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Abstract

In this work, we consider a generalized system of partial differential operators, we define the related Fourier transform and
establish some harmonic analysis results. We also investigate a wide class of integral transforms of Riemann—Liouville type. In
particular we give a good estimate of these integrals kernels, inversion formula and a Plancherel theorem for the dual.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Fourier transform; Convolution product; Integral operators; Mehler representation; Dual operator; Inversion formula

1. Introduction

The operator R, defined by

20 (1 /2
—/ / f(rcos, x +rsinf)cos’®6(1 —s)*1do ds fora > 0
I Jo Jomp

Ro (f)(r, x) = | e
—/ f(rcos@,x +rsinh)do fora =0,
) _mp

and its dual 'R, are of interest in several applications for example in image processing of the so-called aperture
radar (SAR), data...[1], or in the linearized inverse scattering problems in acoustics [2,3]. These operators have been
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extensively studied in [4—14]. They arise in connection with the system

9
Al=8—,
X
(1.1
92 2a0+139 82
Ay = — atlo

+— —.,
or? ro or  0xZ2
of partial differential operators [15,6,16-19].
The main aim of this article is to define and study a wide class of integral transforms which generalize the operators
Ry and'Ry; a > 0.
More precisely, we consider the singular partial differential operators A and A, 4 such that

Ay =—,

0x
A _ 32 N A/(r) P N ) 82 (1.2)
AT T A or TP T

where p is non negative real number and A is a non negative function satisfying some properties.
First, we define a generalized Fourier transform F,4 and generalized shift operator 7, y); ((r, x) € [0, oo[xR)

related with A 4. We give some harmonic analysis results associated with F4 and 7, ). Second we establish
an integral representation of the eigenfunction of the operator A, 4. This result and by using the same techniques
as Fitouhi [20,21], we define and study a wide class of integral transforms R4 and ' R4 related with A, 4. More
precisely we establish for these operators the same results given by Helgason [9], Ludwig [12] and Solmon [14] for
the classical Radon transform on R2. Also, we define and characterize some spaces of functions on which R4 and
"R 4 are isomorphism.

The paper is arranged as follows. In Section 2, we recall some basic properties and results about the singular
second order differential operator £4 = % + /X((rr)) % + ,02. In Section 3, we define a generalized Fourier transform F4
associated with the system (1.2) and we establish some harmonic analyses (inversion Formula, Paley—Wiener theorem
and Plancherel theorem for F4). Also, we define and study a generalized shift operator 7, y); (r, x) € [0, co[xR
and a generalized convolution product associated with 7, ). Section 4 deals with the integral representation of the
eigenfunction related with A, 4 and the operator R4 and its dual “ R4. In Section 5 we give an inversion formula for
R4, 'Ry and Plancherel theorem for 'R 4.

2. Preliminaries of Chébli-Trimeche hypergroups

In this section we briefly recall some results of harmonic analysis related with the following second order singular
differential operator on the half line:

¥ Ama .,

f=fp=— 4200 4 2 23
S R YR P 2-3)

where A is continuous on [0, oo[, twice continuously differentiable on ]0, co[ and satisfies the conditions:

@ A(0)=0and A(x) > Oforx > 0.

2) A is increasing and unbounded.
3 % = 2"‘){—“ + B(x) on a neighborhood of 0, where o > %1 and B is an odd C*°-function on R.
@) ’Z,((;‘)) is a decreasing C°°-function on ]0, oco[ and lim o % =2p > 0.
Q) There exists a constant § > 0, satisfying

A'(r)

=2p + F(r)exp(—ér), for p > 0.
A(r)
Al(r)  2a+1

A + F(r)exp(—9dr), forp =0,
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where F is an infinite function on ]0, oo[, bounded together with all their derivatives on all intervals [rp, oo[,
ro > 0, [22-24,15,20,21,25,26,10,11,27-30].
From the properties of the function A, we deduce the following results:

Lemma 2.1 (/19])).
@) For p > 0, we have

A(x) ~exp(2px), (x — 400).
(ii) For p = 0, we have

A@x) ~ x2 T (x — 4o00).

From [23,24,15,20,21,28,29,31,32] we have:
for A € C the equation
£au=—\u (2.4)

has a unique solution on [0, oo satisfying u(0) = 1 and u’(0) = 0, which can be extended on R in an even C*
function denoted by ¢; .
In the case of the Bessel operator that is (A(x) = x2¢+1y this solution is jy (Ax), where

2P + 1) ,
o) = J00) = | Gmye Jedx) i £ 0 2.5)
I if Ax = 0.

In the case of the Jacobi operator that is A(x) = (2 sinh(x))%*1(2 cosh(x))?#+!, o > B> %1;

1 1
Vx > 0,1 €C; pp(x) = wia”g)(x) =2k (5(0 —i}), E(p +idM),a+1,1- sinh2x> )

where p = o + B8 + 1 and 7 F is the Gauss hypergeometric function.
Eq. (2.4) also has two linear independent solutions ¢, and we have

or(x) = c(M)Pp(x) + c(=1)p_p(x),
where c(.) is the Harish-Chandra type function [23,24,15,28,29].

Properties of the eigenfunction ¢, , [23,24,20,28,29].

We have
e For
p=0,Vr >0, po(r) = 1. (2.6)

e For p > 0, there exists k > 0 such that

Vr > 0, exp(—pr) < ¢o(r) < k(1 + r)exp(—pr). 2.7)
e For A € R,
l0:.(r)] < @o(r); Yr > 0. (2.8)

e For all A € C such that |Im()1)| < p and r > 0 we have

lga(r)| < 1. (2.9)
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eForall A € {A € C; |Sm(L)| < p}

sup g, (r)] = 1. (2.10)

r>0

oeVr > 0,VA € C,

-
on(r) = / K (r, u) cos Audu, 2.11)
0
where K (r, .) is an even positive C*°-function on | — r, r[ with support in [—r, r].
eForalls,r € [0,00[,and A € C,
+00
er(Neals) = f w(r, s, D (1) At)dt, (2.12)
0
where w(r, s, .) is a positive function with support in the interval [|r —s|, r 4] and satisfying the following properties:
(@)
o
/ w(r, s, )A@)dt =1, (2.13)
0
(i)

{a)(r, s,1) =w(s,rt), Vt>0. (2.14)

w(r, s, t) =w(t,s), Yt>D0.

Proposition 2.1 (/20,21]). There exist constants cy, ¢ and c3 such that, for every x > 0 and A € C, we have
P ()] < —m
LX) =
v B(x)

l0; ()] < c2l2? + p?

exp(|SmA|x).
X
VB(x)

loy ()| < 3122 + p? (1 +x

exp(|SmA|x]).

A’(x)) exp(|ImA|x)
A(x) ' B(x)

Proposition 2.2 ([20,21]). There exist analytic functions Ay such that

9 Jotk (Ax)

AW (1) = Y VA =

k=0

+ Rm,)»(x)y

where

R ()| = s ( /0 |A;n+1(t)|dr> exp (% fo IQ(t)Idt),

with ¢ and c; two constants and

B B 1(B®»\ 1/(B®O\ ,
Q(t)—(2a+1)2tB(t)+§<B(t)> +Z(B(t)) —-p%

Remark 2.1. From the above result, we can write

- 1
o (x) = ];)ak(x)]a+k()vx) + 0 (m) (2.15)
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x*Ar(x)
204tk (o + k 4+ 1)/B(x)’

are continuous functions.

(2.16)

ag(x) =

Properties of the Harish-Chandra function, [28].

(i) For A € R; ¢(—1) = c(h).
(i) The function A — |c(A) |’2 is continuous on [0, oo[ and there exist ki, k, k3 such that
e p>0,a> 3, VAeCi Al >k
kAP < eI < kala P,
op>0,a>_71,\7’)»e(c;|)\|§k
kilAP < e 72 < kalal?,
e p=0,0a>0,VAeC; A <k
kAPt < eI < ka0
(iii) A — c()) is different from zero on {A € C*/ImA < 0}.
(iv) We suppose also, that the function A —> ¢(1) is C* on ]0, oo[ and for all n € N, (%)"|C()\)|_2 is different
from zero on ]0, oo[ and there exist p, € N and k, > 0 such that
o V= 15 () e < kal A7,
o (L)) 72 < ayr?;a, € R, g, € Z.

3. Harmonic analysis associated with a generalized system of partial differential operators

In this section we investigate harmonic analysis associated with the system (1.2), we define and study a generalized
Fourier transform and convolution product linked with Ay 4.
Proposition 3.3. For all (i, 1) € C?, the system
Aru(r,x) = —iiu(r, x),
Az‘AM(F,x) ? —uzu(r,x), (3.17)
u(0,0) = 1; a—”(o,x) =0, VxeR
r

has a unique solution given by

YT, x) = wm(r) exp(—iAx),
where g, is the eigenfunction of the operator £4 such that ¢,(0) = 1 and ¢,,(0) = 0.
Proof. Let ¥, ;) be the solution of the system (3.17) and let us put

V) (7 X) = Y n) (1, x) exp(idx).

Then

BU(M,A)(F, x) _
ox
therefore v, 1) (7, x) = w(y,1)(r), with

£aw(r) = —(1* + 2ADHw(r),
w(0) =1, w' (0) = 0.

By Eq. (2.4), we have

W () =@ ra53r)
which finishes the proof. [

0,
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Remark 3.2. Using the fact that for all (r, x) € R2, loy(r)| < 1, we deduce that for all (u, A) € I', we have

|¢(M,A)(r,x)| =< 1,
where I is the set given by

I=R>U{Gp, 2); (1) € R% Jul < [A]}. (3.18)

Notation

In the sequel of the paper we denote e dv(r, x) = A(r)drdx.
e X = [0, oo[xR.

e L7 (X): The space of measurable functions f on X satisfying

1
1 llpy = (/ If(r,X)I”dV(r,X))] ,ifl1<p<oo
X
and

I flloo = esssup . vyex!|f(r, x)|, if p = oo.

e dm(it, )) = ds(p)dh, where ds(w) = lcgf)lz.
e dy(u, 1) the measure defined on I, by

[A

|
/F Wy (o h) = /X F Qs b, Mdpdi + A [ G oo dar,

where 0 is the function defined on I, by
1
Vi + Ple/ 2 + P2

e L the space of measurable functions f on X satisfying

O, 1) = (3.19)

W llpm = (/X If(r,x)lpdm(u,?»)>P <00, 1 <p<oo
and

[ flloo.m = Il flloo = esssup, yyex|f(r, x)| < 00, p = o0.

e L, , the space of measurable functions f on I" satisfying

1
1 fllpy = (/F |f(llw)»)|pd)/(ﬂ7)»)>p 1< p<oo
and

[ flloo.y = 1f lloc = esssup,, ser!f (i, 2)| < 00, p = oo.

o £.(IR?) the space of infinitely differentiable functions on R? even with respect to the first variable.

e D,.(R?) the space of C* functions on R?, with compact support and even with respect to the first variable.

e H,.(C?) the space of entire functions f : C> —> C even with respect to the first variable rapidly decreasing of
exponential type, that is there exists a positive constant M such that for all k € N,

sup (14 |l 4+ IAPFf (e, 2)| exp(—Im (e, A)M) < o0,
(1,1)eC?
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where
Sm(u, A) = |Smu| + |SmA|.
o M, ((C?) the subspace of H.,(C?) consisting of functions f : C> —> C such that for all k € N

sup (1= + 2 flip, W) < oo,
(M) ER?, || <A

e 1. (C?) the space of entire functions f : C> — C even with respect to the first variable slowly increasing of
exponential type, that is there exists a positive constant M and an integer k such that

sup (14 [ul® 4+ D75 £ (w, )] exp(=Sm(, W)M) < oo,
(1, 2)eC?

. H*’O(Cz) the subspace of M, (C?) consisting of functions f : C> —> C such that there exists k € N

sup (1 —p? + 2 K flip, M) < oo
(M) EC?, || <Al

e S, (R?), the space of infinitely differentiable functions on R?, rapidly decreasing together with all their derivatives
even with respect to the first variable;

[ ]

Qo (NS (R?), ifp >0

2 2y
Sip®) = {S*(Rz), if p=0.

e S, (I'), the space of functions g : I' —> R, even with respect to the first variable, infinitely differentiable and
rapidly decreasing together with all derivatives.

Each of these spaces is equipped with usual topology.

Definition 3.1. The generalized Fourier transform associated with the system (1.2) is defined on L! by

F(), 1) = /X J )Y (r, x)dv(r, x); (n, A) € I'.

Proposition 3.4. For every f € Lll), we have

F(f) = (BoF)(f), (3.20)
where B is the mapping defined on Lll, by

Bf(u, ) = f(u*>+22, 1), (u, 2) €T (3.21)
and

F) (s 2) = /X F(r, x)@u(r) exp(—idx)dv(r, x), (1, 1) € R%. (3.22)

Using adequate change of variable, we deduce the following results.

Proposition 3.5. (a) f € L. ifand only if Bf € L)l/ and we have

”Bf”],y = ”f”l,m- (3.23)
(b)

/FBf(M,)»)dV(M,/\)=/Xf(lt,k)dmw,?»)~ (3.24)
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Proposition 3.6. (a) B is a linear continuous operator from Sy (R2) into S, (R?).

(b) B is an isomorphism from S, (R?) into S, (I").

(¢) B is an isomorphism from Lfn into L)z/.

(d) B is an isomorphism from H, (C?) respectively H,(C?) into H*,O(Cz) respectively H*,O(Cz).

From Proposition 3.5(a) and properties of the generalized Fourier transform associated with £4 [23,24,15,28], we
deduce the following theorems.

Theorem 3.1 (Inversion formula for F). Let f € L‘l, such that F(f) € L}l,, then for all almost every (r, x) € X we
have

S, X)=fpf(f)(/hl)l//(u,x)(r,x)dy(u,/\)-

Theorem 3.2. (1) Plancherel formula for F: for f € Sf’ p(Rz) we have

IFH N2,y = 1fll2,0-
(2) Parseval formula for F: for fi, fo € Sf’p(Rz) we have

/Xfl(r,X)fz(r,X)A(r)drdx=/Ff(fl)(/h?»)f(fz)(u,/\)dy(u,k)

Using Proposition 3.6 and the density of SE(RZ) (resp Sk (1)) in Li (resp L}z,), we have

Theorem 3.3 (of Plancherel). The Fourier transform associated with the system (1.2) can be extended to an isometric
isomorphism from L‘% onto L%.

Theorem 3.4. (1) (Paley—Wiener theorem): The generalized Fourier F is a topological isomorphism from Dy (R?)
onto H*,O(Cz).

(2) (Schwartz theorem): The Fourier F associated with the system (1.2) is an isomorphism from Sf) p(Rz) onto
S ().

Now we shall define the generalized shift operator and the convolution product associated with (1.2).
From relation (2.12), we obtain:

for all (1, 1) € C2, (r, x) € X,

o
Vi (1, X) - Y (s, y) = / w(r, s, DY n(t, x + y)A@)dte. (3.25)
0
So we have the following definition.

Definition 3.2. The generalized shift operator associated with the system (1.2) is defined on L,lj by,
Y, x), (s,y) € X,

o0
To f(5,y) = /0 w(r, s, ) f, x+y)A@)dt, forr >0
f(S,Y)» f0rr=0.

Definition 3.3. The convolution product associated with the system (1.2) of f, g in L! is defined by the following

V(r7 X) € X7 f * g(rv-x) = Aﬂr,—x)f(sﬁ y)g(s7 y)dV(S, y)1 (326)

where, f(r,x) = f(r, —x).
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Properties:
(1) Y(u, ») € C%, (r, x) € X, we have
Y (Y (s, ¥) = Lo Y, (s, y); (3.27)
Q) if f € LY 1< p < oo, then for all (r, x) € X, 7, ) f belongs to LY. and we have
1760 fllpw < NN povs (3.28)

(3) Let f € LY, pell,oo]land g € L,‘f,q € [1, oo]; then f * g belongs to L}, r € [1, oo], such that%—i—%— 1= %,
and we have,

If *gllrv < I flIpvligllg,vs (3.29)
(4) forall f € L} and (r, x) € X, we have (u, 1) € T,

F(Tir,—) (N (s 1) = Py (r, ) F (), A); (3.30)
(5) for f,ge L)

F(f =), &) = F() e, 2) - F() (i, 1). (3.31)

4. Riemann-Liouville type transform and its dual transform associated with the system of partial differential
operators (1.2)

In this section, using the following Mehler integral representation, (we refer to [33,32])

I'a+1)
VIT(a+1/2)

of the modified Bessel function j, and by the same techniques as Fitouhi [20,21], we define a generalized
Riemann—Liouville type transform R4 and its dual ' R4 and we give some properties of these operators. In particular
we give a nice estimates of there kernels which we will use in the coming paper to study these operators on weighted
Lebesgue spaces L?, 1 < p < oo.

First, we can see that relation (2.15) allows us to get

1
Juls) = / (1 =52~ V2 exp(—ist)dt (4.32)
—1

Y, (1 X) = Y1 (un) (@ X) + 05 (1, X)),

where

Vi, (r, x) = (Z ak(r)ja+k(r\/m)> exp(—iAx)
k=0

and
Ousy (r, x) = Rm/m(r)A*/z(r) exp(—iAx)

with (ax)o<k<m, respectively Ry, ; are defined by relation (2.16), respectively Proposition 2.2.

Proposition 4.7. The function 1 (u,») has the following Mehler integral representation

1 1
/ / ki (r, s, 1) cos(ursy/' 1 — t2) exp(—iA(x + rt))dsdt, fora >0
—1J-1

1
Vi, (u(r, x) = aOI(YV) /71 COS(rMM)eXP(—M;) 1di .

1 pl
+ / / ki (r, s, 1) cos(ursy 1 —t2) exp(—ir(x + rt))dsdt, fora =0,
—1J-1
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where

km(r, s, t) — (1 _ t2)0{—1/2(1 _ SZ)O{—] Z W(l _ tz)k(l _ SZ)](
k=0

and

K (r, s, 1) = Z @(1 — 2yk12() g2kt

k=1

Proof. From the following expansion of the function jy

a 11 2i
Ja(r) =2°T(a+1)22 () =l +1)Z vr((i+)z+1) (r) ’

we have

o0
. (=17 ri\E
ok u2+x2>=F(a+k+1)pZ (5) " Jarip ).

— P la+k+p+1)

So relation (4.32), allows us

, F'a+k+1) o _ _
Jatk(ry 12 +22) = NTPETERTE / lja+k_1/z<rw1—ﬂ)(l—r%“*k V2 exp(—irrt)dt.
o —

Then
e For o =0,

V1,0 = f1(r,x) + fa(r, x),
where

f1(r, x) = ao(r) jo(ry/ p? + 22) exp(—iix)

and
Frlr,x) =" ar(r)jilry n? + 22) exp(—irx).
k=1
Thus
filrx) = “O(r)/l T = 2) exp(—ih(rt +x)
1 X) = —7 _11—1/2 M p N
But; j_1/2(x) = cos x, then
Arx) = 20 /1 cos(ruy/T — 12) exp(—id(rt +x))—"
On the other hand
frr,x) =Y an(r) ji(ry u? + 22) exp(—ikx)
k=1
Zak(r)(lfftl)/ ey 1T = 12) exp(=id(rt + x))(1 — D124z,

So, using again relation (4.32), we get the result for @ = 0.

e For o > 0, we obtain the result by the same way as o = 0. This completes the proof. [J
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Proposition 4.8. The function defined by

V2, () (1 X) = Y (7, X) — Y1 (u,2) (7, X)

has the following Mehler integral representation

Y2, (), x) = / / S (r, s, t)cos(sp) exp(—iA(t + x))dsdt,
B

where
e S, (r, .,.) is continuous function on R with support in B, = {(u, v) € R%, u*> + v* < r2} even with each variables.
o BY = {(u,v);u > 0,u®>+v% <r?}.

Proof. The result is obtained by Proposition 2.2, Remark 2.1 and the classical Paley—Wiener theorem [34]. O

Corollary 4.1. The function Y, ;) has the following integral representation

1 pl
/ / ki (r, s, 1) cos(ursy' 1 — t2) exp(—iA(x + rt))dsdt
—1J-1

+ //+ S (r, s, 1) cos(us) exp(—iA(x + t))dsdt, fora > 0.
B/

1
Vi ) = aOI(Ir) /_1 cos(urv/1 — 12) exp(—i(x +r1)) /1di 12

1 pl
—i—/ / kp (r, s, t) cos(ursy/' 1 — t2) exp(—ii(x + rt))dsdt
—1J-1

+ //+ S (r, s, 1) cos(uus) exp(—ii(x + 1))dsdt, fora =0,
By

where

m

k
km(r, s, t) — (1 _ tZ)CZ—l/2(1 _ SZ)Dl—l Z ak(}’)(d + )(1 _ tz)k(l _ SZ)k

k=0 1

and

ki (r,5,1) = Em:—k“"(r)a — IR = !
m\ e H ’
k=1

and Sy, (r, ., .) is the function defined by Proposition 4.8.

Now, we give some estimates of the kernel S,,.

Theorem 4.5. For o« > 0 and a > 0 there exists a positive constant Cq , such that s+ (t — )c)2 < r (r,x) €
[0,a] x [0, a]

[ ((r, 2), (5, 0)| < Caar?A(r) ™2
where

hn((r, x), (5,1)) = Sp((r, 5), ¢ — Xx).
Proof. From the fact that the functions

(s, 1) b r*V2A) Py ((r, 1), (5, 1))
and

(1, 1) > 12 A P o (ry x)
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are integrable, then by inversion formula for the classical Fourier transform, we have

2 +00
rV2A P hy ((r, %), (5, 1) = ﬁ/ / re V2 A Y2 iy (ry ) cos(us) exp(iat)d pd .
0 R

So,
r V2 A Pl (7, %), (5, 0))] < Li(r, x) + L(r, x),
where
2
Li(r,x) = — / / r V2 A Y2 g, sy (7, 1) |d pud
112 ] Jyeae<y ()
and

2 _
L(r, x) = —2// r¢ 1/2A(r)1/2|1#2,(u,x)(r,x)IdudA.
1 {u24+2>1)

e Estimation of I, (r, x).

L(r,x) = iﬂ“—l/f Fiuy (s x)d pd>
’ - UL, k) k]
H2 {M2+)t2<1} /
where
S x) = r=*T2AE Py 45, x).
A0, x) =0, then aylor formula, we deduce that there exists a positive constant C («, a) such that
(1,1 (0, x) = 0, then by Taylor f 1 ded hat th i positi Ci(a, a) such th:
[ fuw) (0| < Cr(a, a)r.
Therefore, there exists a positive constant C» («, a) satisfying
[ (r, x)| < Caer, a)r™.

e Estimation of I»(r, x).
Proposition 2.2 allows us that

201 4 _ x(r) X (r)
L(r, x) < —r* 1240112 A 1/2// ’
(r,x) < HZV (r) (r) 24 1) (U2 + A2)@m+2a+3)/4 P\ 2 uz + A2

where
x(r)=/O A;1+1(t)dt,i(r)=/0 Q(nydt

with

B B 1(B®)  1/BO\
Q(t)_(ZOH—I)ZtB(t)+§<B(t)) +Z(B(t)) - p-.

Thus, from the fact that [x (r)| < 7 sup;¢(o 4 |Al,(#)| and by using change of variable, we deduce that there exists a
positive constant C3(«, a)

L(r, x) < C3(a, a)r*+1/2,
Hence, there exists a positive constant C(«, a) such that
i ((r, %), (5, 0)] < Clot, ) (r 2T + 1) A 12,

which completes the proof. [J
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Definition 4.4. The generalized Riemann-Liouville type transform associated with Ay and A, 4 is the mapping
defined on C,(R?) (the space of continuous function on R? even with respect to the first variable) by the following.

For all (r, x) € [0, co[xR

1 1
/ f ke (ry 5. 0) £ (rsy/1 = 12, x + rt)dsdt
—-1J-1

+//+Sm(r,s,t)f(s,t+x)dsdt, fora > 0
B;

Ra(f)(r,x) = { ) [ - _dr
A(f)r, x - /_lf(r\/l x4 ) s

1 pl
+ / / kp(ros, ) f(rsvV'1 —t%, x +rt)dsdt
—1J-1

+ //+Sm(r,s,t)f(s,t—i—x)dsdt, fora = 0.
B;

Remark 4.3. (1) If you make adequate change of variables we obtain

//+ . Ny ((r, X)), u, v) f (u, v)dudv, fora >0
B,"(0,x)

g}

RA(f)(r,x) = { @) F(rcos8, x + rsin6)do

I Jmp
+ f/ N} ((r, x), u, v)dudv, fora = 0,
B} (0,x)

where

Nm((ra X), u, U) = IB;F(O,)C) <2r—2(x(r2 — M2 — (U — x)Z)(x—l

2K (o + k)

Vi ak(r)(r2 —u?— (v — x)z)k + Su(r,u,v— x))

k=0
and
kr—2k

- ar (N —u? — (v — )5+ S (r, u, v — x).

N ((rx) u,0) =2
k=1

(2) Y(u) (s x) = Ry (cos(ia.) exp(—ir.))(r, x).
B)IfAMx) = xRy = R, with R, is the integral operator defined in the introduction.

By using Fubini’s theorem we have

Proposition 4.9. For f € C*(R?) f bounded and g € Sf, p(Rz), we have

/RA(f)(V,X)g(V,X)dV(F,X)Z/ f@r, %) Rag(r, x)drdx,
X X

where ' R4 is an integral operator defined on Sf’ p(]Rz), called the dual operator of Ry.

(4.33)

(4.34)

Now, we give the connection between the generalized Fourier transform F and the dual operator ’ R4 associated

with the system (1.2).
Proposition 4.10. For every f € Sf’ p(]Rz), we have

F(f)= Ao "Ra(f),

(4.35)
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where A is a constant multiple of the classical Fourier transform on R? defined by

A (e, A) =/ f(r,x)cos(ur) exp(—iix)drdx.
X

Proof. The result is obtained by using Definition 3.1 Remark 4.3(2) and Proposition 4.9. [
In the following, we will give analogous results to Weyl transform in Schwartz spaces, see [28].

Proposition 4.11. (a) The operator 'R, associated with the partial differential operators (1.2) is linear and
continuous from Sf’ o (R2) onto S, (R?).

(b) ' R4 is not injective when applied to Sfy p(Rz).
(©) "Ra(S; ,(R?)) = Su(R).

Proof. To prove (b) it suffices to consider a function g € S, (R?) such that supp(g) = {(r, x) € R?; |r| < |x|} and g #
0. Since the Fourier transform Fisan isomorphism from SZ(RZ) into S, (R?), then there exists f e Sy (Rz) f#0
such that .7-"(f) = g. This result leads us to get F(f) = 0, this means that there exists f # 0 such that Ao’ R4(f) = 0.
Thus the result is deduced from the fact that the Fourier A is an isomorphism from S, (R?) into itself.

The assertion (c) is obtained by using the same techniques as [4, pp. 218]. O

Theorem 4.6. The operator ' R satisfies the following properties:
(1) 'R 4 maps injectively D (R?) into itself.
(2) 'Ra(D+(R?) # Dy (R?).

In the following we determine subspaces of S, (R?) and Sf, p(Rz) on which the Riemann-Liouville type operator
R4 and its dual ’ R4 are bijective.

We denote by
o \ the subspace of S, (R?), consisting of functions f satisfying

k
Vk e N, and x € R, (af) 0,x)=0.

° *,O(Rz), the subspace of S, (Rz), consisting of functions f such that,

+00
Vk € N, and x € R, f@rx)r*kdr = 0.
0

. Sfjg (R?), the subspace of Sﬂ%’p(Rz), consisting of functions f such that suppF(f) C {(u, ») € R?/|u| > |A]}.
It is easy to see that the space A can be written as

2k
{f € S.(R?),Vk € N,Vx € R, <2—’:> 0,x) = o} .

Lemma 4.2. The classical Fourier transform A is an isomorphism from S*,O(Rz) onto N

Theorem 4.7. The Fourier transform F associated with the partial differential operator (1.2) is an isomorphism from
Sfjg (R?) onto N.

To prove this Theorem we need the following lemma.
Lemma 4.3. For f € N, the function g defined by

o x) = {fwrz—x2 )i Irl > ]

otherwise,

belongs to S (R?).
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Proof. Let f € Szp(R?). So, suppF(f) C {(i, ») € R?/|p| > |} Then by relation (3.20), we get
A} 0 \* = 5\ -
<3_Mz> 0N =5 ((8_/ﬂ> ]:(f)> ©,4) = (3_Mz> FHAA, A) = 0. (4.36)

This means that for all f € Sf;g (R?), F(f) belongs to .
On the other hand since F is injective then F maps injectively Sfjg (R?) onto N. To achieve the proof it suffices
to show that F is surjectively, from Sfjg (R?) onto V. Let h € N and we consider g be a function defined by

h(Vr? —=x2,x) if|r] > |x|
0

otherwise.

g(r,x) = {

By Lemma 4.3 we have the function g belongs to S, p(]Rz). Therefore, since F is an isomorphism from Sf’ p(R2)
onto S, (R?), then there exists f € Sf (R?) such that

F(f) =g (4.37)
suppﬁ(f) c {(m, A) € R?/|u| > |A|}. This result implies that [ € Sfjg (R?). Furthermore, from identities (3.20) and
4.37) we get, F(f) = Bo ]}(f) = B(g) = h. Thus F is surjectively operator from Sf;g(]Rz) onto A/. [

By Lemma 4.2 and Theorem 4.7 we deduce the following result.
Corollary 4.2. The dual transform ' R 4 is an isomorphism from Sfjg (R?) onto S*,O(Rz).
5. Inversion formula for R4, ‘ R4 and Plancherel theorem for ‘R 4

In this section, we will give the inversion formula for R4 and its dual by using the following integral transform &C;
and /C; defined by

Ki(f)(r.x) = A7 (h - A()(r, x), (5.38)
Ka(f)(r.x) = F ' (h- F())(r. x), (5.39)
where
h(p, 1) = Co||0(u, A),
with

I

Coy=————,a>0
o 2"‘+1[F(a+2)]2 o

We will give inversion formula for R4 and 'R 4.
Theorem 5.8. Let 6 be the function defined by relation (3.19) and | € R. Then the mappings
ey
f—sG/u+ D],
()
f— 0. Nf,
3
f—lul'f

are an isomorphism from N onto itself.
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Proof. Let f € N, 80 = ()P,
By Leibniz formula, we have

! - y+k
(i) (2D 1 x) = YN kel PPy ) (%) W T2

or =0 y<p

a ml—k
X <—> L f(r, ), (5.40)
ar
where

ok __ml B

"R my =k P T p (B =)

9 mi—k 5 1 9 my—k+2
<5> fr,x) =r /0 (1—1) <5> f(rt, x)dt

o0 9 my—k+2
= r2/ (1—1) (-) fre, x)dt.
1 or
It follows

9 mi—k B 1 9 my—k+2
(5> DY f(rx) = r2/ (1—1) <5> 3P £ (re, x)dt
0

[e'e) 9 my|—k+2
= —r2/ (1—1) <—> Y f(re, x)dt.
1 8)‘

Thus by properties of the Harish-Chandra function we deduce that there exists m,, ; € R such that

y+k m
) ()

912

1—

k
AL £, x)

le’e) my—k+2
< r2(r? + x2)mrk / (1—1) (3-) 7Y f(re, x)dt. (5.41)
1 r

Then relations (5.40) and (5.41) allow us to get that the function s(+/r2 + x2) f belongs to A and that the mapping
f —> s(¥r? + x2) f is continuous from A into itself. The inverse mapping is given by

f— leWrr+ )P,
The assertions (2) and (3) are obtained by the same way as (1). U
Theorem 5.9. (1) The operator K| defined by relation (5.38) is an isomorphism from S*,()(Rz) onto itself. (2) The
operator ICy defined by relation (5.39) is an isomorphism from Si’g (R?) onto itself

Proof. The assertion (1) is obtained by Lemma 4.2 and Theorem 5.8. The assertion (2) is obtained by using
Theorems 5.8 and 4.7. [

Theorem 5.10. (1) Forall f € S*,O(Rz) and g € Sfjo(Rz) we have the following inversion formula for Ry,

g =RaKi1'Ra(g). f =K1"Ra Ra(f)
(2) Forall f € S*,O(Rz) and g € Sfjg (R2) we have the following inversion formula for 'R 4,

f="Ra Ko Ra(f), 8 =Kz Ra'Ra(g).

Proof. Let g € Sfjg(Rz). By Theorem 4.7, we have F(g) belongs to N, which implies that, F(g) belongs to
L'(d y (i, 1)). Therefore, from the inversion formula for F, we have

g(r,x) = fpf(g)(u,?»)llf(u,x)(r, x)dy (u, ) = Ii(r, x) + I(r, x), (5.42)



N. Alaya, M. Dziri / Transactions of A. Razmadze Mathematical Institute 171 (2017) 111-130 127
where
1020 = [ F@t A0 030t ),
X

and

2] -
Iz(r,X)=/R A F() s MW (r x) b (i, Ayd pudr

Al [
= [ [ F/i2 =t oGt i duds.

But suppﬁ(g) C {(, 1) € R?/|u| > ||}, so, we have
Y(r,x) e X, Ih(r,x) = 0. (5.43)

We treat next I (r, x). From Remark 4.3(2) and relation (4.35) we get
Li(r,x) = / Ao Ra() (1, M)Ra(cos(e.) exp(ir.)) (r, x)ub (., 2)dpdx,
X

where 6 is the function defined by relation (3.19). Therefore, Fubini’s theorem enables us to get

L3 = R / wcos(w.) exp(ir.)Ao" Ra(g)duda r. )
7 x) = T, X).
1 SN E N/ ETE

Consequently

_ -1 H
fr ) = Ra (A (Ca 2+ 22|/ + /\Z)IZ/1 : RA’n(g)» 0

This identity shows that,

I1(r,x) = Ry o K1 "RA(9)(r, x). (5.44)
Thus, by relations (5.42)—(5.44), we deduce that for all g € Sfjg (R?), we have
g =RaKi"Ra(g). (5.45)

We note that the relation (5.45), allows us to get that R 4 is an isomorphism from S*,O(Rz) onto Sfjg (R%) and K| 'Ry
is its inverse. In particular, for all f € S*,O(Rz), we have

F =K1 "RARA(S). (5.46)
Now, we shall prove the second part of the theorem.
Let f € Sy.0(R?) and g = RA(f).
From the above note we have g € Sf”g (Rz). Therefore, relation (5.46) implies that

R (g) =K1 "Ra(9).

Thus, from the expression of the operator X'; we obtain

_ _ ]
R (g)(rx)=A"" (C Ao "Ru(g) | (r, x).
A E) o )
V2 + 222 + A2
This result leads to that

]
Vi + 221e(/u? + 12
The result follows from relation (4.35) and Theorem 5.9. [

"Ry o Ry () x) = "Ry o A7 <Ca o ’RA(g)> (r, x).
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In the following we shall state a Plancherel theorem type for the usual transform 'R 4.

Proposition 5.12. The operator K3 defined by

1
Ka(f)(r,x) = A7 (camﬁ (2 + 2274 [s (\/u2 + v)} i A(f)) (r. x)

is an isomorphism from S*’()(Rz) onto itself, where s(A) = |c(k)|72.

Proof. The result is obtained by the same way as Theorem 5.9. [J

Theorem 5.11. (1) (Plancherel Formula) For f € Sfjg(Rz), we have
[ 15@nRave ) = [ (RO Pars
X X

(2) (Plancherel theorem) The operator K3 o 'R can be extended to an isometric isomorphism from L%&.O onto
L%(X, drdx), where Li o IS the subspace of Li consisting of functions f such that

suppF(f) C {(e. ) € R?/|p| = 2]},
Proof. Let f € Sfjg (Rz). By Plancherel Formula for F we have

/X | f (r, x)[dv(r, x) = /F IFCF) e, WIPdy (u, ) = I + I, (5.47)

where
|l
dud
Vi + P le(/u? +32)P2

I = / F e W)
X

and

g 2 !
I, = FHGm, )2 dpdi
2 fR/O D it W s e i

First by using the fact that f € Sfjg (R?), and relations (3.20), (3.21) we have,
Al o
n=[ ["1F0 (W 2, A)
R JO

Second, (4.35) yields
1
l|2 Ao Ra(f) (1, 1)

= |t
el AD)dle(y u? +4%)

Therefore identities (5.47), (5.48) and Proposition 5.12 enable us to obtain

2l 1

d
V2 /i wdp

dr =0, (5.48)

2
dud.

fX | f (r, x)[dv(r, x) = /X |40 I3 RAY(F)I* (e, A)d pd .

Therefore, the first part of theorem is obtained by using Plancherel formula for the classical Fourier transform on
RR2, defined by Theorem 3.2. The second part of theorem follows from Plancherel theorem, Proposition 4.11 and the
density of S*,O(Rz) respectively Sf"g (R?) in L*(X, drdx) respectively LZ‘ o O

In the following we shall prove that the Riemann-Liouville transform R4 and its dual operator are a permutation
and transmutation integral operators.
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Lemma 5.4. For every f € £,(R?) and g € Dy (R?), we have

fXAA(f)(V,x)g(hx)dV(r,X)=/Xf(r,x)AA(g)(V,x)dV(r,X)-

Theorem 5.12. (1) The integral transform R 4 is a transmutation operator of 02 Oy, into Ay, 0y from S*’()(Rz) onto

Ws
Srp(R?). 2
(2) The dual transform ' R 4 is a transmutation operator of Ay, Oy, into %, dy from S,%jg (R?) onto S*,O(Rz).
Proof. First we shall prove that:
32
"RA(Aaf) = m(IRAf)»t Ra(0: f) = 0 ("Raf). (5.49)
forevery f € Sf’ p(Rz)
and
82
Aa(RAf) = Ra (mf)aRA(axf)zax(RAf)’ (5.50)
for every f € £.(R?),
where
Oy = —,
T ox
and
32 Al(r) D
AA = (r) - p2 - 8)%.

a? T Aw o

It is well known that for all 9y, ;—22 are continuous mappings from S, (R?) into itself. Also, we can see that A4, dy, is
r

a linear mapping from Sf, P (R?) into itself, and that the transform R4 is a linear continuous mapping from Sf’ 0 (R?)

into S, (R?). Thus, by applying the usual Fourier transform A, we have

82
A("RA(AA ) (11, 1) = —1EF () r) =4 <m(IRAf)> (s A),
and
A("RAx 1)) (s &) = —iAF(f) (e, &) = A9 Ra f)) (1, 1),

where A is the usual Fourier transform on R2. Consequently, (5.49) follows from the fact that A is an isomorphism
from S, (R?) into itself. The result (5.50) is obtained by using (5.49), Lemma 5.4 and Proposition 4.9.

Finally, using (5.49), Corollary 4.2 and the fact that R4 is an isomorphism from S*,O(Rz) onto Sfjg (R?%) we deduce
the result. [
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Abstract

Bruckner proved that with exception of a set of first category, all other points of any second category set having Baire property
in the Euclidean plane are points of directional linear categorical density of the set in almost all directions in the sense of category.
In this article, we investigate this result of Bruckner in relation to sets not necessarily having Baire property and with respect to a
more general definition of directional linear categorical density frammed after the pattern originally introduced by Wilczynski for
linear categorical density.
© 2016 Ivane Javakhishvili Thilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction and results

Throughout this paper, we use some standard notations such as

R"(n > 1) for the Euclidean n-space (n > 1) and R for the Real line.

A\ B for the difference, AAB for the symmetric difference of sets A and B and x, for the characteristic function
of A

S(x; r) for the open sphere in R” with centre at x and radius r > 0.

w1 for the first uncountable ordinal, and

E’ for the y-section of any set E C X x Y, where X, Y are any two sets and X x Y represents their Cartesian
product.

We also utilize the standard definition of Baire property of a set in any topological space X as introduced in [3].

Apart from these, we further define E to be c-thick in F,if B € F \ E(E C F) and B having Baire-property
implies that B is a set of first category; c-contained in F, c-disjoint from F if B € E\ F, B C E N F and B having
Baire property implies that B is a set of first category.
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For *Ec-contained in F” and ‘Ec-disjoint from F’ we use symbols E C_F and E N, F' = ¢ respectively.

Bruckner and Rosenfeld [1] proved that given any measurable set M of positive Lebesgue measure in R?, almost all
points of M are its points of directional linear metric density in almost all directions. More explicitly speaking, there
is a small (in the sense of measure) exceptional set such that each point (x, y) in M and not belonging to this set is a
one-dimensional metric density point in all but a small (in the sense of measure) set of directions. Later Bruckner [2]
showed that the above mentioned result has an analogue for Baire category. He proved that if B is a second category
set having Baire property in R2, then there is a small exceptional set (small in the sense of category) such that each
point (x, y) in B and not in this set is a directional linear categorical density point in all but a small (in the sense of
category) set of directions.

In defining ‘directional linear categorical density’, Bruckner made use of the notion of linear categorical density
as introduced in [2]. But Wilczyniski later pointed out that this classical definition of linear categorical density cannot
be regarded as an exact analogue of the definition of linear metric density. In [4], using the idea Riesz convergence
theorem (which describes convergence in measure without using measure), he introduced the notion of J-density point
of any linear set A € S where S is the o -algebra of the sets having Baire property J is the o -ideal of first category sets
in R. In defining point of directional linear categorical density of a set in R", we utilize this approach of Wilczynski
with the only exception that here we do not assume the sets to possess the property of Baire.

Let A" denote the set of all directions in R",i.e. A" = {y=01,y2,..., ) € R" : ||y|]| = 1} (where ||.|| denotes

the usual norm in R™). Let R”?. = {x = (x1,x2, ..., %) € R" : x, > 0}, R®. = {x = (x1,x2,...,x,) € R" : x,, <0},
A 0] . o) 0) . )
A =y =Ly ..o €A 1y > 0lie A7 ={y = (yi.y2.....3) € A : y, < 0} and write L,

to represent the stralght line in R” passing through the origin such that the half line (or, the half ray) Lg) N R has

M =L N 5(0; 1), we define

direction y € /1 - Now upon setting L

Definition 1.1. A point x € R" as a point of directional linear categorical density of a set A € R” in the direction

y € /1(:) if for every increasing sequence {7;},(7; € R, 7; > 0) tending to inﬁnity, there exists a subsequence {¢; },
k

such that X (A_X)HL@) — X ae (category) which means that the set {z € L T X ’i (A—x)ﬂLé’l') (z) A~ X (2)}

T Lot
is a set of first category in Ld] . Equivalently, Lo’1 \liminf; o0 7,(A —x) N LO"1 is a set of first category in L(()}{)
Based on the above definition, we write
= {x € R" : x is a point of directional linear categorical density of A in almost all directions}. Here almost all
is meant in the sense of category or in the topological sense. In other words,
.= {x € R" : thereexistsaset A C A(J:) which is residual in A(JZ) such that x is a point of directional linear
categorical density of A in the direction y for every y € A _}.
Here we call aset E C F residual in F if F \ E is a set of first category. The following definition expresses Ai is
a little more generalized form.

Definition 1.2. A = {x € R" : thereexistsaset A C /1 " which is c-thick in A 4 'such that x is a point of
directional linear categorlcal density of A in the direction y for every yed

However, based on the above definition of AC, we now state and prove a variant formulation of Bruckner’s theorem
applicable for all sets in R”".

Theorem 1.3. Let A C R". Then for every subset B of A having the Baire property, B C_ Aj and for every subset B
of R" \ A having Baire property, BN, Aj = (. Thus, every subset of A having Baire property is c-contained in A:,
and every subset of R" disjoint from A is c-disjoint from A:.

Lemma 1.4. Let B be any second category set having Baire property in R". Then B \ Bj is a set of first category.

Proof. According to the hypothesis, we may write B = G AP where G (/) is open and P is a set of first category.
Now to prove the lemma, it is sufficient to establish that G \ P C B:. Letx € G\ Pand {t;}; (tj € R, t; > 0) be an
arbitrary increasing sequence tending to infinity. Now consider the mappings
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7, : (0, 00) x A(J:) —> R defined by

X1 =T)Y1
X3 =ry
xn=r+\/1—y12—y§—--~—y,f_1

and 7, : (0, 00) x /1(_") —> R” defined by

X1 =Tyl
X2 =7ry2
xnzr_\/l—y%—y%—~-~—y3_l.

Since both of these mappings are homeomorphisms and (P — x) "R N S(0; 1), (P —x) NR™ N S(0; 1) are sets
of first categories in R” , R" , so are the sets 1171 ((P —x)NR} N SO; 1)), r;l (P —x)NR"® N S0; 1)) sets of first
categories in the product topological spaces (0, co) x /1(1) and (0, c0) x /1(_"). Similarly, r;l (G —x)NRLNSO; 1)),

rz_l ((G —x)NR™ N S(0; 1)) are also open sets in the product spaces (0, co) x A(_C), (0, o0) x A(_n) respectively. So by

. . n (n . . n n
Kuratowski—Ulam theorem, there exist sets A, C A(Jr), A C /L) such that A, A_ are residual in A(Jr), A(j and for

-1 , _
every y € A, (resp,y € A_), (r; {Mrey Ujsk (P =x)NSO; 1) N R} (resp, (1, l{ﬂ,fil Ujsk 1;(P—x)N
SO; )N R’L})"') are first category sets in (0, 00).
But 11[(r; {2 Uy 1,(P =) N SO: DARIY' T= 2, Ujas 1,(P = 1) NRENL, fory € Ay
and ©(ry, (M2 Ujuy 1,(P =) NSO DARY 1= Ujap 1,(P—0)NRENL, " fory e A_.
Again, because for some m, S(0; i.) CG—xforal j >m,
J

) (t;l{ﬂ,fil Uz dSO; DAREN\£,(G —x)NSO; )N R’J’r}})y = () forevery y € /13';)

and (r;{ﬂ,fil Ui {SO; DARZ N\ 2,(G —x) N SO; 1) N R”}}) = ¢ forevery y € A",

Therefore, L, NR%\ U, Njag 1,(G —0) NRENLY = 11l(r; (M52 UjspdSO: DNRY N 1,(G —x) N
SO; HNRLIY =@ fory € A7

(=y) (=y)

and L, " NR2\URZ, Njsx 1,(G—x)NRENL
R ]=@forye A”.

Now upon setting A = {y € A, : —y € A_}, we derive that

L) ARENLminf oo f,(B—)NLy NRY € (22, Ujai(Ly) MR (G—0)NRENLY VUM Ujoy 1, (P~

0NRLNLY
& o » o )

Ly, MR™\liminfj o0 1, (B—x)NL, MR € (72 U oLy, MR (G—x)NRNL Y UNRZ Ujss 15 (P —

x)NR" N L;);)} is a set of first category in L:)’:') N R for every y € A, where A, is residual in A(_i).

Finally, for every y € Ay, L;‘:) \ liminf;_, oo t (B—x)N L(()“‘;) as a set of first category in Lg:). Hence G\ P C B:.
This proves the lemma.

= nl(t, (N2 UjaedSO:; DNRY 1,(G—x) NS(0:; HN

. . (62] . .
} is a set of first category in L' N R’ and likewise

Proof of the Theorem 1.3. Let B € A and B possesses the Baire property. If B is a set of first category, there is
nothing to prove. Otherwise if B is of second category, then by preceding lemma B \ B: is a set of first category.
Again as Bz - Ai, therefore B = AZ.

Again, let BN A = ¢ and B possesses the property of Baire. If B is of first category, there is nothing to prove.
Otherwise, let B be of second category, and suppose that there is a set C of second category having Baire property
such that C € B N A.. But C C (R"\ A).. by the preceding lemma. So there is a point x € A, N (R" \ A).
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. . . . (n . y
which means that there exists a set A, residual in A +) such that both the sets L(()yl) \ liminf;_, o t (A—x)N L:;) and

L((j: \ liminf; o0 7, (R" \ A) —x) N L(()"‘]') are sets of first category for every y € /A,. But this is a contradiction.
Hence the theorem.
As a direct consequence of Theorem 1.3, we obtain the following corollary.

Corollary 1.5. Let A C R”". Then no second category subset of AAA; having Baire property can exist which can be
expressed as B = By U By, where B| C A\ Az, By C Az \ A and both have the property of Baire.

Definition 1.6. A partition {A, B} of R” by disjoint nonempty sets is called c-admissible if both A and B are c-thick
in R". A set which together with its complement in R"” forms a c-admissible partition of R”" is called c-saturated.

Theorem 1.3 (and therefore of Corollary 1.5) is trivially valid for sets that are c-saturated. But unlike that of
Bruckner’s theorem (which states that AAAZ is a set of first category whenever A possesses the property of Baire),
Theorem 1.3 has little to say regarding the nature of AAAZ, for in fact for sets lacking the property of Baire, the nature
of AAAZ can be quite bizarre. Below we give two examples showing that there exist sets E in R? for which Er (resp.

E~‘:) can be c-thick and EAE,, (resp. E Alf:) may be c-saturated as well.

Example 1.7. In [3] (Theorem 15.5, Ch15), Oxtoby showed that there exists a set in R2 which meets every second
category G set and no three points of which are collinear. Denoting the complement of this set by E, it is easy to

verify that E, = R? and EAE, = R?\ E. Thus E, is a trivially c-thick and EAE is c-saturated in R?.

Example 1.8. Assuming continuum hypothesis, let us arrange the class of second category Gy sets in R? in the form of
awell ordering {F, : o < w, }. Without any loss of generality, we may assume that each of the families { F,, : « is even}
and {F, : o isodd} consists of all sets belonging to the entire collection {F, : « < w,}. Let {£2, : « < w,} be

a well ordering of all second category G; sets in [0, 7). We now choose a point p, € F,, directions 0;0) € N,

© © - 6 . — o L0 o
0, € £, \ {6, } and straight lines L0 , L"1 through p, in the directions 6, ", 6, " such that the sets F;, N L0 ,
Po Po )
0© o 0© . 0@ O
F,N Lp(l) are of second category and a point t@(o) (#py) € FyN Lpg . Next we choose a point p, € F| \Lp(()) U Lp;) ,
o Po

M
a direction 01(1) € 2\ {9;0), 91(0)}, a straight line Lfl through p, in the direction 91(1) which does not pass through
o

M 0)

) . . . )
Do t o and for which F, N Lel is a set of second category, and also choose points ¢ o (#p,) € F, N L90 s
6" .po Py 0" po Po
0
©) 0 ©) o) ©) )
0 0 ) 0 )
(#p) € F,N LY andt”. (#p,) e F,NL% suchthatt gL% nL% i ZL% NL% and
(0) 0 0 p ) 1 1 p () (0) p
0" . p Po 0 P1 0 Po P1 0 Po P
1 °Po Pl o "Po L °Po
0) 0 ©) )
0
gL nLh L% N’
91( ),,,1 Po Py Po P

Thus each of the points lies on exactly one straight line and all the above choices are possible because of

Theorem 1.3 and by virtue of some elementary properties of countable sets.
®
Now suppose that for any ordinal @ < w,, we have already selected points p, € Fy, lines Liv through p, in
B

B)

N ( .
the direction Qyﬂ) for f < aand B < y < « such that the sets F; N L% are of second category and also points
Pp

® 0 : ® . . .
L € F,NL» fory < § < a such that the points p,, ¢ s lie on exactly one straight line in the entire
o, " pp G o, " pp

. o . . . -
collection {Ly :0 < B8 < o, < y < «}. Since we assume continuum hypothesis, so on account of similar

Pﬂ

. . . N ® ®

reasonings as referred to in the previous paragraph, we may now select directions Gaﬂ €N\ U0<5< B U S<y<a{9y 1
) ) ® ) o ®) ® ®
straight lines L% through p, in the direction ¢ ? such that the set F s N L% s of second category and L% does not
Pp * rg rg
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pass through any point p,, t(j;) for0 <& <w,& <y <aandy <4 < o where & # . Further, we select a point
0 g

® ” @
p, € F,\ U0<ﬁ<a Uﬁ<y<a L%, adirection 8 ¢ 2,0\ U0<ﬁ<a Uﬂ<y<a Qiﬁ), a straight line L%  through p, in
- - = l’ﬂ o - - = Pa
” @ . ®
the direction 6’ such that the set F.N L% s of second category and points £ (;) € F,N L% for0 <B<y<a
o Pa 0 Pp

vy 'PB
such that each point lies on exactly one straight line in the entire collection.
Now as any straight line L through some point p in the direction 6 can be rotated clockwise with p as fixed so
that it becomes parallel to the x-axis and then properly translated so that it coincides with the x-axis with p as the

origin, each such straight line can be identified with the real line and every point on it with the corresponding real
®

. o . . (@) . . .
number. This facilitates choosing points ¢ s on the line Ley according to the following rule:
0, ny P
@ 0P S1® .
! e L \{r]7 ot ) ty <n,0 <a}where R = {r, : 0 < @ < w,} can be considered as a well
P

Oy " rg p 0, rg @

ordering of the set of all real numbers. We now set £ = {]R2 \ {pﬂ,t 0<a<ow,By <o,y Za<

o,
w,}}U{p, : B is even}. Then E is c-saturated and hence without the property of Baire. Moreover, it is easy to see that
E’ is c-thick and E A E” is c-saturated.

Remark 1.9. In proving the categorical directional density theorem, Bruckner [2] used Kuratowski—Ulam theorem
(a category analogue of Luzin’s theorem) in the product space B x [0, 7), where B is a set with Baire property
in R2. But this technique of Bruckner is not applicable in the present situation, because in framming the definition
of directional linear categorical density point in R”, we have used the approach of Wilczyrisky instead of using the
classical definition as given in [2]. This is the reason why we use here the Kuratowski—Ulam theorem separately in
the product spaces (0, 0o) x /1(:), (0, 00) x A(f) and also the homeomorphisms 7, and 7,. However, we are not sure
whether our process could be replicated in the measure theoretic case.
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Abstract

In this paper, we establish a companion of Ostrowski type inequalities for mappings of bounded variation and the quadrature
formula is also provided.
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1. Introduction

Let f :[a,b] — R be a differentiable mapping on (a, b) whose derivative f” : (a, b) — R is bounded on (a, b),
ie. | f’”oo = SUP;c(4p) | f/(t)] < co. Then, we have the inequality

a 2
B G

1 b
‘f(x)—m/a fdt| < |- b—ay

b= | f ] (1.1

for all x € [a, b] [1]. The constant 4]'1 is the best possible. This inequality is well known in the literature as the Ostrowski
inequality.
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Definition 1. Let P : a = xp < x; < .-+ < x, = b be any partition of [a, b] and let A f(x;) = f(x;i+1) — f(x;).
Then f(x) is said to be of bounded variation if the sum

m

D IAf @)
i=1

is bounded for all such partitions. Let f be of bounded variation on [a, b], and Y (P) denotes the sum Z?:l |Af(x;)]
corresponding to the partition P of [a, b]. The number

b
V(1) i=sup {3 (P): P ePila. b))},
a
is called the total variation of f on [a, b]. Here P([a, b]) denote the family of partitions of [a, b].
In [2], Dragomir proved the following Ostrowski type inequalities for functions of bounded variation:

Theorem 1. Let f : [a, b] — R be a mapping of bounded variation on [a, b]. Then

b b
/a £t — (b —a) f(x)| < B b—a)+ ‘x - #H \a/(f) (12)

holds for all x € [a, b]. The constant % is the best possible.
Dragomir gave the following trapezoid inequality in [3]:

Theorem 2. Let f : [a, b] — R be a mapping of bounded variation on [a, b]. Then we have the inequality

fla)+ f(b)
2

b 1 b
b—a)— / fdt| < 3 6 -a) \/(f). (13)

The constant % is the best possible.

We introduce the notation [, : @ = xo < x; < --- < x, = b for adivision of the interval [a, b] with h; := x; 411 —X;
and v(h) = max{h; :i =0,1,...,n — 1}. Then we have

b
/ fdt = Ar(f, I,) + Rr(f, I,) (1.4)
where
N f(x) + f(xis)
Ar(f, 1) = ; %hi (1.5)

and the remainder term satisfies
| b
[Rr(f 1)l < v \/(f). (1.6)

In [4], Dragomir proved the following companion Ostrowski type inequalities related functions of bounded
variation:
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Theorem 3. Assume that the function f : [a,b] — R is of bounded variation on [a,b]. Then we have the
inequalities:

‘ [f(x)+f(a+b—X)]——/ f(n)dt

a+b—x

— [(x —a) \/(f) + (a s ) Vin+a- Q)H\h/x(f)]
1
[Z + ]\/(f)

[2(2:2)“+(?_;")T

IA

X — 3a +b

< 1 (1.7)
X B a+b—x b B B 1 1
j 1, —+-—-—=1,
o] <[] [ ] ] e
a+_ a+b—x
[ S }max:\/(f) \ H. \/ (f)}
a+b—x

forany x € [a m] where \/ (f) denotes the total variation of f on [c,d]. The constant < is the best possible in

the first branch of second inequality in (1.7).

For recent results concerning the above Ostrowski’s inequality and other related results see [1-26].
In this work, we obtain a new companion of Ostrowski type integral inequalities for functions of bounded variation.
Then we give some applications for our results.

2. Main results

Now, we give a new companion of Ostrowski type integral inequalities for functions of bounded variation:

Theorem 4. Let f : [a, b] — R be a mapping of bounded variation on [a, b]. Then, we have the inequality

b—a a+x a+2b—
‘T[f(x)+f(a+b—x)+f< 5 )+f( )} /f(f)dl

3a+b a+b X —a
- '( 5 —x), 5 }\a/m Q2.1

where x € [a, “TH’] and \/f(f) denotes the total variation of f on|[c,d].

Smax{x

Proof. Consider the kernel P(x, t) defined by Qayyum et al. in [7]

5]
t—a, te|x, ——
2
3a+b a+x
- . tel——.x
4 2
b
P(x,1) = t—a;, te(x,a+b—x]
a+3b a+2b—x
— , tela+b—x, ——
4 2
2b —
t—b, tE[HTx,biI.
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Integrating by parts, we get
b b
a+x a+2b—x
/ P(x, t)df(t)— [f(x)+f(a+b—x)+f( >+f(T)]—/ fde.  (2.2)

It is well known that if g, f : [a, b] — R are such that g is continuous on [a, b] and f is of bounded variation on

[a, b], then [* g(t)df (t) exists and

sup |2 \/(f)

tela,b

b
/ g(ndf(n)| =

a

On the other hand, by using (2.3), we get

X a+b—x

(r S +b)df(r) + / (r _ ﬂ) df o)
atx 4 . 2
b

(= by df()

b
/ P(x. 0df (1)

a

/T (t —a)df )| +

atb—x

/T (t _a+ 3b) a5 o) +
a+b—x 4

a+x

=

+

3 —‘rb +b a+b—x
< sup t—a|\/(f)+ sup |t — - \/(f)+ sup t—a \/ f)
tefa, 452 ] re[ 44X x] ajx telx,a+b—x]
a+22bx
3b
+ sup SERIN (h+ sup b \/ f)
te[a+h—x,%] a+b—x te[‘”'Zb X b] a+2b x
x 3a+b| 1 (at+b athoa
{x— 7 ,2( )}a\+/x(f)+< )\/(f)
a+2b X
+max{x—3a:b,%<a+b )} \/(f)+— \/(f)
a+b—x a+2bx
3a+b a+b x—a)\’
Smax{x— 1 ( 5 —x), }\a/(f).

This completes the proof. [

Remark 1. If we choose x = a in Theorem 4, the inequality (2.1) reduces the inequality (1.3).

Corollary 1. Under the assumption of Theorem 4 with x = “X2 then we have the following inequality

2
1
i a)\/(f)

'b;a [2f (a;ub)+f<3a:b>+f<a+3b>] / o] <

The constant i is the best possible.

Proof. For proof of the sharpness of the constant, assume that (2.4) holds with a constant A > 0, that is,

'b;a [2f<a;b)+f<3a:b>+f<a+3b>] / f()di

< A(b —a) \/(f)

(2.3)

(2.4)

2.5)
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If we choose f : [a, b] — R with

. a+b 3a+b a+3b
1, ifxe , s
2 4 4

flx) =

b 3a+b a+3b
0, ifxe[a,b]/{a+ athb at }

2 4 0 4

then f is of bounded variation on [a, b], and

b b
(152 (22 (52) o [ s Yo

O

giving in (2.5), 1 < 4A, thus A > 1.

3a +b

Corollary 2. Under the assumption of Theorem 4 with x =

b—a 3a+b a+3b Ta+ b a+7b
) e () e () e ()] [
b

b—a)\/(f). 2.6)

, then we get the inequality

=<

0| =

The constant % is the best possible.

Proof. For proof of the sharpness of the constant, assume that (3.4) holds with a constant B > 0, that is,

b—a 3a+b a+3b Ta + b a—+7b
) e () e () e (5] [
b

< B~ a)\/()). @7

If we choose f : [a, b] — R with

. 3a+b a+3b Ta+b a—+7b
1, ifxe , , )
4 4 8 8

fx) =

3a+b a+3b Ta+b a+7Tb
0. ifxe[a,b]/{a: ,a—; ,a; ,aJ; }

then f is of bounded variation on [a, b], and

3a+b a+3b Ta+b a+7b
() () () o (15 =

b b
/ fdt =0, and \/(f) =38,

giving in (2.7), 1 < 8B, thus B > O

1
5
Corollary 3. Let f be defined as in Theorem 4, and, additionally, if f(x) = f (a + b — x), then we have

‘b;a[2f(x)+f<a—;x>+f<a+2b )] / Faydr

3a+b a+b X —a
1 '( 5 —x), 5 }Y(f). (2.8)

§max{x—
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Corollary 4. Ifwe choose x = a in Corollary 3, then we have the inequality

'3f(a):-f(b) / Flodr

< —(b—a)\/(f)

The constant % is the best possible.

The sharpness of the constant can be proved similarly Corollaries 1 and 2, so it is omitted.

Corollary 5. Under the assumption of Theorem 4, suppose that f € C' [a, b]. Then we have
b— a—+ +2b —
[f(x>+f<a+b—x>+f( x)+f(“ )} [ oyt

3a+b +b )
() 2,

4
forall x € [ ‘”‘h] Here as subsequently ||.||; is the Li-norm

I f’||1 = [ f/(t)dt.

X —

< max{

Corollary 6. Under the assumption of Theorem 4, let f : [a,b] — R be a Lipschitzian with the constant L > 0.
Then

'—[f(x)+f(a+b—x)+f< +x)+f(”’+2b )} /f(r)dt

3 b b —
a-+ 7(a+ _x>’x a}(b—a)L
2 2

4
3. Application to quadrature formula

gmax{x—

forall x € [a, ’”b].

2

We now introduce the intermediate points & € |x;, = +X’“ (i=0,1,...,n—1)in the division I, : a = xo <
X| < -+ <Xx,=b.Leth; :=x;41 —x; and v(h) = max{h i=0,1,...,n— 1} and define the sum
X +§& X +2xi1 =&
A(f In’g) - Zh [f(gl)+f(xl+xl+1_$l)+f( )"‘f(f+ . (31)

Then the following theorem holds:
Theorem 5. Let f be as Theorem 4. Then

b
/ fdt = A(f, 1, §) + R(f, I, §) (3.2)

where A(f, I,,, §) is defined as above and the remainder term R(f, I,,, €) satisfies

b
3x;i + Xit1 X + Xig1 & —x;
[R(f, I, §)] < o [maX{ 1 ; < 3 &), 5 ” \a/(f)- (3.3)
Proof. Applying Theorem 4 to the interval [x;, x;41] (i =0,1,...,n — 1), we have
i +& Xi +2xi41 —§; ti
'—[f(§1)+f(xz+xz+1—Ez)‘i‘f( >+f<+)]— Sf()dt
3x; + xiq1 X+ Xit N
< max | | — —— , - \/(f) (3.4)
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foralli € {0, 1,...,n — 1}. Summing the inequality (3.4) over i from O to n — 1 and using the generalized triangle
inequality, we have

" 3x; + x; i+ X — \7
IR(f, I, £)| < Zmax{ 3 X 4x+1 7(x 2x+1 _Si) }\/(f)
i=0
3x; + Xiq1 Xi + Xiy1 N\
< oM [max{ & — 1 , ( 5~ Ei) ” ; \x/(f)
B A 3x; + Xiy1 Xi +Xip1 — X
T ot - }[max{ 5 4 ’ ( 2 é;ﬂl) }:| \/(f)

which completes the proof. [

Remark 2. If we choose & = x; in Theorem 5, we get (1.4) with (1.5) and (1.6).

Xi +Xl+l

Corollary 7. If we choose & = in Theorem S, then we have

/ fdt = A(f, I,) + R(f. I,)

where

A 1) = Zh |:2f<m>+f<3xi';xi+l>+f<xi+23)w+1>]

and the remainder term R(f, I,) satisfies
1 b
IR(f. 1)] < Zv(h)\a/(f).

3xi+xi 4]
4

Corollary 8. Ifwe choose & = in Theorem 5, then we have

b
/ F)dt = ACE 1) + R(S. 1)

where

. 3x; + Xix1 Xi +3xi41 Txi + Xit1 Xi + Txiy1
Af, 1) = Zh[ ( >+f<—2 >+f(—8 >+f<—8 >]

and the remainder term R(f, I,,) satisfies
1 b
IR(f, 1)] < gv(h)\a/(f)-
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Abstract

In this paper, our main objective is to establish certain new fractional integral by applying the Saigo hypergeometric fractional
integral operators and by employing some integral transforms on the resulting formulas, we presented their image formulas
involving the product of the generalized k-Mittag-Leffler function. Furthermore, We develop a new and further generalized form
of the fractional kinetic equation involving the product of the generalized k-Mittag-Leffler function. The manifold generality of
the generalized k-Mittag-Leffler function is discussed in terms of the solution of the fractional kinetic equation and their graphical
interpretation is interpreted in the present paper. The results obtained here are quite general in nature and capable of yielding a very
large number of known and (presumably) new results.
© 2017 Ivane Javakhishvili Thilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: k-Pochhammer symbol; k-gamma function; Generalized k-Mittag-Leffler function; Laplace transform; Fractional kinetic equations;
MATLAB

1. Introduction and preliminaries

In 2006, Diaz and Pariguan [1] introduced the k-Pochhammer symbol and k-gamma function defined as follows:

I (y + nk) _
Ge =1 Ty keRyCAOh (L1
y(y +k)..(y + (n— Dk) neN;y e,
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and the relation with the classical Euler’s gamma function as:
Li(y) = kE~'T (%) (12)

where y € C,k €e Randn € N.
When k = 1, (1.1) reduces to the classical Pochhammer symbol and Euler’s gamma function respectively.
Alsolet y € C, k, s € R, then the following identity holds

no=(3)""n (). (13

in particular,
) =k (%), (1:4)

Further, let y € C, k, s € Rand y € C, then the following identity holds

Phngs = (%)q<ks—y)q 1.5)

in particular,

Vngk = (k)"q(%)nq, (1.6)

For more details of k-Pochhammer symbol, k-special function and fractional Fourier transform one can refer to the
papers by Romero et al. [2,3].

Letk € R,a, B,y € C;N(@) > 0,R(B) > 0,R(y) > 0and ¢ € RT, then the generalized k-Mittag-Leffler
function, denoted by E ,1’ ﬁ, ﬂ(z), is defined as

oo

(Y Ing k2"
Ell (=) ——1— 1.7
tap(@) WZ:; I'(no + Bn! ()
where (y)ng« denotes the k-Pochhammer symbol given by Eq. (1.6) and I(y) is the k-gamma function given by
Eq. (1.4) (also see [4]).
Particular cases of E}’} ;(2)
(i) For ¢ = 1, Eq. (1.7) yields k-Mittag-Leffler function (Dorrego and Cerutti [5]), defined as:

o0

(V)n kzn
El @)=Y — = — [/ 1.
e p(@) 2:(; Tetna + pymt - Fhes® (1.8)
(ii) For k = 1, Eq. (1.7) yields Mittag-Leffler function, defined as (Shukla and Prajapati [6])
o (Png?"
El’s‘l — q — E}’vq , .
1,0”3(Z) ; T(na + pn! a,ﬂ(Z) (1.9)

(iii) For ¢ = 1 and k = 1, Eq. (1.7) gives Mittag-Leffler function, defined as (Dorrego and Cerutti [5])

v, 1 _ = (V)nZ" Y
Ey, (2= g TG+ fonl E, 4(2) (1.10)

(iv)Forg =1,k =1 and y = 1, Eq. (1.7) gives Mittag-Leffler function (Wiman [?]), defined as

e}

Z’l
Elyp(2) = Z = Eup(2) (1.11)
P S Ta+p)
(W) Forg=1,k=1,y =1and g = 1, Eq. (1.7) gives Mittag-Leffler function (Mittag-Leffler [7]), defined as
o n
El’l = Z— =E, . .
RGEDY Toa 1D (2) (1.12)

n=0
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The results given by Kiryakova [8], Miller and Ross [9], Srivastava et al., [10] can be referred for some basic
results on fractional calculus. The Fox—Wright function , ¥, is defined as (see, for details, Srivastava and Karlsson
1985, [11])

_ (alval)v"'v(ap’ap);
plalzl = p ¥y [(bl,ﬁo, by By Z}

_ (aiaai)l,pa F(al + o; I’l) 7"
=¥ [(b,-,ﬂj)l,q, } Z 1‘[ T(b; + Bin)n!”

where the coefficients ay, ..., a,, B1, ..., By € RT such that

(1.13)

q

p
1+Zﬁj—za,~zo. (1.14)
i=1

2. Fractional integration

In this section, we will establish some fractional integral formulas for the generalized k-Mittag-Leffler function.
To do this, we need to recall the following pair of Saigo hypergeometric fractional integral operators.
Forx > 0,A,0,9 € Cand ‘H(k) > 0, we have

(10 r0) ) =

F(A) / (x — 1) Fy (k—i-a —; A 1—-) f(6)dt @.1)

and
(JEZ f(0) (x) = F(A)/ (t—x)" (/\+a —0: A 1——)f(t)dt (2.2)

where the  F(.), a special case of the generalized hypergeometric function, is the Gauss hypergeometric function.
The operator I(i 'x‘“?(.) contains the Riemann-Liouville RS’ () fractional integral operators by means of the
following relationships:

(RS F0) 0 = (1577 F0) @) = / (x— 0y foyde 23)
1 o0
(Wr o f)) (0) = (I £(0) (x) = i / =) () dr. 2.4)
It is noted that the operator (2.2) unifies the Erdélyi—Kober fractional integral operators as follows:
AP
(£52 1) @ = (12 ro) 0 = o5 [0 s ar 5)
(Ko 0) ) = (J0" F0) () = 7o / - (2.6)

The following lemmas proved in Kilbas and Sebastin (2008) [12] are useful to prove our main results.

Lemma 1 (Kilbas and Sebastian 2008). Let )\, 0,9 € C be such that R()) > 0, R(p) > max[0, R(o — ¥)], then

(I)u,o,ﬂtp—l) (X) — F(,O)F(,O +9 - 0) xp,g,l.
0 I'(p—a)l(p+r+0)

2.7)

Lemma 2 (Kilbas and Sebastian 2008). Let A, o, € C be such that R(\) > 0, R(p) < 1 + min[NR(o), R(Y)], then
Lo —p+DIW—p+1) _,\
I'l—pI'h+o+9%—p+1) '

The main results are given in the following theorem.

2.8)

(T2 () =
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Theorem 1. Let A, 0,9, p, a;, Bi, vi € C, ki € R, min{NR(a;), R(B;), R(y)} > 0 and g; € R (wherei =1,...,r),
such that R(p) > max[0, N(o — )], then

A0 p— i gi
(107;1 7 1_[ E’Zivzisﬁi (t)) “
i=1

roo =ik
:xp—o—ll_[ ki / v 2[ (yl/kl’ql)9”~,(yr/kr’ Qr)a (29)
L TGi/k) g 7 LB ke /) s (B Ko/ K
(p,r),(p+70 —o0o,r) k(‘il—al/kl) k(‘]r*ar/kr)xr
(p_asr)’(p+)“+l9’r) ! o '

Proof. For convenience, we denote the left-hand side of the result (2.9) by .#. Using (1.7), and then changing the
order of integration and summation, which is valid under the conditions of Theorem 1, then

r o0
(yi)nq- ki 1 r,0,0 -
S = s (L) (), 2.1
T B | (877 210

applying the result (2.7), Eq. (2.10) reduces to

715 Ongn 1
I = 1‘[ Z _ ingiki  Z
, 3!
it Lz Tl (e + By mt @.11)
I'(p+nr)l'(p+ 10 —0o 4+ nr) cpnr—o—1
I'(p—o+nr)(p+ i+ +nr) ’
after simplification, Eq. (2.11) reduces to
54 pr,o,lli[ kM { o L0i/ki +qin)
i ik | = T'(Bi/ ki + ain/ ki) 2.12)

I'(p+nr)l'(p+9 —o+nr) i xnrk(qi—%'/ki)
I'(p—o +nr)(p+ i+ +nr)n! i '
interpreting the above equation with the help of (1.13), we have the required result. [J

Theorem 2. Let A, 0,9, p, a;, Bi, vi € C, ki € R, min{R(a;), R(B;), R(y:)} > 0and q; € RT (wherei =1,...,r),
such that R(p) < 1 + min[NR(o), N(D)], Then

(e TTeza0m) o
i=1

i=

r 1— i k,‘
o [[A ] ke /b,
i1 F()/i/ki)r+ ™ (ﬁl/kls al/kh)u-»(ﬂr/kra ar/kr)v

- k r—ar/kr
ki‘]l ay/ 1)'“k£61 ar/ ):|

(2.13)

(c—p+1,r,@F—p+1,r)
A=p,r)y(A+0+9—p+1,7)

xr

Proof. Proof is parallel to Theorem 1. [

2.1. Special cases

k-Mittag-Leffler function is the generalized form of the Mittag-Leffler function. By assigning the suitable values
to the parameters, we have the following particular cases.

Setting ¢ = 0 in Theorems 1 and 2 and employing the relations (2.9) and (2.13) yield certain interesting results
asserted by the following corollaries.
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Corollary 1. Let 1,9, p, a;, Bi, vi € C, ki € R, min{N(e;), R(Bi), R(y;)} > 0and g € RT (wherei =1,...,r),
such that R(p) > R(Y), then

r
(e T 00) 0
i=1

r kl_ﬁt/kt ( /k )
— p—1 i v Vi Lq1), - (214)
* Er(yi/k,-)’+2 2 [(ﬁl/kl,al/kl),...,

vr/kesqr) s (o, 1), (p 40, 7) k(QI*Otl/kl) k\ar—er/kp) o
Br/keyar k), (o,1), (p+A+0,r) '] ok )

Corollary 2. Let 1,9, p, a;, Bi, vi € C, ki € R, min{R(;), R(B:), R(y;)} > 0and q; € RT (wherei =1,...,r),
such that N(p) < 1+ N(D), then

(Kﬁ;;’gt"‘l I1 EZ::Z;',,g,,(l/n) (x)
i=1
roop1=Bilki
zxp—ll_[ki bl 2£p‘2|: W/ki,qr) ..., W/keogr),
LT Gi/ k)™ LB oSk s (B K o [ K
ki‘ll_al/kl)”.k}(ﬂr*ar/kr) j|

x"

(2.15)

d—=p,r), (W —p+1,r)
A—=p,r) A+ —p+1,r)

Further, if we replace o with —A in Theorems 1 and 2 reduced to the following form

Corollary 3. Let A, p, oy, Bi, i € C, k; € R, min{R(c;), R(B;), R(yi)} > 0 and q; € RY (wherei =1, ...,r), such
that min{NR(L), R(p)} > O, then

(i T E0 ) 0
i=1
r k}_ﬁi/ki ( /k )
_ ol f v Vi/Ki,q1), ..., (2.16)
* Er(y,»/k,-)’” ’”[(ﬂl/kl,al/kl),...,
Wr/kesqr), (o, 1), (p, 1) k(tn—Otl/kl)mk(qr—ar/k,-)xri| )
Br/ ke ar k), (p, 1), (p+2,r) 7! ’

Corollary 4. Let A, 0,9, p, a;, Bi, y; € C, k; € R, min{R(e;), N(B;), R(y,)} > 0and q; € RY (wherei =1,...,r),
such that min{MN(L), N(p)} > 0, Then

(Wj,ootpl I1 E,g”gl’f’ﬁi(l/t)> €9
i=1
r 1-Bi/ki
:X'O71H ki & , 2|: (yl/klvql)a”-v(yr/krvqr)’
iz1 F(yi/ki)rJr ™ (ﬁl/kl’al/kl)9""(ﬂr/krvar/kr)’

(q1—a1/ky) (qr—ay /kr)
(L—p,r)(L—p,r) [k g
(1_,0,1’),()\._,0—"1,”) x ’

2.17)

When ¢; = 1 (where i = 1, ...,r), the k-Mittag-Leffler function reduced to E I]c/,-i,a,-, ﬂi(') (see Eq. (1.8)) then the
results in (2.9) and (2.13) reduced to the following form:
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Corollary 5. Let A, 0,0, p, o, Bi, Vi € C, ki € R, min{N(«;), R(Bi), N(y;)} > 0 (wherei = 1,...,r), such that
N(p) > max[0, R(o — 9)], then

(1&;‘”:/” [1EL . 5 (z)) (x)
i=1
r k}*ﬂi/ki (n/ki, 1)
= p—o—l -t w )/1 1 ) (2‘18)
) D T(i/k) ™7 [(,31//% ar/ki),

~»(J/r/kra 1)v(pvr)7 (/O-i_‘l9 — 0, V) k(lfal/kl) k(l—ar/kr)xr}
-v(ﬁr/kraar/kr)v(p_asr)s (p+)"+l97r) o ’

Corollary 6. Let 1, 0,0, p,o;, Bi, vi € C ki € R, min{N(w;), R(Bi), R(y;)} > 0 (wherei = 1,...,r), such that
N(p) < 1 +min[NR(o), R(D)], then

(1;;”;0 'HEk o (1/;)) (x)

’ k! —Bi/ki (o /ki, 1
_ .p—o—1 i )/1/ 1, ),--.,(Vr/kr,l),
- l:! T'(yi/k)™ Vi [(ﬂl/kl,al/kl)a--~»(ﬂr/kraar/kr),

gli-en/k gli=or/k) }

(2.19)

(O—_p+l7r)7(ﬂ_p+lar)
1—-p,r)yA+o+9—p+1,r)

xr

When k; = 1 (wherei =1, ..., r), the k-Mittag-Leffler function reduced to Egi"‘l (.) (see Eq. (1.9)) then the results
in Egs. (2.9) and (2.13) reduced to the following form:

Corollary 7. Let A, 0, p,a;, Bi, v; € C, min{N(;), R(B;), N(y;)} > 0and gq; € RY (wherei = 1,...,r), such
that N(p) > max[0, N(o — V)], then

Aaz? p—1 EV, — PO~ 1
( t 1_[ (t)) (x)=x HF()/,

(2.20)
v [ vLa) s W gr) s (o, 1), (p+9 —0o,71)
r+2 £r4+2

(ﬂl’al)v"'a(.Bryar)ﬂ(lo_Uar)a(p+)"+ﬂ7r)

x’i| .
Corollary 8. Let 1,0, p,o;, Bi, y; € C, min{N(;), R(B;), N(y;)} > 0and g; € RY (wherei = 1,...,r), such
that N(p) < 1 + min[R(o), R(P)], then

- 1
I)\,Uyﬁtp_] EVt qi 1/t _ wp—o—1
(x,oo Ul 51/ )) (x) =x —F(%)

W (VI’QI)wu(Vr’Qr) (0_ +19r)9(19_10+17r)
I Brar) . (Bay) (L= p, 1), A+ o+ —p+1,7)

2.21)

1
x|

When k; = ¢; = 1 (wherei = 1, ..., r), the k-Mittag-Leffler function reduced to E;’i ﬁi(') (see Eq. (1.10)) then
the results in Egs. (2.9) and (2.13) reduced to the following form:

Corollary 9. Let A, 0,0, p,a;, Bi,vi € C, min{N(x;), R(Bi), N(y;)} > 0 (where i = 1,...,r), such that
N(p) > max[0, R(o — 9)], then
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( o1 11_[Ey'ﬂ(t)> W= lnr(y,

Do (v DS (o), (o +9 —0o,1)

(2.22)
X2 Pz [(ﬁl,ao, o (Bra) (o — 0P (P A 1)

xr] .
Corollary 10. Let A, 0,9, p,a;, Bi, i € C, min{N(w;), R(B), N(y;)} > 0 (where i = 1,...,r), such that
N(p) < 1 + min[NR(o), R(})], then

(1_3;;%/’-1 l}E B (1/;)) (x) =x""" 1]‘[ F(%

LD, D, (U—,O—i-l r), (@ —p+1,r) i}
(ﬁlval)""v(lgr’ar)r(l_pvr)v()‘+a+l9_p+1’r) x’ '

When k; = q; = y; = 1 (wherei =1, ..., r), the k-Mittag-Leffler function reduced to E; g, (.) (see Eq. (1.11))
then the results in Egs. (2.9) and (2.13) reduced to the following form:

(2.23)

X r42 Wr+2 |:

Corollary 11. Let 1, 0,9, p,0;, ;i € C, min{N(a;), R(B:)} > O (where i = 1,...,r), such that R(p) >
max[0, N(o — V)], Then

( kal?tp ll—IEot ﬁ’(t)>(x)_xp o—1
i=1 (2.24)

11D, . r). (o +9 —0o,1) r:|

x3 ¥,

’ “[(/31 @) Bray), (p— 0. 1), (p+A+0,7)

Corollary 12. Let 1,0,0,p,a;, 8 € C, min{fN(w;), R(B;)} > 0 (where i = 1,...,r), such that RN(p) <
1 + min[N(o), R(D)], then

(Ii’gg;ﬁtp_l 1_[ Eai,ﬂi(l/t)) (x) = xPo!

i=1
(171)9((7_,04‘1,7')’(19_,04‘1,”) i
(ﬁlval)ﬂ-"7(ﬂrﬂar)a(1_pvr)v()"+a+ﬁ_p+lvr) x" ’

When k; = ¢ = y; = B = 1 (where i = 1,...,r), the k-Mittag-Leffler function reduced to Eq, g(.) (see
Eq. (1.12)) then the results in Egs. (2.9) and (2.13) reduced to the following form:

(2.25)
x3¥r42 [

Corollary 13. Let A, 0,0, p,a; € C and W(w;) > 0 (wherei =1, ..., r), such that R(p) > max[0, R(o — )], then

(13;“’:%'—1 []E- (t)) (x)=x""""
i=1 (2.26)
(LD, (p,r),(p+9 —0,r) }

(l’al)’~--a(laar)’(p Ur) (10+)\'+19r)
Corollary 14. Let 1,0, 0, p,a; € C and N(e;) > 0 (wherei = 1,...,r), such that X(p) < 1 + min[N(o), N(D)],
then

X3V, [

(1;;;;1’;0—1 ]_[ Eal.(l/t)> (x)=xPo!
i1 (2.27)
LD, c—p+1,r,@—p+1,r) 1
La),....,La),d=p,r),A+0c+0—p+1,r)| x|’

X3 Wr+2 [
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Ifr=1andk; = k,a; =, 8 = B,y = ¥,q; = q, then the results in Egs. (2.9) and (2.13) reduced to the
following form:

Corollary 15. Let A, 0,9, p,a, B, v € C,k € R, min{9(a), R(B), N(y)} > 0and g € R*, such that R(p) >
max[0, R(o — )], then

K1-Blk

1o, p—1 Y, e W
(IO,x t Ek,a,ﬂ(t)) () = x IT'(y/k) (2.28)
><3LT'3[ (v/k.q),(p, 1), (p+9 —0,1) k(q—a/mx]

Corollary 16. Let A, 0,9, p,a, B,y € C,k € R, min{f(a), R(B), N(y)} > 0and g € R*, such that R(p) <
1 + min[N(o), R(D)], then

kl—ﬂ/k

TG0
W/ q) . @ —p+ 11,0 —p+1,1) k“"“/“} (229)

(17 LS 40 /D) 0 = x0o !

X3W3[(ﬂ/k’a/k)’(l_pal)»()\'+0'+l9—,0+1,1) X

Remark 1. If we assign the values to parameters involving in the k-Mittag-Leffler function, then all the results in
Eqgs. (2.28) and (2.29) reduced to the particular cases given in Eqs. (1.8)—(1.12).

3. Image formulas associated with integral transform

In this section, we establish certain theorems involving the results obtained in previous section associated with the
integral transforms like, Beta transform, Laplace transform and Whittaker transform.

3.1. Beta transform

The Beta transform of f(z) is defined as [13]:
1
BUF@:ab) = [ 20— 2 e G.1)
0

Theorem 3. Let A, 0,9, p, o, Bi, vi € C, ki € R, min{N(]), R(m), R(;), R(B;), R(y;)} > 0 and q; € Rt (where
i=1,...,r), such that W(p) > max[0, R(oc — V)], then

r o T plpilk
B e ] EF: ﬂ_(t)) (x): 1, m} =IFmx" ' [ ——
{< i=1 it T/ ki)

X a3 Wr+3[ i/kiq0) ... e/ kesqr) (0, 7), (3.2)
Br/ ki, ar/k), ..., (Br/krsar/k) (o — o0, 1),
(IO + v - o, r)’ (17 r) ‘k(m—al/kl) k(qr—ar/k,-)tr
p+Ar+r),(+mr) ! T :

Proof. For convenience, we denote the left-hand side of the result (3.2) by 4. Using the definition of beta transform,
the LHS of (3.2) becomes:

1 r
B = / 27— (1&;‘“’:*’—‘ HEZ;;z;:,ﬁ[az)) (x)dz, (33)
0 i=1

further using (1.7) and then changing the order of integration and summation, which is valid under the conditions of
Theorem 1, then
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% HZ (Vl)mh ki 1 (1}\0'19 nr+p l ()C)/ I+nr— 1(1 Z)m le (3 4)
Fkl(nal —}—,3,)}1' ot .
applying the result (2.7), after simplification Eq. (3.4) reduced to

PB = xﬂolﬁ kS T/ ki +qin) (o +nr)
I(yi/ki) = T'(Bi/ ki +ain/ki) I'(p — o +nr)

(3.5)
F(,O + 19 — 0+ I’LV) x”’k"(q’ o / Zl-‘rnr—](l — Z)m—]dZ
F(p~|—)\—|—1?+nr) n! 0 ’
applying the definition of beta transform, Eq. (3.5) reduced to
B = xr-r-! 1-[ KPS Tk aim)  Tp )
T(i/k) & T8/ ki +ain/k) T(p — o +nr) 36

Lo + 19 — o +nr) x”’k"(q’ —ei/%) P+ nr)L(m)
F(p+k+ﬁ+nr) n! 'l +m+nr)
interpreting the above equation with the help of (1.13), we have the required result. [J

Theorem 4. Let 1,0, 9, p, oy, Bi, vi € C, ki € R, min{R(), R(m), R(e;), R(B;), R(y:)} > 0 and q; € RT (where
i=1,...,r), such that X(p) < 1 + min[R(o), R(H})], then

, - r kl Bi/ki
BN LG e | B 5 c/0 ) ) s lomp = Tm)x"= 7!
{( ,00 ,l:! ki, B l_[ I'(y;/ k)

(yl/klvql)’~~-a(Vr/kraQr)a(0— +1,r)7
r st 3.7)
s T [(ﬁl/klval/kl)a---v(ﬁr/kr»ar/kr)a(l_P»r),
@—p+1.0.0r) ek glar—er /) }

A4+o+9—p+1,r),(0+m,r) tr

Proof. The proof of this theorem is the same as that of Theorem 3. [

3.2. Laplace transform

The Laplace transform of f(z) is defined as [13]:

L{f(Z)}=/O e f(2)dz. (3.8)

Theorem 5. Let A, 0,9, p,a;,B;,v; € C. ki € R, Na;) > 0,N(B;) > 0,NR(y;) > 0and qi € RY (where
i=1,...,r), such that R(p) > max[0, R(oc — V)], then

Lt IHE”’ G 12)) (o) :x‘)_"’lﬁ kP
k.. pi s! i T'(yi/ki)

(yl/kl,QI)»--',(]/r/kr,CIr)»(;O’r)a (3.9)
X 43 ¥ 10
Bi/ki,ar/ky), ..., (B /krso [ k), .
(40— (1) | a-anki g a-anh (1
(p—0o,r),(p+r+0,7r) | o s) 1

Proof. For convenience, we denote the left-hand side of the result (3.9) by .Z. Then applying the Laplace, we have:

.z:/o e“z“< I 1]_[15,{' Zsyﬁi(tz)> (x)dz (3.10)
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further using (1.7) and then changing the order of integration and summation, which is valid under the conditions of
Theorem 1, then

oty KT S Tifki+qin)  T(p +nr)
x? 1_[
oy Wi/ ki) “= I'(Bi/ ki + ain/ ki) I'(p — o 4 nr)
I(p+0 — o +nr) x" k@ /oo J——
I'(p+Ar+0 +nr) n! 0
r 1=Bi/ki 0
o—0 11—[ k; I'(yi/ ki + qin) I'(p +nr)
= X
o Tvi/ ki) “= I'(Bi/ ki + ain/ki) I'(p — o +nr)
[(p+9 — o +nr) [(nr + 1) x" k4
I'(p+r+0+nr) st n!

<z

(3.11)

s

interpreting the above equation with the help of (1.13), we have the required result. []

Theorem 6. Let A,0,%, p,a;,Bi,yvi € Coki € R, Ra;) > 0,NB) > 0,N(y;) > 0 and q; € RY (where
i=1,...,r), such that W(p) < 1 + min[N(o), N(D)], then

-1 [ yr00 01 - xp—o—l L pl=bilki
Ly aegie= "V EFE /) (0 = i

,00 U kioi.Bi sl 11:! I'(y;i/ ki)
()’l/klv‘h),'--v()’r/krv‘]r),(a—/0+17r),

(ﬂl/kl’ Oll/kl) EEREAA | (IBV/kr9 ar/kr) ’
kiql_al/kl).”k}(ﬂr*ar/kr) ]

sty

X r13¥r 10 |: (3.12)

@ —p+1,r),7r)
A=p,r)y(A+0+9—p+1,7)

Proof. The proof of this theorem would run parallel as that of Theorem 5. [

3.3. Whittaker transform

Theorem 7. Let A, 0,0, p,o;, Bi, Vi € C, ki € R, min{N(e;), N(B;), N(yi)} > 0; NE £ w) > ’71 and g; € RY
(Wherei =1, ...,r), such that W(p) > max[0, R(c — V)], then

/(;ooZ 87 /ZW w(TIZ) {( Aal?tp 1 HE% qi ! g (lZ)) (x)} dz

N (v1/ki,q1),
T L L/ ki ) Fres |:(/31/k1,0t1/k1) (3.13)
()/r/kr,qr),(/),r),(p—i-l?—a,r),(1/2+w+~’§,r),
Br/krsar/ke), (p—o,r), (p+A+0,1),
(1)2—w+E,r) k(ql o /kn). = a,/k,( >r1|
n

(12—t +&71)
Proof. For convenience, we denote the left-hand side of the result (3.13) by 7. Then using the result from (2.12),
after changing the order of integration and summation, we get:

W =xPo! IL[ kA S T/ ki + qin)
LT/ k) =2 T(Bi/ ki + ain/ k)

I'(p+nr)(p+9—o+nr) (314)
I'(p—o+nr)(p+r+0+nr)

o k"(‘l, —a;/k;) . | )
— L [T e W, (n2)dz,
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by substituting nz = ¢, (3.14) becomes:
r o 1-Bi/k o0
W_xpall_[k F(J/t/k+‘ZIn)
P(yi/ ki) “= I'(Bi/ ki + ain/ ki)
F(,o+nr)F(,0+19 — 0o +nr) (3.15)
I'(p—o+nr)l'(p+ A+ +nr)

i —ai/ki) 1 )
i nr+é—1_—¢/2
X P T /O S e W w(g)ds.
Now we use the following integral formula involving Whittaker function
° I{1/2 r/2- -1
/ ptem2y, ydr = L2Fe TN IAR2zorv) o fe Lo T (3.16)
0 ' I'a2—-—«+v) 2

Then we have
x0T T SN Tk gin)

ot T/ k) = (B ki + ain/ ki)

F(p +nr)F(p + 19 — a +nr)(1/24+w+ & +nr)

I'(p—o+nr)l'(p+ XA+ +nr)

I(1/2 =+ & +nr) K55 e\
“TA)2—t+Etnr) (Z) ’
interpreting the above equation with the help of (1.13), we have the required result. [J

W =

(3.17)

Theorem 8. Let 1,0,0, p, o, Bi,vi € C, ki € R, min{N(x;), N(B;), N(yi)} > 0; N(E £ w) > %1 and q; € RY
(wherei =1, ...,r), such that R(p) < 1 + min[N(o), RN(H)], Then

o0 r

/O e W, (n2) { (J;g?’tp“ [1ECE, (z/t)) (x)} dz
—— r 1—Bi/ki

xp—o-! k; o N (Vl/kvaIl)

il f(y,/k)’+ 3| (By/kr k)

(Vr/kr,qr),(a —p+Ln,@—-p+ l,r),(1/2+w+€,r),
Br/kesar k), (1 =p,r),(A+o+0 —p+1,r),

(1/2 =+ &, r) | K —e/b0_gfor—er/io }

(3.18)

1/2—-t+&,r) (xn)”

Proof. The proof of this theorem would run parallel as those of Theorem 7. [J

4. Fractional kinetic equations

The importance of fractional differential equations in the field of applied science has gained more attention not only
in mathematics but also in physics, dynamical systems, control systems and engineering, to create the mathematical
model of many physical phenomena. Especially, the kinetic equations describe the continuity of motion of substance.
The extension and generalization of fractional kinetic equations involving many fractional operators were found in
[14-27].

In view of the effectiveness and a great importance of the kinetic equation in certain astrophysical problems the
authors develop a further generalized form of the fractional kinetic equation involving generalized k-Mittag-Leffler
function.

The fractional differential equation between rate of change of the reaction, the destruction rate and the production
rate was established by Haubold and Mathai [20] given as follows:

dN
—r = —dV) + p(Ny), “.1)
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where N = N(¢) the rate of reaction, d = d(N) the rate of destruction, p = p(N) the rate of production and N,
denotes the function defined by N,(t*) = N(t — t*),t* > 0.
The special case of (4.1) for spatial fluctuations and inhomogeneities in N(¢) the quantities are neglected, that is
the equation
dN
dt
with the initial condition that N;(f = 0) = N is the number density of the species i at time ¢t = 0 and ¢; > 0. If we
remove the index i and integrate the standard kinetic equation(4.2), we have

= —¢;N;(1), 4.2)

N(t) — Ny = —coD; ' N(t) 4.3)
where oD, ! is the special case of the Riemann-Liouville integral operator ¢ D, defined as
1 t
oDV f(t) = —/ (t =) f(s)ds, (t>0,R(v)>0). 4.4)
I'(w) Jo
The fractional generalization of the standard kinetic equation (4.3) is given by Haubold and Mathai [20] as follows:
N(t) — No = —c"oD; ' N(t) 4.5)
and obtained the solution of (4.5) as follows:
o (=Df
N(t) = N, — ()™, .
(1) Okgr(vkm)(“ (4.6)

Further, Saxena and Kalla [25] considered the following fractional kinetic equation:
N(t) = Nof(t) = —c"oD; "N (), () > 0), 4.7)

where N (t) denotes the number density of a given species at time ¢, Nyo = N (0) is the number density of that species
attime t = 0, ¢ is a constant and f € £(0, 00).
By applying the Laplace transform to (4.7) (see [21]),

F o0
L{N(): p} = NoHc(ff’;,U = No (Z(—c”)"p—“”) F(p),

n=0 4.8)
<n € Ny, < < 1)
p
where the Laplace transform [28] is given by
[e¢]
F(p) = L{N@); p} =/ e P f(ndt, (R(p) > 0). (4.9)
0

5. Solution of generalized fractional kinetic equations

In this section, we investigated the solutions of the generalized fractional kinetic equations by considering
generalized k-Mittag-Leffler function.

Remark 2. The solutions of the fractional kinetic equations in this section are obtained in terms of the generalized
Mittag-Leffler function E, g(x) (Mittag-Leffler [7]), which is defined as:

o n

Z §
E,p(z) = 2:; Tan B’ Ra) >0, R(B) > 0. 5.1

Theorem 9. [f a > 0,d > 0,v > 0, k; € R, a;, Bi, i € C; min{R(e;), R(Bi), R(y:)} > 0 and q; € R, then the
solution of the equation

N@) = No[ [ EFE 5 @'t") = —a*oD; " N(1) (5.2)

i=1



156 M. Chand et al. / Transactions of A. Razmadze Mathematical Institute 171 (2017) 144—166

is given by the following formula

T e Wng T+ 1) (@) .
N(t) = NOHX; e T8y n Eyoni1(—a't"). (5.3)

Proof. Laplace transform of Riemann—Liouville fractional integral operator is given by (Erdelyi et al. [29], Srivastava
and Saxena [30]):

L{oD; " f(t); p} = p~"F(p) (54)

where F(p) is defined in (4.9). Now, applying Laplace transform on (5.2) gives,

L{N(); p} = NoL {1_[ Efd o (d'rY); p} —a"L{oD;"N(1); p} (5.5)
. - (Yidn (@'r)" .
e. N N, pt b dt| —a'p™"N :
ie. N(p)= 0(/ HZM”%M - ) @’ pN(p) (5.6)
interchanging the order of integration and summation in (5.6), we have
r o0
_ (Yidngi e (d")" f°° -
N v UN — N iR pttvndt .
(p)+a"p~"N(p) Oggfki(naﬁﬁﬂ ol (5.7)
(Yidngik;  (dV)" I'(vn+1)
— N 0K .
OHZFk,(noe, +B) n!  pvrt! ©.8)
this leads to
o0
(J/i)nq (dv)n
N N 12 l
)= "HZ < T, (1 + Bi) !
) (5.9)
x T(vn + 1) {p—<“"+” Y [-(0)7] } :
Taking Laplace inverse of (5.9), and by using
tvfl
L71 vl — R 5.10
{p™51} F(u)’( (v) > 0) (5.10)
we have,
_ T Wi @)
1 N = N, qiKi
Nk = N[ T Tt )
i=1 n=0 o (511)
X F(Un + I)L—l {Z(_l)lavlp—[v(rH-/H-l]}
1=0
: Yidngi g (d")"
.. N() =N o r 1
ie ) = OHZFk(na,+/3, = (vn+1)
(oD (5.12)
Z( )l vl
F'vn+D+1)
o0
(Yidngi i (d¥1")"
= N, ik r 1
011_!% Iy (na; + i) n! wn+ 1)

@y (5.13)
oy ety
. g( )F(v(n+l)+1)}'
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Eq. (5.13) can be written as

Lo (Vg iy Ton + 1) (d2"Y! .
N@) = No| | E T (na £ B) 0 E, vny1(—a’t"). 0 (5.14)
i=1 n=0 i

Theorem 10. If d > 0,v > 0, k; € R, o4, Bi, ¥ € C; min{N(a;), R(B), R(yi)} > 0 and q; € R, then the solution
of the equation

N(t)— No [ [ EX:& . (d't") = —d"oD; " N(1) (5.15)
i=1
is given by the following formula

ro Vo o T 1) (d ')
N(r)=Nol_[Z(y}Z'éf{a,-(inm B ') (5.16)
i=1 n=0 !

Theorem 11. If d > 0,v > 0, k; € R, oy, Bi, ¥ € C; min{N(;), R(B), R(yi)} > 0 and q; € R, then the solution
of the equation

N(t)— No[ [ EX-& , (1) = =d"oD; "N (1) (5.17)
i=1

is given by the following formula

r oo o o L1+ 1 n
N@) = NOHZ%%EV,HH(—d”t“). (5.18)
i=1 n=0 !

5.1. Special cases

k-Mittag-Leffler function is the generalized form of the Mittag-Leffler function. By assigning the suitable values
to the parameters, we have the following particular cases.

When g; = 1 (wherei = 1,...,r), the k-Mittag-Leffler function reduced to E/Z-",a,-, ﬂ’_(.) (see Eq. (1.8)) then the
results in (5.2), (5.15) and (5.17) and their solutions reduced to the following form:

Corollary 17. If a > 0,d > 0,v > 0, k; € R, o;, B;, i € C; min{N(a;), R(B;), R(y;)} > O, then the solution of the
equation

N@ = No[ [ B ,(@'1") = —a"o D" N(@) (5.19)
i=1
is given by the following formula

r.o N 1) (d ')
M= lj! Zo (ylzk,-flrla,'(‘fﬁi) s nt! ) Evni1(=a’t?). (5.20)

Corollary 18. If d > 0,v > 0, k; € R, oy, B;, i € C; min{N(;), R(Bi), N(y;)} > O, then the solution of the

equation
N(t) — Ny l—[ Elg,ai.ﬁ,- (d’t") = —d"¢D,"N(t) (5.21)
i=1
is given by the following formula

e Vg Lon + 1) (@1") b
N(t) = NOUX_:; yfkifnai‘:’:ﬁi) . Eypns1(—d"t"). (5.22)
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Corollary 19. If d > 0,v > 0, k; € R, a;, Bi, i € C; min{R(w;), R(B;), R(yi)} > O, then the solution of the

equation

N(t) — N ]_[ El', 4(t)=—d"oD"N(1) (5.23)
i=1

is given by the following formula

Do T+ 1) (1)
N(l)_NoHZ(J}) WO DO (=), (5.04)
g N S

When k; = 1 (wherei =1, ..., r), the k-Mittag-Leffler function reduced to E, Vi q’( ) (see Eq. (1.9)) then the results
in Egs. (5.2), (5.15) and (5.17) and their solutions reduced to the following form:

Corollary 20. [fa > 0,d > 0,v > 0, a;, B, i € C; min{NR(a;), R(B:), R(y;)} > 0 and q; € R™, then the solution
of the equation

N@) = No [ [ EX-fi @) = —a"oD; " N(1) (5.25)
i=l1

is given by the following formula

e Vidng ['(on + 1) (@'1°) oo
M= NOHX—(:) (y;((ijlai(inﬂi) . n!) Evinsi(=a’t). (5.26)

Corollary 21. If d > 0,v > 0, a;, Bi, y; € C; min{M(o;), R(B;), N(y,)} > 0 and g; € RT, then the solution of the
equation

N(@t) = No [ | Lt (d"t") = —d"oD; " N(1) (5.27)
i=1

is given by the following formula

r o o I L 1) (d'tv)
N (”ZNOHZ(V}(%(:”/%» 3 nt!) Evnir(=a"1"). (5.28)
i=1 n=0

Corollary 22. If d > 0,v > 0, a;, Bi, y; € C; min{fR(e;), R(B;), R(y;)} > 0 and q; € RY, then the solution of the
equation

Ny = No [ [ EZ-fi (1) = —d"oD; "N (@) (5.29)
i=1
is given by the following formula

Yidng; I'(n £+ 1) (@0)" y
N(t) = Ny ; vn+l( —d"t ) (530)
n% I'(no; + Bi) n

When k; = ¢; = 1 (where i = 1,...,r), the k-Mittag-Leffler function reduced to E(Z,ﬂi(.) (see Eq. (1.10)) then
the results in Eqgs. (5.2), (5.15) and (5.17) and their solutions reduced to the following form:

Corollary 23. If a > 0,d > 0,v > 0, o, B;, ¥i € C; min{N(e;), R(B;), R(y;)} > O, then the solution of the equation

N(@) = No[ [ EY 4, (d"1") = —a"oD;"N(2) (5.31)
i=l
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is given by the following formula

~en YT 1) (d"1")"
N =N[]) (y]”)(na(»v—’: ;))( ,;) Evns1(=a’t?). (5.32)

Corollary 24. If d > 0,v > 0, «;, Bi, i € C; min{N(a;), N(B;), N(y;)} > O, then the solution of the equation
N(t) — Ny l_[ Egj,ﬂ; (d"t")y=—d"oD;"N(1) (5.33)
i=1
is given by the following formula

2 nF 1) (d’tv) o
N(t) = No ]_!Za‘ (y[,)(m(lvz & ) n!) Eyni1(—d"1"). (5.34)

Corollary 25. If d > 0,v > 0, a;, B;, y; € C; min{NR(;), R(B;), R(y:)} > O, then the solution of the equation

N(t) — N ]—[ E} 4 ()= —d"oD;"N(1) (5.35)
i=1

is given by the following formula

YiduL'(n 4 1) (0)"
N(t) = No E,ni1(=d"t"). (5.36)
:l_!nX(; I'(na; + B;) n

When k; = q; = y; = 1 (wherei =1, ..., r), the k-Mittag-Leffler function reduced to E, g, (.) (see Eq. (1.11))
then the results in Egs. (5.2), (5.15) and (5.17) and their solutions reduced to the following form:

Corollary 26. If a > 0,d > 0,v > 0, «;, B; € C; min{N(;), N(B;)} > O, then the solution of the equation

N(t) — Ny l_[ Ey 6, (d"t") = —a’oD;"N(t) (5.37)
i=1
is given by the following formula

r o0

r 1
N(1) = No]_[Z (m j: ﬁ) (d’t")"Eyons1(—a’t’). (5.38)

Corollary 27. If d > 0,v > 0, «;, B; € C; min{N(;), N(B;)} > 0, then the solution of the equation

N(t) — Ny l—[ Ethﬂi (d't")y = —d"oD;"N(t) (5.39)
i=1
is given by the following formula
r oo

I +1
N =N F((‘;” - ﬁ) (@1 Epnsr(~d"1"). (5.40)
i=1 n=0 ! l

Corollary 28. If d > 0,v > 0, «;, B; € C; min{N(;), R(B;)} > 0, then the solution of the equation

N(@) = No [ | Ewyp () = =d"o D" N (1) (5.41)

i=1

is given by the following formula

N(t)—Noan vn1(—=d"t"). (5.42)

i=1 n=0
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When k; = g =y, = i = 1 (wherei = 1,...,r), the k-Mittag-Leffler function reduced to Eq, g, (.) (see
Eq. (1.12)) then the results in Egs. (5.2), (5.15) and (5.17) and their solutions reduced to the following form:

Corollary 29. Ifa > 0,d > 0,v > 0, o; € C; N(e;) > O, then the solution of the equation

N(t) = No [ | Ea,(@"1") = —a"o D" N(1) (5.43)
i=1

is given by the following formula

r +1
N@) = NOHZ F((n“” " 1)) (@' 1")" Ey yny1(—a't"). (5.44)

Corollary 30. If d > 0,v > 0, o; € C; N(a;) > O, then the solution of the equation

N@) = No [ [ EJi(@"t") = —d"oD; "N (1) (5.45)

i=1
is given by the following formula

r 1
N(@) = No H Z on i 1)) (A1) Ey i1 (=d"1"). (5.46)

Corollary 31. If d > 0,v > 0, o; € C; N(a;) > O, then the solution of the equation

N(t) = No [ | Ee,(t) = =d"oD; "N (1) (5.47)
i=1

is given by the following formula

N(f)—NOHZm vnp1(—=d"t"). (5.48)

i=ln

Ifr=1landk; =k, =a,8 =B,vi = ¥,q = ¢q,(5.2), (5.15) and (5.17) and their solutions reduced to the
following form:

Corollary 32. Ifa > 0,d > 0,v > 0, k € R, o, B,y € C; min{R(a), R(B), R(y)} > 0 and g € R, then the
solution of the equation

N(t) — NoEl'Z j(d"1") = —a"oD; " N(1) (5.49)

is given by the following formula

N(t) = Ny Z (Vg (vn + 1) (d"1")"

Ti(na + B) n! Eviny1(=a"t"). (5:50)

Corollary 33. Ifd > 0,v > 0, k € R, a, B,y € C; min{fR(), R(B), R(y)} > 0 and q € RY, then the solution of
the equation

N(t) — NoEl'd (d"1") = —d"oD; " N(1) (5.51)

is given by the following formula

v g Lon + 1) @1 o
N(f)—Nog et Ermn(—d't). (5.52)
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Table 1

Numerical solutions of KE containing 100 terms of KMLF.
t v=20 v=22 v=24 v=26 v=238
0 6.516846 6.516846 6.516846 6.516846 6.516846
0.2 6.461213 6.484693 6.498794 6.50705 6.511758
0.4 6.29689 6.370156 6.421997 6.457636 6.481496
0.6 6.031509 6.163597 6.268155 6.348104 6.407487
0.8 5.677478 5.864749 6.028106 6.164575 6.274797
1 5.251521 5.480041 5.699526 5.898869 6.072628
1.2 4.77407 5.021969 5.286818 5.549145 5.795762
1.4 4.268521 4.508722 4.801438 5.121049 5.446635
1.6 3.760396 3.963786 4262314 4.629152 5.03807
1.8 3.276435 3.415445 3.696246 4.098657 4.59685
2 2.843676 2.896159 3.138273 3.567422 4.168487
22 2.488539 2.44185 2.631986 3.088403 3.823734
2.4 2.235976 2.091115 2.229861 2.732748 3.667753
2.6 2.108714 1.884414 1.993663 2.593842 3.853343
2.8 2.126626 1.863299 1.995042 2.792817 4.600487
3 2.306273 2.069749 2.316491 3.486243 6.225768

Corollary 34. If d > 0,v > 0, k € R, , B, y; € C; min{R(a), R(B), R(y)} > 0and g € R™, then the solution of
the equation

N(t) — NoEk wp()=—d" oD "N(1) (5.53)
is given by the following formula
Wngal'(n + 1) @)" v
N(t) = Ny Z a8y nr B (d't). (5.54)

6. Numerical solutions of fractional kinetic equations

In this section, we establish database for numerical solutions of the kinetic equation (5.2) by employing Eq. (5.3) for
particular values of the parameters, which are given in Tables 1-3; their graphs are plotted in Figs. 1-3 and Mesh-plot
is also established in Figs. 4 and 5. For this purpose, we denote the solution of Eq. (5.2) for » = 2 (i.e. kinetic equation
involving the product of two k-Mittag-Leffler functions) as

N(t) = N(No, a1, Bi, a2, B2, vi, V2, q1, @2, d, a, v, ki, ky, t)

and then we develop the program in MATLAB. Employing the program, we establish database, graphs and mesh-plot.

In our investigation, particular values to the parameters involving in the solution of the fractional kinetic equation
areselectedas No =2, =pi=lioo =5 =2, y1=»=qi=¢=01;d=a=1;v=2.0:02:28k =
ky = 2 for 0 < t < 3. Solutions of Kinetic equations are involving with the generalized Mittag-Leffler function,
which contain infinite number of terms, further solution of the fractional kinetic equation also contains the summation
of infinite terms with r times product, which makes the complexity for numerical solutions. For critical analysis of the
numerical solutions, we investigate by taking different range of terms occurring in the solution of fractional kinetic
equation in three stages as follows.

e At the first stage, we choose first 100 terms of k-Mittag-Leffler function and 50 terms of the summation of
Eq. (5.3), the Data-Base and graphs are established in Table 1 and Fig. 1 respectively. We found that N(#) > 0
for all different values of the parameters for > 0 and N(r) — oo ast — 00.

e At the first and the third stage, we choose first 500 and 1000 terms of k-Mittag-Leffler function and 50 terms of
the summation of Eq. (5.3), the Data-Base and graphs are established in Tables 2, 3 and Figs. 2, 3 respectively,
which can be easily observed from these tables and graphs that solution remains same for any interval of
t convergent values exist as we increase the number of terms in Mittag-Leffler function. Also the convergent
values decrease as we increase the number of terms, which can be easily observed from Tables 2, 3 and Figs. 2, 3.
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Table 2
Numerical solutions of KE containing 500 terms of KMLF.
t v=2.0 v=22 v=24 v=2.6 v=2.8
0 6.516846 6.516846 6.516846 6.516846 6.516846
0.2 6.461213 6.484693 6.498794 6.50705 6.511758
0.4 6.29689 6.370156 6.421997 6.457636 6.481496
0.6 6.031509 6.163597 6.268155 6.348104 6.407487
0.8 5.677478 5.864749 6.028106 6.164575 6.274797
1 5.251521 5.480041 5.699526 5.898869 6.072628
1.2 4.77407 5.021969 5.286818 5.549145 5.795762
14 4.268521 4.508722 4.801438 5.121049 5.446635
1.6 3.760396 3.963786 4.262314 4.629152 5.03807
1.8 3.276435 3.415445 3.696246 NaN NaN
2 2.843676 NaN NaN NaN NaN
2.2 NaN NaN NaN NaN NaN
24 NaN NaN NaN NaN NaN
2.6 NaN NaN NaN NaN NaN
2.8 NaN NaN NaN NaN NaN
3 NaN NaN NaN NaN NaN
Table 3
Numerical solutions of KE containing 1000 terms of KMLF.
t v=20 v=22 v=24 v=26 v=2.8
0 6.516846 6.516846 6.516846 6.516846 6.516846
0.2 6.461213 6.484693 6.498794 6.50705 6.511758
04 6.29689 6.370156 6.421997 6.457636 6.481496
0.6 6.031509 6.163597 6.268155 6.348104 6.407487
0.8 5.677478 5.864749 6.028106 6.164575 6.274797
1 5.251521 5.480041 5.699526 5.898869 6.072628
1.2 4.77407 5.021969 5.286818 5.549145 5.795762
1.4 4.268521 NaN NaN NaN NaN
1.6 NaN NaN NaN NaN NaN
1.8 NaN NaN NaN NaN NaN
2 NaN NaN NaN NaN NaN
2.2 NaN NaN NaN NaN NaN
2.4 NaN NaN NaN NaN NaN
2.6 NaN NaN NaN NaN NaN
2.8 NaN NaN NaN NaN NaN
3 NaN NaN NaN NaN NaN

In the above discussion, we find that N(¢) > 0O for all different values of the parameters for r > 0 for different
number of terms occurring in the solutions of fractional kinetic equation. Mesh-Plot for first 100 and 500 terms of
k-Mittag-Leffler function and 50 terms of the summation of Eq. (5.3) is also established in Figs. 4 and 5, from which
we can easily interpret the behavior of the solution of fractional kinetic equation.

7. Concluding remarks

We can also present a large number of special cases of our main fractional integral formulas, images formulas and
solutions of the generalized fractional kinetic equations.

If wesettingr = l;0y = o,81 = B,y1 = v, ki = k,q1 = q in Theorems 1 and 2. Here, we illustrate the
following formulas.

Corollary 35. Let A, 0,9, p,a,8,y,b,c € C,k € R, f(a) > 0,R(B) > 0,N(y) > 0and g € R", such that
N(p) > max[0, N(o — B)], then
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Fig. 2. Graphical solutions of KE containing 500 terms of KMLF.

k1 -Blk
I'(y/k) 1)

(y/kﬂq/k)i(lov1)7(,0'{‘19—0'7 l) (g—a)/k
o [(ﬂ/k’“/")’(ﬂ—m1),(p+x+z9, py [

(I(if'ﬁfpflE{,’f,ﬂ(f)> (x) = x"7""

Corollary 36. Let »,0,%,p,a,8,y,b,c € C,k € R, N(a) > 0,R(B) > 0,R(y) > 0and g € RY, such that
NR(p) < 1 + min[NR(o), R(D)], then

20,0 p—1 V4 p—o—1 kl_ﬁ/k
(e Bl 110) @ =2 s (7.2)
o] @ka/ @ —p+ D@ —p LD [k '
UL Bka/k) A= p D Oto+ 0 —p+ L D] x

The above two results in Egs. (7.1) and (7.2) are involving pair of Saigo hypergeometric fractional integral
operators, using the relations given in Egs. (2.3), (2.4), (2.5) and (2.6), these formulas in Eqs. (7.1) and (7.2) reduced
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Fig. 4. Mesh-plot of KE containing 100 terms of KMLF.

to the type of Riemann—Liouville and Erdélyi-Kober fractional integrals involving k-Mittag-Leffler function. Further
by employing the particular cases to the k-Mittag-Leffler function we obtain more special cases of all the fractional
integrals in Section 2 and their images formulas in Section 3.

We may also emphasize that results derived in this paper are of general character and can specialize to give further
interesting and potentially useful formulas involving integral transform and fractional calculus. Also we give a new
fractional generalization of the standard kinetic equation and derived solution for the same. From the close relationship
of the generalized k-Mittag-Leffler function with many special functions, we can easily construct various known and
new fractional kinetic equations. Also from the numerical solutions established in Tables 1-3 and their graphical
interpretation in Figs. 1-5 for product of two k-Mittag-Leffler functions, we came to the conclusion that the solutions
of the fractional Kinetic equations are always positive (N (¢) > 0 for all values of the parameters). In our investigation,
we choose r = 2. The reader can choose any value of r for further more analysis of the solutions of fractional kinetic
equations.
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Fig. 5. Mesh-plot of KE containing 500 terms of KMLF.
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Abstract

It is well known that to each summable in the n-dimensional cube [—7, 7 ]" function f of variables x1, . . ., x, there corresponds
one n-multiple trigonometric Fourier series S[ f'] with constant coefficients.

In the present paper, with the function f we associate n one-dimensional Fourier series S[f]y, ..., S[f]x, with respect to
variables x1, ..., x;, respectively, with nonconstant coefficients and announce the preliminary results. In particular, if a continuous
function f is differentiable at some point x = (xq, ..., X,), then all one-dimensional Fourier series S[ f11, ..., S[f]s converge at

x to the value f(x).

For illustration we consider the well known example of Ch. Fefferman’s function F(x, y) whose double trigonometric
Fourier series S[F] diverges everywhere in the sense of Prinsheim. Namely, we establish the simultaneous convergence of the
one-dimensional Fourier series S[F]; and S[F], at almost all points (x, y) € [—m, 71]2 to the values F(x, y).
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: One-dimensional Fourier series; Nonconstant Fourier coefficients

1. Notions of one-dimensional fourier series of a function of many variables

Let some function f of variables xy, ..., x, be defined and summable in the n-dimensional cube [—, 7]" and, in
addition, be 2w -periodic with respect to each variable.

By Fubini’s theorem we know that f is summable on [—, ] as a function of one variable x; for almost all
(X2, X3, ..., x,) € [—7, w]""'. We denote by E! the set of such (x2, x3, ..., x,) and by X' the point (x,, x3, ..., X,),
ie. X' = (2, x3,...,x,), X' € EV.

Thus we have the function f(x;, X') which is summable with respect to the variable x| on [—, 7] for each
X' e EL

* The results of this paper were announced in the author’s report on one-dimensional Fourier Series of Several Variable Functions, Book of
Abstracts, VIIth International Joint Conference of the Georgian Mathematical Union and Georgian Mechanical Union Dedicated to the 125th

Birthday Anniversary of Academician N. Muskhelishvii, September 5-9, 2016, Batumi, Georgia, p. 118.
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Let us consider a Fourier series corresponds to the function f(x;, X 1) with respect to the variable x; on [—m, 7]
and we denote it by S[ f];, i.e.

1 = .
S[fl = an(x‘) + Y ar(X")coskx + bi(X")sinkx,
k=1

where the coefficients ao(X '), ax(X") and by (X") are defined by the Fourier formulas

1 [ 1 [
ag(Xh = ;/ f@, XHdt, an(X") = -~ f(t, XY cos krdt,
vl

-1
1 [ ()
(XY= —[| f@, XYsinktdt, k=1,2,....
T Jx
In these relations, anyone of the variables x», x3, . .., x, may play the role of x;.
Therefore to each summable function f in the n-dimensional cube [—m, w]" there correspond one-dimensional
Fourier series S[ f1, ..., S[f], with nonconstant coefficients.

In what follows we will discuss only the series S[ f];.

2. Necessary and sufficient condition for the convergence of a one-dimensional fourier series of a function of
many variables

Let us consider the partial sum of the one-dimensional Fourier series S[ f];

Sw(fs (i XD) = Zao(X1) + ) Ja(X") cos kxy + by(X')sinkx,
k=1
which, after substituting in it the coefficients (1), takes the form

m

1 [7 1
Su(f; (x1, X)) = P ft, XD, (t — x)dt = — fx1 + yi, XD, (y)dyr,

— T Jx
where D,, is the Dirichlet kernel, i.e.
sin(m + %)t

D,,(t) = Y sin L for 1t # 2km
sin 5

and
1
D, k) =m + 2 for k=0,=%1,+£2,....

Since the function f is summable with respect to the variable x; on [—m, ] for any X ' ¢ E', the well known
necessary and sufficient condition for the Fourier series S[¢] of a function ¢ € L[—m, 7] to be convergent at some
point ¢ € [—m, 7] to the value ¢(¢) (see [1], Ch. I, §37, equality (37.5); [2], p.55)

s

. sinmu
lim [ (@t +u) + ¢t —u) = 2¢(1)] du =0 )
m=00J ¢ u
takes in our case the form
’ sinmy,

dy, =0, X'eE'

m—00

lim [ [fGr+yL XD+ fOr — v, XD =260, XD
0

Hence we can formulate

Proposition 2.1. For a one-dimensional Fourier series S[ f1], to converge at a point (x1, X") to the value f(x;, X")
for some x| € [—m, w] and X' € E" it is necessary and sufficient that the equality

/5 Foo+yL XD+ £ =y, XD = 2f(x, XY
0 Y1

lim sinmy;dy; =0 3)
m—00

be fulfilled.
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3. Sufficient conditions for the convergence of a one-dimensional Fourier series of a function of many
variables

As far back as 1853 B. Riemann considered the problem of representation of functions by trigonometric series.
In connection with this problem Riemann introduced into consideration a function, say, ¢ with the property
([3], p. 245; [1], Ch. 1, §66)
iy P00 )+ @l — 1) — 2(x0) _

li
h—0 h

0 “4)

at a point xo.

Later, A. Zygmund called the function ¢ having the property (4) a smooth function at the point xq ([4]; [2], p. 43).

It is obvious that a smooth function ¢ at a point x( has the property ¢(xo + h) + @(xo —h) —2¢(xg) — Oash — 0
which is called the symmetry of the function ¢ at x.

It is the well-established fact that almost all points of symmetry of any function is the point of its continuity
([5], p- 266) and the converse statement is obvious.

Therefore almost all points of smoothness of any function is the point of its continuity. In addition, a smooth
function at separate points may be discontinuous, for example, a discontinuous odd function.

It should be said that if the function ¢ has the finite derivative ¢’(xy) at some point xg, then ¢ is smooth at xg
([3], p- 43; [1], Ch.1, §66), but the converse statement is not true ([2], p. 48).

Note that if a 27 -periodic and summable function on [—, 7] is smooth at some point x, in particular if ¢ has the
finite derivative ¢’(xg), then the Fourier series S[¢] of the function ¢ converges at the point x to the value ¢(x() (see
the equality (2)).

Following Riemann, we introduce the following notion of smoothness of a function of many variables (the case
n = 2 is considered in [6]).

Definition 3.1. A function f of n variables xy, ..., x, is called smooth at a point x = (x1, ..., x,) if the equality
h —h)—2
]hr%f(X+ )+f|(2| ) f(x)=0 5)

is fulfilled, where h = (hy, ..., h,) and |h| = |hy| + - - - + |h,]-

Proposition 3.2. If a function f is differentiable at some point x, then f is smooth at x.

Indeed, that this is so follows from the equality

f(-x1+hla"~7-xl‘l+hn)+f(xl_hl""a-xn_hn)_zf(-xla'-'axn)
il + -+ |hyl
St hn e xg Fhy) — fo, e x) = Ar(hy) — - — Ag(hy)
Byl 4 -+ |l
+f(-x1_hl’-n’xn_hn)_f(xls-H’-xn)_Al(_hl)_"'_An(_hn)

=l =l
The converse to Proposition 3.2 is not true (for the case n = 2 see [6]).

Proposition 3.3. If a function f is smooth at a point x, then it is smooth at x with respect to each variable x;,
l<j=n

To verify that this is so it suffices to put (5) #; = 0 for all i # j.
Proposition 3.4. If a function f has at a point x the finite partial derivative % with respect to the variable x j, then
f is smooth at x with respect to the same variable x ;.

That this is so follows from the corresponding statement for functions of one variable.

Proposition 3.5. If a function f is smooth with respect to the variable x| at the point (x,, X") for some x| € [—m, 7]
and X' € E', then the Fourier series S[f1i converges at (x1, X') to the value f(x;, X").
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This assertion follows from the equality (3).
Propositions 3.3 and 3.5 give rise to

Theorem 3.6. If a continuous on [—m, w]" function f is smooth at a point x, in particular if f is differentiable at x,
then all one-dimensional Fourier series S[ f11, ..., S[fl. converge at the point x to one and the same value f(x).

Indeed, the function f as a function of the variable x; is summable on [, 7] for any point X/ =
(X5 e Xjo1s Xjgds - - -5 Xp) from [—77, 71", By virtue of Propositions 3.3 and 3.5, the one-dimensional Fourier
series S[ f]; converges at the point (x;, X/) = (x1, ..., x,) to the value f(x;, X/) = f(x1,..., Xn).

4. Almost everywhere convergence of one-dimensional Fourier series S[F]; and S[F], for Ch. Fefferman’s
function F

It is well known that there exists an everywhere continuous function F(x, y) of two variables and a 2 -periodic
with respect to x and y double trigonometric Fourier series S[F] which diverges everywhere in the Prinsheim
sense [7].

The function F'(x, y) as function of the variable x; € [—m, 7] belongs to the class L*[—m, ] foreachy € [—mx, ].
Therefore by L. Carleson’s theorem [8] we have

Proposition 4.1. A one-dimensional Fourier series S[F, converges to values F(x,y) for almost all x € [—m, 7]
andally € [—m, ).

Analogously, the following assertion is true.

Proposition 4.2. The one-dimensional Fourier series S[F], converges to the values F(x, y) for all x € [—n, w] and
almostall y € [—m, ].

Propositions 4.1 and 4.2 give rise to

Theorem 4.3. The one-dimensional Fourier series S[F1, and S[F ], simultaneously converges to the values F(x, y)
for almost all (x, y) € [—m, w]>.

Finally, Propositions 4.1, 4.2 and Theorem 4.3 can be made stronger as follows.

Theorem 4.4. For any function f € L*[—n, w]? there exist measurable sets E1, E, and E5 from the square [—, 1>

with the properties |E| = |E»| = |E3| = 4m?, at whose points the following equalities are fulfilled:
SN, y) = fx, y) for (x,y) € Ey,
S[fla(x, y) = f(x, y) for (x,y) € Es,
S LG, y) = fx, y) = S[fla(x, y) for (x, y) € Es.
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Abstract

Positive homogeneous functions on R of a negative degree are characterized by a new counterpart of the Euler’s homogeneous
function theorem using quantum calculus and replacing the classical derivative operator by Jackson derivative. As application we
start by characterizing the harmonic functions associated to Jackson derivative. Then, the solution of the Cauchy problem associated
to the analogue of the Euler operator is given. Using this solution we study the associated v-potential. Its Markovianity property
is treated.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction and preliminaries

The notion of a homogeneous function arises in connection with the spherical harmonic functions. The solid
harmonic also can be defined as homogeneous functions that obey Laplace’s equation. The Euler theorem is used
in proving that the Hamiltonian is equal to the total energy. In thermodynamics, extensive thermodynamic functions
are homogeneous functions. In this context, Euler’s theorem is applied in thermodynamics by taking Gibbs free
energy. Also, Euler’s theorem is of value in analytical mechanics and has been widely implemented as a theoretical
basis for the reversal of wide magnetic and gravity data sets in terms of single sources, see [1-3]. In mathematics,
a homogeneous function is a function f with multiplicative scaling behavior, i.e, if the argument is multiplied by a
factor o, then the result is multiplied by some power A of this factor. Positive homogeneous functions are characterized
by Euler’s homogeneous function theorem which consists of: f is positive homogeneous of degree A € R if and only
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if

- d
;xjgjf(x) = Af(x).
J_

The operator Z?:l Xj 3371 is called the Euler operator (see [4]). In microeconomics, they use homogeneous production
functions, including the function of Cobb—Douglas, developed in 1928, the degree of such homogeneous functions
can be negative which was interpreted as decreasing returns to scale. The concept of homogeneity in methods for
enforcement finds modeling physical phenomena and, in particular, for directly solving inverse problems for potential
fields, see [3], where the gravity field of a mass point has the potential V. The tests of homogeneity for this potential can
be implemented using equation of Euler’s theorem to study the homogeneity for the gravity potential V with a negative
degree of homogeneity (A = —1), see [3]. Also, Gel’fand and Shilov [4] studied the homogeneous distributions of
negative integer degree A on R.

At the last quarter of the XX century, g-calculus appeared as a connection between mathematics and physics (see
for more details [5—9]). It has a lot of applications in different basic hyper-geometric functions and other sciences as
quantum theory, mechanics and theory of relativity. We shall briefly recall some of the concepts, notations and known
results on g-calculus as given in [5-11]. Let g € (0, 1). A g-number [n], is defined by

[nlg =14+g++---+4¢", neN
Generally a g-complex number is given by [a], is [a]; = %, a € C. The factorial of a number [n], is defined
by

[0l4! =1, [nly! = [nly[n — 1]4...[1]4, n € N.

The g-derivative also referred to as Jackson derivative [5] is defined as follows

F@) - fgx)
UASZ AL N 0.1). x £0

Dy =] (—gx =~ 15OD-x# M
1), x=0,

such that, limy—1 Dy f (x) = L9 if £ is differentiable at x. This derivative (2.1) verifies the following g-derivation
property

Dy (f.8)(x) = g(qx)Dy f(x) + f(x)Dyg(x) = f(qx)Dgg(x) + g(x) Dy f (x). @)

And the high g-derivatives are Dg f =1 Dgf = Dy (D;’_l f), n € N. Notice, that a continuous function on an
interval, which does not include O is continuous g-differentiable. The g-derivative operator D, and the operator X
defined by X f(x) = xf(x) give a bounded representation of

aa* —ga*a =1

on H2(Bq, tq) which is the completion of the analytic functions on B, = {z € C: IzII? < ﬁ} with respect to the
inner product defined by a measure 11, on the complex plane that replaces the Lebesgue measure on the unit circle,
for more details see [12]. As g tends to 1, , tends to the Gauss measure on the complex plane. This representation
generalizes the Bargmann representation of analytic functions on the complex plane. The operator D, + X, viewed
as a non-commutative (or quantum) random variable, has a g-Gaussian distribution in the vacuum state. The operator
X D, will be called the g-Euler operator. This operator has a g-Poisson distribution in the vacuum state. It is obvious
that X D, is the g-deformation of the operator X j—x verifying: as ¢ tends to 1, X D, tends to X %. Now, if we replace
X % by X Dy, what are the g-analogues of the Euler’s theorem?

In this paper we give a response to this above question as follows: positive homogeneous functions f on R of
a negative degree A are characterized by a new counterpart of the Euler’s homogeneous function theorem using the
q-Euler operator, i.e, f is homogeneous of degree A if and only if

AE,qf(x) = [)\‘](]f(x)s



M. Elghribi et al. / Transactions of A. Razmadze Mathematical Institute 171 (2017) 171-181 173

forg € (0,1) and x € R,. As application we start by characterizing the g-harmonic functions. Then, the solution
of the Cauchy problem associated to the g-Euler operator is given. Using this solution we study the associated
v-potential. Its Markovianity property is treated.

2. The g-analogues of the Euler theorem

Let f : Ry — R. We say that f is homogeneous of degree A € R, if for all x € R and forall « > 0
flax) = o’ f(x).

Definition 2.1. For g € (0, 1), we define the g-Euler operator by
Agg = X.Dy.

Proposition 2.1. Ler f, g : Ry —> R, then for q € (0, 1), we have
Apq(f.8)(x) = g(xX)AE,qf(x) + f(gx)AE,q8(x). 3)

Proof. By definition, we have, for x # 0

AE 4 (f.8)(x) = xDy(f.8)(x)
_ xf(x)g(X) — flgx)g(gx)

(1 —q)x
S — fgx) g(x) — g(gx)
TR <£>’(Jc)+xf(qX)—(1 -

x(Dg £) 08 + x£(q) (Dgg) )
g(x)AE,qf(x) + f(qx)AE,qg(x)-

Now, for x = 0, we know that

Dy(f.9)(x)_, = (f.8)'(0) = f'(0)g(0) + g'(0) £ (0).

Then, applying the multiplication operator x, we obtain

Apq(f8)©) = 80254 f ) O + £(@.0)(A48) ),

which completes the proof. [

Theorem 2.2. If f is homogeneous of degree A € R, then we have

Apqgf(x) =[Agf(x), g€ (1.

Proof. Let f be a homogeneous function of degree A € R. Then for x # 0, we have

f(x) = flgx)
Dy(f)(x) = T d—opx
) =g fx)
(-9«
_(1=¢H fw)
S (-q) «x
_ mqf(x).
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Therefore, we get
Ap g f(x) =My f ().

Now, for x = 0 and A € R\ {0}, we have
(X.Dy £)(0) = 0and f'(0) = 0.

But, we know that f is homogeneous of degree A then f(ax) = a* f(x). In particular for x = 0, £(0) = o* £(0) for
a > 0, which implies that f(0) = 0 for A € R*. Then, we get

(X.Dy f)(0) =0 = [A]y f(0).
Now, forA =0andx =0
(X.Dy £)(0) = 0 = [0]4 f(0).
Hence, for x € R, and A € R, we obtain
Apqf(x) =[Alg f(x),
which gives the desired statement, which completes the proof. [
Theorem 2.3. Let g € (0, 1), x € Rand A < 0. If we have
Apq f(x) =[Alg f(x).
Then, f is homogeneous of degree A.
Proof. Let f : Ry — Rsuch that Ag , f(x) = [A], f(x). Forall x € R, define g : (0, o0) — R by
g(@) = flax) — o f(x).
Then, for o > 0, we get

_ Jlax) — f(qax)

Dy(g)(@) = =7 (Mg f ()
= g—f(ow(cl) :;)(;Iax) — Mg f ()

= éAE,qﬂax) — Mg f ).
Then, we can obtain
aDgg(a) = Apq f(ax) — [Mge” f(x)
= [Mg (f(@x) —o” f(1)
= [Alg8(@).
Since « is arbitrary, g satisfies the following g-differential equation

A
" g(@y = 0. @

Dqg(o:) - 7

Eq. (4) is equivalent to

g(@) —glqa) _ [Ag
I—ga o
Then, we get

g(@) = g *g(qa).

By a simple iteration, we obtain

gl@) =q ""g(q"a).
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Then, for n — oo, we get g(a) = 0, which is equivalent to
flox) =" fx).
This completes the proof. [

Combining Theorem 2.2 with Theorem 2.3 above, we obtain the following theorem, which will be called
g-analogues of Euler’s Theorem:

Theorem 2.4. Let . < 0. Then, f is homogeneous of degree X if and only if
AE,qf(x) = [)\]qf(x)y
forq € (0,1)and x e R,.

Remark 1. It is obvious from Theorem 2.4 that, as g tends to 1, we refind the classical Euler’s theorem for A < 0.
3. Applications of the g-Euler operator
3.1. g-harmonic function

This subsection deals with the study of a link taken homogeneous function and a new notion of g-harmonic
functions.

Definition 3.1. f is called g-harmonic function if DS( fy=0.

Theorem 3.1. Let f be A-homogeneous. Then f is q-harmonic if and only if . = 0.
Proof. “=" Let f be A-homogeneous and g-harmonic. Then from Theorem 2.2, we have
DI (f)x) =0
and from Theorem 2.2
X.Dq(f)(x) = [Ag f(x). )
Then we get
(X.D)*()(x) = [M] f (x).
But we know that,
DyX —qXD,; = 1.
Then,
Dy;X =1+4gXD,
from which we get
X(1+q X Dy)* Dy(f)(x) = A £ (x)
X.Dy(f)(x) +q X* D] f(x) = [A]; f (x).
Thus
Mg f () = [AL] £ (x).
This gives
A=0.
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“«&” Let f be 0-homogeneous. Then for A = 0, we have f(ax) = f(x). Therefore, we get

_f0) = fg)
Pal 0 =0 s
_f0 - fw
(I—qx
= 0.

Then f is g-harmonic, which completes the proof. [J
3.2. Cauchy problem associated to the q-Euler operator

Let f : Ry —> R be homogeneous function of degree A where 0 < A < 1. Consider, the following Cauchy
problem

0
gU(I,x) =Ap Ut x), x e Ry

(6)
U@, x) = f(x).
Theorem 3.2. The Cauchy problem (6) admits a unique solution given by
oo n—l1 k.n k k+1
- (DAL (5 = fg* 0]
Ut,x) = fe+y ) IO —a (7)

n=1k=0

Proof. We start by verifying that

oo n—1 k.n k k+1
_ (=D%"[f(g"x) — f(g"" x)]
U(t,x).—f(x)-l—;g o — 1B -2

is a solution of the system (6). On the one hand, we have

au (¢, x) _ oo n—1 (—l)ktn—l[f(qu) _ f(qk“x)]
T_;; (n—1—=kk!1—q)" -

On the other hand, we have
AgpqU(t,x) = xD,U(t, x)
U@, x)-U@, qx)
= -
Sx) — flgx)
1 —

9

oo n—1 k.n k k+1
(=D*"[f(g"x) — f(g" " x)]
+ 2

= n(n— 1=k —g)mt!

- ii DML @) — £@* )]
nn —1—k)kI(l — g)rt!

(=}

n=1 k=0

By indices change in the right sums of the above equation, we obtain

Ap Ut x) = %f;(m

oo n—1 kn k k+1
(=D "[f(q"x) — fg"" ' x)]
* ZZ n(n—1—k)k!(1 —q)"+!

n=1 k=0
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O\ s (= DR f(gFx) — f(gF 0]
2D ok~ D — g

n=1 k=

(—=DFe"[ £ (g*x) — f(g*1n)]
=Dy @)+ Z Z (1 — )1 — gy

B i Z (DR[£ (g5 x) — f(g*1x)]
N (n — k)k!(1 — g)n+!

n=0 k=0
— in—l (=D £ (g% x) — F(gF 2]
B n=1 k=0 (n—1—=k)%k!I(1—-qg)
8 ( x)
T e

which shows that U (¢, x) is a solution of (6). Let us show by recursion on n € N* that

n—1

. lq)n Z(" 1)( 1)k<f(q X) — f(qk+]x)>.

We have for,n = 1

AL ) =

Apgf ()= XD, () = T (F) = fg). ¥ <R
Now, suppose that Eq. (7) is verified, then we get

AP () = Ap g (AL, F())
1 n n
= 7= [0 - 4L, 7]
1 n—1

= Gy L)k, feto
k=0

1 n—1

n—1 k k+1 k+1
T ,;o(k )=k kD, £ (0"

By indices change in the right sums of the above equation, we obtain

n—1

n—1 k _k
ko( )( *q* xDy f(g*x)

n

(1 - C])n k=1

An+l f(x)

(1) =DrakxD, £ g )
1 n_n n
= W(Xqu(x) + (=D"¢"xDy f (g x))

* (1 —lq)” nii{(z—l) + (Z:})}(—l)quxqu(qu)
=1

1
= (1 _ q)n ()Cqu(x) + (—l)nq"xqu(q”x))

1 n—1

oo L)ttt
k=1

177

®
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- (1 _lq)n Z(Z)(_l)quXqu(qu)
k=0
- ﬁ Y ()0t (Fato - £iatt ). 9
k=0

This shows Eq. (6) for all n € N. Then, using Eq. (6) we get

o0k
0 f(x) =Y A f@)
n=0 """

k

= fO+) AL f()
n=1""

o 1ot (D" (f(ghn) - £(g* 1)
UCRDI)D n(n—1— ki1 —q)"

n=1 k=0
= U(t, x). (10)

Finally, we show the uniqueness of the above solution. Let V (¢, x) be another solution of Eq. (6), we set W (¢, x) =
Q_,V(t,x). Then

aw(t, x)

o —ApgW(t,x) + 0 (Ap, V(t, X))

= —ApW(t,x)+ A Q0 V(t,x)
=0
from which, we deduce that
Wi(t,x)=W(@O,x)=V(QO,x)= f(x).
This implies that
Vit,x) = 0:f(x) =U(1, x),
which completes the proof. [J
3.3. v—q-potential

Using the semigroup {Q;}; we come to the following.

Definition 3.2. For v > 0, we define the v—¢g-potential by:

Hoy f0) = [~ (@@ — fw)ar.
0

Theorem 3.3. The v—q-potential is the unique solution of the following Poisson equation:

1
I = Apg) F = =Dy,

Proof. By Definition 3.2 and Eq. (10) we have

o oo n—1 (_1)kﬂl(f(qu) _ f(qur]x))
0 ‘ }’;kzo nn—1-~kk!d-—qg) dt
w0 1=t (CDF(Flgho = f@ D) o
ZZZ nn—1-—kk1—q)n /0 e hdr.

n=1 k=0

H, 4 fx)

n
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One can show easily that

x |
n!
e Vt"dt = ——.
0 1)n+1

Then,

o 1= (DM (650 = F@D) -1y
Hyg f) =) )" (n — N1 — g)" ( vyt )

n=1 k=0

On the other hand we have

X.Dy 0 f(x) = Apq €40 f(x).
= i;_n‘ A ).
= Apy f(0)+ Z A"*‘ [
Using Eq. (9), we get
Apq Qi f00) = Apg f0)+ Z W Z( )0 (1@ 0 = £@*1n)

from which we obtain

ne_1 k
Apg(Quf = Fx) = Zl kz o (Fa = 1),

Then, from Definition 3.2, we get

Ar H n!(=1* k k+1
Eiq Hug f(0) = ZZ n+1k!(n_k)!(1_q)n+l(f(q 0 = [ 1),

n=I1 k=
By the change indices (n — 1 = j) in the right sums of Eq. (11), we have

u G ‘ -
=33 SR = o=y (@ £ o).

j=0 k=0

Using Eq. (12) we obtain

1
Hug F0) = = (5@ = F@)

v2(1
&y JU=DF
i Z()% V21— k)I(1 — g)JH! (f(qu) - f(qk“x))
J= =
1 1
T 2(1-¢) (f(x) — [0+ N Apg Hug f(x)>,

which is equivalent to
1
v Hu,q fx) — AE,q Hv,q fx) = ; Dq S ).
This implies that
1
Wl —Ag)H, 4 = ;Dq,

which completes the proof. [
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3.4. Markovianity property

Recall that from [13] {P;};>0 is called a Markov semigroup if it satisfies
(@ Ph=1d
(b) Prys = Py Py fors,t >0
(c) Strong continuity : P, f — f ast — Oforall f.
(d) P; f > 0 whenever f >0
(e) P,1 =1forallz > 0.

Note that conditions (d) and (e) imply Contraction Property: || P, f|| < || || for all f and ¢.

Theorem 3.4. The family {Q;};>0 is Markov semigroup.
Proof. (a) It is obvious that Q¢ = Id.
(b) Let s, t > 0, then
Qris = 0TDAEG
eSAE_q etAqu

= 0,0;s.
(¢) Lett > 0, then

o A n
IIQrf—fIISZ nll qul I/l

= (ef”Aqu” - 1)||f|| —0ast— 0.
(d) Using Theorem 2.2, we get
AE,qf(x) = [)\]qf(x)-

Similarly using Theorem 2.2, we obtain

(Ag.)" f(x) = (A" f (x).
Then,

o0

0/ f () = Y LIy £ = e f o).

n=o

Hence, when f > 0, we obtain

0:f=0.
(e) Using Eq. (10), we get
0:1=1, forall t > 0.

This completes the proof. [J
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Abstract

The aim of this paper is to prove fixed point results under (v, ¢)-weak contractive condition for continuous weak compatible
mappings in ordered b-metric spaces. The results proved herein generalize, modify and unify some recent results of the existing
literature. An application demonstrating the usability of our established results is also discussed besides furnishing an illustrative
example.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Coincidence point; (¥, ¢)-weak contraction; Weak compatible mapping and ordered b-metric spaces

1. Introduction and preliminaries

Alber and Guerre-Delabriere [1] established a novel fixed point result for weak contraction in Hilbert spaces.
Rhoudes [2] extended this result to metric spaces and also showed the generality of such results besides deducing
Banach contraction principle. In [3], Zhang and Song replaced the idea of ¢-weak contraction with generalized ¢-weak
contraction and obtained their fixed point results in complete metric spaces. Dutta and Choudhury [4] proved some
fixed point results in complete metric spaces under (v, ¢)-weak contractive condition whereas Doric [5] extended
some fixed point results of [4,3] to generalized (v, ¢)-weak contraction. Abbas and Doric [6] proved similar results
on fixed point in complete metric spaces involving four mappings while Murthy et al. [7] obtained fixed point results
in complete metric spaces under (Y, ¢)-generalized weak contractive condition.

The origin of existence results on fixed points in partially ordered metric spaces is often traced back to Ran and
Reurring [8]. Using generalized weak contraction, Radenovic and Kadelburg [9] established certain fixed point results
in partially ordered metric spaces. Radenovic et al. [10] and Salimi et al. [11] proved fixed point results besides
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discussing possible applications under cyclic contraction and cyclic a—y—¢-contraction respectively. In [12] Aghajani
and Arab also discussed coupled coincidence point results under generalized (¢, ¢, 6)-almost contractive condition
in ordered b-metric spaces. Furthermore, Roshan et al. [13] proved results on coincidence point for almost generalized
and generalized (¥, ¢)-weak contractions in partially ordered b-metric spaces. Aghajani et al. [14] utilized generalized
weak contraction to prove their results on fixed points involving four mappings in partially ordered b-metric spaces.
Huang et al. [15] established coincidence point results in partially ordered b-metric spaces without using a special
lemma as employed in [13].

The aim of this paper is to prove common fixed point results for pair of weak compatible mappings satisfying
generalized (i, ¢)-weak contractive condition in partially ordered b-metric spaces.

Throughout this paper, R* stands for the set of non-negative real numbers.

Definition 1.1 (/16]). Let P, Q : Y — Y be a pair of mappings on the partial order set Y. The pair (P, Q) is called
(a) weakly increasing if Pu < Q(Pu) and Qu < P(Qu),Yu €Y,
(b) partially weakly increasing if, Vu € Y Pu < Q(Pu).

Definition 1.2 (/17]). Let P, Q, S : Y — Y be three mappings on the partial order set (Y, <) such that P(Y) € S(Y)
and Q(Y) C S(Y). The pair (P, Q) is called

(i) weakly increasing with respectto S < Vu € ¥, Pu < Qw,Vw € S~ (Pu)and Qu < Pw forallw € S~1(Qu),
(ii) partially weakly increasing with respect to § < Pu < Qw,V w € S~ (Pu).

Definition 1.3 (//8]). Let P, Q : Y — Y be a pair of mappings on a metric space (Y, d). The pair (P, Q) is said to
be compatible if and only if

lim d(PQuy,, QPuy) =0,
m—0Q
whenever {u,,} is a sequence such that,
lim Pu,, = lim Qu,, =r with r €Y.
m—0Q

m— 00

Definition 1.4 (/79]). Let P, Q : Y — Y be a pair of mappings on metric space (Y, d). The pair (P, Q) is weakly
compatible when the pair (P, Q) commutes on the set of coincidence points (i.e., PQu = Q Pu when Pu = Qu).

Definition 1.5 (/20]). Letd; : Y x Y — R* be a mapping, where Y is non-empty set. Then d; is called a b-metric if
and only if (Vu, w and v € Y and s > 1) the following conditions are fulfilled:

(by) di(w, u) =0if and only if w = u;
(b2) di(w, u) =di(u, w);
(b3) di(w, v) < s(di(w,u) +di(u, v)).

The pair (Y, dy) is called a b-metric space, where d; is termed as b-metric defined on a partial order set (Y, <).
Such a b-metric space is called a partially ordered b-metric space.

Definition 1.6 (//3]). A sequence {u,,} is called b-Cauchy in (Y, dy) if and only if

Iim di(up,u,) =0.
m,n— 00

Definition 1.7 (/13]). A sequence {w,, } is called b-convergent in a b-metric space (Y, d;) if and only if thereisw € Y
such that limy, o0 d(w,, w) = 0 (i.e., limy, o0 Wy = w).

Lemma 1.8 ([13]). Suppose that the sequences {u,,} and {v,,} are b-convergent to u; and v respectively in b-metric
space (Y, dy) with s > 1. Then,

1
—dy(u,v) < lim infd) (up, vw) < lim supdy(um, vm) < s7d1 (u, v).
S m— 00 m— 00
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In particular, 1imy,— 0 d1 (U, V) =0, for u = v. Also, YV w €7,

1
—di(u, w) < lim infd;(uy, w) < lim supd;(uy, w) < sdi(u, w).
S m—00 m— 00

2. Main results

In this section, employing the idea of generalized (v, ¢)-weak contraction, some fixed point results for continuous
self-mappings defined on partially ordered b-metric spaces are established. The existing literature contains several
fixed point results in the setting of b-metric spaces, where in Lemma 1.8 is used in their proofs. In our present paper,
we do not employ Lemma 1.8.

Throughout this paper, we write (V u, w € Y);

M. w) = max{dl (Su. Tw). di(Su, Pu) +di(Tw, Qw)7 di(Su, Qw) + (Tw, Pu) }7

2 2s

and

NG w) = min{dl(Su, Tw). di(Su, Pu) +d(Tw, Qw)’ di1(Su, Qw) + (Tw, Pu) }

2 2s

Now, we are equipped to prove our main result:
Theorem 2.1. Let P, Q, S, T : Y — Y be continuous self-mappings on a partially ordered complete b-metric space
(Y, X, dy) suchthat P(Y) C T(Y) and Q(Y) C S(Y). Suppose that the pairs (P, S) and (Q, T) are compatible while
the pairs (P, Q) and (Q, P) are partially weakly increasing with respect to T and S respectively. Assume for altering

distance function ¥ : [0, 00) — [0, 00) and lower semi continuous ¢ : [0, 00) — [0, 00) which is discontinuous at
v = 0 and satisfies ¢ (v) > 0, Vv > 0, and ¢ (0) = 0, the following condition holds:

Y (sdi(Pu, Qw)) < y(M(u, w)) — (N, w)), V u,w €Y. 2.1
Then there exists a unique common fixed point of P, Q, T and S.

Proof. Take ug € Y. Since P(Y) C T(Y) and Q(Y) C S(Y), there exists a point u; € Y such that Pug = Tu;,
where uy € Y such that Qu; = Su». In this way inductively, we are in the receipt of a sequence such that

Wom+1 = Puzy = Tuzpy1,
wWoam+2 = Qu2m+1 = Su2m+2, for m = 0, l, 2, e

Asu; € T (Pug) andup € S~ (Qu1) and the pairs (P, Q) and (Q, P) are partially weakly increasing with respect
to T and S respectively, we have Tu; = Pug < Qui = Sup < Pur = Tus. Repeating this process inductively, one
gets;

Wom+1 X Wom42, ¥V m € NU{0}.

Now, we wish to prove that di (wy,, wy+1) —> 0asm —> oo, Ym € NU {0}. Write u = uy,, and w = upy41.
Taking this into account in (2.1), we get the inequity

Y (sdi(Puzm, Quomy1)) = U (sdi(Wam+1, Wom+2)) < V(M uom, uzmy1)) — ¢ (N (Wom, uzam+1)), (2.2)

where

dy (W2, Wom1) + di (W42, W2m1)
3 ,

M (uop, uzmy1) = max{dl(Wst Wamt1),

dy (Wam s Wam+2) + d1(Wam41, Wam+1) }
2s
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and

dy (W2, Womt1) + di(Wam+2, W2m+1)
2 9

N (uom, urms1) = min{dl(wzm, Wam+1),

dy (W, Wam+2) + di(Wam+1, Wam+1)
2s )
Write, di = dy (wk, wi1). Suppose di, = 0 for some ko, then wg, = wy,,,. In case ko = 2m, we have wo;, = w4 1.
Now, we have
dy(Wam+1, Wan+2) + 0 0+ di(Wam, Wom+2)
2 ’ 2s
dy(Wami2, Wamt1) di(Wamy2, wzm)} _d (wam+2, Wam+1)
2 ’ 2s 2 '

M uom, uomy1) = max{O,

= max{O,

Due to triangle inequality we see that
di(wam+2, wam) =< $(d1(Wom, Wom+1) + di(Womt1, Wam+2)) = sdi (Wamt1, Wam+2)-
di (Wom, W2m+2)
—————— = di(Wam+1, Wam+2),

which together with Eq. (2.2) gives

d (W21, W2m+2) )

I/’(Sdl (Wom+1, w2m+2)) = 1#( )

Since ¥ is non-decreasing, one can write

dy (Wam+1, Wam+2)
2
which is possible only when dj (w41, wam+2) = 0. Hence w41 = wam+2. Thus in all, wo, = womt1 = woamt2.
Similarly, if kg = 2m + 1, then w41 = Wam+2, Which gives woy,4+2 = wan,+3. Consequently, the sequence {wy}
reduces to a constant sequence whenever k > kg so that

sdi(Wam41, Wam42) <

lim di(wy, wy+1) =0.
m—00

In case, wy,; # Wom+1, then dy (wayy,, wam+1) > 0, for all m € N U {0}. Since

di(wom, wom+1) + di(Wam+1, Wam+2) di(Wom, Wom+2)
M (uom, uzm+1) = maxydi(Wam, Wamt1), > , s ,
using triangle inequality we find that

di (W, Wans1) + di (Wam41, W2n42)
M (uom, u2m+l) < maxjdi (W, w2m+l)a . s

2s

d1(Wom, W2m+1) + di (W1, Wam42)
2 9

s(d1(wam, Wom+1) + d1(Wam+1, W2am42)) }

= max{di (W2, Wam+1),

(d1(W2m, W2m+1) + d1 (W41, Wam+2)) 2.3)
5 . )
On the contrary, assume that di (w2, Wom+1) < d1(Wam+1, W2m+2). Then
M (uzm, uzm+1) < di(Wamg1, Wom42) < Sdi (W1, Wam2), 2.4)
. dy (Wom s Wam+1) + di (W41, Wam+2)
N (o, urms1) = mln{dl (W2m, W2m+1), e _mt > dins me,

dy (Wom, Wom+t2) + d1 (Wam+1, Wam+1) }
2s ’
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Since way, # Wom+1, SO that N (42, uam+1) > 0. Therefore, ¢(N(u2m, u2m+1)) > (. By using Eq. (2.2), we have

Y (sdi (Woamt1, Wamt2)) < ¥ (M (wom, wam+1)).
As 1 is non-decreasing, we see that

sdi(Wom+1, Wam+2) < M Uom, uzm1). (2.5)
From (2.4) and (2.5) we find that

M uom, usm41) = sdi(Wam1, Wam+2)- (2.6)
Using ¢ (N (uom, uom+1)) > 0 and taking Egs. (2.6) and (2.2) into account, we can write that

U (sdi(Wamt1, wamt2)) < Y (M (uzm, uams1)) — ¢(N (Wam, uzms1)),
< Y(sdi(Wams1, wami2))

which is a contradiction. Hence
di(Wam+1, Won42) < di(Wom, Wom+1). 2.7

It is clear from (2.7) that sequence of non-negative real numbers {d| (w2, Wom+1)}, is monotonically decreasing,
therefore there exists a number » > 0, such that;

lim dy (W, Womt1) =7
m—0o0
We assert that r = 0. Let us assume the contrary that r > 0, then
lim  (sdy(wWamt1, Wamt2)) < lim 9 (dy (wom, wams1)) — im @(N (uam, uami1)).
m—00 m—00 m—00
= Y(sr) <Y (r) — lim ¢(N(uom, uams1)).
m—0o0

In view of the lower semi continuity of ¢, the second term on the right hand side of the preceding inequality is non
zero, therefore ¥ (sr) < ¥ (r) implies that s < r, which is a contradiction to our supposition. Hence r = 0.
Thus,

lim di(wam, wamt1) = 0.
m—0o0
Similarly, on putting 4 = us;,+1 and w = wy,,47 in (2.1), one gets;
lim dy(wami1, wamy2) = 0.
m-—0o0
Therefore in all, we conclude that;

lim di(wpy, wy+1) =0, V m € NU{0}. 2.8)
m—0o0

Now, we show that {w,,} is a b-Cauchy sequence. To accomplish this, it is sufficient to show that {w»,,}, is a
b-Cauchy. Let on contrary that {ws,, }be not a b-Cauchy sequence. Suppose that for sequences {2m(¢)} and {2n(z)}
with 2m(t) > 2n(t) > 2t,Vt € N, there exists € > 0 such that,

di(Wan(ry, Wam@)) = €. (2.9)

Moreover, suppose that corresponding to integer 2n(t), 2m(t) is the smallest integer such that condition (2.9) is
satisfied. Then, we have

d1(Wan(r), Wam@)—1) < €. (2.10)

By taking u = u2,(;)—1 and w = woy(r)—1 in (2.1), we can have

Y (sdi (Wan(ry, Wam))) < ¥ (M Uany—1, wam@—1)) — ¢ (N Wany—1, Uam@—1)) (2.11)
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where,

d1(W2n(r)—1, W2n@)) + d1(W2am@)—1, Wam(r))

M (u2n(1y—1, Uom@)—1) = maX{dl (W2n(r)—1> Wam@)—1), >

d1(W2n(r)—1, W2m(r)) + d1(Wamy)—1, Wan(r)) }
2s ’

and

d(W2n()—1, Wan(r)) + d1(Wam@—1, Wam(r))
3 ,

N (Uont)—1, U2m@)—1) = min{dl (W2n()—1, Wam(r)—1)s

d1(Wan()—1, Wam@)) + di (Wam@)—1, Wan(r)) }
2s ’

Using triangle inequality, one can write

d(Wan(ry, Wam(r)) =< s(di(Wan(), Wamn—1) + d1(Wam@—1, Wam())),
which by using (2.8), (2.10) and letting t — oo in the preceding inequality we find that

d1 (W), Woam(r)) < Se. (2.12)
Similarly, using triangle inequality we have that

di(Wan()—1, Wam(e)—1) < $(d1(Wane)—1, Wan(r)) + di(Wan(r), Wam@)—1))-
Now using (2.8), (2.10) and taking ¢+ — oo, the preceding inequality yields:

d1(W2p(t)—1, Wam(r)—1) =< SE€. (2.13)
Applying once more triangle inequality, we have

d1(Wanr)=1, Wam@)) < $(d1(W2n(0)—1, Wam()—1) + d1(Wam@)—1, W2m(r)))-
Applying (2.8), (2.13) and letting + — o0, the latter inequality yields

di (W2n(r)—1 Wam(r)) < 5(s€) = s7€. (2.14)
Since,

d1(Wanr)—1, W2n@)) + di(Wam@)—1, Wam(r))

M (U2nt)—1, Uam()—1) = maX{dl (W2n(r)—1> Wam@)—1),

2 9
d1(W2n(t)—1, Wam(r)) + di(Wam)—1, Wam(r))
2s ’
which together with (2.8), (2.13) and (2.14) gives:
im M (uzn()—1, Uom(@n—1) < S€. (2.13)
11— 00

Similarly, one can also show that lim;_, 0o N (U2,(1)—1, U2m(r)—1) = 0.
Taking, t — oo and using (2.9) and (2.15) in (2.11), we can have

Y(se) < Y(se) — tl_ifgo‘ib(N(”%(f)—l’ Um()—1)),

which leads to contradiction due to lower semi continuity of ¢ and the fact that ¢ (v) = 0 at v = 0. Hence {w,,} is a
b-Cauchy sequence.

Since (Y, dy) is complete b-metric space, there exists a € Y such that the b-Cauchy sequence {w,} is b-convergent
to a. Consequently, the subsequences Puy,, — a, Quomy1 — a, Tuz,y1 — a and Sus,, — a, wherea € Y.

Next, we show that a is a coincidence point of P and S. Since

lim Pusy, = lim wy,q = a,
m—00 m— 00
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and
lim Su2m+2 = lim woym+2 = 4a,
m—0oQ m—0o0
so that lim,, _, oo di (Puy,;,, a) = 0 and lim,, oo d1 (Supy,, a) = 0.
Since P and S are continuous mappings, we have

lim d;(SPusm, Sa) = lim dy(PSuzm, Pa) = 0. (2.16)
m—0o0 m—0o0

As the pair (P, S) is compatible, one can write

lim di(SPusm, PSuiam) = 0. 2.17)
m—0o0

Using triangle inequality, we have

di(Sa, Pa) < s(di(Sa, SPuyy) + di(SPwzp, Pa)).
Again, using triangle inequality on the second term of the right hand side, we have

di(Sa, Pa) < sdi(Sa, SPuyy,) + s2(d1 (SPuym, PSuzp) + di(PSuyy,, Pa)).
By using (2.17), (2.16) and taking limit m — oo in above inequality, we have

lim d,(Sa, Pa) <O.
m—>00
Hence, d;(Sa, Pa) = 0 which implies that Pa = Sa. Thus, a is a coincidence point of P and S. Similarly we can

show that Qa = Ta.
Further, we show that Pa = Sa = a. For this purpose, we set u = a and w = uo,,+1 in (2.1) so that

Y(sdi(Pa, Quom+t1)) < ¥ (M(a, usm+1)) — ¢(N(a, uoam+1)), (2.18)
where,

di(Sa, Pa) + d\(Tuyny1, Quom+1)
2 b

M(a, uypy1) = max{dl (Sa, Tuzm+1),

di(Sa, Quamy1) + (Tuzpy1, Pa) }
2s ’

and

di(Sa, P di (T s
N@, uzms) =min{d1<5a, Tusmyr), L% PO + d1Tzme1, Quzmtn),

2
di(Sa, Quamt1) + (Tuzmyi, Pa)
2s ’
together with
lim M(a, uzn+1) = M(a,a) = di(Sa, a). (2.19)

m—00

By taking the limit as m — ooon both the sides of (2.18) and using Egs. (2.19), we get
Y (sdi(Pa,a)) =y (M(a,a)) — lim ¢(N(a, uzm+1)).
¥ (sdi(Sa,a)) = ¥(di(Sa,a)) — Tim ¢(N(a, uzm+1))-

Since, ¢ is lower semi continuous, then one can write

Y (sdi(Sa, a)) < ¥(di(Sa, a)),

which is contradiction. Hence, d{(Sa,a) =0 = Sa = a = Sa = Pa = a.
Similarly, we can show that Ta = Qa = a. Hence, Sa = Pa = Ta = Qa = a.
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Finally, we prove that a is a unique common fixed point of P, Q, S and T. Suppose z is another common fixed
point of P, O, S and T. On setting u = a and w = z in the definitions of M and N, we have

M(u, w) = d(a, z),

and
N, w) = dl(g’ 2
Hence
di(a,
¥ (sdi(a, 2)) < ¥(di(a, 2)) —¢< 1(‘; Z)>.

It is possible only when d(a,z) = 0 = a = z. Hence a is unique common fixed point of P, @, S and 7. This
concludes the proof of this theorem. [

By setting, ¥ (r) = r, in Theorem 2.1 one can get the following corollary:
Corollary 2.2. Let P, Q, S, T : Y — Y be continuous self-mappings on partially ordered complete b-metric space
(Y, X, dy) such that P(Y) C T(Y) and Q(Y) C S(Y). Suppose that the pairs (P, S) and (Q, T) are compatible
while the pairs (P, Q) and (Q, P) are partially weakly increasing with respect to T and S respectively. Assume for

lower semi continuous ¢ : [0, 00) +— [0, 00) which is discontinuous at v = 0 and satisfies ¢p(v) > 0, Vv > 0, and
¢ (0) = 0, the following condition holds:

sdi(Pu, Qw) < M(u, w) —¢p(N(u,w)), Y u,w €Y. (2.20)
Then there exists a unique common fixed point of P, Q, T and S.
By setting S = T in Theorem 2.1, we have that

di(Su, Pu) +di(Tw, Qw) di(Su, Qw) + (Tw, Pu) }
2 ’ 2s ’

M@, w) = max{dl(Su, Tw),

and

N w) = min{dl (Su. Tw). di(Su, Pu) +di(Tw, Qw)’ di(Su, Qw) + (Tw, Pu) }

2 2s

Thus, we can have the following theorem involving three mappings.
Theorem 2.3. Let P, Q and S : Y — Y be continuous self-mappings on partially ordered complete b-metric space
(Y, x,dy) such that P(Y) C S(Y) and Q(Y) C S(Y). Suppose that the pairs (P, S) and (Q, S) are compatible while
the pair (P, Q) is partially weakly increasing and (Q, P) is partially weakly increasing with respect to S. Assume

for altering distance function ¥ : [0, 00) — [0, 00) and lower semi continuous ¢ : [0, 00) — [0, 00), which is
discontinuous at v = 0 and satisfies ¢ (v) > 0, Vv > 0, and ¢(0) = 0, the following condition holds:

Y (sdi(Pu, Qw)) < y(M(u, w)) —¢(N@u,w)), V u,w €Y. (2.21)
Then there exists a unique common fixed point of P, Q and S.

By setting v (r) = r in Theorem 2.3 one can prove easily the following corollary.

Corollary 2.4. Let P, Q and S : Y — Y be continuous self-mappings on partially ordered complete b-metric space
(Y, X,dy) such that P(Y) C S(Y) and Q(Y) C S(Y). Suppose that the pairs (P, S) and (Q, S) are compatible while
the pair (P, Q) is partially weakly increasing and (Q, P) is partially weakly increasing with respect to S. Assume for
lower semi continuous ¢ : [0, c0) — [0, 00), which is discontinuous at v = 0 and satisfies ¢ (v) > 0, Vv > 0, and
¢ (0) = 0, the following condition holds:

sdi(Pu, Qw) < M(u, w) —¢(N(u,w)), Y u,w €Y. (2.22)

Then there exists a unique common fixed point of P, Q and S.
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By setting, S = T = [ identity mapping in Theorem 2.1 we find that

di(u, Pu) +di(w, Qw) di(u, Qw) + (w, Pu) }
2 ’ 2s ’

M@u,w) = max{dl (u, w),

and

N w) = min{dl (. w). di(u, Pu) —;dl (w, Qw)’ di(u, Qw)z;l- (w, Pu) }’

the following theorem for two mappings can be easily obtained.

Theorem 2.5. Let P and Q : Y — Y be continuous self-mappings on partially ordered complete b-metric space
(Y, X, dy). Suppose that the pairs (P, Q) and (Q, P) are partially weakly increasing. Assume for altering distance
function ¥ : [0, 00) — [0, 00) and lower semi continuous ¢ : [0, 00) +—> [0, 00), which is discontinuous at v = 0
and satisfies ¢ (v) > 0, Vv > 0, and ¢(0) = 0, the following condition holds:

Y (sdi(Pu, Qw)) < y(M(u, w)) —¢(N(u, w)), YV u,w €Y. (2.23)
Then there exists a unique common fixed point of P and Q.

By setting, ¥ (r) = r in Theorem 2.5 one can get the following corollary.
Corollary 2.6. Let P and Q : Y — Y be continuous self-mappings on partially ordered complete b-metric space
(Y, X, dy). Suppose that the pairs (P, Q) and (Q, P) are partially weakly increasing. Assume for lower semi

continuous ¢ : [0, 00) — [0, 00), which is discontinuous at v = 0 and satisfies ¢p(v) > 0, Vv > 0, and ¢(0) = 0,
the following condition holds:

sdi(Pu, Qw) < M(u,w) — ¢p(N(u,w)), YV u,w €Y. (2.24)
Then there exists a unique common fixed point of P and Q.
By setting, P = Q in Theorem 2.5 then,

di(u, Pu) +di(w, Pw) di(u, Pw) + (w, Pu) }
2 ’ 2s ’

M@u,w) = max{dl (u, w),

and

N(u, w) = min{dl (u, w), di(u, Pu) ‘;dl (w, Pw)’ di(u, Pw)z;i— (w, Pu) }

One can obtain the following unique fixed point theorem.

Theorem 2.7. Let P : Y — Y be continuous self mapping on partially ordered complete b-metric space (Y, <, dy)
with P(u) < P(P(u)). Assume for altering distance function ¥ : [0,00) — [0, 00) and lower semi continuous
¢ : [0, 00) > [0, 00), which is discontinuous at v = 0 and satisfies ¢ (v) > 0, Vv > 0, and ¢ (0) = O, the following
condition holds:

Y (sdi(Pu, Pw)) < y(M(u, w)) —¢(N(u,w)), V u,w €Y. (2.25)
Then, P has a unique common fixed point in Y.

By putting, ¥ (r) = r, Theorem 2.7 yields the following corollary:

Corollary 2.8. Let P : Y — Y be continuous self mapping on partially ordered complete b-metric space (Y, <, dp)
with P(u) < P(P(u)). Assume for lower semi continuous ¢ : [0, 0c0) — [0, 00), which is discontinuous at v = 0 and
satisfies ¢ (v) > 0, Vv > 0 and ¢(0) = 0, the following condition holds:

sdi(Pu, Pw) < M(u,w) — (N, w)), V u,w €Y. (2.26)

Then P has a unique common fixed point in Y.
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Example 2.9. Let us define partial ordering < on Y = [1, 2] as follows;
u<wswuVu,wey.

Let di(u, w) = |u —w|?> Yu,w €Y, then clearly d; is a partially order b-metric on ¥ with partial ordering <.
Suppose P, Q, T and S are continuous mappings on ¥ = [1, 2] defined by:

U+ 4 2 +3
P :—, = N
(u) 5 O(u) 5
Ty =211 suy=3"42
W=g Ty W= TS

Evidently,

P(Y):[l,g] and S(Y)=[1,§], P(Y) C S(Y)

Q(Y):[l,g] and T(Y):[l,g], oY) C T(Y).

" # % The compatibility of the pairs (P, S) and (Q, T) is straightforward.

when v = 0.

Define, ¥ (v) = v and ¢ (v) = 05’
Indeed, with a sequence {u,,} in Y such that for some v € Y,

lim di(v, Puy) = lim di(v, Su,) =0,
m— 00 m— 00

we have
. um 4 2 3up 2 2
Since P and S are continuous, then one can write
. 2 . Sv—22
i |y — 5v— ) = lim |uy, — ) -
m— 00 v—>00 3

But the limit is unique. Therefore, 5v — 4 = % <= v = 1. From continuity of P and S we have
lim di(PSuy, SPuy) = lim |PSuy, — SPuy|> =0
m— o0 m—0oQ

which shows the compatibility of the pair (P, S). In the same way the compatibility of the pair (Q, T) can also be
shown.

Next, we show that pair (P, Q) is partially weakly increasing with respect to 7. Let w € T~ (Pu), foru, w € Y.
Then
2w 3

1
g_?+5=Q(w),

v

4w
Pu)=T(w)= Pu) = = +

P(u) > Q(w) sothat P(u) < Q(w).
Also, the pair (Q, P) is partially weakly increasing with respect to S. Consequently,
3w+2 w+4

5 ZTZP(U))-

Q) =Sw) = Q) =

Thus, Q(u) < P(w).
Now, we have to show that,

Y (sdi(Pu, Qw)) < y(M(u,w)) —¢(Nu,w)), Y u,w €Y,

where M (u, w) and N (u, w) are described earlier. Herein;

dy(Pu. Qw) = 2w ou 12 4i(S P)—) 2u+2‘2d(T Ow) = 2w+22
1 uv w) = 5 5 5 ’ 1 ua u) = 5 5 1 wa w) = 5 5 )

2w 3u 12 u 4w 32 4w  3u 12
di(su. Qu) = |5 = T+ | diTw, Py = |3 = = + 5[ and di(Su. Tw) = | = - - ¢
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Case (1): When u = w, then

2 2
2 2 2 2
-5+ 3‘ =5 3’
M@u, w) = ,
2
and
N( ) = dy (Su. Tw) ’4w 3u 12
u,w) = u, w)=|— — — — —
! 5 5 5
Clearly it is satisfied the following contraction: condition,
2 2w, 212
2w oou 12 |- 227+ -2+ g 4w 3w 12
—_— === < — — —— ——| ), foral u=w €Y.
1/’<ss 55)—1/’( 2 "’(‘5 5 5)"”‘”“’
Case (2): For u # w, there arise two cases.
) |23 4|23
If )4;” —du l‘ is maximum, then 5 is minimum. Therefore,
4w  3u 12
M, w) = |— - % - <[,
5 5 5
and
2u 2 2 2w 2
—35 5 |5 F5
N(u,w) =

Evidently, the following contraction is satisfied

2w oou 12 4w 3u 1P |— 2+ 22+ -2+ 22
o R
5 5 - 5 5 5 2
2 2
e e o o P
If 5 1s maximum, then ‘?w — ?" — 5) , is minimum. Therefore,
2u 22 2w 2
—?+§‘+‘—?+3‘
Mu, w) = ,
2
and
dw  3u 12
N(u,w):‘—————
5 5 5

Obviously one can write,

o 2w_z_12)5¢(|—%“+%2+ —%+%I2)_¢(‘4_w_3_“_12),

I's 7575 2

Hence, all conditions of Theorem 2.1 are satisfied. Thus, 1 is the unique common fixed pointof P, Q, Sand T.
3. Application to the system of non-linear integral equations

Let us take the system of integral equations given below:

u(a) = F(a) + /r Ki(a, v, u(v))dv,

fr (3.1

u(a) = G(a) +/ Kz(a, v, u(v))dv,
t

where K| and Ky : [t,r] x [t,r] x R — R.
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LetP,Q:Y — Y,and F, G : [t,r] — R be continuous mappings. By redefining the above system of integral
equation one has the following system,

P(u(a)) = F(a) + f K (a, v, u(u))dv.
t (3.2)

Q@) = Ga) + / K (a, v, u(w))dv.
t

Forallu € Yanda € [¢, r].

Evidently, the existence of a solution of (3.1) that belongs to Y = C[t, r] is equivalent to the existence of a common
fixed point of P and Q.

Define partial ordering on Y by u < w < u(a) < w(a). Also define a b-metric as (for all u, w € Y)

di(u(a), w(a)) = max_|u(a) — w(a)|’.
a€lt, r]

Theorem 3.1. Suppose the conditions given below are satisfied:

(i) Ky and K> : [t,r] x [t,r] x R — R are continuous,
(ii) Foralla,v € [t,r] and u € Y we have

F(a) + Ky (a, v, u(v)) <G(F(a)) + K, (a, v, /r Ki(v,a, u(a))da)

t

and
Ga) + Kz(a, v, u(v)) < F(G(a)) + K, <a, v, / K> (v, a, u(a))da).
t

(iii) Forall a,v € [t,rland u, w € Y withu < w we have
|Ki(a, v, u(v)) — Ka(a, v, w(®))|” < R(a, v)Ln(l + |u(w) —w®)|"),

and R is continuous function satisfying the condition,

,
sup / R(a, v)dv < %;
a€lt, r]1Jt (3)p(r — l)p

@iv) SUPuerr, 7] |F(a) — G(a)|P < %,]‘or all a,v € [t,r].

Then system (3.1) of non linear integral equation has a unique solution.

Proof. Clearly from condition (ii), the pairs (P, Q) and (Q, P) are partially weakly increasing. Let 1 < p,q < oo
with % + é = 1 from condition (iii) and (iv) for all a € [¢, r] we have

3P|P(u(a)) — Q(w(a))|P <37 |:‘F(a) + /V Ki(a,v,u())dv — G(a) — /r Kz(a, v, w(v))dv‘p]
1 t

<3r _‘F(a) - G(a)‘p ¥ (/
L t

<3r _‘F(a) . G(a)‘p + ((/ 1qu)‘i>p<(fr |Ki(a, v, u(v)) — Kx(a, v, w(v))‘pdv>;’)pi|
L t t

<3?|F(a) — G(a)‘p F3P(r—1)d / R(. v)Ln(l +lu() — w(u)|/’du)

t

P
(D(K1(a. v, u(w)) — Ka(a. v, w(v)))‘dv) }

< ‘u(v) — w(v)‘p — 14320 =0)P7" sup (Ln(l + }u(v) — w(v)|p)> /;r R(a, v)dv

a€lt, r]
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= di (u), w®) = 1+ Ln(1+di (4w), ww))

< M@, w)— 1 +Ln(1 + M, w))
<Mu,w)—1+1+ Mu, w)
<2M(u,w) + M(u, w) — N(u, w)
=3M(u,w) — N(u, w).

Hence,
3sdi(P(u), Q(w)) <3M(u, w) — N(u, w).
Define v/ (z) = 3z and ¢(z) = z, where s = 3!, Then

¥ (sd1(P@), 0w)) = v (M, w)) = (N, w)).
Thus, by Theorem 2.5, system (3.2) has a unique solution. Consequently (3.1) has a unique solutionin Y. [
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Abstract

The magneto hydrodynamic boundary layer flow with heat and mass transfer of Williamson nanofluid over a stretching sheet
with variable thickness and variable thermal conductivity under the radiation effect is examined. It is assumed that the sheet is
non-flat. The governing partial differential equations are reduced to nonlinear coupled ordinary differential equations by applying
the suitable similarity transformations. These nonlinear coupled ordinary differential equations, subject to the appropriate boundary
conditions, are then solved by using spectral quasi-linearisation method (SQLM). The effects of the physical parameters on the
flow, heat transfer and nanoparticle concentration characteristics of the problem are presented through graphs and are discussed in
detailed. Numerical values of skin friction co-efficient and Nusselt number with different parameters were computed and analysed.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: MHD; SQLM; Variable thermal conductivity; Variable thickness; Williamson fluid

1. Introduction

Nanofluid is a liquid filled with nanometre-sized particles with diameter less than 100 nm called nanoparticles.
These particles are made up of metals such as (Al, Cu), oxides (Al203), carbides (SiC), nitrides (AIN, SiN) or
nonmetals (Graphite, carbon nanotubes). Choi [1] experimentally verified that addition of small amount of these
particles in the base fluid results in the appreciable increase in the effective thermal conductivity of the base fluid.
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Nomenclature

A, b Constants

B Magnetic field (T)

C Nanoparticle volume fraction (kg m~3)

Cy Skin friction coefficient

Cp Specific heat at constant temperature(J kg™ K)
Dp Brownian diffusion (m? s~!)

Dy Thermophoretic diffusion coefficient (m2sh
f Dimensionless stream function

1 Identity tensor

k Thermal conductivity

K* Mean absorption coefficient (m')

M Magnetic parameter

Nbt Ratio of diffusivity

Nc Ratio of heat capacities

Pr Prandtl number

qr Radiative heat flux (W m~2)

R Radiation Parameter

Sc Schmidt number

N Cauchy stress tensor (N m_z)

Sh Local Sherwood number

Uy Velocity of the stretching sheet

Velocity components in x and y directions (m s~ 1)
Cartesian coordinates

Wall thickness parameter

Similarity independent variable

Williamson parameter

Thermal conductivity parameter

Kinematic viscosity (m?% s 1)
Dimensionless nanoparticle volume fraction
Stream function

Electrical conductivity (Sm™")

P Density (kg m™—3)

(pc)y  Heat capacities of nanofluid

(pc)p  Effective heat capacity of the nanoparticle

Bl
- e

SR

Ages = o

Subscripts
00 Ambient condition
w Conditions at the wall

Recently, researchers have used this concept of nanofluid as a route to enhance the performance of heat transfer rate in
liquids. Non-homogeneous equilibrium model proposed by Buongiorno [2] reveals that this abnormal increase in the
thermal conductivity occurs due to the presence of two main effects namely the Brownian motion and thermophoretic
diffusion of nanoparticles. Excellent reviews on the flows of nanofluids have been conducted by Daungthongsuk and
Wongwises [3], Wang and Mujumdar [4,5] and Kakac and Pramuanjaroenkij [6]. Boundary layer flow of nanofluid
over a flat plate has been analysed by Kuznetsov and Nield [7]. In another paper, Nield and Kuznetsov [8] addressed
the Cheng—Mincowcz problem for flow of nanofluid through a porous medium. Flow of nanofluid over a moving flat
plate with uniform free stream has been investigated by Bachok et al. [9]. Rashidi et al. [10] investigate magnetic field
effect on mixed convection heat transfer of nanofluid in a channel with sinusoidal walls. Recently, various attempts
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dealing with the boundary layer flow of nanofluid over stationary or moving surfaces have been made (see Khan and
Pop [11], Rana and Bhargava [12], Makinde and Aziz [13] and Mustafa et al. [14] etc.). Ramesh et al. [15] studied
MHD Stagnation Point Flow of Nanofluid Towards a Stretching Surface with the effects of variable thickness and
thermal radiation. Heat transfer of a steady, incompressible water based nanofluid flow over a stretching sheet in the
presence of magnetic field with thermal radiation and buoyancy effects are investigated by Rashidi et al. [16].

Numerous applications of boundary layer flow and heat transfer over a stretching sheet have been found in
engineering processes such as in the extraction of polymer sheets, wire drawing, paper production, and glass-fibre
production and thereby are considered significant. During the manufacturing process, a stretching sheet interacts
with the ambient fluid both thermally and mechanically. The study of boundary layer flow caused by a stretching
surface was initiated by Crane [17] who gave an exact similarity solution in closed form. Mahapatra and Gupta [18]
reconsidered the steady stagnation point flow towards a stretching sheet taking different stretching and stagnation
point velocities and observed two different kinds of boundary layer structure near the sheet. Mukhopadhyay [19]
has studied the effects of Casson fluid flow and heat transfer over a nonlinearly stretching surface. Mahmud et al.
[20] investigate the transient MHD laminar free convection flow of nanofluid past a vertical stretching surface. MHD
Boundary-Layer Viscoelastic Fluid Flow over Continuously Moving Stretching Surface by considering PST and PHF
case are studied by Rashidi et al. [21].

Williamson fluid is characteristic of a non-Newtonian fluid model with shear thinning property. This model was
proposed by Williamson [22] and later on used by several authors (Dapra and Scarpi [23]; Vasudev et al. [24]; Nadeem
and Akbar [25]; Nadeem and Hussain [26,27]) to investigate fluid flow by using Homotopy Analysis Method (OHAM)
to solve the governing system of equation for Williamson nanofluid flow. Very recently Gorla and Gireesha [28]
studied stagnation-point flow and heat transfer of a Williamson nanofluid on a linear stretching/shrinking sheet with
convective boundary condition. Most of the above mentioned studies investigated the boundary layer flow and heat
transfer analysis restricted for only flat stretching sheet. Study of flow and heat transfer of viscous fluids over stretching
sheet with a variable thickness (non-flatness) can be more relevant to the situation in practical applications. For the
first time Fang et al. [29] obtained an elegant analytical and numerical solution to the two-dimensional boundary layer
flow due to a non-flatness stretching sheet. Further this problem was extended by Subhashini et al. [30] by including
the energy equation and found that thermal boundary layer thicknesses for the first solution were thinner than those
of the second solution. Numerical solution for the flow of a Newtonian fluid over a stretching sheet with a power
law surface velocity, slip velocity and variable thickness was studied by Khader et al. [31]. Khader and Meghad [32]
studied numerical solution for the flow of a Newtonian fluid over an impermeable stretching sheet embedded in a
porous medium with the power law surface velocity and variable thickness in the presence of thermal radiation. Some
recent studies on above model can be found in [33-36].

To the best of authors knowledge not much attention has been paid to investigate the flow and heat transfer
characteristic of Williamson nanofluid over a variable thickness stretching sheet. Hence the problem studied here is an
extension of the work done by Khader [31] wherein we have considered Williamson nanofluid over a stretching sheet
with variable thickness under the influence of magnetic field, thermal radiation with variable thermal conductivity.

2. Mathematical formulation

Consider a MHD two-dimensional steady laminar flow of Williamson nanofluid over a stretching sheet. The origin
is located at a slit through which the sheet is drawn through the fluid medium. The sheet is stretching with velocity
Uy = Up(x + b)™. The x-axis is along the stretching surface in the direction of the sheet motion and the y-axis is

perpendicular to it. Assume that the sheet is not flat, and its thickness varies as y = A(x + b)%, where A is a very
small constant so that the sheet is sufficiently thin and m is the velocity power index, for m = 1 the problem reduces
to flat sheet. Magnetic field B is applied along the transverse direction of flow. The fluid is assumed to be slightly
conducting, so that the magnetic Reynolds number is much less than unity and hence the induced magnetic field is
negligible in comparison to the applied magnetic. The coordinate system and flow regime are illustrated in Fig. 1. For
Williamson fluid model Cauchy stress tensor S is defined in [23] as

S=—-pl+rt

MO — Moo
= _— A
T (/Loo'i‘ I—F)}) 1
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Fig. 1. Flow configuration and co-ordinate system.

where S is extra stress tensor, (i is limiting viscosity at zero shear rate and (1, is limiting viscosity at infinite shear
rate, I' > 0 is a time constant, A is the first Rivlin—Erickson tensor and y is defined as follows:
. 1
=./=7
Y=V2
T = trace(A%).

Here we considered the case for which s = 0 and I'y < 1. Thus t can be written as

T = ,u()‘ Al.
1-Ty

By using binomial expansion we get
T=po(l—TIy)Ar

The two dimensional boundary layer equations governing the flow are given by [26]

u v 0
ax Ay
au du du d’°u o B?
ou oy pdude 0B >
uax+vay v + 8y8y , u 2
9T 9T 1 8 [ oT 19 dC AT Dr (9T\*
U v —<K—)——ﬁ+@ Ds +—T<—> 3)
9x ay  pepay \ dy pcp dy  (po)y By 9y Too \ 3y
ac  acC 3°C Dy 3°T
U— +v—=Dp— + — T )]
ox ay 02 Two By
with the boundary conditions [26]
u=uyx)=Ux+»b", v=0 T=T, C=C, at y:(x+b)FTm, (5a)
u=0 T=Tx, C=Csx at y—> o0 (5b)

where u and v are the velocity components in the x and y directions, respectively. Further, p is the density, g is the
force of gravity, u is the viscosity, v is the kinematic viscosity, C), is the specific heat at constant pressure, B is the
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magnetic field. T and C are fluid temperature and nanoparticle fraction, respectively. T, and T, are the temperature
of the fluid at the wall and ambient temperature when y — o0o. Dp and Dt are respectively the Brownian diffusion
(p)p
(pc)
nanoparticles material and heat capacity of the fluid. « is the temperature dependent thermal conductivity. We consider
the temperature dependent thermal conductivity in the following form Chaim [37]

coefficient and thermophoretic diffusion coefficient. 7 =

is the ratio between the effective heat capacity of the

4ot o ®)
K=k e—|.
* Ty — Tx
The Rosseland approximation for radiation is
_ 4o*aT? o
= "3 5y

where o* and k* are the Stefan—Boltzmann constant and the mean absorption coefficient, respectively. It is assumed
that the temperature differences within the flow, such as the term 7% may be expressed as a linear function of
temperature.We get the Taylor series expansion for 74 at a free stream temperature Ty, after neglecting higher-order
terms as

T4 =4ATET — 3T, ®)
Using (7) and (8), we obtain

dqr 160*T3 82T

©))

dy 3k 9y

Introducing the following similarity transformations

= D (kT - a), v = | 2 )

T-T. c-C
00 = ————, ¢() = ———.
Ty — Too Cuy — Coo
Using the above similarity transformations, the governing equations Eqs. (1)—(4) are reduced to
2m 2
f///+)\lf//f///+ff//_ f/ —Mf’:O (11
m+1
4R 2 Nc Nc 2
1 —<1 9)6" 9’) Prio + -S0'¢/ + - g% = 12
<+3>(+8) +60) + Prfo’ + 09 + (12)
¢" 4+ LePrf¢' + LG” =0. (13)
Nbt
Using Eq. (9), the boundary conditions become,
, _ 1—m _ _ _
fl=1 f=«a ,0=1, ¢=1 at n=0 (14a)
m+1
ff—=0, 60 ¢—>0 as n— (14b)
where @ = A,/LED s the wall thickness parameter, M = _20B; is the magnetic field t
- 2v p > = Toptnt+D gnetic field parameter,
*3
Pr = 5 is Prandtl number, € is the thermal conductivity parameter, R = 4,10:2" is the radiation parameter,
Nc = %(C w — Cxo)(nanoparticles heat capacity/nanofluid heat capacity), Nbt = % (Brownian diffu-

3 3xm—1
sivity/thermophoretic diffusivity), Le = 5~ the Lewis number and A; = I’ Yoth™ = D) ¢ Williamson fluid

parameter. Expressions for the local skin friction co-efficient C s, and local Nusselt number Nu, Sh, are defined as,

X X
W N = —I  and Shy = I (15)

Cs = , =
T 0z koo (T — Too) k(Ty — Too)

X




200 Srinivas Reddy C / Transactions of A. Razmadze Mathematical Institute 171 (2017) 195-211

where k is the thermal conductivity of the nanofluid, and ¢, and g, are the heat flux and mass flux, respectively given

by
T aC
CIw:_koo - yqdm = —Dp (16)
9y /) y=o ay

Applying similarity transformations (6) for skin fr1ct10n coefficient, Nusselt number and Sherwood numbers are con-
verted to

1
Relcy, = ) )(f’/(0)+ f”<0>2)

—1/2 _ (m+1)< )
Rey '“Nu, = > 1+ 0'(0),

Rey2shy = (m + 1)(15 0) (17)

where Re, = Uy (x)X/v is local Reynolds number and X = x + b.

3. Method of solution

The nonlinear coupled ordinary differential equations (11)—(13) subject to the boundary conditions (14) have been
solved numerically using the spectral quasilinearization method (SQLM). This quasilinearization method (QLM) is
a generalisation of the Newton—Raphson method and was first proposed by Bellman and Kalaba [38] for solving
nonlinear boundary value problems. The quasilinearisation method is employed to linearise the equations before they
are solved iteratively using the Chebyshev spectral collocation method. Applying the quasilinearisation procedure on
Egs. (11)—(14), the resultant equations are

ar fi oo fl Fasafl +aarfren = Ry, (18)
Birfre1 + By + B3.r0) 1 + Barbrit + Bsrdre1 = Ra, (19)
YirJre1 + 12, ’9r+1 + v3, r¢r+1 + v4, r¢r+1 R, (20)
and the boundary conditions are
f Lom g 1, ¢ 0, at n=0
=0, =1, =0, al =V,
r+1 T +m 4l = r+1 r+1 n @1
fr/-i-l =0, 9r+1 =0, Qry1 = 0, at n — oo
where
m
o1,y = (1 +)\'1fr//) , Q2 = fr +)\,1f /’ =M —4m—_|_1fr/, o4,y = fr//’

, 4R
Bio=Prof. po, =1+ ) (1 +e6)).

4R Nc Nc 4R
,33,r = <1 + ?> 289; + L_e¢; +2 9; + Prf, /34,r = <1 + ?> 80;/,

LeNbt
5 NCQ/
= Le
1
Yir = PI’Le(ﬁ;, V2.r = W, V3o =1, var=LePrf,
Ri=af) fI" = —— (D + 11

Nc
) + EGrlqﬁ;»

4R , 4R\ , N
Ry = 1+T 6,6/ + (145 ) e@)® + Prpy6] +

Ry = LePrf, ¢,
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The above system (19)—(21) constitute a linear system of coupled differential equations with variable coefficients
and can be solved iteratively using any numerical method for r = 1,2, 3, .... In this work, as we discussed below,
the Chebyshev spectral collocation method was used to solve the QLM scheme (19)—(21) (for more details, refer to
the works of Motsa et al. [39]). Before applying the spectral method, it is convenient to transform the domain in the n
direction is approximated to [0, L] where L is the edge of the boundary limit (large enough), use the transformation
of algebraic mapping n = % to map the physical domain in to the computational domain [—1, 1]. This basic idea
of this method is approximating the unknown functions by the Chebyshev interpolating polynomials in such a way
that they are collocated at the Gauss—Lobatto points defined as

rizcos(%>, —l<t>1, i=0,1,2,....,N (22)
where N is the number of collocation points. The derivative of f,; at the collocation points is represented as
ar Jr+1 2\’ al
onP - L ];) Dl]:/,kfrﬂ(":k) =D’F (23)

where D = %D and D is the Chebyshev spectral differentiation matrix (for details [40]), F = [f(79),
f(z1), ... f(zy)]. Similarly the derivatives of 6, and ¢ are given by 67 = D? O and ¢ = DP @ where p is the
order of derivative, and D is the matrix of order (N + 1) x (N + 1). Substituting (23)—(24) in Egs. (19)-(21) we
obtain

[ocl,,D3 + ozz,rD2 +a3,D+ a4,r] Frr1 =Ry, (24)
(81, D] Fri1 + [ B2, + B3, D+ By, | ©,41 +[B5,D] 8,11 =Ro, (25)
(Y1, ]Fr1 + [)’z,rDz] 0,11+ [)’3,rD2 + }’4,rD] ®,11 =Rs. (26)
Applying spectral method on the boundary conditions gives
1 N
—m
@) = Y Dyifr@) =1 i) =1 i) = 1, @7)
Tmeis
N
Z Dok fre1(i) =0, 0r41(10) =0, ¢r41(10) =0. (28)

k=0

The above system of equations can be written in the matrix form as

Al Ap A || Frn R;
Ayl Apn Axn || B4 | =R (29)
A3z Az Asz | | P R;

where
A1y = diaglay ,1D? + diaglets  |D? + diagla 1D + diagle ),
A1y = diaglas 1D + diaglae .,
A3 = diaglay 1,
Az = diag[B, 1D + diag[B, 11,
Ay = diag[ B3 1D + diag[B4 ,ID + diag[Bs , I,
Azz = diag[Be 1D,
A3y =diagly ),
Ay = diagly,,,1D?,
A3y = diagly; ,1D* + diagly 1D,
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Table 1

Computational time to compute f”/(0) and —6’(0) when L = 20.

Iterations N f(0) —6’(0) Time
10 60 —1.675061856704815 —0.391980686936591 0.063
50 60 —1.675061856721641 —0.391980686934517 0.205

500 60 —1.675061856703678 —0.391980686936421 1.566

100 5 —0.407168548592312 —0.430424821728138 0.069

100 10 —1.129453810591957 —0.428313095185532 0.086

100 15 —1.528592346289352 —0.396286877252487 0.102

100 20 —1.622932208457137 —0.392879499783479 0.118

100 30 —1.667391603629412 —0.392040943052731 0.148

100 60 —1.675061856697084 —0.391980686936577 0.357

100 100 —1.675081390323612 —0.391980647682374 0.767

100 200 —1.675081384571968 —0.391980647558285 3.018

Table 2

Comparison results for skinfriction — £/(0) for m values when a1 = 0.5, M =0 and A; = 0.

m Fang [29] Khader[31] Present results
10 1.0603 1.0603 1.0603432

9 1.0589 1.0588 1.0589342

7 1.0550 1.0551 1.0550628

5 1.0486 1.0486 1.0486285

3 1.0359 1.0358 1.0358835

2 1.0234 1.0234 1.0234206

1 1.0000 1.0000 1.0000084

0.5 0.9799 0.9798 0.9799497

0 0.9576 0.9577 0.9576443
Table 3

Comparison results for —6/(0) whenm = 0.5, = 0.2, Pr =1, & = 0.1 and R = 0.375.

m o Pr e R Khader [31] Present results
0.5 0.2 1 0.1 0.375 0.441845 1 0.441838369

where «, B and y are (N + 1) x (N + 1) diagonal matrices, I'is a (N + 1) x (N + 1) unit matrix. The approximate
solutions for F, @ and & are obtained by solving the matrix system (30). In this spectral method, a finite computational
domain of extent L = 20 was chosen in the n-direction. Through numerical computation, this value was found to give
accurate results for all the selected governing physical parameters used in the generation of results. Increasing the
value of 1 did not change the results to a significant extent. The number of collocation points used in the spectral
method discretisation was N = 70 in all cases. We remark that the SQLM algorithm is based on the computation
of the value of some quantity, say F’ r”j_rll, at each time step. This is achieved by iterating using the quasilinearization
method using a known value at the previous time step, n as initial approximation. The iteration calculations are carried
out till the desired tolerance level 10~° is attained, and the computational time is also given in the Table 1.

4. Results and discussion

Numerical solution for the effects of physical parameters on magneto hydrodynamic boundary layer flow
of Williamson nanofluid over a stretching sheet with variable thickness and variable thermal conductivity are
investigated. The computational results obtained by the present method (spectral quasi-linearisation method) are
compared with the available results of Fang [29] and Khader [31] for some limiting conditions. The present results is
found to be in good agreement as shown in Tables 2 and 3. The effects of various physical parameters such as velocity
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Fig. 2. Effect of m on velocity, temperature and nanoparticle volumefraction profiles.

power index parameter m, Williamson parameter X1, magnetic field parameter M, wall thickness parameter o, thermal
conductivity parameter €, radiation parameter R, Prandtl number Pr, heat capacity parameter N ¢, diffusion parameter
Nbt and Lewis number Le on velocity ('), temperature (6) and nanoparticle volume fraction (¢) profiles are shown
in Figs. 2—-15.

Fig. 2 illustrates the effects of velocity power index parameter m on velocity, temperature and nanoparticle volume
fraction profiles respectively. It is noticed that increase in velocity power index parameter m increases the velocity,
temperature and nanoparticle volume fraction profiles. This implies that momentum boundary layer thickness and
thermal boundary layer thickness become smaller as m increases.

Figs. 3(a)-3(c) show the effects of Williamson parameter 1| on velocity, temperature and nanoparticle volume
fraction profiles respectively. The effect of Williamson parameter A; reduces the velocity profiles while, increases the
temperature and nanoparticle volume fraction profiles.

From Fig. 4 it is observed that the influence of magnetic field parameter M is to reduce the velocity profiles as well
as thermal boundary layer thickness. It is also noticed that the temperature and nanoparticle volume fraction profiles
increase with the increase of M. This is due to when the value of M increases it exits fluid particles motion which will
diffuses quickly into the neighbouring fluid layers.

Fig. 5 describes the effect of wall thickness parameter o on velocity, temperature and nanoparticle volume fraction
profiles for the cases m > 1 and m < 1. It is noticed that the velocity near the plate decreases as the thickness
parameter « increases for m < 1 and reverse is true for m > 1. It is also noted that the increase in wall thickness
parameter « causes a reduction in thermal boundary layer near the plate for m < 1 while, the reverse phenomena is
noticed for m > 1. It is obvious from Fig. 5(c) that the nanoparticle volume fraction profiles reduce with increase in
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Fig. 3. Effect of A1 on velocity, temperature and nanoparticle volumefraction profiles.

wall thickness parameter « for m < 1, and increase for m > 1. It is obvious that the boundary layer becomes thinner
for higher values of « for m < 1 while thicker for m > 1. This is due to induced mass transfer.

The effect of variable thermal conductivity parameter ¢ on temperature and nanoparticle volume fraction profiles
are shown in Figs. 6(a) and 6(b) respectively. It is noticed that effect of variable thermal conductivity parameter ¢ is
to enhance the temperature profiles significantly, while the reverse phenomena is observed for nanoparticle volume
fraction profiles. Therefore, the assumption of temperature dependent thermal conductivity suggests a reduction in

aT

the magnitude of the transverse velocity by a quantity % (/c W) in Eq. (3). The rate of cooling is much faster for the

coolant material having small thermal conductivity parameter.

Fig. 7 is drawn to examine the effects of radiation parameter R on temperature and nanoparticle volume fraction
profiles. It is noted that the temperature distribution enhance significantly with the increase of R because an increase
in the radiation parameter provides more heat to fluid that causes an enhancement in the temperature and thermal
boundary layer thickness. As the radiation parameter R increases the nanoparticle volume fraction profiles decrease
as seen in Fig. 7(b). In Figs. 8(a)-8(b) temperature and nanoparticle volume fraction profiles are evaluated at different
values of Prandtl number Pr. It is observed that as the Prandtl number increases both temperature and nanoparticle
volume fraction decrease. Since by definition of Pr, thus by increasing Prandtl number Pr thermal conductivity of
fluid decreases which decreases temperature profile. Additionally, an increase in Prandtl number Pr reduces thermal
boundary layer thickness. So heat rapidly transfers which causes a drop in fluid temperature.

The effect of Lewis number Le and diffusion parameter Nbt on temperature and nanoparticle volume fraction
profiles are plotted in Figs. 9 and 10. It is found that with increase in Le and Nbt decreases the temperature profiles.
It is also noted that the thermal boundary layer thickness decreases with increase in Le and Nbt. Nanoparticle volume
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Fig. 4. Effect of Magnetic parameter M on velocity, temperature and nanoparticle volumefraction profiles.

fraction profiles decreases with the increase in Le and N bt significantly. Since N bt is the ratio of Brownian diffusivity
to thermophoretic diffusivities, increase in Nbt means greater activity of nanofluid particles. Physically Le cannotbe
equal to zero since it is the ratio of thermal diffusivity to Brownian diffusion. It is observed that temperature profile
and thermal boundary layer decrease with increase in Nbt. When Brownian diffusivity is very large as compared to
thermophoretic diffusivity, temperature profiles show only very small variation.

Fig. 11 depicts the effects of Nc¢ on temperature profiles. It is found that an increase in Nc¢ enhances temperature
profiles and hence thicker the boundary layer thickness. If we look at the definition of Nc, it is the ratio of heat
capacity of nanoparticles and nanofluid. Usually the specific heat ¢, of nanoparticles is less than that of liquids. So
addition of solid particles will decrease the specific heat of base fluid, hence temperature profile decreases.

Table 4 shows that effects of skin friction co-efficient for different values of wall thickness parameter o, M, A1 and
m. Increasing the wall thickness parameter leads to an increase in the local skin-friction coefficient & while decreases
with Williamson parameter A;. Skin friction co-efficient increases with increased values of magnetic field parameter
M and velocity power index parameter m. Fig. 12 shows that local Nusselt number decreases by uplifting the magnetic
parameter M, velocity power index m, but —9’(0) increases with increase in wall thickness parameter. Fig. 13 explores
the variation of local Nusselt number for various values of v and R, local nusselt number decreases with increase in
thermal conductivity parameter v and radiation parameter R.

Impacts of Nc¢, Nbt and Le on local Nusselt number and local Sherwood number are shown in Figs. 14 and
15 respectively. Fig. 14 exhibits that as the values of Nc¢ increase the local Nusselt number decreases. However it
enhances as the values of Nbt and Le. It is observed from Fig. 15 that heat capacity parameter N ¢ boosts the growth
of local Sherwood number, also same trend is observed with Nbt and Le.
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5. Conclusions

In the present study we investigated the influence of thermal radiation on MHD boundary layer flow of Williamson
nanofluid over a stretching sheet with variable thickness and variable thermal conductivity. The governing equations
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Fig. 9. Effect of Nbt on temperature and nanoparticle volumefraction profiles.

were transformed to the corresponding ordinary differential equations by using appropriate similarity transformations.
These ordinary differential equations were further solved numerically by spectral quasilinearization method. From the
numerical results obtained, some of the interesting conclusions are as follows:
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e Velocity profile decreases for increase in wall thickness parameter when m < 1, reverse trend can be seen for

m > 1.

e Increasing magnetic field parameter M decreases the velocity profiles whereas increase the temperature and

nanoparticle volume fraction profiles.
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e Increase in Williamson parameter A1 decreases the velocity where as temperature and nanoparticle volume fraction
profiles increase.

e With the increase of radiation parameter R the nanoparticle volume fraction decreases in the boundary region and
the opposite effect is seen far away from the boundary sheet.

o The effect of variable thermal conductivity is to decrease the heat transfer co-efficient —6’(0),

o With the effect of Nbt, Nc and Le the co-efficient of sherwood number —¢’(0) is increase.
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Table 4
Skinfriction co-efficient for different values of M, m, o« and 1.
M m i « - (f”(O) + %If”z)
0 04 0.3 0.3 0.8760
0.5 1.0946
1 1.2661
1 0.2 1.2542
04 1.2661
0.6 1.2751
04 0 1.3796
0.3 1.3466
0.6 1.3095
0.3 0 1.2043
0.2 1.2452
0.4 1.2873
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Abstract

In this paper, we introduce and study some non-absolute type spaces loo (i, A, A)'), co(u, A, A7) and c(u, A, AT'), which are
BK-spaces. Moreover, we prove that these spaces are linearly isomorphic to the spaces /oo, co and c. We also make an effort
to establish some inclusion relations between these spaces. Furthermore, we find the Schauder basis for these spaces and also
determine the -, §- and y-duals of these spaces.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
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1. Introduction and preliminaries

Let w be the vector space of all real or complex sequences. Any vector subspace of w is called a sequence space.
We shall write ¢, cg and [, for the sequence spaces of all convergent, null and bounded sequences. Moreover, we
write bs, cs, Iy and [, for the spaces of all bounded, convergent, absolutely and p-convergent series, respectively.
Let X be a sequence space. If X is a Banach Space and

X —> C, x)=xx k=1,2..))

is a continuous for all k, X is called a BK-space.
The sequence spaces ¢, cp and [, are BK-spaces with the norm given by

|x|loc = sup |xi| for all k € N.
k

Also, we use the conventions thate = (1,1, 1, ...) and e™ is the sequence whose only non-zero term is 1 in the nth
place for eachn € N.
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Let X and Y be two sequence spaces and A = (ayx) be an infinite matrix of real numbers a,;, where n, k € N.
Then we say that A defines a matrix transformation from X into Y and we denote it by writing A : X — Y if for
every sequence x = (xg)— € X, the sequence Ax = {A,(x)};2, and the A-transform of x is in ¥, where

o
An(x) =) amxi (n€N). (1
k=0
By (X, Y) we denote the class of all matrices A such that A : X — Y. Thus, A € (X, Y) if and only if the series on
the right-hand side of (1) converges for each n € N and every x € X, and we have Ax € Y for all x € X (see, [1]).
The matrix domain X 4 of an infinite matrix A in a sequence space X is defined by

Xa={x=(x) ew: Ax € X}. 2)

The notion of difference sequence spaces was introduced by Kizmaz [2], who studied the difference sequence spaces
lso(A), ¢(A) and co(A). The notion was further generalized by Et and Colak [3] by introducing the spaces [ (A™),
c(A™) and co(A™). Let m, n be non-negative integers, then for Z = I/, ¢, c¢o we have sequence spaces

Z(A)) ={x = (xp) € w: (A)xp) € Z},

where A x = (Axy) = (AZ’_lxk — A’,f‘_lxkﬂ) and Agxk = xi, for all k € N, which is equivalent to the following
binomial representation

m
mo o (m
An Xk = Uzo( D <v> Xk+nv-

Taking n = 1, we get the spaces which were studied by Et and Colak [3]. Taking m = n = 1, we get the spaces which
were introduced and studied by Kizmaz [2]. For more details about sequence spaces see, [4—7], etc.

We shall denote the collection of all finite subsets of N by F. The approach of constructing a new sequence space
by means of matrix domain of a particular limitation method has been studied by several authors. They introduced the
sequence spaces (loo)Nq and CN, (see, [8]), Up)c, = Xp and (Io)c;, = Xoo (se€, [9]), (o) rr = réo, ©p = ré and
(co)pt = r6 (see, [10]), Up) gt = r; (see, [11]), (co)gr = e(’) and (c)gr = e}, (see, [12]), (p)Er = e; and (lo)Er = €l
(see, [13,14]), (co) ar = ag and (c)ar = a;. (see, [15]), [co(u, p)lar = ag(u, p) and [c(u, p)lar = a;(u, p) (see, [16]),
Ip)ar = a; and (Ioo)ar = al, (see, [17]), (co)c, = ¢v, (cc,) = ¢ (see, [18]), ug = Z(u, v, u) (see [19]), where
Ny, Cy R" and E" denotes the Norland, Cesaro, Riesz and Euler means, respectively, A" and C are respectively
defined in [19,20], u = {cp, ¢, I} and 1 < p < o00. Also co(u, p) and c(u, p) denote the sequence spaces generated
from the Maddox’s spaces co(p) and c(p) by Basarir (see, [20]).

A sequence space X with a linear topology is called a K-space if each map p; : X — C defined by p; (x) = x;
is continuous for all i € N. A K-space X is called an FK-space provided X is complete linear metric space. An
FK-space whose topology is normable is called a BK-space. In [21] Gaine and Sheikh introduced the sequence spaces
co(Af;) and c(Aﬁ) and derive some inclusion relations. Furthermore, they determine the «-, 8- and y-duals of these
spaces. In the last they have characterized some matrix classes concerning these spaces.

Mursaleen and Noman [22] introduced the sequence spaces lé‘o, ¢* and cé as a set of A-bounded, A-convergent and
A-null sequences, respectively, that is

I ={xew: sup |4,(x)| < oo}
n—o0

={x ew: lim A,(x) exists}
n—oo
and

c(’} ={xew: nli)rrolo/ln(x) =0}

n
where 4,(x) = - 3 (0 — Ae—1)xx, ke N,
" k=0



214 K. Raj, S. Jamwal / Transactions of A. Razmadze Mathematical Institute 171 (2017) 212-220
Mursaleen and Noman [23] introduced the sequence spaces c*(A) and c())‘(A), respectively, that is
(A ={x e w: lim A,(x) exists}
n— o0
and

(M) =fxew: nl_i)rgo;ln(x) =0}

~ n
where A, (x) = i 3 (ke — Me—1) (kg — xk—1), k €N.
k=0

The main purpose of this paper is to study some non-absolute type difference sequence spaces loo(ut, A, AY'),
co(u, », AT') and c(u, A, A'). We have proved that these spaces are BK-spaces and linearly isomorphic to the spaces
ls, co and c respectively. Furthermore some inclusion relations between these spaces are established and finally we
have determined the «-, 8- and y-duals of these spaces.

2. Non-absolute type sequence spaces
In the present section we introduce and study the sequence spaces loo (u, A, A7), co(u, A, A7) and c(u, A, A7) of

non-absolute type as follows:

loo(u, 2, ATy ={x € w: sup |4, (x)| < oo},
n—>oo

M u, A, ATy ={x ew: lim A (x) exists)
n—>oo
and
chu, b, A™) = {x € w: lim 4,(x) =0},
n—oo

where

N 1 &
An) = = > (e = )N xi, kom €N,
k=0

1 & _ _
= Z(/\k — M DUk (A" e — A" )y, kym e N
" k=0

Let A = (Ax)p2, be a strictly increasing sequence of positive reals tending to infinity, that is,
O<X<Ai<------

and Ax — o0 as k — oo. Here in sequel, we use the convection that any term with a negative subscript is equal to
naught, e.g. A_; = 0 and x_; = 0. We define the matrix A = (A,;x) for all n, k € N by

n
m i )L'—)\',]
. . ik M T AL <o
Aok = ;(l—k)( ) An “k ="

i=

0, k > n,
A= ():nk) equality can be easily seen from
~ 1 &
M) = =Y O = Mg Ay 3)
M o

for all m, v € N and every x = (x) € w. Then it leads together with (1) to the fact that

loo(u, Ay AY) = (o) 35 co(u, hy AY) = (co)y and  c(u, A, AY) = (¢) 4. 4
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The matrix A = (ink) is a triangle, that is inn #0 andA):nk = 0k > n) for all n, k € N. Further for any sequence
x = (x) we define the sequence y(1) = {yx (1)} as the A-transform of x, i.e. y(1) = A(x) so we have that

y) = ZZ( D'~ ]( " .)ik—)hi_lujxj 5)

j=0i=j k

for all kK € N. Then summation running from O to k — 1 is equal to zero when k = 0.
Theorem 1. The spaces loo(u, A, AY), co(u, A, AY') and c(u, A, AY') are BK-spaces with the norm

1% 115 e, Amy = N Nl eguor, Amy = 1% [lequ,n, Amy = sup [ A, (x)].
n

Proof. The proof is a routine verification, so is left as an easy exercise to readers (see, [24,25]). [

Remark 2. The absolute property does not hold on I (u, A, AT'), co(u, A, A') and c(u, A, A7) spaces. For instance,
if we take |x| = (lxk|) then we have [x|l; ., am) # I1XIlliog@.1,Am), similarly other hold. Thus, the spaces
loo(u, A, A, co(u, A, AY') and c(u, A, A') are BK-spaces of non-absolute type.

Theorem 3. The spaces loo(u, 1, AY'), co(u, A, AT') and c(u, L, A of non-absolute type are linearly isomorphic
to the spaces lo, co and c, respectively, that is loo(u, A, A7) = o, co(u, A, AY) = coand c(u, », A) = c.

Proof. We only consider the case co(u, A, A)') = ¢ and others will follow similarly. To prove the theorem, we must
show the existence of linear bijection between the spaces co(u, A, A’') and co. For this we consider the transformation
T defined, with the notation (5), from co(u, A, A7) to co by x — y(A) = Tx. Then Tx = y(A) = /Al(x) € co for
every x € co(u, A, A7'). The linearity of T is obvious. Further, it is trivial that x = 0 whenever 7x = 0 and hence T
is injective. Next, let y = (yx) € co and define the sequence x = {x; (1)} by

£ +k — i Ai
w = (") Y ©

Jj=0 i=j—1

so we have

k
. A;

A=y (=D ———y

’ Pyt U — Ae—1)"

Thus, for every k € N, we have by (5) that

Ma(x) = —Z Z( D i

(g el
= — Z(?»kyk — A—1Yk—=1) = Yn-
i

This shows that /Al(x) = y and since y € cg, we obtain that ;l(x) € co. Thus, we deduce that x € co(u, A, A)') and
Tx = y. Hence, T is surjective. Further, we have for every x € co(u, A, A7) that

ITxlley = 1T XMoo = 1Y) lioe = 1A 0o = Nx g2, 27)

which means that co(u, A, A') and cg are linearly isomorphic. [

Theorem 4. Suppose A = (Ay) is a strictly increasing sequence of positive real numbers tends to infinity and u = (uy)
be a sequence of strictly positive real numbers. Then the inclusion co(u, ., AY') C c(u, A, AY') strictly holds.
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Proof. It is clear that the inclusion co(u, A, A7') C c(u, A, A') holds. Further to show strict, consider the sequence
x = (x) defined by x; = % for all £ € N. Then we obtain that

. 1 &
Ax) = — Z()»k — M= Dug A xi = m!
g

for n € N and clearly /Al(x) € c\co. Thus the sequence x is in c(u, A, AY') butnotin co(u, A, AY'). Hence the inclusion
co(u, A, A7) C c(u, A, AY') is strict and this completes the proof. [

Theorem 5. Suppose . = (Ay) is a strictly increasing sequence of positive real numbers tends to infinity and u = (uy)
be a sequence of strictly positive real numbers. Then the inclusion ¢ C co(u, A, A') strictly holds.

Proof. Let x € c. Then /Al(x) € co. This shows that x € co(u, A, A'). Hence the inclusion holds. Now consider the
sequence y = (yx) defined by yx = +/k + 1 for k € N. It is trivial that y & c. On the other hand it can easily seen that
/Al(y) € coand y € co(u, A, A7'). Consequently, the sequence y is in co(u, A, A7) but not in c. We therefore deduce
that the inclusion ¢ C co(u, A, A7) is strict. This completes the proof. [

Theorem 6. Let .. = (1) be a strictly increasing sequence of positive real numbers tends to infinity and u = (uy) be
a sequence of strictly positive real numbers. Then the inclusion co(u, X, Al') C co(u, A, AL”H) strictly holds.

Proof. Let x € cp(u, A, AY'). Then we have

1 n
< + = Z()»k — Ak—Dur A xp—1

" k=0

l n
o Y Ok = D A7
" k=0

1 n
= Z(/\k — M—)ur A xg
n k=0

for k — oo from the inequality above we conclude that x € co(u, A, AZ”H). To show strictness consider the sequence
x = (xx) defined by x; = k™. Then it can be easily seen that x € co(u, X, A’J"H) and x € co(u, A, A7), O

Theorem 7. If . = (A,) is a strictly increasing sequence of positive real numbers tends to infinity and u = (uy) be a
sequence of strictly positive real numbers, then the inclusion c(u, A, AT*]) C c(u, », A strictly holds.

Proof. Let x € c(u, A, AZ”_l). Then we have
~ 1 &
Ax) = = 0 = -Dur Ay "' > 1 (k — 00).
)\'n k=0

Furthermore, we obtain the inequality that x € c(u, A, A”'). Hence the inclusion c(u, A, A’f’]) C c(u, A, A7) holds
as

1 & 1 & _
o D 0k = DAY x| < o D 0k = e u A g — 1
m k=0 " k=0
1 n
-1
i ];)(?»k — Me—Duk Ay xk—1 — 1
— 0. O

Theorem 8. Suppose . = (Ay,) is a strictly increasing sequence of positive real numbers tends to infinity and u = (uy)
be a sequence of strictly positive real numbers. Then the inclusion loo(u, X, A’;’_l) C loo(u, A, AT') strictly holds.

Proof. Let x € Ioo(u, A, AL”"). Then we have

n

N 1 B
Ay = =3 O = e Ay e < K,
" k=0
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for K > 0. We obtain the following inequality that x € I (u, A, AY'). Hence the inclusion /e (1, A, Ag’_l) C
loo(u, X, AY) holds as

1

n 1 n )
Z()‘k — M= D)ur Ay x i Z(Ak — hk—Dur A7

<
)\'n k=0 n k=0
1 n
=Dk = D AT g |
)\'n k=0
To show strict, we consider x = (x;) defined by x = (k), then we obtain x € Ilo(u, A, AT') but x ¢

loo(u, A, A=H, O
3. Basis and «-, 8-, y-duals of the spaces c¢(u, A, AY') and co(u, A, A}')

If the normed space X contains a sequence (b,) with the property that for every x € X, there is a unique sequence
of scalars () such that
lim [lx — (aobo +a1by +---- - + anbp)|| =0

then (b,) is called a Schauder basis (or briefly basis) for X. The series Zk o by which has the sum x is then called
the expansion of x with respect to (b,) and is written as x = >, oby.

Theorem 9. Define the sequence b™® (u, 1., ATy = {b,(,k)(u, Ay AN for every fixed k, m € N and by

m+n—k—1 y m+n—k—2 M
(—)Mk — ( )uk, n>k;
n—k M — Ag—1 n—k—1 A+l — Ak
®) my — A
b (u, h, AT) ( k )Mk,
Ak — k=1

0, n<k.

n=k;

Then the sequence {b,(qk) (u, A, AU} is a basis for the space co(u, A, A7) and every x € co(u, A, AY') has a unique
representation of the form

x =Y axWb®(, 1, A,
k

where o (M) = }1(x), forall k € N.

Theorem 10. The sequence {b, b°(u, A, AN, b, a, AM), .......} is a basis for the space c(u, L, AY') and every
x € c(u, A, A7) has a unique representation of the form

x=la+ Y [oax(h) —11b® @, 2, AT):;
k

where ai (L) = ;l(x), forall k € N. The sequence b = (by) is defined by

k .
_ _ m+k—j—1
b_(M)_E:( ko ).
j=0
Corollary 11. The difference sequence spaces c(u, A, A') and co(u, A, AY') are separable.

To determine «-, B- and y-duals of non-absolute type spaces c(u, A, A7) and co(u, A, A7), we shall use the
following result:
For the sequence spaces X and Y, the set

MX:Y)={a=(ax) e w:ax = (axxx) € Y forall x = (xx) € w} (@)
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is known as multiplier space of X and Y. With the notion of (7), @-, B- and y-duals of the space X respectively denoted
by X%, X# and X7 and defined by

X% = M(X, 1), XP = M(X, cs) and X” = M(X, bs).
We now state following lemmas which we shall use to prove further theorems.

Lemmal. A € (¢o: 1) = (c: 1) if and only if

sup [ 3 an

KeF n keK

< OQ.

Lemma 2. A € (¢ : ¢) if and only if

limay exists for each k € N and (®)
n

supz |ank| < o00. 9
n

Lemma 3. A € (c: c¢) if and only if (8) and (9) hold, and

1il£n Zk: Auf  exists. (10)

Lemmad4. A € (¢ : lx) = (¢ : lso) if and only if (9) holds.
Lemma 5. A € (I : ¢) if and only if and (8) holds and

ngrgo;mm =;|ak|.

Theorem 12. The a-dual of the spaces c(u, A, AY') and co(u, X, AlV') is the set

oo}

where the matrix B> = (b,’)k) is defined via the sequence a = (ay) by

m+n—k—1 Ak m+n—k—2 Ak an
n—k M — A1 n—k—1 M1 — M/ | ug

> buk(u, , AY)

KeF | kek

bi‘:{a:(ak)ew:sup

O, n, AT = ( Ak )a_,, L —
M — A—1/ ug’ ’
0, n<k.
Proof. We prove the theorem for the space co(u, A, A7'). If a = (ax) € w, then we have the equality
n k
m+n—k—1 ke Aj A
avee =y ) > Dy = BY(): neN. (11)
]; n—k j=k2;1 Mk()\.j—)tjfl) n

Thus, we observe by (11) that ax = (axxx) € I1, whenever x = (xx) € co(u, A, A7) or c(u, A, AY') if and only if
B*(y) € I} whenever y = (yx) € co or c. This means that the sequence a = (ay) is in the a-duals of the spaces
c(u, A, A7) or co(u, A, A7) if and only if B* € (co : I}) = (c : I}). We therefore obtain from Lemma 1 with B*
instead of A thata € {co(u, A, A™)}* = {c(u, », A™)}? if and only if

sup < 0
KeF Xn:

> buk(u, 1, AT

keK

which leads us to the consequences that {co(u, A, AT')}* = {c(u, A, A?})}ﬁ = bf. This completes the proof. [
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Theorem 13. The B-dual of the spaces co(u, X, AL') and c(u, A, A7) that is {co(u, A, A;")}ﬁ = b%‘ N b%‘ N bf{ and
{c(u, A, A™F = bi N by N} N DL, where

o0 .
A . ) m+n—j—1 ' .
by = a—(ak)Ew.;< n— >aj exists for each keN},

n—1
b% =3ja=(ay) ew: supz lag(n)] < oo
neN y—q

A
bi: a:(ak)ew:sup)—kuk_lak‘<oo},
A — A—1
" & m+k—j—1
A _ T -] — .
bs = a—(dk)éu}.ﬂ&n&%i&( k— )akexzsts}
=0 j=

and ay(n) is defined as

1 ~(m+j—k—1 1 ~(m+j—k—2
ak(n)zksz1 —E ( . a-——E . )a- Yk
¢ |:)”k_)‘k—1 k=0 J—k Do — g\ Tk !

fork < n.

Proof. We have from (6)

4 F & m+k—j—1y & - i
kzzoaka=Z[Z< k= )-Z(_l)/ uj(hj —Aj- Do

j=0Lj=0 i=j—1
n _ _ n ] — —
Z<m+] k 1>a. 3 <m~|—J k 2>a_
n—1 — k J 4 j—k—1 1 A
= Z/\k = - ey,
Ak — A1 A1 — Ak A — An—1
n—1
= > ar(myi + —yn = (D)) (el
k=0 — An-1
where (D) = (d?,) is defined by
ai(n), n>k:
An Aan
dy) = (—)— n=k;
nk )\n - )‘n—l n
0, n < k.
Thus, we derive that ax = (agxy) € cs whenever x = (xz) € co(u, A, A7) if and only if D*y € ¢ whenever

= (yk) € co. This means that a = (ax) € {co(u, X, A’;‘)}ﬂ if and only if D*y € (co, ¢). Therefore by using
Lemma 2, we obtain

o .
Z(m tk _]. B 1>aj exists for each k € N,

= AN

n—1
sup Z lag(n)| < oo
neN =0

n—1

Ak

sup ——ai| < 00.
nE./\kaO )‘k - Ak 1
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Hence, we conclude that {co(u, X, A{)”)}ﬂ = b’; N b% N bf{. Finally we ended this section with the following theorem
which determines the y-duals of sequence spaces c(u, A, AY'), co(u, A, A7) and oo (u, X, AT). O

Theorem 14. {co(u, », A} = {c(u, A, A} = {log(u, A, AT} = b} N b}.
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Abstract

The aim of this paper is to introduce the new concept of ordered complete dislocated quasi G-metric space. The notion of
dominated mappings is applied to approximate the unique solution of non linear functional equations. In this paper, we find the
fixed point results for mappings satisfying the locally contractive conditions on a closed ball in an ordered complete dislocated
quasi G-metric space. Our results improve several well known classical results.
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1. Introduction and preliminaries

Let 7T : X — X be a mapping. A point x € X is called a fixed point of T if x = T'x. Let x¢ be an arbitrary chosen
point in X. Define a sequence {x,} in X by a simple iterative method given by x,,+1 = Tx,, wheren € {0, 1,2,3,...}.
Such a sequence is called a picard iterative sequence and its convergence plays a very important role in proving
existence of a fixed point of a mapping 7. A self mapping T on a metric space X is said to be a Banach contraction
mapping if,

d(Tx,Ty) < kd(x,y)

holds for all x, y € X where 0 < k < 1. Recently, many results appeared related to fixed point theorem in complete
metric spaces endowed with a partial ordering in literature. Ran and Reurings [1] proved an analogue of Banach’s fixed
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point theorem in metric space endowed with partial order and gave applications to matrix equations. Recently, Arshad
et al. [2] proved a result concerning the existence of fixed points of a mapping satisfying a contractive conditions
on closed ball in a complete dislocated metric space. For further results on closed ball we refer the reader to [3-7]
and references therein. Subsequently, Nieto et al. [8] extended the results of [1] for non decreasing mappings and
applied this results to obtain a unique solution for a 1st order ordinary differential equation with periodic boundary
conditions. On the other hand in 2005, Mustafa and Sims in [9] introduce the notion of a generalized metric space
as generalization of the usual metric space. Mustafa and others studied fixed point theorems for mappings satisfying
different contractive conditions for further useful results can be seen in [10-15]. Recently, Agarwal and Karapinar
introduced some coupled fixed point theorems in G metric space [16]. Azam and Nayyar proved fixed point theorems
for multivalued mappings in G-cone metric space see [17]. Further latest fixed point results on G metric space can be
seen in [18-20]. The dominated mapping [21] which satisfies the condition fx < x occurs very naturally in several
practical problems. For example x denotes the total quantity of food produced over a certain period of time and f(x)
gives the quantity of food consumed over the same period in a certain town, then we must have fx < x.

In this paper we have obtained fixed point theorems for a contractive dominated self-mapping in an ordered
complete dislocated quasi G-metric space on a closed ball to generalize, extend and improve some classical fixed
point results. We have used weaker contractive condition and weaker restrictions to obtain unique fixed point.

Definition 1. Let X be a nonempty setandlet G : X x X x X — R™ be a function satisfying the following axioms:

WIfGx,y,2)=G(y,2,x) =G(z,x,y) =0,thenx =y =z,

(i) G(x,y,2) < G(x,a,a) + G(a,y,z) forall x, y, z, a € X (rectangle inequality).

Then the pair (X, G) is called the dislocated quasi G-metric space. It is clear that if

G(x,y,2) =G(,z,x) = G(z,x,y) = 0 then from (i) x = y = z. Butif x = y = z then G(x, y, z) may not be
0. It is observed that if G(x, y,z) = G(y,z,x) = G(z,x,y) for all x, y,z € X, then (X, G) becomes a dislocated
G-metric space.

Example 2. If X = R* U {0} then G(x, y, z) = x + max{x, y, z} defines a dislocated quasi metric on X.

Definition 3. Let (X, G) be a G-metric space, and let {x,} be a sequence of points in X, a point x in X is said to be
the limit of the sequence {x,} if lim,, ,— o0 G(x, X, X)) = 0, and one says that sequence {x,} is G-convergent to x.
Thus, if x, — x in a dislocated quasi G-metric space (X, G), then for any € > 0, there exists n, m € N such that
G(x,xp, xy) <€, foralln,m > N.

Definition 4. Let (X, G) be a dislocated quasi G-metric space. A sequence {x,} is called G-Cauchy sequence if,
for each € > 0 there exists a positive integer n* € N such that G(x,, x;,,x;) <€ for all n,l,m > n*; ie. if
G(xp, Xm,x;)) — 0asn,m,l — oo.

Definition 5. A dislocated quasi G-metric space (X, G) is said to be G-complete if every G-Cauchy sequence in
(X, G) is G-convergent in X.

Proposition 6. Let (X, G) be a dislocated quasi G-metric space, then the following are equivalent:

(1) {x,} is G convergent to x.

(2) G(xy, xp,x) = 0asn — oo.
3) G(xp,x,x) > 0asn — oo.

4) G(xy, xp,x) = 0asmn — oo.

Definition 7. Let (X, G) be a G-metric space then for xg € X, r > 0, the G-ball with centre x( and radius r is,

B(xo,r) ={y € X: G(x0,y,y) <r}.

Definition 8 (/21]). Let (X, <) be a partial ordered set. Then x, y € X are called comparable if x < yory < x
holds.
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Definition 9 (/217]). Let (X, <) be a partially ordered set. A self mapping f on X is called dominated if fx < x for
each x in X.

Example 10 (/27]). Let X = [0, 1] be endowed with usual ordering and f : X — X be defined by fx = x”" for
some n € N. Since fx = x" < x for all x € X, therefore f is a dominated map.

2. Main results

Theorem 11. Let (X, <, G) be an ordered complete dislocated quasi G-metric space, S : X — X be a dominated
mapping and xy be any arbitrary point in X. Suppose there exists k € [0, 1) with,

G(Sx Sy Sz) <kG(x,y,z), forallx, yand z € Y = B(xo, r), 2.1)
and
G(x0,Sx0,Sxp) < (1 —k)r. 2.2)

If for a nonincreasing sequence {x,} — u implies that u < x,. Then there exists a point x* in B(xo.r) such that
x* = Sx* and G(x*, x*, x*) = 0. Moreover if for any three points x, y and z in B(xg, r) such that there exists a point
v € B(xo,r) such that v < x, v < y and v < z, that is, every three of elements in B(xo, r) has a lower bound, then
the point x* is unique.

Proof. Consider a picard sequence x,1 = Sx, with initial guess xg. As x,+1 = Sx, < x, forall n € {0} U N. Now
by inequality (2.2) we have

G(x0, x1,x1) <,

which implies that x; € B(xg, r). By rectangular inequality
G (x0, x2,x2) < G(xo,x1,x1) + G(x1,x2, X2)

then we get,

G(x0, x2,x2) < G(xp, Sx0, Sx0) + G(Sxp,Sx1,5x1)
< =kr+k(1—-kr

<U-=kHr<r
<r.
Thus, x2 € B(xo, r). We suppose that x3, ..., x; € B(xo, r), for some j € N. Now using (2.1) we get,

Gxj,xjr1,xj41) = G(Sxj—1,8x), Sx;) < k[G(xj—1,x;,x))]

< K[G(xj—2,xj-1.xj-1)]

< K[G(xo, x1, xD]. (2.3)
By using inequalities (2.1) and (2.3) we have,

G(x0, Xj+1, Xj+1) < G(xp, x1,x1) + G(x1, X2, x2) + - - + G(Xj, Xj11, Xj+1)
(1 —k)yr +rk(1 —k) +---+rk/ (1 = k)
=r(l—0[l +k+k+- - +k]

_ i+l
(=it _
(I—k)y —

IA

A

r(l —k) r.

Thus, x 11 € B(xo, r). Hence x,, € B(xq, r) foralln € N. Now inequality (2.3) can be written as,

G (xy, xn+1,xn+1) SknG(xOv X1, X1). 24
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Using inequality (2.4) we get,

G (X, Xngis Xnti) < Gn,y Xpg1, Xpg1) + -+ + G(xn+i—l,xn+is Xn+i)

Skn(l_k)

a5 G(xg,x1,x1) = 0asn — oo.

This proves that the sequence {x,} is a G-Cauchy sequence in (B(xg, 7), G). Therefore there exists a point x* €
B(xq, r) with,

lim G(x,,x*, x*) =0.

n— oo
Similarly, it can be proved that

lim G(x*, x*, x,) =0.
n—oo

Therefore
lim G(x,, x*, x*) = lim G(&x*, x*,x,) =0. (2.5)
n—0o0 n—oo

Now,

G(x*, Sx*, Sx*) < G(x*, x5, xp) + G(x,, Sx*, Sx™).
By assumption x* < x,, < x,,_1, therefore,

G(x*, Sx*, Sx*) < G(x*, xu, x,) + G(Sx,—_1, Sx*, Sx™)
G(-X*a Xn, Xp) + kG(xn—l,x*’ x*)
lim [G(x*, X, X) + kG (xy—1, x*, x™)]
n—>0oo
0
= G(x*, Sx*, Sx*) = 0.

IAIA

IA

Therefore, x* = Sx*. Similarly, G(Sx*, Sx*, x*) < 0, and hence x* = Sx*. Now,
G(x*, x*, x*) = G(Sx*, Sx*, Sx*) < kG(x*, x*, x¥).

Since, k € [0, 1), then G (x*, x*, x*) = 0.
Uniqueness: Let y* be another point in B(xg, r) such that y* = Sy*, if x* and y* are comparable then,

G(x*, x*, y*) = G(Sx*, Sx*, Sy*) < kG(x*, x*, y*).
Therefore,
G@H*, x*, x*) <0.

This shows that x* = y*. Now if x* and y* are not comparable then there exists a point v € B(xo,7) which is the
lower bound of both x* and y* thatis v < x* and v < y*. Moreover by assumption x* < x, as x, — x*. Therefore
VX xt =Zx, X XX
G(xo, Sv, Sv) < G(xo, x1, x1) + G(x1, Sv, Sv)
< G(x9, Sxg, Sx0) + G(Sxq, Sv, Sv)
< (1 =kr +kG(xo,v,v)
< —kyr+kr (by (2.1) and (2.2)).
But, xg and v € B(xg, r)), then G(xg, Sv, Sv) <r —rk+rk <r = G(xp, Sv, Sv) <r.

It follows that Sv € B(xp,r). Now we will prove that 'S"v € B(xp, r), by using mathematical induction. Let
S2v, S3v,...,S/v e B(xg,r) forsome j € N. As §/v < Sily <o <xu=<x*<x,-- < X, then,

G(xjy1, S, $710) = G(Sx;, S(S7v), S(S7v)).
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Thus by (2.1),
G(xjs1, ST, 89T0) < kG(x;, $7v, S7v) < - < K/ G(x0, v, V). (2.6)
Now,

G (xo, Sj+1v7 Sj+lv) < G(xg,x1,x1) +---+ G(xj xjt1, Xj41) + G(xj41, Sj+lv, Sj+1v)
< G(x0, X1, %1) + - + k7 G (x0, x1, x1) + kI G (x0, v, v)
< G(xo, x1, XD +k + k> 4+ + K1+ rk/ T by (2.6)

(1—k/th ;
< ]—k _— kj+1 =
< )r a-5 +r r

= G(xg, ST, §/+1v) < r. It follows that S/ T'v € B(xg, r) and hence S"v € B(x,, r) for all n. Now
G(x*, y*, y*) < G(8"x*, §" 1, " v) + G(§" v, §"y*, §"y*).

As S ly <" 2y < ... <p < x*and "y < y*foralln € N as §"x* = x* and
S"y* = y* forall n € N. Then by (2.1)

G(.x*, y*’ y*) S kG(S"_lx*, Sn_2v, SI‘L—ZU) +kG(Sn_2U, Sn—ly*’ Sn—ly*)

G(x*, y*.y*) < K"G(x*, Sv, Sv) + K"G(Sv, y*,y*) > Oasn — oo
G(x*, y*, y*) <0, hence x* = y*.

Similarly,
G(y*,x*,x*) <0, hence y* = x*.
This proves the uniqueness of the fixed point. [

Theorem 12. Letr (X, <, G) be an ordered complete dislocated quasi G-metric space S : X — R be a mapping and
xo be an arbitrary point in X. Suppose there exists k € [0, %) with

G(Sx, Sy, S7) < k(G(x, Sx, Sx) + G(y, Sy, Sy) + G(z, Sz, S2)) 2.7
for all comparable elements x,y, z € B(xo,r) and
G (xo, Sx0, Sx0) < (1 = O)r, (2.8)

where 6 = ﬁ If for nonincreasing sequence {x,} — u implies that u < x,. Then there exists a point x* in B(xo, r)

such that x* = Sx* and G (x*, x*, x*) = 0. Moreover; if for any three points x, y, z € B(x,, r), there exists a point v
in B(xg,r) suchthatv < x and v <y, v X z, where

G (xg, Sx9, Sx9) + G(v, Sv, Sv) + G (v, Sv, Sv) < G(xg, v, v) + G(Sxg, Sv, Sv) + G(Sxg, Sv, Sv) 2.9)
then the point x* is unique.

Proof. Consider a picard sequence x,+1 = Sx, with initial guess xo. Then x,+; = Sx, < x, foralln € {0} U N and
by using inequality (2.8), we have,

G(xg, Sxg, Sxg) < (1 —60)r <r.
Therefore, x; € B(xp, 7). Letxy,...,x; € B(xp,r) for some j € N. Thus by using inequality (2.7) we have,

G(xjxjy1,xj41) = G(Sxj_1, Sxj, Sxj)
< k[G()Cj_l,S)Cj_l, Sx]'_l) + G()Cj, ij', S)Cj) + G()Cj, S)Cj, ij')],
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which implies that,

2
G(xj, Xjr1,Xj41) < 0G(xj_1,xj,x;) <0°G(xj_2,xj_1,Xj_1)

< 0/G(xg, x1, x1)
then,
G(xj, xj+1,%j11) < 67 G(xo, x1, x1). (2.10)
Now by using the inequality (2.8) and (2.10) we have,

G(x0, Xj+1, Xj+1) < G(xo, x1,x1) + G(x1, X2, x2) + -+ + G(xj, Xjt1, Xj41)

<A =0)r[146+6%+ - +67]
(1_9]-‘1—1)
<(-Or——m—=<r,
(1-26)

which gives, x; 11 € B(xo, ). Hence x, € B(xo, r) foralln € N. It implies that inequality (2.10) can be written as,
G (xn, Xpg1, Xnt1) < 0"G(x0, X1, X1). (2.11)
Now by using inequality (2.11) we have,

G (xy, Xn+is Xn-i—i) < G(xy, Xn+1, xn—i—l) + G(xn—Ha Xn+2, xn+2) R G(xn—i-i—la Xn+i» xn+i)

(1—-6%

(1-9)

Notice that the sequence {x,} is G-Cauchy sequence in (B(xo, r), G). Therefore there exists a point x* € B(xg, )

with lim,,_, o X, = x*. Also

lim G(x,, x*,x*) = lim G(x*,x*,x,) =0. (2.12)
n—o00 n—o0o

G (Xn, Xntis Xngi) < 0" G(xp,x1,x1) = 0 asm,n — 0.

Now,

G(x*, Sx*, Sx*) < G(x*, xu, xp) + G(x,, Sx*, Sx*).
By assumption x* < x, < x,_1, therefore,

G(x*, Sx*, Sx*) < nli)rgo[G(X*,xn,xn) + k{G (xp—1, Sxp—1,8%,-1)

+G(x*, Sx*, Sx*) + G(x*, Sx*, SxM)}].

Thus, (1 — 2k)G(x*, Sx*, Sx*) < 0= G(x*, Sx*, Sx*) = 0. Similarly,

G(Sx*, Sx*, x*) <0,
and hence x* = Sx*. Now

G(x*, x*, x*) = G(Sx*, Sx*, Sx*)

< k[G(x*, Sx*, Sx*) + G(x*, Sx*, Sx*) + G(x*, Sx*, Sx™)]

which implies that,

(1-3k)G(x*, x*, x*) <0.
This implies that,

Gx*, x*, x*)=0. (2.13)

Uniqueness: Now we show that x* is unique. Let y* be another point in B(xg, r) such that y* = Sy*. By following
similar arguments as in inequality (2.12) we obtain,

G(y*, y*,y") =0. (2.14)
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Now if x* < y*, then,

G(x*, y*,y")

G(Sx*, Sy*, §y*)
< k[G(x*, Sx*, Sx™) + G(y*, Sy*, Sy*) + G(y*, Sy*, Sy)]
then, G (x*, y*, y*) = 0 by using (2.13) and (2.14). Similarly,
GOy, y*,x*) =0.

A

Hence, we have x* = y*. Now if x* and y* are not comparable then there exists a point v € B(xg, r) which is a lower
bound of both x* and y*. Now we will prove that S"v € B(xg, r). Moreover by assumptions v < x* < x, - -+ < xp.
Now by using inequality (2.7), we have,
G(Sxp, Sv, Sv) < k[G(x0, Sxo, Sx0) + G (v, Sv, Sv) + G(v, Sv, Sv)]
< k[G(x9, x1, x1) + G(v, Sv, Sv) + G(v, Sv, Sv)]
< k[G(x0, v, v) + G(Sxp, Sv, Sv) + G(Sxp, Sv, Sv)] by using (2.9).

Hence,

G(Sxg, Sv, Sv) < k[G(xg, v, v) + G(x1, Sv, Sv) + G(x1, Sv, Sv)].
Thus,

G(xy, Sv, Sv) <0G (xp, v, v). (2.15)
Now,

G(xg, Sv, Sv) < G(xo, x1, x1) + G(x1, Sv, Sv)

<
< G(xp, x1, x1) + 60G(x0, v, v), by using (2.15)
< (1 —0)r + 6r(since G(xg, v, v) <r).

Thus, G(xg, Sv, Sv) < r, then it follows that Sv € B(xq.r). Now we will prove that S"v € B(xg, r). By using the
mathematical induction to apply inequality (2.7). Let S%v, ..., S/v € B(xg, r) for some j € N. As

Sho< 8Tl < v a2 < 20,
then,

G(S/v, S/, 71y = G(S(S77 M), S(S7v), S(S7v))
kIG(S' v, S7v, STv) + G(S/v, S/, 7)) + G(STv, ST, S7H1)]

A

which implies that,
G(S/v, S, 71y < 0G (ST, STv, STv)
< 02G(S/ 72, §9 71y, §77 1)

< 6/G(v, Sv, Sv). (2.16)
Now,

G(xji1, Sv, §7 1)

G(Sx;j, S(S7v), S(S7v))
k(G (xj, Sx;j, Sx;) + G(STv, $TT v, 7Ty + G(S/v, s7110, $7H1)).

A

By (2.10) and (2.16), we get
G(xj1.87 v, §71) < k[67 G (x0, x1, x1) + 67 G (v, Sv, Sv) + 67 G (v, Sv, Sv)]
< k@j[G(xo, x1,x1) + G(v, Sv, Sv) + G(v, Sv, Sv)]
< k07 [G(x0, v, v) + G(x1, Sv, Sv) + G(x1, Sv, Sv)]
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G(xjy1, ST v, $71v) < k6/[G(x0, v, v) + G (x0, v, v) + 0G (x0, v, V)]

G(xjt1, S, sy = 07+ G (xo, v, v). (2.17)
Now,

G(xo, v, $7F ) < G(xo, x1, x1) + -+ G(xj, X1, xj+1) + Gxj41, ST v, §7 1)
< G(x0, x1, x1) + 0G (x0, x1, x1) + - - + 0/ G (x0, v, v)
G(xo, S/, STty < Gxo, x1, x)[1+ 0 + 6%+ -+ 671+ 6/,
(1—671h

(1—-0)

It follows that S/*1v € B(xo, r) and hence S"v € B(xg, r). Now inequality (2.16) can be written as,

G (xo, S0, 87wy < (1 - O)r Lot =1

G(S"v, §" 1y, ") < 0"G (v, Sv, Sv) — 0asn — oo. (2.18)
Now,

G(x*, y*, y*) = G(Sx*, Sy*, Sy*) < G(Sx*, " v, §"Tlv) + G(§" v, Sy*, Sy*)

G(x*, y*, y*) < k[G(x*, Sx*, Sx*) 4+ G(§"v, §"T 1y, §"H1y)

+G(S"v, ", §" ) + k(G (S, ", S"F ) + 2G(yF, Sy*, Sy*)

G(x*, y*, y*) < kG(x*, x*, x*) + 3kG(S"v, S" v, §"T 1) + 2kG(y*, y*, y)

G(x*,y*,y*) <0 (by (2.13), (2.14) and (2.18)).
Similarly,

GGHy*, x*,x*) =0.
Thus, x* = y*. O

The following example exhibits the superiority of our Theorem 12. The mapping is contractive on the closed ball
instead on the whole space.

Example 13. Let X = R™ U {0} be endowed with usual order and G : X x X x X — X be an ordered complete
dislocated quasi G-metric space defined by,

X
Glr.y.)=7+y+z.
Let S : X — X be defined by,

1
%ifx c [0, E}

1
x—zifxe[l,oo)

Sx =

Clearly, S is a dominated mappings. Then for xg = % r= % 6= %, B(xg,r) = [0, %] and for k = 13—0
3\ 3 15
1—-0)yr=|1—-=-)=-=—
(1=0)r ( 8) 27 16
and,
G(xg, Sxg, Sxg) = G ! S1 S1
xOv xOv xO - 27 27 2

1 1 3

1
17167168
= G(xg, Sx0, Sxp) < (1 —6)r
15

— = 48 < 120.
16:> =

0| W
IA



A. Shoaib et al. / Transactions of A. Razmadze Mathematical Institute 171 (2017) 221-230 229

Alsoif x, y and z € (1, co0). We assume that x < y and y < z, then

5 10 107 > 15 15 15 7
Y ) 2 Y 272

5 15 15 15
5 10 10z—-5-5—=->— — —z-—9
x + 10y + 10z 2_2x+2y+22

o (£-1) 4 i I (S pxtr—1)+(Zayty—1
2 3)7\VUT2) T\ T2 AV 2 7YY
(§+z+z—l>}
Gse Sy, 50 = K (Erx—t i D)y (2L, ]
BRSO =R T T T T, 2 T2 T

f(Ey oty ]
) TET AT,

G(Sx, Sy, Sz) = k[G(x, Sx, Sx) + G(y, Sy, Sy) + G(z, Sz, Sz)].

v
w

+

v

So the contractive condition does not hold in X. Now if x, y and z € B(xg, ) then

Gsx. Sy 59 = =+ 2+ f= [Ty y i
x”:———:——
VR =TT Tg TRl YT

ozt 33l =Gl G i D)+ Gra+ D+ i+l

3
E{G(X’ Sx, $x) + G(y, Sy, Sy) + G(z, Sz, $2)}
k{G(x, Sx, Sx) + G(y, Sy, Sy) + G(z, Sz, Sz)}.

IA

G(Sx, Sy, Sz)
G(Sx, Sy, S2)

IA

A

Hence it satisfies all the requirements of Theorem 12.

Remark 14. In the above example, max{G(x, y, y), G(y, x, x)} = %(x + y), is not a metric space. So our results
cannot be obtained from metric fixed point results by adopting the technique given in [16,12,22].
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Jackson’s type theorem on approximation of square integrable functions is proved for functions defined on homogeneous spaces
with a compact transitive transformation group actions. An example is proved which illustrates the theorem.
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1. Definition and notations

Let 20 be a homogeneous space, and G be a compact transitive transformation group of 2J with respect to 1 at
/. g dg = 1. Let a be afixed point from 20, and consider its stationary subgroup H = {h € G : ha = a}. There exists
the following one-to-one correspondence ¢ between 20 and the quotient space G/H: if w € 20 and g € G transforms
a to w € 20, then the corresponding element ¢(w) € G/H is the class g H; conversely, the corresponding to a class
gH elementin Wis w = ¢~ ! (gH) = ga. H is a closed subgroup of G and there exists a G-invariant Radon measure
won G/H, that is, a Radon measure p such that u(xE) = u(E) forevery x € G, E C G/H. ([1], 2.49-2.53, 2.7).
W is unique up to a constant factor, and if this factor is suitably chosen, then

/ Flg)dg = / / F(e8)dEdp(gH) (1
G G/H JH

for any function f integrable on G with respect to the Haar measure.

A representation T is of class 1 with respect to H, if its carrier space £ contains non-zero vectors invariant with
respect to all operators Th, h € H and all these operators are unitary [2, p. 103]. In what follows, Ay will stand for
a set of indices for which (77);ec4,, is the family of all pairwise nonequivalent irreducible representations of G which
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are of class 1 with respect to H. Below, we consider the case when the stationary group H is massive. This means
that, for any representation of the group G of class 1 with respect to H, the subspace of vectors in £;, invariant for H,
is one-dimensional ([2], p. 103). Let {ef} be an orthonormal basis of £; such that Tl(ell) = ell.

A measure dgy on 2U can be introduced by a G-invariant Radon measure dg,y of the compact quotient space
G/H as follows: if the set ¢(W) C G/H corresponds to a set W C 20, then their measures are equal to each other.
Every function f given on 20 with a transformation group G can be regarded as a function on G which is constant
on the left cosets with respect to the stationary subgroup H with respect to a point a € 20. Namely, if the class gH
corresponds to a w € 20, then the function f,(g) = f,(gH) = f(w) defined on G corresponds to a function f(w).
We say that a defined on 20 function f(w) belongs to the space L2(0), if f.(p(w)) € L*(G/H) or f,(g) € L*(G).
Conversely, if a function f, € L*(G) is constant on the left cosets with respect to H, then its corresponding function
f (w) belongs to L2(5). L2(20) is a Hilbert space with respect to the usually norm. It is clear that an expansion of a
function f € L?(20) on a homogeneous space 20 can be obtained by means of the Fourier expansion of f, € L*(G),
which is invariant under left shifts by elements of the corresponding to a € 20 subgroup H.

Let us denote by L%[(G) the subspace in L?(G) which is invariant under left shifts by elements of the massive

stationary subgroup H of a fixed a € 20. Any function f, from L%I (G) can be expanded into the Fourier series of the
form ([2], p. 105)

d
fa@ =Y Yi(fu,8), where Yi(fu, @)=Y chith(2). 0))
m=1

IEAH

The integer d; in (2) is the dimension of the carrier space £; of the representation 7;(g) and trlnl(g), 1 <m < d
are the matrix functions of the representation 7;. Together with f,(g), the matrix functions t}iﬂ (g) are also invariant
under left shifts by elements of the subgroup H ([2], p. 104). The coefficients cﬁn, according to (1), are given by the
equalities

R / ol (@)dg = di / / Fu(gEN (gE)dEdu(gH)
G G/H JH

= dymesH f Falu)il ()dyy () = dymesH / F)il, (pw))dw, 3)
G/H 20
where mesH is Haar measure of subgroup H C G.
The index [ in (2) becomes a countable number of values, for which cfn # 0. List them as {ly,...,[,,...}.
Following [3], the symbol [ < n is interpreted as [ € {l1,...,[,},and [ > n denotes thatl € Ay \ {l1, ..., }.

Thus, if f € L?>(20) and H is a massive stationary subgroup of an element a € 20 in G, then f can be expanded
in the series of the form

1]
fw)y= "> chtn (pw)),
leAy m=1

where the coefficients cfn are defined by (3).
If

d
Se(frw)y=" D D chth (@), n €N,
leAy,l<nm=1

is the nth partial sum of this series, and S, (f;, g) — nth partial sum of the series (2), then

f)=Su(fw)=fa@— Y Yi(fa, o). )

leAy; [<n
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It follows from this that the sum S, (f, w) is the unique element of best approximation in L?(20) by means of sums
Ceanizn Lommt Gl (0D i
E(f)2 = If = Sa(Pll2am)
d
=infllf)— Y D ahtl (ew)ll2am) )
leAy.,l<nm=1

where inf is taken with respect to complex numbers afn, 1 <m<d.
Let {U,}, n € N be a sequence of neighborhoods of unity e € G, such that mesU,, — 0ifn — oo.For/ € Ay,
we denote by x; the character and by d; the dimension of the representation 7; of the group G.

Definition. Let f € L2(20), a € 20 and y; be the character of the representation 7; which corresponds to the index
[ from expansion (2). Let {U,}, n € N, be a sequence of neighborhoods of unity ¢ € G, such that mesU, — 0
if n — oo, and k be a fixed natural number. We say that {U,} satisfy the condition (k, ng, r, 8), if there exist some
positive numbers ng, r and 6 such that for any natural number n > ng the inequality

(mesU,) ! / 11— xi(g)/di|*dg > 67, (6)
U)‘l
is true for all [ > rn.

Remark. Using Bernoulli’s inequality (1 + x)k > 1+ kx for x > —1, we obtain that

11— xi(g)/di** = (1 —2Re x1(g)/d; + | xi(g)1>/dP)
> (1 — 2kRex;(g))/d; + klxi ()1 /d}.
Therefore, the condition (6) will be satisfied, if

{mes Uy}~ /U (1 = 2kRe x1(9)/d + K|y (g)2/dP)dg = 6%

For a function f € L?(20), a natural number k € N, and a neighborhood U of unity e € G, we consider the following
quantity

or(f, U)2 = o (f. U) 2y = ((mesU)—1 fU ||Aﬁf||iz(mdu>l/2, @)
where

Auf(w) = f(w) — /G flut™ wyde, AXf=A,(A ' flueG, keN.
Note, that for a function f* € L*(G) the quantity

Auf*(8) = f*(®) - fG fHut g)dr

was considered in [3]. We call the quantity (7) as the kth average modulus of smoothness of a function f € L2 (m)
(according to the neighborhood U). For a neighborhood U,, n € N of unity ¢ € G, we will use the notation

ok (f,n 2 = wr(f, Up)a.

Let H C G be the stationary subgroup of a point a € 20 and let f, € L>(G) be the corresponding function to the
f € L*(20). If we recall that f, is constant on the left cosets with respect to H, then we obtain with the help of (1)
that

1/2
i (f, nfl)Lz(m) = ((mesU,,)lmeSH/U ||A';fa||i2(G)du) .

Fix k € N; it is easy to verify the following properties of kth average modulus of smoothness:
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(a) If for a sequence U,, n € N of neighborhoods of e € G we have mesU,, — 0 asn — oo then lim wi (f, nH=0
for each f € L2(20);
(b)
oc(fi + fan D2 < ok (fion™ D2+ @ (faon” o
(c)
ot (fin 2 < 2o (fon s
We note that wy (f, n_l)z < a),/{ (f, n_l)z = sup{||A’,jf||2, u € U}, where w,’{ have the well-known properties

of modulus of smoothness (the properties (a), (b), (c) and the property a),/(( fin~hHy < w,’( (f, (n + )™, for
Un C Upyi [3D).

2. Results

Theorem 1. Let 20 be a homogeneous space, G be a compact transitive transformation group of 20 with the
normalized Haar measure dg and f € L*(2D). Suppose that G contains a massive stationary subgroup of a fixed
point a € 2. Let E, (f)2 (resp. wi(f, n)2) are defined by (5) (resp. (7)) and for a sequence of neighborhoods {U,,}
the condition (k, ng, r, 0) of Definition is fulfilled. Then, the following inequality holds

Een(f)2=Ilf = Sa(Hll 20w <0 o (fin™ ") 2qm). 7 = no.
Proof. Let H be the stationary subgroup of a € 20 and f, be the corresponding to f function according to the above

mentioned correspondence. Recall that f, is constant on the left cosets with respect to H. Then, according to (1), (4),
and Parseval’s equality, we obtain from (4) that

dy
(mesH) | f = S (N 2y = 1fa = iUy = D d ' D Ienl ®)
m=1

leAy;l>n

It follows from the equality fG t’lnl (tut~'g)dt = dl_l)(l (u)t,ln1 (g) (3], Lemma 3.1) that

YA = A — 3@ /d) (Vi fa)(2), | € An. )
Consequently,
d
AL =D d7' > (1 = x)/dpFe, il ().
ZGAH m=1

Let neighborhoods U, and an integer r are chosen according to Definition. By application of Parseval’s equality, we
obtain from (9)

d
1A% fa@ 72y = D d ' D 11 = @ /di e, |?

leAy m=1
d;
-1 2k 1 (2
> >0 A Y = awy/dicl, .
leAy,l>rn m=1

Integrating this inequality on the neighborhood U,, and applying the property (6) of Definition and (8), we get

(mesUy) ™! / 1A% fa (@)1 du
Un

d;
> Y (dmesUn)™") Y fU 11— xi () /dy|*|dulcy,
m=1 n

leAy

d;
6% Y 4 Y el =021 fa = S (f)l a6y (10)
m=1

leAy;l>rn
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Because of the functions f, and t£1 are constant on the left cosets with respect to H, we have that ||A’Ij fa ||i2 e =

(mesH) || A% £1I3, ) A4 | fa = Spa( fol2, Gy = mesE|Lf — S ( DIz, (an)- Therefore, Theorem 1 follows from
(10). O

For an illustration of Theorem 1, we consider the following example. Let 20 = &? be the unit sphere in the
three dimensional space R3. G2 is the homogeneous space. The compact transitive transformation group G = SU (2)
operates on it ([2], p. 269). This group consists of unimodular unitary matrices of the second order, i.e. of matrices

(% %)

where « and 8 are complex numbers such that |«|> 4 |8|> = 1. SU(2) operates on G2 in the following way. A matrix
( ~ g) € SU(2) takes the point (x, y, z) € &% to (x’, ¥, z’) € &% according to the following equation ([4], p. 32)

-B
4 X +iy\ _ (e B Z x+iy\ (@ -B
x —iy -7 )T\ a)\x—-iy -z B o)

The stationary subgroup, which corresponds to a fixed point a € &2, is the subgroup of rotations around the axes
passing through this point. We will use the stationary subgroup H of the points (0, 0, 1). This group consists of the
diagonal matrices of the form

oi1/2 0
0 eit/2)>

which corresponds to the rotations around the axes Oz by the angle ¢. Since the group SU (2) is compact, there exists
an invariant scalar product on the carrier space £; of its finite dimensional representation 7; ([2], p. 278-279). If L;
is the space of the 2/th order polynomials, then T;(h)x'~* = e x!=* for all h € H. It follows from this that this
subgroup H is massive. & and § may be represented by three real parameters, for example by ¢, 9, and v, called Euler
angles. These parameters are connected with ||, argc, and arg B by |a| = cos6/2, Arga = (¢ +¢)/2, and Argf =
(p—+m)/2.f0< ¢ <27, 0 <0 < m,and —27 < ¥ < 2m, then the correspondence (¢, ) — (¢, 6, V),
where a8 # 0, || + |B]> = 1, is one-to-one. If af = 0, then for the uniqueness of the correspondence, we assume

that the matrix ((l) (1)) corresponds to the triple (0, 0, 0), the matrix (? 6) to the triple (0, 7z, 0) and so on ([4], p. 28).

Thus, the parametrization ¢, 8, ¥ is determined almost everywhere on SU (2). The character x;(g), g € G, of the
group SU (2) in the carrier space £; is the sum Zl tfnm (g), or, in terms of the Eulers angles, the sum ([2], p. 358)

m=-—I

1
xi(p,0,¢) = Z e~imetVI pl(cosh).

m=—I1

The form of functions P,lnm is given in [2] (p. 347). However, this formula is not convenient since the character there is
represented as a function of three variables. Every class of conjugate elements is given by one parameter r, —2w <t <
21, and t and —¢ define the same class. Therefore, we can assume that the characters are the functions of parameter ¢,
varying from O to 27r. Moreover, cos % = cos % cos #. Itis proved in [2] (p. 359), that x;(g) = (sin %)’1 sin(/+ %)t.
According to the described correspondence, the image of [0, 7 /n] is some set U,, C G, moreover e € U, and U, — e,
if n — oo. It was proved in [2] (p. 362) that if the function f(g) is constant on classes of conjugate elements, i.e. de-

pends on ¢ only: f(g) := F(1), then [, f(g)dg =n~" f02” F (1) sin? £dt. Thus, for the expression in (6), we obtain

2 w/n
/ dg = 7{7]/ 1
U, 0

2 w/n 1 w/n
= mesU, — —/ sin(l + 1/2)t sint/2dt + —2/ sinz(l + 1/2)dt
JTd[ 0 Jle 0

(g 2

d

sin(l + 1/2)t
djsint /2

1 sin” /2d1t

= mesU, — J| + J». (11)
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Now, we estimate J; and J5.

w/n
J1 = — sin(l + 1/2)t sint /2dt
mwdy Jo
1 1 1 in Im . 1 sin I sin I+ Dr
T nd I I+1)  n [+1 n n
1 1 o 2 .o Q@+ D
= — sin — — sin — cos ———
wd; \I(+1) n [+1 2n 2n
- 1 1 n 2 .07 - 1 1+7Z 0 (12)
— | ——+ ——ssin— —— =+ —cOn).
T oadp \I(l+1) 1+1 2n) ~ wdi(l+ 1)\l ¢
PR /m(l Q1+ Diydr > — (” ! ) (13)
= — — cos - — .
27 2md? Jo =2 \n " 2+1
It follows from the Taylor well-known formula that
N , 3 b
—cos— <t—sint<—,0<r<—,n>2.
6 n 6 n
Therefore, we have for mesU,, = % fon/ " sin? %dl that
2n3 1213
S <mesUp) ' < ——— =3, (14)
b4 T COS 7
From (11)-(14), we obtain for [ > rn
2 3 3
_ xi(g) 6n b4 1 12n 1 = 1
U™t 1- 2200 dg > 1 R - -4+ =
(mesU) /U a4 ‘ Ry (n A+1)  Taar D\ n)cost
| 3n? ( 4 6n> 1213
72di(l+ 1) \cos X m3d}  w3di(l+ 1)l cos %
-1 3 4 ! 3 6 -3 r>1
— | — 1) - — ,n>3r>1.
- 272r2 \cos T 473r3 m3rdcos T

Performing similar calculations, one can obtain in the considered example that it is possible to take the following
constants in Theorem 1 for n > 6:

1. Ifr =1, then 6~ = 2.2226;

2. Ifr = 1.5, then 6~ = 1.2108;

3. If r = 2, then 6! = 1.0966;

4. Ifr =3,then 0~ = 1.0371.

Due to above reasoning, we can formulate the following.

Theorem 2. Let G2 be the unit sphere in the three dimensional space R3, and f be a function, from L*(&?). Then,
forn >3, r > 1, in(6) and in Theorem 1, we can take

01 3 4 | 3 6 -3 -1
=1-—(— -1 - — ,n>3r>1.
272r2 \cos = 473r3 m3rd3cos T

Let f(w) be a function from L?*(&?), and fa € L?(SU(2)) be the corresponding function to f function, whose
Fourier expansion is written in the form f,(g) = Z?io an:—l cﬁnt,lnl(g), g € SU(2). Then, the expansion for

fw), w e &2, coincides with the Fourier—Laplace series ([2], p. 367) and has the form f(w) = Z?io Zl

m=—I
[

cmei’"‘/’ P/"(cos(#)), where ¢,0, 0 < ¢ < 2m, 0 < 6 < m, are the spherical coordinates of w, P/"(cos(f)) are the

Legendre adjoint functions and

;L 1) —m)!

2 pm .
Cm = 2+ )] /0 /(; f(p,0,0)e"? P/"(cos(9)) sin0dOd .
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Abstract

Let 2 € L2(S" 1)bea homogeneous function of degree zero and b be a BMO or Lipschitz function. In this paper, we obtain
some boundedness of the parametrized Littlewood—Paley operators and their high-order commutators on Herz spaces with variable
exponent.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Herz space; Variable exponent; Commutator; Parametrized area integral; Parametrized Littlewood—Paley g;f function

1. Introduction

The theory of function spaces with variable exponent has been extensively studied by researchers since the work
of Kovécik and Rakosnik [1] appearing in 1991. In [2-5] and [6], the authors proved the boundedness of some integral
operators on variable L” spaces.

Given an open set E C R”, and a measurable function p(-) : E —> [1, 00), LP)(E) denotes the set of measurable
functions f on E such that for some A > 0,

(x)
[ (Y40 <
s\ A

This set becomes a Banach function space when equipped with the Luxemburg—Nakano norm

p(x)
I fllLreygy =inf yA >0 / <|fiX)|) dx <1
E
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These spaces are referred to as variable L” spaces, since they generalized the standard L? spaces: if p(x) = p is
constant, then LP)(E) is isometrically isomorphic to L”(E).
The space L”V(E) is defined by

loc

Lp(')(E) = {f: f € LPY(F)for all compact subsets F C E}.

loc

Define P(E) to be the set of p(-) : E —> [1, c0) such that

p~ =essinf{p(x):x € E} > 1, pT =esssup{p(x):x € E} < 0.

Denote p'(x) = p(x)/(p(x) — 1.
For f € L} (R"), the Hardy—Littlewood maximal operator is defined by

loc

M (x) = sup ——
r>0 |Br(x)| B, (x)
where B,(x) = {y € R" : |[x —y| < r}. Let B(R") be the set of p(-) € P(R") such that the Hardy—Littlewood maximal
operator M is bounded on LP)(R"). In addition, we denote the Lebesgue measure and the characteristic function of
a measurable set A C R" by |A| and x4, respectively.

In variable L? spaces there are some important lemmas as follows.

WAGRIIAS

Lemma 1.1. If p(-) € P(R") and satisfies

Ip(x) — p(VI < lx —yl <1/2 (1.D)

—log(lx — y)’

and

|p(x) — Iyl = [x], 1.2)

C
<
PON = elv + o
then p(-) € B(R™), that is the Hardy—Littlewood maximal operator M is bounded on L (R").

Lemma 1.2 (/1]). Let p(-) € PR™). If f € LPOR") and g € Lp/(‘)(R”), then fg is integrable on R" and

Lf)g)ldx < rpll fll Lroyn 181 pe)nys
Rn
where
rp,=141/p~=1/p*.

This inequality is called the generalized Holder inequality with respect to the variable L? spaces.

Lemma 1.3 (/4]). Let q(-) € B(R"). Then there exists a positive constant C such that for all balls B in R" and all
measurable subsets S C B,

) 8
O(R? B ()(R? S ! sl pa7r e S 2
x5l La0)mn) <C| | x5l ao@m) <C<| |> and LTOE) _ o B ’

Ixsllzao@n =~ I1SI” lIxsllgo@y ~  \IB X8l a0 @n |B

where 81, 8, are constants with 0 < 81,8, < 1.
Throughout this paper 8, and &, are the same as in Lemma 1.3.

Lemma 1.4 ([4]). Suppose q(-) € B(R"). Then there exists a constant C > 0 such that for all balls B in R",

1
E ”XB ||L4(~)(]R'l) ”XB ”L‘I/(‘)(R”) < C.

Next we recall the definition of the Herz-type spaces with variable exponent. Let By = {x € R" : |x| < 2} and
Ay = By \ By_; for k € Z. Denote by Z,. and N the sets of all positive and non-negative integers, xx = x4, fork € Z,
X = xx ifk € Z and Xo = x3,-
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Deﬁnition 1.1 (/4]). Lete € R, 0 < p < oo and g(-) € P(R"). The homogeneous Herz space with variable exponent
q( ) P(R") is defined by
KaS R = {f € LR \{OD < 1f | georeny < 00},
where

1/p
ki
1f 1l ny = [ > 2 “P||ka||Lq<)<Rn)} :

k=—00

The non-homogeneous Herz space with variable exponent K 4 )(R”) is defined by
q()(RH) — {f € L?O(C)(]R” : ||f||KZ£57(Rn) < OO},

where
o0

1/p
_ k SN
1flker eny = {Zz “Pnkanm.)(w)} :

k=0

Suppose that S"~! is the unit sphere of R"(n > 2) equipped with normalized Lebesgue measure. Let 2 € L'(R"),
be a homogeneous function of degree zero and

/Snil 2(x"do(x") =0, (1.3)

where x” = x/|x| for any x # 0. The parametrized Littlewood—Paley area integral pf}z’ ¢ and g7 function /j}f , are

defined by
1/2
| 2y —2) 2aydr\ "
) IR T Rt

P —

W s(F)x) = (//F(x) P et Iy —
iy ; A 20y —

I‘LQ)L(f)(X)_</‘/R+1 <t+|x—y|> tp,/)&|<t Iy_Z|n pf()

dydt
i+l ’
where I'(x) = {(y, 1) e R%"' 1 |x —y| <1}, p > 0and A > 1.
For an integer m > 1, let b be a locally integrable function on R”, the commutators [b", ,u’(’)’ ¢land [b™, /LB’? ;] are

defined by
1/2
Q=2 2 dydi
_ 20-9 , )
MQ S](f)(x) (/A(A) ~/I; —z|<t ly —z|"” p[ () — b)) f(2)dz e )
! 20y —2)
1 /y —zl<t W[b(y) b()]" f(@dz

t o var\'"”
(6", k51 = (/A; . (m) n-H) :

In [7], the (LPO(R™), LPO(R™))-boundedness of the parametrized Littlewood—Paley operators and their commuta-
tors was given by Wang and Tao. Motivated by [8,9], we will study the boundedness for the parametrized Littlewood—
Paley operators and their commutators on the Herz space with variable exponent, where 2 € L>(S"™1).

and

and

2. Estimate for the parametrized Littlewood—Paley operator

In this section we will prove the boundedness of the parametrized Littlewood—Paley area integral M?L ¢ and gF
function u)’, on Herz spaces with variable exponent. '

Let 2 € L*(S"~") with s > 1 be homogeneous of degree zero on R". The definition of the integral modulus w;(8)
of continuity of order s of (2 is defined by

1/s
(&) = sup | 2(px") — 2(px")| dx’
gn—1

llpll<s

and p is a rotation on S"~! and || p|| = sup,/cgi-1|px" — x'|.
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Theorem 2.1. Suppose that 0 < p < 0o, q(-) € BR"), p > n/2, » > 2, 2 € L*(S"") satisfying (1.3) and the
following condition

/ @20 )(1+|10g8|)“d8 < 0o, for o > 2. 2.1
0

If —nd| < a < ndy, then the parametrized Littlewood—Paley g} function ,u?f , 18 bounded on K ;(’)7 (R™) and K ;‘(’.’)’ (R™).
Proof. We only prove the homogeneous case. The non-homogeneous case can be proved in the same way. We suppose

0 < p < oo, since the proof of the case p = oo is easier. Let f € Kq()(]R”) Denote f; = fx; foreach j € Z, we
decompose f(x) = Z;‘;_w fi(x). Then we have

. 1/p
”MBT)A(f)"K:;(p)(Rn) = { Z 2k0‘p||“[) X(f)XkHLQ()(Rn }
f=—
D02k LY el oo eny
k=—00 j=—o
00 k+1 " -
+C Z 2ker Z ||l/vzl,))\(fj)Xk||Lq(-)(Rn)
k=—00 J=k=1
; N ry l/p
+CY 20 2 D0 I el o
he—o0 Jj=k+2
= CLi+ChL+Cl.
We first estimate I, by the (LO(R"), L4 (R"))-boundedness of the commutator u’}fx we have
. 1/p
ko - .
L < CLZ 2 P”fk“Lq()(Rn } = C||f||K;’(’§(Rn). 2.3)
Now we estimate /1. By the Minkowski inequality we have
rn -
; I 24 ~2) "dydt
AT /f <—) / =7 1] e
e e 1) o e = ’
. 20y — dydt
([ L i) o e 2
o e \tA =yl 110 Sy Iy — 2l

1/2
[ele] t An |Q(y—Z)|2 dydt

- / e / / (f + |x — |> — _2n-2p n+2p+l dz (2.4)

N 0 Jly=zl=t y ly —z| t
< / £ @) f'f ( ' )“ |24 — )P dyd Wd

R J 0 |ly—zl<t t+ |.x — yl |y _ Z|2n—2p tn+2p+1

; f 5@ /oo / ( ! )“’ 120 9P _dyar \"*
- Z.
R® J lx—z] Jly—z]<t \I + |x — y| ly — Z|2n—2,o 2o+

Note that z € A; and |y — z| < 7, so we know that |y — z| ~ |y|. Then for £2 € L*(S"™"), we have
2y -2 Q)
[ wmaor, o,
ly—zl<t [y — 2 lyl<t |yl
' 2.5
< [t [ 1000 Pdew) 29
0 sn-1

<703

LZ(S” I)
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For A > 2, wetake 0 < 0 < (A — 2)n. Since |x — z| < [x — y| + |y — z| < |x — y| + ¢, by (2.5) we have

f'” / < t )*"Iﬂ(y—z)lz dydt
0 Jyage \E =y fy =g e

- [ o / ( : )“"2”‘" L 190 -2F dydi
= o et t+ |)C . y| |X _ Z|2n+9 |y _ Z|2n—2p t2p7n79+1

< ;/H'/ 120y — 2)I>  dydt 2.6)
Tl =2 o Dy |y — P om0t

12112 5 gnory [l
< |L—ﬁ+e) / -1y,

X —Z 0

<Clx — 7|72

Similarly, noting that |y — z| ~ |y|, by (2.5) we have

/°° / ( t )“’ |20y — 21> dydt </°° f 120y — 2> dydt
ezl Jyzie \E+ 1 =y ) |y — 2720 e ¥204 0 = Sy |y — g2 2ot
2

%0 Q2.7)
S ”Q”LZ(Snfl)/ t_zn_ldt

lx—z|

<Clx —z|”

Note that x € Ay, z € Ajand j < k — 2. By (2.5), (2.6) and the generalized Holder inequality we have

o £
|H/_Q’)L(f/)(x)| = C‘A\Q" |x _Z|ndZ 2.8)

—k
=c2™ ”fj ”Lq(‘)(RH)”Xj ”Lq’(-)(Rn)-

By Lemmas 1.3 and 1.4 we have

» —k
”M?)&(fj))(k ||1}1(‘)(Rn) <C27| f; ”Lq(')(]R") llx; ”L'i'(‘)(]R") Il Xk ”Lq(')(Rn)
—k
<C27|f; ||Lq(-)(]Rn) }XBj HLq/('>(R”) l x5 “Lq(-)(Rn)
”XBj ”L‘i/(')(]R”)

= C”fj”m(‘)(]Rn) ||XB ” o
il La/ O Ry
j —k)né
< C2uhn 2N il ey qgny-

Thus we obtain

=~

00 -2
ki j—k)ns
I, <C E e 2U=kn 2N fill Lo g

k=—00 j=—00

1
o 2 py Up

=C Z Z 2j°‘2(j7k)("827a)||fj||Lq(~)(Rn)

k=—00 \ j=—00

Ifl < p<oo,take 1/p 4+ 1/p’ = 1. Since nd, — @ > 0, by the Holder inequality we have

o, k=2 k=2 p/p'y VP
. o R
I < C{ 3 ( 2P F17 1 200 a)p/Z) y ( Y 2u-biniz-erp /2> }
k=—00 “j=—00 j=—00
0 k-2 i/p
' —k)(n8y—a)p/2
S C Z Z zjap”fj”iq(d(ﬂ{n)z(j Yad—e)p/
k=—00 \ j=—00
1/p

o0
jep | £.1P (j—k)(ndy—a)p/2
2N fill gy | Do 2070
—00 k=j+2

I
Nk

J
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1/p

IA

o)
C Z Zjap”fj”iq(.)(]Rn)

j==o00

C”f”[(“j‘(?([[{n) (29)

If 0 < p < 1, then we have

1
oo k=2 /p

j (j—k)(nér—a) p
Lh<Cy Y Y 2yl

k=—00 j=—00

[o.¢] oo
j j—k)(ndy—
=y 3 2N o, | D 20RO

j=—00 k=j+2
< CIF Il eep .
< Cl S s

/p (2.10)

Let us now estimate /3. Note thatx € Ay, y € Aj and j > k + 2, so we have |y — z| ~ |y|. By (2.3)-(2.6) and the
generalized Holder inequality we have

x | f(2)]

P Ix < C/ J—dz
|/~'L_Q)L(f])( )| = R Ix — z|" (2.11)
= C27MN fill Laon I X I oo -

By Lemmas 1.3 and 1.4 we have

. »
||HQ&(fj)Xk||Lq(->(Rn) <C2 ]'n I.f ||Lq(-)(Rn)||Xj||Lq’(»>(Rn)||Xk||Lq(-)(]Rn)

< C27"| fill gy |XBj | L4 O®n) 1 X8 Lot )
x5, ||Lq(-)(]Rn)

< Cllfill Lao@ny i i
(e jms XBjllLaO@n)
—J])n
< 2T f; | La)rn)-
Thus we obtain
py l/p

oo o0
ki k—jné
L <C E 2% E pAREL ||fj||Lq(-)(]Rn)

k=—o00 j=k+2

py l/p
o0

o0
—-C Z Z 2ja2(k—j)(n51+a)||f],||Lq(_)(Rn)

k=—o00 \ j=k+2

If1 < p <oo,take I/p + 1/p" = 1. Since nd; + o > 0, by the Holder inequality we have

s o ' k=2 ‘ L ON\PIPY P
L <C Z < Z 27| f; ”iq(.)(Rn)z(kj)(n81+ot)P/2) % ( Z 9 (k=j)ndi+e)p /2) }

k=—00 “j=k+2 j=—00

1/p
o0 o.¢]

j k—j)(né 2
<l 30 | 2 17 g2

k=—o00 \ j=k+2
1/p

w® e (2.12)
—C Z 2jap||fj||€q(~)(Rn) Z 2 k=j)ndi+a)p/
j=—00 k=—00
1/p
o0
<C Z 2/“"||fj||€q(’>(]1{<")
j=—00

=C SD o -
1/ N e
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If 0 < p < 1, then we have

1/p
(k—j)(nd+a)

S Z Z 2]0{[)2 i ap”fjlhq()(]]gn)

k=—o00 j=k+2

2 1/p (2.13)

— (k—j)(nd;+a)
= Z Zj“p“fj”Lq()(Rn (Z D(k=))(né, aP)

j=—00 k=—00

= C||f||['(“;‘(‘f>’(]1§n)~
Therefore, by (2.2), (2.3), (2.9), (2.10), (2.12) and (2.13) we complete the proof of Theorem 2.1.
Since u, s(f)(x) < Crpy, (f)(x), we easily obtain the following theorem.

Theorem 2.2. Suppose that 0 < p < oo, q(-) € BR"), p > n/2, 2 € L*(S" ) satisfying (1.3) and (2.1). If
—nd; < o < néy, then the parametrized Littlewood—Paley area integral ///;2_ ¢ is bounded on K;’(’_’; (R™) and K ;(’)’ (R™).

3. BMO estimate for the commutators of parametrized Littlewood-Paley operators

Let us first recall that the space BMO(IR") consists of all locally integrable functions f such that

||f||*—Sup—/|f(x)—fQIdx < 00,
101 Jo

where fp = 107! f 0 f(y)dy, the supremum is taken over all cubes O C R” with sides parallel to the coordinate
axes and | Q| denotes the Lebesgue measure of Q.

Next, we will give the BMO estimate for the commutators [b™, 11, ¢] and [b™, i, ] on Herz spaces with variable
exponent.

Theorem 3.1. Suppose that b € BMOR"), m € Z,, 0 < p < 00, q(-) € B(R") p>n/2,A>2 2eL*S"h
satisfying (1.3) and (2.1). If —né; < a < né,, then [b™, /ﬁ}f/\] is bounded on K (R”) and Kq()(R")

In the proof of Theorem 3.1, we also need the following lemma.

Lemma 3.2 ([5]). Let p(-) € B(R"), m be a positive integer and B be a ball in R". Then we have that for all
b e BMO(R”) andall j,i € Zwith j > i,

1 m
_”b”m m”(b bp)" XB”LP()(Rn) < ClbllY,
BllLpr (R")

I = bg)" xB; | Lro@ny < CG — D" IBIE N x5; | Loy
where B; = {x e R" : |x| < 2"} and Bi={xeR":|x| < 2/},

Proof of Theorem 3.1. Similar to Theorem 2.1, we only prove the homogeneous case and still suppose 0 < p < oo.
Let f € Kq()(]R”) and we write f(x) = Y72 fx;(x) =372 fj(x). Then we have

o0 1/p
m *, 0 L _ kap
1e™, 'u’Q,A](f)”Kq(’g(R") = Z 2 “[ IU'_Q )L](f)Xk”Lq( )(Rn)}
k=—00
~ b2 rylp
<3 D0 2l YT, w1 D Kk Lo
k=—00 j=—00
Kl ryl/p

Lc Z kap Z 6™, w5 1) Xl Lo gy

k=—00 Jj=k—1
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pylp
o0

oo
+C1 Y2 SN D o ey

k=—00 j=k+2
= CJ/i+CJl,+Cl;. (3.1

Noting that [6", i, ] is bounded on LYV(R"), so we have

1/p
h < c{ > 2PN fill Lo, } = Cllf gy, (32)

k=—00

Now we estimate J;. By the Minkowski inequality we have

6™, w1

/f A” 2ayar\'"?
Rn+l t—|—|x—y| i+l
/ [ w 2ayar\ "
n \ t + |x — y| il
& f\" 20— P dyde \ (3.3)
b(x) — b)["| f; d
= /Rn P00 = bl |fj@l(-/o /lyZ<, (f + |x — YI) ly —z|7% t"+2p+1> ¢
b=l t N2 - dyde \
< b(x) —b@)|"| f; d
= /};{n | (x) (Z)| |f1(Z)|</(; [,_zd (t +lx — y|> |y - Z|2n—2p 2o+l 4
an b 1/2
> 1 120y — 2)I> dydt
+ / |b(x) — b@)|"| fi(2)] / / ( ) dz.
R" /i ( p—zl Jiy—zj<t \EH X = y| ) |y — |72 2o

Note that x € Ay, z € Ajand j < k — 2. By (2.6), (2.7) and the generalized Holder inequality we have

1 P
/ L0 =3 ey~ b)) £()dz
ly—z|<t

1P ly —z"™*

1 Ny -2
£p /; —z|<t W[b(x) — b)) fi(2)dz

", 11l < C / L 1) - bz
R X — 2]
C |b()€)—b3|m/ |fj(Z)|ndZ+/ |f](Z)|n by _b(Z)|de (3.4)
A N T

< C27|| £l Lar ey <|b(x) = b "Xl o gy + 1(BB; — b('))Xj(')”Lq’(-)(Rn)> .
By Lemmas 1.3, 1.4 and 3.2 we have
6™, w5 1) Xl Lo gy

—k
=c2 Il f ||Lq(~)(]Rn)<||Xj ||Lq’(~)(]Rn)||(b(') - ij )ka(‘)”Lq(-)(Rn) + b1 ”XBj ||Lq’(~)(]Rn)||Xk”]_q(d(]]@))

<2 g, ||Lq<,><Rn)((k = IO 1, W o gy 1 X8 Ol oy IB1 18, oo 1 X5 ||Lq<.>(Rn))

< C2F Gk = Y IB I f oo,

” XB_]' ” Lq/(')(Rn)

XB; ”Lq/(.)(Rn) ||XBk ”Lq(-)(Rn)

< Clk = P"IBILN fill Laorqny T
Billrq <‘)(R")

< C2U2 (e — Y™ IBIII £l Lacrcgn)-
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Thus we obtain

00 k—2 py l/p
Jo=Cy Y 2k [N 20— b £l oo,
=—00 j=700
00 k=2 py l/p

=ClbIzd Do | DD 292U 0k — iy | £ll ooy

k=—00 \ j=—00

Ifl < p<oo,take 1/p 4+ 1/p’ = 1. Since nd, — « > 0, by the Holder inequality we have

00 k=2 ' k=2 , AN
Ji < C||b||T{ Z ( Z zde”fj”iq(.)(Rn)z(Jk)(nsza)Pﬂ) x ( Z 2(i=k)ndy—e)p /2(k _ j)mp) }
k=—00 “j=—00 j=—00
00 k-2 /p

j p j—k)(ndy—a)p/2
<CUBITS Do | D 2P Ui o 2972

k=—00 \ j=—00

%0 %0 Y (3.5)
_ j p (j—k)(ndy—a)p/2
=CIBIZS Y 2PNl o, | D 29702/

Jj=—00 k=j+2
o 1/p

j p

< C Z zjap”fj”Lq(.)(Rn)
Jj=—00
= C O nye
||f||K[1(f)’(R )
If 0 < p < 1, then we have
1/p

00 k=2
Jl S C“b”f’: Z Z 2jap2(j7k)(n82*06)17(k - J)mp”fj ”i)q(')(R”)

k=—00 j=—00
. % 1/p (3.6)
=C|b|" Z 2 £y Z 2i-RNabr =) _ jynp

Jj=—00 k=j+2
< Cllfllger

Let us now estimate J3. Note that x € Ay, y € Aj and j > k + 2, so we have |y — z| ~ |y|. Similar to (3.4), we
get

16" 1IN = €27 flaogey (166D = b1 aroan, + 1G5 = DO Ol o) - G
By Lemmas 1.3, 1.4 and 3.2 we have

||[bm, MB&](fj)Xk”Lq(-)(Rn)
< C2j"llfj||Lq<<)(Rn)<||b||T||Xj||qu<-)(Rn)IIXBk(')IILq<->(Rn) + 11(bg, — b()" x5; ”Lq’(-)(Rn)”Xk”Lq(')(]Rn)>

< C27" 1 fill sy (nbn;? 18, 1| sy 1 X B O | atoreny + G = R BN 18, 1 oo | X3, ||Lq<»<Rn>)
< 277G = K" IBIL N fill Loy |18 | sy 1K N oty
] 1 X8 Lot )
< C(G = R™IBIZ i Lot oy o
”XBj ”LLI(-)(RH)

< C2%DM G — Y™ DI 51l Lacrcan)-




H. Wang, Y. Wu / Transactions of A. Razmadze Mathematical Institute 171 (2017) 238-251 247

Thus we obtain

pylp
o0 o0
Ty =y Y0 2ker [ Y 2% G — ™ b1 £l oo ey
k=—00 Jj=k+2
pylp

oo

o0
=Cliblzd Yo | DD 272%™ £l ooy

k=—o00 \ j=k+2

If1 < p<oo,take 1/p+ 1/p’ = 1. Since nd; + a > 0, by the Holder inequality we have

- - k—j)(ns 2 s k—j)(ns ‘12 N
J3 < C||b||’:{ Z ( Z 2/ap||f] ”L‘i()(]R”)Z( =8 +e)p/ ) x ( Z k=i +a)p/2( k)m”> }
k=—00 “j=k+2 j=k+2
o 1/p

k—j)(ns 2
<cClplry > Z 2P| £y 28TV
k=—o00 \ j=k+2

: 1/p
m . Jap — (k—j)(nd1+a)p/2 (3.8)
=CIBITS D PPl oy | D 2770
j=—00 k=—00
1/p
Z ZJW ||fj ”L‘I()(R"
j=—00
=C - ny.
”f”[(q(g(]g )
If 0 < p < 1, then we have
o 1/p
J=Clblry > Z 2IeP2UDOBEDR (G — Y| f1117
k=—o00 j=k+2
o j-2 e (3.9)
= C”b”;n Z Zjap”fJ”L‘I()(R" ( Z 2(k—j)(n81+ot)p(j _ k)mp)
j=—00 k=—00

< C”f”[(;)‘(l)’(Rn)
Therefore, by (3.1), (3.2), (3.5), (3.6), (3.8), (3.9) we complete the proof of Theorem 3.1.

Since [b™, (g, s1()(x) < Culb™, w,1(f)(x), we easily obtain the following theorem.

Theorem 3.2. Suppose that b € BMOR"), m € Z.,0 < p < oo, q(-) € B(R“) p > n/2, 2 e L*S"

satisfying (1.3) and (2.1). If —né; < o < néy, then [b™, o sl is bounded on K' (]R") and Kq()(R”)

4. Lipschitz estimate for the commutators of parametrized Littlewood—Paley operators
For 0 < B < 1, the Lipschitz space Lipz(R") is defined as
. mon Lf ) — fOI
LipsR") = £ [ fllp, = sup 22 <
x,yER"; x £y |x - y|

Next, we will give the Lipschitz estimate for the commutators [b™, pL’;?Y ¢l and [b™, /f;}f) ;1 on Herz spaces with
variable exponent.

Theorem 4.1. Let m € Zi, b € Lipg(R"), 0 <
and q1(-), q2(-) € P@R") be such that qi < a3

> n/2, A > 2, 2 € L*S"") satisfy (1.3)

oo’ IO
< B < min{l,n/m}, —né; + mp < o < nédy,

p <
I 0



248 H. Wang, Y. Wu / Transactions of A. Razmadze Mathematical Institute 171 (2017) 238-251

q2(-)(n —mp)/n € BR") and
1 1 mp
@) @) n’
then [b™, M’;f , 1 is bounded from K (R”)( or K%

LR to KPR (or K&P) (R™)).

q1()
In the proof of Theorem 4.1, we also need the following lemma.

q2()

Lemma 4.1 (/2]). Let q,(-), g2(-) € P(R") be such that q1+ <n/vand 1/q1(x)—1/g2(x) =v/n. If g2(-)(n —v)/n €
BR"), then |1, flgy¢y < Cll fllg,)» where 1, is the fractional integral operator with 0 < v < n.

Proof of Theorem 4.1. Similar to Theorem 2.1, we only prove the homogeneous case and still suppose 0 < p < oo.
Let f € Kq ()(R”) and we write f(x) = Z;’;_oofx_,-(x) = Z;’;_Oofj(x). Then we have

1/p

o0
™ GBI gy ey = { Y 2" 1IN g0 g,

k=—00
ryl/p
<ol Z 06" 0 0
k=—00 j=—o0
k1 py /e @
+C Z 2 | S 1D a6l sy
j=k—1
py l/p

o0 [o¢]
+C D2 I DKk Loy
k=—00 j=k+2
= CU +CU,+ CUs;.

In [7], the authors proved that [b™, 1", ] is bounded from LN1O(R") to L20O(R"). So we have

1/p
U, < C{ Z zkap||fk||qu()(R,,)} = C||f||1'(;"l'f_)(]Rn)- (4’-2)

k=—00

Now we estimate U;. By the Minkowski inequality we have

6™, W 1O

B // f rn dydl
- et \ 1+ [x =yl it
12
/ / ( )A” dydt /
e \1 4 [x — )| el
¢\ 0 —oF dydr “3)

< CIbIIf x —z|"|fi(z / / ( ) dz -

I ||Lpﬁ /]R” | "1 f5( )|< A /R i e ly — 2|2 2

lx—z t A |2(y — z)|2 dydt 2

< Clb|n —zI"P| £ d
= ” ”Llpﬂ /]Rn |)C Z| |fj(z)|</0 /—z|<t <t I |.X . y|> |y _ Z|2r172,0 nt2p+1 <

An 2 172
t |2(y —2)|” dydt
+Clb — 2| f d
iy, [, b= WZ)'( - |y-z|<t<z+|x—y|> - |

Note that x € Ay, z € Aj and j < k — 2. By (2.6), (2.7) and the generalized Holder inequality we have

| fi(2)]
[B", 1, 1 = Clblif; / P
AN e 1515, X — P (4.4)

—k
< ClBIITp, 27" P f5 1l Laro ey 1 251

1 2(y —
= /| L =3 ey~ b1 £(2)dz
y—

z|<t |y - |n r

! 2y —2) )
t_-/) gt Iy = 2" p[b( x) = b@)I" fi(2)dz

/ .
L7 (')(Rn)
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Take v = m§3, since

dy
Lng(x B )(x) > ————— XB,
yrme

" (x) > C2""P yp (x), (4.5)
By -

by Lemmas 1.3, 1.4 and 4.1 we have

6™, 1IN oy < C27 O PNBIT 1 Fill Lnoeny 1 X8, |
< C27bIE5p, I £ 1l sy 5, 1

< C27 11T, 171l s 1 X5 |

s |

Lqi(')(]Rn) ”XBk ”LLIQ(-)(Rn)

Lqi(')(R") ” Imﬁ(XBk ) ” L2O(RM)

Lq{ O(R”) ” XBk ”qu (')(R”)
/
qu(»(]R")
m
= C”b”LiPﬁ”ff”L‘“(')(R”)IIXBk|| e
LIV (@R

j—k)ns
< C2UB b £ill oy

Thus we obtain

0 k=2 Py e
k j—k)ns
U =Cy Y0 257 30 2972l 1 fill oo en)
k=—00 j=—00
~ i pylp

j j —k)(ndy—
= ClblTy, 1 Do | Do 2297 ) £l oo

k=—00 \ j=—00

Ifl < p<oo,takel/p+ 1/p’ = 1. Since nd, — @ > 0, by the Holder inequality we have

o]

k=2 k-2 p/P' Y 1/p
j j—k)(ndy— 2 j—k)(ndy—a)p’ /2
Ur < cubnﬁpﬁ{ > ( D 2y, 277 ) x < D 2t ) }

k=—00 “j=—00 j=—00
00 k=2 lp
j p (j—k)(ndr—a)p/2
< C”b”ﬁpg Z Z 2J“P||fj||[““(‘)(Rn)21 néy—a)p/
k=—00 \ j=—00
o o v (4.6)
_ m jepy £ P (j—k)nsy—e)p/2
= Clbl, 1 D PPNl o | Do 29707
Jj=—00 k=j+2
o 1/p
japy £.1P
<CYy 2 YU g0,
j=—00
= C SO, P ny .
”f”qul(-)(R )
If 0 < p < 1, then we have
o k=2 1/p
japn(j—k)(ndy—a) P
U < ClIblity, | Do D 22 bmory pyr, o
k=—00 j=—00
1
/» 4.7)

> o
j 4 i—k)(ndy—
= CIBIT A D 2PN o | D 20020

Jj=—00 k=j+2
=< C” f||K:11i(p‘)(Rn)'

Let us now estimate Usz. Note that x € Ay, y € A; and j > k + 2, so we have |y — z| ~ |y|. Similar to (4.4), we
get

6™, WD = CIOIT, 27 P £ a1 151 (4.8)

! .
191 (O] (R™)
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By (4.5), Lemmas 1.3, 1.4 and 4.1 we have
16" 15X pnoany < €2 B 13l o100 18, s g 18 e
< C27/m IO b |IP 1 Fill Lno ey 1 X8, |

. i
<C2 Jn+(j=kmp ”b”ﬁpf3 ”fj ”Lq](*)(Rn)”XBj ”Lq;(')(R")”XBk ”Uﬂ(‘)(Rn)

Lqi(A)(]R”) ” ]mﬁ(XBk)”L‘IZ(')(Rn)

; 1 xB a1 e
_k w L1 Oy
< C2U )mﬂubn;’}ipﬁ||f,,-||Lq1(.>(Rn)—” ”

XBj qu(‘)(Rn)

k—j)(nb) —
S CZ( J)(ndy mﬁ)“b”}flpﬁ "fj ||Lq1(-)(Rn).

Thus we obtain

00 00 py l/p
k k—i)(ns—
Us <C Z okap Z (k= j)(nd) mw”b”gpﬂ||fj||qu(,>(R,,)
=—00 j=k+2

pylp
o0

o0
(ke 51— )
— C”b”ﬁpﬂ Z Z Jenk=j)nsy mﬂ+a)(] _ k)m||fj||L‘il('>(R")
k=—o00 \ j=k+2

Ifl < p<oo,take 1/p 4+ 1/p’ = 1. Since nd; — mpB + « > 0, by the Holder inequality we have

oo oo
j k—j)(ndy— 2
Us < cnbnﬁpﬂ{ > ( 2 2P o 2T mﬁ*‘””)

3
k=—o00 “j=k+2
00 p/py VP
x ( Z 2(/<*j)(n81*m/3+0t)17//2(j _ k)mp’) }
j=k+2
~ ~ 1/p
j p (k—j)(néy—mp+a)p/2
< CIblIE, S 2T FH 12 3 gy 2RO
k=—o00 \ j=k+2 (4.9)
~ -2 1/p
_ m jap | £.1P (k—j)(ndy—mpB+a)p/2
= ClbIEp, 1 2 21l 00m) ( > 2 )
j:—oo k=—o00
1/p
o0
jap | £.1P
< Cy 2 YU o
j=—o0
= C|lfllger -
||f||1(;‘1f_>(R )
If 0 < p < 1, then we have
~ o 1/p
j (k—j)(né—mpB—+a) P
Us < ClIbITy, § D D 2erateimmisary pr
k=—o00 j=k+2
o j—2 lp (4.10)
_ m japy £.1P (k—j)(ndy—mpB+a)p
= ClIblEp, 1 Do 21l g0 ) ( > 2 )
j:—oo k=—00

< SOD oy .
= C”f”qul(»)(R )
Therefore, by (4.1), (4.2), (4.6), (4.7), (4.9), (4.10) we complete the proof of Theorem 4.1.

Since [b", ', sJ(F)(x) < Culb™, 1, 1(f)(x), we easily obtain the following theorem.
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Theorem 4.2. Let m € Zy, b € Lipg(R"), 0 < p < 00, p > n/2, 2 e LX(S" Y satisfy (1.3) and q,(-), ¢2(-) €
P(R") be such that q;" < n:l_/s If 0 < B <min{l,n/m}, —né; + mB < a < ndy, q2(:)(n —mpPB)/n € BR") and
1 1 mp

ax) @k n’

then [b™, uf, g1 is bounded from I'(;l’('f)(R”)(or K;’fg(R”)) to I?q“z’(’f)(R”)(or K;z’(’f)(]R”)).
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