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EhT = Eh X Wz, Eahr = Eah X Wz, & = 1,2,
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on = {(x,y;) = Ghyjh),  ij=01,..,M, Mh=1},

@1n ={(x1,y;) = (G —1/2)h,jh), ij=1,..,.M, Mh=1},

@on = {(xpy;) = (h, G —1/2)R),  i,j=1,..,M, Mh =1},
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_ .k _ ~ o k+1 _
U=1u;= u(xi:Yj: tk): U=u;;" = u(xi:yj'tk+1)'
~ k k k k
Uu—u _ U T Uiy Ujj— Ujj—1
ut - T ) uf - h ) _’}_1 - h )
k k k k
Uity — Uy Ujj+r1 — Ui
X h ) uy h )
k k k k k k
Uiy~ 2U Uy _ Uijer T2 UG
Ugx = h2 ’ Uyy = h2

Lo bb3sMd9d0 Wy, a = 1,2 3509bg ImEgdmwo 531964309d0Lm30L obo-
LOBOZMGOS 5b5EMYOMEIS.
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Vot = =V + 92 (UZuZy)'
ul(xlyl 0) = uz(x:J’:O) = UO(xry)' (x,y) € ahl

v1(x,¥,0) =Vio(x,¥), (x,¥) € @y, )
Vz(x,y' 0) = Vzo(X,y), (X,y) € 62!1'

u (x,y,t) =uy(x,y,t) =0, (x,y,t) €y X wy.

(5) - (7) LggBs8o sboew FMH7DBY F0sbEMGBdOMO 5MbBbLBOL Ladmzbgwrs d0dg3-
MO0 33MmMEmdm U1 s Uy BMbJaogdl, boerm 9989y ¥, s U, 3bd090L bsdmgzbo
D1, Ty 59mboblbgdols godmygbgdoom.
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(5) - (7) bggds Lfigolo 306HMDGdOL oM SBBMOEHMMSE FOYMIPOS WS 3OYOSWO.

dgmeg 05300 (2) - (4) 5dm3560LM30L Fobbow oy golisdwmsegdero dmgwro,
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3mdzom, Q=(0,1) X (0,1). dgdmz0®s6mom [0,T] ULgadgbBHdy doy: w, =
{tj =jr, j=0,..,N; 7= %} @5 ymggew A = [kr, (k + 1)t] 8999emg0do as630bowmom
UF o Vi (i = 1,2) gnbJ50900, Gmdmgdog Gomdmaoygbb 99000 3sLsdnsmgdmmo
5©O0GH0M0 Mol 5dMbobLbYdL:

ouf 0 (Vkauf)’

Mo T ox\ 't Tox
) . 8)
aUu d au
N2 —= == 25 —
Jat  dy dy
vk oU¥ 9)
_tl =V +g, <V1 0_xl> )
V¥ Uk

ot ~Vi+ 9, (Vz W) )
Ur| oy = Uty = 0,
Ug|,_y = Usl,_, =0 U(x,0) = Uy(x),
UF(x,y,t) = U1 (x, y, t), (10)
VEGL Y, t) = VE (o y,t)
i =12

LsBsGMN0s60s 9890 ©OIWds: (8) - (10) sdmEsbol s3mbsblbo (UK, VI, VF)
369050005 (2) - (4) 53m3560L (U, Vy, V,) 500bsblibolisggb .

3oL535 g0 FMEIEPOLMZ0L 5290E0s Gglsdsdolbo a {mbosbo bbgsmdosbo
Ldqdos:

Uy = 0y (D1fl1g)x + (1 — o) (V1Uy2) 5
(11)

v = =0 + g1 (V1ugx),
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Uy = O3 (1’7‘21:223—,)3/ + (1 - 02)(v2u23—,)y,

(12)
vy = —Up + gz(vzuzy),
ul(xﬂyl 0) = uz(xﬁ)/; 0) = Uo(x;Y),(x,}/) € (‘_)h'
171(95,)7; 0) = V10(x,)’); (x' )/) € a_)lhr
(13)

UZ(x;yr O) = Vzo(%)’)» (X,)I) € (‘_)Zh:

u(x,y,t) =u(x,y,t) =0, (x,y,t) €Eyp X wy,

Udgdsdo (11) - (13) Gosbermgdomo sdmbsblbgdols t = t, Mol HodGHowgddo
Bo3m3bgs, 99 FgME0WwgdTo 35MEgMO® 330mMmdo (U, V1) ©d (U, V) Bosb-
MO0  5dMbsbLBYIL. Lsdogdger OB Lsdmermm FosbEwmgdom sdmbsbLBL o6
9596l v, vy, u, BOOEg U = NyUy + Ny Uy, MMz > 0, Ny + 12 = 1. 5bosew IOgDYg o0L-
3@0LOl V1 @O vV, 89630900LmM30L Lofigolo 30MMdGDO FoBoLIBOZMGds Hobs TMmBY
900900 58Mmboblbgdol 8999, bewm Uy s U, B6J30900Lm30L LEHgol ZoMmMdsL
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356590 H030L ©93:33MBOE0IE FgoMEL, MoYBsE U BMBI300L Lodmzgbgwso
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0BS300L F993900L sfgMsls @ FoMdmygbsl. dsldo HoMmdmpgboros (2) — (4)

mO256DMmI0gd0560  39MHIM[oMHTMGOMgd0sbo sMHOR0Z0 98M3560L  Fosbermgdomo

53mboblbol sbvggds© 259myqbgdrIeo (335¢gd50 0oLy Lbgsmdosbo dq-

959 53 dbgdMeEo ©9Y3I3MBOEMMO BgoMPOLS s AoLTsgdMEo FgmmEOol 9-

Bodsdobo Moabzomo 9Ju3gmH0dgbGgdol d9w9gagd0 @S Fomo FJEIMGIOMO sbsE0DBo.
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50F9M0os bbgsmdosbo 1dgdgdom d0Mgdwwo seym®momdo s Fgbodsdolbo 3md3ov)-
AIOMWO M9oE0DBI300L 3MIM3ILO. SEWPMOHO0MTJOOL MYoE0Bs30d Fobbowraros dglss-
0530b0 BH9LBHYOOL LsBmMAz9DBY. MHOEb30MO dMbsEIFgdOL FoLoMds© WIFIMOWOs 3MT-
309G 900 3MbLMEOHO 3MMYMTs 3OMAMIA0MGO0L gbs C++-0l Lodwmoegdom, 3GIMmy-
530l sfigMoLol 2om3500olHobgdmwos 3mA30EIOWo 3OMYMmToL  T9ddsgz9d0l
9303965330900,  499mYygbgdmos Md09dBHBY MM09BbGH0MIIMWO  I3OHMYEMSAOOL
36063303900 ©5 M3EGH0ToIMH0 3OMAMTIOOL JOMOMOEO 9gdgb@gdo. 3MMmaGmsdols
000MJM  B50wdo EHIMHo 3L b ghmzol 3m396@IMJd0 JsGromme 9bsby,
Omdgog Imdbsegdgels bLodsegdsls 5393l 25963398 MOMYMEO Jarsliols s dolo
99000 900L ©s60F6Mgdsls S 29dmYyqbgdol L3gE0x03530. Bo@sMgdImo HoEbzomo
99b39600896¢30L 9990 OLYOESE030 TM39FME0s AMSR03ZMIWO Loboom.

MoEbzomo dg0mEqddo (oMmdmygbowo serymMomdols ddomdol dgdm{jagds,
d90dgds  bbgoalbgs obosliosmgderol dobggzom gobbmiogegl, ™mdiEs do®o-
0505© dmfjdgds mMo 9603369em3560 BogBHMOO SEaMmMomTol JglitrmEgdsBg -
boOx o 85645bmMmo oM™, o3 235993l LyFSEdIL 303K JPM SOOI
930b6m30MOMdsDg s GgmMg - BsBHomgdMEo  MHogbgzomo gdudg@odgb@gdols LoBMLEg.
B90m» 506086 dgomEgddo (omIM©Ab0w0 sWaMOHO0MTGOOL F9gIMGdS ABbMO-
BOIW S JM000039 3M3309BHIODY JM00©02039 GJLGHOLMZ0L MO0 BodEHMOOL
39035¢0oljobgdoo.

*  OMOMO B5JBMMO. 3nI309EHIOMWO 3OS M EMML SBEMIGRL MoM™gMEwo
39000l d9dmbggzsdo Imbo3gdqdol sdw)dsgzgdsl.

e Moabz0m0 9db39M08g6@EJdOL LOBMLEHOL BodGmMo. Tglolifogwo s8m3sboL dosberm-
90000 5dmboblbo (3bs0s BodloToE MO LODMLEBH0M sbeErml Mbs 0ymlb GgseM®
53mbobLlbMSD. LOBMLEHOL TgLoEIMGOWHE 3OMYMHTST0 IMZEOE0s BMLBHO
30obErMmgd0mo 53mbsblibgdl ImGol bgomdgdo, Bgdmom dJmiEgdeo mMmogg dgom-
oLmM30L 9MMO S 03039 33963909 50gdmEos  Lb3sMdYOL GOl JoglodserMHo
960036900900 ©s 0lobo G9sMgdMWos 9gMmTsbgm™MSb.
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oLgOES305d0 FoMdmagboo 39MdmFomBMgdMegdosbo oRgMgbEoswmmo

396@™@gd900lL dosbemgdomo s3mbLbol 3mzboll 3MMmgldo gobloBaMMEO senyMm-

60030l ©95c0Bs300LM30L Ms6J0TY3MMEs® RoBoM©s 899gao Loddom:

BOPgol 9BHO3Bg 4oboLLBEZMS BbgsMdosbo bdgdol Jglsdsdolio seEamEmOmMTol 5900l
3900, 2560L5DPOZOS sSEWYMOHOMNTOL MJoEOBIEF00LMZ0L BoFOMM FgdbmeM0s;
303309390 3MmyMsdol 3990l dgbodmfiagdms dgocBs Tglolijogero sdm-
3960l glisdsdolio 36ogdGHozmwo GH9gb3goo, B3vbd30900, MMAWIdOE 93054MR0WdIb
59m 3960 LoFyob-LaboBOZIO™ 30OHMdGOL;

A9bE9d0L F9MPB930L F999Y WIA0BS Fglsdsdolo JoGrxzgbs ABSMYJd0. MoYBSS
59m39bs Ho03mo bl m®yobBMmIogd0sb 396dm[omdmgdmewgdol d99339w Lob-
A905L, dgLodsdobo FglBgddo 2oblsbwzm Mo gMbd309d0L gohatmBmgdol dgwgyo®
609 d90mbg93580 d00mgds B5305M© OO oFMLILYgds (Fotx39bs FbOY). o6~
X3965 360l oLOYRIB® 499YgbgdE0s LOTdMEMEO F500935EH03MMO0 35393)J00;
956x 3965 IbsGOl Jowgdol 9999 39bbMM 309 BoLO 9GBS I3MMYMHTGdOL
3909930 3OMAM5d0Mg00L gbs C++-0l LobEsdLol Ws(330m;

390009y 9393Dg md09]GBY MmM096EGH0MGOMO 3MMYMSTGOOL 3GOEBO3GOOL Yomgs-
©@obfiobg000 560LsBM3MS 30330v)GIJOO 3OIMYMHTOL 5350030 530 9dIEO
3wsligdo;

0909995305 305Lgdol  MOMNO0YMNHT535330MJDII0  COMYO3S, CIODMIMIO A0S~
Lobmgol dolbo  sb0dbMEgdol  omM35eoLobgdom  oboloBzcs  Jglodsdolo
(331500900, 3mbLEMWJEHMMIO0 S IGNMEIO0;

503 5MMH0mM30, I0GJLES IFIOOO 3OMYMHTMEO 3000;

396bMM 309 0MgdMEo J99agd0L sboseobo.
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34390m» Fo®mdmMm©960w0s BMLE s Josbermgdom gbdi090L ImEmol bbgomdg-
0oL dLME Ao 603369 Mddol dogloddgdo MOl Lbgswasbbgs 3603369 mdYg-
00LO™M30L S 3OHMYGMSToL B0ge sbsOXMWO O™ 589030 (33509050 JodoMYIEng-
0oL Bbgomd0s60 bdgdom M3 GgbGO 9du39MH0dgb@Edo.

t O od98do gM3oggds U gmbdioologol
02 0.274000 0.00010842385853721551
0.4 0.483000 0.00038951627884258131
0.6 0.683000 0.00037023791408955767
0.8 0.872000 0.00008673135778793728
10 1.079000 0.00000000000000713858

t O s998do gmdoggds Vi gvbdzoobomgol
02 0.274000 0.0000286637100943507
0.4 0.483000 0.0000217683842285105
0.6 0.683000 0.0000179778858910805
0.8 0.872000 0.0000372260948910963
10 1.079000 0.0000797580445488499

t O {}s990do 3M30¢9ds V, gmbdgoobogzols
02 0.274000 0.00000016589258744482
0.4 0.483000 0.00000121995095070382
0.6 0.683000 0.00000515877373530316
0.8 0.872000 0.00000910660812003528
10 1.079000 0.00000952916303376128
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31939 Pomdm©9b0w0s BMLE s dosbErmgdom B6J3090L FmMol Lbgsmdgdol
3OLMEMEHMMHo 360d3bgermdgdol dodlodmdgdo EMm™MoL Lbgsslbgs 360d369wMdgdO-
L5030l @S 3MHMYMSTol J0geH IBIMKR IO MM 599000 2oLV YGOMEIO FJOIMEO)

QIM30 GgbEe 9Ju39MH0dg6@Edo.

t O od98do gM3oggds U gmbdioologol
02 0.224000 0.00091442740483927483
0.4 0.402000 0.00078163405180922446
0.6 0.584000 0.00056633397499628870
0.8 0.766000 0.00060341097809001141
10 0.938000 0.00000000000000325628
t O s998do gmdoggds Vi gvbdzoobomgol
02 0.224000 0.00023860025346259623
0.4 0.402000 0.00054273663029244903
0.6 0.584000 0.00092074937725837808
0.8 0.766000 0.00138279238372147808
10 0.938000 0.00193893634968879858
t O {}s990do 3M30¢9ds V, gmbdgoobogzols
02 0.224000 0.00002333039147702775
0.4 0.402000 0.00005301652662963191
0.6 0.584000 0.00002978406392209638
0.8 0.766000 0.00003444206522051065
10 0.938000 0.00008768830847336419
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6oEbzom 94u3gm0dg6EHYdBY 933060390 0deg3s LodwgseEgdsls 351336500, OHMI
3oL3OGOIMWO FJNMEO 9IMJI0m LHMSTI® M9oe0BYds©Os 30000 (335¢JdIPO
90850000 gdol bbgomdosbo Uggds. s0bodbmwo gog@o dmbogmbgwos ogm, G-
39653 29L58995¢ 00 BMEYOL SWYMOHOMNTOL M9oEP0BIE300L 3OMEILT0 sboer dMg by
9mb5(399900L om3s J0IEObIMGMBOL 35605 EMmS®, brm (3359050 G0dsM Y-
ool LBbgomdosbo Uggdsdo 000@Y3eIMdom, 51939 M3gMOE0SMS MOEb30  Foliodwo-
0o dngeol bdgdol dg8mbggzsdo MgmM b53wgd0s 30O (33509050 306~
0990900l bbgom0056 bdgdsdo. 3bMOEgddo HoMmdmygbon dmbozdgdbY o330M3930m
BobL, O™ 9M9q00L F9MGH0wdoL Momgbmdol BOPILMD JMms© AoLIT GO O
9ol gLs8530L0 SERMOOMTOL 950 BI305 MBOM LGRS J0IEODIMYMOL.

obgMES30530 sOgMowo MO39 9900MEOLM30L  JMmM0L03039 MY by S©9-
00 HBMLE s F0obMgdom 5dMbobLlBYdOL FmMol Lb3zsmdgdl dmMol dsdulodmdgdols
0905609300 890dwgds 35533650, MHMI (33509050  F0FsOMMEgdOL  LbZsMdOsBO
Ud9gds 0dg3s FgsMgdom F9¢ LOBMLEAEHIL 306G AoLITOW YN0 dmEgEol Tg-
LSOO bbgomdosbo bgdgds. sbodbmwo g9y godmfagmeos bgzsmdosbo 1gdgdgdol
01690096 259MmI0bsMY, (33909050 F0FsOMMEgdol b3zsmd0s6 bdgdsdo U xwb-
J3oolb 398mm3wol 3OHMmEqldo Jowgdmo gob@mewgdgdo MmGmYREBMI0Wwgdosbos, bowm
3oL dmOgdMe dmEgwdo d00gdwo U 3w96J300l 250mmas ©o0ygzsb69ds gMmysb-
BMmIogd05b 3963HMgdq0DY.
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General Description of the Work

Actuality of the Topic

Nonlinear partial differential equations are one of the important ways in mathe-
matical modeling that help in describing many different real processes. In most cases, it is
impossible to have an exact solution of the given problem but an approximate solution can be
found and this requires deep knowledge of the methods of computational mathematics. It
should be noted that each problem according to its specifics represents the topic to be studied
separately. On the first stage, the given problem is evaluated and an effective algorithm for
finding the solution is selected. On this stage, theoretical conclusions are made. More
specifically, whether it is possible to apply any numerical algorithm to the problem, whether
the task has a solution and if it is the only one, whether the solution is stable to initial values,
what kind of error should we expect in case of the approximate solution and what is the rate
of the error. The next stage includes the computational realization of the selected algorithm
which in turn requires deep knowledge of the programming aspects. On this stage,
technology must be selected that will be effective for building algorithms. During the
computational process error accumulated by computer must be taken into account. On the
next stage, the given results are evaluated and analyzed, examined to determine how close is
the exact solution of the problem to the approximate one. On this stage, different
calculations are performed and it is examined what kind of results does the realized
algorithm has in case of simple, average or complex tests, whether the data found during

practical realization agree with the theoretical results.

Using the nonlinear partial differential equations it is possible to describe different
biological processes. One of such biological processes is the vein formation in leaves. One of
the mathematical models describing the abovementioned process was proposed by English
scientist J. Mitchison and it is represented as a nonlinear two-dimensional partial differential

system.

In the mathematical model described in Mitchison’s work, the signal of vein
formation in leaves is transferred between cells by diffusion. By the mathematical model is
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described the vein formation, which is based on the results of different experiments. After
taking notations in Mitchison’s work into account the mathematical model has the following

general form:

65_ 0 (D 6S)+ 0 (D as>
at ~ dx; \ tox;)  0dx,\ Zdx,)

0D; (D D 65) 1)
ot =/ Do Yox,/)
0D, ( D 65)
e~ \P 2 0x,)"

Where S(t,x1,x,) is concentration of signal, D; and D, and coefficients of diffusion
correspondingly along OX; and OX, axes. The abovementioned mathematical model
describes a case when external factors don’t contribute to vein formation, there is no

disfiguring, splitting or breaking of tissues.

It should be noted that studying this mathematical model is interesting not only from
the perspective of biology and mathematics but the solution of (1) system is based on using
numerical methods and optimal algorithms which in turn requires deep knowledge of
information technologies, especially programming. Realization of relevant algorithms and

getting results is one of the interesting topics in programming.

The Object and Purpose of the Study

The purpose of the dissertation thesis is an approximate solution of one nonlinear

two-dimensional partial differential system of biological model.

In the following version of the (1) biological model proposed by Mitchison in the
domain Q = QX% (0,T) where Q =(0,1) X (0,1), an initial boundary value problem is

considered:
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aU_a(V 6U)+6<V 6U> )
at ~ ax\ 'ax/  ay\ *ay/)

av, U
- =Vit+a: (Vl _)'

ot Ox
3)
v, - (V 6U)
ot 2 T 92 Zay )
U(x,0,t) =U(x,1,t) =U(0,y,t) =U(,y,t) =0,
U(x:yi O) = UO(x'y)? (4)

Vi(x,y,0) = Vio(x,y), Va(x,y,0) = Vao(x,y),

For building an approximate solution of (2) — (4) problems two different approaches
are considered. Both belong to the so called decomposition methods group. The first ap-
proach is a decomposition method based on variable directions difference scheme and the
second approach is based on averaged model. Some theoretical research have been conducted
for them using mathematical apparatus. Difference schemes for both approaches have been
built and necessary algorithms for their realization have been described. Relevant software
have been created for realization of the resulted algorithms and numerical experiments have

been conducted for relevant tests.

Scientific Novelty and Main Results

Finding an economical algorithm in numerical methods that allows solving the
presented problem with desired accuracy, also minimizing computer time of algorithm

realization is important.

In this dissertation thesis the uniqueness of the solution of (2) — (4) nonlinear two-
dimensional partial differential problems is studied considering the source term. To find an
approximate solution of (2) — (4) problem, a decomposition method based on variable

directions difference scheme is used, stability and convergence of the scheme is analyzed.
23



For find a solution of (2) — (4) problem, a difference scheme relevant to averaged model was
built and its convergence was analyzed. In the concluding part numerical experiments are
conducted based on which the approximate solutions derived using the abovementioned two

methods were compared.

New software was written and it was used for practical realization of relevant
algorithms. Programing language C++ was selected as programming environment. During the
process of programming the principles and approaches of programming focussed on objective
was considered. For symbolic computation of functions and visual representation of data
modern softwares designed for processing mathematical symbolic packages MATLAB,

MATHCAD were used.

Conducted work and resulted data that were carried out in computational mathe-
matics to get an approximate solution of (2) — (4) nonlinear two-dimensional partial diffe-

rential problems is an interesting and important novelties.

Approbation of the Work

Familiarizing with main results presented in the dissertation thesis was implemented
on republican and international scientific conferences: Enlarged Sessions of Seminars of Ilia
Vekua Institute of Applied Mathematics of Tbilisi State University (in 2011, 2012, 2015, 2017), 5
Conference of Mathematicians of Georgia (Batumi, 2013). Results have also been presented
on the 15% international conference of WSEAS that was held in the capital of Greece, Athens
in December 29-31, 2010. With regard to dissertation topic doctoral students earned grant in
2016 and it was successfully finished in 2017. Results obtained in terms of the grant were
presented to scientific community on the 5% international conference in biotechnology and

bioengineering that was held in the capital of Thailand, Bangkok on December 8-10, 2016.

The Volume and Structure of the Dissertation

The dissertation thesis contains 110 printed pages. It consists of introduction,

theoretical context of the research, three chapters, conclusion and list of used literature.
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Summary of the work
In the introduction relevance of the topic studied in dissertation thesis is discussed.
Literature review is given, purpose of the dissertation thesis is described, main results and
summary of the thesis is given. In theoretical context of the research main theoretical aspects
used in dissertation thesis are described.
In the dissertation thesis research is conducted about numerical methods to obtain an
approximate solution of (2) — (4) system. While studying the methods in Q domain the

following grids are introduced:

EhT = Eh X Wz, Eahr = Eah X Wz, & = 1,2,

where
wn ={(x,y;) = (ihjn), i,j=01,..,M, Mh =1},
@ip = {(xy;) = (A= 1/2)hjh), ij=1,..,M, Mh=1},
@on ={(xyy;) = (h, G —1/2Dh), ij=1,...M, Mh=1]},
wp = QN @y, Yn = Op/wp, Wp = wp U Y,
w; ={ty =kt, k=0,..,N, Nt =T}
For difference schemes the following well-known notations are used:
u= u{‘] = u(x, ¥, te)s = uf‘]“ = u(x;, V), te1)s
u = u-u " Ujj — Uiy, " Ugj — Ui
t T ) X h ) y h )
Uy U _ Uijer ~ U
X h ) u'y - h ]
Uiy~ 2uf; +uly _ Ujjyr — 2uf; +uf_y
Ugx = h2 ’ yy — h2 )
Finite differences w,,, a = 1,2 for the functions presented in grids are defined in the
same way.
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In the first chapter the uniqueness of the solution of (2) — (4) problem is studied
considering the source term. For (2) — (4) problem, a decomposition method based on
variable directions difference scheme is also discussed and stability and convergence of the

scheme is analyzed.

For (2) - (4) problem a variable directions difference scheme is built:

Uy = (D1llye)x + (Uzuzy)y;

(5)
Uy = (D1ll1g)x + (92ﬁ2y)y,

v = =0 + g1 (V1ug5),
(6)

Ve = =Dy + gZ(UZuZy)'

ul(xﬂy' 0) = uZ(xly'O) = UO(xﬂy): (x:y) € whﬂ

v1(x:}7;0) =V10(x:y);(X,y) Ea—)lhy ( )
7

vz(x,y, 0) = VZO(xly)' (xry) € (‘_')Zhl

ul(x,y, t) = uZ(xly't) = O, (X',y,t) € Yn X We.

To find an approximate solution on a new layer system of equations in scheme (5) —
(7) is solved in sequence v, then u,, after that solved v, and finally using the already found
solutions we solved u,. The final approximate solutions for the target layer are v,, v,, us,.

After moving to a new layer initial conditions are defined from the previous layer.

The following proposition is true: If (2) - (4) partial differential system has sufficiently
smooth solution U, V;, V,, there (5) - (7) scheme is absolutely stable towards initial condi-
tions and it is convergent.

In the second chapter the averaged model for (2) - (4) problem is discussed which is
one of the important method of creating economical algorithm. The concept of the
abovementioned method is finding an approximate solution of the system after reducing
multi-dimensional problem to one-dimensional ones. After approximately solving one-
dimensional problems the final multi-dimensional solution is created by composing the

resulted solutions.
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Let Q=(0,1) X (0,1). Introducing grid on [0,T] segment: w, = {t]- =jT, j=
0,..,N; 1 =%} and for every A, = [kt, (k+ 1)7] interval let us discuss Uk Qo vk

(i = 1,2) functions that are solutions for the following averaged additive models:

ouf 9 (nggf>’

" = o\
k k ®)
ou d au
772 _2 =5 VZk _2 )
ot dy oy
AL ouf 9)
o - +g1<V1 o )’
vy . Uy
FT -V + 9 <V2W )
Uflx:O = Uflx:l =0,
U§|y=0 - U§|y=1 =0, U (x,0) = Up(x),
Ulk(x' y’ tk) = Uk_l(x! y: tk)l (10)

Vi y, t) = VE (v, t)
i=12.
The following proposition is true: The solution (U*,V{, V) of (8) - (10) problem is

convergent towards the solution (U, V3, V,) of (2) - (4) problem.
For the averaged model a relevant o weighted difference scheme is built:
Uy = 01 (V1) x + (1 — 01) (V1Us)xs

(11)

Vi = =0 + g1 (viugg),
Uy = 02(92ﬁ2y)y + (1 - 02)(Uzuzy)y,

(12)

Vyr = —Up + gz(vzuzy),
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ul(x'y' 0) = uz(x'% 0) = Uo(x;}’),(x,)’) € a_)h;

171(95,)7; 0) = V10(x,)’); (x' )/) € a_)lhr
(13)

UZ(x;yr O) = Vzo(%)’)» (X,)I) € (‘_)Zh:

u(x,y,t) =u(x,y,t) =0, (x,y,t) €Eyp X wy,

In order to find approximate solutions for points in t = t; layer in (11) - (13) scheme
we simultaneously find (u,, v;) and (u,, v,) approximate solutions in these points. The final
approximate solution for the target layer is v;, v,,u where u = nyu; +n,uy, 141, >0, 9y +
n, = 1. After moving to a new layer initial conditions for v; and v, functions are defined
using solutions for the previous layer and initial condition for u; and u, functions is the u
function that was derived in the previous layer. This method is a parallel type decomposition
method because for finding u function the process of finding u; and u, functions derived by

decomposition of the problem is being carried out simultaneously.

An important and integral part of numerical methods is the process of realization of
algorithms corresponding to different schemes. Construct a computer program based on the

corresponding algorithm, presenting and analyzing the numerical results obtained.

The third chapter is describing and presenting the results of realization of algorithms
relevant to theoretical research. It includes the results and comparative analysis of the
numerical experiments relevant to decomposition method and averaged model based on
variable directions difference scheme used to derive an approximate solution of (2) — (4)
nonlinear two-dimensional partial differential problem. Algorithm created by difference
schemes and relevant computer realization process is described. Realization of algorithms is
discussed based on relevant tests. For deriving numerical data a console software was written
using C++ programming language. During writing the software recommendations for
working on software was taken into account, principles of object-oriented programming and
major elements of optimal programming were used. In each file of the program the code

comes with comments written in the Georgian language which allows users to get familiar
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with purpose and using specifics of each class and their methods. Results of the conducted

numerical experiments are presented in the dissertation thesis in a graphic form.

Examination of the algorithm presented in numerical methods can be carried out
using different parameters but usually two important factors are examined: Computer time
spent on executing the algorithm which allows us to discuss efficient performance of the
algorithm and second — accuracy of the conducted numerical experiments. Comparison of
the algorithms presented in the abovementioned methods was carried out in the same

computer considering two factors for the same test.

e Time factor. The time that software need to process the data for each method.

e Accuracy factor of numerical experiments. An approximate solution of the studied
problem must surely be close to the real solution with the highest accuracy. For
comparing accuracy, differences between exact and approximate solutions are calculated
in the program, for the both abovementiond methods maximum values of differences are

selected for the same points and are compared to each other.

For realization of the algorithm defined in the process of finding an approximate
solution of partial differential equations presented in the dissertation the following work was

coherently conducted:

e On the initial stage ways to create the algorithm relevant to the difference scheme were
determined, necessary technology for realization of the algorithm was defined;

e In order to verify software result, practical tests relevant to the studied problem and
functions that satisfy the initial boundary conditions were selected;

e After selecting the tests relevant right sides were determined. Since the problem is a
system that includes two-dimensional partial derivatives, after differentiating the
functions defined in relevant tests the resulted expression in some cases is rather long
(the right side). For defining the right side symbolic mathematical packages are used;

o After deriving the right side it was transferred in programming environment following

C++ programming language syntax;
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¢ On the next stage following object-oriented programming principles the necessary classes
for creating software were determined;

e Logic for interconnecting classes was defined, relevant variables, constructors and
methods were determined for each class based on their purpose;

e Algorithm was created, written software code was tested;

e Resulted data were analyzed.

Bellow there are maximums of absolute values of differences between exact and
approximate functions for different time values and time spent by software in seconds in test

experiments calculated by variable directions difference scheme.

t Time in seconds Error for U function
02 0.274000 0.00010842385853721551
0.4 0.483000 0.00038951627884258131
0.6 0.683000 0.00037023791408955767
08 0.872000 0.00008673135778793728
10 1.079000 0.00000000000000713858

t Time in seconds Error for V, function
02 0.274000 0.0000286637100943507
0.4 0.483000 0.0000217683842285105
0.6 0.683000 0.0000179778858910805
08 0.872000 0.0000372260948910963
10 1.079000 0.0000797580445488499
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t Time in seconds Error for V, function
02 0.274000 0.00000016589258744482
0.4 0.483000 0.00000121995095070382
0.6 0.683000 0.00000515877373530316
08 0.872000 0.00000910660812003528
10 1.079000 0.00000952916303376128

Maximums of absolute values of differences between exact and approximate functions
for different time values and time spent by software in seconds in test experiments calculated

by averaged method are also presented.

t Time in seconds Error for U function
02 0.224000 0.00091442740483927483
0.4 0.402000 0.00078163405180922446
0.6 0.584000 0.00056633397499628870
08 0.766000 0.00060341097809001141
10 0.938000 0.00000000000000325628

t Time in seconds Error for V, function
02 0.224000 0.00023860025346259623
04 0.402000 0.00054273663029244903
0.6 0.584000 0.00092074937725837808
08 0.766000 0.00138279238372147808
10 0.938000 0.00193893634968879858
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t Time in seconds Error for V, function
02 0.224000 0.00002333039147702775
0.4 0.402000 0.00005301652662963191
0.6 0.584000 0.00002978406392209638
08 0.766000 0.00003444206522051065
10 0.938000 0.00008768830847336419

Numerical experiments allows us to conclude that averaged method can be realized
relatively faster than the variable directions difference scheme. This fact was expected since
during the process of realization of the averaged model algorithm computing data on a new
layer goes in parallel and in variable directions difference scheme it is sequential. The
number of operations is also less in the case of the averaged model scheme than in variable
directions difference scheme. Based on the data presented in tables it is evident that by

increasing the number of layers realization of the averaged model algorithm goes faster.

By comparing the maximums of differences between exact and approximate solutions
on the same layer for both methods mentioned in the dissertation thesis we can conclude
that the variable directions difference scheme allows relaitvely more accuracy than the
relevant averaged model difference scheme. The reason behind this result is the nature of
difference schemes — in variable directions difference scheme the equations we get during
the process of computing the U function are two-dimensional and in averaged model

computing the resulted U function is reduced only one-dimensional equations.
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