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Introduction

Shape Theory is an important and rich branch of Geometric Topology. Its methods
can be successfully applied to the study of problems of Topology as well as other
branches of Mathematics. Shape theory is meaningful extension of homotopy theory
of spaces having homotopy type of ANR-spaces, polyhedras and simplicial complexes

to the categories of more general spaces.

The shape theories that satisfy the main results of classical shape theory play
essential role in modern topology. Their quantity and importance are systematically
growing in the process of the research of the various problems of topology (Homology
theory, Homotopy theory, Retracts theory, Shape Theory, Dynamical Systems, C*-

algebra and others).

At the begining shape theory was constructed by K.Borsuk ( [Boo|- [Bo4]]) for
the category of compact metric spaces. S.Mardesi¢ and J.Segal extended Borsuk’s
shape theory to the category of compact Hausdorff spaces ( [M-Si|- [M-Ss3]]). After
that R.H.Fox spread Borsuk’s theory on the category of metrizable spaces [Fo|. The
another generalization of shape theory was described by B.J.Ball and R.B.Sher in |Ba-
Sh], where they constructed proper shape theory for the category of locally compact
separable spaces and proper maps. Besides, B.J.Ball investigated the proper shape
theory for the category of locally compact metrizable spaces and proper maps |[Ba|. The

proper shape theory for the category of locally compact paracompact spaces and proper
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maps was developed by V.Baladze |B;|. Shape classifications of paracompact and p-
paracompact spaces was described by A.Sostak [S] and S. Mardesi¢ and A.Sostak [M-
S] Shape theory for the category of arbitrary topological spaces was developed by
K.Morita [Mor| and S.Mardesi¢ |[M,].

The categorical aspects of shape theory were studied by J.M. Cordier and T.Porter
[Co-P]

The shape type extensions of uniform homotopy theory of absolute neighbourhood
uniform retracts, equivariant homotopy theory of equivariant absolute neighbourhood
retracts and n-homotopy theory of absolute neighbourhood retracts were constructed

and investigated by several authors.

Uniform shape theory for the category of uniform spaces introduced by Agaronian
and Smirnov |A-S|, V.Baladze ( |Bs|, [Bo|, [B11]), V.Baladze and L. Turmanidze ( [B-
Tuy|, [B-Tuy|), D. Doi¢inov ( [Doj]- |[Dos|), Nguen Anh Kiet |Ki|, T.Miyata ( [Miy]-
[Mis]), T. Miyata and J. Segal [Mi-S|, T.Miyata and T. Watanabe |[Mi-W|, Nguen To
Nhu [NT].

The origins of equivariant shape theory of spaces with action topological group can
be traced back to papers by S. A. Antonyan, R. Jimenez and S. de Neymet [An-J-
N|,S.A. Antonian and S.Mardesi¢ [An-M], Z. Cerin [Cs], P.S. Gevorgian ( [G4]- [G3])
and Yu.M.Smirnov ( [Smy|- [Smg|). In the solution of problems of equivariant shape
theory important role plaid the methods and results of papers ( |An|- |[Any|, [An-J-
NJ, [An-M]).

The n-shape theory was constructed by A.Chigogidze ( [Ch;|, [Chs]) for the cate-
gory of compact metric spaces. His results have been expanded on the category locally
compact separable spaces and proper maps by Y. Akaike ( |[Ak;|, [Aks]), Y.Akaike and
K.Sakai [Ak-Sa] and K. Sakai [Sa]. The n-shape theory for the category of arbitrary

compact Hausdorff spaces was investigated by R. Jimenez and L.R.Rubin [Ji-R].
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There are several approaches to the fiber shape theory for spaces over a fixed space

B and continuous maps. The fiber shape theory is extension of fiber of homotopy

theory of ANRg,-spaces ( |[Doly], [Y2]) and ANR-maps ( [U], [N-S]).

Fiber shape theory for the category of compact metric spaces over fixed space By
and fiberpreserving maps where introduced by H.Kato ( [K;]- [K4]) and M.Clap and
L.Montejano [Cl-Mo|. In papers ( [Y4]- [Y4]) T. Yagasaki considered and investigated
fiber shape theory of category metric spaces over By and fiber preserving maps.Fiber
shape theories for arbitrary spaces over By, maps of metric spaces and maps of topo-
logical spaces developed in papers V.Baladze ( [Bo]- [Bg|, [B11]), Z.Cerin [Cy] and D.
A. Edwards and P. T. Mc. Auley [E-A].

Together with the classical shape theory and its variants there exists an important
branch of modern geometric topology, so called strong shape theory, which besides
the applications in topology (general topology, algebraic topology, geometric topol-
ogy) ([Ms],[Md]), has also applications in other branches of mathematics (dynamical
systems, C*-algebras)([H], [D]).

Strong shape theory for different categories of spaces was investigated by several
authors. For the category of compact metric spaces equivalent strong shape theories
were introduced by F.W.Bauer [Bau|, A. Calder and H.M.Hastings |Ca-H|, F.W.Cathey
[C4], J.Dydak and J.Segal |[Dy-S], D.A.Edwards and H.M.Hastings [E-H|, Y.Kodama
and J.Ono [Ko-O], Yu.T.Lisica [L4| and J.B.Quigly [Q].

Strong shape theory for the category of general topological spaces and arbitrary
categories was constructed by M. Batanin [Bat|, F.W. Bauer |Bau|, J.Dydak and
S.Nowak ( [Dy-Ny|, [Dy-Ns|), Yu.T.Lisica |Ls], Yu.T.Lisica and S.Mardesi¢ [L-M],
Z.Miminoshvili [Mim] and L. Stramaccia [St]. In the papers are solved several seri-

ous problems of Topology [Mjs].

For the present period of the shape theory development it is characteristic to design
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and research different versions of strong shape theory.

Strong shape theory based on the notion of equivariant homotopy constructed by
V.Baladze [B4] for metric G-spaces and A.Bykov and M.Texis for compact metric G-

spaces [By-Tey].

Strong shape theory based on the notion of n-homotopy was developed by Y.Iwamoto

and K.Sakai [I-Sa].

Fiberwise topology is a new direction of topology developed on the basis of General
Topology, Algebraic Topology and Geometric Topology. Fiberwise topology occupies
a central place in topology today. It’s methods were played important role in the solu-
tions some problems of Differential Geometry, Lie Groups and Dynamical Systems, so
establishment of new properties and characteristics of fiber spaces has more important

significance.

The aspects of Algebraic topology and Homotopy topology for fiberwise topology
were studied by James |J5] and James and Crabb [Cr-J|. The investigation of fiberwise

topology in the view of general topology was developed by F.Cammaroto, B.Pasymkov,

D.Buhagiar and T.Miwa ( [Bu-Miw-Pal, |Ca-Pa]).

The problem of construction of strong shape theory for fiberwise topology is one of
interesting problems. As the strong shape theory arises from homotopy theory, so fiber
strong shape theory arises from fiberwise homotopy theory. To develop of the fiber
strong shape theory is natural. It is hoped that this may stimulate further research of

fiberwise topology, in particular, of fiberwise homotopy theory.

The main goal of the dissertation work is to develop the strong shape theory of
fiber topology, the investigation of the problem of construction of fiber strong shape
classification for compact metric spaces and general topological spaces, the search of
necessary and sufficient conditions the fulfillment of which will imply that the shape

morphisms will be fiber strong shape equivalences. The aim of the thesis is also to
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transfer main focus on the geometric interpretation of fiber strong shape theory.

We begin with a short description of results of the thesis by chapters. The disser-

tation work consists of Introduction, three Chapters and Bibliography.

Introduction shortly describes the history of strong shape theory and the results
obtained in dissertation work. Chapter 1 provides a survey of fiberwise topology,
begining with basis theory and proceeding to a selection and specialized topics of
fiberwise homotopy theory and fiberwise retracts theory. Chapterl also include the
fiber Borsuk’s pairs, strong shape deformation maps and fibrant spaces. In chapter 2
are defined fiber cotelescopes, constructed fiber strong shape category and established
the characterizations of fiber strong shape equivalences of compact metrizable spaces.
In Chapter 3 studied fiber strong ANRp, -expansion and investigated the fiber strong
shape theory for arbitrary spaces. At the end of dissertation is given the bibliography

of used references.
Now we give a short survey of obtained results.

In the section 1.1 of Chapter 1 are obtained some results concerning the character-

izations of Borsuk’s pairs over By used in other sections of work.

The properties of fiberwise Borsuk’s pairs are described in the following proposi-

tions.
Theorem 1.1.1. A map i : (A, m4) — (X, 7x) over By is a cofibration over By if
and only if the map j : (Cyl(i), meyisy) — (X X I, mxxr) over By is retractible.

Corollary 1.1.2. A closed pair (X, A) of space X over By and its closed subspace
A is a Borsuk pair over By if and only if the subspace (X x {0})U(AxI) C X x [ is

a retract over By of X x I.

Corollary 1.1.3. For each closed Borsuk’s pair (X, A) over By and for every

space Y over Bg the pair (X x Y, A XY) over By is a closed Borsuk’s pair over By.
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Corollary 1.1.4. If (X, A) is a Borsuk’s pair over By and A is a closed subspace of
locally compact Hausdorff space X then for each space Y over By the map i* : YX — Y4

1s a cofibration over By.

Theorem 1.1.5. A pair (X, A) of space (X, mx) over By and its closed subspace
(A, mx|a) is a Borsuk pair over Bq if and only if there exist a map ¢ : X — I and a
fiber homotopy G : (X x I,mxx1) — (X, 7x) with respect A such that A = 1~1(0),
G(z,0) =z and G(x,t) € A when ¢(z) < t.

Theorem 1.1.6. Let (X, A) be a Borsuk pair over By. Then (X x I,(X x{0})U

(Ax I)UX x {1}) is the Borsuk pair over By.

Theorem 1.1.7. Let (X, A) be a Borsuk pair over Bo. Then each deformation

retraction v : (X, mx) — (A, mx|a) over By is a strong deformation retraction over By.

Theorem 1.1.8. A closed pair (X, A) of spaces over By is a Borsuk pair over
By if and only if A= (X x {0}) U (A x I) is a strong deformation retract over By of
(X x I, mxxr).

Corollary 1.1.9. Let (X, A) be a closed Borsuk pair over By. Then the subspace
(A, m4) is a strong deformation retraction over By of (X, wx) if and only if the inclusion
i:(A,ma) = (X, mx) is a fiber homotopy equivalence.

In section 1.2 of Chapter 1 are given definitions and various concepts associated to

fiber SSDR-maps and fibrant spaces and established their properties.
All spaces in Section 1.2 are metrizable. Here the basic definition is the following

Definition 1.2.1. Let (X,7x) € 0b(Mg,) and let A be a closed subspace of X.
The subspace (A, 7rX|A) over By is called a shape strong deformation retract over By of
(X, mx) if there exists an embedding o : (X, 7x) < (Y, 7my) € ARp, over By satisfying

the following condition:

for any pair of neighbourhoods U and V' of a(X) and a(A) respectively in (Y, my),
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there is a homotopy H : (X x I,mxy1) = (U, myjy)relA over By such that H(x,0) =
a(x) and H(z,1) € V for each x € X.

This definition involves that if an embedding « : (X,7x) — (M, 7)) over By
satisfies the conditions of definition 1.2.1, then these conditions hold for any closed

embedding 8 : (X,7x) — (Z,77) € ARg,.

A closed embedding i : (A,7m4) — (X,7mx) over Bg is called SSDRg,-map if i

embeds (A, 74) in (X, 7y) as a shape strong deformation retract over By of (X, 7x).
The notion of SSDRp,-map generalizes the notion of SDRp,-map.
One of main results of section 2.1 of Chapter 1 is the following

Theorem 1.2.2. Let (X,mx) € Mg, and A be a closed subspace of X. Then the

following conditions are equivalent:
a)i: (A mx1a) = (X,7x) is an SSDR-map over By;

b) for any map f : (A,wxja) = (Y,7y) € ANRg, over By, there is an extension
[ (X,7nx) = (Y,7y) over By such that f-i = f and any two such extensions over

By are fiber homotopic with respect iA;

c) for any commutative diagram

A E

B,

where p : (E,mg) — (B,ng) is a fibration over By and (E,7g) and (B,ng) are

ANRp, -spaces, there exists a map F : (X, 7x) — (E,mg) over By such that F-i = f
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and p- F' = F.

d) for any commutative diagram of maps over By

7TX|A TpK

L
PBO

there exists a filler H : (X, 7x) — (PX, 7px) over By provided P € ANRg, and L is

a subcomplex of a finite CW-complex K with an inclusion map j: L — K.
This result is plaining assertional role in whole work.
In Chapter 1 also introduced definition and investigation of fibrant spaces over By.

Definition 1.2.3. A space (Y, my) over Bq is called a fibrant space over By if
for every SSDR-map i : (A, mxja) — (X, 7x) over By and every map f : (A, 7wxja) —
(Y, my) over By, there is a map F : (X, 7x) — (Y, my) over By such that F-i = f, i.e.

the following diagram commutes:

The class of fibrant spaces over By is sufficiently large. It contains the class of

absolute neighbourhood retracts over By (Theorem 1.2.4).
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Apart from this result here is proved that, if (Y, 7y) is a fibrant space over By and
K is a compact metric space, then (YBIS , 7TYBK) also is a fibrant space over By(Theorem
0

1.2.3).

The result of Chapter 1 are summarized in the propositions which systematically

are used in next parts of work.

Theorem 1.2.6. Let Y = (Yo, 7y, ), Pant1, NT) be an inverse system of fibrant
spaces over By and fibrations over By. Then the fiber limit space Y = l'le 1S a fibrant

space over By and the natural projections p, : (Y,my) — (Yo, my,) are fibrations over

Bo.

Theorem 1.2.7. Let f : (X, 7x) — (Y, 7wy) be a map over By. If (X, 7x),(Y,7y) €
ANRg,, then coCylg (f) € ANRp,.

Theorem 1.2.8. Let f: (X,7x) — (Y, 7y) be a map over By of fibrant spaces

over By. Then the coCylg (f) over By is a fibrant space over By.

The section 2.1 of Chapter 2 are begined to study of fiber cotelescope coTel(X) of

inverse sequence X = {(X,,, 7x,,¢" ", NT) over By.

The detailed descriptions of constructions given here allows us to prove the follow-
ing main

Theorem 2.1.1. Let X = ((X,,7x, ), ¢, NT) be an inverse sequence consisting
of fibrant spaces over By and maps over By. Then the cotelescope coTelg,(X) is a

fibrant space over By. If all (X,,7x,) members of the inverse system X are ANRg,-

spaces, then coTelg,(X) is a fibrant space over By too.

There exists the unique natural embedding iq : (X, 7x) — (coTelp, (X), TeoTely, (X))

over By such that g, - iq = i), - ¢, for each n > 0.

In order to define the fiber strong shape classification in dissertation work are of-

fered the notion of fiber resolution, which is a special case of the definition of resolution
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over By given in [B,] by V.Baladze.

Definition 2.1.2. An inverse sequence X = ((X,,,7x, ), q" ", NT) is called reso-

lution over By of compact space (X, wx) over By if
WX, 7x) L mX;
b)the family q = {qn : (X, 7x) = (X0, Tx,) tnen+ satisfies the following condition:
for each n € Nt and open neighbourhood U of ¢,(X) in (X 7wx,) there exists m > n
such that ¢7"(X,,) C U.

If all the (X, 7x,) € ANRg,, then q is called an ANRp,-resolution over By.

One of the crucial point of the methods developed in Chapter 2 is the theorem of

existence of fiber resolution.

Theorem. 2.1.3. For each compact metrizable space (X, mx) over By there exists

an ANRpg,-resolution q : (X, mx) — X over By.

From this results follows that for every fiber resolution of compact metric space
(X, mx) over By there corresponds an fiber fibrant estension of (X, 7x), namely the
fiber cotelescope of this fiber resolution. The following result plays essential role in

constructions given in work.

Theorem 2.1.4. Let (X,7mx) be a compact metrizable space over By. If q :
(X,mx) = X = ((Xp,7x,),q"™, NT) is a resolution over By of (X,7x), then there

exists an infinite strong deformation
D : coTelg,(X) x [0,00) — coTelg, (X)

of coTelp,(X) over By onto iq(X). In particular, the map iq : (X, 7x) — coTelg,(X)

15 an SSDR-map over By.

The effect of Theorem 2.1.1, Theorem 2.1.3 and Theorem 2.1.4 is given by the

following result. Let X = coTelg, (X).
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Theorem 2.1.5. For each compact metrizable space (X, mx) over By there is a
fibrant extension ix : (X,7x) = (X,75) over By. In particular, if q : (X,7x) —
X = ((Xn,7x,),q" T, NT) is an ANRp,-resolution over By, then the embedding i :
(X, mx) = (coTelg, (X), WCOTelBO(X)) is a fibrant extension over By.

The results obtained in dissertation work yield that the fiber strong shape theory

is coarser than the fiber homotopy theory, but is finer that the fiber shape theory.

The main aim of Chapter 2 is the construction of fiber strong shape theory for com-
pact metrizable spaces over a fixed base space By, using the fiber versions of cotelescop

and fibrant space.

The fiber strong shape category here constructed is the full image of functor reflec-
tor from the fiber homotopy category H(CMpg,) of compact metrizable spaces over By

in the fiber homotopy category H(Fp,) of fiber fibrant spaces.

The Theorems 2.1.1, 2.1.3, 2.1.4 and 2.1.5 and rountine diagram-choicing, as in the

analogous situation in category theory, yield the following

Theorem 2.1.6. Let ix : (X,7x) — ()~(,7r)~() be a fibrant extension over By of
space (X,mx) € CMp,. Then the morphism [ix]g, : (X,7x) — (X,73) of category
H(CMg,) is an H(Fg,)-reflection.

The family {iy : (X,7x) — (X,WX)}(X,WX)EOIJ(H(CMBO)) induces the H(Fg,)-
reflector

R: H(CMBO) — H(FBO)
that is a functor given by formula

R((X,7x)) = (X, 75), (X, mx) € ob(H(CMg,))

and satisfying the condition:

for each map f : (X,7x) — (Y, my) over By of compact metrizable spaces the
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diagram

lix]B,

TX Tx

Ty %

—

iy]B,

is commutative.For the map f over By there exists a unique up to fiber homotopy map

f:(X,7mg) — (Y,my) over By such that the following diagram commutes

1 .
X 2 X

< /
x

f B

Ty

ly

In this case the pair (ix,iy) : f — f is called a fibrant extension over By of map f.

Definition 2.1.7. The fiber strong shape category SSHp, of compact metrizable
spaces over By is full image of the reflector R : H(CMpg,) - H(Fg,).

There is a commutative diagram

H(CMB0> i H(FBO)

e

SSHp, .
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Note that, for each

(X, 7Tx), (Y, 7Ty) € Ob(H(CMBO))

0b(SSHg, ) = ob(H(CMg, ))

MOTSSHBO ((X, 7TX); (}/7 7T'Y)) = [(X> WX)? (Y7 WY)]B(J?

SSB()((X? WX)) = (Xv ﬂ-X)

and for a fibrant extension (ix,iy) : f — f: (X,WX) — (Y, my) over By of each map

f:(X,mx) — (Y,7y) over By

SSe, ([flg,) = R(lf1s,) = [/,

According to J.Dydak and S.Novak [Dy-N;] in section 2.2 of Chapter 2 defined
fiber strong shape equivalence.

Definition 2.2.1. A map [ : (X,7nx) — (Y, 7y) over By is a fiber shape equiva-
lence if for each ANRg,-space (P,mp) induces a bijection f*:[Y,Plg, — [X, Plg,. A
fiber shape equivalence f is called a fiber strong shape equivalence if for any two maps
g, h: (Y,my) = (P,mp) € ANRg, over By and a fiber homotopy H : (X X I, mxx1) —
(P, mp) over By joining g f and h f, H is fiber homotopic rel X x{0,1} to H' (f x1;),

where H' : (Y x I, myx;) = (P,mp) is a fiber homotopy between g and h.

The notion of fiber double mapping cylinder is very useful and simple geometric

object. It is a comfortable tool for investigation of fiber strong shape theory.

The double mapping cylinder dCylg (f) over By of map f : (X, 7x) — (Y, 7y ) over
By is the subspace X x I U Cylg (f) x {0,1} of space Cylg (f) x I over B,.

Using the notion of fiber double mapping cylinder are given the characterizations
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of fiber strong shape morphisms. Here are found necessary and sufficient conditions
under which a map over By is a fiber strong shape equivalence. Using the properties

of fiber function spaces here are proved the following results.
One of main results is the following

Theorem 2.2.3. Let f : (X,7nx) — (Y,7my) be a map over By. The following

conditions are equivalent:
1). f is a fiber strong shape equivalences;

2). for a given space (Z,mz) over By containing (X, 7x) as a closed subspace over
By, everymap g : (Z,7z) — (P,mp) € ANRg, over By extends to (ZUCylg_ (f), WZUCleo(f))

and every map
H : (Z x 1UdCylg,(f), 7zx10dcyis, (1) — (P, 7p) € ANRg,

over By extends to ((Z U Cylg,(f)) x I, T(zucyly, (1))x1);

3). if (X, 7mx) is a closed subspace of (Z, 7z), then the fiber inclusions
i (Z,72) 5 (20 Cylgy (), mzcstay )
and
J: (2 x TUdCylg (f), 7zx10acyiy, (n) = ((Z U Cylg, (f)) X I, Tzucyp, (£)x1)

are fiber shape equivalences;

4). if (X, mx) is a closed subspace of (Z, wz), then the fiber inclusion

i1 (Z,72) = (ZUCylg, (), 201, ()
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is a fiber strong shape equivalence;

5). if (X, mx) is a closed subspace of (Z,7z), then the fiber inclusion

i (Z,mz) = (ZUCylg,(f), Tz00y, (1)

is a fiber shape equivalence;

6). the fiber inclusions

k:(X,mx)— (Cleo(f))WCylgo(f))

and
L2 (dCylg, (f), Tacyis, (1) = (Cylg, (f) X I, ey (5)x1)
are fiber shape equivalences;

7). everymap g : (X, mx) — (P, mp) € ANRg, over By extends to (Cylg, (f), Ty, (1)
and every map H : (dCylg, (f), Tacyi, (1) — (Pymp) € ANRp, over Bo extends to
(Cylg, (f) x I, mcyy (5)x1)-

The consequences of theorem 2.2.3 are the following propositions.

Corollary 2.2.4. Let (X, 7y) be a space over By and A C X. The fiber inclusion
i@ (A, mxa) = (X,mx) is a fiber strong shape equivalence if and only if i and j :
(X x {0} UA X TUX x {1}, mxxqopuaxiuxx{1y) — (X X I,mxxr) are fiber shape

equivalences.

Corollary 2.2.5. Let f: (X,7x) — (Y,7my) be a fiber homotopy equivalence.

Then f is a fiber strong shape equivalence.

Corollary 2.2.6. Ifg: (X,7x) — (Y, my) is fiber homotopic to a fiber strong

shape equivalence f : (X, nx) — (Y, my), then g is a fiber strong shape equivalence.

Theorem 2.2.7. Let [ : (X,7nx) = (Y,7my) and g : (Y,ny) — (Z,7z7) be fiber
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strong shape equivalences. Then the composition g f : (X, 7x) — (Z,7z) is a fiber

strong shape equivalence.

Theorem 2.2.8. Let f: (X,7nx) = (Y,7my) and g : (Y,ny) — (Z,7z) be maps
over By such that g f is a fiber strong shape equivalence. If one of f and g is a fiber

strong equivalence, then both f and g are fiber strong shape equivalences.

Corollary 2.2.9. Let f : (X,7x) — (Y, 7my) be a fiber shape equivalence. If (X, mx)

has the fiber homotopy type of an ANRgp,, then f is a fiber strong shape equivalence.

The next theorem show that in terms of fiber double cylinders it is possible to

describe fiber strong shape isomorphisms of category SSHpg,.

Theorem 2.2.10. A closed fiber embedding i : (A, 7wxja) = (X,7x) is a fiber

strong shape equivalence if and only if i is a SSDR-map over By.

Theorem 2.2.11. Let f: (X, 7x) — (Y, my) be a map over By of compact metriz-
able spaces over By and (ix,iy): f — f a fibrant extension over By of f. Then f is a

fiber strong shape equivalence if and only if f is a fiber homotopy equivalence.

Corollary 2.2.12. A mapf over By of compact metrizable spaces over By is a
fiber strong shape equivalence in the sense of Definition 2.2.1 if and only if SSg,([f]g )

is an isomorphism of the category SSHp, .

In the Chapter 3 is constructed and developed a fiber strong shape theory for
arbitrary spaces over fixed metrizable space Bg. The approach given here is based
on the method of Mardesi¢-Lisica and instead of resolutions, introduced by Mardesi¢,
their fiber preserving analogues are used. The fiber strong shape theory yields the
classification of spaces over By which is coarser than the classification of spaces over
By induced by fiber homotopy theory, but is finer than the classification of spaces over

By given by usual fiber shape theory.

The construction of fiber strong shape category uses the notion of fiber strong

ANRp,-expansion of space over By. Fiber strong expansions of spaces over B, are mor-
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phisms of category pro — Topg, from spaces over By to inverse systems of spaces over

By, which satisfy a stronger version of fiber homotopy conditions of ANRp, -expansion

defined by V.Baladze ( |B4], [Bio])-

In the section 3.1 it is proved that fiber resolutions of spaces over By induce fiber
strong expansions of spaces over By. In order to construct the fiber strong shape

category SSHp, is used this result.
The essential role in section 3.1 play the following notions and results.

Let W = {Us}aco be a covering of a space (Y,my) over By. We say that the
fiber preserving maps f,g : (X,7x) — (Y, 7y) are U-near, if for every x € X there
exists a U, € U such that, f(z),g(x) € U,. We say that a fiber preserving homotopy
H : (X x I,mxx;) — (Y, 7my) which connects f and g, is a U-homotopy if for every

x € X there exists a U, € U such that H(z,t) C U, for all t € I.

Proposition 3.1.1 (Comp. [Bs|,Proposition 7) Let (Y, 7y ) be an ANRg,-space.Then
every open covering U of (Y, 7y) admits an open covering V of (Y, my) such that,
whenever any two f.p. maps f,g: (X,7x) — (Y, 7my) from an arbitrary space (X, mx)
over By into the space (Y, my) over By are V-near, then there exists f.p. U-homotopy
H : (X xI,mxx;) — (Y, 7y) which connects f and g. Moreover, if for a subset A C X,

fla = gja, then H is f.p. homotopy relA.

Definition 3.1.4. (V.Baladze, see |By|- [Bg|, [Bio]) Let (X,7mx) be a topological
space over By, X = ((Xa,Tx,), Poa’» @) an inverse system in Topg, and p = (pa) :
(X,7mx) = X a morphism of pro — Topg,. We call p an expansion over By of the
space (X, mx) over By provided it has the following properties:

Eg,1). For every ANRg,-space (P, mp) over By and f.p. map f: (X, 7x) — (P,7p)
there is an index o € o/ and a f. p. map h: (X4, 7x,) — (P,7p) such that h pag_;f.

Ep,2). If f,.f : (Xay7x,) — (P,7p) are f p. maps, (P,mp) € ANRp, and

f pa;?; f" pa, then there is an index o > o such that f Dae Ef\?; f Doel -
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Definition 3.1.5. A morphism p : (X,7x) = (Xas7Tx.),Pou’» ) 15 called a
strong expansion over By provided it satisfies condition Eg 1) and the following condi-

tion:

SEg,2). Let (P,mp) be an ANRg,-space, let fo, f1 1 (Xa,7x,) = (P,7p), a € o be

fp. maps and let S : (X x I,mxx7) = (P,7p) be a f.p. homotopy such that
S(z,0) = fopa(x), r e X,

and

S(z,1) = fipa(z), r e X.

Then there exists a o > o and a f.p. homotopy H : (X x I, mx ,x1) — (P, 7p),
such that

H(z,0) = fop,. (%), ze X,
H(x, 1) = flpaa/(z), z € Xa/,

H(p, x 1I)gS(rel(X x OI)).

0

Every strong expansion over By is an expansion over By.

Ifall (X,,7x,) € ANRg,, then p is called an ANRg, -expansion and strong ANRg, -

expansion, respectively.
The main results of section 3.1 is the following theorem.

Theorem 3.1.6. Let (X, mx) be a topological space over By. Then every resolution

p: (X,7mx) — X over By induces a strong ANRg, -expansion over By.

Corollary 3.1.7 Every ANRg,-resolution over By induces ANRp, -expansion over

Bo.

Corollary 3.1.8 FEuvery space (X, mx) over By admits a cofinite strong ANRg, -
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expansion over By.
In the proof of Theorem Theorem 3.1.6 are used the following lemmas.

Lemma 3.1.9. Let (X, 7x) be a topological space over metrizamble space By, let
(P,7p), (P, 7p) be ANRg,-spaces, let f : (X,7x) — (P',7p), ho,hy : (P, 7p) —

(P,mp) be f.p. maps and let S : (X X I, wxx;) — (P,wp) be a f.p. homotopy such that
S(I,O):hof(l’), r e X,

S(z,1) = hy f(x), x e X.

Then there exists an ANRp,-space (P" 7wpn), f.p. maps [ : (X,7x) — (P, mpr),
h: (P 7pn) = (P ,7p) and a f.p. homotopy K : (P" x I, mpn ;) — (P,7p) such

that

hi' =1,
K(2,0) = hoh(z), =z€P"
K(z,1) = hih(z2), =z€P

K(fl X 1[) =S.

Lemma 3.1.10. Letp : (X, mx) — X be a resolution over By and let o, (P, wp), fo, f1
and (F,mr) be as in SEg,2). Then for every open covering W of (P,mp), there exist a

o > a and a f.p. homotopy H : (X, x I, 7x ,x1) — (P,7p) such that

H(y> O) = fO paa' (y)7 Yy S Xo/
H(y,1) = f1 poo (1Y), ye Xy

(S,H(1 xpy)) < U
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In the section 3.2 of Chapter 3 is constructed fiber coherent prohomotopy category
CPHTopg,. The fiber coherent prohomotopy category CPHTopg, has as objects
inverse systems X = ((Xa, Tx, ); Poo’» &) of topological spaces over By and f.p. maps
over directed cofinite index sets. The morphisms are f.p. coherent homotopy classes
[f] : X = Y of f.p. coherent maps f : X — Y of such systems. Composition is defined

by composing representatives, which are special f.p. coherent maps.

There exist the functors C : pro — Topg, — CPHTopg, and E : CPHTopg, —
pro—HTopg,. The composition EoC : pro—Topg, — pro—HTopg, is the functor

induced by the f.p. homotopy functor H : Topg, — HTopg,.

The objects of fiber strong shape category SSHp, are all topological spaces over

By. The morphisms of category SSHp, are defined by the following way.

Let p: (X,7x) = Xand q: (Y,7y) = Y be an ANRg,-resolutions of (X, 7x) and
(Y, my), respectively. Let [f] : X — Y be a some morphism of category CPHTopg, .
Letp : (X,7mx) = X, q : (Y,7my) = Y ,[f]: X — Y be another triple of fiber reso-

lutions of spaces (X, mx) and (Y, my) over By and morphism of category CPHTopg, .

The triples (p,q, [f]) and (p',q’, [f']) are called equivalent if [f'] [i] = [j] [f], where

[i] : X = X and [j]: Y = Y are isomorphisms of category CPHTopg, .

The fiber strong shape morphisms F : (X, 7x) — (Y, 7y ) are the equivalence classes

of triples (p, q, [f]) with respect to the defined equivalence relation.

By symbol sshg,((X,7x)) is denoted the equivalence class of topological space

(X, mx) and call the fiber strong shape of (X, 7x).

In the sections 3.2 are constructed a fiber strong shape functor SSg, : HTopg, —

SSHp, and a functor S : SSHp, — SHp, into V.Baladze fiber shape category [By].
One of main results of this section is the following.

Theorem 3.2.5 There exists the following commutative diagram
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SBO SHBO
HTopg, S
S8,
Bo SSHBO,
where Sg, is V.Baladze fiber shape functor [By).
Corollary 3.2.6. Let (X,7x) and (Y,7y) be topological spaces over By. If

SShBO<<X, 7Tx)) = SShBO((}/7 7Ty)), then ShBO((X, 7Tx)) = ShBO((Y, 7Ty)).



Chapter 1

Fiber Strong Shape Deformation

Retractions and Fibrant Spaces

Chapter 1 provides a survey of fiberwise topology, begining with basis theory and pro-
ceeding to a selection and specialized topics of fiberwise homotopy theory and fiberwise
retracts theory. Chapter 1 also include investigation of fiber Borsuk’s pairs, strong

shape deformation maps and fibrant spaces.

1.0 On Fiberwise Topological Preliminaries and Aux-

iliary Facts

In this section we introduce the basic notations and results which we use in the next.

Let R : # — £ be a functor. The full image of functor R is a category imR

and a factorization of R

B

fimR,

22
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where E is the identity on objects of category # and J is fully faithful.

Let . is a full subcategory of &2. Then an element 7: X — Y of set Mors(X,Y)
with Y € ob(.&) is called .Z-reflection of X if the function 7# : Z(Y, L) — Z(X, L) is
bijective for each L € ob(.Z). Let & C & be a subcategory of & and let {7x : X —
RX} xcon(#) be a family of Z-reflections, where R is a function mapping objects of 2
to objects of .Z. 1t is clear that the function R extends to a functor R : # — Z. By
definition, for each element f: A — X of Mor (A, X), Rf is a morphism Rf : RA —
RX for which (Rf) 74 = 7x - f. Defined functor is called a reflection or reflector of

H in Z.

For a given fixed object By of category £ by J#p, denote the following category.
The objects of g, are pairs (X, 7x) consisting of object X € ob(.#") and morphism

mx : X — B from Mor_,(X,Y), called the projection.

The morphisms of #g, are morphisms f : X — Y of # with property nx = 7wy - f.

These morphisms are called morphisms over By.

We will denote by Top, M and CM the categories of topological spaces, metrizable
spaces and compact metrizamble spaces, respectively. Consequently, for fixed objects
By of given categories there exist the categories Topg,, Mp, and CMg,. In this

categories the notion of fiber homotopy is defined.

For each object (X, mx) of some category of spaces over By the pair (X X Z, mxxz),

where Z is a space and mxz is the projection given by formula

7TX><Z($7’Z) = 7TX<:U>7 (.’L‘,Z) € X X Z7

is the space over By. Note that the natural projection px : X x Z — X is the map

over By.

Let YZ be the function space with compact-open topology. Consider the subspace
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Vi of the space YZ:

Yi ={feY?:my - f=const}.

Let myz Yi{ — By be a map given by
0

Ty (f) = mv(f(2),z € Z.

Bo

Consequently, the pair (Yg, Tyz ) is a space over By.
0

By exponential law there exists a homeomorphism map over By
. XXZ,mx % Z X,m
E - (Y, 7TY)( XZmxxz) _ (YBO’WYBZO)( X)
given by formula

(E(H)(x))(2) =H(z,2),H : (X X Z,7xxz) = Y,7y),x € X,z € Z.

Let f,g : (X,7mx) — (Y, 7y) be maps over By and I = [0,1]. A fiber homotopy
from f to g is called a map H : (X x I,mxx;) — (Y, my) over By such that Hy = f
and Hy = g.

A fiber homotopy H from f to g, H : f g_; g, we also call a homotopy over By. The
fiber homotopy class of fiber map f is denoted by [f]g,. We write [X, Y]g, for the set
of all fiber homotopy classes. By H(Topg,), H(Mp,) and H(CMp,) we denote the

fiber homotopy categories of categories Topg,, Mg, and CMg,, respectively.

By exponential law a homotopy H : (X x I,7mxx;) — (Y, my) over By induces a
map E(H) : (X,mx) — (Y§,, 7y ) over By, where Y5 = {f : [ — Y|ry - f = const}
0
and Tys Is a map defined by formula
0

Tyy (f) =my(f(t),t €1, f € Y,

Bo
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Now we give definitions of some maps which are used in the next.

By wp : Vg, — (Y, 7y) and wy : Y3, — (Y, my) we denote maps given by formulas

wo(p) = ¢(0),¢ € Yg,,

wi(p) = (1), € Yg,,

respectively.

For each ¢ € I there exist the embedding maps o, : (X, 7x) — (X X I,Txx) over
By given by formula

oi(x) = (z,t),x € X.

Let j : L — K be a map. By j*: P§ — P we denote a map over By given by
formula

jH(u) =u-j,u€ Pég.

There exists a fiber homotopy functor H : Topg, — H(Topg,) given by formulas

H(f) = [ﬁBov f € MOITOPBO (X7 Y)

and

H((X,7x)) = (X,7x), (X, 7x) € ob(Topg,).

Let AC X and my = mx|,. Amap r: (X, 7x) = (A, 7a), over By is a fibrewize
retraction over By, if r-4 = 14 and, in addition, ¢-7 ~p, 14, then r is called a fibrewise

deformation retraction, or deformation retraction over By.

A subspace A of metrizable space X over By is called a fibrewize neighborhood
retract of X if there exist an open neighborhood U of A in X and a fibrewize retraction

r:U — A.
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A deformation retraction r : (X, mx) — (A, 7a4) over By is called a strong deforma-

tion retraction over By, or SDRp,-map over By, if 7 - r = 1xrelA.
0

Note that for each fiber homotopy equivalence f : (X, 7x) — (Y, my) the subspace

(X, 7x) C (Cyl(f), mey(yy) over By is a strong deformation retract over By of Cyl(f).

Let A be a closed subset of a space (X, 7x) € Mg, over By. We say that the map
D : (X x [0,400), Txx[0,4+00)) — (X, 7x) over By is an infinite strong deformation of
(X,mx) onto (A,7x),) if D(2,0) = = for all z € X, D(a,t) = a for all a € At €
[0, 4+00) and for any open neighbourhood U of A in X there exists a A € [0, +00) such
that D(X x [A\,00)) C U.

We also use the following notions. Let Bg be a fixed metrizable space. A space
(Y, my) € ob(Mp,) is an absolute retract over By, (Y, my) € ARp, (an absolute neigh-
bourhood retract over By, (Y, my) € ANRg,), if (Y, 7y ) has the following property: for
any closed embedding ¢ : (Y, my) — (X, 7x) € ob(Mp,) over By there exists a fiberwise
retraction 1 : (X, mx) — (i(Y), 7x),,,) (an open neighbourhood U of i(Y) in X and a

fiberwise retraction 7 : (U, mxu) = (i(Y), xjiv)))-

The space (Y,my) € ob(Mpg,) is an absolute extensor over By, Y € AEg, (an
absolute neighbourhood extensor over By, (Y,my) € ANEg,), if it has the following
property: for any space (X, 7yx) € ob(Mg,) over By and any closed subspace A C X
every map f : (A, mxja) = (Y, 7y) over By has an extension f: (X,7x) — (Y, 7y) over

Bo (f : (U,mxw) = (Y, 7y), where U is an open neighbourhood of A in X).
The next results are routine generalizations of the results of the retracts theory.
A metrizable space over By is an A(N)Ry -space if and only if it is an A(N)Eg -
space [Ya].

For every metric space (X, 7, ) over By there exist fibrepreserving closed embedding

into ANRp,-space (M, myr) with weight w(M) < max(w(X),w(By),Ro) [Ba).
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The space YBZ0 of maps ¢ : Z — Y from compact metrizable space Z into ANRp, -

space Y, with compact-open topology and property 7y - = const is ANRg,-space [By].

Let (Y, my) € ANRp, and A C X be a closed subspace of (X, 7x) € 0ob(Mp,). Let
[ (X,mx) = (Y, my) be a map over By, and let H : (A x I,mxxq,,.,) = (Y,7y) be
a homotopy over By of map fj4. Then there exists an extension of H to a homotopy

over By of f itself [Ys).
Apart from this result in [Y3] the following proposition is shown:

Let f,g: (X,7mx) — (Y,my) € ANRp, be maps over By from metric space over By
and let H : (A x I,max;) — (Y, 7y) be a homotopy over By between restrictions on a
closed subspace A of X of maps f and g. Then there exist an open neighborhood U of
Ain X and a homotopy H : (U x I,mxxnuxr) — (Y, my) over By between restrictions

fir and gy such that Hiax; = H.

A map i : (A,ma) — (X, 7mx) over By is called a cofibration over By if for each

commutative diagram

I

Wo

where all maps are maps over By and wy - F' = f -4, there exists a map F : (X : mx) —

(YBIO,WYBI ) over By such that F = F -4 and wy - F = f.
0

The map p : (E,7mg) — (B,7p) over By is called a fibration over By if for each

commutative diagram
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f
X
X
00 BO
X x ="
F

where all maps are maps over By and p- f = F - 0, there exists a map F : (X x

I, Txx1) — (E,mg) over By such that F = p-F and F -0y = f.

The cylinder Cylg (f) of amap f: (X, mx) — (Y, my) over By is the pair consisting
of cylinder Cyl(f) of map f : X — Y and projection mcyi(s) : Cyl(f) — B given by

formulas

Toy(([7,1]) = mx(2), [2,1] € Cyl(f),
Teyin(y) =y (y),y €Y C Cyl(f).

There exists a commutative diagram

01
X X x1

Bo
/ chm

Cyl
Y =y y1(f)

f#
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where oy, (01); and f# are maps given by formulas

o1(z) = (z,1), z € X,
(01)£(y) = [y, yevy,
(2, 1) = [z, 1], (v,t) € X x I.

j[(x,t)]:(f(a:),t), (l’,t) e X x1,

j(y):(y70)v yey.

It is easy to see that the map ¢ : (X, mx) = (Cyl(f), mcyi(s)) over By is a cofibration over

By and the retraction map r : (Cyl(f), mcyi(y)) = (Y, 7y) over By given by formulas

r([x,t]) = [QJ, 1]7 [.Qj,t] € Cyl(f),

r(y) = v, y €Y C Cyl(f).

is a fiber homotopy equivalence.

Amap f: (X,7mx) — (Y, my) over By is a cofibration over By if and only if the map
j over By is a retractionable map, i.e. there exists a retraction r : (X X I,mxxs) —
(Cyl(f), mey(sy) over By.

The cocylinder over By of map f : (X, 7x) — (Y, my) over By, denoted by coCylg, (f),
is the subspace of cocylinder coCyl(f) consisting of pairs (u,z), where u € Y , x € X
and u(1) = f(z), i.e. my -u = const. The subspace coCylg (f) is a space over By with

the projection Teocyly, (1) coCylg, (f) — By given by formula

7TcocleO(f)(U, z) = my (f()), (v, x) € coCylg, (f).
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There exists a commutative diagram

Wi
1
COCleO (f) X
wlgo(f)%
fwl B0 f
A \
I
v, o Y,
where wf&, fu, and wy are maps given by formulas
wf(u, T) =, (u,x) € coCylg, (f),
fwl (ua I) =u, (U, .I‘) S Cocle()(f)u
wi(u) = u(l), u€Yy.

Let p : coCylg (f) — Y be a map defined as follows:

p(u,z) = u(0), (u,r) € coCylg, (f).

It is clear that p is a map over By. Observe that p = wg - f,,. Note that the map

p: (coCylg, (f), Teocyly, (1)) — (Y, my) is a fibration over By.

Let 0, : I — Y be the constant path in point y € Y. The pair (0f(,), ) belongs to
coCylg, (f) because 0y (1) = f(x).

Let i : X — coCylg, (f) be a map defined by formula

Z(I) = (Of(x),x),x e X.
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Now we define a map r : coCylg (f) — X by formula

r(u,x) =, (u7 iL‘) < COCleO(f)-

Then r-i=1x and i-r = 1x. Hence, X is embeddable in coCylg (f) and it is

0

strong deformation retract over By of coCylg (f). Thus, 7 is a homotopy equivalence

over By and there exists a factorization

(X,Wx) (Y,ﬂ'y)

N

coCylg, (f),

ie. f=p-i. Indeed,
f(@) = 042)(0) = p(Os(z), 2) = (p- i) ().

The map r : (coCylg,(f), Teooyly, () — (X, 7mx) over By is a shrinkable fibration
over By with respect to i : (X,7x) — (coCylg, (f), WcocleO(f)), if r-i = 1x and

-7 ]’_3);; 1coCle0(f)reli(X)-
It is easy to see that if in the pull-back diagram of maps over By

/
FE’ / E

\

! Uv:% B
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q is a shrinkable fibration over By with respect to i : (B,7m5) — (E,7g), then ¢
is also a shrinkable fibration over By with respect to a uniquely defined embedding

i (B',mp) — (E',mg) over By such that f'-i' =i f.

1.1 On fiber Borsuk pairs

A pair (X, A) consisting of a space (X, 7x) over By and subspace A C X is a pair of
Borsuk over By or fiber Borsuk pair, if the inclusion 7 : (A, mx|,) = (X, 7x) over By
is a cofibration over By. Note that a closed pair (X, A) is a pair of Borsuk over By, if

X x0UA x I is a retract over By of X x I.

First we prove some propositions about cofibrations over By and Borsuk’s pairs

over Bg.

Theorem 1.1.1. A map i : (A, m4) — (X, 7x) over By is a cofibration over By if and

only if the map j : (Cyl(i), meyiay) = (X x I, mxxr) over By is fiberwise retractible.

Proof. Let F : (A x I,maxs) — (Y, 7y) be a homotopy over By and let f, = F - 0y.
Consider an extension map f : (X,7x) — (Y, 7y) over By of fo. The maps F and f

over By induce a map g : Cylg (i) = Y over By such that

9([a, 1)) = F(a, 1), [(a,)] € Cylg, (3),

g(z) = f(z), z € Cylg, (f).

The pair (F, f) is cone over (0g,4). It is clear that g is a morphism of the cone

(4, (00);) into the cone (F, f). Consequently, if there is a retraction r : (X x I, mxx;) —

(Cylp, (#), Teyig, (7)) over By, then the composition F=g-r:(XxInxx)— (Y,7y)



1.1. On fiber Borsuk pairs 33

is a homotopy over By of map f over By because F - j = g and, hence,
F(x,0) = (F - j)(z) = g(z) = f(2), r € X.

Note that

for each pair (a,t) € (A x I, max1).
Thus, if the map j over By is retractible, then the map i over By is a cofibration.

Now conversely assume that the map i : (A, m4) — (X, mx) over By is a cofibration
over By. Then there exists a retraction r : (X X I,7xxr) = (Cylg,(?), Tcyi, (7)) over

By such that

r((z,0)) ==, (2,0) € X x I,
r(i(a),t) = [(a, )], acAtel
Thus, r is a retraction of j. O

Corollary 1.1.2. A closed pair (X, A) of space X over By and its closed subspace A
is a Borsuk pair if and only if the subspace (X x {0})U (A x I) C X x I is a retract
over By of X x I. [

Corollary 1.1.3. For each closed Borsuk’s pair (X, A) over By and for every space Y

over By the pair (X x Y, A XY over By is a closed Borsuk’s pair over By. [

Corollary 1.1.4. If (X, A) is a Borsuk’s pair over By and A is a closed subspace of
locally compact Hausdorff space X then for each space Y over By the map i* : YX — Y4

1s a cofibration over By. [

Theorem 1.1.5. A pair (X, A) of space (X,mx) over By and its closed subspace

(A, mx|a) is a Borsuk pair over By if and only if there exist a map ¢ : X — I and



1.1. On fiber Borsuk pairs 34

a fiber homotopy G : (X X I,wxx1) — (X, mx) with respect A such that A = ¢~1(0),
G(z,0) =z and G(x,t) € A when P(z) < t.

Proof. Let (X, A) be a Borsuk pair over By. By Corollary there exists a retraction
r: X x 1 — A= (X x{0})U(A x I) over Bo. Let r((x,t)) = (F(z,t), p(x, 1)), where
7(z,t) € X is first coordinate of r(z,t) and p(x,t) € I is the projection in I of point

r(z,t).

Let ¢ : X — I be a function given by

Y(x) = max{t — p(z,t)|x € X}.

Note that A = ¢71(0). Besides, if ¥(x) < t, then p(x,t) > 0 and consequently,
r(z,t) € A.

Let G =7 : (X x I,mxx;) = (X,7x). It is clear that G(z,0) = 7(z,0) = =z,
G(z,t) € A for ¢¥(z) <t and

mx(x) = wxxr(z,t) = m4(7(2, 1), p(z,t)) = 7x (F(x, 1)),

i.e. 7 is a map over By.

Now assume that hold the conditions of theorem. Then the map r : (X X[, wxx;) —

(X, mx) given by

(G(x,1),0), t < ()
r(z,t) =
(G(x,1),t —p(x)), t=(x)
is a retraction over By. Consequently, (X, A) is a Borsuk pair over By. O

Theorem 1.1.6. Let (X, A) be a Borsuk pair over By. Then (X x I, (X x {0})U (A x

I)U X x {1}) is the Borsuk pair over By.
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Proof. For simplicity by X4 denote the set (X x{0})U(AxI)UX x{1}). By Theorem
there exist a function ¢ : X — [ and a fiber homotopy ¢; : U — XrelA from
U=X\¢10) to X such that o=1(0) = A, go(x) = x and ¢,(z) € A for each z € U.

The function ¥ : X x I — I defined by

Y(x,t) = 2min(2p(z), 7,1 — 1), (x,7) e X x 1

has property ¥ ~1(0) = X 4.

Let V =X x I'\1~(1) be a set consisting of points (z,7) € X x I for which 7 # %
or ih(z) = 1.

The maps h; : V — V x I given by formulas

;

(z,7(1—1)), 27 < o(x);

(9(z, (F5 —Db),7(1-1),  ¢(z) <27 < min(2p(z), 1);

(9(2,1), (T = 2(2))t + 7), p(r) <7 < min(2p(x), 3);
he(z,7) = < (g(x,t),7), 20(z) <7 <1 = 2¢(x);

(g(x,t), 7+ 2p(x) + 7 — 1)t), max(1l — 2p(zx), %) <7 <1—p(x);

(gla, (U= — 1)), 7+ £ —7t), max(2(1 - p(2)), 1) < 27 <2~ p(a);

(x, 7+t —Tt), 2 —p(x) <27

\

have properties

ho(z,7) = (z,7), hi(z,7) € Xa, (z,7) € X X I

and

hi(z,7) = (2, 7), (z,7) € Xa.

Thus, the pair (X x I,(X x {0})U (A x I) U (X x {1})) is the Borsuk pair over
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Bo. [l

Theorem 1.1.7. Let (X, A) be a Borsuk pair over By. Then each deformation retrac-

tionr: (X,mx) = (A, mxa) over By is a strong deformation retraction over By.

Proof. Let F': (X x I, mxxr) — (X, 7x) be a fiber homotopy between -7 : (X, 7x) —
(X,7mx) and 1x : (X,7x) — (X,7x). By Theorem the pair (X x I, X4) is the

Borsuk pair over By.

Hence, there exists a fiber homotopy given by

(

F((i-r)(x),T), t=0,
Fo(z,t) = F(z,t+(1—t)7), ze€Atel,

x, t=1.

\

Note that Fy(z,t) = F(z,t) and Fy : X x I — XrelA is a fiber homotopy between

l1x and 7-7r. O

Theorem 1.1.8. A closed pair (X, A) of spaces over Bq is a Borsuk pair over By if and

only if A = (X x{0})U(AxI) is a strong deformation retract over By of (X X I, Txxr).

Proof. Let (A,7;) be a strong deformation retract over By of (X x I,mxy;). By
Corollary the pair (X, A) is a Borsuk pair over B.

Consequently, as the product (X X I, mx;) is deformable in X x {0} and hence,
in A, by Corollary there exists a retraction 7 : (X x I,mx,;) — (A,7;) over
By. This retraction is deformation retraction over By. By Theorem [1.1.7] r is a strong
deformation retraction over By. Let r(x,t) = (7(z,t), p(x,t)), where x € X, t € I and

r(z,t) € X, p(z,t) € I.
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The deformation g, : X x I — X x I defined by formula

gr(x,t) = (Flx, 1 —7)t), 1 — 1)p(x,t) + 1t),z € X,t € ]

is deformation over By and it satisfies the following conditions:

go=1v-T,
g1 = lx,
g-(z,t) = (2, 1), (z,t) € A.

]

Corollary 1.1.9. Let (X, A) be a closed Borsuk pair over By. Then the subspace
(A, m4) is a strong deformation retraction over By of (X, wx) if and only if the inclusion

i: (A ma) = (X, 7x) is a fiber homotopy equivalence. O

1.2 On Fiber SSDR-maps and Fibrant Spaces

In this section we give the definition and discuss various concepts which are associated

to SSDR-maps over By. The following provides a shape version of SDR-map over Bj.
All spaces in Section 1.2 are metrizable.
Here the basic definition is the following
Definition 1.2.1. Let (X, 7x) € ob(Mp,) and let A be a closed subspace of X. The
subspace (A, mxja) over By is called a shape strong deformation retract over By of

(X, mx) if there exists an embedding o : (X, 7x) — (Y, 7my) € ARp, over By satisfying

the following condition:

for any pair of neighbourhoods U and V of a(X) and a(A) respectively in (Y, my),
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there is a homotopy H : (X x I,mxyx1) = (U, myw)relA over By such that H(x,0) =
a(x) and H(x,1) € V for each x € X.

It is clear that if an embedding o : (X,7x) — (M, my) over By satisfies the
conditions of definition [1.2.1, then these conditions hold for any closed embedding
B:(X,mx) = (Z,77) € ARg,.

A closed embedding i : (A,74) — (X,7mx) over By is called SSDRg,-map if i

embeds (A, 74) in (X, 7y) as a shape strong deformation retract over By of (X, 7x).
Note that the notion of SSDRp,-map generalizes the notion of SDRp,-map.

We get the following theorem which is a fiber version of Theorem 1.2 of ( [C4], [Cq]).

Theorem 1.2.2. Let (X,7x) € Mp, and A be a closed subspace of X. Then the
following conditions are equivalent:
a)i: (A mxa) = (X, mx) is an SSDR-map over By;

b) for any map f : (A, mxa) = (Y,my) € ANRp, over By, there is an extension
(X, mx) = (Y,my) over By such that f-i = f and any two such extensions over By

are fiber homotopic with respect i A;

c) for any commutative diagram

A

where p : (E,mg) — (B, 7g) is a fibration over By and (E,7g) and (B, ng) are ANRg, -

spaces, there exists a map F : (X, 7x) — (E,mg) over By such that F'-i = f and
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p-F=F.

d) for any commutative diagram of maps over By

WX‘A TpK

L
PBO

there exists a filler H : (X, 7x) — (PX, mpx) over By provided P € ANRg, and L is a

subcomplez of a finite CW-complex K with an inclusion map j: L — K.

Proof. We check up the following implications a)=-b)=-c)=-d)=-a).

a)=b). As in the proof of Proposition 2 of [B4] we can show that (X, 7y) is a
closed subspace of AEg -space for metric spaces (M, myr) over By with weight w(M) <
max(w(X),w(By),Ng). Here M = B x K, where K is a convex hull of X in a normed
vector space L. Since (Y, my) is ANEg,-space there exist an open neighbourhood V' of
Ain M and extension f : (Viraa) — (Y, my) over By of map f: (A, mx4) = (Y, 7y).
By condition a) there exists a homotopy H : (X X I,7mxx;) — (M, my) over By such

that

H(z,0) =z, reX,
H(z,1) €V, z € X,

H(a,t) = a, ac Atel.
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Let f: (X, 7x) — (Y, 7y) be a map given by the following formula

f=f(H(z,1)), zeX.

Note that

(my - () = 7y (f(2)) = 7y (f(H (2. 1)) = (zy - [)(H(2,1) =

= muja(H(x, 1)) = my(H(z, 1)) = mxxr(2, 1) = 7x (7).

Thus, 7y - f = mx and hence, f is a map over By. Now show that any two such
type extensions are fiber homotopic with respect A. Let fi, fo : (X, mx) — (Y, 7y) be
extensions over By of map f. Consider a subspace N = X x {0} UA x TUX x {1} of

space (M x I, mpr«r). Define a map F': N — Y over By by

F(,0) = fi(x), v € X,
F(z,1) = fy(z), reX,
F(z,a) = f(a), acAtel.

It is clear that (see Proposition 1.1 of [Ys]) M xI = (BXK)xI ~ Bx (K xI) € AEg,,
because K x I € AE(M). There exists an extension F : (W, marxrw) — (Y, my) over

By of map F' : (N, Ty« n) — (Y, my) over By on some open neighbourhood W of N

in M x I.

Let U be an open neighbourhood of X in M such that U x {0} C W and U x {1} C
W. Besides, consider an open neighbourhood V' of A in M such that V' x I C W. By

condition a) it follows the existence of homotopy D : (X x I, 7wxx) — (U, mpw) over
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By with properties

D(z,0) =z, r € X,
D(z,1) €V, r € X,
D(a,t) = a, acAtel.

Let F'(x,t) = F(D(z,t),0), F"(z,t) = F(D(z,t),1) and H(z,t) = F(D(x,1),t).

Note that F’, F” and H induce the fiber homotopies:

F, . fl =B, hlrelA,
F” . fg =g, hgrelA,

H : hy ~p, horel A.

Therefore, f; ~p, forelA.

b)=-c). By condition b) for a space (E,7mg) € ANEg, over By there is a map
F:(X,7x) — (E,ng) over By such that F'-i = f. Note that F-i=p-f=p-F-i.
From condition b) also follows the existence of homotopy H : F ~p, p - Freli(A) over
By. Thus there is a fiber homotopy H : (X x I, wxxs) — (E,mg) such that p- H=H.
The fiber homotopy H induces a map F : (X, 7y) — (E,7g) over By with properties
F.i=fandp-F=F.

¢)=-d).By proposition 9 of [B4] the space P% and P} are ANRg, -spaces. Also
note that j* : Péf) — Péo is a fibration over By. Hence, there exists a filler H :
(X, 7x) — (Pég,wpé;) over By.

d)=-a). Let (X,7x) be a closed subspace over By of ARp,-space (M, ) . Let
i: (A, mx1a) = (X, 7x) be the inclusion over By of closed set A of X given by i(a) = a

for each a € A.
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Consider open neighbourhoods U and V' of X and of A, respectively, in M such
that V. C U. Note that (U, mau),(V,mav) € ANRp,. Let P =V, K = {x}, L =10
and let f: (A, mx1a) = (V.7 v) be the inclusion map over By. By condition d) there
exists a map r : (X, 7x) — (V,mav) over By such that 7-¢ = f. Now assume that

P=U,K=1and L={0,1}. Consider a commutative diagram

f

A U,
7 B() m
% WUk
X 2 U XBg U,
where
m(w) = (W(0), w(1)), w € Ug,,
fla)(t) = a,a € A, tel,

F(z) = (z,r(x)), r e X.

It is clear that mx 4 = Tug f, Tug = TUxp U T and Ty = TUxp,U * F'. Also note

that U xp, U and Ug, are ANRp,-spaces.

By condition d) there exists a map H : (X,7x) — (UéO,T(Ué ) over By such that
0

Hi=fandn -H=F.

Let D : (X x I,mxxr) = (U, mau) be a map over By given by formula

D(z,t) = H(x,t), (x,t) € X x 1.
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The map D satisfies the conditions of the definition of SSDR-map over By. m

Now we need to introduce definition and investigation of fibrant spaces over By.

Definition 1.2.3. A space (Y, 7y ) over By is called a fibrant space over By if for every
SSDR-map i : (A, mxja) = (X, 7x) over By and every map f : (A, mxia) = (Y, 7y)
over By, there is a map F : (X, wx) — (Y, my) over By such that F' -i = f, i.e. the

following diagram commutes:

A X

We have the following proposition.

Theorem 1.2.4. IfY is an ANRgp,-space, then Y is a fibrant space over By.

Proof. Let i : (A, mxja) = (X, 7x) be a SSDRg,-map and (Y, 7y) € ANRp,. By im-
plication a=-b) for each map f : (A4, mx4) — (Y, 7y) over By there exists an extension
f (X,7mx) — (Y, 7my) over By with property f-i=f. Thus Y is an fibrant space over
Bo. O
Theorem 1.2.5. If (Y, 7y) is a fibrant space over By and Z is a compact space, then

(YBZO,T('YBZO) also is a fibrant space over By.

Proof. Let (X, mx) be a metric space over By, A a closed subset of X, i : (A, 7xa) —
(X,7x) a SSDRp,-map and f : (A, 7xja) — (YBZO,WYBZO) a map over By. The map

F:(AX Z,maxz) — (Y, my) given by formula

F(a,z) = (f(a)(2),(a,z) € (AX Z,Taxz)



1.2. On Fiber SSDR-maps and Fibrant Spaces 44

is a map over By. Indeed, for every (a,z) € A x Z we have

Observe that if i : (A,7x4) = (X,7x) is a SSDR-map over By, then 7 x 1z :
(AX Z,maxz) = (X X Z,mxxz) is a SSDR-map over By. Indeed, we can assume the
pair (X X Z,mxxz), where mxyz((z,2)) = mx(x), is embeddable in some ARg,-space
(M x N,mpxn) such that (X, 7x) and Z are embeddable in (M, 7)) € ARp, and
N € AR, respectively. Let W and ) be open neighbourhoods of X x Z and A x Z in
an ARp,-space M x N, respectively. There exist open neighbourhoods U and V' of X
and A respectively in M such that U x Z C W and V x Z C Q. Since 7 is a SSDR-map
over By there exists a homotopy H : (X, 7x) x I — (U, mpu) over By with properties

H(z,0) =i(x) and H(x,1) € V.

Let H : (X X Z x I, mxxzx1) = (U X Z, myxz) be a map given by formula

H(z,z,t) = (H(x,t),2),(x,2) e X x Z,;t € I.

Note that H is a map over By satisfying the following conditions

H(z,2,0) = (H(z,0),2) = (i(x),2) = (i x 12)(z, 2)

and

H(z,2z,1) =(H(z,1),2) eV xZCQ.

Since (Y, my) is an fibrant space over By thereisamap F : (X X Z, wxxz) — (Y, 7y)
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over By such that F'- (i x 15) = f, where f : (A X Z,maxz) — (Y, my) be a map over

By given by formula

fla,z) = (f(a))(2),(a,2) € AX Z.

Let F: (X, Tx) — (YBZO,WYBZ) be a map given by
0

(F(2))(2) = F(z,2),r € X,z € Z.

It is clear that F-i = f. O]

Theorem 1.2.6. Let Y = (Yo, 7y,), Punt1, NT) be an inverse system of fibrant spaces
over By and fibrations over By. Then the fiber limit space Y = @Y is a fibrant space

over By and the natural projections p, : (Y, wy) — (Y, my,) are fibrations over By.

Proof. Let (y,) € Y =lmY. It is clear that for each n <n+1

Wn(yn) = (Wn 'pn,n+1)(yn+1) = 7Tn+1(yn+1)'

Assume that

Ty (Un)) = Tn(Yn); (Yn) € Y.

Note that 7y, - p, = my. Consequently, (Y, my) is a space over By and p, : Y — Y}, is

a map over By.

Let f, = p, - f,n € N. It is clear that there exists a map F; : X — Y] over By

such that F} -i = p; - f. For the commutative diagram
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f2
f v P2

there is amap Fy : (X, mx) — (Y2, my,) over By with properties Fy-i = f and p1o-Fo =
Fy. Inductively we can construct the sequence {F,}, y+ of maps F, : X — Y, over

By for which py, 11 - Frop1 = F, and F,, -1 = f,,.

Let F = A F,:X — [] Y. be the diagonal product over By of maps F), :
neNt neN+
(X,mx) = (Yo, 7my,),n € NT. The map F induces a map over By which we again

denote by F': (X, 7x) — (Y, my). It is clear that F'-i = f.
Now show that p; : (Y, my) — (Y3, 7y,) is fibration over By. Consider the diagram

S

A Y
| D2

There exists a map H{ : (X X I,7xx;) — (Ya,7y,) over By such that H{ - og =
p1-f=pia-(p2- f). Hence, we can choose a map Hy : (X X I, mxxs) — (Y2, Ty,) over

By for which Hj - 09 = ps - f and p15 - Hy = H{. Thus, inductively we can construct a
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sequence H{, Hy,--- H! --- of maps H} : (X x I, wxx;) — (Y, 7y, ) over By such that

H) =pppi1-Hyp,ne Nt Let Hy : (X x I, mxyr) = (Y, my) be a map given by

n

H = A H (X xI,mxy) — (Y, 7y).

n
neN

Finally, we observe that H' - oo = f and p; - H; = H{.
Analogously, we can prove that ps, p3,--- maps over By are fibration over By. [

Theorem 1.2.7. Let [ : (X, 7x) — (Y,7y) be a map over By. If (X,7x),(Y,7y) €
ANRg,, then coCylg (f) € ANRg,.

Proof. Let (Z,7z) € ob(Mg,) and A be a closed subspace of Z and let g : (A4, 7z4) —
coCylg, (f) be a map over By. For the composition g, = wi . g (A, m74) = (X, 7x)
there exist a neighbourhood U of A in Z and an extension g, : (U, mzpy) — (X, 7x)

over By of map w}# - g over By. Note that
f-da(a) = f(G2(a)) = flgala)) = f-wi - g(a) =wi - fu, - g(a) = (fo, - g(a))(1).

The composition f,, - g : (A, 7z14) = (Y5,, Ty ) induces the map H : Ax [ =Y
0
over By given by

H(a,t) = ((fur - 9)(@))(1), (a; 1) € A X 1.

It is clear that foreacha € A and t € [

H(a,1) = ((fur-9)(@)(1) = (@i~ fur - 9)(a) = (f -] - g)(a) =
= [ (@] -9)(@) = f(G2()) = (f - B2)(@) = (f - Gaia)(a).
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Let G : ((U x {0}) U A x I,WUX{O}UAX[) — (Y, my) be a map defined by formula

Gu,1) = fga(u),uel,

G(a,t) = H(a,t),(a,t) € AxI.
There exists an extension G : (U x I, 7yx;) — (Y, 7y) over By such that
é\Ux{l} = f © 2

and

G, = H.

The map G induces a map §; : (U, Tzl,) = (YP{O,T(YBI ) for which
0

(1(w)(t) = G(u,t),u e Ut el

Let g = §1A§2 . (U, 7TZ|U) — (COCleO (f)vﬂ-coCleO(f))'

Also note that for each pair g(u) = (g1(u), g2(u)) holds the condition

Gi(u)(1) = G(u,1) = fgo(u),u €U,

i.e. g(u) € coCylg, (f). Besides,

Note that §;(a) is a map §i(a) : I — Y such that

ai(a)(t) = Gla,t) = H(a,t) = ((fur - 9)(@)(2),
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ie. gi(a) = fo, - g(a).

Hence, for each a € A we have

]

Theorem 1.2.8. Let f: (X, 7x) — (Y, 7y) be a map over By of fibrant spaces over

By. Then the coCylg (f) over By is a fibrant space over By.

Proof. Let g : (A,mz,,) — (coCylg,(f), Teocyly, (1)) be a map over By from a closed
subspace (A, w74 of (Z,7z) € 0b(Mg,) to the (coCylg, (f), Teocyly, (r)- There exists an
extension g, : (Z,7;) — (X, 7x) over By of map g5 = wi - ¢ : (A, mz,) = (X, 7x)
over Bg. Note that from the equivalence a)<b) of Theorem it follows that the
inclusion (X x {0} UA X I, Txxqoyuaxs) — (X X I, mxx1) over By is an SSDR-map over
Bo.
Let
G (Z x {0} UAXI,mzqouaxr) = (Y, 7my)

be a map given by formulas
G(z,1) = fga(2), 2 € X

and

G(a,t) = H(a,t),(a,t) € AX I,

where H : (AX I, max;) — (Y, my) is a map over By given by H(a,t) = ((fu, -9)(a))(t).

As in the proof of Proposition [1.2.7] we can check up that there exists map §; :
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(Z,mz) — (YI,WYBI ) over By such that
0
91(2)(1) = fg2(2), 2 € Z.
Let g = 1Age : (Z,m7) — (coCleO(f),WcocleO(f)). It is clear that g, = g.
Thus, the pair (coCylg, (f), Teocyly, (1)) 15 @ fibrant space over By. O



Chapter 2

Fiber Strong Shape Classifications

of Compact Metrizable Spaces

In chapter 2 are defined and studied fiber cotelescopes and ANRp -resolutions, proved
the theorem of existence of ANRp,-resolution, constructed fiber strong shape cate-
gory of compact metrizable spaces and established the characterizations of fiber strong
shape equivalences based on the notion of the double mapping cylinder over By.The
constructed fiber strong shape category is the full image of functor reflector from the
fiber homotopy category of compact metrizable spaces over By in the fiber homotopy

category of fiber fibrant spaces.

2.1 On Fiber Strong Shape Category of Compact

Metrizable Spaces

First we consider cotelescopes of inverse sequences over By. Let X = {(X,,,7x,),¢" ™, N*}

n Y

be an inverse sequence over By. For each bonding map ¢! : (X1, 7x,,,) —

n+1

m+t1) over By of map

(Xn,7x,) over By consider the cocylinder X, ;1 = coCylg (¢

o1
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@t (X1, Tx,,,) = (Xy, mx,) over By, fibration p, = w; - fu, : Xpny1 — X, over
By and the shrinkable fibration r,,; = w# i Xpnt1 — Xy over By with respect to

the SDRp,-map 4,41 : Xpt1 = Xong1-

The cotelescope over By of the inverse sequence X, denoted by coTelg,(X), is

defined as the inverse limit of the diagram 7'(X)

XOl)TrX()l X1277TX12 n 1TL77TXn ln
]/BN Z/Bo T /Bo Tn
(Xo,Tx,) <~ (X1, 7x,) «— (Xo,7x,) -+ (X1, Tne1) < (X, 7x,)
QO Q1 In—1

By definition of cotelescope over By, coTelg,(X) = @ T(X) is a space over By of points

(20, wo, T1, W1, Ta,wa, - -+ ) € [] (Xi X B, X;’) for which
1=0
wo(0) = o, wo(1) = gg(z1),wi(1) = ¢;(x2), - -

Let 7,,(X) be a finite subdiagram consisting of first n numbers of diagram 7'(X)

and (Xon, Tx,,.) = I&HTn(X) Now consider the following diagram
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XO KX 71-)(()n

pOn/ \ln

(XOn ].77TX0n 1) X1n77rX1n

N

(Xl,TLfl) 7TX1’n_1) (XQ,’N,?WXQ’n)

X02,7TX02
po/ \12
X0177TX01 X12,7TX12 Xn—1nsTx,,_ 1n
nNenS NG pn/ e
(X0, Tx,) (X1, 7x,) (Xo,mx,) -+ (Xn_1,7x,_ ) (X, 7x,,)

Note that in this diagram pq, po, ..., p, are fibrations over By. Hence, the maps
Pn.m also are fibrations over By and r,,, maps are shrinkable fibrations with respect
to maps 4, since each 7, is a shrinkable fibration with respect to ¢,. Changing r,
bY in, Tnm DY inm and putting (XO,WXO) = (Xo,7x,), Go = Do, iy = 1X0,51 = iy,
(Xn,ﬂ)”(n) = (X0 X0 ) Gnoy = Pon—1s Iy = Q1m - ip_1m - Iy for n > 1 we obtain

the following inverse system X = ((X,,, 7%, ), @, NT) and commutative diagram

~ qO B q% ~ ~ g+l
(X07 ﬂ-XQ) (X17 7T)( ) . (X27 WXQ) D (X'r“ WXng < (Xn+17 WX'(H»I) N

lg, = %OI i I s I %nT int1 I
(XO,WXO) Nl (X177TX1) NPy (X277TX2> <o ‘(Xn77TXn)n1§Xn+177TXn+1) D
9o qi qn

Note that coTelg,(X) = LX gt (XnH,WXnH) — (X, 7¢) is a fibration over
By and i, : (X, 7x,) — (Xn,an) is SDRp,-map over By for each n > 0. Also note
that if all (X, 7, ) are ANRp,-spaces (fibrant spaces over By), then all (X, Tx, ) are
ANRg,-spaces (fibrant spaces over By). In particular, we have obtained the following

theorem.
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Theorem 2.1.1. Let X = ((X,,,7x,),¢"™, NT) be an inverse sequence consisting of
fibrant spaces over By and maps over Bg. Then the cotelescope coTelg,(X) is a fibrant
space over By. If all (X, mx,) members of the inverse system Xare ANRp,-spaces,

then coTelg,(X) is a fibrant space over By too. O

Let X = I&HX and q = {¢n }nen+, where ¢, : X — X, are the natural projections
over By. Then SSDR-maps ,, over By from the above given diagram induce the unique
natural embedding iq : (X, 7x) — (coTelp, (X), WcoTelgo(X)) over By such that g, - iq =

iy - qn for each n > 0.

Definition 2.1.2. An inverse sequence X = ((X,,7x, ), ", N*) is called resolution

over By of compact space (X, wx) over By if
a)(X,mx) = Jm X;

b)the family q = {g,, : (X, 7x) = (X,, 7x, ) tnen+ satisfies the following condition:
for each n € N* and open neighbourhood U of ¢,(X) in (X 7y, ) there exists m > n

such that ¢(X,,) C U.

If all the (X, 7x,) € ANRg,, then q is called an ANRg,-resolution over By.

Note that this definition of resolution over By is a special case of the definition of

resolution over By given in [B4].

Now prove the theorem of existence of resolution over By of compact metrizable

spaces over By.

Theorem 2.1.3. For each compact metrizable space (X, mx) over By there ezists an

ANRg, -resolution q : (X, 7x) — X over By.

Proof. We can assume that (X, 7x) is a closed subspace of some ARp,-space (M, my).
Indeed, there exists a closed embedding j = i A 7wy : (X,7x) = (M,7y) = (N %

Bo, TnxB,), where ¢ : X — N is an closed inclusion of X into AR-space N. Let
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X, be the union |J B(z,+), where B(z, 1) is the open ball in M with center  and

radious € = }1 Foijea)r(ly neighbourhood U of X in M and x € X there exists €, such that

B(z,e,) C U. There exists a finite set {x1, za, ..., 3} C X such that X C ij B(zi, e4,).
i=1

Let € = % < min{ey,,€xys s €xy, b+ 1t s clear that X, = |J B(x, %) has the property

X, C U. Note that obtained family of neighbourhoodst?X in M form an inverse

sequence X = (X, "™ NT) of ANRp,-spaces, where ¢"*! is the inclusion of X,

into X,,. Since X = [ X,,, we can conclude (X, 7x) = Jm X.

n=1

Therefore, the family q = {¢, }nen+ of inclusions g, : (X, 7x) — (X,, 7, ) over By

form a resolution q : (X, 7yx) — X over By of space (X, 7x) over By. O

Theorem 2.1.4. Let (X, 7x) be a compact metrizable space over By. If q: (X, 7x) —

X = ((Xp,7x,),¢" ", NT) is a resolution over By of (X, 7x), then there exists an

n

infinite strong deformation
D : coTelg, (X) x [0,00) — coTelg, (X)

of coTelg,(X) over By onto iq(X). In particular, the map iq : (X, mx) — coTelg,(X)

18 an SSDR-map over By.

Proof. Let X = coTelg,(X). The projections ¢ : (X,75) — (Xi,mx,) over By are

fibrations over By and they have fiber homotopy lifting property.

Hence, there are deformations D, : (X x I,75,;) — (X, T, ) over By of X onto
F, = G 'i,(X,). The family {F,} is a decreasing family of closed subsets of X, i.e. for
eachn >0

X=FD>F D..0F DF, DigyX).

Since q is a resolution over By, then for each neighborhood U of iq(X) in (X, 7¢) there
exists an index m such that F,, C U. There are an index n and neighborhood V of

n(iq(X)) in (X, 7y, ) such that ;2 (V) C U. Let V =i;}(U) and ¢,(X) C V C X,.
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There is an index m > n for which ¢”(X,,,) C V and §7(im(X,n)) C V. Note that

Fro = G (im(Xm)) € G (@0 (im (X)) € G, (V) C U.

The strong deformations D; over By induce the required infinite deformation D :

coTelg, (X) x [0, +00) — coTelg, (X) over By. O

The next theorem follows directly from Theorems [2.1.1] [2.1.3| and [2.1.4]

Theorem 2.1.5. For each compact metrizable space (X, mx) over By there is a fi-
brant extension ix : (X,mx) — (X,7z) over By. In particular, if q - (X,7x) —
X = ((Xn,7x,), ¢, NT) is an ANRp,-resolution over By, then the embedding i :

(X, mx) = (coTelp, (X), WcoTelBO(X)) is a fibrant extension over By. O

The purpose of this section is to construct of fiber strong shape theory for compact
metrizable spaces over a fixed base space By, using the fiber versions of cotelescop and

fibrant space.

The constructed fiber strong shape category is the full image of functor reflector
from the fiber homotopy category of compact metrizable spaces over By in the fiber

homotopy category of fiber fibrant spaces.

The obtained classification of spaces over By demonstrates the advantage of fiber
strong shape theory over fiber shape theory. Now define the fiber strong shape category
SSHp, for compact metrizable spaces over By in a quite usual way as the full image
of some functor-reflector. Here we consider the reflector of the fiber homotopy cate-
gory H(CMp, ) of compact metrizable spaces over By in the fiber homotopy category

H(Fp,) of fibrant spaces over By.
Let (X,mx) € 0b(CMp,) and iy : (X,7x) — (X, 75) be a fibrant extension over
Bg. For each map f: (X, 7x) — (Y, my) over By, where (Y, 7y) is a fibrant space over

By, there exists a map f : (X, 7¢) — (Y, 7y) over By such that the following diagram
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commutes, i.e. f = f-iy. From Theorem 1.1.2 follows that if fB: o (X,mg) =
0

(Y,my) and f'-ix = f, then fBz f'. Hence, the map
0
[iX]go : [X7Y]Bo — [Xa Y]Bo

given by formula

x5, ([f]Bo) = [f - ixBo

is bijective. Thus, we have the following.

Theorem 2.1.6. Let ix : (X,7x) — (X,7¢) be a fibrant extension over By of
space (X, mx) € CMg,. Then the morphism [ix]p, : (X,7x) — (X, 75) of category
H(CMsg,) is an H(Fg,)-reflection. O

It is clear that the family {ix : (X, 7x) = (X, T ) H (X mx)cob(H(CMg,)) induces the
H(Fp,)-reflector
R: H(CMBO) — H(FBO)

that is a functor given by formula
R((X,7x)) = (X, 7g), (X, 7x) € ob(H(CMg,))

and satisfying the condition:

for each map f : (X,7x) — (Y, my) over By of compact metrizable spaces the
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diagram

S
b

~
~h

Ix -
X X

us]
o
Y

)~<
i‘<jz

In this case the pair (ix,iy) : f — f is called a fibrant extension over By of map f.

Definition 2.1.7. The fiber strong shape category SSHp, of compact metrizable

spaces over By is full image of the reflector R : H(CMp,) — H(Fg,).

Note that

ob(SSHg,) = 0b(H(CMpg,))
and

NIOISSHB0 ((X> 7Tx>, (Y> 7TY) = [(Xv WX)? (Y7 71-f/)]Bov (Xv WX)? (Yv WY) S Ob<HCMBo))‘
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Besides,

SSB()((X? WX)) = (Xv ﬂ-X)

for each (X, 7x) € ob(HCMp,)) and

SSBO([f]BO) = R([f]Bo) = [f]Bo

for a fibrant extension (ix,iy) : f — f : (X,7g) — (Y, 7y) over By of map f :

(X, mx) — (Y, my) over By.

There is a commutative diagram

H(CMp,) — H(Fg,)

e

SSHp,.

2.2 On Fiber Strong Shape Equivalences of Com-

pact Metrizable Spaces

The double mapping cylinder dCylg (f) over By of map f : (X, 7x) — (Y, 7y) over By
is the subspace X x I U Cylg (f) x {0,1} of space Cylg (f) x I over By.

By J. Dydak and S.Nowak in ( [Dy-N;|, [Dy-Ns|) were defined a strong shape
equivalence. We give the definition of fiber version of strong shape equivalence.
Definition 2.2.1. A map f : (X,7x) — (Y,my) over By is a shape equivalence if
for each ANRp,-space (P, 7p) induces a bijection f* : [Y, Plg, — [X, P|g,- A fiber
shape equivalence f is called a fiber strong shape equivalence if for any two maps g, h :
(Y, my) — (P,mp) € ANRg, over By and a fiber homotopy H : (X X I, 7xx;) — (P, 7p)
over By joining g f and h g, H is fiber homotopic rel X x {0,1} to H (f x 1;), where

H : (Y x I,myy;) — (P,mp) is a fiber homotopy between g and h.
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Theorem 2.2.2. Let f : (X,7x) — (Y, 7my) be a fiber shape equivalence and let g :
(OI" x Y,mgmxy) — (P,mp) € ANRp, be a map over By such that the composition
g1 x f): (I" x X, mmyx) — (P,mp) has an extension onto (I" X X, wmyx). Then

g has an extension onto (I" X X, Ty x).

Proof. The map g : (OI" X Y, mgmxy) — (P, 7p) induce the map over By from (Y, 7y )

into (P?T" wpar ) which we also denoted by g : (Y, 7ry) — (P%I" 7wporm).

Let h: (X, mx) — (P?T" wpom) be a fiber extension of g f. By condition of theorem
f is a fiber shape equivalence. Hence, there exists a map b : (Y, my) — (P, wporm)
over By such that b’/ fBz h. By b’ again denote map h' : (Y" X I, wyny;) — (P, mp) over
0
By induced by A’. From the relation A’ f = h and the equality h = ¢ f it follows that
0
nf g_; g- f. Hence, h?amxy g_; g. Since the pair (I"™ x Y, 01" x Y') has the fiber homotopy

extension property g extends onto I™ X Y. O
Theorem 2.2.3. Let f : (X, 7x) — (Y, 7y) be a map over By. The following conditions
are equivalent:

1). f is a fiber strong shape equivalence;

2). for a given space (Z,mz) over By containing (X, mx) as a closed subspace over
Bo, everymap g : (Z,77) = (P, mp) € ANRg, over By extends to (ZUCylg, (f), Tzucyls (1))

and every map
H : (Z x TUdCylg,(f), 7zx10dcyis, (1) — (P, 7p) € ANRg,

over By extends to ((Z U Cylg, (f)) x [,W(ZucleO(f))x[);

3). if (X, 7x) is a closed subspace of (Z,mz), then the fiber inclusions

i:(Z,my)— (ZU Cleo(f)77TZUCy1BO(f))
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and

Ji(ZxIu dCYlBo(f)7WleudCleo(f)) - ((ZU Cle()(f)) X [777(Zucy130(f))xl)

are fiber shape equivalence;

4). if (X, mx) is a closed subspace of (Z,7z), then the fiber inclusion

i:(Z,mz) = (ZUCylg,(f), Tzucyiy, ()

1S a fiber strong shape equivalences;

5). if (X, 7x) is a closed subspace of (Z,myz), then the fiber inclusion

i:(Z,my)— (ZU Cleo(f)77TZUCy1BO(f))

is a fiber shape equivalence;

6). the fiber inclusions

k . (X, 7Tx) — (Cleo(f)>7TCleO(f))

and

L+ (dCylg, (), Tacylg, (r)) = (C¥lg, () X I, ey, (1)<1)

are fiber shape equivalences;

7). everymap g : (X, 7x) = (P, 7p) € ANRp, over By estends to (Cylg,(f), Ty, (1)
and every map H : (dCylg,(f), Tacyl, (1)) — (P.mp) € ANRg, over By extends to

(Cylg, (f) X I, mey, (£)x1)-

Proof. 1)=2). Let g : (Z,7z) — (P,mp) € ANRp, be a map over By. Consider the

fiberpreserving restriction gx : (X,7x) — (P,mp). This map has a fiber extension
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g+ (Cylg,(f), meyiy, () — (P.mp). The maps ¢ and g induce a map ¢" : (Z U

Cylg, (f), Tzueyiy, (5)) = (P, 7p) over By which is fiber extension of g.

Let g : (dCylg, (1x), Tacy,, (1x)) = (dCylg, (f), Tacyl, () be the fiber natural pro-
jection and let f*: (dCylg, (1x), Tacyl (1x)) = (ACylg, (1y), Tacyl,, (1y)) be a map over

By induced by f. Note that
Hq];:H’f'relX x {1} x {0,1},
0

where H' : Hy(13x{0} lfg: Hyx{1yx41) 1s @ homotopy over By.Consequently, the map H
0

has a fiber extension onto (Z U Cylg (f) x I).

2)=3). Note that i, : [Z U Cylg, (f), P]lg, — [Z,P]g, is the surjection for each

0

P € ANRp,. Prove that i, is an injective map.

Let g, h : (Z U Cylg,(f), Tzucyly, (1)) — (P, 7p) be maps over By with some fiber
homotopy

H: ~ h,.
Q\ZBO |z

There exists a map G : (Z x IUdCylg,(f), Tzx1udoyly (1)) — (P, 7p) over By such

that

Gyl (Hx{0y = 9

and

Gy, (Hx{1y = h-

Let G" : (Cylg,(f) x I, ey (5)x1) — (P;mp) be a fiber extension of G. Then

G 9= h. Now show that j, : [(ZUCylg,(f)) x I, P]g, = [Z x IUdCylg (f), Plg, is a
0

bijection for each (P, 7p) € ANRg,. Let G, H : ((Z U Cylg,(f)) x I, T(zucyly, (£)x1) =

(P, mp) be maps over By whose restrictions on subspace Z x I x dCylg (f) are fiber
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homotopic. Notice that
GI(ZUdCyIBO(f))X{O} ]rfo H\(ZUdCyIBO(f))X{O}-

Since the inclusion (ZUCylg (f)) x {0} = (ZUCylg,(f)) x I is the fiber inclusion

the maps G and H over By are homotopic over By.

3)=4) Let H : (Z x I,mzx1) — (P,mp) € ANRp, be a fiber homotopy between
restrictions gz and hjz of maps g,h : (Z U CYIBO(f),’/TZUCleO(f)) — (P, mp) over By.
There exists an extension map G : (Z x I UdCylg,(f), 7zx1uacys, (1) — (P, 7p) over
By of H such that G|CleO(f)><{0} = g and G|Cy1B0(f)><{1} = h. By condition iii) there
exists a fiber homotopy extension G : ((Z U Cylg,(f)) x I, T(zucyy, (1)x1) = (P, 7p)of
G. The pair ((ZUCylg,(f)) x I,Z x I UdCylg,(f)) has the fiber homotopy extension

property with respect to any space over By because
(Z x TudCylg (f)) x T UCylg, (f) x I x {0}
is a fiber retract of
(Z x TudCylg, (f)UY x I)x T UCylg (f) x I x {0}

and

(Z x 1UdCylg, (f)UY x I)x IUCylg (f) x 1 x {0}
is a fiber retract of (Z U Cylg (f)) x I x I. Consequently, G’ is a fiber homotopy
between g and h and the restriction of G’ on Z x I is equal to G.

4)=-5). The verification of this implications is trivial.

5)=6). Let Z = X x I UCylg, (f) x {0}. By condition v) we infer that the fiber

inclusion X x JUCylg (f)*x{0} — dCylg, (f) is a fiber shape equivalence. Consequently,
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the fiber inclusion dCylg (f) — Cylg, x I is shape equivalence. Besides, for Z = X

we get that X — Cylg (f) is a fiber shape equivalence over By.

6)=-7). This implication is obvious because (Cylg, (f), X) and (Cylg, (f)xI,dCylg,(f))

have the fiber homotopy extension property with respect to any space over By.

7)=1). Let H : (dCylg,(1x), Tacyi, (1x)) = (P.7p) € ANRp, be a fiber homotopy
between gf and hf, where g, h: (Y, my) — (P,mp) € ANRp, are maps over By. There
exists a map G : (dCylg,(f), Tacyl, (5)) — (P, 7p) over Bg such that Gy = g
and Gyyqy = h. Let G" : (Cylg, (f) x [,ﬂ'CleO(f)X[) — (P,7p) be an extension over
By of G. Using the fiber projection m : X x I x I — Cylg (f) x I and strong fiber
deformation retraction of X x I x I onto X x {1} x I we infer that H is fiber homotopic
relX x {1} x {0,1} to H' x (f x 1;), where H" : (dCylg, (1y), Tacyly, (1y)) = (P 7p) is

a fiber homotopy between g and h. Hence, f is a fiber strong shape equivalence. [J

Corollary 2.2.4. Let (X, 7mx) be a space over By and A C X. The fiber inclusion
i@ (A, mxia) = (X,7x) is a fiber strong shape equivalence if and only if i and j :
(X x {0} UA x TUX x {1}, xxqopuaxiuxx{1y) — (X x I,mxxr) are fiber shape

equivalences.

Proof. Let f = i. This corollary is straight consequence of equivalence of conditions

1) and 6). O

Corollary 2.2.5. Let f: (X, 7x) — (Y, my) be a fiber homotopy equivalence. Then f

15 a fiber strong shape equivalence.

Proof. The space (X, 7x) is a strong deformation retract over By of Cylg (f). Hence,
(Y'x{0}, Ty xoy) is a strong deformation retract of dCylg (f). Thus, the fiber inclusions
of (X, mx) into Cylg, (f) and (dCylg, (f), Tacyy, (1)) into Cylg, (f) <1 are fiber homotopy

equivalences. O
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Corollary 2.2.6. If g : (X,7x) — (Y, my) is fiber homotopic to a fiber strong shape

equivalence f : (X, mx) — (Y, 7y), then g is a fiber strong shape equivalence.

Proof. The cylinder Cylg (g) over By is fiber homotopy equivalence to cylinder Cylg (f)relX.
Hence, for every space (M, my) over By containing X as a closed set the spaces
M U Cylg (f) and Z U Cylg,(g) over By are fiber homotopy equivalent with respect
M. By equivalence of conditions 1) and 5) of Theorem 3 ¢ is a fiber strong shape

equivalence. O

Now prove the following

Theorem 2.2.7. Let f : (X,7x) = (Y,7ny) and g : (Y,7y) — (Z,77) be fiber strong
shape equivalences. Then g f: (X, nx) — (Z,7z) fiberpreserving map is a fiber strong

shape equivalence.

Proof. 1t is clear that the composition g f is a fiber shape equivalence. Let @, :
(Z,mz) = (P,mp) € ANRp, be fiberpreserving maps and H : (X X I, 7xx;) — (P,7p)
be a fiber homotopy H : ¢gf ];;; g f. By condition of theorem there exists a fiberpre-
serving homotopy H' : (Y x I, y«;) — (P, 7p) between fiberpreserving maps ¢ g and
1 g such that

H]’B_VOH' (f x 1p)rel X x {0,1}.

Besides, there is a fiber homotopy H” : (Z x I,mzy;) — (P, 7p) between ¢ and 1
such that

H'];:H" (g x 17)rel Y x {0,1}.
0

Consequently, we have the following fiber homotopy

HB:H" (9 fx1p)rel X x {0.1}.
0
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]

Theorem 2.2.8. Let f: (X,7x) — (Y,7ny) and g : (Y,7y) — (Z,77) be maps over
Bo such that g f is a fiber strong shape equivalence. If one of f and g is a fiber strong

equivalence, then both f and g are fiber strong shape equivalences.

Proof. By condition of theorem f and g are fiber shape equivalences. Let H be
some map over By from (dCylg,(f), Tacyl,, (s)) into (P,mp) € ANRp,. There is an
fiber extension H' : (X x I U Cylg (f) x {0,1} U Cylg,(g) X {071}>7TX><IUCleO(f)><
{0,1}UCylg, (9)x{01}) = (P, mp) of H because the fiber inclusion (Y, my) — (Cylg, (9), Ty, (9)
is a fiber shape equivalence. By Corollary 2.5 of [F](Cylg, (f)UCylg, (9), Ty, (1ucyls, (9)

is fiber homotopy equivalent of (Cylg, (g f), T (Cylg, (9 #))- Besides, by condition gf is a
fiber strong shape equivalence. Consequently, H' extends onto (Cylg (f)UCylg (g))xI,
and hence, on Cylg (f)x 1. Thus, by equivalence 1)<7) f is a fiber strong shape equiv-

alence.

Let H : (Y x I,myx;) — (P,mp) € ANRp, be a fiber homotopy berween g¢
and g, where p,¢ : (Z, ;) — (P,mp). There is a fiber homotopy H” : (Z X
I,7741) — (P,7p) such that H" : P v, H" (gf x 17)~ H (f x 1;)rel X x {0,1}. Let

0

~
Bo

G : (Y x OI* Ty a12) — (P,7p) be a map over By given by
G(y,0,t) = H(y,t),yeY,tel,

G(y,1,t) = H"(g(y),t),y € Y,t € I,
G(y,t,0) = pg(y),y €Y, t €1,

G(y,t,1) = vg(y),y € Y,t € I.

Then G(f x1;) : (X % (01%), mxx(a12)) — (P, mp) extends onto X x I2. By Theorem
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2.2.2 the map G extends onto Y x I?. Hence, we have
H]fszH”(g x 1)rel Y x {0,1}.
0

]

Corollary 2.2.9. Let f : (X, 7x) — (Y, 7my) be a fiber shape equivalence. If (X, mx)

has the fiber homotopy type of an ANRg,, then f is a fiber strong shape equivalence.

Proof. Note that there is a map g : (Y, my) — (X, mx) over By such that g f]'B: 1x. By
0

Theorem 2.2.8, g f is a fiber strong shape equivalence. Since ¢ f is fiber strong shape

equivalence and f is fiber shape equivalences, then f and g are fiber strong shape

equivalences. O

The next Theorem 2.2.10 and Theorem 2.2.11 show that in terms of fiber double

cylinders it is possible to describe fiber strong shape isomorphisms of category SSHpg, .

Theorem 2.2.10. A closed fiber embedding i : (A, wxa) = (X,7x) is a fiber strong

shape equivalence if and only if i is a SSDR-map over By.

Proof. Let i is a SSDR-map over By. First show that the function i, : [X, Plg, —
[A, Plg,,(P,mp) € ANRg, is a bijection. From the equivalence a)= b) of Theorem
2.2.2 follows that 7, is a surjection because for each map f : (A, 7x4) — (P, 7mp) over
By there is a map f : (X, 7x) — (P, 7p) over By such that fi = f and i,(f) = f. The
map i, over By also is an injection. Indeed, let g,h : (X, 7x) — (P, 7p) be two maps
over By such that i.(h) = g = .(f), i.e. hi];_;f%gi. By fiber version of Borsuks
homotopy extension theorem [Ys] there exists maps fi, fo : (X, 7x) — (P, 7p) over
By such that f1|A =f= fQ|A, fi~g and fg];;;h. By the implication a)=-b) we have

Bo
fi ~ foreli(A). Hence, 9= h. One easily sees that [q]s, = [h]s,-
0 0



2.2. On Fiber Strong Shape Equivalences of Compact Metrizable Spaces 68

Let now H : (A X I,max;) — (P,mp) be a fiber homotopy between ¢gi and hi.
Since (P!, mpr) € ANRg,, the function i, : [X, Pl]g, — [A, P]p, is a bijection. Con-
sequently, the function (i x 17), : [X x I, Plg, — [A x I, P]g, is a bijection too.
Hence, there exists a map F': (X X [, mxxs) — (P,7mp) over By and a fiber homotopy
S (i x17).(F) :F(ixll)g_;H. Let G=SUF : X xIx{0}U(AxI)xI— (P,7p)

be a map over By given by formulas
G|X><I><{0} = F,

GA><I><I =5

By Borsuk’s fiber homotopy extension theorem there exists a map G : (X x I x
I,mx«r) — (P,my) over By such that C~¥|XX1X{1} is a fiber homotopy between fiber

maps § : (X,7x) — (P,7p) and h : (X, 7x) — (P, 7p) given by formulas

§(z) = G(z,1,0),2 € X,

hz) = G(z,1,1),z € X,
g\A :gZ,
hja = hi.

By the Theorem 3 of [B,T,], there exist fiber homotopies 7" : 9 gand @ : 71}’3: h.
0 0

The combination of given fiber homotopies
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is fiber homotopy between g and h. Note that
L (i x 11)];_JHre1A x {0,1},
0

i.e. 7 is fiber strong shape equivalence.

Now prove inverse fact. Let ¢ be a fiber strong shape equivalence. Then i, is a

bijection. Consequently, for each map f : (A, 7xja) — (P,7p) over By there is a map

1.

12

F:(X,mx) — (P,mp) over By such that i,(F) = Fi

jos}

0

Using Borsuk’s fiber homotopy extension theorem we can conclude that there exists

a fiber extension f : (X, 7x) — (P, 7p) for which f}fg: F.
0

Let fi, fo : (X,7x) = (P,7p) be two such fiber extensions of f. Then there is a

fiber homotopy H' : f = fa, for which
0
(ix1y)H ~H: f~ frel Ax {0,1}.
Bo Bo

Hence, by implication b)=-a) of Theorem 2, i is an SSDR-map over By. ]

Theorem 2.2.11. Let f: (X, nx) — (Y, 7y) be a map over By of compact metrizable
spaces over By and (ix,iy) : f — f a fibrant extension over By of f. Then f is a fiber

strong shape equivalence if and only sz is a fiber homotopy equivalence.

Proof. It is known that f = pi, where i : (X,7x) — (Cylg,(f), Tcyy,, (n) and p :
(Cylg, (f), Teyig, () — (Y, my) are cofibration and fiber homotopy equivalence over
By, respectively. Let icy, ) @ (Cylg, (f), Teyg, () — (Z,73) be a fibrant extension

over By of the mapping cylinder of f. There exist maps i : (X,7z) — (Z,7) and

p:(Z,73) — (Y,7my) over By such that

1Cylg, (/) L = 11X,
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Iy P = Dicyly, (f)-

Let f be a fiber strong shape equivalence, in the sense of Definition 2.2.1. Since p
is a fiber homotopy equivalence it is strong shape equivalence. Thus from the equality
f = pi it follows that i is a fiber strong shape equivalence. By Theorem 2.2.10 i
is SSDR-map over By. Consequently, ¢ is a fiber homotopy equivalence. Hence, the
composition p is a fiber homotopy equivalence. Note that ji and f are fiber extensions
over By of map f. Therefore ]5%;3:0 f. Tt follows that f is fiber homotopy equivalence

over By.

Now prove that if f : (X ) — (f/,w?) is a fiber homotopy equivalence then
f is a fiber strong shape equivalence. Note that for each P € ANRp, the functions
f* : [}N/’P]Bo - [XvP]Bov(iX)* : [XaP]Bo - [XaP]Bo and (Zf/)* : [va]Bo - [YaP]Bo

are bijections. Since (f). (iy)s« = (ix)« f«, we conclude f, is a bijection too. The space

P}, over By is an ANRg,-space. Hence, f, : [Y, P} |g, — [X, P} ]s, is a bijection.
Let H : ngzhf be a fiber homotopy, where f,g : (Y,7y) — (P,7p) are maps
0
over By. Then there exists a map H : (Y x I, myy;) — (P, 7p) over By such that
H (f x 1)~ H.
Bo
Using the argument of proof of Theorem 2.2.3 for fiber inclusion i : (f(X), my|r(x)) =

(Y, my) we can construct a fiber homotopy H : 9= h for which H (f x 1;) ~ H. Thus,
0 0

f is a fiber strong shape equivalence in the sense of Definition 2.2.1. O]

Corollary 2.2.12. A mapf over By of compact metrizable spaces over Bg is a fiber
strong shape equivalence in the sense of Definition 2.2.1 if and only if SSg, ([f]5 ) is an

1somorphism of the category SSHg, . 0



Chapter 3

Fiber Strong Shape Theory of

Arbitrary Topological Spaces

In the Chapter 3 we construct and develop a fiber strong shape theory for arbitrary
spaces over fixed metrizable space By. Our approach is based on the method of
Mardesi¢-Lisica and instead of resolutions, introduced by Mardesi¢, their fiber pre-
serving analogues are used. The fiber strong shape theory yields the classification of
spaces over By which is coarser than the classification of spaces over By induced by
fiber homotopy theory, but is finer than the classification of spaces over By given by

usual fiber shape theory.

3.1 Resolution and Strong Expansions of Spaces

over By

Let U = {U, }acw be a covering of a space Y. We say that the maps f,g: X — Y are
U-near, if for every € X there exists a U, € U such that, f(x),g(x) € U,. We say

that a homotopy H : X x I — Y which connects f and g, is a U-homotopy if for every

71
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xr € X there exists a U, € U such that H(z,t) C U, for all t € I.

Proposition 3.1.1. (Comp. |Bs|,Proposition 7) Let (Y, 7y) be a ANRg,.Then every
open covering U of (Y, my) admits an open covering V of Y such that, whenever any
two f.p. maps f,g9 : (X,7x) — (Y,7y) from an arbitrary space (X,7x) over By
into the space (Y,7my) over By are V-near, then there exists f.p. U-homotopy H :
(X x I,mxxs) — (Y, 7y) which connects f and g. Moreover, if for a subset A C X

fla = gja, then H is f.p. homotopy relA.

Proof. We may assume that (Y, 7y ) is a closed subset of space By x K, where K is a
convex set of normed vector space L. Let m: By x K — K be the map given by the
formula 7 (b, k) = k for every (b, k) € By x K. Since (Y, 7y ) is an ANRg,, there is an
open neighbourhood (G, 7g) of (Y, my) in By x K together with a fibrewise retraction
r: (G,mg) = (Y,7my). Let {Oy X Qqlace be a refinement of r—1(U), where Q, is
convex for every o € o/. Then V = {(O, X Q,) NY },cr is an open refinement of the
covering U. For any two V-near f.p. maps f,¢g: (X,7x) — (Y,7my) C By x K we can

define a f.p. homotopy H : (X X I,7mxxs) — K by formula
H (5,1) = (x(@), (1 — )n(f(@)) + tr(g(@)),  (m.t) € X x L.

Define a f.p. map H : (X x I, 7xx;) — (Y, 7y) by taking
H(z,t) =r(H'(z,1)), (z,t) € X x 1.

Clearly, we have Hy = f, H; = g and H is a U-homotopy. Obviously, if f(z) = g(z),

for each x € A, then H(x,t) = f(z) = g(x) for every t € 1. O

An inverse system of the category Topg, is a collection X = (X4, Tx, ), Pao’s &) of

space (X,, Tx, ) over By indexed by a directed set .7 and f.p. mapsp, . : (X, 7x ,) =



3.1. Resolution and Strong Expansions of Spaces over Bg 73

(Xo,7x, ), @ < o, such that p,. Py = Paor a0 Paa = 1x., @ € .

A morphism (fg, ) : X =Y = ((Yp,7y,), qggr, B) of inverse systems of the cate-
gory Topg, consists of a function ¢ : & — &7 and of f.p. maps fz: (X)), 7TX¢(6>> —
(Y3, 7my,), B € %, such that whenever < ', then there is an index a > (), p(3)
for which fz pys) = a5’ fﬁr Py(sya-

Two morphisms (fs, ¢), (93,%) : X — Y are said to be equivalent, f =g, provided
0

for each 3 € A there is an a € &7, o > ¢(B),9(B), such that fz P,y = 95 Pu()a-

Let pro — Topg, be a category, whose objects are the inverse systems X of the
category Topg, and whose morphisms are the equivalence classes f of morphisms

(fa,) : X = Y with respect to relation ~.

Bo

A morphism p = (po) : (X, 7x) = X = ((Xoy Tx,)s Doo’» @) from a rudimentary
system ((X,7x)) to an inverse system X consists of the f.p. maps p, : (X,7x) —

(Xo,7x, ), € o, such that p, =, py, @ <.

Definition 3.1.2 (V.Baladze, see [By|- [Bg|). Let (X, mx) be a space over By and let
X = ((Xa,Tx.):Paa’» @) be an inverse system of the category Topg,. We say that
p: (X,7mx) — X is a resolution over By or fiber resolution of the space (X, mx) over

By provided it satisfies the following two conditions:

Rp,1). Let (P,mp) € ANRg,, let U be an open covering of (P,mp) and let h : (X, 7nx) —
(P,mp) be a fp. map. Then there exist an indexr o € </ and a fp. map [ :

(Xa, T(prp)) = (P,mp) such that h and f p, are U-near.

Rp,2). Let (P,mp) € ANRp, and let U be an open covering of (P,mp). Then there is an
open cover W of (P, mp) with the following property: if « € o and f, f : (X, 7x) —
(P,7p) are f.p. maps such that the f.p. maps f po and f po are W -near, then there

is an index & > o such that the f.p. maps f Poo’ aNA f Do are U-near.
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If in a fiber resolution p : (X, 7x) = X = ((Xa,7x,): P &) of the space (X, mx)

over By each (X,,7x,) is an ANRg,, then we say that p is a fiber ANRg,-resolution.

The next theorem of V.Baladze ( [B4]- [Bg]) is essential in the construction of the

fiber shape category for arbitrary spaces over By.

Theorem 3.1.3. Every space (X, mx) over a metrizable space By admits an ANRp, -

resolution over By. ]

Definition 3.1.4 (V.Baladze, see [B4]- |Bg|, |B1o]). Let (X, 7x) be a topological space
over By, X = ((Xa,Tx,); Paa’» ) an inverse system in Topg, and p = (pa) :
(X,mx) = X a morphism of pro — Topg,. We call p an expansion over By of the

space (X, mx) over By provided it has the following properties:

Eg,1). For every ANRp,-space (P,mp) over By and fp. map f : (X,7x) — (P,7p)

there is an index o € & and a f. p. map h: (Xa,7x,) = (P,7p) such that h Pa 2 f.
0
EB()2>' [ffa f, : (Xaaﬂ-Xa) - (Pa 7TP) aref. p. maps, (P7 7TP) € ANRBO andfpa%f/ Pas
0
then there is an index o > « such that f Poo & f Deao! -
0

Definition 3.1.5. A morphism p : (X, 7x) = (Xa,7x.),Pou ) is called a strong

expansion over By provided it satisfies condition Eg,1) and the following condition:

SEg,2). Let (P,mp) be an ANRg,-space, let fo, f1 1 (Xa,7x,) = (P,7p), a € o be

fp. maps and let F: (X x I,wxx1) — (P,7p) be a f.p. homotopy such that
S(z,0) = fopa(x), r€eX,

S(x,l):flpa(l'), r e X.

Then there exists a o' > o and a f.p. homotopy H : (X x I, wx ,x1) — (P, 7p),
such that

H(z,0) = fop,. (2), ze X,
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H($, 1) = flpm/(z), z € XO/,

H(p, x 17)~S(rel(X x 0I)).

Bo
It is clear that, every strong expansion over By is an expansion over By.

Ifall (X,,7x,) € ANRg,, then p is called an ANRp, -expansion and strong ANRg, -

expansion, respectively.

The main result of section 4.1 is the following theorem.

Theorem 3.1.6. Let (X, 7x) be a topological space over Bo. Then every resolution

p: (X,7mx) — X over By induces a strong ANRg, -expansion. O

Corollary 3.1.7. Every ANRg,-resolution over By induces ANRg,-expansion over

Bo. ]

Corollary 3.1.8. Every space (X, wx) over By admits a cofinite strong ANRg, -expansion

over By. O

In the proof of Theorem |3.1.6] we need the following lemmas.

Lemma 3.1.9. Let (X, x) be a topological space over metrizable space By, let (P, 7p), (P, 7pr)
be ANRg,-spaces, let f: (X, nx) — (P',7p), ho,hy : (P, 7p) — (P,7p) be f.p. maps

and let S : (X X I,mxx7) — (P,mp) be a f.p. homotopy such that

S(2,0) = hof(z),  z€X,

S(z,1) = hy f(x), xr e X.

Then there exists an ANRp,-space (P" 7wpn), f.p. maps [ : (X,7x) — (P, 7pr),
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h: (P, mpr) = (P, 7p) and a f.p. homotopy K : (P" x I, mpr, ;) — (P, 7p) such that

hf' =,
K(z,0) = hoh(2), ze P’

K(z,1) = hih(2), z€eP

K(f x1;)=S.

Proof. Let S : (X x I,mxx;) — (P,mp) be a map such that S(x,0) = (hy f)(z),
S(z,1) = (hy f)(z) and mp S = wxxs. Consider the subspace Cg, (I, P) of the space

C(I, P). Let moy (1,p) : Oy (L, P) — By be the map given by mcy, (r,p) () = mp(¢(t)).

Consequently, Cg, (I, P) is a space over By. The f.p. map S : (X X I, mx«s) —
(P, mp) defines the map s : (X, 7mx) — Cg, (I, P) such that (s(z))(t) = S(x,t), z € X,
t € I. The image of the point z € X, s(x) € Cg,(I, P), because mp s(x) : I — By is a

constant map. Indeed,

(mp s(2))(t) = mp(s(2))(t) = 7p(S(2,1)) = mxxr(,t) = Tx(7)

for every t € I.

For each z € X we have

(o, (1.p) 8)(2) = (Tow, (1.7 (5(2)) = Tp(s(2))(t) =

=mp(S(z,t)) = mxxs(x,t) = mx(2).

Thus, ¢y (r,p) s = mx. Hence, s : (X, nx) — Cp,(I,P) is a f.p. map. For all
xr € X we have

(s(2))(0) = 5(x,0) = (ho [)(x)
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and

(s(x))(1) = Sz, 1) = (hs f)().

Let P’ X, Oy (I, P) = {(yvgp)’ﬂ-P'(y) = WCBO(I»P)<90)}‘ The map f, D (X mx) =
P' xp, Cg,(I, P), given by f'(z) = (f(z),s(x)), is a fp. map. Let TP x5, Cp,y(I,P) -
P’ xp, O, (I, P) — By be a map defined by

WP’XBOCBO(I,P)(% 80) = 7Tp’(y) = WCBO(I,P)(?J)-

Then we have
TP xp,Cp, (I,P) f/ = WP'XBOCBO(I,P)(f(:E)7 s(x)) = mp (f(2)) = mx ().

/
r]:‘l}llls7 T — WP/XBOCBO(I:P) f .

It is clear that the first projection h : P" xp, Cp,(I, P) — (P',7p) is a f.p. map
and h ' = f.

We define the subset (P, 7pr) of P' xg, Cg,(I, P) be the following way:

1

P’ ={(y,¢) € P' xp, Cp,(I,P)|@(0) = ho(y), h1(y) = ¢(1)}.
Let K : P' xp, Cg,(I, P) x I = P be a map given by formula
K((y,¢),t) = o(t),y € Pl,go € Cp,(I,P),te P.

The restriction of K on (P x I, wpr, ;) again denote by K : (P" x I, 7pr, ;) — (P, 7p).

This map is a f.p. homotopy between hg h‘ pr and hy h| P
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Indeed, for every (y,¢) € P” and t € I we have

K((y,9),1) = ¢(1) = hi(y) = b1 h(y, @),
TP sy Oy (L)1 (U5 0),0) = Tpr i (1.py (U5 0) =
= Tp (Y) = Mo, (1,p)(9) = Tp(e(t)) = Tp(K (Y, ), 1)

Note that for each x € X and ¢t € [

K(f x 17)(z,t) = K((f(x),5(x)), 1) = (s(2))(t) = (S(a,1)).

Hence, K(f x 1;) = S.

We shall prove that (P", mpr) € ANRp,. Now suppose that A is a closed subspace

of a space Z over By and [ : A — P’ isa map such that 74 = 774 = 7p [.

Denote by L : (A X I,maxs) — (P,mp) the map defined by
L(a,t) = (h" 1(a))(1), (a,t) € AX I,

where &' is the second projection P* xp, Cg, (I, P) — Cp, (I, P). It is clear that L is a

f.p. map. Indeed,

(np L)(a,t) = wp(L(a,t)) = 7p((h" [(a))(t) =

’

— 7eny (1) (1 (1(a))) = Ta(a) = Taxr(a,t).
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The map L is a f.p. homotopy between hg h [ and hy h [. Indeed,
L(a,0) = (1" 1(a))(0) = ho h l(a), a€A

and

L(a,1) = (b 1(a))(1) = hy hl(a), a€ A.

Observe that, since (P, 7)) € ANRg, and h [ : (A, 74) — (P',7p) is a f.p. map,
there is a neighbourhood U of A in Z and there exists a f.p. map ' : (U, 7)) = (P, 7pr)

such that Z‘/A =hl.

There exist a neighbourhood V of A in U and a f.p. homotopy L : (VxI,myy) —
(P, mp) between hg Z\/v and hy l~|/v Also note that L(a,t) = L(a,t) for each a € A and
tel. Letl beafp mapl : (V,m) — Cg,(I,P), given by (I"(2))(t) = L(z,t),

z€V,tel. For every a € A we have

~17 ~

("(a)(t) = L(a.t) = L(a,t) = (A I(a))(t).

Consequently, l~|"A = h' I. Now define the f.p. map [ : (V,my) = P’ xg, C, (I, P)

by the formula

For each z € V we have

=11

(I"())(0) = L(=,0) = ho I (2),

(" (2))(1) = L(2,1) = hy [ ().

Consequently, [ : (V,my) — (P, 7pr) is an extension of the f.p. map [ : (A, m4) —

(P",7pr). This fact completes the proof of lemma 3.1.9| O
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Lemma 3.1.10. Let p : (X, 7x) — X be a resolution over By and let a, P, fo, f1 and
F be as in SEg,2). Then for every open covering W of (P, mp), there exist a o/ > a

and a f.p. homotopy H : (X, X I,7x ,«x1) = (P,7mp) such that

H(y70) = fO pao/(y>7 y e Xo/
H(y7 1) - fl pao/(y>7 Y € Xo/

(S, H(1 x py)) < U

Proof. Let U be an open covering of (P,7p). There exists an open star-refinement
U of U. Now we choose an open covering V of (P, 7p) such that the assertions of
Proposition hold for U'. We can assume that V is a star-refinement of U'. We

choose V' so that V' is a star-refinement of V and Rg,2) holds for (P, 7p), V and V.

Let P' = P xp, P. By go,91 : (P',mp) — (P, 7p) denote the two projections. Let
f:(X,7x) = (P',7p) be the diagonal product of f.p. maps fy pa : (X, 7x) — (P, 7p)
and f1 po @ (X, mx) = (P,7p). It is clear that go f = fo Pa, 91 f = f1 Pa, Fo =90 [

and F}y = ¢, f.

By the lemmathere exists an ANRg,-space (P", wpn), f.p. maps f : (X, 7x) —
(P" 7pr), g: (P 7pn) — (P, 7p) and a f.p. homotopy G : (P" xI,7pr, ;) — (P, 7p)
such that

gf ="

Go =90 9.G1 =91 9,
G(f x1)=F.
We choose for the open covering G='(V') of (P x I, 7p», ;) a refinement, which is

a stacked covering ¥ of (P" x I,7pn, ), given by a locally finite open covering W of

(P",7pn) and by finite open coverings Jy, W € # of I.
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By condition Rp,1) there exists a " > « and f.p. mapping h : (X, 7x ,) —
(P",7pn) such that

(fl>hpa”) <V

It is clear that for any W € W, W x0 C W x.J, where J € Jy and WxJ c G~*(V')

for some V' e V',

Note that
Gog(W) = Go(W)=G(W x0) CGW x J)C V.

/

Hence, gog(#) refines ¥ and (g0 g f ,90 g h pyr) < V.

From the equalities

9o gf = gOf = f0p>\ = fopaalpoz”

it follows that

/

(goghpa//’ fO paa// pa//) g V .

We also can claim that
(glghpa”7 fl paa” pa”) S V N
By condition Rp,2) there is a o' > " such that

(goghpo//a'7 fO paa’) < A%

and

(91970 o7 o5 1 Pawr) < V.



3.1. Resolution and Strong Expansions of Spaces over Bg 82

Besides, there exist U'-f.p. homotopies K, L : (X, x [,WXa,X[> — (P, mp) such
that Ko = fopaa's K1 = goghp, o s Lo = fibae and Ly = gighp,r .

Note that for any ¢ € I the pairs (f (x),t) and (hp,~ (), t) belong to some elements
of 7 and consequently to G~1(V") for some V' € V'. Thus G(f x 1;) and G(hp,» x 1;)

/
are V -near. Hence,

(G(f x 17),G(hpy x 11)) < V.

Now we define f.p. homotopy H : (X x I,7x ,x;) — (P,7p) by formulas

p
K(y7 @gz)% 0<t§90(z)’
Ay t) = Gz 155), p<t<1-¢(z),
1-t

where z = hp,(y) and ¢ : (P",7pn) — I is a continuous map defined in [May).

[0}

As in |Ms| we can prove that for every (z,t) € X x I, there is a U € % such that

F(z,t), H(pa(x),t) € U.

Proof of Theorem [3.1.6. . First prove the following condition.

Egp,1). Let U be a open covering of (P,7mp). Consider open covering V as in
Proposition By Rp,1) there exist an index a@ € & and a f.p. mapping h :

(Xa,mx,) — (P,7p) which satisfies condition (hp,, f) < V. Thus, by the choice of V,
fe2h pa.

Sp,2). Let U be a open covering U of. Consider a covering V as in Proposition 3.1.1}

By Lemmal3.1.9there exist a @’ > a and f.p. homotopy H : (X, xI,7x , 1) — (P,7p)
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which satisfies

H(2,0) = fop,,(2), z€ Xy,
H(Z, 1) = flpw/(z), z € X/\/,

(S, H(1 % py)) < V.

Consider the spaces Z = X x I and A = X x 91 over By and f.p. mappings hg = F

and hy = H(p, x 1).

«

Note that hO‘A = hl‘A. Indeed, for each x € X

ho(2,0) = F(2,0) = fopa(@) = fopaa o () = H(py (x),0) = hi(z,0).
Analogously, for each z € X we have

ho(z,1) = F(x,1) = fipa(2) = fibaoPor (¥) = H(py (2),1) = ha(,0).

Consequently, (hg,h;) < V. By Preposition there exists a f.p. homotopy
rel(X x O0I), which connects F' and H(p, x 1j). O

3.2 On Fiber Strong Shape Category for Arbitrary

Topological Spaces

Let A™ be the standard n-simplex, i.e. the set of all points t = {t = (to,t1, - ,t,) €

R} where tg > 0,--+ ,t, > 0and tg+--- +t, = 1.

For n > 0 and 0 < j < n there exist 8}-‘ : A"~ — A" j-th face operators and for

n > 0and 0 < j < n there exist o7 : A" — A" j-th degeneracy operators given by
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formulas

a;b(t(% 7tn—1) - (t07"' 7tj—1a07tja"' 7tn—1)7

O_?(th e 7tn+1) = (t07 o 7tj—17tj + 2fj-l—lytj-‘r% T atn—i-l)'

Let £ be a directed set. By #" denote the set of all sequences 8 = (fo, -, Bn),

Bo < -+ < B, of elements of A.

For n > 0 and 0 < j <n we consider the j-th face operator d} : " — Pt given

by formula

d?(ﬁ(h 7671) = (/807'” 76j—175j+17”' aﬁn)

and forn > 0 and 0 < j < n by s7 we denote j-th degeneracy operator s7 : " — 7

given by formula

S?(BO:"' aﬁn) = (ﬁOV" 7ijﬂj>"' ’B")

For simplicity the images d7(8) and s}(3) we denote by 3; and (37, respectively.

Let X = ((Xa, X, )s Pao/» @) and Y = ((Yp, 7y, ), pss, &) be the objects of cate-
gory pro — Topg, .

A coherent map f : X — Y over By or fiber preserving (f.p) coherent map consists

of function ¢ : #" — & and fiber preserving maps fg : Xy x A" — Y, B =

(Bo, -+, Bn) € $B™, n > 0 having the following properties:

i). The function ¢, which assigns to every n > 0 and 8 = (5o, -+ ,[,) € H" an

element p(B) = p(Po, -+, Bn) € &, satisfies condition:

©(B) > ¢(B;), 0<j<n,n>0.

ii). For every n > 0 and every B8 = (fo,---,0,) € %" the fiber preserving maps
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fa (X X A", x5 xan) = (Y5,, Ty, ) satisfies condition:

opr 180 (Po(Bo)Po(p) (T), 1), G =10
fa(z,0jt) =

f8; (Pe(8)Pe(e) (), 1), 0<j <,

where z € Xy, t € A", n >0, X, x A" is the space over By with projection

TX g xAn @ Xp(g) X A" — By given by formula

WXw(B)XA"(x7t) = TX ) (Z'), S XSO(,@)7t e A"

and
f@(p@(ﬁ)w(ﬂj)(«r),(f?(t)) = f,@j(xvt)ao < .] < n,r c X(p(ﬁj)7t c AnJrlun > 0.
The identity coherent map 1x : X — X over By is given by formulas:

@(a):@ma:(&oa”‘ 7an)652{n7

la(2,t) = Paga, (¥), 2 € X,,,t € A", n > 0.

A coherent homotopy over By or fiber preserwing (f.p.) homotopy F': X x I —Y
connecting f.p. coherent maps f,f : X — Y, is a f.p. coherent map of X x [ =
(Xo X I,Tx, x1),Poe X 11,97) to Y, given by a function ® and by f.p. maps Fg :

(Xpp) x I x Ay, wa(ﬁj)xlen) — (Y3 Ty, ), witch have i) and ii) properties and satisfy

the conditions

®(B) = ¢(B),¢ (8),

F,B(xa 07 t) = f,@(pcp(,@)d)(ﬂ)(x); t)a
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Fg(z,1,t) = [3(py (g)a(s)(T): 1)
where v € X, g),t € A", n > 0.

As in |L-M]| we can prove the following

Proposition 3.2.1. The f.p. coherent homotopy relation of f.p. coherent maps is an

equivalence relation. O

A f.p. coherent map f: X — Y is called a special f.p. coherent map or a special
coherent map over By if p(8) = ¢(f,) for each B € %" and ¢ : B — & is an

increasing function.

The composition h = g f of special f.p. coherent maps over By is defined as
in [L-M].

A special f.p. coherent homotopy connecting two special f.p. coherent maps f, f
X — Y is a f.p. coherent homotopy F : X x I — Y between f and f and at the same

time it is a special f.p. coherent map.

Note that if the index set Z of Y is cofinite, then special f.p. coherent homotopy

relation of special f.p. coherent maps is an equivalence relation.

The proofs of the following proposition pass as in [L-M].

Proposition 3.2.2. Let f,f : X =Y, 9,9 : Y - Z = ((Zy,72,),7.,,€) be special
f-p. coherent maps and let F, G be special f.p. coherent homotopies connecting f with
[ and g with ¢, respectively. If the index set € is cofinite, then there is a special f.p.

coherent homotopy connecting g f and g f . O]

Proposition 3.2.3. If f : X - Y, g:Y — Z and h : Z — W are special f.p.
coherent maps of inverse systems of Topg, over cofinite index sets, then there is a

special f.p. coherent homotopy connecting h(gf) with (hg)f. ]
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Proposition 3.2.4. If f : X — Y is a special f.p. coherent map of inverse systems
of Topg, over cofinite index sets and 1x and ly are the f.p. coherent identity maps,

then there exist special f.p. coherent homotopies connecting f 1x with f and 1y f with

f. 0

As in |[L-M] we can show that whenever the index set % of Y is cofinite, then every
f.p. coherent homotopy class [f] : X — Y of f.p. coherent maps f : X — Y contains
a unique f.p. coherent homotopy class of special f.p. coherent maps. Consequently,
in the cofinite case one can define composition of f.p. coherent homotopy classes by

composing their special representatives.

Now define the following category. The f.p. coherent prohomotopy category
CPHTopg, has as objects inverse systems X = ((Xa,Tx,),Pya/> %) of topological
spaces over By and f.p. maps over directed cofinite index sets. The morphisms are
f.p. coherent homotopy classes [f] : X — Y of f.p. coherent maps f : X — Y of
such systems. Composition is defined by composing representatives, which are special
f.p. coherent maps. Identity morphism of X is the class, containing the coherent map

1x : X — X.

Now define the functor C : pro — Topg, — CPHTopg,. Let (f3,¢) : X =Y be
a map of inverse systems. We associate with (fs, ) a f.p. coherent map f: X — Y.
For this aim we extend ¢ : Z — &/ to a function ¢ defined for all 8 = (fo,--- , ) in

such a way that

p(B) = ¢(8;),0 < j <n.

We use the method of induction. Let n =1 and 8 = (B, 51). Note that

S0 Po(Bo)e(Bo.Br) = QBosr 81 Po(Br)e(Bo.br)-



3.2. On Fiber Strong Shape Category for Arbitrary Topological Spaces 88

Let fg: (Xy8) x A", 7rX¢<ﬁ>Xm) — (Yﬁo,ﬂyﬁo) a f.p. mapping defined by

f8(2,1) = faPe(so)ee)(T), @ € Xy(p),t € A™

Also note that

[8(2,00t) = [30P080)e(8)(T) = 8oy [5:P0(8)0(8) (T) = 4801 [ 30 (Pe(Bo)e(8) (2), 1)

and

f8(2,07t) = faDe(80)0(8)(T) = [5; (Pe(sj)ee) (T),1), 0<j<m,
J8(Po(s)p(s) (), 051) = [aaPp(po)e(si) (T) = fpi(z,t), 0<j<n.

Let ¢ be another extension of ¢. We obtain another f.p. coherent map f . Note

that f and f are f.p. coherently homotopic.

Let (f3, %), (fé, ¢'): X = Y are equivalent morphisms. As in [L-M] we can show
that the associated f.p. coherent maps f and f are connected by some f.p. coherent

homotopy F : X x I — Y.

Thus, to every morphism of f : X — Y of pro—Topg, we can associate a morphism
[f] = C(f) of CPHTopg,. If we restrict pro — Topg, to inverse systems over cofinite

index sets, then we have defined a functor C : pro — Topg, -+ CPHTopg, .
By definition,

C<f) = [ﬂ’ fe MOI‘PPO*TOPBO <X> Y)?

C(X) =X, X € ob(pro— Topg,).

C(1ly) is the f.p. coherent homotopy class of ly. Let f: X - Y andg: Y — Z

be morphism of pro — Topg,. As in [L-M] we can prove that C(g f) = C(g) C(f).

Besides, there exists a functor E : CPHTopg, — pro — HTopg,. Assume that
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for each inverse system X = (X4, p,,., <) in Topg,, EX = (Xa, [Pao/|Bo: &)

Let f: X — Y be a f.p. coherent map given by fz and ¢. We associate with f
the morphism f : X — Y of pro — HTopg,, given by function ¢, : # — & and the

fiber homotopy classes over Bo,[fs,]B, : Xo(39) = Ya0-

Note that f is a morphism of pro—HTopg, . Indeed, for f; < and o = (8o, 51)
we have o > ¢(fo), p(B1). Besides, the f.p. map fa,5, : (Xa XAl 7x,xa1) = (Yay, Ty, )

satisfies the conditions

fﬁoﬁl (JZ, aé(l)) = q5051f,31 (pgo(/a’l)a(l'); 1)

and

fﬁoﬂl (Iv ai(l)) = fﬁo(pw(ﬁo)a(x)v 1)'

Thus,

[fﬁo]Bo [pv(ﬁo)a]Bo = [qBOBI]BO [fﬁ1]Bo [pcp(b’l)a]Bo-

Let f,f : X — Y be f.p. coherent homotopic maps. Let F : X x I — Y be a
f.p. coherent homotopy between f and f, given by ® and Fg. Note that ®(5y) >

©(Bo), ¢ (Bo) and Fgy : Xogy)xrxao — Yz, is a f.p. map satisfying conditions

Fo(2,0,1) = fo(Pe(so)@(80) (7), 1)

and

Fg()(I, 1, 1) = fé()(p@'(ﬁo)cb(ﬁo)(x)v 1)

Consequently,

[f80)B0 [Pe(8o)@(80))B0 = [f5,)B0 [Py (80)(80) B0
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Thus, with f and with f  is associated the same morphism of pro — HTopg, .

Consequently, it is possible to define a functor E : CPHTopg, — pro — HTopg, .

The composition Eo C : pro —Topg, — pro — HTopg, is the functor induced by

the f.p. homotopy functor H : Topg, — HTopg,.

A fp. coherent map f : X — Y consists of f.p. maps fg : (X X A", mxxan) —
(Ys,, WYBO),,B = (Bo, -+ ,Bn) € B, n > 0, satisfying the following conditions: for each

reX, te A"l n>0

qﬁoﬁlfﬁo(mat)a J =0,
fg(fﬂ,a?t) =
fﬂj(xat)> O<]§n

and for eachz € X, t € A" . n >0
fa(@,07t) = fai(z,t), 0<j<n.

Note that a f.p. coherent map f : X — Y is always a special f.p. coherent map.

A f.p. coherent homotopy F : X x I — Y, connecting f and f', is a f.p. coherent

map given by Fjg and satisfying the conditions: for each x € X,t € A"

Fg(l’,O,t) - fg(l‘,t)

and

Fa(z,1,t) = fa(z,t).

Let p = (pa) : X — X be a morphism of pro — Topg,. It is clear that with p is

associated a unique f.p. coherent map p : X — X given by formula

pa(l’, t) = pao(x)7
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where o = (v, -+ , ) € ™ x € X, t € A"
The objects of category SSHp, are all topological spaces over By. The morphisms

of category SSHp, are defined by the following way:.

Let p: X - X and q: Y — Y be an ANRp,-resolutions of X and Y, respectively.
Let [f] : X = Y be a some morphism of category CPHTopg,. Let p:X — X,
q:Y =Y [f]: X — Y be another triple of fiber resolutions of spaces X and Y

over By and morphism of category CPHTopg, .

Now define the following equivalence relation. We say the triples (p,q,[f]) and

(', q,[f]) are equivalent if

where [i] : X — X" and [j]: Y — Y are isomorphisms of category CPHTopg, .

The fiber strong shape morphisms F : (X, 7x) — (Y, my) are the equivalence classes
of triples (p, q, [f]) with respect to the above defined relation ~.

Let F: (X,7x) — (Y,7my) and G : (Y,7y) — (Z,7z) be the fiber strong shape
morphisms, defined by triples (p,q,[f]) and (p’,q’,[g]), where p" : (Y, 7y) — Y,

q:(Z,ny) = Zand [g]: Y — Z.

As we know there exists an unique morphism [2] : Y — Y of category CPHTopg,

such that [h] [¢] = [¢]. Note that

Hence, [j] = []. Besides, [g] [j] = [g] [#] [12].
Thus, we can assume that the morphisms F' and G are given by triples (p, q, [f])
and (q, T, [9]).

Consequently, we can define the composition G F': X — Z as the morphism given
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by triple (p,r, [g] [f])-

In the role an identity morphism .# : X — X we can take the morphism defined
by triple (p, p, [1x]).

The obtained category SSHg, call the fiber strong shape category.

Let X € 0ob(SSHp,). By symbol sshg,(X) denote the equivalence class of topolog-

ical space (X, my) and call the fiber strong shape of (X, wx).

For each f.p. map ¢ : (X, 7x) — (Y, my) choose ANRg,-resolutions p : (X, 7x) —
X and q : (Y,7y) — Y. There exists a unique morphism [f] : X — Y of category
CPHTopg, such that [q] [¢] = [f] [p].

We can define a functor SS;30 : Topg, — SSHp,. By definition,

!

SS(X)=X, X € ob(Topg,)

and

’

SS (¢) = @, Y E MorTopBO (X,Y).

Here @ is a fiber strong shape morphism defined by triple (p, q, [f]).

As in [L-M] we can prove that functor SS;30 induces a functor SSp, : HTopg, —

SSHp,, which we call the fiber strong shape functor. By definition,
SSB,(X) = X, X € ob(HTopg,)

and

SSBO([@]BO) = SS/(90)7 [QO]BO € MOTHTOPBO (Xv Y)

Let us define a functor S : SSHg, — SHg,. Assume that S(X) = X for each

object X € ob(SSHg,). Let F': (X,7x) — (Y, 7my) be a fiber strong shape morphism
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given by a triple (p, g [f]).

Consider the morphism E([f]) as an image of [f] with respect the functor E :
CPHTopg, — pro — HTopg,. The triple (Hp, Hq, E[f]) generates a fiber shape

morphism, which we denote by S(F) : (X, 7x) — (Y, 7y).

Now we can formulate the following

Theorem 3.2.5. There exists a commutative diagram

SBO SHBO
HTopg, S
S8,
B SSHg,,
where Sy, is V.Baladze fiber shape functor [By]. O

Corollary 3.2.6. Let (X, mx) and (Y, 7y) be topological spaces over By. If sshg,(X) =
sshp, (Y'), then shp,(X) = shp, (V). O

Remark 3.2.7. Using the methods developed in this paper and papers ( [Byg|, [L-
M], [Ms], [Ms]) it is possible to construct fiber strong shape theory for category of

arbitrary continuous maps.



Conclusion

The basic achievements made in the thesis are as follows:
1. The study of Borsuks fiber pairs and investigation of their properties.

2. The definition of fiber strong shape deformation retracts, so called SSDR g,-maps

and investigation of their properties.
3.The definition of fibrant spaces over By and establishment of their properties.

4. The construction of fiber cotelescope of inverse sequence of spaces over By and

study of their properties.

5. The construction of fiber strong shape classification of compact metric spaces

by means of fiber cotelescope, fibrant spaces over By and fiber resolutions.

6. The characterization of fiber strong shape equivalences by means of double map

cylinder.

7. The introduction of a concept of fiber strong ANRp -extension and proof of its

existence theorem.

8. The constructions of fiber strong shape category SSHp, of general topolog-
ical spaces, the fiber strong shape functor SSg, : HTopg, — SSHpg,, the functor
S:SSHp, — SHp, with values in V. Baladzes fiber shape category SHg, and proof
of the equality S - SSg, = Sp,, where Sg, : HTopg, — SHp, is V.Baladze fiber shape

functor [By].
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