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d9LHogwoos oo Fosbermgdomo sdmblbols Lszombo. (5) gob@megdsms Loli@gds
E = SY2 50608360 Ls8w95009800 8009356985 3900093 356G®@gdsms Lol¢gdsdoy:

au B(EMBU)_G av B(EMSV)_G
At  dx ax) 9t ox ax)

0 Qg1 bg!r—l (ﬂﬂ)z . (EW)Z
at 2 2 dx ax/ |

900900 (6), (10) 53mE3560LMZ0L 539005 39800 SM53EBIO LbZsMdOSBO Lidqds:

(10)

U, = (ezmugjx, v, = (ez'xv—]x

(11)
u? = Upl(x;), 1"?: AEN] EP = [Su[xiﬂfz)]lf:! t=01,..N.

53293935, (5), (6) 53m3565L 295B60s L53ToMm© Y30 5FMbBsbLBO. dbgero 56 sGob
0ol Bggbgds, G SLgo 53MmbsblBBY (11) bgdol s3GMMJLodsgool gmdogdss  0(T +
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h?). ©38(33039090s 539d1wo (11)  Ubbgomdosbo U1dqgdol 3Onds™dol 89890
QIBILY0>.

0g690s 5. oo f=1/2, a=vy, la| <1/2, Gsdob (11) Ubbgsmdosbo Ubdgds
309850005 (6), (10) 5833560l 58065bl60L396 O(T + h?) Gogoom Bs@® R9bp0s0s Loy,
bozmig00.

dgmmbg 356006080 90036935 93900 sMHOR0Z0 (11) Lbgsmdosbo bdgdols
6o3bzomo  Mgo0Bs300l  Ly30MbYdL.  sWHIMoos ghmo  FoMEBH030  BooGIMEOoM
36OME9LOL  SEAMOHOMI0DI305, OMIJoE YM39w  0GHIOS305Dg  ©o0Y35690
B399 906030 RBoJGHMM0DSE300L IJNMPOL MOX IO 45dMmYgbgdsDy. o9mygbgdmem
0dbs  gobbowamo 1990l MgoE0Bs3ool  Bbgs  doymdsg. b 3965l 36gw0
seam®omdo  onMdbgdwos  Bom@mbol  dgom©ol  8MmEox03sE0sdy,  MOL
15O gdOMSE BBZoMBOsBO 58M(356930 F00g435690 LHFFIOEHOWMZ6 [iMFB0Z Sy dcImEn
396@M@gdsms dm3me LolLEGYsdYg. 93 99356513690l STMbLBs 30 bmGEogwads
35GHO0ENWo  BoJBHMMODBO300L  FgomEOol  LsdNwgdom.  GguGHMOO  QOTMMNZWYdO
BoGo690M05 OB D0MEMmO 5335608 BMLE 58Mmbsblibgdby, MMAgdoE 9©ILEMEOYd96
390000535H90@00 HOEH3000 5TMBLBOL SEAMMHOMIGOOL 9339 MOMBL.

09935 1-0 30609330 Bo@oMgdwds MoEbgzomds 9JudgeHodgb@gdods y30P39-
Bagl  dosbarmgdomo  58mbsbLlBOL  LEHSE0MbsGmEo  s3MBIbLBOL3IG6  doLHESTGdS.
d9LsBHY30L0  FMORO3MEO  0WNLGHMH30900 BMm(39INWOs  30MZ39M0  MO30L  Fgmmby
350oaMoxn3do (bob. 1.4.1 - 1.4.4). sbsermyommo LwGomgdo doowgds mgm®mgds 3-ob
39000b3935d03. M55 99990 MBI IEYMIOMOOL IO OOl (VgmE9gIgdo 2
o 4), 59 PsGoMgdeds dosbermgdomds QodMMZgdds MHMymE 3 dmbowrmobgwo oym
9m2335  LAIE0MbsOMo  58Mmbsblbolggh dosbermgdomo  58mbsblbols  dolEszgdols
06996030 LEMsmo (ob. dglsdg Mog30lL Fgmmbg 35M9GMsx3do dmygzsbowo bsb. 3.3.5 -
3.3.16). dgmmby 35M0aMoR0L  dmMmlb  s193) ImYyzsbowros  3MmGol  doFMEIS300L
53L5bH39w0 3M9R030 0EMLEHMS3E0900 (bob. 1.4.9 s 1.4.10).

39mMg 0530l 306039 35MoaMox3d0 dmyzsbowros odliggerol oRgMabiEos Mo
3906@Mgdsms  LobGHYIob  MgEJ30s  0bBHIYOM-ORIOIBE0IWNE  25bE MO
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LoLE9ds0Y. 99539 3969aMo8T0  gobbowmos  Fomo  BMPOIOHO  F509d5BH03MM0
530L90)M90s.  5LYB0ABsgos,  MMA  odlggerol  AobEHMgdsms  LoLEgdolmzoL
50b0dbmmo MHgwd3os 30MH39wo RoGIMgdMw odbs d9dgy 659Gm3do Gordeziani
D.G., Dzhangveladze T.A., Korshia T.K. Existence and uniqueness of the solution of a class of
nonlinear parabolic problems (Russian). Differencial'nye Uravnenyia, 1983, V.19, p.1197-
1207. 99095 80090 0465 565(6Mx5303 0639a0Mm-©00x396096305 M6 456G Mmgdsms
sboo 3wslio, G®Mmdwol dodsOrmog Lodgboghm 0b@GHgMglo sbrsEg Ym3z9wOEOIMS©
0D6MYds. 59539 05300 350M 33105 JODO 0b3HJAOM-EORIOE3E0s™MGHO dmEgeol
@5 dgLsdsdolo Fystrmlb 9360900560 LobEBHYAoL 5dMbsblBOL sLOIZGHMEGHMMO ymxsd393d
©OMOMO  (33¢050L  MLLLOWMWME  DOHOLLL.  FoMOMYOIEos  BEBSdOWODBOEOOL
SLOI3GHMEGHMOO YmBod3930L MH0YIdO.

39630bowmm dsduggEroll OBIMIB305WMEOO YobEHMGdsMS LobiEYdol Mgyd-
305 063 9360m-00x89M90b305¢Mem  20b@MmEgdsms  LobGgdsdg. 93493350,
99dGH™M5xboGH Mo 390 3M(39©Yds 0LY J909gdmdo, MMIWOL JEgdEOMASTE)S-
MHMdolL  3m9803096¢0  ©M3090Mos  39839M0GM5DY.  335DoLESEFOMbIGME
905bEmgdsdo 3594390l gbodsdols gob@megdsms LoliEgdsl 593l 89890 Loby:

dH

Fr = —rot(v, rotH), (12)
a8 .

CPE =v,, (rotH)", (13)

boog H = (Hy, Hy Hz) — 05360@MM0  390lL  05d9d@mdol  39JGmMos, 6 —
A993965G M, €, OO Vpy — 9bollosmgdgh dglodsdolo o09gdml LoMBdMEH I35 MBI
999 BHOMAIBHIOMOL. (12) LobEGgdom s©ofgMgds oaboBMo 39wl 253M(E3JEYdS
3°6090m30, (13) 396GHMEd0m 30 3H9839MGHMEMOL (330 gds XMEol LoMdMYSTIMYM-
g30bL badrxbg.

09 ¢, = ¢, (0) ©5 vy = vy (6), 95906 (13) 2obGHMEgdol EOMOMO (33WSVOM
063936900L5 s (12) bLobGgdsdo Bobdol Gggas© doz300gd0 [32]
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1]
dH -
E= —rot a(flrotﬁl‘dr ratH |, (14)

0
Booi als) 3m95303096E0 4960LsBL3IMIds ¢, S Vi, BY6J30900L LodwsEgdO.

50b0dbmo 063 9MHM-0x9MHgb3osMo  Im@gwo  OHmMMEos s dobo
39933935 XIOXIOMO00 dbMmEm© 39MdM 3sbgdolmzol bgMbgds.

39b630bome 99dmbgzgzs, HMmEaLyE 35360E™MMO 390l EodsdEPMdOL 39JEH™G0
M630030mb696@ 00600 H = (0,U, V), bosg U = U(x,t), V=V (x,t) — @H®0Ls @5 960

LO3OEMWO (335EOL B BMb]E0gdos. 53 G9dmbgglzsdo rotH = (O, —Z—Z,Z—:),

5 (14) bLobBgds JooYdL F9dg Lobgls:

- ) ) -

au ad J‘ (au)* N (EW)‘ g au| 0

at ax|“\J |\ax) T\ex/ [T ax| ™
LMD _

- ﬂ ﬂ ]
adv d J‘ (BU)‘_I_(EJ‘L’)‘ 3 av’ —0
ar  ax|” o ax) | % lax|

V]

(15)

0y Bbgmeol  gobfizdog  Ggddgcmo@demsl  Bosgmzwoom  dmdogl,  39MHIm,
©59M300090l OHMBY O ©sdMM300 I LOZOE0MO (335 Yd0LYLD, B5Tob Brm3o
H = (0,U,V), 303009080 (15) Lobi¢gdol sbsgomyown® Lol@gdsls:
1

t 3 3 =
ou J‘J‘ (6U)‘+(5V)‘ dxd S‘U_ 0
ar ¢ ax o Tlaxz = ™
o

0

t 1 . R .
av j (BU)‘ . (BV)‘ drd a-v —0
ar ¢ ax B Tlaxz 7

oo

(16)

9969 356536050380 gobboos (15) s (16) LolEGgdgdoL Fglsdsdobo goGrml
$9360900560 8980930 LoLEGHgdgdo:

Z—f—;—x a(f (Z—D: +(g)zl dr Z—jJrg(UJ =fi(xt), (17)

]
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t , ,
s L L | (BU)‘ N (EJV)‘ g av + (V) = .
ar oax|” 3% ax) | ¥ x| TV = (D)

Qo

-

(—)2 + (—):ldx dr ou + g(U) = fi(x,t),

2

(18)

-

+(av)2dxd O V)= fiat
dx Tlaxz™ ™9 = (%9

oo a = a(S), g, fi,» f2 5305600 5639639d0L Im 3990 g3wbd30900s.

d9LPogwowos (17) s (18) ULobEgdgdolmagol @oldmeo dgdgao  Lafigol-

LoLsBEZOM 5360
u(o,t) =u(1,t) =v(0,t) =v(Lt) =0, t=0 (19)
U(.’I, ﬂj = UD (xj’ V(x,ﬂ] = VE, (.’I:'] s x € [ﬂ,l] (20)

53mboblbol SL0A3BHMGHIO0 YMRod(3939 OMOMO (33eOEOL MLSLOWME BOEOLSL.
3969dMQ, 5933033909905 9900930 09GOl LETIOMWOSEMDS.

09905 6. o a = a(S) = ag = Const > 0, g s60ob @s@IBODs@© 3sb6Usb3-

B0 gobgzos @s Uy, Vo € Ly(0,1), dsdob  (17), (19), (20) s (18) - (20) s9mpsbgdol
300b5bbbobs»30b L,(0,1) 602658580 bsGst0r¢rosbos dgdgao dgozsebnds

TN+ NIVl = Ce™™.
50539 0530L Fgbsdg 39MoaMoxdo Jglfogwrowos bgdmm s0bodbmwo (17), (19),
(20) s (18) - (20) 59m3569d0L  S3MBsLLBOL GOHPOIMHOMOOL Lygzombo. 39MHdme,
©39¢3069090s 930RYHO IOYLIDS.
0903905 7. o<y a = a(S) = ay = Const > 0, a'(§) =0, a”’"(5) <0, g oGob
3P0 356U B0 ©5 Jbeahmbrits bHso 3w9bJp0s s (17), (19), (20)

305650 335Kb60s 59mbsblbbo, dsdob ol 905 gMm0s.

51939 9my3560@0s (16) - (18) 533560l 5dMbsbLBOL GOMMSIOHPMBOL MgMEIGTo.
15



090905 8. o« a = a(S) = ay = Const > 0, a'(§) =0, a’"(5) <0, g oGob
@305 35bbs bmzmoycmo s Geabeahmbrymso bHso Bobipos s (18) - (20)
30093565b 3556605 5902656b60, 85006 ol 9025090 000s.

oLgOGS300L  dqlsdg  mogdo 89999053900 BosbErmgdomo  s3mblLbol
SEaMm®omIJIoL  godmygbgdom  Bs@oMgdMwo  Mogbzomo  gdudgmodgb@ado  odog
53BEGHMMGOID6  OMAMOHE3 9mM9gdgdol 13369008 LIBEMMBLL, sbg3g S©0bodbmEo
3EaMMH0mIJO0L 9939dEOHMBSL.

dglodg msgdo (obs mogdo aobbovyemo sMfMz030 0bEJAMHM-oRgMIBE30s-

MO0 23b@MEgdsms  LolEgdgdobmzgol  s390Mos  Bobgzmo-obIMgBH IO
9mggdo s Bb3omdosbo  1dgdgdo. ©s9330(39090s 500  FEYMIOMOOBS O

36905M™d0L  0gmE9dgd0.  ImEgdMEos  BosbErmgdomo  53mbsblbgdol  s39d0l
SaMM0mTGIOL  sOfIMs @O Bo@IMGOMEo  IMoz5to  Mosbgzomo  gdu3gModgbEol
358303000 0LEGMS(309d0.

39393bM0o A9gls8g 3530l F0bs5MLL MMM H3OOWgdO.

306039 3560gMoxdo 99990 9M3)OR030  0bGHIOM-©oxgMH96E0sw MmO

5dm356900Lm3z0U:
%3 f-(au):(w)z_d s 0@ = £
gt dx a ox dx r A g - f:[ Xt
- D B -
i ) )
E"V a [ aU 2 BV 27 BF
at  ax x EM = = fa (1)
at  ax|” f (ﬂx) +(ﬂx) dT) Ay +g(V) = f2lx, 1),
i o - - |

u(o,t) =u(1,t) =v(0,t) =v(1,t) =0,

U(x,0) = Up(x), V(x,0) = Vy(x)

(a_”)z + (a_v):]dz v + g(U) = filx, 1), (22)

dxZ

16



_a(ﬁ ‘]dr)i‘j+g(v)=mx,ﬂ,

U(o,t) =u(Lt) =v(0,t) =V(1,t) = n,

U(x,0) =U, (xj’ V(x,0) =V, (x]

5290005 d9L530dolo bsbg3EE-OLIMYE o BMEYGdO:

r

]

% - {a (j [[uj_.i)z + (v:rf,i):] d’:) u-i;i} +g(uij = fj_(x,t:],

E

V]

ug(t) = upy(t) = v(t) = vy(t) = ':"

uz(ﬂjz ﬂ::v (ﬂj DE,I=G,1_,..._,N

Qo

ug(t) = upy(t) = v () = vy(t) = ':',
u,(0) = Uy, v,(0) = Vi = 0,1,..., N.

6563969005 89900930 ©5d9 900l BodsODEOBMDS.

17

‘:;z' _ {Q(J- [[uxz)z + [vm)z] d’r) t’x:} +g(v,) = £(x, 1),

—a (hJ. [uj,:'): + [”x:):] dr)u:ix,i +g(u) = filx 1),

—a (hJ. [uj,:'): + [isz):] dT) Ve T glv) = fo(x,1),

(23)

(24)



09023905 9. oy a = a(S) = ay = Const > 0, a'(§) =0, a"’"(5) <0, g sGob
@305 3sbbs B30 s dberdbryts Yoo R3wbisos s (21) s (22)
3002356908b 35586050 b 305200 gcren30 59mbsblbo sdob (23) cos (24) bg98980 doghs@os
@5 05000 58mb3sbli698o u(t) = (uy (), uz (@), ..., uy_1(0)), v(t) = (v (), v, (©), ..., vy_1 (D))
0360898056 U(t) = (UL (D), U (0),..., Uy_1(®), V(&) = (V1(®), V2(0),..., Vy_1(D)) 5964
60980l396 Fgbsdsdobs, Gemgs h = 0 @s Ly(0,1) bmGdol @ob@Ggderero sbsermgo-
b330l sog0¢m0 592U d9dogs F9935b985b

lu(t) — U)l, + llv(t) — V(D) < Ch.

3969 3560360530  ©IFZOBJOM0s  3MJBSEMOOL mgmMgds (21) s (22)

59m 3969000 Fgbodsdolo G980 3M:3boO Bb3sMdOosbO Ldgdgdolmzol:

(Z[Eu P+ Jitt + 06l =R

k=1
x

j+1
“(TZ [[u;;i): + (”Ekz)z] viﬂ +9(l™) = fz{e’

k=1 % (25)

Qo

[[u;s): +(vE, 2] -jr-::jz- +9(u]™) = fl.:’

(26)

itl N
v:;f—a(r D) + G| JoZit + 057 = £,

i=12,....N—1; j=01,....M -1,

18



092698 10. o a = a(S) = ag = Const > 0, a'(§) 20, a”"(S) <0, g sGob
3P0 35bUs BOGXemo ©5 beahmbrs boso R1bjpos s (21) s (22)
3035690 35sBboso Us30sm@ gemenz0 sdmbsblibo, 85806 (25) s (26) Lbgsmdosbo
U9d980 g Gsos ©s dsoo s8mbsblbo w = (ul,ul,...,ul, ), v = (v],vl,...,v]_),
doolfesgols U/ = (Uj, Ug,...,UI{,_l), V= (Vj,VZj,...,VAf_l) R96930960b396 F9bsbsdo-
bs, Gmpo T =0, h =0 @5 Ly,(0,1) 6mG3ol oolizG9¢9«9emo sbs¢rmgolbsomzolb sgoero
393U d9dcoga G9935U9898b:

w — || =c(t+h), v — VI <= c(t+h), j=12,...,M.
R R

dgbodg  mogoL  Bdmewem,  Fgbsdg  39GwaMexgdo  Bmygzsbowos  0bGgyMm-
O0RIMHIB6305MM0 IMEYgdol FgLsdsdolo bbgsmdosbo bdgdgdol Mgswobsgos s
6oEbzomo  94u3gM0d9gbGHJdol  F9gRs® B0MIONIO  FMIRBOIMEO  OVILEHMOE0JO0.
36500 5303Mmd0L  309530(3096G0LIMZ0L  sgdMEos 8900 Lsbol  3MB3OgEHMEo
}Mbdgos a(S) =(1+S5)P, 0<p<1. 09dmyzsbowos Gogbzomo 9dudgHodgb@Egdol
39092900 p = 1 89dmbgz930Lom300.

5939  903608bs3m, M3 3saboBmo  39¢ol  oxzbool  3OHmiEgLoL
d9LHogolmzol  Bo@oMgdmos  IMs35eMoEbmgsbo  godmmzmomo  9du3gMH0odgb@o
Ubgoolbgs  Lobol  LoboBgmm  30MMmdobs s goblbgoggdwmwo p  dsB39690ols
390mbg930Lbm30L. MHoibzomo gdudgModgb@GHgdol d9gaqdo a30P39690L, MM Lsfyol
9®93Bg  dsgbodMo 390l Fgofigzol  3GmEgbo  GmEs p =1, ©30LMOMO35©
296bbgogqds p =1 9699 a(S) ®xbdzool {MHxz030 Tgdmbggzolash, mwdss asshbos
9b5wmyomo  sbod3GHMGHMOO0  bsbosmo  OMOL oo 3603369 mdIdOLMZ0L.
5L5HYoldo goegdml LolisbEgmm Bmerdo Fsgabod Mo 39wl 9bgMHo0l oo Boflowo
399Mm0gmazs LoMdMEMO 9bgMrools Lobom, 9999 30 LOMdMYPSTBHIOMDBOL LEHOYJEHMES
00393L  3993965GHIO0L MbIMIb Qo09BIdMGISL. 9OOMIB sberml dymgo bosolbols
95639690 obm30L 39eob 493039 gds 308E0bsMYMIL F9sMgd0m bgws.
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356539GOms  bbgoolbgs 36083690mdgdobmzol Bo@oMgdnmo  gs8mm3wgdo

33999396 9003 535H90ME0  SEAMmOH0MIJOoL  9BgJBHMOMIL S 5ILEYM9d96
09MMH0ME0 253Mm33e93990L 399390l 53MbsbLBmMS s0d3EHMEHWMO ymxsd3930Lsm30Ub.

900wo0sbMdsdo, Goagbzomo  9dudgMmodgb@ol  T9g9gagdo  Lodmogdsl  0dwg3s
500f9mMmb  gegdBHemdsabo@mmo 3gol 4936039 gdol  IBmEglol  Bmyogdmo
doM0MOEO M30L905 0lYo Qo6 gdmdo, MMIWOL GurgdBHOMMYSFBHIMMISE BILOSMEYOS
1393050 SMIHOROZMI0m.

©oLgOES300L  EILLEOWWL dm3gdmEos G9H0T, MMIgEdo dgxs9gdI0s
©oLgO G300l d0MOMOEO  JJYRY00. 306039 ©s TJusdg 5390do  dmyzsbowos
bbgo@olbgs  3MMaGMmsdmwo  3m@gdol  gMdgb@gdo, GmIgwms  153OEGOOMS
BoGo®9dme 0dbs 3Mo35mmoEbmgzsbo ®ogbzomo 9Judgmodgbdo Lbgsslibgs @odol
59m356oLs o 99M3969g0do T9ogz5¢0 Fglivdsdolio 35658xEHEMYdol bbgowalbgs 360d369-
©wM09gd0LsM30L. MoEbgomo 9Ju3gMH0Tg6EHJOOLIMZOL LEMIYGIEODIFOM SWYMOHOMIJOOL
5LI3OMYMHTGIWOE 9dMYgbgd M 0gbs obgmo MBsgEM™M3g 3MIMAEMI0MGdOL 9bgdo
Q5 3MMYM53M0 35393900 OHMYM©gd03ss C++, Mathcad, Matlab, Maple.
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General Description of the Work
Actuality of the Topic

One of the most important tasks in applied mathematics is the mathematical
modeling of practical problems and then their investigation and numerical solution by

modern software packages.

To such problems belong the process of electromagnetic field penetration into a
substance. It is well known that these processes are accompanied by the release of thermal
energy, which causes changes in the permeability of the medium and affects the diffusion
process since the coefficient of conductivity of the medium significantly depends on
temperature. So, there is no doubt that the mathematical modeling, investigation and

numerical solution have great importance for such kinds of diffusion problems.

Mathematical simulation of the mentioned process like many other applied problems
leads to nonlinear partial differential and integro-differential equations and systems of those
equations. The main characteristic of those systems is that they contain equations of a
different order, which are strongly connected with each other. These circumstances require
tailoring methods of investigation for each particular model, as the general theory even for
such linear systems is not yet fully developed. Naturally, there arises the necessity of solving
those problems numerically which itself requires to overcome significant difficulties as well.
Naturally, there arises the necessity of solving those problems numerically which itself
requires to overcome significant difficulties as well. In fact, the main peculiarity of the
required and recommended specific investigation methods is associated with obtaining and
then applying the a-priory estimates which are necessary for the initial-boundary value
problems as well as to construct and investigate discrete analogs and algorithms of

approximate solution for the above-mentioned.

The complexity of the investigated models leads to the use of appropriate software in
both theoretical and computational mathematics and modern programming languages.
Where comprehensive theoretical studies are not possible, numerical experiments play an

important role, requiring the use of appropriate fields of computer science.
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It is noteworthy that in the mathematical description of the studying process the
differential and integro-differential models arise. The nonlinear model describing many
diffusion processes is the object of research interests for many scientists. The most important
part of modern computational mathematics is to determine the structural and qualitative
characteristics of the solution of corresponding initial-boundary value problems for the

above-mentioned systems as well as to study discrete analogs and numerical algorithms.

Nonlinear differential and integro-differential equations and their systems describing
various processes of diffusion were and still are the object of research for many scientists.
Establishing of qualitative and structural characteristics of initial-boundary value problems
of those systems, constructing of discrete analogs and investigation of numerical algorithms
are actual and quickly developing parts of modern computational mathematics and

informatics.

Considered integro-differential models at first was proposed in the following work
Gordeziani D.G., Dzhangveladze T.A., Korshia T.K. Existence and uniqueness of the solution
of a class of nonlinear parabolic problems (Russian). Differencial'nye Uravnenyia, 1983, V.19,
p.1197-1207. English translation: Differential Equations, 1983, V.19, p.887-895. Mentioned
and similar models were arisen on one hand — while describing diffusion processes, and on
the other hand — discussing well known nonlinear parabolic type problems, which are
studied in lots of scientific works. The particularity of those equations and systems of
equations is that coefficients with high order derivatives are nonlinear, which depend on
integrals with respect to time and space variables from unknown functions and their

derivatives.

Modeling and mathematical aspects of different kind diffusion problems, which are
connected with the stability, existence, theorems of uniqueness and asymptotic behavior of

solutions of the initial-boundary value problems are actual topics of many scientists.

To study the real applied problems without modern computers is unimaginable. It is
also obvious that numerical experiments are necessary for simulation of nonlinear problems

and for developing methods of solutions.
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The Object and Purpose of the Study

The goal of the dissertation is to study the above-mentioned models. In particular, the
study of some properties, construction and investigation of corresponding discrete analogs,
compiling realization algorithms and software and numerical solution for nonlinear partial
differential and integro-differential systems describing diffusion processes of electromagnetic

field penetration were planned.

Scientific Novelty and Main Results

As already has been mentioned, in the mathematical description of many processes,
the differential and integro-differential models arise. Most of the cases those models are
nonlinear that complicates the study of initial-boundary value problems posed for them.
One important nonlinear evolutionary model is obtained in the mathematical modeling of
processes of electromagnetic field propagation. In some assumptions, the corresponding
system of Maxwell equations can be reduced to the nonlinear parabolic type integro-
differential models. In the present work, the initial-boundary value problems for a nonlinear
partial differential system of the Maxwell equations for different cases are investigated. The
questions of the asymptotic behavior of solutions and the approximate solution are also
studied. The aforementioned problems mainly are conditioned by real physical problems, but
part of them is the result of natural mathematical generalization as well. The quantitative
and qualitative characteristics of solutions of initial-boundary value problems as well as
construction and investigation of semi-discrete and fully discrete analogs for the approximate
solution for the above-mentioned differential and integro-differential models are studied.
Based on the studied algorithms, the software packages are created for carrying out various
numerical experiments and analysis of obtained results. The investigations are fulfilled for

different cases of nonlinearity, applying the corresponding methods and fields of analysis and
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computer sciences. Numerical calculations for different test problems are fulfilled and

analysis of the obtained results is carried out.

Approbation of the Work

The main results of the dissertation have been published in the following papers [2 -
4,9, 11, 13, 14, 16] and have been reported at international scientific conferences both in
Georgia and abroad. In particular, at the Enlarged Sessions of the Seminar of Ilia Vekua
Institute of Applied Mathematics of Ivane Javakhishvili Tbilisi State University (Tbilisi,
2014-2017); At the V and VI International Conferences of the Georgian Mathematical Union
(Batumi, 2014 and 2015) [8, 10]; At the International Conference on the Society of Industrial
and Applied Mathematics (SIAM) (Alabama, USA, 2015; Boston, USA, 2016) [6, 7, 12];
International Conference on Mathematics and Engineering (ICOME-2017, Istanbul, Turkey,
2017) [5, 15]; 4th International Conference on Pure and Applied Sciences: Renewable Energy
(ICPAS-2017, Istanbul, Turkey, 2017) [1]. In 2016, the author of the doctoral thesis was
awarded for a doctoral grant fellow, which was successfully completed in 2018. The main
findings of the grant were presented at the international conferences ICOME-2017 and

ICPAS-2017 in Istanbul, Turkey in May and November 2017.

The Volume and Structure of the Dissertation

The dissertation contains 112 printed pages. It consists of an introduction, three

chapters, ten sections, a resume and a list of used literature.

Summary of the work

In the first chapter, the mathematical modeling of the process of penetrating the

electromagnetic field in the substance the coefficient of electro-conductivity of which

depends on temperature is considered. In the first section, based on the Maxwell system
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statement of the general diffusion problem is given. As a result, the system of nonlinear
partial differential equations is obtained. The second section describes some mathematical
peculiarity of diffusion problems. The existence of a global solution to the corresponding
initial-boundary value problems is discussed. In particular, examples of nonlinear systems
and its analytical solutions are constructed, which show that these systems, in general, do
not have global solutions. In the same chapter for one diffusion problem, the large time

behavior of the solution is studied. The possibility of Hopf bifurcation is established.

In this section, the following system is considered:
d
] =[] )
x dx

% _ (2.2 .

where a and F are known functions of their arguments, and U,V and S are unknown

functions.

Many applied problems in science and technology are modeled by (1), (2) systems of

nonlinear differential equations. In particular, if

F(S,Z—i,g) = b(S) + c(5)

G+ ®

where b and c are the given functions of their argument, then (1) - (3) represents the variant

of the system of Maxwell equations, which describes the propagation of a magnetic field in a

medium, the coefficient of electrical conductivity of which depends on temperature.

Above-mentioned system and systems like that also arise in description of different

kinds of physical processes.

If instead of equation (2) to the system (1) the following equation is attached

% b(s) + e(s) (3_2):+(3”)]+;_x[d(53 =] @

dt
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where d is also known function of its argument, then system (1), (4) again simulates the
process of penetration of a magnetic field into a substance. In equation (8), the second term

corresponds to the Joule heating, and the third to the heat conduction effect.

In the same section, for one diffusion problem, the large time behavior of the solution

is studied. The possibility of the appearance of a Hopf type bifurcation is established.

The mentioned problem has the following form:

U a8, au v a s av
=5:(5°5) (5°5)

9t dx\” ax 3t ax\" ax
. N (5)
das — _asP 4 bsY (SU)‘ N (SV)‘
at dx ax) |
u(o,t) =vio,t) =0
U(l,t) =y, V(1,t) =1, (6)

U[:xr D:] = UI} (xj! V(xrnj = VI} (x:].! S(xr ﬂj = sl}[:x:] = ﬂr
where a, 8,y €R, a # 0, a,b € R*, Y, = const > 0, P, = const > 0.
Let us proceed to the formulation of the main theorems of the first chapter.

Theorem 1. If 2a + f —y > 0, B # vy, then stationary solution of problem (5), (6)

1
Yy x Py x ((11E’12 + ¢:2)E)E_F
1 2,

a

is linearly stable if and only if the following inequality is fulfilled

B—a—-1

b ] By -
ay-M 2@ +ed| " <nt
As the last inequality shows, if y < f3, then stationary solution of above-mentioned

problem (5), (6) is always stable. Suppose that, y > ff and f —a — 1 # 0. Consider the value

-y
l ,R_E r—az—1 E_E+1]E—E—1

a B-v b B-r

P, =
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then when ¥ € (0,1)5), where 1 = ¥? + 13, the stationary solution of problem (5), (6) is
linearly stable, and when ¥ > 1), it becomes unstable. When ¢ = 1), there is a possibility of
the appearance of a Hopf type bifurcation. Small perturbations can transfer the stationary

solution into time-periodic oscillations.

In the same section, for one particular case of system (5)

BU_ d (SSU) 81—’_ d (581—’)
at dx \ ax/’ at ax\ ax/)

a5 _ s+ (EHLF)2 N (ﬂl’f)z
at dx ax/ "

The following theorem is proved.

(7)

Theorem 2. Stationary solution of problem (5), (6)
[11'!’13‘5; w:xr wj_: + 11&2 2) s

is globally stable in the norm of the space L,(0,1) and the asymptotic behavior has an

exponential character.
If, for system (5), instead of (6) consider the following initial-boundary conditions:
u(o,t) =v(o,t) =0
ou av
5 o — 5 @ — (8)

a x=1 a wi, dx x=1 a w!*

U[:xr D:] = UI} (xjr V[xr ':l:] = VI} [x:]r 5[:.'1:, ﬂ:] = sl}[:x:] = ﬂr
then the following theorem is valid.

Theorem 3. If Za + 8 — y > 0, then stationary solution of problem (5), (8)

x: 11!‘]2 |: a

a ()

[ o 1
( [(@’12 +1P:2}b]_”+3‘}’ (* + 1:'5:2}b]_3¢_+.'3’-}f {(wf + w;}b]rg_},)
- — x, — =

1s linearly stable if and only if the following inequality is fulfilled

f-a—1 3a-y+1 f-—a—1 2

R N it T 4
(], _ ﬁ]b!ﬂ:+ﬂ—}ra2rx+,§—}r[$if- + wzt)irxﬁﬁ’—}r < =
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If for the system (7) the boundary conditions at the right boundary is substituted with
the second kind boundary conditions, i.e., consider the following initial-boundary value
problem:

U(n,t) =v(o,t) =0,

au av
54— = lJDIJ 5— = "PEI (9)

ax »=1 E-x x=1

Ulx,0) = Uy(x), V(x,0) =Vy(x), S(x,0)=5,(x) =0,
then the following theorem is valid.

Theorem 4. Stationary solution of problem (7), (9)
, - . - . L
(11'5’1[115’1‘4'11{’2‘} o (¥ e?) I [11{’1‘4‘1.{’2‘)3)

is globally stable in the norm of the space L,(0,1) and the asymprotic behavior has an

exponential character.

In the third section the initial boundary value problem (5), (6) is considered and its
approximate solution is studied. Introducing the following notation E = $%/2 the system (5)

can be rewritten in the form:

dt  Jdx

0 Qg bg!}r—l (ﬂﬂ’): . (EW)E
a2 2 ax ax/ |

For the obtained problem (6), (10), the following implicit difference scheme is constructed:

au 4 . au avr 4 . dv
(Em_):ﬂ’ ___(Em_):ﬂ’
dx

dt  Jdx dx
(10)

-

U, = [ez"“uf:]x, v, = (e*%vg),

a - -
er=—Ee‘g_1+—e‘}“_1(u§+v;),
(11)
w=vl=0, W=y, vi=v, j=01..M,
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Suppose a problem (5), (6) has enough smooth solution. It is not difficult to show that
on such a solution the approximation error of the scheme (11) is O(z + h?). The following

convergence theorem for the scheme (11) is proved.

Theorem 5. If 2 1/2, a =y, |a| < 1/2, then difference scheme (11) converges to

the solution of problem (6), (10) in discrete analogues of the norms of the space L,},.

The fourth section is devoted to the questions of the numerical realization of the
constructed non-linear scheme (11). Algorithmization of one simple iterative process is
described, which at each iteration leads to the double use of the ordinary tridiagonal matrix
algorithm. Another approach to the implementation of the considered schemes was also
applied. This latter algorithm is based on the use of a modified version of Newton's method,
with which the difference problems are reduced to a block tridiagonal linear system. The
solution to this last is carried out using a block tridiagonal matrix algorithm. The
corresponding test calculations confirm the effectiveness of the proposed numerical solution

algorithms.

Numerical experiments carried out in conditions of Theorem 1 showed the
convergence of the approximate solution to the stationary one. The corresponding graphic
illustrations are given in the fourth section of the first chapter (Figs. 1.4.1 - 1.4.4). The
similar pictures are obtained for Theorem 3 as well. As to the statement for the global
stability (Theorems 2 and 4), the numerical experiments carried in that case gave the
expected natural picture of the convergence of the approximate solution to a stationary
solution (see Figs. 3.3.5 - 3.3.16 in chapter four). Graphical illustrations depicting Hopf's

bifurcation are also provided at the end of the fourth section (Figs. 1.4.9 and 1.4.10).

The first section of the second chapter discusses the reduction of the Maxwell system
of differential equations to the system of integro-differential equations. In the same section,
some of their mathematical properties are given. One must note that the above-mentioned
reduction for the Maxwell system was first proposed in the work Gordeziani D.G.,
Dzhangveladze T.A., Korshia T.K. Existence and uniqueness of the solution of a class of

nonlinear parabolic problems (Russian). Differencial'nye Uravnenyia, 1983, V.19, p.1197-
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1207. As a result, a new class of nonlinear integro-differential equations has been adopted, to
which scientific interest is still increasing. In the same chapter, the large time behavior of
solutions for one integro-differential model and for the corresponding system with source

terms is investigated. The rates of asymptotic stabilization behavior are indicated.

Consider the reductions of the system of Maxwell differential equations to the system
of integro-differential equations. Suppose that the electromagnetic field propagates in a
substance whose electrical conductivity coefficient depends on temperature. In the

quasistationary approximation, the corresponding Maxwell system has the form:

dH
Fr = —rot(v,,rotH), (12)
d68 .
cva =v,, (rotH)", (13)

where H = (Hy, H,, H3) is vector of magnetic field intensity, 6 is temperature, ¢, and v,
characterize the heat capacity and electrical conductivity of the medium. Equations (12) and
(13) describe the propagation of the magnetic field in the medium and change of the

temperature due to Joule heating correspondingly.

If ¢, = ¢,(0) and v, = v;;,(0), then after integrating the equation (13) with respect to
time and substituting it in system (12), we get

13

dH 5
E= —rot|a fl?‘ﬂtHl‘dT rotH |, (14)

o
Where coefficient a(S) is defined by functions c, and v,,.

Above-mentioned integro-differential model is complex and can be studied only for

particular classes.

Consider the case when vector of the magnetic field has two components H =

(0,U,V), where U = U(x,t), V =V (x,t) are functions of time and one spatial variable. In

that case rotH = (0, - Z—Z, Z—Z), and system (14) takes the following form:
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av 1 au
e |22 - o,
¥ dx

E
f (au .
dx
o
v 3 J-
ar ox|”
BRY

Assuming temperature is constant along the substance, i.e. dependent on time, but

(15)

)‘d av_u
Tax—.

independent of spatial variables, then if H = (0, U, V), and then we get a system analogical to

(15):

£t 1 . - -

au JJ"(au)ﬂ+(avy e d aﬂ;_ﬂ

ar - ax ax Tlaxz —
oo -

[ A2 ravy 2] vy
(—) +(—) dx dr —0

(16)

[\ dx dx

The second section discusses the following system with source terms corresponding to

(15) and (16) systems:

Z—f—;—x a(J.[ )let —‘-FH(U] fi(xt),

| (17)
o2 ([l @) aon e
| \bo
and
¢ 1 2 2 2
Zi:—a(ff (Z—i’r) +(§—z)ldxdr St a) = fix0),
oo
(18)
¢ 1 2 2 2
g—a(ffl(z—j)i+(z—z)ldxd’r z;=+gwj=ﬁ(%‘-‘)-
oo

where a = a(S), g, fi, f, are given functions of their arguments.
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Large time behavior of solution of the following initial-boundary value problem

posed for systems (17) and (18) is studied

U(o,t) =u(1,t) =v(0,t) =v(Lt) =0, t=0 (19)
U(:X’, ﬂ:] = 'UD (R’], V(x:ﬂ] = VD (.’X’:]’ x € [011]_ (20)

In particular, the following theorem is proved.

Theorem 6. if a = a(S) = ay = Const > 0, g is positively defined function and
Uy, Vo € L,(0,1), then for the solution of problems (17), (19), (20) and (18) - (20) the

following estimation is valid in the norm of the space L,(0,1)

TN+ VIl < ce™".

In the third section of the same chapter, the question of the uniqueness of solutions of
problems (17), (19), (20) and (18) - (20) is discussed. In particular, the following theorem has

been proved.
Theorem 7. If a = a(S) = ay = Const > 0, a’(S) =0, a'"(S) <0, g is positively
defined and monotonically growing function and problem (17), (19), (20) has a sufficiently

smooth solution, than it is unigue.
The uniqueness theorem for problem (16) - (18) is also given.

Theorem 8. If a = a(S) = ay = Const > 0, a’(5) =0, a''(S) <0, g is positively
defined and monotonically growing function and problem (18) - (20) has a sufficiently

smooth solution, than it is unigue.

Numerical experiments carried out by using approximate solution algorithms
developed in the third chapter of the dissertation also confirm both the validity of the

theorem conclusions and the effectiveness of the mentioned algorithms.

In the third chapter for the systems of nonlinear integro-differential equations
discussed in the previous chapter, semi-discrete models and difference schemes are

constructed. The theorems of stability and convergence have been proved. A description of
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implementation algorithms and graphical illustrations of various numerical experiments are

performed.
Let's get acquainted with the content of the third chapter in more detail.
In the first section for the following nonlinear integro-differential problems:

%—% a J.[(aa—i‘r)2+(§—5)zl dr)g +g(U) = fi(x,t),

o

L o i

uv(o,t) =u(1,t) =v(0,t) =v(1,t) =0,
U(x,0) = Up(x), V(x,0)=Vp(x)

and

-

(BU)E_I_(BL’):d a*u+ (V) = £.(x.8
dx dx t dx’ g =filx0),

£ 1
aur J'J'
ar ¢
o o
£ 1
ar J'J'
ar ¢
o o

Uu(o,t) =u(1,t) =v(0,t) =V(1,t) = n,

-

G_j) ¥ G_D]d 2 HI= ix, 22)

dxZ

'U[:xr D:] = 'UI} (xj V(xr Dj = Tr"r[:l (x:]
the corresponding semi-discrete models are constructed:

du,

7 a(J [[uxi)z + [yxi)z] dr Jug, ¢ +g(u;)= filxt),

x

(23)

fj;:z' _ ﬂ,(J. [[uiz'): + [vii):] dr |vg, ¢ +gv,) = fi(xt)
0

&
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ug(t) = upy(t) = v(t) = vy(t) = ':"

ui(']j = UI}_,E'J' 'E?E- [ﬂ:] = VDJE';II- = ':'_,1_,..._,”

and
d £a—1
U, 5 )

e hJ. [[u“) + [1’.—“) ] dr |ug,; + g(u;) = fi(xt),
o i=1

d £ N-1

f —a hJ. [[u:fﬁ'): + [E;Jx_ﬂ_)z] darT Vi + g(pi:] = fz (x,t],

o= (24)

uy(t) = uy(t) = v,(t) = vy, (t) = |:|’
uz(ﬂj = Ul}_,:‘.!vz'[:u:] = VDJE,II- = ﬂ,l,...,N.
The validity of the following theorem is shown.

Theorem 9. If a = a(S) = ay = Const > 0, a’(S) =0, a"(S) <0, g is positively
defined and monotonically growing function and problem (18) - (20) has a sufficiently
smooth solution, then schemes (23) and (24) are stable and when h — 0, their solution
u(t) = (ul(t),uz (t),...,uN_l(t)), v(t) = (vl(t), 2 (t),...,vN_l(t)) converges to the func-
tions U(t) = (Ul(t), U,(t),..., UN_l(t)), V(t) = (Vl(t), v, (t),...,VN_l(t)) correspondingly

and in discrete analogue of the norms of the space L,(0, 1) the following estimation holds

lut) = U@l + llv(E) = V(£)ll, < Ch.

In the second section, the convergence theorem for the following implicit difference
scheme, corresponding to problems (21) and (22), is proved:

Jj+1

wo—dal v ) () + (h)] |t +9(d™) = £, (25)

k=1
x
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vl - Z[(u D+ E)] et 40 =5,

and

oY D[ ] )it ) = s

a ’”ZZ )+ ()] Jolii + 0 (I = £, (26)

Theorem 10. Ifa = a(S) = ay = Const > 0,a'(5) =0, a"(S) <0, g is positively
defined and monotonically growing function and problem (21) - (22) has a sufficiently
smooth solution, then schemes (23) and (24) are stable and when © — 0, h — 0, their
solution u(t) = (ul(t),uz(t),...,uN_l(t)), v(t) = (vl(t), vz(t),...,vN_l(t)) converges to
the functions U(t) = (Ul(t), U,(t),..., UN_1(t)), V(t) = (Vl(t), Vz(t),...,VN_l(t)) corres-
pondingly, and in discrete analogue of the norms of the spacel,(0,1) the following

estimations hold:

w —U|| =c(z+h), vl =V = c(t+h), j=12,....,M.
R R

The last, third paragraph of chapter three deals with the realization of the different
schemes corresponding to the integro-differential models and graphical illustrations which
are obtained from the numerical experiments. For the nonlinearity coefficient the following
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specific function is taken a(S) = (1 + S)?, 0 < p < 1. The results of numerical experiments

for p = 1 are given.

Note that, to study the process of diffusion of a magnetic field, numerical experiments
were carried out for various boundary conditions and for different values of exponent p. The
results of numerical experiments show that at the initial stage, when p — 1, the process of
penetration of the magnetic field is different from the case p = 1, i.e. when the linear case of
function a(S) is considered, although it has a similar large time asymptotic behavior. In the
beginning, a significant part of the magnetic field energy is released as heat in the near-
boundary zone, and later the conductivity structure leads to equalization of the temperature.

With the exponent close to one, the field penetration is rather slow.

The numerical experiments carried out for different values of parameters, show the
efficiency of the proposed algorithms and confirm the results of the theoretical studies for

the asymptotic behavior of the solutions.

In general, the results of numerical experiments allow describing some of the main
properties of the penetration process of an electromagnetic field into a substance, the

electrical conductivity of which is characterized by a special type of non-linearity.

At the end of the dissertation is given a resume, which outlines the main results of the
thesis. In the first and third chapters, the snapshots of various software codes are presented
that were applied for carrying out various numerical experiments fulfilled on different types
of problems and for the different values of input parameters of those problems. Modern
programming languages and software packages such as C ++, Mathcad, Matlab, Maple have

been used for the implementation of the algorithms.
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