae

/ U’-L(B,a)de:f {U’}+~{P(8,n)U}+ds—/ EU', Udx, (3.13)
n+ 90+ 0+

where the operators L(d, o) and P(9d,n) are given by (2.6) and (2.10) respectively, n is the outward unit normal
vector to 27 the symbols {-}* denote one-sided limiting values on 32 from £27F respectively; E(-, -) is the so
called energy bilinear form

EWU',U)= EVW , u)+ EP0, )+ E®W, w) — pou' - u—8a - w—nyv'v—iochb
—x (o -1totu+ w-rot u’)+ ) (w-rot ' +iocw' -rot w) — py (w - gradv’ +io w' - grad v)
+oaw - gradd + xyw - gradd — xow’ - w + po (vdivu' + v'divu) — By (0 divu’ (3.14)
+io To0 divu) — By (V'O + +io Ty vh') — by (rot o’ - grad v + rot w - gradv’) + ag grad v’
-grad v + x7 grad 0’ - grad 9,
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3+ 2u+x

EVW u)

3 Bxk ij Bxk

k,j=1
FRTEE s <B_+8_> (fux 2
4 Ny Y dx;  dx ) \0x;  Oxg

3 _
= Mdiva)/divw+ v—>F

3 /
+ - dw, 00 dw, ow;
+ u E <_k_|_ _J> <_k + _f>
r 1 ket) 8Xj axk an axk
- <8w,/( 360}) <Ba)k 8a)j>
Pyt xe  0x; axy  dx; )’

3
— mdiv w/div w +

3 l
”%s + xg - dw, W] dwe  dw,
+ 4 Z ( an + 8xk ij + axk

EP(, ) rot ' - rotw

~.
Il

-

Y
o+ =
=

+

e — X5
rotw’ - rotw

E®w', w)

kj=1,k#j
+x5+x6 i: 8w,’(_3w} dwp  dw;
6 , axx  dx; axy  Ax; )’
k,j=1

We assume that the constitutive coefficients satisfy the following inequalities [6]

p>0, 7T>0, Z; >0, ap>0, a>0, b>0, u>0, 3x+2u >0,
x>0, BGr+2u+)n—3ud >0, xtxs >0, 34+ x5+ x5 >0,
w1 >0, (o +310)* < 4Tyrrsq, y+p>0, 3a+B8+y >0,
ao(y — B) —2b5 = 0.

3 ’
u, ou’\ (/9 ou
divu/divu+§rot u/-rotu+'u+% E (ﬁ——’> (ﬂ_ﬁ

8Xj

With the help of relations (3.13) and (3.14) we can show that the following second Green identity holds

/ [U'- L@, 0)U —U-L*0,0)U']dx
n+

- / (U} tp@.muyt =yt - {Pr@.mu'}* | as,
a0+t

)

(3.15)

(3.16)

where the differential operator L(3, o) is given by (2.6), L*(d, o) = LT(—, o) is the formally adjoint operator to
L(9, o), the boundary operators P(d, n) and P*(d, n) are defined by (2.10), (2.11) and (2.12) respectively.
The corresponding Green identities hold true in the case of an exterior unbounded domain {2~ if regular vector

functions U and U’ satisfy decay conditions at infinity.
Let us remark that the differential operator
L(9) := L(9,0)

corresponds to the static equilibrium case, while the formally self-adjoint differential operator
Ly)@) [0 [003s [0l [0l
(0133 L§"(@) [0l [0hsa [Olsc

— 3

Lo@) = | [0lsx3  [0lsxs Lo @) [0l [0l |

]

]

1x3 [0]1><3 [O]lx3 aOA 0
[0lix3  [0lixs  [Olix3 0 LAY

with
Ly (®) = (u + 20 AL + ( + 1) Q(d),
Ly @) =y AL + (@ + AQ(O),
LV @) = % ALy + (e + x5) 0(9),
represents the principal homogeneous part of operators (2.6) and (3.17).

(3.17)

(3.18)

(3.19)
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Note that the differential operators Ly(d) and L(d, o) are strongly elliptic and the following inequality (the
accretivity condition) holds (cf., e.g., [14], Part I, §5)

11

CIEPI® = Lo@n-n=Y_ Loy = Cil&Inl? (3.20)
k.j=1

with some constants C, > 0 (k = 1, 2) for arbitrary £ € R3 and arbitrary complex vector n € C!'.

4. Representation of solutions by metaharmonic functions

Let us introduce the following differential operators

[h0A + po? 0 poA —foA

1 0 l()A + X0 iO’,LLzA —}f3A

A(A) = — det
1 d; — o —p2  agA+ 1o Bi
ioBoTy x iopiTy wA+ioc ind
= (A + kDA + KA+ k5)(A + k),
1 [ po? — (1 + x) rotrot x rot 0
Ay(rot) = — det x rot 8 — y rotrot — g Tot
Po i 0 —iop ot o — xgTotrot |, .

= —(rotrot — k?)(rot rot — ké)(rot rot — k%),

where di = apholox7, ro = A+ 2u+x, lo = x4+ x5+ x5, po = y (L + 2)xs and —k?, Jj =1,2,3,4 are the
roots of the equation

A1) =0, 4.21)
while k‘?, Jj =5,6,7, are the roots of the following equation

v+ t® — [+ 3)(Ex6 + yxo +iopd) + xs(pa’y +x?)|r?

4.22
+ [,002(8}:6 + yxo+ ia,u%) + 20(S( + x) + %2)]t — 8%0,002 =0. ( )

Let {2 be a bounded region in R3.

Theorem 4.1. A vector U = (u, w, w, v, 0)" € C>({2) is a solution of the homogeneous system L(d,0)U = 0ina
domain 2 C R? if and only if U is representable in the form

7 7
u(x) =Y uVx), o) =u®0x) + > y;rotu(x),

j=I1 Jj=5

] ) \ (4.23)
wx) =Y au(x), v =Y y;divu(x), 0(x)=) 8 divul(x),
j=1 j=1 j=1
where
(A+ku(x) =0, j=1,2,....8, rotu”(x) =0, j=1,2734.38, )
divu(x) =0, j=5.6,7, ki=0/ao, ao=a+ B+, '
1
aj = a—[()voka- - ,002)(610%3/(,2' — Noxs — ioBiin2) — polpoxs — i0ﬁ0M2)kJ2-],
1
1
Yi = pwe [(kok,g — po ) Billok; — x0) — paxsk’ | — Bopo(lok; — %o)ka»], (4.25)
J
1 . .
5= |0k} = po W0k — sk} — mo) =i 3k]] = ek} =)k ] i =1.2.3.4
J
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io (i + 2)k; — po?) ) (14 0k; — po® s 67
9 i = 9 J = b 9 9
x (g — 6k3) ! <k (4.26)

ar = aoPolok; — [ﬁo(floko +lono + io3) + pollofr — M2%3)]k,2< + 20(oB1 + Bono)-

a; =

Proof. Assume that a vector U = (u, w, w, v, )" € C?({2) is a solution of the homogeneous system L(d, 0)U = 0.
Homogeneous equations (2.1)—(2.3) (with H = 0, g = 0, G = 0) can be rewritten in the form

u@) =u'(x) +u’"(x), wkx)=o'(x)+ao"x), wkx)=wx)+w'(x) (4.27)
where

u'(x) = #grad(—)»o div u(x) — pov(x) + Bof(x)), (4.28)

u'(x) = Lzrot((u + s)rotu(x) — xw(x)), (4.29)
ores

o'(x) = —kizgrad div w(x), (4.30)

8

o"(x) = %rot(yrotw(x) — xu(x) + piw(x)), (4.31)

w'(x) = %Lgrad(—lo divw(x) — iouav(x) + x360(x)), (4.32)
0

w’(x) = %irot (xgrot w(x) + iopuiw(x)). (4.33)
0

Applying the operator div to both sides of the homogeneous equations (2.1)—(2.3), and take into account the
homogeneous equations (2.4), (2.5) (with [ = 0, §* = 0), with respect to the vector (div u, divw, v,0)" we find

A (A)divu, divw, v,0)" = (A+ kDA + KA + k(A + k3)(divu, divw, v, 0)" =0,
(A+kddivw = 0.
In view of the equalities (4.27)-(4.33) we establish that vectors (u’, w’, v, #)T and o' are solutions of the following
equations
(A4 ENA+ A+ A+ D)W, w,v,60)" =0,
(A+k)dive' =0, rotu’' =0, rotw =0, rotw =0.

Therefore the vectors u’, @', w” and the functions v, 6 can be represented as follows:

4 4 4
W)=Y u@), w@ =Y wx). v =Y 1)
= =l =l (4.34)
0y = 0V), o) =u®(),
j=1
where
4 2
) ) ) ) A+k
(M(j)7 w(/)’ v(j)’ 9(/))T _ 1_[ - kté (ur’ w', v, Q)T’ j=1,23,4. (4.35)
g=lg#j 4 i
With the help of relations (4.34) and (4.35), we derive
(A+kHu(x) =0, rotu(x) =0,
A+ 2w (x) =0, rotw(x)=0,
(A+kHw?(x) (x) 436)

A+ k() =0, (A+kpoV) =0, j=12.3.4,
A+ kHu®x) =0, rotu®x)=0.
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Since
divu =divy’, divew =dive’, divw =divw’, rotu’' =0, rotw =0, rotw =0,
we find that
grad divu’ = Au’ + rotrotu’ = Au’,
grad dive’ = Ao/,
/

grad divw' = Aw'.

Therefore from (4.27) and the homogeneous equations (2.4) and (2.5), with the help of equalities (4.35) and (4.36),
we get

(po? — koka-)u('i) + po grad v — By grad 8’ = 0,
(20 — loka-)w(j) +io s grad v — 3 grad 8V =0,

. ‘ . . 4.37
—podivu? = divw? + (o — aok?)v(” 1BV =0, (4.37)
iBoToo divu' + o divw? + i Too v + (ioc — kjx)0V =0, j=1,2,3,4.
Using (4.21) we can show that the solution of the homogeneous system (4.37) has the form
Dix) — oy D) — v div gD
w(x) = ajul’(x), vV(x)=y;divu’(x), (4.38)

0V (x) = §;divu(x), rotu’(x)=0, j=1,23,4,

where constants «;, y;, §; are given by (4.25), (4.26) and uP(x) is arbitrary vector, satisfying the equations in the
first raw (4.36).
Keeping in mind equalities (4.38), from (4.34) we find

4 4
W) =Y uPw), 0@ =u®w), we =Y auw),
/= A J=1 (4.39)
v() =Y yidivu(x), 0(x) =) 8;divu(x), rotu(x)=0, j=1,2,3438.
j=1 j=1

Further, if we apply the operator rot to both sides of homogeneous equations (2.1)—(2.3), we arrive at the following
equation with respect to the vector (rotu, rotw, rot w)T,

Ay(rot)(rotu, rotw, rotw)' = (A + kg)(A + ké)(A + k%)(rotu, rotw, rotw)' = 0. (4.40)

By using Eq. (4.40) we can show that the vectors u”, " and w”, defined by relations (4.29), (4.31), and (4.33)
satisfy the following equations

(A+ KA+ A+ )W, o, w")T =0,

divu” =0, dive” =0, divw’ =0. @.41)
The vectors u”, »”, and w”, as solutions of Eq. (4.41), can be represented in the form of the following sums,
7 7 7
W)=Y ux), ') =) V), w'x) =) w), (4.42)
=5 j=5 j=5
where
7 2
) . ) A4k
[((APNE)! UNT q 4 T P
W, oV, wW)" = l_[ kz_kz(u’,w”,w/’), j=5,6,17.
q=5,9#j 4 J

Applying Eqs. (4.41), for the vectors u', o, w', j =35, 6,7, we derive
(A+kHuP(x) =0, divu(x) =0,
(A+kHoVx) =0, dive’(x) =0, (4.43)
(A+kHwP(x) =0, divwPx) =0, j=5,67.
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On the other hand, since

rotu =rotu”, rotw =rotw”, rotw =rotw”,
dive” =0, dive” =0, divw” =0

and

/" "

rotrotu” = —Au”, rotrote” = —Aw”, rotrotw” = —Aw”,
from (4.29), (4.31), and (4.33) we have

(po? — (u+ }:)ka.)u(j)(x) + xrotw(x) = 0,

xrotu(x) + (8 — y ko' (x) — py rotw'(x) =0, (4.44)

—iop rot @Y (x) + (20 — xe k?)w(j)(x) =0, j=5,6,7.
Take into account (4.22) it is easy to verify that the vectors

(u(j), a)(j), w(j))T — (u(j), Vi rotu(j), o; u(j))T, j=5,6,7, (4.45)
where «;, y;, j = 5,6,7, are given by (4.26), are solutions of the homogeneous system (4.44) for arbitrary ud)
satisfying Eqs. (4.43).

Substituting the expressions of @) and w from (4.45) into (4.42), we get
7 7 7
W)=Yy w0, ') =) yjrotu(x), w'(x) = a;ul(x),
j=5 - J=5 j=5
divu’(x)=0, j=5,6,7.

Finally, formulas (4.27), (4.39), and (4.46) prove the first part of the theorem.
The sufficient part of the theorem we can prove by substituting the vector U = (u, w, w, v, )" represented by
(4.23)—(4.26) into the homogeneous system L(d, o)U = 0. [

(4.46)

Throughout the paper we assume that
Imk; >0, j=1,2,...,8. (4.47)
Definition 4.2. Aj:ctor U=@,w,w,v,0) issaid to be regular in {27 if it is representable in the form (4.23), and:
i) UeCY (2 )NnC*(N);
(i) for x| > 1,

9 : :
<— - ik,) w(x) = MO, 1=1,2,3, j=1,2,...,8. (4.48)
X

Remark 4.3. If vectors u'), j = 1,2,...,8, satisfy equations (A + k?)u(/’) = 0 and conditions (4.48) then for
sufficiently large |x| the following decay conditions hold true [21]

ux) = ei¥o(xh, j=1,2,...,8. (4.49)
Keeping in mind relations (4.47) and (4.49), for sufficiently large |x| from (4.23) we have

U=, o w0 =eMo(x™),
where ¢ = lI<njir<18(lm ki) > 0.

SV

Therefore a regular vector U and its partial derivatives 3'U decay exponentially as |x| — oo for arbitrary
multi-index [ = (I1, I, [3).

By the standard limiting procedure it can be shown that for regular vectors Green’s identities hold in an unbounded
domain {2~. In particular, for regular vectors U and U’ in the domain {2~ we have the following Green formulae

/ U - L@, o)Udx = —/ {U/}_-{P(a,n)U}_ds—/ E(U’, U)dx. (4.50)
- 82— 02~
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5. Boundary value problems and uniqueness theorems

Let us formulate the basic interior and exterior boundary value problems for the domains £ and 2~ = R3\ 2+,
S = 82F. We assume that S € C1¥ ,, 0 < y’ < 1. In what follows, n(z) stands for the outward unit normal vector at
the point z € S with respect to the domain 2.

Problem (/)* (Dirichlet problem). Find a regular solution vector U = (u, w, w, v, 0)7" to the differential
equation

L@®@,0)U(x) = $%(x), x € 07, (5.51)
satisfying the boundary condition

U@ = f@), ze€S. (5.52)

Problem (//¢)* (Neumann problem). Find a regular solution vector U = (1, w, w, v, 0)" to the Eq. (5.51),
satisfying the boundary condition

(PO, n) U@ = F(z), z€S. (5.53)
We assume that the data of the boundary value problems belong to the appropriate classes,
dF e COY(D)E, Fech(©S), Fec®™(S), 0<a <y ' <I;

in addition, in the case of exterior problems we assume that the vector-function @~ is compactly supported in 2.
Now we prove the following uniqueness theorem.

Theorem 5.1. Let o0 = oy + ioy, with o1 € R and 0, > 0. Then the homogeneous boundary value problems (1©9)*
and (I1°)* have only the trivial solution in the class of regular vector-function.

Proof. Let U = (u,w,w,v,0)" be a regular solution of the homogeneous boundary value problem (I))* or
(I1)*. Since L(3, 0)U = 0, we can apply Green’s formula of type (3.13) or (4.50) for the vector function U and
its complex conjugate U. In particular, let us perform the following operations:
(ii) multiply the complex conjugate of homogeneous equations (2.3) and (2.5) by w and TLO@ respectively;
(iii) Sum the results and integrate over the domain 21 or 2°.

We arrive at the following relation

:l:/ [i gu(x)-TVO, nUX)+io o) - TP0, n)Ux) + wkx) - TA0, n)U(x)
a0+

| B B (5.54)
+iov()TP0, nU(x) + T@(x)T(S)(B, n)U(x)] ds — / E*(U,U)dx =0,
0 0T
where
— ~ 3042 i
E*U,U) =i GEV@, u)+i 6¥|divu|2 + 2 " votul? — i oplo Plul? + i Tpo(v divi

+vdivu) —i 5x(@ - rotu + w - roti) + i 0 EX(@, w) — i 58|w|> + i Tho(rot@ - grad v
+rotw - gradv) + E¥w, w) — %olw|? + 3w - grad 6 + ?w -grad @ + i oap|grad v|?
0
y =B

b2 ioc
—ionolvP + L|erad 0 + 10 +i & rot w|?,
T T
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3 2 3 2
0@ =222y ?—2& +2“:" 3 ? gﬂ
k=1 | OXk Xj k,j=1, ke | 0% Xk
3 2 3
~ 3 0 ow; 0 d
B@ ) = T v p 4 LTE 5 (20 Sorp Y EP o o S0
k=t ke | 0% Xk k=1 | 9%k Xj
3 _
EOw, w) = WMivwlz + 2T otw]?
3
x5 + xg ow,  dw; )f5+)f6 dwy 8wj
Ty 2 ax; | ox Z oxe  0x;
kj=1,k#j ! O k k j

Since U = (u, w, w, v, 0)" solves the homogeneous boundary value problem (I or (11))*, we see that in the
left hand side of (5.54) the surface integral vanishes and we get

/ E*(U,U)dx = 0.
0+
The real part of this equation reads as
~ 1
/ {GQE(I)(E, ) + oaplo Plul? + oz[gm + 20 4 0|div ul? + po(v div + 7 divu) + n|v|2]
n*
~ 1
+0’2E(2)(5, ) —|—l'102|c7|2|a)|2 + Ecrz)f[lrotul2 — 2(w -rotu + w - rotu) + 4|a)|2]
1
—i—az[z(y — B)lrotw|* + by(rot@ - grad v + rot w - grad v) + a0|gradv|2] (5.55)
1 1 _
+ ED@@, w) + oablw|? + ?[%2To|w|2 + 500 + Toxs)(w - gradf + - grad 6) + x7|grad9|2]
0
+ToloPv? + 02a|9|2]dx —0.

Taking into account conditions (3.15) and the following inequalities

3042
(1 %mwmz+Mo(vdivﬁ+vdivu)+n|v|2
’ 2
_ 1 3L+2
= L,'uolvl2 + — luov + e divul® > 0, of = M’
OlO 05() 3
2 rotu|* — 2(w - rot + @ - rotu) + 4|w|* = |rotu — 2w|* > 0,
3) . ; B totwl? + bu(rot@ - grad v + rote - grad ) + aolgrad vf?
— B) —2b2 1
— meﬁ + —|borot w + apgrad v|* > 0,
2ay ap
1 —
) saTylwl? + 2Ca + Toxs)(w - grad @ +0 - grad 0) + 7 |grad
4T, - Tox3)? 1
_ Hoxang (er + Toxs) wl? + — |Ger + Toxs)w + 2x7grad9|2 >0,
4¢7 437
we derive

Re E*(U,U) >0, x e 0%,
Therefore, from (5.55) it follows that U = 0 for x € 2F. O

6. Fundamental matrix of solutions

Let Fy¢ and F._,, denote the direct and inverse generalized Fourier transform in the space of tempered
distributions (Schwartz space S'(R?)), which for regular summable functions f and f read as follows
Feoelf1= / fedx = f&), FLIf1=—— / FE e 5 ds = f(x), (6.56)
R3 2r)’ Jr3
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where x = (x, x5, x3) and & = (£, &, &;). Note that for arbitrary multi-index & = (@, @2, @3) and f € S'(R?)

FLo“ f1= (=i &*FIf), FUg*f1=Ga*F [, (6.57)
where |o| = o) + ap + o3 and % = &1 £,% £5°.

Denote by I'(x, o) = [I}j(x, 0)]11x11 the matrix of fundamental solutions of the operator L(d, o) (see (2.6), (2.7))
L(0,0)'(x,0)=38(x) I1; (6.58)
here 4( - ) is Dirac’s delta distribution. We assume that the frequency parameter o is complex, in general,
o=o0+io0p, 01,00 €R.
We represent the matrix ['(x, o) in the block wise form

I'Yx,0) I'%x,0) I'%,0) I'%0) I'O%,0)
I'x,0) I'x,0) I'®%x,0) I'%%0) I'Y%, o0)
I'x,o)=|I'"Yx,0) I'P%x,0) I'%,0) I'%, 0) ', 0)
F(l6)(x, o) I'(x, o) F(18)(x, o) I'P%,0) I'x, o)

I'x,0) Ir'?x,0) r'x,o) r*x«o r*wol,, ,

where
', o) =[x, 0)]
I'x, o) =[x, 0)]
', o) =[x, 0)]

j=12,3,6,7,8,11,12,13,
Jj=4,5910,14,15,
Jj=16,17,18,21, 22,23,

3x3’
3x1’
1x3’

and I''"(x, o), I'*(x, o), I'®(x, ¢), and I'®(x, o) are scalar functions.

By I'(¢,0) and I'W(&, o) we denote the Fourier transforms of the matrices I'(x, o) and I'®(x,0), k =
1,2,...,25.

Applying the Fourier transform to Eq. (6.58) and taking into consideration (6.57) and the equality F[5(-)] = 1, we
get
L(—i£,0)T(E 0) = I. (6.59)

We have to determine f(é , 0) from (6.59) and afterwards with the help of the inverse Fourier transform construct
the fundamental matrix ['(x, o) explicitly in terms of standard elementary functions. Evidently, first of all we have to

represent the matrix I'(§, o) = [L(—i £, o)]~" in such form which is convenient for calculation of the inverse Fourier
transform.

To this end, we proceed as follows. We set r := |£| = /&7 + &7 + &7 and introduce the notation

AE) = LY(—i&, o) =[po® — (u+)r*1 s — O + 1) Q(),
B(E):=L"(—=i&,0) =@ —yr) L — (@ + B)OE), (6.60)
CE):=L"=i&, 0)= (g — xr*) Is — (g + x5) Q(&),

where Q(-) is defined by (2.8). In view of (2.6)—(2.8) from (6.59) we easily derive
AE)TVE, 0) — ixRE TIVE, 0) —ipos TUMIE, o) +i pot TV, 0) = 81,1,
—ixRETVE o)+ BE T E o) +i g RE)TIYTOE, 0) = 8,1,
—o i RE) T, 0) + CE TUTOE, 0) + 0 po £ T, 0) + s T TU(E, 0) = 83,15,
inok TV, 0) + ipag TUHOE, 0) + (g — ag r?) TUH(E, 0) + By T (E, 0) = 645,
BoToo TV(E, 0) — i3 TP, 0) +iop Ty TV (&, 0) + (ioc — 1) TPV (E, 0) = bs;,
j=12,...,5,

(6.61)

where R(-) is defined by (2.8).
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Applying the relations (2.8), (2.9) and (6.60) we can easily show that
AE)=A(—E)=AT(&), B(E)=B(-§)=B"(), CE) =C(-&=C&),
0E)=Q(&), R'(E)=—RE) =R(-§), QERE) = RE)OE) = [0l3x3,
[QE =r*0), [RE) = QE)—r’L,

and the matrices A, B and C commute to each other.
By direct calculations, we can show that the elements of the matrix I'(§, o) from the system (6.61) have the form

', 0) = A(g) la;j(§)13+b;(5)QE)], j=1,3,7 11,13,
¢, 0) = A(S)c,@m@ j=2.6812,
TWE, o) = A(E)c,(g)g j=4,5,14,15,
TUE, o) = %‘E)c,@)g, j=16,18,21,23,
TUE, o) = A@)a,(g) j =19,20,24,25,

TYE, 0) =003 j=9,10,
T9E 0) =001, j=17,22.

Here
11
A§) = det L(—i, 0) = x6 (lor” — x0)a()(a(€) + bE)n?) A'(§) = didads [ [ (> = 37); (6.62)

j=1
dl = )\0107{7(10, dz = 060)\())/ (/,L + J{)J{g, d3 = Jfﬁl(),

A= pa% ko, A3 =x0/lo, M=o/, A =8/ap,

ké, kg, )‘%o are the roots of the equation a(&) = 0, where

a(§) = xs(r* = a)[(po* = (w4 2r)(yr? = 8) + 2°r?] + io i [(u + 3)r* = po*]r? (6.63)
= —p(u + 20)x6(r* — 2D — 1) = Ady); '
b(E) = —x(r* — M)[ao(r + w)(r* — A1) + (@ + (1 +20r* — po?) + 7]
) > > (6.64)
—ioui[(u+ ) — po?],
AYE) = a@) + bE)* = —aphoxs(r> — AD(r* — M) — A7), (6.65)

)L?, J = 3,4, 5, 6 are roots of the equation A’'(§) =
A'€) = [ug 126 — By 13 To o™ — ioBo po wa (ey + Toaz)|r?
— ho[iopu30ar? —ioc) + xyes(aor® — no) — iofrualer + Toxz)|(r> — ADr?
— o[ ugCer® —ioe) +if; Too (aor” — mo) — 2ioBofi Topo|(r* — 23)r’ (6.66)
+ holo[Ger? —ioe)agr® — no) — io BT To|(r> — AN — A3)
= di(r? = 1) =207 =207 — 29,

11
2458) = a®)[a®) + bE)r’] = d(r® =D [ o7 = 2D, (6.67)

j=1

As(§) = ds(r* — 23)(r* — A3), (6.68)

A(E) = aE) + bE)W? = —aphore(r? — AD(* — A3)(r* — A7), (6.69)
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ai1(&) = dy A'E)AYE)r? — 2)[x6(y 12 — 8)(r? — 22) —iouir?],

a3(&) = — e ds A'(E) Ay (&) (r> — A)r,

a7(8) = x6 d3[(u + 20)r* — pa” | A ) ALE)r? — A3)(r* — A),
ai(§) = —iopixdsr?(rt — M) A(E) AL (&),

I}
ai€) = - S0 = RN @[io i+ 00 = potirAyE) — Ax(®)],
7

aro(§) = dy(r* — 13)Aa(& (&),
ax(€) = —ds(r* — 13) Aa(E)ana(§),
axu(€) = —ds(r’* — 23) Aa(&)aay (§),
ars(€) = dy(r* — 13) Aa(E)er1 (§),

a1 (&) = pglo(r? — A)r* +iousro(r® — ADr? + rolo(no — agr>)(r* — AD(r* — A3),
a1(&) = —poPolo(r® — Ar? — parors(r? — 2Hr? + Birolo(r® — A2)(r? — 23),
@ (&) = —ipoPoToloo (r* — A2r? — ixjparoo (2 — A2r? + io i Torolo(r® — A2)(r? — 13),

an(é) = ia,BgTolo(r2 — A%)rz + %1%3)\0(7‘2 — A%)rz — Aolo(}c7r2 — icrc)(r2 — A%)(r2 — A%),

bi(§) = aoxeds(r® — M3)(r* — 19)(r* — A {B11E)a(®)
— [roxs(ar + B)r* — A — 23) + iohoui(r> — AD) + b(E)]|A'(E)}.
b3(§) = aoxe(r’ — 27 A3(E)[a@)Br3(E) — hopr(r® — ADA'E)],
br(§) = —x6 A'(§)A3(E)[ Mob(E)r* — 1) — (A + ) A(E)].
bi(§) = xelioplox(r’® — A)ALE)A'(E) + (0 payar(€) + ixsys1(§) Ax(§)],

bi3(&) = ioputaoloroxs(r* — AN — A — A1)+ 3)r* — po?) A'(E)
11

+ 260 a3 (€) + i3 y53(E) Aa(§) + daCoeg + 25)(r* — DA E) [ [o* = 23,
j=8

e2(§) = —inng A ()AL () A3(8),

cs(§) = aoxea(§)PraE)r® — A1) A3(6),

es(§) = apxea(®)Pis(E)r* — A1) As(E),

c6(§) = —inxng A'(€)A5()A3(8),

es(§) = ipds(r’ — M) (u +20r> — po) A'(§) Ay(§),
cpE) = —omds((u +30r* — po?)(r? — A3)A'(E) AL (&),
c14(&) = x6(0 paoan(§) — inzan1 (§))Aa(§),

c15(8) = —xe(o pra12(8) — inzay1(§)) A (8),

c16(8) = d3(r* — A3) Ma(E)yai (§),

c13(8) = d3(r* — A3) M (E)yaa (8),

e21(8) = d3(r® — 23) AsE)ys1(6),

e3(&) = d3(r* — A3) Ma(E)ysa(8),

Bui(§) = ipoyn(§) —iBoysi(§),  PBi3(§) = inoyas(§) — iBoyss(§),

B1a(§) = ipoan(§) + ifoani(§), Pis(§) = —ipoa12(8) — iBocri(§),

ya(€) = (i poxi + o Popars To)r* — [i,uolo(?fﬂ2 —ioc)+ ,30,31100710](”2 — A3,
va3(8) = —Poo maPoTy + ipox))r® — iro[paGerr?® —ioe) — s Bi](r? = A9,
y51(§) = o pa(iofopaTo — mox)r? — loToo [Bolaor® — no) — o] = 43),
¥53(6) = —po(ixipo + o uaBoTo)r? + holixi(aor® — no) + o 2 pri To|(r> — AD).
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(6.70)

6.71)

(6.72)

(6.73)

(6.74)

(6.75)

(6.76)
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Therefore, we can represent the matrix f(é, o) in the form

T 0)=[L(-i&0)] " = ﬁ M, 0), (6.77)

where

a1§) Iz [Olsxs  a3(§) 5 [0lsx1  [Ol3xi
[Ol3xs  a7(6) Iz [Olsxs  [Olsx1 [Olsxi
ME,0) = |an@)lz [0z a€)z [0z [0l3x
[Olixs  [Olixs  [Olixs ap() ax(é)
| [Olixa  [Olixs  [Olixs  a24(§) axs(§)

b1(§) Q&) [0]3x3 b3(§) Q&) [0l3x1  [Ol3x1
(0133 b1(§) Q&) [0]3x3 [0]3x1  [O]3x1
+ | bu(§) Q) [0]3x3 b13(8) Q(§) [0lsx1  [Ol3x1
[0]1x3 [0]1x3 [0]1x3 0 0
[0]1x3 [0]1x3 [0]1x3 0 0

[0l @@RE O @& @&
c6(§) R(§) [0]3x3 cg(§)R(E)  [0l3x1 [0]3%1

+| [Olxs @ RE)  [Olxs  cu@E" cs@EE"|. (6.78)
ci6§) & [0]1x3 ci3(§) & 0 0
c1(6)& [0]1x3 c3()é& 0 0

It is easy to see that the entries of the 11 x 11 matrix M(&, o) are polynomials in &. Therefore to invert the
Fourier transform and find an explicit form for the fundamental matrix I'(x, o) we need the roots of the equation

A(r)y=detL(—i&,0) =0 with r = |&]|.

Due to the evenness of the function A(r) with respect to r, it is clear that if » = ry is a root of the equation A(r) = 0,
then soisr = —ry.

In view of (6.62) the roots of the equation A(r) = O are +A;, j = 1,2, ..., 11. For simplicity we assume that (see
Appendix) A; # Ag, for j #k,ImA; > 0,and if ImA; =0, then ; > 0.

Therefore in view of (6.77) we can represent the fundamental solution as

—~ 1 1 1
I'(x,o)=F.! [F o) =— F! [M , ]: M(i 9, 0) F.! [— 6.79
(x,0)=F | & 0)] T g e ME ) g | = g Mid o) P, @(r)] (6.79)
where
11
o(r) = [ Jo* = 1%).
j=1
Note that
11
1 pj
= Z 2_ 52’
D(r) o —A;
where the parameters pp, p», ..., p11 solve the system of linear algebraic equations

M pi+ A" pr AT pn =0, m=0,1,....9,
MOpr+apa+ o+ A py = 1.
They can be represented as follows

-1

11
pi=| [T &=

I=1,1#)
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Note that, if ImA; > 0, then

1 eikjlx\
]:E_—m 5| = .
P22 | Axlx|

Therefore
7 [L] _ b - . ﬂ (6.80)
=g T am &P Ty '
j=1
Now from (6.79) and (6.80) it follows that
I'(x,0) L Md.o) > e (6.81)
X, 0)= ———— i0,0 ; .
47 dy dyds = P
or
I'(x,0) ! M(id,0) ¥(x,0)
,0) = —————— 5 ,0),
* 47 dl d2 d3 ! ‘ *

where the differential operator M(i 9, o) is given by (6.78) with i d for £ and

1A |x|

U(x,o0)= Zp] ]

We can calculate the expression M(i 9, o) ¥(x, o) and rewrite the fundamental solution in a more explicit form.
To this end let us note that
ol hilxl ol kil

|x|

and apply formulas (6.63)—(6.76) to obtain

|x|

IA [x]
a(i 9)¥(x, o) = Zp, G
lk [x]
b(i 0)¥(x,0) = Zp, r—
lk |x|
aidNV(x,0)= ijalj ®EE 1=1,3,7,11,13, 19,20, 24, 25,
el')»j‘xl
b,(ia)wx,a)zzp,b;; TR 1=1,3,7,11,13,
11 ol Ml
ai NV (x, o) = Z picl; T 1=2,4,5,6,8,12, 14, 15, 16, 18, 21, 23,
j=1
where
10
a; = y(u+0x [ [0F = 13,
=8

by = —x6(A5 = A)[en(h + (5 = A3) + (o + B + 04 — paz) +x°] —iopi((u+ 2045 = po?),

*
ap

= —aohoxsdr ds (3 — A3 [x6(y 22 — $)(W2 — 23) — iouid] ]_[(x2 — ),

a3; = —pixenroxed ds A3(A% — A3) ]_[(,\2 A7),

=1

J
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7
—aproxgdids((n + 2000 — pa®)(A5 — AT — A7) H(Aﬁ — A7),
I=1

* —
aj; =

7
afy; = iopxaohoxsd ds 15075 — A3)) ]‘[(}\3 -2,
=1
6 11
atyy = —lody [J02 = 4] )[wulaoxoxﬁ(xz KD 42002 = o222+ d [ 02 = 33 )]
=1 =8
11

ajy; = —drds (02 — D2 = 2D []02 - A)ad.
=7
11 )
gy = —drds 32— 2D — 1) [[02 - aPed)
=7
11
a3y = —drds (12 = D02 =D 32 = 4Dl
=7
11

ass; = dady 03 =23 = ) 35 = aDal?,

=7
o) = lopd (A2 = 23032 +iopdro(h2 — ADA2 + loo(no — aor2)(32 — ADH(2 = 13),
ai) = —oPolo 03 = A)A3 — takoxs (A3 — ADAZ + Bidolo(A3 — AD(3 — 1),
oS = —ipgaloBoTy (A5 = MDAS — iy a0 do(A5 — ADAT + ioBiroloTo(A; — AD(AT — 23),
a5y = il B3 To 03 — ADA2 + s x3ho(A3 — MDA — Rolo(erd2 — io )33 — A2 — A3),

b}, = aoxeda(h; — D02 — A2 — A%l){ \

6
—d [xo}%(a + B2 =202 =2 +iohoud02 — WD) + bj] o3 - A%)},
=3
6
b3, = —aoxsds(hj — (2 — A2 — )ﬁl)[a BY — hopixd 62 =3 []032 — ,\12)],
=3
7
b3, = —xodidy [Aobj. + O+ waodoxs (02 — 23R — x%l)] 102 -
=1
7 11
by, = %6[—iﬁlt1%ao)»0d1d3(k§ - )»%1)1_[()»? — 02 + da(o oyl + iyl )(}\,2 A )1_[()»2 — A )]
=1 =7

6

biy; = iopfaohedids(05 — A+ 201% — po) [ [0F = 4D
=1

11
+didy (s + #5)(33 — A )1‘[@2 A )1‘[@2 D)+ xeda(o payd + sy [ [0F = 2D,
=3 =8 =8

Vil = (iporris + oPouaxsTo)k; — [ipoloCGeris — ioe) + BoPiloo To|(A] — A3),
vl = —Bolo aPoTo + ipox)r2 — ido[pa(erd? — ioe) — oy By ] (32 — A3),
sl = opaioforaTo — pox)A% — lyToo [Bolaoh? — no) — o1 J(A% — 33),
vsd) = —polix o + o u2BoTo)A; + holixi(@or — o) + o 2 fi To] (A5 — A7),
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7
= iaghoxgrdids (0% — 1) =23 [](% = A
=1
ch; = aoxedsal By 03 — 203 — 303 — 3.

*
c2j

cl; = aoxedsa’i Bl (03 — 2902 — 233 — A,
7
ct; = iaohorngdids 05 — 135 — A [0F = AD.

=1

7
¢5 = —imaokorsdids (05 — 1)+ 085 — po) [ [4F =27,
I=1

7
Ch; = o maohoxsdids (05 — 1) + 003 — pa®) [ JF = 4D,
=1

1
Clyj = %(ﬂ'z((fﬂzoéjz) — i%3a;jl))()»§ ) HO@ -,
=7

11
cisj = —xeda(o pay) — isse )65 = D []0F = 4D,
11 =
cio; = oyl 03 = 2H03 =D [ ]62 = 4D,
ll=17
Clg; = dzdsl/g)()»i - )»f)(k? -3 H()@ —D),
=7

1
(32 32v042 52 2 .2
&1 = dadzys) (A — AN — }‘2)1_[()”1‘ — AP,
=7

11
() q2 2v092 2 2 2
h3j = dadsysy (A — A — )‘2)1_[()‘1‘ =),
=7

0 _ () _ () ) _ () _ ()
1]1 = 10Y4] —lﬁol’sf» 1]3 = 1H0Y43 _%30)’557
) _ ) 4 () () : ) _ )
14 = itoe) + ifoctsy’, 5 = —itoeryy — ifoctyy.
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From (6.78) and (6.79) with the help of the above relations we get the following representation of the fundamental

matrix
Ui(x,0) 13 [Ol3x3 W(x,0) 1z [Ol3x1 [0]3x1
[Ol3x3 Ur(x,0) I3 [0l3x3 [0]3x1 [0lsx1
I'(x,o) = Tnd did Vii(x,0) I3 [0]3x3 Vis(x,0)l3  [Ol3x (0131
a2 [0]13 [0]13 [0lis  Vio(x,0)  Wn(x,0)
[O]1x3 [0]1x3 [O]1x3 Uay(x,0) Was(x, o)
[ 0(0) ¥ (x,0) [0]3x3 Q@) ¥3(x,0) [0l3x1 [Ol3x1
[0]3x3 Q(9) ¥7(x, 0) [0]3x3 [Ol3x1 [O]3x1
+ | Q0) ¥11(x,0) [Ol3x3 Q@) ¥i3(x,0) [0lz3x1 [0l3x1
[O]1x3 [Ol1x3 [OT1x3 0 0
[O]1x3 [Ol1x3 [0]1x3 0 0
[0133 R@®) ¥ )(x,0) [033 VIWix,0) V' ¥ix, o)
R() ¥ ¢(x,0) [0]3x3 R(@)¥g(x,0) [0]3x1 [0]3x1
+ (0133 R(©®)V',(x,0) (0133 VIwi,(x,0) VIWi5x,0)
VW/IG(X,O') [0]1><3 VW/IS(X,U) 0 0
| VUl (x. o) (0]} 3 VU (x,0) 0 0

)

(6.82)
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where
1A|x\
U(x,0) = ijalj TR 1=1,3,7,11,13, 19,20, 24, 25,
N 11 *ei,\jm
Wl(x,a)——;pjb,jw, 1=1,3,7,11,13,
elklxl
wi(x, U)-lijcl] F 1=2,4,5,6,8,12, 14,15, 16, 18, 21, 23.

Remark 6.1. Note that (6.81) can be rewritten in the form

11
F(x,o)=>Y_ o"(x,0), (6.83)
where
a0 Pi  mao, e 6.84
(X’U)——W (i0,0) —— x| > (6.834)

and M(i 9, o) is defined by (6.78). Since M(i 9, o) is a matrix differential operator with constant coefficients from

the representation (6.84) it follows that the entries of the matrix #V)(x, o) = [@;,Jq) (x, 0)] are metaharmonic
1111

functions corresponding to the wave number 2 ;, i.e., solutions of the Helmholtz equation

(A+35) $)(x.0) =0, |x| #0,

and decay exponentially at infinity:

T |¢“><x o) — ik BY)(x, o) = exp{—ImA; [x[} O(Ix| ), p.q=T1,11,

as |x| — +o0.

The entries of the matrix ¢/)(x, o) and its derivatives satisfy also the following decay conditions at infinity [21]

) _ —1
#Y)(x, o) = exp{~Im2; |x[} O(Ix| ™),

P U (x,0) =ik ﬁ PU)(x,0) = exp{—ImA; |x[} O(Ix|7?), 1=1,2,3.

These asymptotic equalities can be differentiated any times with respect to the variable x.

In accordance with formulas (6.83), (6.84) and Corollary A.2 (see Appendix) we see that for Ino = 0, > 0 the
entries of the matrix I'(x, o) decay exponentially as |x| — oo sinceImA; > 0, j =1, 11.

Remark 6.2. Note that the matrix I'*(x, o) := [I'(—x, o)] " represents a fundamental solution to the formally adjoint
differential operator L*(9, o) = [L( a, a)]

L*(0, 0)[[(—x,0)]" = I 8(x).

In the case of repeated roots the fundamental solution can be obtained from (6.81) by the standard limiting procedure.

7. Principal singular part of the Fundamental matrix

The principal singular part I(x) of the fundamental matrix (6.82) represents a 11 x 11 fundamental matrix of
the operator L((d) defined by (3.18), (3.19) and solves the equation:

Lo(8)Io(x) = 8(x) ;. (7.85)
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It is easy to show that

I [O0hxs  [0hxs [0k [0l3x
0155 I°(x) [Oxs  [Olxr  [0lz

Do) = | [013x5  [Osx3  I37x)  [0l31 [0135: ; (7.86)
[0lixs [0l [Ols I37(x) 0
[0lixs  [0lixs  [Olix3 0 I,
where
1 2 A+
Ix)y=——— 1= - ZZ20@)x|t,
30 = g g B e Q@]
1 2 o+
1w =25 = L o),
7y Ux| Qg
1 2 x4 + K5
')y = — Sl AN 9 7.87
30 = g T e (7.87)
1
790 — _
0o @ 4 ag |x|’
1
) =———.
Y 41 27 |x|

Note that [H(x) = FOT (x) = Iy(—x) and the entries of the matrix [{(x) are homogeneous functions of order -1.
For an arbitrary multi-index o« = (¢, o, @3) and an arbitrary complex number o it can easily be shown that in a
neighborhood of the origin (i.e., for small |x|)

I[L'(x, 0) = o) = O(x|™), | =01 + a2 + 3,

which shows that I7(x) is a principal singular part of the matrix I'(x, o).

8. Integral representation formulae of solutions

Let us introduce the generalized single and double layer potentials, and the Newton type volume potential

V(p)(x) = /Sf(x —y,0)p(»dS,, xeR\S, (8.88)
W(p)(x) = /S [P*@y n oI (x = v, 0)] 9 dS,, xR\, (8.89)
Nos)) = [ T = 3o bdy, xR (890)
where I'(-, o) is the fundamental matrix given by (6.81) or (6.82), ¢ = (¢1. @2, ..., @11)| is a density vector-function
defined on S, while a density vector-function ¢ = (Y, ..., Y1) is defined on 2% and we assume that in the case

of {2~ the support of the density vector-function ¥ of the Newtonian potential (8.90) is a compact set, P*(d,, n(y)) is
the boundary differential operator defined by (2.12).
Due to the equality

Jp

11
> L4j(@r.0) ([P @y nODE (6 =y, )] )

j=1

11
= Y Lij(@y, 0) Py, (dy, n(y)Tjg(x =y, 0)
Jrq=1
11
= Z P;q(ay, n(Y)Lij(0y,0)jq(x —y,0)=0, x #y, k,p=1,11,
Jq=1
it can easily be checked that the potentials defined by (8.88) and (8.89) are C*°—smooth in R3 \ S and solve the
homogeneous equation L(d, o)U = 0in R3\ S for an arbitrary L p-summable vector function ¢. The volume potential
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solves the nonhomogeneous equation
L(,0)No=(y) = in 2F for ¢ e C*(02%). (8.91)
The relation (8.91) holds true for an arbitrary ¥ € L p((F) with 1<p< + oo.

Theorem 8.1. Let S = 902" b&‘l‘y/smooth with) <y’ < 1,0 = o0y +ioywithoy > 0, and let U be a regular
vector function of the class C*(£27). Then there holds the integral representation formula

U(x) for xe T,

0 for x e 2. (8.92)

W{UY)(x) = VAPUY)(x) + N+ (L3, 0)U)(x) = {

Proof. It follows from Green’s formula (3.16) with the domain of integration 2% \ B(x, &'), where x € 27 is treated
as a fixed parameter, B(x, ¢’) is a ball centered at the point x and radius &’ > 0 and B(x, &’) C £27. One needs to
take the jth column of the fundamental matrix I'™*(y — x, o) for U’, calculate the surface integrals over the sphere
Y(x,¢’) := dB(x, &) and pass to the limit as ¢’ — 0 (see [15], Appendix D). [

Similar representation formula holds in the exterior domain 2~ if a vector U and its derivatives possess some
asymptotic properties at infinity. In particular, the following assertion holds.

Theorem 8.2. Let S = 92~ be C"7 smooth with 0 < y ' < land let U be a regular vector of the class C*(£27),
such that for any multi-index o = (a1, o, a3) with 0 < || = oy + o + a3 < 2, the function 9%U; is polynomially
bounded at infinity, i.e., for sufficiently large |x|

10°U;(x)] < Colx|", j=1,2,... 11, (8.93)

with some constants m and Cy > 0. Then there holds the integral representation formula

0 for xe 27,

— WU} )x) + VEPU}Y )(x) + No- (L, 0)U)(x) = {U(x> for xe

where 0 = o1 + i 0p with o > 0.

Proof. The proof immediately follows from Theorem 8.1 and Remark 6.1. Indeed, one needs to write the integral
representation formula (8.92) for bounded domain 2~ N B(0, R), send then R to +o00 and take into consideration
that the surface integral over X(0, R) tends to zero due to the conditions (8.93) and the exponential decay of the
fundamental matrix at infinity.

Remark 8.3. Let o = o) +iop witho; € R and 0 > 0, and U be a solution to the homogeneous equations
L(3,0)U = 0in 0% satisfying the condition (8.93) and U € C Ly ,(.Qi) with some 0 < y / < 1. Then the following
representation formula holds

U(x) = W(IUls)(x) = V([PUIs)(x), x € QF,

where [U]s = {(U}T —{U}” and [PU]s = {PU}* —{PU}" on S. The proof immediately follows from Theorems 8.1
and 8.2.

9. Properties of layer potentials

Here we consider the mapping and regularity properties of the single and double layer potentials and the boundary
pseudodifferential operators generated by them in the Holder cmy' spaces. They can be established by standard
methods (see [8,15-17]). We remark only that the layer potentials corresponding to the fundamental matrices with
different values of the parameter o have the same smoothness properties and possess the same jump relations.
Therefore, using the word for word arguments given in [8,10,16,18,19,12,13,15,17] we can prove the following
theorems concerning the above introduced layer potentials.

If not otherwise stated, for simplicity, we assume that

S=00% e ™ withintegerm >2 and 0 <y’ <1;

oc=o0,+iop, 01 €R, Imo =0, >0. 0.9
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Theorem 9.1. Ler S, m, and y "be asin (9.94), 0 < 8 <y ', and let k < m — 1 be integer. Then the operators
Voo CRY(S) = CR@E), W CR(S) —» (09 (9.95)

are continuous.
Forany g € C%%(S), h € C¥(S), and any x € S

V() ] = V(g)x) = H gx), (9.96)
[P0, n(x) V()" = [F27' 111 + K] g(x), (9.97)
(W)} = [£27" 111 + N g(x), (9.98)
{P(0y, n(x)) W(h)(x)}" = {P (3, n(x)) W(h)(x)}~ = Lh(x), (9.99)
where
Hgx) = f I'(x —y,0)g(y)ds,, (9.100)
Kgx) = /j[P(ax, n(x) I'(x —y,0)] g(»)dS,, (9.101)
Ng) = /S[P*(ay, noN T (x =y, 0)]" g(y)ds,. (9.102)
Lh(x):= o lim s P(9,, n(x)) /[P*(ay, n(y)) I''(z - v, (7)]T h(y)dS,. (9.103)
37—>x€ K

Proof. The proof of the relations (9.95)-(9.98) can be performed by standard arguments (see, e.g., [8,10]). We
demonstrate here only a simplified proof of the relation (9.99), the so called Lyapunov-Tauber type theorem. Let
hecCch 5/(5) and consider de double layer potential U := W(h) € C 1"S/(ﬁ). Then by Remark 8.3 and the jump
relations (9.98), we have

U(x) = W([Uls)(x) — V([PUls)(x), x e 0%,
ie.,
W(h)(x) = W(h)(x) — VIIPW(W)]s)(x), x € 0%,

since [Uls = {W(h)}* — {W(h)}~ = h on S due to (9.98). Therefore V([P W (h)]s) = 0 in 2% and in view of (9.97)
we conclude

{PVIPWM)]s)}™ —{(PVIPWIIsT = [PW(h)]s = {PW()' — (PW ()} =0
on S, which completes the proof. [

With the help of the explicit form of the fundamental matrix I'(x — y, o) it can easily be shown that the operators
K and N are singular integral operators, # is a smoothing (weakly singular) integral operator, while £ is a singular
integro-differential operator.

Theorem 9.2. Let S, m, y ', 8" and k be as in Theorem 9.1. Then the operators

H: CHY(§) — kLIS, (9.104)
K ckY(S) — ks, (9.105)
N k¥ (S) — k9 (9), (9.106)
Lk — k1), 9.107)

are continuous. Moreover,

(1) the principal homogeneous symbol matrices of the operators =2~ "I}, +K and 27" I,,+N are non-degenerate,
while the principal homogeneous symbol matrices of the operators —H and L are positive definite;

(2) the operators H, +27'I); + K, 2271}, + N, and L are elliptic pseudodifferential operators (of order —1,
0, 0, and 1, respectively) with zero index;



372 L. Giorgashvili, S. Zazashvili / Transactions of A. Razmadze Mathematical Institute 171 (2017) 350-378

(3) the following equalities hold in appropriate function spaces:

NH=HK, LN =KL,
H£=—471111+N2, £H=—471111+]C2. (9.108)
Proof. The mapping properties (9.104)—(9.107) are standard and can be proved as their counterparts in [8,12,13,19].

The item (3) follows from the jump relations for the layer potentials and the general integral representation formulas
of solutions to the homogeneous equation L(d, 0)U = 0.

Proofs of items (1) and (2) are based on the positive definiteness of the potential energy functional and positive
definiteness of the symbol matrix Lo(£) for £ = (&,&,&) € R*\ {0}, see (3.18), (3.19) (cf. [20,13,17,19],
and [15]). O

10. Existence results for boundary value problems

Now we apply the potential method and prove existence theorems for the Dirichlet and Neumann type boundary
value problems for pseudo-oscillation equations (see Section 5). We reduce the original boundary value problems
to the equivalent integral equations on the boundary of the elastic body under consideration and investigate their
Fredholm properties. In particular, we show that the corresponding integral operators are invertible. Without loss of
generality we consider the boundary value problems for the homogeneous differential equation L(d, o) U = 0, since
a particular solution to the nonhomogeneous equation (5.51) can be written explicitly in the form of volume potential
N+ (%), see (8.91).

Moreover, throughout this section we assume that the conditions (9.94) are fulfilled if not otherwise stated.

10.1. Investigation of the interior and exterior Dirichlet problems

These problems are formulated in Section 5. We assume that $® = 0 and look for solutions in £2% in the form
of double layer potential U = W(h) (see (8.89)). Applying the jump relations for the double layer potential (see
Theorem 9.1) and taking into consideration the boundary conditions (5.52), for the unknown density vector function
h= ", hay....hi)" we get the following boundary integral equations,

[27'I +N]h=f on &, (10.109)
in the case of Problem (I°))*, and
[-27' +N]h=f on S, (10.110)

in the case of Problem (1())~.
Here the operator AV is given by (9.102). Due to Theorem 9.2, the operators +2~'I;; + N are singular integral
operators of normal type with index zero. This leads to the following existence theorems.

Theorem 10.1. Let S € C>V and /e CL7(S) with0 < T < v < 1. Then the boundary value problem (I®))* is
uniquely solvable in the space C"*(§2%) and the solution is represented by the double layer potential W (h) defined
by (8.89), where density h € C7(S) is a unique solution of the integral equation (10.109).

Proof. The uniqueness follows from Theorems 9.1 and 5.1. It remains to show that the singular integral operator
274N ChE(S) = ChE(S) (10.111)

is invertible.
Due to Theorem 9.2, we conclude that (10.111) is a Fredholm operator with zero index. Further, we show that
ker [2’1 I+ N ] is trivial. Indeed, let /1 solve the homogeneous equation

[27'11 +N]hg=0 on S. (10.112)
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Construct the double layer potential W (k). Since hg € C"7(S), we have W (hg) € C" T(2%). In view of Eq. (10.112),
we see, that then {W (ho)(x)}* = 0 for x € S and by the uniqueness Theorem 5.1 we get W (ho)(x) = 0 for x € 27.
Consequently, {P(3, n) W(ho)(x)}* = 0 for x € S. By the Lyapunov—Tauber theorem (see Theorem 9.1)

{P@,n) W(ho)(x)}" = {P(3,n) W(ho)(x)}” =0, x €S,

i.e., W(hg) solves the homogeneous exterior Neumann type boundary value problem (17¢))~ and decays at infinity
exponentially. Therefore, W(ho)(x) = 0 in 2~ by Theorem 5.1. Since

{W(ho) O} = (W(ho)(x)}™ = 2ho(x), x €S,

we conclude that 1y = 0 on S, which shows that null space of the operator 271, + N is trivial. Therefore, (10.111)
is invertible. [

Quite similarly, by the word for word arguments and with the help of Theorem 5.1, we can show that the operator
—27 '+ N et TS) - chES) (10.113)

is invertible, which leads to the existence theorem for the Dirichlet type exterior boundary value problem.
Theorem 10.2. Let S € C>" and feCh(S)with0 <t <v < 1. Then tiﬁboundary value problem (1))~ is
uniquely solvable in the class of vector functions belonging to the space C'*(£27) and decaying at infinity, and the

solution is represented by the double layer potential W (h) defined by (8.89), where h € C'(S) is a unique solution
of the integral equation (10.110).

10.2. Investigation of the interior and exterior Neumann problems

These problems are formulated in Section 5 as problems (17))* and (11¢’)~. As above, we assume that $& = 0
and look for solutions in £27F in the form of the single layer potential U = V(g) (see 8.1) and taking into consideration
the boundary conditions (5.53), for the unknown density vector function g = (g1, g2, ..., g11)" we get the boundary
integral equations,

[-27'I1 +K]g=F on &, (10.114)
in the case of Problem (I 1)), and
[27'I1+K]g=F on &, (10.115)

in the case of Problem (11¢))~.
Here the operator K is given by (9.101). Due to Theorem 9.2, the operators +2"'1;; + K are singular integral
operators of normal type with index zero. This yields the following existence theorems.

Theorem 10.3. Let S € C"V and F_ECO’T(S)] with 0 < © < v < 1. Then the boundary value problem (I11'°))* is
uniquely solvable in the space C' T (£2%) and the solution is represented by the single layer potential V (g) defined by
(8.88), where g € C%7(S) is a unique solution of the integral equation (10.114).

Proof. The uniqueness is a consequence of Theorems 9.1 and 5.1. Now, we show that the operator

— 27"+ K Y (S) = V() (10.116)

is invertible.
Due to Theorem 9.2, the operator (10.116) is a Fredholm operator with zero index. Therefore, it remains to show
that the null space of the operator —27'I}; + K is trivial. Let gy € C%7(S) solve the homogeneous equation

[—2_1111 +K]go=0 on S.

Construct the single layer potential V(g). Evidently, V(go) € C" ’(m) due to Theorem 9.1. Moreover, V(go) solves
the homogeneous Problem (/7 (@))* and therefore it vanishes identically in 2%, due to Theorem 5.1. Further, by
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Theorem 9.1 we have {V(g0)(x)}™ = {V(go)(x)}~ = 0 for x € S, and since it exponentially decays at infinity, by the
uniqueness theorem for the Dirichlet exterior boundary value problem, we conclude, that V(go)(x) = 0 forx € 2.
Finally, with the help of equality

{P®,n)V(g0)x)}™ — {P®,n) V(go)x)}" =2g0(x), x €S,
we derive go = 0 on S. Thus, the operator (10.116) is invertible. [
By the word for word arguments we can prove that the operator
27+ K €V T(S) — % T(S) (10.117)
is invertible, which leads to the existence theorem for the Neumann type exterior boundary value problem.
Theorem 10.4. Let S € CV and F € CO*(S) with0 <t < v < 1. Then the boundary value problem (I1)~ is
uniquely solvable in the class of vector functions belonging to the space C'*(£27) and decaying at infinity, and the

solution is represented by the single layer potential V (g) defined by (8.88), where g € C%*(S) is a unique solution of
the integral equation (10.115).

10.3. Investigation of the basic boundary value problems by the first kind integral equations

Here we apply an alternative approach and reduce the basic interior and exterior boundary value problem,
considered in the previous subsections, to the first kind integral equations (cf. [13]). These results play a crucial
role in the study of mixed boundary value problems.

9.3.1. Investigation of the Dirichlet problem with the help of the first kind integral equations. We look for a
solution to the problems (7)) and (1))~ (see (5.51)—(5.52) with #* = 0) in the form of the single layer potential
U = V(g) (see (8.88)). In both cases, for the interior and exterior boundary value problems, we arrive at the equation

Hg=f on S, (10.118)
where H is defined by (9.100).

We have the following existence theorem.

Theorem 10.5. Let S € C>" and f € CV"(S) with0 < T < v < 1. Then the boundary value problems (I'®)* are
uniquely solvable in the class of vector functions belonging to the space C'7(2%) and decaying at infinity, and the
solution is represented by the single layer potential V (g) defined by (8.88), where g € C*7(S) is a unique solution of
the integral equation (10.118).

Proof. The uniqueness follows from Theorems 9.1 and 5.1. Evidently, it remains to show the invertibility of the
operator

H oo CH(S) — Ch(S). (10.119)

To this end, we apply the operator L (see (9.103)) to both sides of Eq. (10.118) and take into consideration the operator
equalities (9.108),

LHg=[-4""1+K*]g=LSf on S. (10.120)

Clearly, Lf € C%7(S) due to Theorem 9.2. Since the operators (10.116) and (10.117) are invertible, we conclude
that the singular integral operator

LH=[-2""In+K][27'" i +K] : COF(S)—> CV*(S)

is invertible as well. Therefore, from (10.120) we get the following representation of a solution of Eq. (10.118)
g=[-4"+K] " £fec (s

With the help of the uniqueness Theorem 5.1, one can easily show that the operators

H o ChTS) > ChIS), L CchTS) > ), (10.121)
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are injective. Therefore, Eqs. (10.118) and (10.120) are equivalent and the operator (10.119) is invertible, which
completes the proof. [J

Corollary 10.6. A solution U € C"“7(2%) of the boundary value problems (1Y with & = 0 is uniquely
representable in the form
Ux)=VH ' fHx), xe0*,
where f = {UY* on S and
H o ChT(S) — €M)
is the inverse to the operator (10.119).

This representation plays a crucial role in the investigation of mixed boundary value problems (cf. [13]).

9.3.2. Investigation of the Neumann problem with the help of the first kind integral equations. We look for
a solution to the problems (11¢))* and (I1))~ (see (5.51), (5.53) with #* = 0) in the form of the double layer
potential U = W (h) (see (8.89)). In both cases, for the interior and exterior boundary value problems, we arrive at the
equation

Lh=F on S, (10.122)
where L is defined by (9.103).

We have the following existence theorem.

Theorem 10.7. Let S € C>V and F € C%(S) with0 < © < v < 1. Then the boundary value problems (I1©)* are
uniquely solvable in the class of vector functions belonging to the space C"*(2%) and decaying at infinity, and the
solution is represented by the double layer potential W (h) defined by (8.89), where h € C'*(S) is a unique solution
of the integral equation (10.122).

Proof. The uniqueness follows from Theorems 9.1 and 5.1. Evidently, it remains to show the invertibility of the
operator

L Ch(S) = C%7(S). (10.123)

To this end, we apply the operator H (see (9.100)) to both sides of Eq. (10.122) and take into consideration the operator
equalities (9.108),

HLh=[-4""1)y + N*|h =HF on S. (10.124)

Clearly, HF e C"(S) due to Theorem 9.2. Since the operators (10.111) and (10.113) are invertible, we conclude
that the singular integral operator

HL = [-27"Iy + N][27 I+ N] 2 €hT(s) — €17 (S)
is invertible as well. Therefore, from (10.124) we get the following representation formula of a solution of Eq. (10.122)
h=[—4"1 + N " HF e Ch7(S).
Since the operators (10.121) are injective, we conclude that Egs. (10.122) and (10.124) are equivalent and the
operator (10.123) is invertible, which completes the proof. [J
Corollary 10.8. A solution U € C'7(02%) of the boundary value problems (I1'°)* with &* = 0 is uniquely
representable in the form
Ux)= WL 'F)(x), xe 0%,
where F = {P(3,n)UYt on S and
L CON(S) - Cch(s)

is the inverse to the operator (10.123).
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Appendix. Properties of the characteristic roots

Here we investigate the properties of roots of Eq. (6.62) with respect to r. In particular we prove the following
assertion.

Lemma A.1. Let us assume that o = o1 + i 0, is a complex parameter where o1 € R and o, > 0. Then
detL(—i&,0)#0

for arbitrary & € R,

Proof. We prove the lemma by contradiction. Let det L(—i &,0) = 0, & € R3. Then the system of linear equations

L(—i £, 0) X = 0 has a nontrivial solution X € C'" \ {0} which can be written as X = (XU, X X® x® xONT

where X)) = (X(l'i), X;j), ng))T e C? j=1,2,3and X" € C, j = 4,5, are scalars. Taking into consideration
(2.6), the system L(—i &, o) X = 0 can be rewritten as follows:

L(j)(_i £, 0) x® + L(j+5)(_l' £,0) X + L(j+10)(_i £,0) x® + L(j+15)(_i £,0) xX@
+ L(j+20)(_i £,0) X©® — 0,

j=1,2,3,4,5,

implying
[(—(n+0EP+00) L — A+ 1) QE)] XV —ixREXP —ipgg XY +ipog "X =0, (A1)
—ixREXV +[(—yIEP +8) L — (@ + B) QE)]XP +ipu RE) XD =0, (A2)
— o RE) XP + [(—x6|E1> +30) s — Gta + #5) Q)| XD + 0 26T XY + 036 TXO =0, (A.3)
inof - XV +ipE - XO + (—aol&* + 1) XY + B X =0, (A4)
BoToo€ - XV — i€ - XO + i1 Too XP + (=7 E> +ioc) X© = 0. (A.5)

Let us take the dot products of Egs. (A.1) and (A.2) by the vectors —igXD and —icX® respectively,
multiply equality (A.4) by the function —ig X®, then multiply complex conjugates of Egs. (A.3) and (A.5) by the
vector —X® and the function —TLOX ) respectively and sum up the results to obtain

iw[(u+20) &R = po?] XL +i7 04+ w e XV —xa([& x XP]- XD 4 [£ x xV] . X@)
+uoB (£ - XX — (& - XDHXD] i 5 (y|g]” = 8)| X2 +i 5a + B)lE - X + (o[
ix

=3) [ XO[ 4 Ges - 9) |- X0 [ i a6 - XOXT = 26 - X)X
0

1
=i 7 (a0 |6+ 10) X + 7 (r e+ 7) X =0,
0
By separating the real part from this equation, we deduce

o +0 e + oo ][XV] + o2k + w) & - XD
—2xoyIm ([& x XP]- XD) + 2p002 Im ((& - XV) X@)
ooy [ + Tilof* +20) XD + onte + e - XV 4 (ool

+oob 4 20) | XL + G +25) | & - XO P + it sty Im((&- X®)Xx©)

1
+or(ao [+ Z|o " + )| XD + 70(;:7|§|2 + 20| X9 =0. (A6)
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With the help of inequalities (3.15) and also using the following relations
EPIXOF ~ - XOF = [ x xP] L j=1.23,
y[E[XOF + @+ B)lg - X[ =@+ B+ g X +y|[s x x®][* =0,
6 €7 XD + Gea + x5)[& - XO = Gea 25 + 2|6 - XD + 36| [£ x X [P > 0,
|[& x XO] = 2Im ([ x X®]-XD) 4 [x?” = |[€ x XD] +iXO|* > 0,
Toea | XD + Get + Toz) Im [ (£ - XO)XO] + 55 £ [F| X
_ AToxpxg — O + Tox3)*

4%7
_ 2
rolé - XOP 4200 Im [(& - XO)X®] + 9| x| = Mpﬂ‘”\z + %WOXW — inot - XV > 0,
0 0
M=A4+2u+x >0, kon—u(z)>0,

|X(3)|2 n %K"l + Torz) X — 2ix7sx(5>|2 > 0,
7

from (A.6) we conclude
X(J):O’ j:1,2,3,4,5.

Thus, the system L(—i&,0)X = 0 possesses only the trivial solution for arbitrary & € R3. This contradiction
proves the lemma. [J

Corollary A.2. Let 0 = o] + i 03 be a complex parameter with oy € R and o, > 0. Then the equation with respect
tor = |&]

A(r) = det L(—i £,0) = 0

possesses complex roots £, j =1, 11 withIm A; >0, j =1, 11.
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The Morrey space M/ with | < g < p < oo collects all measurable functions f for which | f]| M=

1_1
supo| Q17 7|l fllLa(p) is finite, where Q moves over all cubes having sides parallel to coordinate axis in R". Recently,
more and more attention has been paid to closed subspaces in the Morrey space M} with 1 < g < p < 00 [1,2]. In
this connection, we aim here to show the following:

Theorem 1. Let 1 < q < g < p. Then Mg is not dense in MJ.

Let E = {y+ (R —1)(a + Ray + ---) : {aj}(}?"=1 e {0, 1" N ¢'(N),y e [0,1]"}, where R > 2 solves
RP 424 = 1. Note that E; = E N [0, R/1" is made up of 2/" cubes of volume 1. According to [3], the indicator
function x of E belongs to MJ. We prove that x is not in the closure of ./\/lg by showing f ¢ Mg if f e MJ
satisfies |2 — fllMg < 1. Indeed, if K is one of the connected components, then || f || 4x) > I/ lLax) > 1 since

L1
U= M12x = fllag 2 12 = fllzay 2 2= 1 f | cacy- Thus, [Lf 1l gz = 110, RITFP 41 f Wl ago,ripy = R

Jjn __jn jn__jn

24 4 R4 7 forall j € N. Hence, f ¢ /\/lf;, since this is valid for all j € N.

jn __jn

m_Jr L
Pq |Ej|q =
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In this work, we consider iterative methods for solving a class of equilibrium problems in Hadamard Manifolds by using the
auxiliary principle techniques. We also discuss the convergence of sequences generated by the algorithms.
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1. Introduction

Riemannian manifolds constitute a broad and fruitful framework for the development of different fields. Actually
in the last decades concepts and techniques which fit in Euclidean spaces have been extended to this nonlinear
framework. Most of the extended methods however require the Riemannian manifold to have non-positive sectional
curvature. This is an important property which enjoyed by a large class of Riemannian manifolds and it is strong
enough to imply light topological restriction and rigidity phenomena [1-3]. Particularly, Hadamard manifolds which
are complete simply connected and finite dimensional Riemannian manifolds of non-positive sectional curvature, have
been turned out to be a suitable setting for diverse disciplines. Hadamard manifolds are examples of hyperbolic spaces
and geodesic spaces more precisely, a Busemann nonpositive curvature space and a C AT (0) spaces, see [4-9].

Equilibrium problem theory provides us with a unified, natural, novel and general framework to study a wide class
of problems, which arises in finance, economics, network analysis, transportation and optimization. This theory had
applications across all disciplines of pure and applied sciences. Equilibrium problems include variational inequalities
and related problems, see [10-14]. Very recently, much attention has been given to study the variational inequalities,
variational inclusions, complementarity problems, equilibrium problems and related optimization problems on the
Riemannian manifold and Hadamard manifold. Several idea and method from the Euclidean space have been extended
and generalized to this nonlinear system. Hadamard manifolds are examples of hyperbolic spaces and geodesics,
see [3-6,9,15-18].
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In this paper, we used the auxiliary principle techniques to suggest and analyze an iterative method for solving
the equilibrium problems on Hadamard manifolds. We also discuss the convergence of sequences generated by the
algorithms.

2. Preliminaries

Let M be a simply connected m-dimensional manifold. Given x € M, the tangent space of M at x is denoted by
T.M and the tangent bundle of M by TM = |J,_,, T« M which is naturally a manifold. A vector field A on M is a
mapping of M into T M which associates to each point x € M, a vector A(x) € T, M. We always assume that M
can be endowed with a Riemannian metric to become a Riemannian manifold. We denote by (-, -) the scalar product
on Ty M with the associated norm || - ||, where the subscript x will be omitted. Given a piecewise smooth curve
y :[a, b] —> M joining x to y (that is, y(a) = x and y(b) = y), by using the metric we can define the length of y as
L(y) = fa b lly’(¢)||dt. Then for any x, y € M, the Riemannian distance d(x, y) which includes the original topology
on M is defined by minimizing this length over the set of all such curves joining x and y. Let A be the Levi-Civita
connection with (M, (-, -)). Let y be a piecewise smooth curve in M. A vector field A is said to be parallel along y
if A,yA = 0.If y’ itself is parallel along y, we say that y is a geodesic and in this case ||y’|| is a constant when
lly’ll = 1,y is said to be normalized. A geodesic y, , joining x to y in M is said to be minimal if its length equal
to d(x, y). A Riemannian manifold is complete if for any x € M, all geodesics emanating from x are defined for all
t € R. By the Hopf—-Rinow Theorem, we know that if M is complete then any pair of points in M can be joined by a
minimal geodesic. Moreover (M, d) is a complete metric space and bounded closed subsets are compact.

Let M be complete, then exponential map exp, : TyM — M at x is defined by exp,v = y,(1, x) for each
v € T,M, where y(-) = y,(-, x) is the geodesic starting at x with velocity v (i.e., y(0) = x and y'(0) = v).
Then exp,tv = y,(t, x) for each real number . A complete simply connected Riemannian manifold of non-positive
sectional curvature is called a Hadamard manifold. Throughout this paper, we always assume that M is an m-
dimensional Hadamard manifold. The geodesic triangle A(x;, x3, x3) of a Riemannian manifold is a set consisting
of three points x1, x;, x3 and three minimal geodesic joining these points.

Lemma 2.1 (/16]). Let x € M. Then exp, : TxM —> M is a diffeomorphism and for any two points x, y € M there
exists a unique normalized geodesic yy , joining x to 'y, which is minimal.

Lemma 2.2 ([5]). Let A(xy, X2, x3) be a geodesic triangle. Denote, for eachi = 1,2,3 (mod 3), y; : [0, ;] — M
as the geodesic joining x; to xiy1 and set o; = L(y/(0), —y/_,(£i—1)), the triangle between the vectors y/(0) and
—y{_(ti—1), and £; = L(y;). Then

o) t+oy+asz <, 2.1)
O+ 07, — 208 cosayy < 6. (2.2)
In terms of the distance and the exponential map, the inequality (2.2) can be rewritten as
AP (i, xip1) + dP(xig, i) — 2(expy,| xioexp! xipa) < d(xior, x0), (2.3)
since

(expy,, Xis €Xp Xita) = d(xi, Xip1)d(Xig1, Xi12) COS i
Lemma 2.3 (/19]). Let A(x, v, z) be a geodesic triangle in a Hadamard manifold M. Then there exist x', y', 7' € R?
such that

dix,y)=Illx"= Y1, dy,2)=Ily =21, dzx)=lz"—x|.

The A(x’, y’, 7’) is called the comparison triangle of the geodesic triangle A(x, y, z) which is unique up to isometry
of M.
From the law of cosine of inequality (2.3), we have the following inequality:

(exp;ly, exp;lz) + (exp;lx, exp;lz> > dz(x, y), Vx,y,z € M. 2.4
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Lemma 2.4 ([15]). Let A(x,y,z) be a geodesic triangle in a Hadamard manifold M and A(x',y',7) be its
comparison triangle.

(1) Leta, B,y (resp. ', B/, y') be the angles of A(x, y, z)(resp. A(x', ¥', Z')) at the vertices x, v, z (resp. x', y', 7).
Then

a>a, B =By =y (2.5)

(ii) Given any point q belonging to the geodesic which join x to y, its comparison point is the point g’ in the interval
[x', y'] such that d(q, x) = llq" — x| and d(q, y) = lq" = y'll. Then

d(z,q) < 12 =4l (2.6)
Lemma 2.5 ([15]). Forallx,y,z € M and g € M withd(x, q) = d(y, q) = d(x, y)/2, one has

2 1, 1, [

d*(z,q) < Ed (z,x)+ Ed (z,y) — Zd (x, y). 2.7
Lemma 2.6 ([16]). Let xo € M and {x,} be a sequence in M such that x, —> x¢. Then the following assertions
hold:

(1) Foranyy e M
exp;nly — exp;oly and exp;lxn — exp;lxo.

(i) If {va} is a sequence such that v, € T, M and v, —> vo, then vg € T,;M.
(iii) Given sequences {u,} and {v,} satisfying u,, v, € Ty, M, if u, — uo and v, —> vo with ug, vo € TxyM, then

(U, vy) = (uo, vo).

A subset K C M is said to be convex if for any two points x, y € K, the geodesic joining x and y is contained in
K, thatis, if y : [a, b)] —> M is a geodesic such that x = y(a) and y = y(b), then

y((1 = t)a +1tb) € K, vVt € [0, 1].

A real valued function f defined on K is said to be convex if for any geodesic y of M, the composition function
f oy :R — Risconvex, that is,

(feoy)ta+ (1 —0b) <t(foy)a)+ (1 —1)(foy)b),Va,beR,1el0,1]
The subdifferential of a function f : M —> R is a set valued mapping 3f : M —> 2™™ defined as
Af(x)={u € TM : (u, exp;'y) < f(y) — f(x), Vy e M}, x € M,

and its elements are called subgradients. The subdifferential df(x) at a point x € M is a closed and convex (possibly
empty) set. Let D(df) denote the domain of df defined by

D@Of)={x e M :df (x) # 0}.
Lemma 2.7 ([15]). Let M be a Hadamard manifold and f : M — R convex. Then for any x € M, the
subdifferential 0f (x) of f at x is nonempty. That is D(0f) = M.
Definition 2.8 (/20]). The bifunction ¢ : K x K —> R J{+4o0} is called skew-symmetric if and only if
(p(ua M) - (p(uv U) - (p(vv u) - (0(1), v) > 07 VM, veK.
Clearly, if the skew-symmetric (bifunction ¢(-, -)) is bilinear, then
o, u) —eu,v)— e, u)+ e, v) =9 —v,u—v) >0, Yu,ve K.

For a given nonlinear continuous trifunction F : K x K x K — R, a single valued mapping T : K — TM
and a continuous bifunction ¢ : K x K —> R| J{+0o0}, we consider a problem of finding u € K such that

Fu, Tu,v)+ oW, u) —epu,u) >0, Yve K 2.8)

called the equilibrium problems on Hadamard manifolds.
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We note that if 7 = 0 is a zero operator and F(-, -, -) = F(-, -), then (2.8) reduces to finding # € K such that
F(u,v)+ o, u) — @, u) >0, YveK. 2.9

Again if (u, u) = ¢(u) = 0, then (2.9) reduces to equilibrium problems on Hadamard manifolds for finding u € K
such that

F(u,v)>0, Yve K (2.10)

studied by Noor and Noor [21].
If M =R", (2.10) is called equilibrium problem, see [11].

Again we note that if F(u, Tu,v) = (Tu,exp,'v), where T : K —> T M is a single valued vector field, then
problem (2.8) is equivalent to finding # € K such that

(Tu,exp, 'v) + @@, u) — @u,u) >0, Yv € K (2.11)

called variational inclusions in Hadamard manifolds.
Again we note that if ¢(u, u) = ¢(u), then problem (2.11) is equivalent to finding # € K such that

(Tu,exp, 'v) + o) — p(u) >0, Yv € K (2.12)

called variational inclusions in Hadamard manifolds.
Again we note that if ¢(u) = 0, then problem (2.12) is equivalent to finding # € K such that

(Tu,exp,'v) >0, Vv e K (2.13)
called the variational inequalities on Hadamard manifolds. Nemeth [22] and Tang et al. [18] studied the variational
inequalities on Hadamard manifolds from different points of view.

Definition 2.9. A trifunction F : K x K x K —> R, with respect to the operator 7 : K — T M, is said to be
(i) jointly pseudomonotone, if
Fu,Tu,v)+ ¢, u) —pu,u)>0
implies
— F(, Tv,u)+ ¢, u) —o(u,u) >0,Vu,v € K.
(i1) partially relaxed strongly joint monotone if there exists a constant o > 0 such that
F(u,Tu,v)+ F(v, Tv, u) < ad*(z,u),Vu,v, z € K.
We note that if z = u, then a partially relaxed strongly joint monotonicity reduces to
Fu, Tu,v)+ F(v,Tv,u) <0, Yu,v € K,

which is known as the joint monotonicity of F'.

3. Main results

We used the auxiliary principle techniques of Glowinski et al. [23] to suggest and analyze some iterative methods
for solving the equilibrium problems (2.8).
For given u € K satisfying (2.8), consider the following problem of finding w € K such that

pF(w, Tw,v) + (exp, ' w, exp,'v) > pp(u, u) — pe(v, u), Yv € K, 3.D

where p > 0 is a constant. Inequality (3.1) is called auxiliary equilibrium problems on Hadamard manifolds. We
note that if w = u, then w is a solution of (2.8). This simple observation enables us to suggest the following iterative
methods for solving (2.8).

Algorithm 3.1. For given uy € K, compute an approximate solution u,; € K by iterative scheme

pF(un+lv Tun+17 U) + <exp;nlun+lv exp;nl+l U) Z ,0§0(u,1+1, un+1) - PQO(U, Mn+1), VU S K (32)
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Algorithm 3.1 is called the proximal point algorithm for solving equilibrium problems on Hadamard manifolds.
If K is convex set in R”, then Algorithm 3.1 collapses to:

Algorithm 3.2. For given uo € K, compute an approximate solution u,+; € K by iterative scheme

,OF(Mn-H, Tun-H’ U) + (urH—l — U, V— un+1) = P(P(un-H, un+l) - P(P(U, Mn-H)s Yv € K. (33)

Algorithm 3.2 is called the proximal point algorithm for solving the equilibrium problems.
If Fiu,Tu,v) = (Tu, exp;1v>, where T is a single valued vector field T : K — T M, then Algorithm 3.1
reduces to the following proximal point method for solving the variational inclusions.

Algorithm 3.3. For given u( € K, compute an approximate solution u,+; € K by iterative scheme

(0T uy + (expy, un1), exp, V) = p@ity i1, ny1) — POV, Uy 1), Yo € K. (3.4)
For M = R", Algorithm 3.3 reduces to:

Algorithm 3.4. For given uy € K, compute an approximate solution u,; € K by iterative scheme

(,OTM,Z + Upyl — Up, V — un+1> = Pfﬂ(unH, M,,+1) - P‘P(Ua un+1)v Vv € K. (35)
We note that if ¢(u, u) = ¢(u) = 0, then Algorithm 3.4 becomes:

Algorithm 3.5. For given uy € K, compute an approximate solution u,; € K by iterative scheme

<10Tun + Upp1 — U,V — un+l> = O, Yv e K, (36)

which can be written in the following equivalent form:

Algorithm 3.6. For given uy € K, compute an approximate solution u,,; € K by iterative scheme
Uyt = Pglu, — pTu,], n=0,1,2,..., 3.7

which is known as a projection method.

In a similar way, one can obtain several iterative methods for solving the variational inclusions and variational
inequalities on Hadamard manifolds.

Now, we consider the convergence of Algorithm 3.1 for solving the variational inclusions on Hadamard manifolds,
which is a motivation of our next results.

Theorem 3.7. Let u € K be a solution of (2.8) and let u,, be the approximate solution obtained from Algorithm 3.1.
If F(-, -, ") is the jointly pseudomonotone and the bifunction ¢(-, -) is skew-symmetric, then

d* (i1, u) < d*(y, 1) — d*(Unir, ). (3.8)

Proof. Let u € K be a solution of (2.8), then
F(u,Tu,v) > ou,u) —¢(v,u),Yv € K. 3.9)
Now take v = u,4 in (3.9) we have

Fu, Tu, upi1) = @(u, u) — @1, u), (3.10)
which implies that

—Fupqr, Tupyr,u) > @, u) — @Upyr, 1), (3.11)

since F(-, -, -) is a pseudomonotone operator.
Taking v = u in (3.2) we get

PF W, Titnr, ) + (@Xp, i1, €Xp,L 1) = @1, tni1) = ppi, 1) (3.12)
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which can be written as

(expy,! tn, exp, ! u) = —pF(yir, Titnyr, ) + ploQagrs tng) — @, uy 1)

= P{(P(uv M) - (0(14, unJrl) - (P(unﬂ, Lt) + 90(14n+1, Mn+1)}
>0, (3.13)

where we have used (3.11) and fact that the bifunction ¢(-, -) is skew-symmetric. Now from the geodesic triangle
Ay, Uny1, u), we have

AP (ppr, )+ d> (g1, ) = 20exp, |, expy ) < d*(uy, ). (3.14)
Combining (3.13) and (3.14), we have

AP (W, 1) < (U, 1) = d* (U1, ), (3.15)
the required results (3.8). [
Theorem 3.8. Let u € K be a solution of (2.8) and let u, be the approximate solution obtained from Algorithm
3. Ifp < %, then the sequence {u,} given by Algorithm 3.1 converges to a solution u of (2.8), i.e.,

Iim wu,y; =u.
n—o0

Proof. Let u € K be a solution of (2.8). Then from (3.8) it follows that the sequence {u,} is monotonically decreasing
and bounded. Furthermore, we have

oo
> d g ) < d*(uo, ),
n=0

which implies that
lim d(upy1, u,) = 0. (3.16)
n—>-00

Let it be the cluster point of {u,}. Then there exists a subsequence {u,,} of {u,} converging to ii. Replacing u, by
u,, in (3.2), taking the limit n; — oo and using (3.16) we have

F@, T, v) > o, u) — ¢, u),Vv € K, 3.17)
which implies that i solves the equilibrium problems on Hadamard manifolds (2.8) and
d* (i1, 4) < d*(uy, D).
Thus, it follows from the above inequality that {u,} has exactly one cluster point # and
lim u, =1
n—>00

is a solution of (2.8), the required results. [

It is well known that to implement the proximal methods, one has to calculate the approximate solution implicitly,
which is itself a different problem. To overcome this drawback we suggest another iterative method, the convergence of
the sequence requires only the partially relaxed strong monotonicity, which is a weaker condition than the cocoercivity.

For a given u € K, consider the problem of finding w € K such that

pF(u, Tu,v)+ (exp,'w, exp,'v) > plo(w, w) — ¢(v, w)}, Yv € K, (3.18)

which is also called the auxiliary uniformly equilibrium problems on Hadamard manifolds. Note that the problems
(3.1) and (3.18) are quite different. If w = u, then clearly w is a solution of equilibrium problems on Hadamard
manifolds (2.8). This fact enables us to suggest and analyze the following iterative methods for solving (2.8).

Algorithm 3.9. For given u( € K, compute an approximate solution u,; € K by the iterative scheme

pF(urh Tbtn, U) + (expu_nl”nJrh exp;nlJrlU) > p(p(un+19 Mn+1) - p(p(v7 urH»l)v Vv e K. (319)
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Theorem 3.10. Let the trifunction F (-, -, -) be the partially relaxed strongly jointly monotone with the constant @ > 0
and the bifunction ¢(-, -) be skew-symmetric, If u, is the approximate solution obtained from Algorithm 3.9 and
u € K is a solution of (2.8), then

d* iy, u) < d*(up, u) — (1 — 2pa)d*(tty, ttyir). (3.20)

Proof. Let u € K be a solution of (2.8), then

F(u, Tu,v) > ¢o(u,u) — ¢(v,u), Vv € K. (3.21)
Now take v = u,4+; in (3.21) we have

F(u, Tu,u,v1) > ou,u) — o(u,y1,u), Yv € K. (3.22)
Taking v = u in (3.19), we have

pF(an Tuny I/l) + <exp;,,1un+l’ exp;nl+1u> Z p{(p(un+17 uthl) - ¢(uv un+1)}v

which implies that

exp, !t exp,’ u) = —pF Gy, Tttg, 1)+ plgtnit, ttnr1) — 9, 1)} (3.23)
From (3.22) and (3.23), we have
(expy,! tn, expy !, u) = —p{F(y, Tun, ) + Fu, T, upy 1)} + plo(u, u)

— o, tpy1) — @Upy1, ) + @Upy1, Uni1)}
Z _padz(un-H ) uil)a (324)

where we have used the fact that the trifunction F(-, -, -) is partially relaxed strongly jointly monotone with a constant
a > 0 and bifunction ¢(-, -) is skew-symmetric. For the geodesic triangle A(u,, u,+1, 1), the inequality (3.24) can be
written as

dPpgr, ) + d* g, ) = 2(exp, upr, exp, ! u) < duy, u). (3.25)
Combining (3.24) and (3.25), we have
d*(u, i) < d*(u, uy) — (1= 2p0)d* (uy, n1), (3.26)

the required results. [

4. Conclusion

The auxiliary principle technique is used to suggest and analyze proximal methods for solving the equilibrium
problems on Hadamard manifolds. It is shown that the convergence analysis of this method requires the joint
pseudomonotonicity and also partially relaxed strongly joint monotonicity.
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Abstract

Given a simply connected space X with polynomial cohomology H*(X; Z,), we calculate the loop cohomology algebra
H*(£2X; Z5) by means of the action of the Steenrod cohomology operation Sq; on H*(X; Z5). This calculation uses an explicit
construction of the minimal Hirsch filtered model of the cochain algebra C*(X; Z;). As a consequence we obtain that H*(2X; Z5)
is the exterior algebra if and only if Sqq is multiplicatively decomposable on H*(X; Z5). The last statement in fact contains a
converse of a theorem of A. Borel (Switzer, 1975, Theorem 15.60).
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Loop space; Polynomial cohomology; Hirsch algebra; Multiplicative resolution; Steenrod operation

1. Introduction

Let X denote a simply connected topological space. The cohomology H*(X) is considered with coefficients
Z, = Z/2Z unless otherwise specified explicitly. A. Borel gave a condition for H*(X) to be polynomial in terms
of a simple system of generators of the loop space cohomology H*({2X) that are transgressive [1, Theorem 15.60]
, [2, p. 88] (see also [3]). This was one of the first nice applications of Leray—Serre spectral sequences [4], and led in
particular to calculations of the cohomology of the Eilenberg—MacLane spaces (see [3]). For the converse direction,
that is to determine H*({2X) as an algebra for a given X with H*(X) polynomial, the first step is the existence of an
additive isomorphism H*(£2X) ~ H*(BH*(X)) where BH*(X) denotes the bar construction of H*(X) (cf. [S]). The
module B H*(X) with the shuffle product is a graded differential algebra, but we get no algebra isomorphism above
(cf. [6]). In general, a correct product on BH*(X) is induced by higher order operations on the cochain complex
C*(X) (see below), but when H*(X) is polynomial we show that these operations reduce to the —-product on C*(X).
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Consequently, the multiplicative structure of BH*(X) is determined by the Steenrod cohomology operation Sq; on
H*(X). This reduction is beyond a spectral sequence argument.

In this paper we completely calculate the algebra H*({2X) for H*(X) polynomial by means of S¢; on H*(X)
(Theorem 1) and then establish the criterion for H*({2X) to be exterior (Corollary 1). Namely, given H*(X) =
H(C*(X), d) with the —-product on C*(X), let

Sqi: H'(X) — H* Y(X) [c] = [c—1cl, c€C"(X), dc=0.
Let now H*(X) = Zs[y1,-- - Yk,---] with ) = {y;} to be a set of polynomial generators. Define a subset S C ) as
S={z,eY |z, €ImSq mod H"-H™}.

Thus & = Y if and only if Sq1(y) € HY - H' for all k. Let 0 < v; < oo be the smallest integer such that

Sqfv’+1)(yi) € H' - H*, where Sq" denotes the m-fold composition Sq; o - - - o Sq;. The integer v; is referred to

as the weak —-height of y;; when the finite integer v; does not exist, we say that y; has the infinite weak -—-height

v; = 00. (This notion is motivated by the fact that S¢, induces a binary -—-product on (H*(X), 0); cf. Remark 1(a).)
Leto : H*(X) — H*"'(£2X) be the suspension homomorphism.

Theorem 1. Let X be a simply connected space with H*(X) = Zs[y1, ..., Yk, - .. ] and vy to be the weak ~—1-height
of yk. Then the algebra H*((2X) is multiplicatively generated by the elements Z; = oz, satisfying only the relations
s =0 form, = 2" and 7' + -+ 7" = 0 for Sq"V(z5) + -+ + Sq"(zy,) € HT-HY, m; = 2% n; <
vi, r =2, z, €.

Corollary 1. H*(2X) = A(1,..., Yi,...) is the exterior algebra if and only if yi is of zero weak —-height,
ie, Sqi(yx) € H-H™ forall k.

When Y is chosen such that y; is uniquely determined by the equality Sq;(y;) = yymod H*-H ™', we get

Corollary 2. H*(2X) = Z,[Z1,. .., Zs,. .. ] is the polynomial algebra if and only if z; is of the infinite weak —-
height for all s.

Our method of proving the theorem consists of using the filtered Hirsch model (RH*,d + h) — C*(X) of X [7]
(see Section 2). Note that the underlying differential (bi)graded algebra (RH*, d) is a non-commutative version
of Tate—Jozefiak resolution of the commutative algebra H* [8,9], while % is a perturbation of d similar to [10].
Furthermore, the tensor algebra RH* = T(V) is endowed with higher order operations £ = {E, ,} that extend —1-
product measuring the non-commutativity of the product on RH*; and there also is a binary operation U, on RH*
measuring the non-commutativity of the —;-product. In general, by means of (RH*, d 4+ h) one can recognize the
cohomology H(BC*(X)) of the bar construction BC*(X) as an algebra. The case of polynomial H* is distinguished
because of H* has no multiplicative relations unless that of the commutativity; furthermore, we can equivalently take
a small multiplicative resolution R, H* = T (V;) in which the Hirsch algebra structure is completely determined by
commutative and associative ~—-product on V. This allows an explicit calculation of the algebra H(BC*(X)), and,
consequently, of the loop space cohomology H*({2X) in question.

Obviously the hypothesis of Corollary 1 is satisfied for an evenly graded polynomial algebra H*(X). Note that our
method can be in fact applied to an evenly graded polynomial algebra H*(X; k) for any coefficient ring K to establish
that H*(2X; k) is exterior. Though, this fact can be also deduced from the Eilenberg—-Moore spectral sequence (see,
for example, [3]; for further references of spaces with polynomial cohomology rings see also [11,12]).

I wish to thank Jim Stasheff for helpful comments and suggestions. I am also indebted to the referee for a number
of helpful comments to improve the exposition.

2. Hirsch resolutions of polynomial algebras

We adopt the notations and terminology of [7] and briefly recall some facts. A Hirsch algebra (A, du, {E, 4}) is an
associative dga (A, d4) equipped with multilinear maps

Epg:A°P QA% — A, p.g=0, p+q >0,
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satisfying the following conditions:

(i) degEp,q=1—p—gq;
(11) El,() =1d = EO,I and Ep>1,() =0= E(),q>l;
(iii)) The homomorphism E : BA ® BA — A defined by

E([al---la,) ® [bil---1bg]) = Epglar, ..., ap; by, ..., by)
is a twisting cochain in the dga (Hom(BA ® BA, A),V,—),ie.,, VE = —E — E.

A morphism f : A — B between two Hirsch algebras is a dga map f that commutes with E, , for all p, g.
Condition (iii) implies that uz : BA ® BA — BA is a chain map; thus BA is a dg bialgebra; in particular, u E1o+Eo;
is the shuffle product on BA.

For a topological space X, there are operations £ = {E, ,} on the cochain complex C*(X) making it into a Hirsch
algebra. Note that in the simplicial case one can choose E, ; = 0 forg > 2.

A dga (A", d) is multialgebra if it is bigraded A" = @ 'A"’j ,i<0,j>0,andd =d°+d"' +---+d"+---

n=i+j
with d" : AP4 — APtma=ntl A dga A is bigraded via A®* = A* and A"* = 0 for i # 0; consequently, A is a

multialgebra. A multialgebra A is homological if d° = 0 (hence d'd' = 0) and
. I 1 I
Hi(- G A G qirts 40 400 0 <.
For a homological multialgebra the sum d> + d3 + --- + d" + - - - is called a perturbation of d'. Furthermore, d' is
denoted by d, d” is denoted by i”, and the sum h% +h3 4 - -+ h" +- - - is denoted by 4. We sometimes denote d +
by dy.
A multialgebra is quasi-free if it is a tensor algebra over a bigraded k-module. Given m > 2, the map

h™| g=ms : A7™* — A%* s referred to as the transgressive component of /4 and is denoted by 4'". A multialgebra A
with a Hirsch algebra structure

. ir ke ik € —p—q+1,1
Epq:®_ AT ®®q=1AJk T AT

with (s, 1) = (i(») + jig)» kp) + €q)) > P-g = 1, is called Hirsch multialgebra. A multialgebra is quasi-free if it is a
tensor algebra over a bigraded k-module. A quasi-free Hirsch homological multialgebra (A, d +h, {E), ;}) is a filtered
Hirsch algebra if it has the following additional properties:

(i) In A = T (V) a decomposition
V*,* _ 5** o U*,*

is fixed where £* = @ & ;2'* is distinguished by an isomorphism of modules
pg=l

E,, AP @ A% — &, , CV, p,g=>1;
(i1) The restriction of the perturbation & to £ has no transgressive components 4'", i.e., h'"|¢ = 0.

An important example of a filtered Hirsch algebra is A = (R*H*,d, {E, ,}), an absolute Hirsch resolution of a
graded commutative algebra H*. In particular, R* H* = T(V) with

V= @j,mzo‘/ﬂ"m’

where V /" c R~/ H™. The total degree of R~/ H" is the sum — j 4+m, d is of bidegree (1, 0) and p : (R*H*, d) —
H* is a map of bigraded algebras inducing an isomorphism p* : H*(RH, d) 5 H* where H* is bigraded via
H** = H* and H="* = 0.

Given a Hirsch algebra (A, d4, {E,,}), a submodule J C A is a Hirsch ideal of A if it is an ideal with
E,qar,....ap apy1, ..., apyq) € J whenever a; € J for some i.

Let p, : (R}H*,d) — H™ be an absolute Hirsch resolution and J C R} H* be a Hirsch ideal such thatd : J — J
and the quotient map g : R;H* — R}H™/J is a homology isomorphism. A Hirsch resolution of H* is the Hirsch
algebra R*H* = R}H*/J withamap p : R*H* — H* such that p, = p o g. Thus an absolute Hirsch resolution is
a Hirsch resolution by taking J = 0.
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Given a Hirsch algebra (A, da, {Ep 4}) with H* = H*(A, dy), there is a filtered Hirsch model
f (R H", dp) — (A, dy),

where R*H* denotes an absolute Hirsch resolution. There is a (commutative) binary operation aU,b on R*H*
satisfying for basis elements a, b € R* H* the equality

aUyda+a— a, a=>o,
d(aUsb) = {a —, da+da— a, da = b,
da Uy b+ alUsdb +a — b+ b — a, otherwise.

(Thus, the first two cases differ U, from the Steenrod —;-operation.) In U C V we distinguish a submodule
T="2* C U defined by

T="2* = {aUyb € R*H* |aUsb € U}.

For the sake of minimality of U one can express certain elements al,b € R*H* in terms of the — and E, , operations.
For example, daU,da = a—da + a - a, because d(a — da + a - a) = da — da.
When H* = Z,[yy, ..., Yk, ... ] is polynomial, the module V is much simplified at the cost of U. Namely,

V*.* — g<0,* @ U*,* — 5<O,* @ 7-5—2,* @ VO’*.

In particular, we have that ROH* is a graded subalgebra in R* H* and Ker p N RH* is an ideal in R°H*. Denoting
the elements of V%* by x;, i.e., px;y = y, this ideal is generated by expressions of the form x;x j+xjx; fori # j;
thus, we get

vyl = g7 = (x; —y x| x € VO*) with
d(xj—1x;) = d(xj—1x;) = x;x; + xjx; fori # j and d(x;—1x;) =0,
while
T2 = (x;Usx;j (= x;Upx;) | x € VO%) with d(x;Upx;) =
Xp—1x; +xj —1 x; fori # j, and d(x;Usx;) = x;—1x;.

Here, we can minimize further both an absolute Hirsch resolution R* H* and a small Hirsch resolution R; H*in [7]
to obtain a minimal Hirsch resolution R} H*; moreover, we give an explicit construction of R} H* below. Namely, set

R'H* = R*H*/J,
where J; C R*H™ is a Hirsch ideal generated by
{Ep,q(al, e Aps Apgls -5 Opig), AE, gay, ... ap; Apit, ..., Apig), aUsb, d(aUsb)
ptqg=3a ;ébinv}
with

ai,...,a, € R"H*, apy1 €V, for p>1 and ¢=1,
ai,...,dp4q € R"H", for p>1 and ¢ > 1.

Because of d : J; — J;, we get a Hirsch algebra map g, : (R*"H*,d) — (R}H*,d). Let p, : R:H* — H™ denote a
map of bigraded algebras so that the resolution map p : R*H* — H* factors as

p: (R*H*,d) X5 (R H*, d) L5 H*.

By definition we have h : £ — &; furthermore, because of the transgressive component 4’ of 4 annihilates aU,b
fora # b in V (cf. [7, Proposition 5]), we get h : J, — J, too. Thus g, extends to a quasi-isomorphism of Hirsch
algebras

g‘l’ : (R*H*vdh) g (R:H*a dh)’

and, hence, A and R} H™* are connected via the diagram

(A.dy) <— (R*H* . dy) 5> (R*H* . d}).
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The Hirsch algebra (R} H™, dj) can be described immediately. Namely, Ry H* = T(V}*) with V** = (V*),
Ve = {xi, ;920 bipoy ooy, | by, € {3, x29), g =2" m =1, n>2,
X; € VS’*, X2 =xU, - ng} .
The —-product is commutative and associative on V, and extended on R} H* by the (left) Hirsch formula
c—1ab = (¢ —1 a)b + a(c—1b), a,b,c € RIH",
and the (right) generalized Hirsch formula

ab—y¢c)+(@~—1¢)b, a,be RIH* and c e{xi,xjuzq},
qg=2",m>1,
ab—1c={ab—c)+(a— c)b
+a —1 c)(b —1 c2)
+(Cl ~1 Cz)(bvlcl), a, b e R:H* and ¢ = C1~—1C € VT.

The differential d on R} H* is defined by
dx; =0, d(a—b)=da—1b+a—db+ab+ba and d(aU,a)=a — a,
while the perturbation / by
hxy =0, h(a—1b)=ha — b+ a—hb
and
h(xpUaxy) = h' (xpUaxy) = by with by € ROH*  defined by  p by = Sqi ().
Note that the value of / on x; D2 form > 1 may be non-zero (see Remark 1(b)). In particular, denoting
bi1 = br, brjy1 = hby jUsby ), j > 1,
and
co = x Upxy, ¢; = xkvlzj\ﬂch +cjr—1bij + b jUsbyj, j =1,
one gets
di(em-1) = x7 " + b umod R HY - ReHY,m > 1, with pebym = Sq\"™ (y). 2.1)
To ensure that p; : (R} H*, d) — H* is a multiplicative resolution of H*, it suffices to verify the following.

Proposition 1. The chain complex (R* H*, d) is acyclic in the negative resolution degrees, i.e., H"*(R.H*, d) =
0,i <O.

Proof. First observe that as a cochain complex Ker p, can be decomposed via (Ker p.,d) = (A,d) ® (B,d) in
which (A,d) = ®(A(n),d), n > 2, A(n) has a basis consisting of all monomials formed by the — and —
products evaluated on generators x;,, ..., x; € V%* with distinct x;’s and B has a basis consisting of the other
monomials in Ker p;. In particular, (A(n), d) can be identified with the cellular chains of the permutohedron P,
(cf. [13]); thus A is acyclic and a chain contracting homotopy s4 : A — A can be chosen. To see that B
is also acyclic, define a map sz : B — B of degree —1 as follows. For ba,ac,bac € B with a € A, let
sg(ba) = bs,(a),s,(ac) = s,(a)c,s,(bac) = bs,(a)c; otherwise, for b —; b and b—b—c with b,c € V.,
let sg(b—1b) = bU,b and sg(b — b~ 1c) = bU,b — ¢, and then for a monomial u = u; - --u,, € B, set

wy-eui—1-Sy(Ui) wipr Uy, i € {b—1b,b—1b—c}and
sp(u)= uj ¢ {b—b,b—b —ic},1 <j<i,
0, otherwise.

Then for each element b € B there is an integer n(b) > 1 such that n(b)th-iteration of the operator sgd + dsp + Id :
B — B evaluated on b is zero, i.e., (sgd + dsg + Id)"®)(b) = 0 as desired. O
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3. Proof of Theorem 1
Given the Hirsch algebra (C*(X), dc, {Ep 4}), there is an algebra isomorphism [14,15]
H*(2X) ~ H(BC*(X), dy., i ;).
(We assume C*(X) = C*(Sinng)/C>0(Sing x), in which Sinng C Sing X is the Eilenberg 1-subcomplex
generated by the singular simplices that send the 1-skeleton of the standard n-simplex A” to the base point x of X.)
Proposition 2. A morphism g : A — A’ of Hirsch algebras induces a Hopf dga map of the bar constructions
Bg: BA — BA’

and if g is a homology isomorphism, so is Bg.

Proof. The proof is standard by using a spectral sequence comparison argument. []

Denote V, = s‘l(VT_> 0y D Z, and define the differential dj, = d+honV, by the restriction of d 4+ & to V; to obtain
the cochain complex (V¢, d;). Let  : B(R:H) — R H — V; be the standard projection of cochain complexes. We
introduce a product on V; so that i becomes a map of dga’s. Namely, for a, b € V; define

ab=a— b with al =1la=a.
Then we get the following sequence of algebra isomorphisms

* Bf* " Bgy " v -5
H(BC (X)v dBC’ l‘l’h) ? H(B(RH )7 dB(RH)’ l‘l’h) ? H(B(R‘L'H )9 dB(R-[H)’ be) ? H (V'L'v dh) i
where the first two isomorphisms are by Proposition 2, while the third isomorphism (additively) is a consequence of
a generz_ll fa_ct about tensor algebras [16] (see also [5]). Thus the calc_ulation of the algebra H*({2X) reduces to that
of H*(V,, dy). In particular, [x;] = o(y) € H*(2X). We have that 4 may be non-trivial only on a basis element of

the form
s_l(xkuzq) and s_l(xkuwvla), some a €V, g =2", m>1.

By definition )Ekq = s’l(xkvlq), g = 2", and taking into account (2.1), the cohomology algebra H *(Vy, dy) is as
desired.

Remark 1. (a) Refer to Example 4 from [7] and recall that there is a canonical Hirsch algebra structure Sq = {Sq, 4}
on H*(X) determined by S¢;. The isomorphism H*(2X) ~ H*(BH*(X)) from the introduction converts into an
algebra one when B H*(X) is endowed with the product 1 Sq* Details are left to the interested reader.

(b) In (V,, d),) the transgressive terms i_z"s‘l(x[u 29y detect the Symmetric Massey products (o (y;))¢ € H*(2X) for
q =2",y; € H*(X), or, in general, Stasheff’s A,,-algebra structure on H*({2X) ( cf. [17]). A question arises what
else other than the action of Sg; on H*(X) is needed to calculate this structure.
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Abstract

We examine the third kind integral equations in Holder class. The coefficients of the equations are piecewise strictly monotone
functions having simple zeros. By singular integral equations theory, for solvability of considered equations, we give the necessary
and sufficient conditions. Finding a solution is reduced to solving a regular integral equation of second kind.
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1. Introduction

The linear integral equation

b
AP + / K(x, eOdy = f(). x €la, bl 1

where A(x) has at least one zero is commonly called an equation of the third kind. Such equations acquire more and
more significance in applied problems of mathematical physics. In particular, in kinetic theory, in transport theory,
etc. (see [1]) and investigations in this area are of great interest. After the early works of Hilbert and also Picard there
appeared a lot papers on equations of the third kind (see e.g. [2-5]). In this paper we present a method for solving
Eq. (1) when the coefficient A(x) € C Y([a, b)) is a piecewise strictly monotone function having simple zeros in ]a,
b[. Moreover, we assume that A’(x) € H on [a, b] the kernel K € H, on [a, b] x [a, b] and a free term f € H*
(Muskhelishvili’s class) [6]. Therefore we look for solutions ¢ € H* of this class to be more appropriate in certain
applications. Our investigation is based on the spectral expansion ideas by Fridrichs [7] and Hilbert—Schmidt approach
for the second kind self-adjoint equations. Methods of the theory singular integral operators are the basic methods for

* Correspondence to: 1. Vekua Institute of Applied Mathematics, Tbilisi State University, University St.2, 0186 Tbilisi, Georgia.
E-mail address: dazshul @yahoo.com.
Peer review under responsibility of Journal Transactions of A. Razmadze Mathematical Institute.

http://dx.doi.org/10.1016/j.trmi.2017.05.002
2346-8092/© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).



D. Shulaia / Transactions of A. Razmadze Mathematical Institute 171 (2017) 396410 397

investigating [6]. We have applied this theory often to the similar type problems [8—18]. This paper is structured
as follows: First, in Section 2, using the initial equation, we introduce integral operators and their corresponding
integral equations which depend on the auxiliary parameter. Some of their properties, which will play an important
role in further considerations, are investigated. The singular operator, which is connected to the introduced equation,
is defined and its properties are studied in Section 3. In Section 4 the problem of reduction of the singular integral
operator is studied. In Section 5, the Hilbert—Schmidt type expansion theorem assertion of an arbitrary function from
H* can be represented through the singular operator and the eigenfunctions depending on the parameter operator. In
Section 6, analogous Hilbert—Schmidt theorems are proved depending on the parameter integral equation and main
result is given for the initial equation. Without loss of generality, we assume that, b > a in Eq. (1). This paper is in
some sense a continuation of [8].

2. Preliminaries

Let K(x,y) satisfy Holder conditions on [a, b] x [a, b]. Further assume that the function g(z, x) defined in
(C\ [ma, Msl) x [a, b] where my = min A(x), M,y = max A(x),x € [a, b] is holomorphic with respect to z
and belongs to H with respect to x: Moreover g(z, x) has boundary values

gt 0= liH} 8(z,x), Rez>0
—>
and
g7(§7x) = hn} g(Zﬂ .X), ReZ < 07 é— S [mAv MA]

Denote by 2 operator 2 :  g(z, x) — (2g)(z, x),

K(x,y)
A(y) -z

where z is an arbitrary complex number, A(x) € C'([a, b)) is the piecewise strictly monotone real-valued function
having simple zeros in Ja, b[ and A’(x) € H. This operator operating on any function g(z, x) piecewise holomorphic
with respect to z with the cut on [m 4, M 4] and satisfying the Holder condition with respect to x, will define with the
cut on [m 4, M4] a piecewise holomorphic function.

Let ¢ = A(x) be the piecewise strictly monotone function, we are able to partition the interval Ja, b[ into
subintervals Jc;_y, ¢i[, i = 1,n, co = a, ¢, = b, such that in these subintervals the function ¢ = A(x) will be
strictly monotone and moreover A'(¢;) =0, i = 1,n — 1. Let Ai_l(g“) be an inverse function of A(x) in subinterval
leior, cilie. A7 (A(x)) = x forx € [¢;_1,¢;], i=1,nand A7 (¢) € [¢;-1, ;] -

Now, recall some properties of the Cauchy type integrals. In order to find the boundary values (£2g)%(¢, x) we
apply the formulas analogous to formulas for the Cauchy type integrals [19].

Let

b
(22, N ) = gz, ¥) + f g ydy,  x € la,b] ®)

1 P(z,
v = — [ L2y,
2mi L Q(‘C’ Z)

when P and Q are analytic functions with respect to z forall 7 € L

1. P satisfies the Holder condition with respect to t

2. Q is the differentiability with respectto 7 and Q’.(t,z) € H

3. In the points when Q(z, z) = 0 we have Q. (7, z) # 0 and Q'(t, z) # 0.

Let ¢ = ¥ (7) be solution of the equation Q(t, z) = 0 and T = w(¢) is its inverse, then write formulas
1 P(t,w) 1 P(t, w)

Ew)=+-—"" :
20, w)  2mi Jp O(T, w)

drt

when t = w(w).
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Consequently, according to these formulas we can find the boundary values of (2 as

(QF =L, N, x) = g (. x) + / A(() Y 5 ¢, yydy
i Y (OK G AT ONAT @) g5 (¢ AT () )

i—1 o
¢ €lma, MA[\{A(c))|i =0,n} =

where x;(¢) is characteristic function of [A(c;_1), A(¢;)], i=1,n
Also, write the formula

/ /P(ra) ., Pen / / _ Pao)
O(r,w) Jp o(t,0) 7= Q/ (t, wyw (1, 1) O(z, wa(t, o) ’

Here the function w(z, o) is continuous, differentiable with respect to 7, satisfying Holder condition with respect to t
ando, o(r,1) =0, but w.(z,1) # 0.
Let X be a set of values of the z for which the equation

Q.¢g=0 4

has non-zero continuous solution. Such values are called eigenvalues of €2,. Because this operator’s kernel is piecewise
analytic in z, vanishing when z — oo, by Tamarkin’s theorem [20] it follows that the set R is almost countable in a
plane z with the cut on [m 4, M 4]. Note that set of eigenvalues of operators in the form (2) is finite when K € H (see
e.g. [21,22]).

Obviously: (i;) Let g be the solution of Eq. (4), then

(Zk» X)
‘L'Zk(x) = LZ xk €N
k

A(x) —

is the solution of the following equation

b
(A(x) = 2)T:(x) +/ K(x, y)r(y)dy =0, x € [a, b] &)

as z = z; and also vice versa.
(i) Let z be for 2, the eigenvalue of the multiplicity r, then also z is the eigenvalue of the multiplicity » for

bk
(2°4(z, Nz X) = gz, x) + / KO ey, x e la.b]
a A()’) —Z
and also vice versa.
(i3)
b
/ T (x)dx =0 z#7 (6)

where 7 (x) be the solution of equation

b
(A(x) = )77 (x) +/ K(y, x)r;(y)dy =0, x € [a, b]. (N

Usually, 7, (x) and 7/ (x), are called the eigenfunctions of K (x, y) and K (y, x) respectively, corresponding to the
eigenvalue z; € R.

Remark 2.1.

The functions and operators determined by the kernel K(y, x) just in same way as by kernel K(x, y) will be
furthermore provided with superscript .

Let

o(t,x) =Y %i(Ox). t.xelab]

i=1
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where ¥;, i = 1,n — 1 are the characteristic functions of [c¢;_j, ¢;[ respectively and ¥, is the characteristic function
of [c,—1, cn]. Now we have already introduced special integral equation

b
M(t,x)+/ K, x, M, y)dy = |A'(OIK (x, 1), 1,x € [a, b] ®
where
3 — X ()

i=1
1D =A; 1(A(t))~ and ¢ is the parameter.
The kernel K of this equation does not belong to that type which as a rule is usually called regular. But, this

equation can be reduced to a Fredholm equation (cf. [6, Chapter 14, Section 111]) and therefore to Eq. (8) that are
applicable in all Fredholm theorems.

Theorem 2.2. Let for the some value of parameter t = t| € [a, b], the homogeneous integral equation

b
Mo(t, x) + / Rt x, y)Mo(t, y)dy =0, x € [a.,b] ©)

have only a trivial solution. Then z; = A(t)) € \.

Proof. The proof is completely analogous to that of Theorem 1 in [11].

Consequently, if Eq. (9) admits only a trivial solution, then Eq. (8) will have the unique solution which satisfies
condition H uniformly over ¢. This solution will also satisfy the condition H over ¢ on any closed parts of
la, b[\{c;|i = 1, n — 1} uniformly with respect to x.

In order to eliminate additional arguments, in the sequel we shall assume that;

(j1) N is the finite set.

(Jj2) Eq. (9) and

b
M;(t, x) —I—/ K*(t, x, WM, y)dy =0, t,x € la,b] (10)
where
} n . @) ,
K*t,x.y) =Y KO, X)A(;(;(j‘(j‘)()f(t ’x)w(t(’), y)

i=1
have only trivial solution for any value of ¢ € [a, b].
Note that for the sufficiently wide class of the kernels (see e.g. [18]) such conditions are fulfilled.
Consequently, we assume that both Eq. (8) and

b
M*(t, x) +/ K*(t, x, y)M*(t, y)dy = |A'(t)]K*(t,x), t,x € [a,b] an

will have a unique solution satisfying the condition H uniformly with respect to 7. These solutions will also satisfy the
condition H with respect to # on any closed parts of Ja, b[\{c;|i = 1, n — 1} uniformly with respect to x.

Before proceeding further with our investigation we will also need

Lemma 2.3. There holds the equality
/” M*(t,x) (" Mt x)
a Allo) — Ax) J, A1) — A(x)
b b M* M b M* M
2/ u(t) ( (to, )M, x) | (to, x) (t,x)dx)dt

A(ty) — A1) A(x) — A(to) o AW - A

u(t)dtdx (12)

+77 Y (iAW) Q" (to. 16 ) xi (At Oty 16 ("), 1o €la, bINeili =T, 1)

ij=1
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where u € H*, and Q(t,x), Q*(t, x) defined from the following equations

b
Q(t,x)+/ K(t,x,y)0@, y)dy = K(x,1), x,t€ [a,b]

and

b
Q*(t,x)+/ K*(t,x, y)Q*(t, y)dy = K(t,x), x.,t € [a,b]

a

respectively.

Proof. Indeed, we can write

/” M*(19, x) b M@, x)
a Al) —A) J, A®) — A(x)

— n Sl Mty x) M(t, x)
- Z /Cil /le A(tg) — A(x) A(F) — A(x)bt(t)dtdx,

ij=1

u(t)dtdx

Then, having applied the analogous formula of the Poincare—Bertrand [19, Chapter 1, Section 9.3] to the every
component of this sum we obtain

/Ci /Cj M*(tg, x) M(t, x) u(t)dtdx:/cj /‘Ci M*(tg, x) M(t, x) w(t)dxds
i1 Jejy Alto) = A(x) A(r) — A(x) cjo1 Jeiy Alto) = A(x) A(r) — A(x)

+ 725 (A(10)) Q* (10, 1) x: (At Q1 , 1t

and the result follows.
It is seen that

M(t,x) = |A' ()0, x) and M*(t,x) = |A'(t)|Q*(z, x).

3. Singular integral operator and its fundamental properties

The concept of complete kernel is necessary in the study of second-order linear equations depending on a parameter.
In the theory of Hilbert and Schmidt for the second kind integral equations a set of eigenfunctions is assumed to be
complete [23], and also an important role is played by one property of eigenfunctions, which corresponds here to the
equality

b
(A(x) = )7, (%) +/ K(x, )t (0)dy = (zx — 2)75(x). 13)

But, a set of the eigenfunctions is not the complete system here. Therefore, based on the spectral expansion theory we
consider the following integral operator

Lu()) = A ) + 3 a@u®) + f T_MED (14)
' — « A = AW)
where
P kiA@Y M(xD, y)
ai(x) = w(x, y)dy.
a A(y) — A(x)
The singular integral operator L transforms the arbitrary function u(t) € H*, t €la, b[, into the new function

v(t) e H*, t €la, b[\{ci|i = I,_n} and if u(t') =0, ¢ € {c|i =1,n — 1}, then v(¢) also will satisfy H condition
in a neighborhood of the ¢’ (cf. [6, Chapter 1, Section 20]).

Theorem 3.1. The following equality is true

b
(A(x) — 2)(Lu(-)(x) +/ K (x, )Lu()(dy = (L(A() — 2)u(-))(x).
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Proof. From (14) and (8) by simple calculation we have
fah K(x, y)Lu()(y)dy = fah M(t, x)u(t)dt.
Using (8) we deduce
(L(AC) = A()u())(x) = /ab M(t, x)u(t)dt

and consequently the result yields.

The latter result gives us a motive to more thoroughly study the singular operator L. . Before beginning our
systematic investigation we shall prove the

Lemma 3.2. The algebraic equations system
|A' ()| X0 + Za,(ﬂ”)xj'. =0, i=1,n (15)
j=1

forallt €la, b[\{c;|i =1, n} admits only the trivial solution.

Proof. Let us assume the contrary. Suppose that for some t = #, €]a, b[\{c;|i = 1, n} this system has a non-zero
solution. Then, from (15) and (8),

Mg, x) = ) xi(Ato)(tg) M1, ) X{(20)

i=1
will be the non-zero solution of Eq. (4) when z = A(#) € R, which contradicts with Theorem 2.2 .
Now, we are able to prove the main result concerning the operator L.

Theorem 3.3. Let g € H* on la, b[. For the singular integral equation

Lu = v (16)
to have a solution in the class H*, it is necessary and sufficient that the function Vy satisfies the conditions
b
W()‘L'ik dx = 0, Zk € N. (17)

a

If are fulfilled these conditions, then the solution is unique.

Proof of the Necessity. Suppose that u € H* satisfies (16) and introduce into consideration the function

b M@, x)

.« Alt)—z

It is seen that this function has the properties:

(p1) It is piecewise holomorphic with respect to z, in a plane with the cut [m 4, M 4], while for x it satisfies the H
condition.

(p») It tends to zero uniformly in x as z — oo.

(p3) From the Plemelj formulas

" M@, x)

vE(C x):i —— T u(r)dt
’ i ), A(t)—¢

U(z,x) = 7 u(tydt x €la,bl, z &[ma, Myl.

1 . - / - _
+ 3 ;xj(;“)(Aj "OYMATH (@), )u(AT(©)),

teE, x¢€la,b]
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Combining (3) with the latter equality we get
(QF T, N, x) = (Q T, ), x)

= Z(xj(ng;‘(;))’M(A;‘(c), u(A7H(©))

j=1
b g
+ f (x, ) A0 M), uA] )y

A(y) -
b M, AT (©)
+ XOK @, A©) / T’_;umdr)

where ¢ € E and x € [a, b].
Recall that M (¢, x) satisfies (8), from (16) we obtain

QU x) — (€ ¥, x)
=Y @OAT @) K (x, AT @O)o(AT (0)
j=1

Ce€E, x€la,b].

Taking into account the Plemelj formula, we can also write

My A K(x, A A7
Q)0 = 5~ / ij@)( @) (;_Z ool (())g

where €2, is the operator (2). After transformation we conclude that the function ¥(z, x) satisfies the following integral
equation

b K(x, 1)
) A(t)_zlpo(t)dt, x € [a, b (18)

However the condition of the solubility of the integral equation (18) is that its free term be orthogonal to the
eigenfunctions of the kernel K(y, z). That is,

/ T (x )/ A(t) lp (t)dtdx =0, Zk €R.

By using (7) we immediately come to conditions (17).

Q). x) = ——

Proof of the Sufficiency. Let ¢ € H* satisfy conditions (17). From Tamarkin’s Theorem [20] we get; there is the
unique solution of (18) and for this solution the following properties hold:

(r1) With respect to z it is the piecewise holomorphic in the plane with a cut [m, M4], while for x satisfies H
condition

(r») It tends to zero uniformly in x as z — oo

(r3) It can be written as

1 Ma g(t, x
U(z,x) = / ( )dt, x €la,bl, z¢&lma, Mul
27i my !—Z

where (¢, x) is the uniquely determined function.

By the Plemelj formulas for the boundary values the equality is true
1 (M ot x)— v,

/ (7, x) @x .

+ - = —
!p (é-vx)+w (;,x)— i A t_é,
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From (3) and (18) we obtain

b
(. x)+ / KO G, vy

A(y)—¢ o 1
- AU, AT

+ ZXj(C)K(x,AJT‘(;))(/ (’tflg(f))

j=1 ma

§j € E, x¢€la,b]

dt + %(A;‘(r;))) =0 (19)

where
U, x)= U, x)— T (L, x).

Now consider the nonhomogeneous system of equations:

AGCNX; 4+ ;6 NX; = Po(x®),  i=Tn x €la,bl\{crlk =T, n) (20)

=1
where x = A7 (A(x)) and

- B Ma !~P(t, X)

Yo(x) = /;M mdt + Yo(x).

Lemma 3.2 shows us that there is a unique solution of (20). Moreover, X;(x) is a function of variables x,
ie. X;(x) = u(x®). In addition, u(c;) = 0 wheni = 1,n — 1.
Denote

M, x) = U, x) = > x;(OMAT (@), u(A7 (@), ¢ €lma, Myl.

j=1

By (8) and (20) and from (19) we conclude that M(g, x) is solution of Eq. (4) when z = ¢ €]m4, M4[. On the other
hand €2, has no eigenvalues on Jm 4, M 4[ and consequently,

U, x) =Y X (OMA; @), uA;]' @),  x€la,bl.

j=1
By this assertion, from (20), we can write

Ma O X OMAT (@), x)u(A; ()
¢ — Ax)

A/ O)lu(x) + Y o (ux) = yo(x) — [ dg.

j=1 mA - j=0

Consequently, (16) holds and proof is complete.

Remark 3.4. If Y, € H* on |a, b[\{c;|i = 1, n} then result is also true and u € H* on Ja, b[\{c;|i = 1, n}.

4. On the reduction of singular integral operator

Now a goal of ours is to study the singular operator L. more deeply. To do this, we introduce, in the class H*, the
following singular operators:
M(x,1)

n b
Sv()(x) = |A'(x0)|v(x) + ;ﬂj(X)v(x(j)) +/a mv(t)dt, x €la, bl (21)

where

B.(x) = /b Xj(A)M(x, y)
)= | A

o(xP, y)dy, veH*
A(y) — A(x) P
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and operator S* which is defined analogously on the S accordingly mentioned in Remark 2.1 to the rule

. ) / ~ . %) b M(x, 1)
(S*v()x) = [A(x)|v(x) + ?21: B (x)v(x™ )+/a MU(I)CZL x €la, bl
where
b *
% _ Xj(A(x))M (x,y) ()
B = [ L0, ay.

It can be proved that o;(x'/) = B;(x"). Note that singular operator S can be rewritten as

v(y) — x;(A)v(xY)

)
Ax) — A®y) o(xY, y)M(x, y)dy.

b n
S = AWt + [ 3
a o

Also the singular operator S* can be represented similarly.
It is easy to see that for each two functions v and u from H*

b b
[u(X)(SU(~))(X)dx:[ V() (Lu()(x)dx.

Hence, if there exists u such that (16) is fulfilled, then it is necessary that

b
/ w()Yox)dx = 0,

a

here v is solution of the equation
Sv=0.

Also is true the converse statement.

(22)

(23)

To this end we formulate some properties of the introduced operators. From definition of S together with Eq. (8)

as an immediate consequence

Lemma 4.1. The following equality
(SK (x, ))(t) = M(t, x), x,t €la,bl],
is true.
A similar lemma is valid for the operator S*.
Lemma 4.2. The following equality
(S*K (-, x)(t) = M*(t, x), x,t €la,bl],
is true.

It can be seen that

Lemma 4.3. The following equality
(S*M(-xv ))(t) = (SM*(tv ))(-x)s X, te [a, b],

is true.

Proof. Really, from (8), by Lemma 4.2 we obtain

2": M1, y) = x (D) M* (e, x D)

b
% . _ ’ * i)
("M (x, )(@) = |A(x)|M*(z, x) + /; 2 A0 — A) o(x, y)M(x, y)dy

= (SM*(t, )(x).

24
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Denote

yi () = [A G)IBF(x) + A () (x) + D (B (x)at; (x)

s=1
+ 7 Z xs(A(x))O0*(x, x(s))xj(A(x))Q(x(j), x(s))).

s=1

We shall prove the following theorem

Theorem 4.4. Composition S*L contains no singularity and there exists the following equality

(S*La)(x) = (A'(x)’u(x) + Y yj(ux). (25)

j=1

Proof. After performing operations which are indicated on left-hand side of (25) and using the identity (12) for the
repeated integration, we deduce

u(t)

A() — AQ) ((S*M(z, )(x) — (SM*(x, ))(1))dt

n b
(S*Lu)(x) = (A/(X))zu(x) + Z yj(x)u(x(-f))/

j=1
and Lemma 4.3 completes proof.

Consequently, the operator S* reduces to L.

5. Expansion theorem

Now, we have to prove that any function from H* can be expressed by eigenfunctions and singular integral operator
L. Note that this result plays the same role in the investigation of integral equations of the type (1) as the well known
Hilbert—Schmidt expansion Theorem does in the theory of the self-adjoint Fredholm integral equations. To do this we
prove some necessary statements. ) )

Taking Lemma 4.3 into account, by substituting into (21) # = x|, x = x’ we have

Corollary 5.1. The equality

n
|A’(x(i))|M(x(j), x(i)) + Z,B;‘(x(i))M(x(j), x(S))
s=1
n
— |A’(x(j))|M*(x(i), x(j)) + Z/Bs(x(j))M*(x(i), @)
s=1
i,j=1,n
is true (here, the x is replaced by the x).

Now, we examine the following system of equations

n
(A EDX) 4y x) =0, i=Tn. (26)
=1
Before we proceed further, for the study of this system, it is convenient to use the matrix notation. To this end, we
introduced the following matrices:
I.A = |la;j(x)|l (i, j =1, n)is square matrix with elements:
aij = 8 j|A (x| + a;(xD)

where §; ; is the Kronecker symbol
2.A* = ||a;“j(x)|| (i, j = 1, n) is the square matrix with the elements:

af; =8 j|A'c)| + B (x')
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3.Q = llgi;®)|l (@, j = 1, n) with elements:
gij = 0(x9, x)
4.Q* =g}l G, j =1, n) with elements:
g7 = 0*(x), x)
5.B = |b;;(x)| (i, j = 1, n) with the elements:
bij = 8. j(A' ) + y, (7).
From Corollary 5.1, after simple calculation we get
A"Q=0Q"A
(here, the sign’ denotes transposed).
From this fact it follows
Lemma 5.2. The matrix B admits the following decomposition
B = (A" +irQ")(A — iz Q).

From the Lemmas 5.2 and 3.2 the following result can be derived.

Lemma 5.3. The following system of the equations (26)
BX =0
has only zero solution and therefore
| B(x) | :=detB # 0.
Denote

Vi (x)
| B(x) |

(To(Nx) = Y Bij(x)(S* )(x)  x €la, bl @7

ij=1
where B;j(x) is algebraic adjunct of bj;i(x) in | B(x) |.
The operator T transforms any function v(t) € H* into a new function u(¢) € H* on Ja, b[. Moreover, u(c;) = 0

when i = 1, n — 1. For Theorem 4.4 we get

Theorem 5.4. The singular operator T regularizes the operator L and the equality
TLu =u (28)
is true.
Now we shall investigate a relationship between the eigenfunctions and the above introduced operators.
Theorem 5.5. Eigenfunctions of kernel K (y, x) satisfy the singular Eq. (23), i.e.
St¥ =0, z;eR.

%
Proof. Taking (7) into account, from the definition (21) of S we obtain

M(x, 1) b K@y, 0T ()
Al — Ax) Jo.  AW) =z

n b
St = AWl () + Y BT (x) +/ dydt.

i=1 a

Because

1 1 1 1 1
At) — A(x) A(t) — zx - (A(t) — A(x) B At) — Zk> A(x) —zi
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we have that

=AW () + Y BT (D)
i=1
P UG Ny . b M(x, t)
fu A(x) — 7 A() — A(v) J, K(Y”)Tu(wdy—fu ———— (1)dt

A(x) —
and from (8), we get

dt M(x, 1) b
A(x) — zi A(t) — A(x)

b
/a A;Z;(_) o Mx. Ddt = |A(x)|er(x)+Z BT () /

K(y, N (y)dy.
The proof is complete.

Similarly we have

Theorem 5.6. The equality
S*‘L'Zk = O, Ik € N

is true.

Corollary 5.7. The equality
T‘L'Zk =0, Zx €N
is true.

Now we shall prove one important property of the eigenfunctions.
Theorem 5.8. Systems of the eigenfunctions {t., } and {7’ } represent the biorthogonal system.
Proof. Owing to equality (6), it remains for us to show that

b
N, :/ T Ts, *dx, zx €N
a

are different from zero. Let us assume on the contrary that N;, = 0 is true for the some z,. Then, 7, satisfies
conditions of Theorem 3.3 and therefore the singular integral equation

Lu=r,

admits the unique solution. It follows from Theorem 5.4 and Corollary 5.7, that u = 0. Thus we obtain a contradiction
and the theorem is proved.

Remark 5.9. This result implies:

(q1) Solutions of Eq. (23) are only the eigenfunctions 7 o K € R, also their linear combination.

(g2) The condition (22) also is sufficient for the solvability of (16).
The main result of this section is summarized in the following Hilbert—Schmidt type expansion theorem.

Theorem 5.10. Let v € H*, then
¥ =) dity +Lu (29)
k
where
1 b
= N_,k‘/(; WT;(dX, u= Tl//

Moreover, di. and also u are defined uniquely.
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Proof. In view of Theorem 5.8 it is evident that the following function
=y - dt,
k

where

1 b
dy = — 5 dx, e N,
k Nzk-/; v, Zk

satisfies the conditions:

b
/ Iﬂ()'l,’;;(dx =0, zxeir.
a

By Theorem 3.3 this yields (29). The question of uniqueness of the dj and u is obvious.

6. Main results

Now, from a comparison of the results, obtained in the preceding sections, with the foundations of the Hilbert—
Schmidt approach from the theory of Fredholm integral equations of second kind we can solve the equation

b
(A(x) — 2)@.(x) +/ K(x; y)@:(v)dy = f(x), x €la,bl, (30)
(cf. [8]).

Theorem 6.1. Let f € H* and let z € [ma, Ma] U R. Then Eq. (30)) has one and only one solution ¢, € H*
expressed by the formula

- 1
i = Y / FOIE )y + (
k

A0 = (Tf)( )> (x). €29}

Proof. Let ¢, € H* be the solution of (30). By virtue of Theorem 5.10 this solution can be written in the form

- ZJM + Lii. (32)
k

To find the coefficients dj and the function i, we proceed in the following way. Putting (32) into Eq. (30) and using
the relation (13) and Theorem 3.1, we get

D di(z — Ty + LAC) — () = f.
k
From this, by Theorem 5.10 we obtain
- 1 b
(zk — i = N_zk/a frdy,  zw€R,

(A@) — 2u(t) = (T f)@), t €la, bl.

Now, after replacing in (30) ¢, by expression (31), direct calculation gives
1 b
ZerN—/ fridy +LTf = f.
k Zk Ja
But from Theorem 5.10 it follows, this last equality holds.

Theorem 6.2. If z = z; € N is an eigenvalue of the multiplicity r of the kernel K, then the solution of Eq. (30) exists
only when the conditions

b
/ fr,dx=0, k=<r (33)



D. Shulaia / Transactions of A. Razmadze Mathematical Institute 171 (2017) 396410 409

are fulfilled. Then Eq. (30) has in the class H* solutions represented by the formula

o) = Y dir, (0 + 30

- N
k<r k>r <k <1 Ny

/\ﬂwr@My+< @ﬁO)@) (34)

1
A() —

where {c?k} are arbitrary constants.

Proof. Assume that ¢,, € H" is the solution of Eq. (30). Using the equality

b
(Ax) — 2T (0) + / K(y, 2t (0dy = (2 — 27 (x),

owing to (30) we get

b b
(2 —21) / §o, (N)TE (x)dx = / FOOT (x)dx.

Since z; = z; for k < r, we have (33). We are now able to show that the following function
('Z)?l = ngrzk
k<r
satisfies Eq. (30). Also, we have to prove that the following function
_ Ty (%)
§:, () = Z L / fridx + ( A() 30 =2 TG )) @1.%)

Zk — <1 Nzk

satisfies Eq. (30). Really, just as in Theorem 6.1 we find

Z%w,/f%m+mf‘f

k>r

From Theorem 5.10 it follows that there holds latter equality

Theorem 6.3. Let z = A(ty) where ty €la, b[\{c;}. In order that Eq. (30) be solvable in the class H*; it is necessary
and sufficient that its free term f satisfies the conditions

THEHY =0, i=T,n—1. (35)

Then the unique solution of Eq. (30) may be represented by (31).

Proof. Asin Theorem 6.1, if a solution of (30) exists, then

A(t) — Ato)u(t) = (T )(@).
(i

Therefore, in this case, when r = to) we have (35). Besides, if the conditions (35) are fulfilled, we are able to show
that the function ¢, € H*, defined by (31) where z = A(%), satisfies Eq. (30).

Corollary 6.4. Let 7 & R and let

fE) =" mro (x) (36)
k

where my is the arbitrary constant. Then Eq. (30) has one and only one solution which is expressed by the formula

P = 30 o (0,

k

Corollary 6.5. Let z = z; be the eigenvalue of the multiplicity r and assume that f is of the form (36). Then Eq. (30)
admits the solutions if and only if the following conditions m; = 0, k <r are fulfilled. When these latter conditions
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are fulfilled, then the solution of Eq. (30) may be given by the
~ m
Go () =Y T () + Y ——1, (x)
k<r k>r Tk T2l
where {dy} are the arbitrary constants.

A comparison of the obtained results, namely Theorems 3.1 and 5.10, with the foundations of the theory of Hilbert—
Schmidt leads to a solution of the integral equation (1)

b
A)p(x) + / K(x, ody = f(). x la, bl

Let A(x) € C! be the piecewise strictly monotone function having simple zeros x; on la, b[\{c;|i = T,n), s=
1, np, in addition we suppose that A’(x) € H and K(x, y) € H such that the assumptions (j;) and (j,) are fulfilled,
f(x) e H*.
Main Theorem.

Eq. (1) is solvable in the class H* if and only if f satisfies the conditions

(Tf)x) =0, s=1,n.

Provided these conditions are satisfied, Eq. (1) admits one and only one solution ¢(x) € H* on Ja, b[, moreover this
solution may be written as

T, x) [* . 1
px) =Y N / T (dy + (Lm(wo) (x)
k 4 Z a

where the operators L and T are defined by (14) and (27) respectively.
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Abstract

In this paper, using Sinc-Galerkin and Levenberg—Marquardt methods a stable numerical solution is obtained to a nonlinear
inverse parabolic problem. Due to this, this problem is reduced to a parameter approximation problem. To approximate unknown
parameters, we consider an optimization problem where objective function is minimized by Levenberg—Marquardt method. This
objective function is obtained by using Sinc-Galerkin method and the overposed measured data. Finally, some numerical examples
are given to demonstrate the accuracy and reliability of the proposed method.
© 2017 Published by Elsevier B.V. on behalf of Ivane Javakhishvili Tbilisi State University. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Inverse problem; Sinc-Galerkin method; Nonlinear parabolic partial differential equation; Levenberg—Marquardt method

1. Introduction

Sinc methods have been increasingly used for finding a numerical solution of ordinary and partial differential
equations [1-3]. The books [4,5] provide overviews of existing methods based on Sinc functions for solving ODEs,
PDEs, and integral equations [1]. These methods have also been employed for some inverse problems [6—8].

There are many reasons that why these methods motivated authors to use them. First, the most important benefit of
the Sinc methods is good accuracy that they make in the neighborhood of singularities [5,9]. Second, they are typified
by exponentially decaying errors and in special cases by optimal convergence rate, even for problems over infinite and
semi-infinite domains [5,9]. Finally, due to their rapid convergence rate, these methods do not suffer from the usual
instability problems that typically occur in different methods [5,9,10].
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The main aim of this paper is to use the Sinc-Galerkin method for solving a nonlinear inverse parabolic problem
of the form

Uy — e + Hu)=F(x,1), O0<x<1,1t>0

u(x, 0) = ¢(x) 0<x <1 (1.1)
u(0,1) = p(1) 120 -
u(l, 1) =q() 120

where H(u) is considered as follows
H(u) = u"(n > 1), sin(u), cos(u), exp(du), sinh(u), cosh(u),

or any analytic function of u that has a power series expansion. In the above problem, F(x,t), ¢(x) and ¢(¢) are
known analytic functions in an open interval 0 < x < 1, ¢ > 0 and may be singular in O or 1 or both, and the analytic
functions p(¢) and u(x, t) are unknown. If p = p(¢) is given, then the problem (1.1) is called direct problem (DP).
The existence and uniqueness of DP (1.1) have been widely investigated in [11-14].

To find the pair (u, p), we use the overposed measured data

ux*, 1) = E(1), 0<x*<1. (1.2)

Let us denote by the notation u[x, ¢; p] the solution of the DP (1.1). Then from the additional condition (1.2) it is seen
that the nonlinear inverse parabolic problem (1.1) consists of solving the following nonlinear functional equation

ulx*,t; pl=E@#), 0<x"<l. (1.3)

In general, instead of solving the functional equation (1.3), an optimization problem is solved, where objective
function is minimized by an effective regularization method. This objective function is defined as

1
S(p) =Y _(ulx*, ti; pl — E())". (1.4)

i=1

In this paper, we attempt to obtain an approximate solution for the unknown function p(#). For this purpose, first let

. t—ih
p(t) >~ i Si y
PO~ p lnC( . )

i=1

be a linear combination of Sinc functions, where / is the step size of time and p;’s are unknown parameters that
should be derived. Then, the Sinc-Galerkin Method is used to obtain the approximate solution u,, ., [x, ¢, p] of the
problem (1.1) with p(¢) instead of p(¢). In other words, the problem (1.1) is reduced to a parameter approximation
problem. These parameters are determined by minimizing the objective function (1.4) such that u[x*, #;; p]is replaced
by uy, m,[x, t, p]. Due to this the Levenberg—Marquardt method is used. This method is a Newton-type method for
nonlinear least-squares problem that is treated in many numerical optimization text books, e.g. [15]. The Levenberg—
Marquardt method has also been successfully applied to the solution of linear problems that are too ill-conditioned to
permit the application of linear algorithms [16,17].

The paper is organized as follows. Section 2 is devoted to the basic formulation of the Sinc function required for
our subsequent development. In Section 3, the computational algorithm based on the Sinc-Galerkin method and the
Levenberg—Marquardt method is provided and sensitivity matrix is obtained. Finally, in Section 4 some numerical
examples are given and shown the efficiency and accuracy of the proposed numerical scheme.

2. Sinc function properties

In this section using the notations of [2,3,5,10], an overview of the basic formulation of the Sinc function is
presented.
The Sinc function is defined on the whole real line —co < x < co by
sin(7r x)
Siner) =1 " 7x *70
1 x=0.
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For h, > 0 and h, > O, the translated Sinc functions with evenly spaced nodes for space and time variables are
given as

z —kh,

X

z —kh;

t

S(k, hx)(z)zSinc< ), k=0, £1, £2,...

S*(k, he)(z) = Sinc( ), k=0, £1, £2,....

To construct approximations on the interval (0, 1), which is used in this paper, the eye-shaped domain in
the z-plane, Dy = {Z =x+iy: |arg(1 iz) <d < %} is mapped conformally onto the infinite strip Ds =

w=t+is: |s] <d < Z} with
{ 7]

w=ﬂ@=m<z )
1-z2

The composition

5W°=“meﬂn=ﬁm<ﬂ2;ﬂz>

hy
defines the basis element on the interval (0, 1), where %, is the mesh size in Dy for the uniform grids kh,,
—00 < k < o0o. The inverse map of w = ¢(z) is

exp(w)
exp(w)+ 1
Thus, the inverse images of the equispaced grids are x; = Y (kh,), k =0, £1,£2,....

For the temporal space [5], we define the function 7°(f) = In(¢#) which is a conformal mapping from Dy =
{t =r+is: |arg(t)] <d < %} the wedge-shaped temporal domain onto Dg. The basis element on the interval
(0, o0) are derived from the composite translated Sinc functions

Tt)— jh
hl '

z=¢ (W) =y w) =

S;*(@) = S*(j, hp)o Y (t) = Sinc (

The mesh size h;, is the mesh size in Dy for the uniform grids kh;, —00 < k < oc. The inverse map ¥ ~'(¢) is exp(z).
Thus, the inverse images of the equispaced grids are #; = exp(kh,), k =0, +1, £2, .. ..

3. Sinc-Galerkin solution of the nonlinear inverse parabolic problem

3.1. The direct problem

An approximate solution of DP (1.1) is considered by

Ny+1 N¢

e )= Y > i Xi(0)6;(0), 3.1

i=—My—1 j=—M,—1

where m, = M, + N, +1,m; =M, + N, + 1,

1—x i=-M,—1
Xi(x) = 1 SG, ho)op(x) —M, <i <Ny
X i=N,+1
and
t+1
— = —M, — 1
o= 2r1_ 7 ,

S*(jv hpoT(t) —M, < J <N
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Using the boundary and initial conditions in DP (1.1), we have

Nt
ﬁmx,m,(ov t) = Z U_M.—1,j 9j(l‘) = P(t),
i=—M;—1
N;
e (L) = Y un41,0;(0) = q(0),
i=—M,—1
Ny+1
i (6, 0) = Y iy 1 Xi(x) = p(x).

i=—My—1

Thus, we can write the approximate solution (3.1) based on Sinc basis functions as

Ny Ni
e, 6,0 =Y Y i i SiOSTO 4 pHOX pe1(X) + 7O X 11 () + ) Oy, 1 (1),
i=—Mx j=—M,

where

pr(1) = p(t) = $(0)O_p, 1 (1),
and

q" (1) = q(t) = p(1)O_p, 1 (1).

The unknown coefficients u; j, i = —M,,..., Ny, j = —M,,..., N, are determined by orthogonalizing the
residual with respect to the functions Sy 4, i.e.,

(Litmym — F, Ske) =0, —M, <k <Ny, —M,<I<N,
where Lu = u; — u,, + H(u) and
Sk = Sk(x)S; (1) = (S(k, h)op(x)) (SU, hi)o T(1)) .

The weighted inner product here is defined by
00 1
(o= [ [ o g ouerdsar
o Jo
where w(x)t(¢) is a product weight function. This orthogonalization may be written

(L"tmx,mt - F*a Sk,[) = Oa _Mx < k < Nx’ _Mz < l < Nta

in which the homogeneous part of the approximate solution is given by

Ny N;
U, ()= > Y jSi(x)ST(@), (32)
i=—My j=—M,

and

a
F(x,t) = F(x, 1) — 3 (P*OX _p,1(X) + g5 O X Ny 41(xX) + d(X) Oy, 1 (1))
82
toa (P* (DX py—1(X) + ¢* (O X, 11(X) + d(X) Oy, 1(1))

—H (P*OX - pt—1(0) + g5 (O Xy 41(5) + $(X) Oy, —1(1))

for more details, one can refer to [4, Page 244].
An alternative approach is to analyze instead

(W), Ser) = (e, ) o Se) + (H (e, )+ Ska) = (F7 Sir) (3.3)
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The method of approximating the integrals in (3.3) begins by integrating by parts to transfer all derivatives from u,, ,
to Sy ;. Thus, we have

00 1 9
(o), S1) = fo /0 (e (5, 1) SRS (D),

[} 1
= BT, —/ / U,y (X, t)2 (S,*(t)t(t)) Sk(x)w(x)dxdt,
o Jo ot

and
oo 1 82
() .o Sis) = f / 5 (1 (6. 1)) SCOWCOS; (O (1),
0o Jo 0X
oo 1 2
= BT2+f / l,tmx,,,,t(x,l‘)a—2 (Sc(x)w(x)) Sf ()T ()dxdt,
o Jo dx
where
1
BT = [ Sc0uo) (057 07(0) |7 .
0
and

° d
BT, = / SH()T(r) (—3 (umx,m,(x, t)) Sk(x)w(x)) |(1] dt
0 X

o 0
- / 57<t>r<r><umx,m,<x,r>—a (Sk<x>w<x>)> |, dt.
0 X

So, we can write
[>9) 1 J 82
/ / Uy my (X, 1) <—a—(Sl*(t)r(t)) Sew(x) +-— (S(Dw(x)) Sz*(t)f(t)> dxdt
o Jo ! dx
o0 1
+ BT+ / f H (1t (6, 1)) SeGOOS(Ow()T(0)dxds
0 0

00 1
=/ / F*(x, )Sk(x)S/ (H)w(x)T(r)dxdt,
o Jo

where BT = BT, + BT,. The weight functions w(x) and 7(¢) are defined in the following forms

1
NZioh (1) =/ T'(1).

These weight functions cause BT = 0.
For approximating the above double integrals, we use the Sinc quadrature rule that is given in the following
theorem.

w(x) =

Theorem 3.1 ([18,19]). For each fixed t, let G(z,t) € B(Dg) and h > 0. Let ¢ and 1 be one-to-one conformal

maps of the domains Dy and Dy onto Dy, respectively. Let z; = ¢~ '(ih,), tj = Y'Gh) and T, = ¢~ (R),
I, = T7Y(R). Assume there are positive constants o, B,, and C,(t) such that

'G(z, 1)

¢'(2)

exp(—a, lp(2))), ze€ P,
exp(—B. lp2)), ze I,

where Ff) = {zel,: o) =u € (—o0,0)}, Fbm = {zel,: o) =u€[0,00)}. Also for each fixed z, let
G(z,t) € B(Dw) and assume there are positive constants &, B;, and C,(z) such that

'G(z, 1)

< C:(). {

exp(—a, | 7)), tel®,
exp(—B | T@)), tel}),

T'(z)

< Gi(2). {
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where TV = {teT,: T(t)=u e (—o0,0), I
quadrature rule is

{tel,: T({)=ue€[0,00)}. Then the Sinc trapezoidal

N N
/P | / Gz, 1)dzdt = h, ; ) w((’;(f)’{,f’(t] + O(exp(—a M 1)) + O(exp(—BNoh.))
+ 0(€XP(_27Td/hz)) + O(exp(—a;M;h;)) + O(exp(—pB;N:h;)) + O(exp(—2nd/ h;)).

Hence, make the selections
M +1

o) e

where h = h, = h,, and

h =/2nd/(a:M,),

and the exponential order of the Sinc trapezoidal quadrature rule is O(exp(—+/2mdo, M,)).

oy o
_MZ + 1 N N[ = _—
Oy ﬂt

M.+

Applying the Sinc quadrature rule that is defined in Theorem 3.1 yields

00 1
N / / umh,,,,(x,t)Sk(x)w(x)% (S7(t)e()) dxdr

Nt (X 1) Sk ()W (X)) (ST ()T (D)) |,=tq

= Z Z @' () T(1,)

—My g=—M
. v n u,,,qsk<x,,>w<x,,>%(S;*(z)r(z))\,:,q
SN o) Ty

p=—My q=—M;

where x, = (p’l(phx) and 1, = T’l(qht). Also, we have

00 1 2
/ / U, .m, (X, t)a—2 (Sk()w(x)) S) ()T (t)dxdt
0 0 ax

o Z i gy (X 1) S} (1) T (1) L (S 0Ow(0) | _
e A ¢'(xp) T'(1y)
N Ny g ST (Siw ) |

>~ h.h,
Z @'(xp) T'(tg)

p=—My g=—M;

[ee] 1
/ / H (umx,m, (x, t)) Sk(X)S; (Hw(x)T(t)dxdt
o Jo

H Wy m, (Xp, 19))Sk(xp) S (1) w(x )T (14)
~ h.h,;
Z Z (p/(xp) T/(tq)

H(up,g)Sk(x,)S (t)w(x,)T(ty)
~ h.h; ’
Z Z @'(xp) T'(14)

and
x N; t

F*(xp, 15)Sk(xp) S/ (1)w(x )T (14)
F*(x, )S(x)S ()w(x)T(t)dxdt ~ h,h, § § .
/ / X, k(X)9; wx)T X ~, =, (p/(xp)T/(tq)

The Sinc-Galerkin method actually requires the evaluated derivatives of Sinc basis functions S(i, i, )o@(x) and
S*(j, hy)o T'(¢) at the Sinc nodes x = x; and t = 1, respectively. The p-th derivative of S(i, i, )og(x), with respect to
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¢, evaluated at the nodal point x; is denoted by

sk = hp [S(z hyop()] | _ (3.4)

Theorem 3.2 (/4,5]). Let ¢ be a conformal one-to-one map of the simply connected domain Dg onto Dg then

() 1, k=i

8 = [SG, Mop()l | _ {O’ k£

N 4 0, k=i

D _ p L s N RSN

i = h 1SG mop(l | =1 CD*D
(k—1)

and

8% = n?— @ [SG, hop(0)] | _ 3

F g v —2(=D*D .
W, k;él

Proof. See [4,5]. O

We note that, the similar formula as (3.4) and similar theorem as above for S*(j, i;)o T'(¢) are satisfied.
Define the m x m matrices I,,,p for0 < p <2by

1 ... 0
10 = [3(0>] co =1
0 1
1 —1y!
0 1 (=D
2 m—1
-1 :
0= [3“)] ! L
2 2
: -1
1yn—1 1
(=D Ly 0
m—1 2
and
—7? 5 ) _2(_1)m—1
3 o ——:
2 :
©) -2 . -2
1;12) = [‘Si,k] = > T B
: 2
—2(—1ym! -2, —2
mo 2 3

The above matrices are the m x m Toeplitz matrices (see [3]). Then the discrete system can be represented in the
following matrix form

AV+VBI'+H=G, (3.5)
where

_ T
V =DwUD" | — ),
(w) ( Tf/)
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H = D(w)H D* (

77)

_ T
G=DwFD*[ — |,
wip ()

1 —1 1\
Ay =D (¢'(x)) —h—21,§123+D ( / ) D(¢'x),

b= 0" (VT0) [ - 0 (s ) | o (V).

and
8(x—m,) 0
D(g) = ,
0 g(xNx) My Xmy
8(t—m,) 0
D*(g) = :
0 g(th) msXmg
U = (ui'j)mx xmy’
I:I = (H(uivj))mx xmy’

F = (F*()Cl', lj))

myxXm; "

Now, we have a nonlinear system of m, x m, equations of the m, x m, unknown coefficients u; ;. These coefficients
are obtained by using Newton’s method or many other different methods such as, conjugate gradient method, genetic
algorithms, Steffensen’s methods and so on [4,20,21].

3.2. The nonlinear inverse parabolic problem

In this subsection, to find the unknown function p(t) of the problem (1.1), a computational algorithm is provided.
Algorithm: Identification of the unknown function p(¢)
Step 1. Put

(t)NZp,Slnc < lh)

be an approximation of the unknown function p(#), where 4 is the step size of time and p;’s are unknown parameters.

Step 2. Using the Sinc-Galerkin solution (3.2), obtain an approximate solution for u[x, ¢, p]. In this case, when we
solve the nonlinear system of Egs. (3.5), the unknown coefficients u; ; are obtained according to p;’s. In other words,
we have

Uiy, X1, P] Z Z i j(p1s P2y« oy Pu)Si(x)ST(2).

—My j=—

Step 3. Obtain the n unknown parameters p;, based on the minimization of the least squares norm

I
S(p) =Y (tm,,, [x". 1 p] — 1)) (3.6)
i=1
Since, the obtained system of algebraic equations is ill-conditioned, therefore the Levenberg—Marquardt method
according to step 4 is used.
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Step 4. Levenberg—Marquardt regularization [17]. Suppose that,
Um,\',m[ (p) = [Ulv UZ? ey UI]T
E=|E Ey, ..., E]",

and p = [p1, p2, .- -, pn]T, where E; = E(t;) and U; = U,y [x* t;; pl,i = 1,2,..., 1. Then the matrix form of
the functional (3.6) is given by

S(p) = [E = Unoon, (D))" [E = Unons(P)].
in which
[E = Upoo(p)] =1E1 = U, Ex = Us, ..., E; — Ul

The superscript 7 denotes the transpose and / is the total number of measurements. To minimize the least squares
norm, the derivatives of S(p) with respect to each unknown parameters {p; };=] are equated to zero. That is

0S(p) _ 9S(p) __ 9S(p) _
opi op> 0pn
or in matrix form

0,

U, 1, (P)
VS(p)=2 [——’ [E = Un,.m,(p)] =0,
ap
where
p— 8 —
851
aUT -
Lf(p) — | Ip2 [Ul U, ... U1]~
ap :
9
| dp,
Hence, the sensitivity matrix can be written in the form [17]
~oU, U, U, oU; 7
ap,  dpr  dpz T Op,
T a52 352 852 3{7]2
auT | (p) — — — ...
J(p)=| M2 —|dp1 9p2  Ip3 dpn (3.7
p : : : :
ai]] 3(‘]1 3i]1 8UI
Lopr dp2 dps Opa
Remark 3.3. We note that [17], when the sensitivity coefficients (J(P)); ; = gpﬁ are small, we have |(J(P))TJ(P)} ~
’ J

0 and the inverse problem is ill-conditioned. It can also be shown that |(J (P))TJ (P)| is null if any column of J(p)
can be expressed as a linear combination of the other columns [17].

Now, the computational algorithm for the Levenberg—Marquardt regularization is provided as follows [17].

Suppose an initial guess for the vector of unknown coefficients p is available. Denote it with p©.

1. Set 11 be an arbitrary regularization parameter (for example ;o = 0.001 ) and k = 0.

2. Compute U, ,, (p'®) and S(p©@).

3. Compute the sensitivity matrix J* defined by (3.7) and then 2% = diag[(J*)T J¥], by using the current values
of p®,

4. Solve the following linear system of algebraic equations

[(IOTT* + @ QX Ap* = (DT [E = Uy, (0™)].

in order to compute Apf = pk+l — pk,
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Fig. 1. The approximate solution p(r) with hy = %, hy =5, h =%, My = N, =16, M; = N, =4 and H(u) = u?.

Table 1
The L;-norm error of the introduced method for M, = Ny = M, = N, = 4 and H(u) = u?.
t 1 4.1415 10.4248 19.8496 22.9911 27.7035 32.4159 37.1283 41.8407 48.1239
Ip@) — p®)lly 0.15239 0.20502 0.04755 0.01921 0.00060 0.01034 0.00293 0.00390 0.00456 0.00246
Table 2
The L;-norm error of the introduced method for M, = Ny =8, M, = N, = 4 and H(u) = u®.
t 1 4.1415 10.4248 19.8496 22.9911 27.7035 32.4159 37.1283 41.8407 48.1239
Ip@) — p@)lly 0.17440 0.19443 0.03191 0.00316 0.00788 0.00826 0.01176 0.00322 0.00638 0.00119

5. Compute p*+! = Ap* + pk.

6. If S(p**1) > S(p*) replace ¥ by 10* and go to 4.

7.1 S(p*+1) < S(p*) accept p**! and replace u* by 0.1u*.

8. Assume that tol (tolerance) is given. If || prtl — pk H < tol, then an acceptable approximation is obtained.
Otherwise, replace k by k + 1 and go to 3.

In last section, the application of the proposed approach to solve the problem (1.1) is illustrated by three examples.

4. Numerical results

In this section, to show the validation of the introduced method three numerical examples are given. In these
examples, the numerical results are listed with different values of h,, h;, h, M, M;, Ny, N; and for 0 < ¢t < 50. Also,
in order to solve the obtained nonlinear system of equations in (3.5), we apply Newton’s method.

Example 4.1. Consider the nonlinear inverse parabolic problem of the form

u,—uxx—i—uz:F(x,t), O<x<1,t>0
ulx,0)=0 0<x<1
u(0,t) = p(t) t>0

u(l,1) =0.9te " sin(1) t>0

where F(x,t) = —2te " cos(x) + e !(x — 0.1) sin(x) (l +e 2 (x —0.1) sin(x)) and p(¢) is unknown. We note that
the exact solutions are u(x, t) = (x — 0.1)re" sin(x) and p(¢) = 0. In this example the overposed measured data is
considered by u(0.1, t) = 0 and p(¢) is approximated by

p(t) = p(t) = p1Sinc (t ; h) + paSinc (t _hZh> . “4.1)

The numerical results are listed in Table 1 for &, = h; = h = 7, in Table 2 for h, = #, hy=7%, h= zLﬁ and
in Table 3 for h, = %, h, = % h = %. As we observe, the results show the efficiency and accuracy of the method.
Also, Fig. 1 shows the approximate solution p(¢).
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Table 3
The L;-norm error of the introduced method for M, = Ny = 16, M; = N; = 4 and H(u) = u?.
t 1 4.1415 10.4248 19.8496 229911 27.7035 32.4159 37.1283 41.8407 48.1239
Ip(t) — pO)lly 0.08626 0.00097 0.00991 0.00424 0.00381 0.00334 0.00278 0.00218 0.00156 0.00109
Table 4
The Ly-norm error of the introduced method for My = Ny = M; = N; = 4 and H(u) = 7.
t 1 4.1415 10.4248 19.8496 22.9911 27.7035 32.4159 37.1283 41.8407 48.1239
Ilp() — pOlly 0.42572 0.70087 0.06571 0.00311 0.07001 0.05146 0.04958 0.04253 0.03651 0.00209
Table 5
The L;-norm error of the introduced method for M, = Ny =8, M; = N; =4 and H(u) = ﬁ
t 1 4.1415 10.4248 19.8496 22.9911 27.7035 32.4159 37.1283 41.8407 48.1239
Ip) — p()ll; 0.44657 0.77071 0.10003 0.06335 0.05201 0.03154 0.00761 0.03009 0.01810 0.00158
Table 6
The L;-norm error of the introduced method for M, = N, = 16, M; = N, =4 and H(u) = H#
t 1 4.1415 10.4248 19.8496 22.9911 27.7035 32.4159 37.1283 41.8407 48.1239
Ip) — pOll; 0.13101 0.08657 0.00116 0.00254 0.00122 0.00045 0.00043 0.00111 0.00108 0.00025
N 10 20 30 40 50

-0.05F

-0.10F

1

Fig. 2. The approximate solution p(r) withh, = %, hy =5, h =%, My = Ny =16, M; = N; =4 and H(u) = e

Example 4.2. For second example, we consider the following problem

1
ut—uxx—i——z:F(x,t), O<x<1,t>0

1+u
u(x,0)=0 0<x<1
u(0,t) = p(t) t>0
u(l,t) =0.9te " sin(1) t>0

where

1
14 e 2¢2(x — 0.1)% sin(x)?

F(x,t) = —2e "t cos(x) + e "(x —0.1)sin(x) +

and p(r) is unknown. The exact solutions are u(x,t) = (x — 0.1)te™"sin(x) and p(r) = 0. Again the overposed
measured data is considered by u(0.1, ) = 0 and p(¢) is approximated by (4.1). The numerical results are listed in
Table 4 forh, = h, =h = 7,inTableSforh, = %=, hy = %, h = ffz andin Table 6 forh, = 7, hy = 5, h = 7.

As we observe, the results show the validation and accuracy of the method. Also, Fig. 2 shows the approximate solution

p).
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Fig. 3. The approximate solution p(r) withh, = %, hy = 5, h = 7, My = Ny = 16, M; = N; = 4 and H(u) = sin(u).
Table 7
The Lj-norm error of the introduced method for M, = Ny = M; = N, = 4 and H(u) = sin(u).
t 1 4.1415 10.4248 19.8496 22.9911 27.7035 32.4159 37.1283 41.8407 48.1239
Ip@) — p@)ll; 0.14522 0.15112 0.03212 0.01584 0.00431 0.00220 0.00063 0.00047 0.00131 0.00317
Table 8
The Li-norm error of the introduced method for M, = N, =8, M; = N; = 4 and H(u) = sin(u).
t 1 4.1415 10.4248 19.8496 229911 27.7035 324159  37.1283  41.8407  48.1239
[Ip() — p)ll; 0.16707  0.16232  0.03149  1.88 x 107%  0.00451  0.00826  0.00952  0.00130  0.00622  0.00106
Table 9
The L;-norm error of the introduced method for M, = N, = 16, M; = N; = 4 and H (u) = sin(u).
t 1 4.1415 10.4248 19.8496 22.9911 27.7035 32.4159 37.1283 41.8407 48.1239

Ip@) — p@®)lly 0.04484 0.01749 0.00242 0.00075 0.00169 0.00059 0.00011 0.00038 0.00065 0.00109

Example 4.3. Consider the following problem

U; — Uy +sin(u) = F(x,t), O0<x<1,1t>0

u(x,0=0 0<x <1

u(0, 1) = p(1) t>0

u(l,t) = 0.9te " sin(1) t>0
where

F(x,1) = =2te”" cos(x) + ¢~'(x — 0.1)sin(x) + sin (te~"(x — 0.1) sin(x)) ,

and p(t) is unknown. The exact solutions are u(x, t) = (x — 0.1)te" sin(x) and p(¢) = 0. The overposed measured
data is considered by u(0.1,7) = 0 and p(t) is approximated by (4.1). The numerical results are listed in Table 7 for

hy = h; = h = 7, in Table 8 for h, = 2”—2 hy=7%, h= 2”—2 and in Table 9 forh, = 7, hy = 5, h = 7. As we
observe, the results show the accuracy of the method. Also, Fig. 3 shows the approximate solution p(t).
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