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winasityvaoba 

  
SemoTavazebul kurss  maTematikuri modelirebis 

kursi (rxeviTi procesebi), IV tomi, avtori wlebis manZil-
ze kiTxulobda vladimiris saxelmwifo universi-tetSi 
(ruseTi), vitebskis saxelmwifo teqnologiur uni-
versitetSi (belorusia), moskovis saxelmwifo samTo uni-
versitetSi (ruseTi), moskovis biznesisa da politikis ins-
titutSi (ruseTi), moskovis humanitaruli ganaTlebis ins-
titutSi (ruseTi), moskovis sabuRaltro aRricxvis, anali-
zisa da auditis institutis krasnodaris filialSi 
(ruseTi), moskovis saxelmwifo administrirebis institut-
Si (ruseTi), i. javaxiSvilis saxelobis Tbilisis saxelm-
wifo universitetis soxumis filialSi; amJamad kiTxulobs 
saqarTvelos teqnikur universitetSi.   

masalis gadmocemisa da meTodikis mixadviT, naSromi 
warmoadgens avtoris sxva saswavlo-meToduri Sromebis 
gagrZelebas. saxelmZRvanelo moicavs kursis or nawils, 
romelic Seesabameba ori semestris masalas magistran-
tebisaTvis. 

yoveli Tavis bolos mocemulia gansxvavebuli 
variantebi magistrantebis individualuri muSaobisaTvis. 
TiToeulma magistrantma unda Seasrulos samuSaos Tavisi 
varianti da Caabaros angariSi TiToeul samuSaoze 
Sesabamisi ganmartebebiT.  Mmoyvanilia aseve literaturis 
sia damoukidebeli muSaobisaTvis, raTa warmodgenili 
masala ufro Rrmad iqnes Seswavlili.   

avtori madlobas uxdis laborant vera qorTievas 
saxelmZRvanelos akrefisa da redaqtirebisaTvis, romlis 
Tavdauzogavi muSaobis gareSe wigni ver ixilavda 
sinaTles. 
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nawili I. wrfivi rxeviTi procesebis maTematikuri 
modelireba 
 
 
 

adamiani bunebasTan urTierTobis procesSi agrovebs 
garkveul gamocdilebas, romelic Tavidan codnis 
mouwesrigebel marags qmnis. Semdeg xdeba Segrovili 
informaciis sistematizacia da klasifikacia. am etapze 
dagrovili codna aris – moZRvreba, karl lineis tipTa 
Sesaxeb moZRvrebis analogiurad. 

amis Semdeg, Seiswavleba moZRvrebaSi ganxilul obieq-
tTa ganviTarebisa da urTierTqmedebis ZiriTadi kanon-
zomierebebi, romlebic dakavSirebulia codnis sxva ufro 
Rrmad Seswavlil sferoebTan, analogiisa da intuiciis 
gziT, amitom xSirad atarebs subieqtur-SemoqmedebiT xasi-
aTs. codnis ganviTarebis am etaps – xelovneba ewodeba. 

Semdeg etapze, xdeba ZiriTad cnebaTa da kanonzomi-
erebaTa mwyobr, aqsiomatur sistemad Camoyalibeba, rac 
saSualebas gvaZlevs, codnis mocemuli sferos farglebSi, 
vawarmooT Sesabamis movlenaTa prognozireba. amiT Cveni 
codnaTa maragi iZens mecnierul dones. 

Tanamedrove maTematikis miRwevebma(mandelbrotis fraq-
talebis Teoria) saSualeba mogvca agvexsna `mSvenierebis~ 
arsic. 

aRmoCnda, rom  mogvwons xelovnebis esa Tu is nimuSi, 
formisa da Sinaarsis harmoniis SerwymiT, `SemTxveviT-
gamoucnobTan~(oqros kveTis farglebSi), rac damalulia 
ucxo damkvirveblis Tvalisgan. 

adamianis mTeli inteleqtualuri moRvaweoba dakavSi-
rebulia mis garSemo arsebuli samyaros modelirebasTan. 
ganviTarebisa da codnis mixedviT, samyaros Sesaxeb Cveni 
warmodgenebic (samyaros modelebi) icvleba. 
 ganasxvaveben modelirebis sam ZiriTad mimarTulebas: 

a) fizikuri; 
b) imitaciuri; 
g) maTematikuri. 
gansazRvreba. mocemuli procesis sqematur aRweras, 

rac saSualebas iZleva viwinaswarmetyveloT am movlenis 
ZiriTadi kanonzomierebebi da ricxviTi maxasiaTeblebi, 
modelireba ewodeba. 
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a) fizikuri modeli – aris naturalur an masStabebSi 
Secvlili modeli, romelic saSualebas iZleva Sevis-
wavloT procesi eqsperimentulad; 

 
b) imitaciuri modeli – aris kompiuteruli modeli, 

romelic Seiswavlis mocemul process ganmsazRvreli 
parametrebis sxvadasxva mniSvnelobisaTvis da vizu-
alurad gviCvenebs mosalodnel realizaciebs; 

 
g) maTematikuri modeli – aris maTematikuri meTodebiT 
procesis ganmsazRvrel parametrebs Soris damyarebuli 
kavSiri, romelic saSualebas iZleva viwinaswarmetyve-
loT movlenis suraTi, am parametrebis sxvadasxva 
mniSvnelobisaTvis, mocemuli sizustiT. 

 umartivesi maTematikuri modelis magaliTia procesis 
blok-sqema. ganvixiloT codnis evoluciis modeli grafis 
meSveobiT. 
 
 
 
 
 
 
 
 

nax. 1. codnis evoluciis blok-sqema da grafi 
 

 cxadia, rom moyvanili grafi aris gamartivebuli, sqe-
maturi, radgan, yovel etapze, xdeba Sebrunebuli procesic 
anu, codnis mouwesrigebeli maragis moZRvrebad gadaqcevis 
paralelurad, xdeba codnis moculobis gafarToebac da 
a.S. ase, rom codnis evoluciis grafi  orientirebuli ar 
unda iyos. 
 
 
 
 

 
nax.  2. codnis evoluciis araorientirebuli grafi 

 
 maTematikuri modelebi, modelirebis meTodebis 

mixedviT, iyofa or ZiriTad jgufad: a) uwyveti  da  

1 2 3 4 

codnis mouwes-

rigebeli maragi 

1 

moZRvreba 

2 

xelovneba 

3 

mecniereba 

4 

1 2 3 4 
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b) diskretuli maTematikuri modelebi;  arsebobs aseve  
g) Sereuli tipis, rTuli sistemebis - sinTezuri maTema-
tikuri modelebic. 

am tomSi  ganvixilavT rxeviTi procesebis maTemati-
kuri modelirebis Taviseburebebs. Cven garSemo arsebuli 
movlenebis umravlesoba xasiaTdeba ganmsazRvreli parame-
trebis rxeviTi cvalebadobiT, raime monotonurad cvla-
di parametris(drois) mimarT. aseT procesebs rxeviTi 
procesebi ewodeba. rxeviT sistemebs, zogjer, oscila-
torebs uwodeben. 

zogad SemTxvevaSi, rxeviTi sistema xasiaTdeba 
Tavisuflebis xarisxiT anu sistemis ganmsazRvreli 
parametrebis aucilebeli raodenobiT. magaliTad, Tu  
vswavlobT myari sxeulis brunviT rxevebs simetriis 
RerZis garSemo, maSin moZraobis aRsawerad sakmarisia erTi 
parametri -  mobrunebis kuTxe. rac niSnavs, rom aseT 
SemTxvevaSi, gvaqvs sistema, romlis Tavisuflebis xarisxi 
erTis tolia. rxeviTi sistemebis ZiriTadi Taviseburebebi 
naTlad Cans iseTi oscilatorebis magaliTzec, romelTa 
Tavisuflebis xarisxi erTis tolia. amitom simartivi-
saTvis,  ganvixilavT rxeviTi sistemebis ZiriTad cnebebs 
swored aseTi martivi oscilatorebis magaliTze, Tumca 
arsebobs iseTi rxeviTi sistemebic, romelTa Tavisuflebis 
xarisxi erTze metia. 

rxeviTi sistemebis daxasiaTeba xdeba aseve ori 
ZiriTadi mimarTulebiT. Eesenia: wrfivi da arawrfivi 
rxeviTi sistemebi, imis mixedviT, Tu rogor tips 
miekuTvneba is diferencialuri gantolebebi, romlebic 
aRweren Sesabamis maTematikur modelebs. realuri rxeviTi 
sistemebi yovelTvis arawrfivia, Tumca miaxloebiT, kvle-
vis gamartivebis mizniT, isini SeiZleba Seicvalos Sesaba-
misi wrfivi sistemebiT. 

vTqvaT, ganixileba rxeviTi sistema erTi ganmsazR-
vreli )(tx  parametriT, romelic damokidebulia monotonu-
rad cvlad t  parametrze. 

 
gansazRvreba. iseT rxeviT sistemebs, romelTaTvisac 
adgili aqvs )()( Ttxtx   tolobas perioduli rxeviTi 

sistema ewodeba. xolo iseT Т minimalur mniSvnelobas, 

romlisTvisac am tolobas aqvs adgili rxeviს periodi 
ewodeba. 
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gansazRvreba. rxevis periodis 
T

f
1

  Sebrunebul sidides 

rxevis sixSire ewodeba. rxevis sixSire gviCvenebs srul 
rxevaTa raodenobas monotonuri parametris(drois) erTi 

erTeuliT cvlilebisას.  Tu rxevis periods, wamebSi 

gavzomavT, maSin rxevis sixSiris erTeuli იქნება herci 

(rxevaTa ricxvi erT wamSi)  . 
 

rxevis sixSiris dasaxasiaTeblad, zogjer, iyeneben    

კუთხურ  სიხშირეს, romelic gamoxatavs rxevaTa raodenobas 
2  wamis (monotonuri parametris mniSvnelobis) ganmav-

lobaSi, 
T

f



2

 2  . 

qvemoT, mocemulia im rxeviTi procesebis rxevis sixSi-

ris ricxviTi mniSvnelobebi (gamosaxuli wm-1 erTeulebSi), 
rac bunebaSi gvxvdeba: 

 

10-10 – planetebis saukunebrivi SeSfoTebebis sixSire; 

10-8 – planetebis brunvis sixSire; 

10-5 – moqceva-ukuqcevis sixSire; 

101 – rxevis sixSire manqanebSi; 

100 – wamebis qanqara; 

104 – akustikuri rxevebi; 

105 – 108 – ultrabgeriTi meqanikuri rxevebi; 

50 – cvladi deni; 

1012 – infrawiTeli gamosxiveba; 

1015 – xiluli optikuri speqtri; 

1018 – rentgenis sxivebi; 

1020 -   sxivebi; 
1023 – kosmosuri sxivebi. 
 
 

rxeviTi procesebi aseve xasiaTdebა  A amplitudiT. 
 

gansazRvreba. erTi sruli rxevis ganmavlobaSi gadaxris 
naxevris sigrZes amplituda ewodeba. 
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Tu maxx  udidesi da minx  umciresi mniSvnelobebia )(tx  

gadaxrisაs rxevis erTi periodში ganmavlobaSi, maSin 

rxevis amplituda  minmax
2

1
xxA  . 

perioduli rxevisas gadaxris ganzogadebuli koordinati 
)(tx  asrulebs rxevebs 0x saSualo mniSvnelobis midamoSi 

 minmax0
2

1
xxx  . simetriuli rxevebis SemTxvevaSi, es 

mniSvneloba Seesabameba agreTve wonasworobis an uZraobis 
mdgomareobas. 
 

gansazRvreba. Tu )(tx  funqcia mxolod miaxloebiTaa 

perioduli anu  )()( Ttxtx  winaswar arCeuli   mcire 

sididisaTvis, maSin )(tx  funqcias TiTqmis perioduli 
funqcia ewodeba.  

rxeviTi sistemebi xasiaTdeba rxevis amplitudis 

cvlilebiთ raime monotonuri parametris(drois) mixedviT. 
ganasxvaveben: rxevebs zrdadi amplitudiT (ngrevadi 

sistemebi) (nax. 3), mudmivi amplitudiT(perioduli) (nax. 4) 

da klebadi amplitudiT (milevadi) (nax 5). 

20 0 20 40 60 80 100
100

0

100

f t( )

t  
nax. 3. rxevebi zrdadi amplitudiT 

10 5 0 5 10

0f t( )

t  
nax. 4. rxevebi mudmivi amplitudiT 
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0 20 40 60 80 100
1

0

1

f t( )

t  
nax. 5. rxevebi milevadi amplitudiT 

 

rxeviTი sistemebი, warmoqmnis meqanizmidan 

gamomdinare, Semdeg tipebad iyofa: 
1. sakuTrivi rxeviTi sistemebi (Tavisufali rxevebi); 
2. avtorxeviTi sistemebi (TviTagznebadi rxevebi); 
3. parametruli rxeviTi sistemebi (parametriT 

agznebadi rxevebi); 
4. iZulebiTi rxeviTi sistemebi (maiZulebeli Zalis 

gavleniT warmoSobili rxevebi); 

5. bmulი  rxeviTi sistemebi (erTmaneTTan SekavSirebu-

li ramdenime rxeviTi sistema).  

 
ganvixiloT rxeviTi sistemis TiToeuli  tipi. 

sakuTrivi(Tavisufali) rxeviTi sistemebiს dinamika 

mTlianad emyareba sawyis biZgs da Semdeg  aRar iRebს gare 
zemoqmedebas. e.i. energiis gazrda ar xdeba sistemis 

garedan. Gganixileba ori tipis sakuTrivი(Tavisufalი) 

rxeviTი sistemebი:  aradempfirebuli da dempfirebuli.  

dempfirebuli rxeviTi sistemebi imiT gamoirCevა, rom  
adgili aqvs energiis daxarjvas winaaRmdegobis Zalebis 
daZlevaze. 
magaliTad, gravitaciuli qanqara sawyisi biZgis Semdeg  
Tavisufal rxevas iwyebs. Tavisufali rxeviTi sistemebis 
dinamika aRiwereba erTgvarovani diferencialuri 
gantolebebiT. 

 
sakuTrivi rxevebisagan gansxvavebiT, avtorxeviT 

sistemebSi adgili aqvs energiis garedan Semodinebas. 
amasTan, energiis wyaro araa TviTon rxeviTi sistema. 
sistema garedan iRebs zustad imden energias, ramdensac 
xarjavs. 
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 magaliTi ganvixiloT saaTi, romelSic energiis wyaro  

aweuli tvirTi an SekumSuli zambaraა. aseTi saaTi 

avtorxeviT sistemas warmoadgens. avtorxevebi aRiwerebა  
arawrfivi diferencialuri gantolebebiT. 

 
sakuTrivi rxevebisa da avtorxeviTi sistemebis 

SemTxvevaSi rxevis sixSire ganisazRvreba TviT rxeviTi 
sistemis xasiaTidan gamomdinare, amitom aseT sistemebs 
avtonomiur sistemebs uwodeben.  

 
maTgan gansxvavebiT, parametrul da iZulebiT rxeviT 

sistemebs heteronomiul sistemebs uwodeben, radgan aseT 
sistemebSi rxevis sixSire ganisazRvreba gare zemoqme-
debidan gamomdinare. parametruli agznebadobis sistemeb-
Si, gare zemoqmedeba iwvevs sistemis Sida parametrebis 
periodul cvalebadobas. magaliTad, maTematikuri qanqara 
Zafze Camokiduli tvirTiT, roca Zafis sigrZe 
periodulad icvleba. parametruli rxeviTi sistemebis 

maTematikuri modelebi imiT gamoirCevა, rom Sesabamisi 
diferencialuri gantolebebis zogierTi koeficienti 

aris monotonuri parametris(drois) periodulი funqcia. 
 
 
iZulebiT rxeviT sistemebSi, sistemaze aseve moqmedebs  

gare Zala, romelic gansazRvravs rxevis kanons. aq rxeviT 

procesebs ki gansazRvravს ara perioduli parametrebi, 
aramed damatebiTi wevrebi Sesabamis maTematikur modelSi, 
rac Sesabamisi diferencialuri gantolebebis 
araerTgvarovnebas iwvevs.   

 
 
bmuli rxeviTi sistemebis SemTxvevaSi, saqme gvaqvs or 

an met  rxeviT sistemasTan, romlebic axdenen erTmaneTze 
gavlenas. Tu erTi sistema axdens gavlenas meoreze, xolo 

meore ver axdens gavlenas pirvelze, es ar iqneba bmuli 
rxeviTi sistema. aseT SemTxvevaSi, ZiriTadi (pirveli) 
sistema iqneba Tavisufali, xolo meore sistema iqneba 
iZulebiTi rxeviTi sistema, romelic  pirveli sistemiT 
imarTeba. 
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P.S. arsebobს Sereuli tipis sistemebic, romlebic 

erTdroulad iZulebiTi da avtorxeviTi sistemebiა da a.S. 
am nawilSi ganvixilavT wrfiv rxeviT procesebs. anu 

iseT rxeviT procesebs, romelTa Sesabamisi maTematikuri 
modelebi warmoadgens wrfiv diferencialur gantolebebs 
Sesabamisi sawyisi pirobebiT.  

 
 

Tavi I. aradempfirebuli, Tavisufali rxeviTi procesebis 
maTematikuri   modelireba 

 

Tavisufali rxeviTi procesebi warmoiSobა, roca 

sistemaze sawyis momentSi moqmedebს amZravi Zalebi, 

romlebic Semdeg qrebა da sistemassaSualebas aZlevს  
gamoaCinos Tavisi Sinagani buneba. Tavisufali rxeviTi 
procesebis dros, sistemis kinetikuri da potenciuri 
energiebi periodulad cvlian erTmaneTs. Tu sistemis 
kinetikuri da potencialuri energiebis jami monotonuri 
parametris(drois) mixedviT ar icvleba (mudmivia), maSin 

am sistemas konservatიuli ewodeba. Kkonservatიul 
sistemebSi gvaqvs aradempfirebuli (aramilevadi) rxevebi.  

 
 
1.1. aradempfirebuli, Tavisufali meqanikuri rxeviTi 

procesebis modelireba 
 

 
nax.1.1. wrfivi oscilatოris meqanikuri magaliTi 

 
ganvixiloT wrfivi oscilatoris meqanikuri rxevebi 1.1 

ნახ–ის magaliTze. m  masis sxeuli c  sixistis  zambariT 

დაკავშირებულია kedelTan, sadac zambaris meore mxare 
mWidrodaa Camagrebuli. aseT SemTxvevaSi, niutonis meore 
kanons CavwerT m  masis sxeulisaTvis 
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cxxmxm
dt

d








 

.                                        (1.1) 

   miviRebT Tavisufali rxeviTi sistemis maTematikur 

models: 

0
2

0 


xx  ,                                              (1.2)  

00 )0(x     ;)0( vxx 


,                                       (1.3)                  

sadac 

m

c
0   rxevis kuTxuri sixSirea. 

koSis (1.2)-(1.3) amocanis analizuri amonaxsni moicema 
formuliT 

 tsin cos)( 0

0

0
00 




v
txtx                                    (1.4) 

an formuliT 
)- tcos()( 0 atx  ,                                       (1.5) 

sadac   rxevis sawyisi fazaa da 

00

0

2

0

2

02

0
 x

v
    tg,







v
xa .                                 (1.6) 

rxevis periodi da sixSire Sesabamisad iqneba: 

T

1
f    ,

2

0





T .                                          (1.7) 

aseT rxevebs Seesabameba 1.2. naxazi. 

10 5 0 5 10

0f t( )

t  

nax.1.2. Tavisufali aradempfirebuli rxeviTi sistemis 
dinamika 

 
 

rogorc vxedavT,  gvaqvs perioduli rxevebi mudmivi a  
amplitudiT, romelic damokidebulia rxeviTi sistemis 

sawyis mdgomareobaze, zambaris sixisteსა da merxevi 
sxeulis m  masaze. 
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Teorema. Tavisufali rxeviTi sistemis sruli 
meqanikuri energiis sidide ar icvleba drois mixedviT. 

 

Ddamtkiceba.  marTlac, ganvixiloT dinamikis 

gantoleba, gavamravloT orive nawili 


x  siCqareze da 
vaintegriroT,  miviRebT 

 

constEE

EE
dt

d
x

c
x

m

dt

d
cxxmcxxm

potkin

potkin




















0
22

x x 0 2

2

 

r.d.g. 
 
Tavisufali rxeviTi sistemis energia 

22

0

22

0

22

2

2

1

222
amxx

mkxxm
E  


















  

anu sistemis energia pirdapirproporciulia rxevis 
amplitudis kvadratisa.  

 
 
 
 

1.2. aradempfirebuli, Tavisufali eleqtruli rxeviTi 
procesebis modelireba 

 
nax.1.3. rxeviTi konturi 

 
Tu eleqtruli wredi Seicavs C  tevadobis 

kondensatorsa da L  induqciurobis mqone koWas, maSin am 
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wredSi SeiZleba aRiZras eleqtruli rxevebi.  aseT wreds 
rxeviT konturs uwodeben (nax.1.3). vTqvaT, kondensatoris 
zeda firfita damuxtulia dadebiTad, xolo qveda – 
uaryofiTad (nax.1.3, а). rxeviTi konturis mTeli energia 
Tavmoyrilia kondensatorSi. CavrToT K CamrTveli, maSin 

kondensatori daiwyebs ganmuxtvas da L  koWaSi deni  gava.  
kondensatoris eleqtruli energia daiwyebs koWas 
magnitur energiad gardaiqmnas. es procesi damTavrdeba, 
roca moxdeba kondensatoris mTliani ganmuxtva da wredSi 
gveqneba maqsimaluri denis Zala (nax.1.3, б). am momentidan 
denis Zala daiwyebs Semcirebas ise, rom ar Seicvlis 

mimarTulebas. magram Semcireba TandaTan  moxdeba,  
vinaidan mis Semcirebas ewinaaRmdegeba koWas 
TviTinduqciis eleqtromamoZravebeli Zala. denis xarjze 
daiwyeba kondensatoris damuxtva, warmoiqmneba eleqtruli 

veli, romelic შეamcirebs denis Zalas.Bბolos da bolos 
kondensatori miiRebs maqsimalur muxts, xolo deni 
gaTavdeba. amis Semdeg, kondensatori daiwyebs ganmuxtvas 
da deni daiZvreba sapirispiro mimarTulebiT da a. S. 

konturSi Tu  winaRoba ar iqneba, maSin miviRebT  peri-
odul rxevebs. 

 
 
SevadginoT Sesabamisi maTematikuri modeli. vTqvaT, Q 

aris kondensatoris muxtis sidide, cU – kondesatorze 

modebuli Zabva, maSin 

C

Q
UC  .                                                (1.8) 

aseve, Tu I  aris denis Zala da LU  koWaze modebuli 
Zabva 

dt

dI
LUL  .                                               (1.9) 

Kkirxofis kanonis Tanaxmad,  gveqneba gantoleba: 

0
C

Q

dt

dI
LUU CL .                                    (1.10)     

 denis Zala aris muxtis cvlilebis siCqare anu 

dt

dQ
I  .                                                (1.11)   

(1.10),(1.11) tolobebidan gveqneba:  

0
2

2


C

Q

dt

Qd
L .                                           (1.12)  
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Tu SemoviRebT aRniSvnas: 

LC

12

0  ,                                              (1.13) 

maSin rxeviTi konturis gantoleba (1.12) gadaiwereba 

Tavisufali rxevebis kanonikuri gantolebis saxiT: 

0
2

0 


QQ  .                                            (1.14) 

 miiReba 
LC

1
0   sixSiris harmoniuli eleqtruli 

rxevebi, xolo rxevis periodi iqneba: LCT 



2

2

0

 . am 

formulas eleqtrodinamikaSi tompsonis formulas 
uwodeben.  

rxeviTi sistemis dinamika iseTivea, rogorc 1.2 
naxazzea gamosaxuli. 
 
P.S. rogorc vxedavT, miviReT igive saxis maTematikuri 
modeli, rogoric Tavisufali meqanikuri rxevebis dros. 
rac  niSnavs, rom buneba erTiania da Tavisufali rxeviTi 
sistemebi eleqtruli sistemebisaTvis emorCileba igive 

kanonzomierebაs, rასაც  meqanikuri sistemebisaTvis. 
 
 

1.3. aradempfirebuli, Tavisufali socialuri rxeviTi 
procesebis modelireba 

 
ganvixiloT volteras cnobili modeli  mtacebeli-

msxverpli. am modelSi, ori saxeobis cxoveliა. aqedan, 

erTi saxeobis cxoveli ikvebebა meore saxeobis cxoveliT. 
xolo meore saxeobis cxoveli ikvebeba balaxiT. ismis 

kiTxva, mosalodnelia Tu ara, rom pirvelma saxeobam 
mTlianad gaanadguros meore saxeobis cxoveli ? 

am saxeobaTa raodenobis Sesaswavlad avagoT 
Sesabamisi maTematikuri modeli. vTqvaT, )(1 tN  aris pirveli 

saxეობis (mtaceblebis) raodenoba drois mocemul 
momentSi, xolo )(2 tN  - msxverplis Sesabamisi raodenoba. 
Tu msxverpli cxovrobs marto Sesabamisi kvebis arealze, 
maSin misi raodenoba izrdeba da  

222 NN 


,                                             (1.15) 

sadac 2  zrdis siCqaris koeficientiა. 
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aseve, Tu mtaceblebi marto aRmoCndebian, maSin maTi 
raodenoba SimSilis gamo ganadgurdeba. Sesabamis kanons 

aqvs saxe: 

111 NN 


,                                             (1.16) 
sadac 1  aris mtaceblebis sikvdilianobis siCqaris 
koeficienti. 

exla ganvixiloT, am ori saxeobis erTdrouli 
Tanacxovreba Sesabamis arealze. maSin mtaceblebis 
gamravlebis siswrafe damokidebuli iqneba msxverplTan 
maTi Sexvedrebis raodenobaze, romelic 21 NN   sididis 
proporciulia. maSasadame, sabolood miviRebT volteras 
models 

212111 NNNN  


,                                       (1.17) 

211222 NNNN  


,                                       (1.18) 
sadac 1  msxverplis sikvdilianobis koeficientia 
mtaceblebTan Sexvedris gamo; 2  - mtaceblebis gamravle-
bis koeficienti. 

exla, ganvixiloT am modelis wonasworobis wertilebi 
anu is mniSvnelobebi, romelTa drosac sistema 
stacionarulia 

0212111 


NNNN   ,                                   (1.19) 

0211222 


NNNN  .                                    (1.20) 
am sistemis aratrivialuri amonaxsnia 

2

1
2

0

1

2
1

0 N       ,







N .                                     (1.21) 

saxeobaTa raodenobebis wonasworuli mniSvnelobebis 

mcire midamoSi anu, roca )(1 tn  da )(2 tn  mcire sidideebia, 

gvaqvs Tanafardobebi: 
)()(N      ,)()( 2

0

221

0

11 tnNttnNtN  .                         (1.22) 

Tu am mniSvnelobebs SevitanT volteras (1.19),(1.20) 
modelSi da movaxdenT miRebuli gantolebebis 

linearizacias, miviRebT sistemas: 

2

1

22
1 nn








,                                             (1.23)  

1

2

11
2 nn








.                                            (1.24) 

Tu (1.23) gantolebaს droiT gavawarmoebT da  

gaviTvaliswinebT (1.24)  gantolebaს, miviRebT: 
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01211 


nn  .                                            (1.25) 
sadac, Tu SemoviRebT aRniSvnas 

21

2

0   ,                                              (1.26) 

miviRebT Tavisufali sistemebis rxevis kanonikur 
gantolebas: 

01

2

01 


nn  .                                            (1.27) 

P.S. rogorc vxedavT, aqac miviReT Tavisufali rxeviTi 
sistemebis rxevis maTematikuri modeli. naTlad Cans,   
ori saxeobis Tanacxovrebis Sedegi damokidebulia maTi 
gamravlebisa da sikvdilianobis siCqareTa koeficientebis 
mniSvnelobebze. 

 
 
 

1.4. aradempfirebuli, Tavisufali ekonomikuri rxeviTi 
procesebis modelireba (frangiSvil-obgaZis modeli) 

  
ganvixiloT ekonomikuri wonasworobis gantoleba 

keinsis sistemaSi 
)()()( tItCtX  ,                                         (1.28) 

sadac )(tC  moxmarebaa, )(tI  - investiciebi, 
)(tX - erovnuli Semosavali. 

samuelson-xiqsis aqseleraciis principze dayrdnobiT, 
SeiZleba CavweroT investiciebis ganzogadebuli 
gantoleba 



 )()()( tXttI  ,                                         (1.29) 
sadac )(t  aqseleraciis koeficientia.  

)(tC  moxmareba erovnuli Semosavlis funqciaa da 
damokidebulia moxmarebis mTel wina istoriaze 

   dXFtC

t

 ),()(
0

 .                                      (1.30) 

Tu (1.29) da (1.30) gamosaxulebebs SevitanT (1.28) 

wonasworobis gantolebaSi, miviRebT: 

        
t

dtXFtXttX
0

,  .                                                            (1.31) 

gantolebis orive mxaris t-Ti diferencirebiT, 

miviRebT: 
                   ttXFtXttXttX ,   .                                                   (1.32) 
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Aanu miviRebT dinamikis frangiSvil-obgaZis diferenci-
alur gantolebas Semdegi saxiT: 

            0,1 


ttXFtXttXt   .                                                  (1.33) 

radgan   0t , SeiZleba (1.33) gantoleba gavyoT  t -ze.  
miviRebT dinamikur gantolebas: 

 
 
 

 
 

   0,
11




 ttXF
t

tX
t

t
tX



 


 .                                                 (1.34) 

Tu frangiSvil-obgaZis (1.34) ganzogadebul gantoleba-
Si movaxdenT Casmas:  

tt )(  da   )()(),( 2 tXtttXF   ,                        (1.35) 
maSin dinamikis (1.34) gantolebidan miviRebT Tavisufali 
rxeviTi sistemebis kanonikur gantolebas: 

0)()(
2

0 


tXtX  .                                       (1.36) 

 

P.S. rogorc vxedavT, kvlav miviReT Tavisufali rxeviTi 
sistemis maTematikuri modeli. rac imas mowmobs, rom 
Tavisufali rxeviTi sistemis maTematikuri modeli 
universaluria da gvxvdeba sruliad sxvadasxva Sinaarsis 
amocanebis gadawyvetisas.  

 
 
 

amocanebi da savarjiSoebi 
 
1. SeadgineT Tavisufali rxeviTi sistemis maTematikuri 

modeli da gamoikvlieT miRebuli sistemis rxevis 
periodi, sixSire, faza da amplituda, sistemis sawyisi 
mdgomareobidan gamomdinare. 

2. SeiswavleT energiis Senaxvis kanoni Tavisufali rxeviTi 
sistemebisaTvis. 

3. gamoikvlieT Tavisufali rxeviTi sistema fazur 
sibrtyeze. ipoveT traeqtoriebi fazur sibrtyeze. 

4. SeadgineT meqanikuri rxeviTi sistemis maTematikuri 
modeli (zambaraze gamobmuli tvirTi, nax.1.1) im 
SemTxvevaSi, roca m  masis tvirTze moqmedebs xaxunis 
Zalac. iqneba Tu ara aseTi sistema Tavisufali? rxevebi 
iqneba dempfirebuli, Tu ara? 

5. CamoTvaleT rxeviTi sistemebis tipebi. 
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Tavi 2. dempfirebuli, Tavisufali (sakuTrivi) rxeviTi 
procesebis maTematikuri modelireba 

 
Tu rxeviTi sistemis mTliani energia mcirdeba 

(winaaRmdegobis Zalebis gadalaxvaze Sesrulebuli 
muSaobis gamo), maSin aseT sistemas dempfirebuli sistema 
ewodeba. dempfirebul Tavisufal sistemebSi gvaqvs 
dempfirebuli (periodul-milevadi an araperiodul-
milevadi) rxevebi. 

 
 
2.1. dempfirebuli, Tavisufali (sakuTrivi) meqanikuri 

rxeviTi procesebis modelireba 
 
ganvixiloT dempfirebuli sakuTrivi (Tavisufali) meqa-

nikuri rxeviTi sistemis magaliTi (nax. 2.1). roca zambaris 
sixistea c , xolo tvirTis zedapirTan xaxunis koeficienti 

k , maSin 


 xkFxax. . 

 
nax. 2.1. dempfirebuli sakuTrivi rxevebi m masis 

tvirTis zedapirTan xaxunis gaTvaliswinebiT 
 

SevadginoT m masis tvirTis Tavisufali rxevis 
maTematikuri modeli xaxunis Zalis gaTvaliswinebiT  











xkcxxmxm

dt

d
.                                    (2.1) 

Tu (2.1) gantolebis orive mxares gavyofT m masis 
mniSvnelobaze da SemoviRebT aRniSvnebs: 

 2
m

      ,2

0 
k

m

k
,                                        (2.2) 

MmiviRebT dempfirebuli Tavisufali (sakuTari) rxeviTi 
sistemis models:    

02 2

0 


xxx  ,                                          (2.3) 

sadac 0   sistemis Tavisufali rxevebis sixSirea,   

   - milevis koeficienti.                         
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Tu (2.3) diferencialur gantolebaSi movaxdenT 
eileris Casmas rtetx )( , maSin miviRebT Sesabamis 
maxasiaTebel gantolebas:  

02 2

0

2  rr .                                          (2.4) 

rac niSnavs, rom (2.3) diferencialuri gantolebis 
zogad amonaxsns aqvs saxe:  

trtr
eCeCtx 21

21)(  , 2

0

2

2,1  r .                         (2.5) 

aq unda ganvixiloT sami SemTxveva: 
1) Tu 0  , maSin (2.5) tolobidan gamomdinare, gvaqvs 

maxasiaTebeli algebruli gantolebis ori kompleqsuri 
urTierTSeuRlebuli r  amonaxsni. am SemTxvevaSi, diferen-
cialuri gantolebis zogadi amonaxsni Semdegia: 

22

0

t 

0         ),cos()(    teAtx .                      (2.6) 

rxevis periodi:  

22

0

22










T , xolo 0A  da   mudmivi ricxvebi ganisaz-

Rvreba  
  0)0( x                                               (2.7) 

 0)0( vx 


                                               (2.8)           

sawyisi pirobebidan gamomdinare.  

            22

0

2

00 /xvxA                      (2.9) 

   0000000 /sin     ,/cos AxvAx                 (2.10)   

es SemTxveva Seesabameba milevad rxeviT procesebs. 
 

 
nax. 2.2. milevadi rxevebi 

 
amplitudis milevadobis siswrafe regulirdeba   

parametriT, xolo dempfirebuli (2.3) sistemis rxevebis 
sixSire 0  . rac  niSnavs, rom xaxunis Zala amcirebs 
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sistemis sakuTari rxevebis sixSires anu dempfirebuli 
sistemis sakuTari rxevebis sixSire naklebia Sesabamisi 
aradempfirebuli sistemis rxevebis sixSireze. 

teAtA  
0)(   sidides milevadi rxevebis amplitudas 

uwodeben. rogorc am formulidan Cans, rxevis amplituda, 
aseT SemTxvevaSi, klebulobs eqsponencialurad. Semovi-
RoT aRniSvna: nA -iT aRvniSnoT wrfivi Tavisufali dempfi-

rebuli sistemis, wonasworobis mdgomareobidan dadebiTi 
mimarTulebiT maqsimaluri mimdevrobiTi gadaxris 
sidideebi. cxadia, rom es sidideebi akmayofilebs 
rekurentul Tanadobas 

   n

t

n AeA 

  
1 .                                       (2.11) 

gamovTvaloT ramdenjer Semcirdeba rxevis amplituda 
erTi periodis ganmavlobaSi, miviRebT: 

(  Tt

Tt eAA 

   0 ,   t

t eAA  
0 ),    T

Tt

t e
A

A 


T
A

A
d

Tt

t 


ln .    

gansazRvreba. Td   sidides oscilatoris milevadobis 
(Caqrobis) logariTmul dekrements uwodeben. 
 

d -logariTmuli dekrementis 
d

N
1

  Sebrunebuli sidide 

gviCvenebs im  rxevaTa  ricxvs, romlis Semdeg amplituda 
e -jer klebulobs.  

 
T - rxevis periodis ganmavlobaSi amplituda de -jer 

 Mmcirdeba. 
     rogorc viciT, energia rxeviT sistemaSi rxevis 
amplitudis kvadratis proporciulia, amitom, am 
SemTxvevaSi, mTliani meqanikuri energia mcirdeba (xaxunis 
gamo siTboSi gardaiqmneba)  

t-2

0 e  EE . 

 
2)Tu  > 0 , maSin r -is orive mniSvneloba namdvil 

ricxvs warmoadgens da amave dros, orive mniSvneloba 
uaryofiTia. diferencialuri gantolebis zogad amonaxsns 
am SemTxvevaSi aqvs saxe:  

 
tt

eCeCtx





 





 


2
0

22
0

2

21)(


.                        (2.12) 
es moZraobis aperioduli Caqrobaa nax. 2.3. 
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0.9
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x t( )

t

 

 
nax. 2.3. aperioduli milevadi moZraoba  

 
3) Tu 0  , maSin maxasiaTebel gantolebas aqvs erTi 

orjeradi fesvi r . rogorc cnobilia, am SemTxvevaSi,  
diferencialuri gantolebis zogad amonaxsns aqvs saxe: 

  tetCCtx  
21)( .                                     (2.13) 

esec aperioduli milevadi moZraobis gansakuTrebuli 
SemTxvevaa (nax. 2.4). 

 
 

0 2 4 6 8 10
0

20

40

60

80
80

3.387 10
4



x t( )

100 t  
 

nax. 2.4. aperioduli milevadi moZraobis 
gansakuTrebuli SemTxveva 
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2.2. dempfirebuli, sakuTrivi eleqtruli rxeviTi 
procesebis modelireba 

 
ganvixiloT dempfirebuli eleqtruli rxeviTi sistema.  

 
nax. 2.5. dempfirebuli, Tavisufali eleqtruli rxeviTi          

sistema 
 
am sistemaSi (nax.2.5) aradempfirebuli rxeviTi konturi-

sagan gansxvavebiT, CarTulia R  winaRoba, rac iwvevs 
energiis danakargebs da Tavisufali sistema dempfirebuli 
xdeba.  

SevadginoT Sesabamisi maTematikuri modeli. vTqvaT, Q 
aris kondensatoris muxtis sidide, cU -kondesatorze mode-

buli Zabva, maSin  

C

Q
UC  ,                                               (2.14) 

aseve, Tu I  aris denis Zala da LU - koWaze modebuli 
Zabva, maSin 

dt

dI
LUL  .                                              (2.15) 

 Zabvis vardna R  winaRobaze  
IRUr  .                                              (2.16) 

kirhxofis kanonis Tanaxmad,  gveqneba gantoleba: 

0
C

Q
IR

dt

dI
LUUU CrL .                            (2.17)     

 denis Zala  muxtis cvlilebis siCqarea anu 

dt

dQ
I  .                                                (2.18)   

(2.17)-(2.18) tolobebidan  

0
2

2


C

Q

dt

dQ
R

dt

Qd
L .                                    (2.19) 

 Tu SemoviRebT aRniSvnebs: 

  
L

R
2    , 

12

0  
LC

,                                    (2.20) 

maSin gantoleba (2.19) miiRebs saxes: 
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02 2

0 


QQQ  ,                                        (2.21) 

sadac 0  sistemis sakuTari (Tavisufali) rxevebis sixSi-

rea, xolo  -milevis koeficienti.   
 
P.S. rogorc vxedavT, dempfirebuli Tavisufali 

eleqtruli rxeviTi konturis dinamikis (2.21) gantoleba 
identuria Sesabamisi dempfirebuli, Tavisufali, 

meqanikuri sistemis dinamikis (2.3) gantolebisa. rac imas 
niSnavs, rom dempfirebuli, Tavisufali rxeviTi sistemis 
maTematikuri modeli, erTnairad exeba rogorc meqanikur, 
aseve eleqtrul rxeviT sistemebs. 

 
 

 
 

2.3. dempfirebuli, sakuTrivi socialuri rxeviTi 
procesebis modelireba 

 
 
ganvixiloT volteras cnobili modeli  mtacebeli-

msxverpli. am modelSi, aris ori saxis cxoveli. aqedan, 
meore saxis cxovelebi ikvebebian pirveli saxis 
cxovelebiT. xolo pirveli saxis cxovelebi ikvebebian 
balaxiT. SeviswavloT am sistemis Sesabamisi dinamika. 
amisaTvis aucilebelia sistemis maTematikuri modelis 
Sedgena. 

avagoT, am saxeobaTa raodenobis Sesaswavlad 
Sesabamisi maTematikuri modeli. vTqvaT, )(1 tN  aris pirveli 
saxeobis (msxverplis) raodenoba drois mocemul momentSi, 
xolo )(2 tN  - mtaceblebis Sesabamisi raodenoba. Tu 
msxverpli cxovrobs marto Sesabamisi kvebis arealze, 
maSin misi raodenoba izrdeba mudmivi 0k  siCqariT, magram 

mtaceblebTan  Sexvedra iwvevs maTi zrdis siCqaris 
Semcirebas 2k  siCqaris koeficientiT. mtaceblebisa da 
msxverplis Sexvedris sixSire damokidebulia maTi 
raodenobebis namravlze da, maSasadame, SegviZlia 
SevadginoT Sesabamisi dinamikis gantoleba: 

21101 )( NNkktN 


.                                       (2.22) 

analogiurad, mtaceblebis raodenobis zrda damoki-
debulia msxverplTan Sexvedrebis raodenobaze, rac pirda-
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pirproporciulia maTi raodenobebis namravlisa. magram, 
mtaceblebic iRupebian siberiT, avadmyofobiT an ufro 
Zlier mtacebelTan brZolaSi. maTi sikvdilianobis 
koeficientia 2k . maSin Sesabamisi dinamikis gantolebas 
eqneba saxe: 

222112 NkNNkN 


.                                       (2.23) 
stacionaruli wertilis gamosaTvlelad nuls 

gavutoloT  (2.22),(2.23) gantolebebis marjvena nawilebi. 
miRebuli sistemis amonaxsni iqneba: 

2

00

2

1

20

1 N      ,
k

k

k

k
N  .                                      (2.24) 

SeviswavloT (2.22),(2.23) sistema stacionaruli (2.24) 
amonaxsnis midamoSi. amisaTvis saZiebel raodenobebs 
mivceT mcire nazardebi )(1 tn  da )(2 tn . anu (2.22), (2.23) 
gantolebebSi SevitanoT axali sidideebi da ukuvagdoT 
kvadratuli wevrebi mcire nazrdebis mimarT 

)()( 1

0

11 tnNtN  ,                                        (2.25) 

)()( 2

0

22 tnNtN  .                                        (2.26) 
maSin miviRebT: 

1

2

01
221 )( n

k

kk
nktn 



,                                      (2.27) 

1

2

10
2)( n

k

kk
tn 



.                                           (2.28) 

Tu gavawarmoebT (2.27) gantolebas da SevitanT )(2 tn


-s 
mniSvnelobas (2.28) gantolebidan, maSin  

01101

2

01
1 



nkkn
k

kk
n .                                      (2.29) 

Tu SemoviRebT aRniSvnebs: 

 2
2

01

k

kk
  da 2

010 kk , 

maSin gantoleba (2.29) gadaiwereba dempfirebuli, Tavi-
sufali rxeviTi sistemis kanonikuri saxiT: 

02 1

2

011 


nnn  .                                       (2.30) 

es sistema ki ukve Seswavlili gvaqvs. 
 
P.S. rogorc vxedavT, dempfirebuli Tavisufali 

rxeviTi sistema gvxvdeba socialur sistemebSic. rac 
iZleva imis safuZvels, rom  CavuRrmavdeT sxvadasxva 
procesis aRweras da naklebad davixarjoT miRebuli 
modelebis aRmweri gantolebebis gamokvlevaze. 
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2.4. dempfirebuli, sakuTrivi ekonomikuri rxeviTi 
procesebis modelireba frangiSvil-obgaZis modelis 

bazaze 
 

ganvixiloT ekonomikuri wonasworobis gantoleba 
keinsis sistemaSi 

)()()( tItCtX  ,                                         (2.31) 
sadac )(tC  moxmarebaa, )(tI -investiciebi, )(tX -erovnuli  
Semosavali. 

samuelson-xiqsis aqseleraciis principze dayrdnobiT 
SeiZleba CavweroT investiciebis ganzogadebuli 
gantoleba: 



 )()()( tXttI  ,                                         (2.32) 
sadac )(t  aqseleraciis koeficientia. garda amisa, 

)(tC  moxmareba erovnuli Semosavlis funqciaa da 
damokidebulia moxmarebis mTel winaistoriaze 

   dXFtC

t

 ),()(
0

 .                                      (2.33) 

Tu (2.32) da (2.33) gantolebebs SevitanT (2.31) wonaswo-
robis gantolebaSi, miviRebT: 

        
t

dtXFtXttX
0

,  .                                                           (2.34) 

gantolebis orive mxaris t-Ti diferencirebiT, 
miviRebT: 

                  ttXFtXttXttX ,                                                      (2.35) 

anu vRebulobT dinamikis diferencialur gantolebas 
Semdegi saxiT: 

            0,1 


ttXFtXttXt   .                                                (2.36) 

radgan   0t , (2.36) gantoleba SeiZleba gavyoT  t -ze.  
miviRebT Semdegi saxis dinamikis gantolebas:  

 
 
 

 
 

   0,
11




 ttXF
t

tX
t

t
tX



 


 .                                               (2.37) 

Tu frangiSvil-obgaZis (2.37) ganzogadebul 
gantolebaSi  movaxdenT Casmas 








 











2

1
)(

2
2

t
t e

et  ,    )()(),( 2

0 tXtttXF                   (2.38) 

miviRebT dempfirebuli, Tavisufali rxeviTi sistemis 
kanonikur gantolebas: 

02 2

0 


XXX  ,                                      (2.39) 

romelic ukve SeviswavleT sxva Sinaarsis procesebisaTvis. 
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P.S. rogorc vxedavT, kvlav miviReT dempfirebuli, 
Tavisufali rxeviTi sistemis maTematikuri modeli. rac  
mowmobs, rom dempfirebuli, Tavisufali rxeviTi sistemis 
maTematikuri modeli universaluria da is gvxvdeba 
sruliad sxvadasxva Sinaarsis amocanebis gadawyvetisas. 

 
 
 
 
 
 

amocanebi da savarjiSoebi 
 
1. rogor sistemebs uwodeben dempfirebuls? 
2. rogor gamoiTvleba dempfirebuli sakuTrivi rxeviTi 
sistemis milevadi rxevebis periodi, ra aris logariTmuli 
dekrementi da risTvisaa saWiro? 
3. ra SemTxvevaSi gvaqvs Tavisufal, dempfirebul sistemaSi 
araperioduli milevadi rxevebi? 
4. SeadgineT eleqtruli, dempfirebuli rxeviTi sistemis 
sqema da aageT Sesabamisi maTematikuri modeli. 
5. moiyvaneT socialuri dempfirebuli sistemis magaliTi 
da aCveneT koeficientebis ra mniSvnelobebisTvisaa mosa-
lodneli milevadi rxeviTi procesebi da ra Sinaarsi 
Seesabameba am SemTxvevas. 
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Tavi 3. iZulebiTi rxeviTi procesebis maTematikuri 
modelireba 

 
 

iZulebiT rxeviT sistemebSi sistemaze moqmedebs gare 
Zala, romelic gansazRvravs rxevis kanons. aq Sesabamis 

maTematikur modelSi rxeviT procesebs gansazRvravს 
damatebiTi wevrebi, rac Sesabamisi diferencialuri 
gantolebebis araerTgvarovnebas iwvevs. 
 
 
 
3.1. iZulebiTi meqanikuri rxeviTi procesebis modelireba 
 

ganvixiloT meqanikuri rxeviTi sistema im pirobebSi, 
roca gvaqvs maiZulebeli Zalis moqmedeba. 

 
 

nax. 3.1. iZulebiTi meqanikuri rxeviTi sistema tQf  cos  
maiZulebeli perioduli Zalis moqmedebis pirobebSi 

 
 gvaqvs rxeviTi sistema (nax.3.1), romelic Sedgeba m  

masis sxeulisagan, roca zambaris sixistea c , xolo 

tvirTis zedapirTan xaxunis koeficienti k  anu 


 xkFxax. . 

Tu moZraobis gamomwvevi gare perioduli Zalaa tQf  cos , 

advili misaxvedria, rom niutonis dinamikis kanonidan 
gamomdinare, SegviZlia SevadginoT gantoleba m  masis 
sxeulis xgadaadgilebis Sesaswavlad: 
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t)cos( 


Qxkcxxm .                                  (3.1)  
gavyoT am gantolebis orive mxare m  masis sidideze da 

SemoviRoT aRniSvnebi: 

.
m

Q
    ,2

m

k
      ,2

0 H
m

c
                                   (3.2) 

maSin gantoleba (3.1) gadaiwereba Semdegi saxiT: 
t)cos(2 2

0 


 Hxxx .                                              (3.3) 

amrigad, miviReT wrfivi, dempfirebuli, iZulebiTi 
rxeviTi sistemis maTematikuri modeli.  

exla SeviswavloT am sistemis Taviseburebebi. 
ganvixiloT ori SemTxveva: 

 
1) iZulebiTi rxeviTi sistema araa dempfirebuli; 
2) dempfirebuli, iZulebiTi rxeviTi sistema. 
 

1) Tu rxeviTi sistema araa dempfirebuli, maSin 0  
da dinamikis gantoleba miiRebs saxes: 

)cos(2

0 tHxx 


 .                                      (3.4) 

rogorc cnobilia, wrfivi araerTgvarovani diferenci-
aluri gantolebis zogadi amonaxsni tolia Sesabamisi 
erTgvarovani gantolebis zogadi  da araerTgvarovani 
gantolebis kerZo amonaxsnebis jamisa  

dzoaraertgzogadiertg xxx ker..var  .                              (3.5) 

(3.4) gantolebis Sesabamisi erTgvarovani gantolebis 
zogadi amonaxsni tolia aradempfirebuli, Tavisufali 
rxeviTi sistemis amonaxsnisa  

)- tcos( 0.var  ax zogadiertg .                                  (3.6) 

sadac 
00

0

2

0

2

02

0
 x

v
    tg,







v
xa .  

araerTgvarovani (3.4) sistemis kerZo amonaxsnი  
)cos(ker. thx dzoaraertg   .                                    (3.7) 

(3.7) gamosaxuleba CavsvaT  (3.4) gantolebaSi, miviRebT  
)cos()cos()cos( 2

0

2 tHthth   , 

saidanac  

22

0  


H
h . 

რac  niSnavs, rom (3.4) araerTgvarovani gantolebis 

kerZo amonaxsns aqvs saxe: 
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)cos(
22

0

ker. t
H

x dzoaraertg 


 


.                               (3.8) 

miviReT araerTgvarovani (3.4) gantolebis zogadi 
amonaxsni (3.5), romelic gadaiwereba Semdegi saxiT: 

)cos()cos()(
22

0

0 t
H

tatx 


 


 .                        (3.9) 

formula (3.9) ZalaSia, Tu  0 . aseT SemTxvevaSi, 

gvaqvs ori sxvadasxva sixSiris rxevaTa jami. sistemis 
dinamika gamosaxulia 3.2 naxazze. 

10 5 0 5 10
2

0

2

x t( )

t  
 

nax. 3.2. ori sxvadasxva sixSiris harmoniuli rxevebis 
jami 

 
Tu sistemis sakuTrivi rxevis sixSire 0  emTxveva, 

maiZulebeli perioduli Zalis rxevis   sixSires იქმნება 
rezonansi. 

aseT SemTxvevaSi (3.4) gantolebis zogadi amonaxsnis 
gamosaTvlelad (3.9) amonaxsni gadaiwereba saxiT: 

))cos()(cos()cos()( 022

0

0 tt
H

tatx 


 


 .           (3.10)   

Tu (3.10) formulaSi gadavalT zRvarze, roca 0  , 

lopitalis wesis gamoyenebiT, miviRebT zogad amonaxsns: 

)sin(
2

)cos()( 0

0

0 tt
H

tatx  


 .                        (3.11) 

rogorc (3.11) amonaxsnidan Cans, rezonansis SemTxvevaSi, 
rxevis amplituda wrfivi kanoniT izrdeba (nax3.3). 
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0 5 10 15 20 25
50

0

50

x t( )

t  
nax.3.3. rezonansuli rxevebis dinamika 

 
Tu maiZulebeli Zalis rxevis sixSire axlosaa 

sistemis sakuTrivi rxevebis sixSiresTan, adgili aqvs 
rxevebis cemas ori maxlobeli sixSiriT. 

 

2) აxla ganvixiloT wrfivi, dempfirebuli iZulebiTi 
rxeviTi sistemis SemTxveva.  gvaqvs maTematikuri modeli 

t)cos(2 2

0 


 Hxxx .                                              (3.12) 

vipovoT am gantolebis kerZo amonaxsni   
)sin()cos( ttx   .                                  (3.13) 

 (3.13) formula SevitanoT (3.12) gantolebaSi, maSin   

da  koeficientebis gamosaTvlelad miviRebT gantolebas: 

)cos()sin()cos(

)cos(2)sin(2)sin()cos(

2

0

2

0

22

tHtt

tttt








(3.14) 

Tu (3.14) gantolebiს, koeficientebs gavutolebT 
Sesabamis trigonometriul funqciebTan, miviRebT sistemas: 

.02

,2

2

0

2

2

0

2







 H
                                (3.15) 

am sistemis amonaxsnebia: 
 

  22222

0

22

0

4 









H
,                                   (3.16) 

 

  222222

0 4

2











H
.                                  (3.17) 

gamosaxulebaSi (3.13) SemoviRoT damatebiTi kuTxe, 
maSin (3.16)-(3.17) Tanafardobebis gaTvaliswinebiT, miviRebT 
(3.12) araerTgvarovani gantolebis kerZo amonaxsns: 

  
)sin(

4

*

22222

0

22

.var 



 



 t
H

x Krdzoaraertg .        (3.18) 
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SeviswavleT Sesabamisi erTgvarovani gantolebis 
zogadi amonaxsni, Tavisufali, dempfirebuli rxeviTi 
sistemebis Seswavlis dros. gvqonda sami SemTxveva: 

a) Tu 0  , maSin 22

0

t 

0var         ),cos(    teAxertg  ;   

b) Tu   > 0 , maSin 
tt

ertg eCeCx





 





 


2
0

22
0

2

21var



 ; 

g) Tu  0  , maSin   t

ertg etCCx  
21var . 

maSasadame, araerTgvarovani gantolebis zogadi amonax-
sni iqneba: 

varker.)( ertgdzoaraertgv xxtx  .                                  (3.20) 

cxadia, rom aqac gveqneba sami sxvadasxva SemTxveva. 
 

P.S. davaleba studentebs: Mathcad -is bazaze SeiswavleT am 
sami SemTxvevis Sesabamisi rxeviTi sistemebis dinamika. 

 

 

 
3.2. iZulebiTi eleqtruli rxeviTi procesebis modelireba 

 
ganvixiloT iZulebiTi eleqtruli rxeviTi procesi 

(nax 3.4) 

 
nax.3.4. rxeviTi konturi eleqtruli denis wyaroTi, 

romlis eleqtრomamoZravebuli Zalaa )(tE  

 

kirxofis kanonი am wredisaTvis  

)(tE
C

Q
IR

dt

dI
LUUU CrL  ,                                                               (3.21) 

sadac Q aris kondensatoris muxtis sidide, cU – konden-

satorze modebuli Zabva. 
C

Q
UC  . I –denis Zala,  LU –koWaze 

modebuli Zabva, amasTan 
dt

dI
LUL  . Zabvis vardna R  
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winaRobaze  IRUr  ; )(tE  eleqtruli denis mamoZravebeli 
Zalaa. maSasadame, miviRebT maTematikur models 

)(tE
C

Q
IR

dt

dI
L  .                                     (3.22) 

Tu (3.22) formulaSi gaviTvaliswinebT,  rom denis Zala 
muxtebis mowesrigebuli nakadia  



 QI ,                                                 (3.23)  
maSin miviRebT denis wyaros Semcveli eleqtruli rxeviTi 
konturis dinamikis gantolebas  

 ).(
2

2

tE
C

Q

dt

dQ
R

dt

Qd
L                                   (3.24)  

  Tu SemoviRebT aRniSvnebs: 

 
L

E(t)
F(t)   , 

L

R
2    , 

12

0  
LC

,                            (3.25)  

maSin (3.24) gantoleba miiRebs iZulebiTi, dempfirebuli, 
wrfivi rxeviTi sistemis maTematikuri modelis saxes,  
romelzec  visaubreT wina TavSi:  

).(2 2

0 tFQQQ 


                                    (3.26) 

 
P.C. rogorc vxedavT, iZulebiTi, dempfirebuli, wrfivi 
eleqtruli rxeviTi sistemis maTematikuri modeli 
emTxveva Sesabamisi meqanikuri sistemis maTematikur 
models. 
 
 

 
3.3. iZulebiTi socialuri rxeviTi procesebis modelireba 

 
ganvixiloT sociumis dinamika droSi. vTqvaT, )(tN  aris 

sociumis moculobis cvlilebis kanoni droSi. m  am 
sociumis saarsebo arealia, xolo )(1 tf  sociumis 
moculobis cvlilebis gamomwvevi Zala. amitom, sociumis 
moculobis cvlilebis kanonis sapovnelad ganvixiloT 
Sesabamisi dinamikis gantoleba 

)(1 tfNm 


.                                             (3.27) 
cxadia, rom sociumis moculobis cvlilebis 

gamomwvevi Zala sami nawilisagan Sedgeba:a) dadebiTi wevri, 
romelic gamowveulia gare migraciiT mocemul sociumSi 

)(tf ;  
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b) kN  uaryofiTi wevriT, rac Seesabameba sociumis 
Semcirebis gamomwvev Zalas bunebrivi sikvdilianobis gamo. 

k  Sesabamisi sikvdilianobis koeficientia; g) 


 N2  Zalaa, 
romelic iwvevs sociumis Semcirebas sxva sociumebTan 
brZolaSi marcxis gamo. es niSnavs, rom 

kNNtftf 


2)()( 21 .                                    (3.28) 
Tu (3.28) gamosaxulebas SevitanT (3..27)-Si, miviRebT 

dinamikis gantolebas 

)(2 2 tfkNNNm 


 .                                     (3.29) 
am gantolebis m  arealis sidideze gayofiT da 

Sesabamisi aRniSvnebiT miviRebT: 

).(
)(f

   ,
m

k
     , 22

0 tf
m

t

m
 


                               (3.30) 

gantoleba (3.28) gadaiwereba Semdegi saxiT: 

)(2 2

0 tfNNN 


 .                                     (3.31) 

es gantoleba emTxveva wrfivi, iZulebiTi rxeviTi 
sistemis maTematikur models. rac imas niSnavs, rom 
rxeviTi sistemis maTematikuri modeli universaluria da 
aRwers sruliad sxvadasxva Sinaarsis procesebs. 

 
 
 

3.4. iZulebiTi ekonomikuri rxeviTi procesebis 
modelireba 

 
 
ganvixiloT ekonomikuri wonasworobis gantoleba 

keinsis sistemaSi 
)()()( tItCtX  ,                                        (3.32) 

sadac  )(tC  moxmarebaa, )(tI  - investiciebi, )(tX - erovnuli 
Semosavali. 

samuelson-xiqsis aqseleraciis principze dayrdnobiT, 
SeiZleba CavweroT investiciebis ganzogadebuli 
gantoleba 



 )()()( tXttI  ,                                         (3.33) 
sadac )(t  aqseleraciis koeficientia. 

garda amisa, )(tC   moxmareba aris erovnuli Semosavlis 
funqcia da damokidebulia moxmarebis mTel winaistoriaze 
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   dXFtC

t

 ),()(
0

 .                                      (3.34) 

Tu (3.33) da (3.34) Tanafardobebs SevitanT (3.32) wonaswo-
robis gantolebaSi, miviRebT: 

        
t

dtXFtXttX
0

,                                                              (3.35) 

gantolebis orive mxaris t-Ti diferencirebiT, 
miviRebT: 

                   ttXFtXttXttX ,                                                     (3.36) 

anu dinamikis diferencialur gantolebas Semdegi saxe 
aqvs: 

            0,1 


ttXFtXttXt   .                                                (3.37) 

radgan   0t , (3.37) gantoleba SeiZleba gavyoT  t -ze.  
miviRebT dinamikis gantolebas:  

 
 
 

 
 

   0,
11




 ttXF
t

tX
t

t
tX



 


 .                                               (3.38) 

Tu frangiSvil-obgaZis  ganzogadebul gantolebaSi 
(3.38) movaxdenT Casmas, miviRebT: 








 











2

1
)(

2
2

t
t e

et ,        )()()(),( 2

0 tftXtttXF   .         (3.39) 

e.i. wrfivi, iZulebiTi, Tavisufali rxeviTi sistemis 
dinamikis maTematikuri modeli Caiwereba  Semdegi  saxiT: 

 )(2 2

0 tfXXX 


 .                                   (3.40) 

 
P.S. rogorc vxedavT, kvlav miviReT wrfivi, dempfirebuli, 
iZulebiTi, rxeviTi sistemis maTematikuri modeli. rac 
imas mowmobs, rom dempfirebuli, iZulebiTi rxeviTi 
sistemis maTematikuri modeli universaluria da  
gvxvdeba sruliad sxvadasxva Sinaarsis amocanebis 
gadawyvetisas. 
 
amocanebi da savarjiSoebi 
 

1. aageT iZulebiTi, wrfivi, dempfirebuli rxeviTi sistemis 
maTematikuri modeli, roca maiZulebeli Zala nebismieri 
perioduli, ara  aucileblad harmoniuli funqciaa. 
2. aageT iZulebiTi, wrfivi, dempfirebuli rxeviTi sistemis 
maTematikuri modeli, roca maiZulebeli Zala nebismieri, 
sazogadod - araperioduli funqciaa. 
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3. SeadgineT iZulebiTi, wrfivi, dempfirebuli rxeviTi 
sistemis maTematikuri modelis gamosakvlevi programa 
Mathcad -is bazaze. 
4. ra Taviseburebebi axasiaTebs aradempfirebul, iZulebiT 
rxeviT sistemebs?  
5. riT gansxvavdeba  iZulebiTi, wrfivi, rezonansuli 
dempfirebuli da aradempfirebuli rxeviTi sistemebi? 
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Tavi 4. bmuli rxeviTi sistemebis maTematikuri 
modelireba 

 
bmuli rxeviTi sistemebis SemTxvevaSi saqme gvaqvs ori 

an meti raodenobis rxeviT sistemasTan, romlebic 
erTmaneTze axdenen gavlenas. Tu erTi sistema axdens 
gavlenas meoreze, xolo meore ver axdens gavlenas 
pirvelze, es ar iqneba bmuli rxeviTi sistema. aseT 
SemTxvevaSi ZiriTadi (pirveli) sistema iqneba Tavisufali, 
xolo meore sistema iqneba iZulebiTi rxeviTi sistema, 
romelic pirveli sistemiT imarTeba. 

 
 

4.1. bmuli meqanikuri rxeviTi procesebis matematikuri 
modelireba 

 
ganvixiloT wrfivi, bmuli, meqanikuri rxeviTi sistemis 

magaliTebi (nax. 4.1, 4.2). 
 

 
 

nax.4.1. bmuli meqanikuri rxeviTi sistemis magaliTi 
 

a) es sistema Sedgeba ori 1m  da 2m  masis sxeulebisagan, 
romlebic kedelTan da erTmaneTTan dakavSirebulia, 
Sesabamisad, 1c  da 2c  sixistis mqone zambarebiT da hukis 
kanons emorCileba. 
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pirveli sxeulis sawyisi mdgomareobidan gadaadgileba 
aRvniSnoT 1x , xolo meore sxeulis gadaadgileba, 
Sesabamisad, 2x . maSin, niutonis meore kanonidan 
gamomdinare, miviRebT maTematikur models: 

    1221111 xxcxcxm 


,                                                                                   (4.1) 

   12222 xxcxm 


.                                                                   (4.2) 

  


 0

11

0

11 )0(x    ;)0( xxx ,                                                                  (4.3) 

   


 0

22

0

22 )0(x    ;)0( xxx .                                                                (4.4) 

 

davaleba studentebs: Mathcad-is bazaze, SeiswavleT am 
maTematikuri modelis Sesabamisi bmuli rxeviTi sistemis 
dinamika. 

 
 b) axla ganvixiloT bmuli meqanikuri rxeviTi sistema, 

romelic Sedgeba erTmaneTTan ori zambariT 
dakavSirebuli maTematikuri qanqarisagan (nax.4.2). Tu 
davwerT niutonis dinamikur gantolebas TiToeuli 
qanqarisaTvis, zambariani kavSiris gaTvaliswinebiT da 
movaxdenT standartul gardaqmnebs, miviRebT bmuli 
meqanikuri (nax.4.2) rxeviTi sistemis maTematikur models. 

 
nax.4.2. bmuli meqanikuri sistema zambariT 

dakavSirebuli ori qanqariT 
 

Sesabamis maTematikur models aqvs saxe: 

 21

2

11

2

011 


 ,                                  (4.5) 

 12

2

22

2

022 


 ,                                 (4.6) 
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sadac 
1

01
l

g
  da 

2

02
l

g
  qanqarebis sakuTari rxevis 

sixSireebia, xolo 1  da 2  koeficientebi asaxavs 
qanqarebis urTierTqmedebas, romelic ganpirobebulia k  
sixistis mqone zambariT 

11

2
2

1
lm

kh


 ,   

22

2
2

2
lm

kh


 .                                  (4.7) 

 
davaleba studentebs: Mathcad-is bazaze, SeiswavleT am 
maTematikuri modelis Sesabamisi bmuli rxeviTi sistemis 
dinamika. 

 
g) ganvixiloT bmuli meqanikuri sistema, Sedgenili N  

rxeviTi sistemisagan (nax.4.3). 

 
 

nax.4.3. N  rxeviTi sistemisagan Sedgenili bmuli 
meqanikuri rxeviTi sistema 

 
vTqvaT, mocemuli gvaqvs bmuli, meqanikuri rxeviTi 

sistema, romelic Sedgeba N  rxeviTi sistemisagan. 
TiToeuli rxeviTi sistema Sedgeba Sesabamisi im  masis 

sxeulisagan da es sxeulebi erTmaneTTan dakavSirebulia 
zambarebiT ise, rom im  da 1im  masis sxeulebi 

dakavSirebulia  sixistis mqone 1 , iic  drekadi zambariT.  

advili misaxvedria, rom Tu CavwerT niutonis dinamikis 
gantolebas im  masis sxeulisaTvis am sistemaSi, miviRebT 

Sesabamis maTematikur models: 
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    )(11i ,1i ,1 tFxxcxxcxm iiiiiiiii  



,  Ni ,1 .              (4.8) 

sadac )(tFi  aris i ur sxeulze moqmedi gare Zala. 

 
P.S. roca undaT Seiswavlon drekadi myari sxeulis 
rxevebi, mas ganixilaven, rogorc N  erTnairi masis 
sxeuls, dakavSirebuls erTnairi c  sixistis zambarebiT. 
maSin myari, drekadi sxeulis rxevebi ganixileba, rogorc 
Sesabamisi bmuli, wrfivi, diskretuli, meqanikuri rxeviTi 
sistemis rxevebi da Sesabamis maTematikur models eqneba 
saxe: 

 112 



 iiii xxxcxm ,  Ni ,1                           (4.9) 

  
davaleba studentebs: Mathcad-is bazaze, SeiswavleT am 
maTematikuri modelis Sesabamisi bmuli rxeviTi sistemis 
dinamika, roca 3N . 

 
 
 

4.2. bmuli eleqtruli rxeviTi procesebis  maTematikuri 
modelireba 

 
 

ganvixiloT, bmuli rxeviTi eleqtruli sistema, 
romlis SedgenilobaSi kondensatoriT erTmaneTTan 
dakavSirebuli ori rxeviTi konturia. 

 
nax. 4.4. bmuli eleqtruli rxeviTi sistema 

 
CavweroT kirhxofis kanonebi 4.4 nax-ze gamosaxuli 

rxeviTi konturebisaTvis 

 21 IIi     


 21 qqq 21 qqq  .                       (4.10) 
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,0
11

1

1

1
1  q

C
q

Cdt

dI
L                                    (4.11) 

 ,0
11

2

2

2
2  q

C
q

Cdt

dI
L                                  (4.12) 

sadac 


 11 qI  da 


 22 qI .  
 (4.11) da (4.12) SegviZlia gadavweroT Semdegi saxiT: 

 12

1

1

11

1

11
qq

CL
q

LC
q 


,                                   (4.13) 

 12

2

2

22

2

11
qq

CL
q

LC
q 


.                                 (4.14) 

 
P.S. bmuli rxeviTi eleqtruli sistemebi gamoiyeneba 
eleqtroteqnikaSi, signalebis gasafiltrad. 
 
 

4.3. bmuli socialuri rxeviTi procesebis modelireba 
 

ganvixiloT, ori urTierTmoqmedi socialuri jgufi, 
romelTa moculobebs aRvniSnavT, Sesabamisad, 1N  da 2N . am 
ori sociumis moqmedebis arealebi aRvniSnoT 1m  da 2m .  
Tu gaviTvaliswinebT, rom socialuri jgufebi 
urTierTqmedebs toli da sawinaaRmdegod mimarTuli 
ZalebiT, romlebic pirdapirproporciulia maTi 
moculobebis sxvaobisa anu  122 NNk  ; amasTan, Tu 
CavTvliT, rom jgufebis moqmedebis 1m  da 2m  arealebi 
SezRudulia da, maSasadame, rac ufro gaizrdeba sociumis 

1N  da 2N  moculobebi, miT ufro naklebi iqneba am 
sociumis zrdis siCqare, miviRebT bmuli socialuri 
rxeviTi sistemis maTematikur models: 

 1221111 NNkNkNm 


,                               (4.15) 

 1222322 NNkNkNm 


.                              (4.16) 

 

P.S. rogorc vxedavT, am SemTxvevaSic miviReT bmuli 
rxeviTi sistemis maTematikuri modeli, romelic 
analogiuria Sesabamisi eleqtruli bmuli rxeviTi 
sistemis maTematikuri modelisa. 
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4.4. bmuli ekonomikuri rxeviTi procesebis modelireba 
 

ganvixiloT ori, urTierTkonkurentunariani produq-
ciis, bazarze realizebul moculobaTa 1X  da 2X  dinamika. 
cxadia, rac ufro didia realizebuli produqciis mocu-
loba, miT ufro naklebia realizebuli produqciis zrdis 
siCqaris cvlileba, bazris gajerebis gamo. aseve, 
realizebuli produqciis moculobis cvlilebis siCqare 
pirdapirproporciulia moculobaTa sxvaobisa. amave dros, 
moqmedi Zalebi sididiT tolia da mimarTulebiT 
sawinaaRmdego. Tu  1m  da 2m   Sesabamisi produqciis 
fasebia, miviRebT bmuli ekonomikuri rxeviTi sistemis 
maTematikur models:  

 1221111 XXkXkXm 


,                               (4.17) 

 1222322 XXkXkXm 


.                              (4.18) 

P.S. rogorc vxedavT, am SemTxvevaSic miviReT bmuli 
rxeviTi sistemis maTematikuri modeli, romelic 
analogiuria Sesabamisi eleqtruli bmuli rxeviTi 
sistemis maTematikuri modelisa. am modelis ageba 
SesaZlebelia frangiSvil-obgaZis modelis bazazec. 
 

 
 

amocanebi da savarjiSoebi 
 
1. gansazRvreT wrfivi, bmuli rxeviTi sistema da aageT 
Sesabamisi meqanikuri rxeviTi sistemis maTematikuri 
modeli. 
2. gamoikvlieT bmuli rxeviTi sistema Mathcad programis 
saSualebiT. 
3. aageT bmuli rxeviTi socialuri sistemis maTematikuri 
modeli da gamoikvlieT Mathcad programis saSualebiT. 
4. aageT bmuli rxeviTi ekonomikuri sistemis maTematikuri 
modeli frangiSvil-obgaZis (2.37) modelis bazaze da 
gamoikvlieT Mathcad programis saSualebiT. 
5. aageT bmuli rxeviTi fsiqologiuri sistemis 
maTematikuri modeli. 
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Tavi 5. rxeviTi sistemebis modelirebis variaciuli 
meTodebi 
 

 
maTematikuri modelebis asagebad iyeneben universalur 

variaciul principebs, romlebic emyareba saukunovan 
praqtikul gamocdilebas bunebaSi mimdinare procesebis 
Sesaxeb. cnobilia, rom buneba erTiania anu mecnierebis 
erT sferoSi mimdinare procesebi analogiuria meore 
sferoSi mimdinare procesebisa. rac imas niSnavs, rom 
sakmarisia aRmovaCinoT procesebis msgavsebis kriteriumebi, 
rom SegviZlia fizikaSi damuSavebuli modelebi 
gamoviyenoT sxvadasxva inteleqtualur sferoSi. 

 

5.1. hamiltonis universaluri variaciuli principi, 
zogadi Teorema da praqtikuli realizaciis algoriTmi, 

Tavisufali rxeviTi sistemis maTematikuri 
modelis ageba 

 
ganvixiloT dinamikuri sistema, romlisTvis )(tQ  

mdgomareobis ganmsazRvreli koordinatia.  Sesabamisad, 


Q  
warmoadgens ganmsazRvreli parametris cvlilebis 
siCqares. ganvsazRvroT dinamikuri sistemis lagranJis 
funqcia, rogorc sxvaoba mis kinetikur da potenciur 
energiebs Soris 

pk EE
dt

dQ
QL ),( .                                        (5.1) 

sadac kE  da pE , Sesabamisad, sistemis kinetikuri da 

potenciuri energiebia. 

ganvixiloT sidide, romelsac moqmedebas uwodeben da 

Caweren formuliT: 

 









2

1

,)(

t

t

dt
dt

dQ
QLQS .                                       (5.2) 

am sididezea damokidebuli sistemis yofaqceva. 
hamiltonis universaluri principi ambobs,  Tu sistema 
realuria, maSin )(tQ  aris )(QS  funqcionalis 

stacionaრuლi funqcia anu 

  0
0





QS
d

d
.                                       (5.3) 
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hamiltonis principSi moqmedi )(t  funqcia sacdeli 

funqciaა, romelic nulis toil xdeba drois 1t  da 2t  
momentebSi. )(t   funqcias )(tQ  funqciis variacia ewodeba. 
hamiltonis principi saSualebas iZleva avagoT rxeviTi 
sistemis maTematikuri modeli. 

ganvixiloT sistemis Tavisufali rxevebi, roca 

mocemuli gvaqvs zambara m  masis tvirTiT.  zambaris 
sixistis koeficientia c . maSin  sistemis lagranJis 
funqcia  

22

2

2

X
c

dt

dX
m

L 










 .                                       (5.4) 

მოqmedebisaTvis gveqneba gamosaxuleba: 

 






















2

1

2

1

2

2

22
),()(

t

t

t

t

dtX
c

dt

dXm
dt

dt

dX
XLXS .                      (5.5) 

gamoviTvaloT მოqmedeba )(t   variaciis SemTxvevaSi 

 
 

 



















 


2

1

2

2

22

t

t

dtX
c

dt

Xdm
XS 


 .                    (5.6) 

gavawarmooT es funqcia   cvladiთ,  maSin  

 
 


















































2

1

222

2

2

2

22

2

1
t

t

dtXXc
dt

d

dt

d

dt

dX

dt

dX
m

d

d
XS

d

d 











 

    





































2

1

2

2t

t

dtXc
dt

d

dt

d

dt

dX
m 





.                          (5.7) 

Tu  davuSvebT, rom 0 , maSin 

   







 

2

1

00

t

t

dtcX
dt

d

dt

dX
mXS

d

d






 .                       (5.8) 

am gantolebis marjvena nawilis pirveli wevris 
nawilobiTi integrebiT da imis gaTvaliswinebiT, rom 

0)()( 21  tt  , miviRebT 

  0
2

1

2

2

0 







  dtcX

dt

Xd
mXS

d

d
t

t




 .                        (5.9) 

radgan )(t  nebismieri sacdeli funqciaa, miviRebT 
Tavisufali rxeviTi sistemis maTematikur models 

0
2

2

 cX
dt

Xd
m .                                          (5.10) 

 Tu SemoviRebT aRniSvnas: 
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m

c
2 ,                                                (5.11) 

miviRebT Tavisufali rxeviTi sistemis klasikur 

maTematikur models: 

.02 


XX                                              (5.12) 
 

P.S. rogorc vxedavT, variaciul meTods Tavisufali 

rxeviTi sistemisaTvიs mivyavarT igive maTematikur 

modelamde.  
 
 
5.2. iZulebiTi rxeviTi sistemis maTematikuri modelireba 

variaciuli meTodiT 
 

im SemTxvevaSi, roca sistemaze moqmedebs maiZulebeli 
Zala 0F , icvleba potenciuri energiis mxolod formula  

 

X

p XF
X

cdXF
X

cE
0

0

2

0

2

22
,                             (5.13) 

xolo kinetikuri energiis gamosaxuleba ucvleli 
rCeba 

2

2











dt

dX

mEk .                                           (5.14) 

Sesabamis lagranJis funqcias eqneba saxe: 

XF
X

c
dt

dX

mL 0

2

2

22











 .                                  (5.15) 

Tu ganvaxorcielebT wina paragrafis analogiur 
gardaqmnebs, maSin miviRebT iZulebiTi, aradempfirebuli, 

rxeviTi sistemis maTematikur models: 

02

2

FcX
dt

Xd
m  .                                        (5.16) 

 
davaleba studentebs: aageT iZulebiTi rxeviTi sistemis 
maTematikuri modeli variaciuli meTodiT. 
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amocanebi da savarjiSoebi 
 
1. CamoayalibeT hamiltonis universaluri variaciuli 

principi. 
2. aageT Tavisufali rxeviTi sistemis maTematikuri modeli 

hamiltonis variaciuli principis bazaze. 
3. aageT iZulebiTi, aradempfirebuli rxeviTi sistemis 

maTematikuri modeli hamiltonis principis bazaze. 
4. lagranJis funqciisa da hamiltonis funqciis kavSiri. 
5. lagranJis funqciisa da hamiltonis funqciis 

ganmasxvavebeli Tvisebebi. 
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nawili II. arawrfivi rxeviTi procesebis maTematikuri 
modelireba 

 
 

Tavi 6. zogadi meTodebi 
 

 
6.1. aradempfirebuli,  Tavisufali, arawrfivi rxeviTi 

procesebis maTematikuri modelireba 
 

arawrfivi rxeviTi sistemis Sesabamisi maTematikuri 
modelebi aRiwereba arawrfivi gantolebebiT. realuri 
sistemebi arawrfivia da mxolod garkveuli miaxloebiT 
SeiZleba Seicvalos wrfivi sistemebiT. wrfivi rxeviTi 
sistemebis maTematikuri modelirebis sakiTxebi  ukve 
ganvixileT da exla SeviswavloT  arawrfivi sistemebi. 

ganvixiloT  Tavisufali, arawrfivi rxeviTi sistema. 
Aam SemTxvevaSi arawrfivia aRmdgeneli Zalis 
damokidebuleba ganmsazRvrel  parametrze anu gvaqvs )(xf  
damokidebuleba. Sesabamis maTematikur models aqvs saxe: 

0f(x)  


xm .                                                                                       (6.1) 

am gantolebis amoxsna kvadraturebSi, sazogadod, 
SeuZlebelia. SesaZlebelia am gantolebis zogadi 
Tvisebebis Seswavla energetikuli meTodis meSveobiT.  

(6.1)Ggantoleba gavamravloT 


x  sidideze da gavainte-
groT, maSin  

 


0

2

xf(x)  
2

1
Econstdtxm .                              (6.2) 

amasTan,  

  


potEdxxfdtxxf )()( ,                                  (6.3) 

e.i. (6.2) gantoleba warmoadgens energiis Senaxvis 
kanons: 

okin EE  potE  .                                           (6.4) 

cxadia, (6.2) tolobidan gamomdinare, SegviZlia 
CavweroT  

potEExm 


0

2

2

1
.                                        (6.5)  

Aaqedan gamomdinare, SegviZlia vipovoT rxevis siCqare 

)(
2

0 potEE
m

vx 


.                                      (6.6) 
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Ffazur sibrtyeze 0x  wertilidan x  wertilamde 

gadaadgilebis dro gamoiTvleba formuliT: 

 




x

x

x

x
potEE

m

dx
t

v

dx
tt

0 0 )(
2

0

00 .                             (6.7) 

Sesabamisad, rxevis periodis gamosaTvlelad miiReba 
formula: 





max

min )(
2

2

0

x

x
potEE

m

dx
T .                                    (6.8) 

formula (6.8) marTebulia mxolod Sekruli fazuri 
traeqtoriebisaTvis. 

 
 

 
 
6.2. Tavisufali rxeviTi sistema alag-alag wrfivi  

aRmdgeni ZaliT 
 

ganvixiloT rxeviTi sistema alag-alag wrfivi 
aRmdgeni ZaliT 










 0 xif h,-

0 xif , 
sgn)(

h
xhxf .                                (6.9) 

aseTi situaciaa releur marTvis sistemebSi.  
Aam SemTxvevaSi amonaxsni unda veZeboT cal-calke im 

SemTxvevebisaTvis, roca x>0 da roca x<0. 

roca x>0, maSin 

,)( hxfxm 


                                        (6.10) 

0vt
m

h
x 


,                                           (6.11) 

00

2

2
xtvt

m

h
x  .                                     (6.12) 

Tu CavTvliT, rom rxeviTi sistema sawyis momentSi 
imyofeba  zRvrul mdebareobaSi, miviRebT sawyis pirobebs  

Ax )0(0 ,                                              (6.13) 

0)0(0 v .                                               (6.14)  

Tu (6.11) gantolebidan ganvsazRvravT t  parametrs da 
CavsvamT (6.13) tolobaSi, miviRebT fazuri traeqtoriebis 








 

xx; gantolebas 
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)(
2

xA
m

h
vx 



.                                       (6.15) 

 
 

6.3. dempfirebuli, Tavisufali rxeviTi procesebis 
maTematikuri modelireba 

 
Ddempfirebisas rxeviTi sistema xarjavs energias 

winaRobis Zalis daZlevaze. Sesabamis maTematikur 
modelSi winaRobis Zala damokidebulia ganmsazRvreli 

parametris 


x  warmoebulze. 
 

zogadad dempfirebuli, Tavisufali rxeviTi sistemis 
maTematikur models aqvs saxe: 

0)()( 


xfxgx .                                        (6.16) 
zogjer, dempfirebis  da aRmdgeni Zalebi ise 

mWidrodaa dakavSirebuli erTmaneTTan, rom maTi 
gancalkeveba ar xerxdeba. aseT SemTxvevaSi 

0),( 


xxfx .                                           (6.17) 
SevadginoT am sistemis Sesabamisi gantoleba fazur 

sibrtyeze. amisaTvis SemoviRoT aRniSvna vx 


, maSin 

dx

dv
v

dt

dx

dx

dv

dt

dv
x 


. Aaqedan gamomdinare, (6.17) gantoleba 

gadaiwereba Semdegi saxiT: 

.
),(

v

xxf

dx

dv


                                            (6.18) 

Ees gantoleba saSualebas gvaZlevs SevadginoT 
dempfirebuli, Tavisufali rxeviTi sistemis Sesabamisi 
suraTi fazur sibrtyeze. 

Eaxla ganvixiloT am sistemis Sesabamisi energetikuli 
gantoleba. Aam gantolebis misaRebad, gavamravloT (6.16) 

gantoleba 


x  sidideze da gavaintegroT. maSin miviRebT, 
rom 

 
 xt

Edxxfdtxxgmv
0

0

0

2 )()(
2

1
.                             (6.19) 

Tu SemoviRebT aRniSvnas DE  dempfirebis Zalebis 
gadalaxvaze daxarjuli energiisaTvis, miviRebT energiis 
gantolebas 

Dpotkin EEEE  0 .                                       (6.20) 
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Aam gantolebidan naTlad Cans, rom dempfirebul 
Tavisufal rxeviT sistemaSi adgili aqvs energiis 
disipacias. 

 
 
6.4. dempfirebuli, Tavisufali rxeviTi sistema mSrali 

xaxuniT 
 

myar sxeulebs Soris mSral xaxuns adgili aqvs im 
SemTxvevaSi, roca erTmaneTs exeba ori sxeuli, romlebic 
gadaadgildeba erTmaneTis mimarT ise, rom maT Soris ar 
aris Txevadi masa. am SemTxvevaSi, xaxunis Zalebi TiTqmis 
ar aris damokidebuli gadaadgilebis siCqareze da 
mimarTulia fardobiTi siCqaris sawinaaRmdego 
mimarTulebiT. 

umetes SemTxvevaSi, mSrali xaxunis Zala miaxloebiT 
Semdegi formuliT gamoiTvleba:  










0. vifr  

0,  vif  r
Kr                                        (6.21) 

Aase, rom 


 x sgnrKr .                                          (6.22) 
rac imas niSnavs, rom procesis Sesabamis maTematikur 

models aqvs Semdegi saxe:   

0)(x sgn 


xfrxm .                                    (6.23) 
es gantoleba cal-calke ganixileba im SemTxvevebisa-

Tvis, roca 0v  da 0v . 
Tu 0v , maSin (6.23) gantolebidan miviRebT, rom 

rxfxm 


)( .                                         (6.24) 
Mmisi Sesabamisi energetikul gantolebas aqvs saxe: 

00 ExrEEE potkin  .                                  (6.25) 

Aam rxeviTi sistemisaTvis fazuri traeqtoriebis 
gantoleba Semdegia: 

 
potExrE

m
v  0

2
  ,    Tu 0v ,                     (6.26)             

 
potExrE

m
v  0

2
  ,    Tu 0v .                     (6.27) 
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amocanebi da savarjiSoebi 
 

1. gamoiyvaneT aradempfirebuli Tavisufali rxeviTi 
sistemis energetikuli gantoleba. 

2. gamoiyvaneT Tavisufali, rxeviTi sistemis fazuri 
traeqtoriebis gantoleba, alag-alag wrfivi aRmdgeni 
Zalis SemTxvevaSi. 

3. SeadgineT dempfirebuli, Tavisufali rxeviTi sistemis 
Sesabamisi suraTi fazur sibrtyeze. 

4. gamoiyvaneT dempfirebuli, Tavisufali rxeviTi sistemis 
traeqtoriebis gantoleba fazur sibrtyeze mSrali 
xaxunis SemTxvevaSi. 

5. gamoiyvaneT arawrfivi sistemis traeqtoriebis zogadi 
gantoleba fazur sibrtyeze. 
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Tavi 7. avtorxeviTi sistemebi 
 

avtorxevebi - gansakuTrebuli tipis rxevebia. am tipis 
rxevebisTvis damaxasiaTebelia energiis wyaros arseboba, 
romelic avsebs sistemis energetikul danakargebs. 

 
7.1. zogadi sqemebi da struqturuli Taviseburebebi 

 
struqturisa da moqmedebis principis mixedviT 

ganasxvaveben avtorxeviTi sistemebis or tips: 
1. oscilatoruli sistema; 
2. dagrovebiTi sistema. 
oscilatoruli tipis sistemisaTvis damaxasiaTebelia 

Semdegi struqturuli sqema (nax. 7.1): 
 

 
 
 
 

 
nax.7.1. oscilatoruli tipis avtorxeviTi sistemis 

struqturuli sqema 
 

oscilatoruli tipis sistemebSi  CamrTveli moqmedebs, 
rogorc ukukavSiri rxeviT sistemasa da energiis wyaros 
Soris, romelic CairTveba saWiro momentSi da sistemas 
saWiro energiiT amaragebs. 

cxrilSi mocemulia Sesabamisi tipis praqtikuli 
magaliTebi.  

                                               cxrili 7.1 
£№ avtorxeviTi 

sistema 
energiis wyaro oscilatori ukukavSiris 

saSualeba 

1 zari eleqtrobatarea CaquCi kontaqti 
2 saaTi deformirebuli 

zambara 
balansiri CamomSvebi 

regulatori 
3 violenCelos 

simi 
moZravi xemi simi mSrali xaxuni 

qrobadi 
maxasiaTebliT 

4 TviTmfrinavis 
mzidi frTa 

haeris nakadi drekadi 
frTa 

haeris nakadisa da 
frTis 

urTierTqmedebis 
arastacionaruli 

Zalebi 

energiis wyaro oscilatori CamrTveli 
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dagrovebiTi avtorxeviTi sistemis struqturuli sqema 
mocemulia 7.2 nax-ze. 

 

 
 

nax. 7.2. dagrovebiTi avtorxeviTi sistemis 
struqturuli sqema 

 
dagrovebiTi avtorxeviTi sistema, xSirad, asrulebs 

wyvetad(diskretul) rxevebs.  
 
 
 
 

7.2. van-der-polis avtogeneratoris maTematikuri 
modeli 

 
 
ganvixiloT van-der-polis avtogeneratoris sqema.  

  

 
 
nax.7.3. van-der-polis generatoris sqema  
  
а) tranzistorze; б) eleqtronul lamfaze 
 
 

energiis 
wyaro 

energiis 
damgrove-
beli 

gadamrTveli 
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Sesabamis maTematikur models aqvs saxe: 

dt

dI
MU

dt

dU
RC

dt

Ud
LC a

c
cc 

2

2

.                               (7.1) 

mniSvnelovania, rom eleqtronul lamfis badeze aU  

Zabvis gazrda iwvevs anoduri aI denis matebas. imisaTvis, 

rom miviRoT anoduri denis TviTagzneba, unda 
gamovTvaloT damokidebuleba )( caa UII  .  

c

a
c

dU

dI
US )(                                             (7.2) 

warmoebuls baduri maxasiaTeblis simrude ewodeba. 
Sesabamisi grafikebi mocemulia  7.4 nax-ze. 

 
 

nax.7.4. а)anoduri denisa da б) baduri simrudis  badur 
Zabvaze damokidebulebis grafikebi 

 
muSa mdgomareobaSi  adgili aqvT damokidebulebebs: 

2

20 cUSSS  ,                                                (7.3) 

3

20
3

1
ccaoa USUSII  .                                         (7.4) 

 Tu  (7.3) da (7.4) formulebs gaviTvaliswinebT, maSin 

(7.1) gadaiwereba saxiT: 

02

0

2

202

2









 c

c
c

c U
dt

dU

M

RC
USS

LC

M

dt

Ud
 ,                      (7.5) 

 

სadaც 
LC

12

0  .                                             (7.6) 

Tu SemoviRebT aRniSvnebs:  

RCMS

MS
Ux c




0

2 ,               
LC

RCMS 
 02 ,              (7.7)  

miviRebT van-der-polis avtogeneratoris maTematikur 
models, romelic aRwers  cnobili avtorxeviTi sistemis 
dinamikas 

  012 2

0

2 


xxxx  .                                     (7.8) 
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7.3. avtorxeviTi hidroaerodrekadi sistemebi (flateri da 
divergencia) 

 
hidroaerodrekadi sistemebi–drekadi konstruqciebia, 

romlebic moTavsebuliა  haeris an wylis nakadebSi da 
Sesabamis urTierTqmedebas ganicdis. 

hidroaerodrekadi sistemebis magaliTs warmoadgenს 
samSeneblo nagebobebi, romlebic moTavsebulia  qaris 
zemoqmedebis qveS. haeris nakadis moqmedebis Sedegad 
nagebobebSi aRiZreba rxevebi da Tu  nagebobas ar SeuZlia 
qaris mier aRZruli rxevebis Caqroba, SesaZloa nagebobis 
dangrevac, rac araerTxel momxdara. amitom, daproeqtebis 
etapze aucilebelia qaris datvirTvis Seswavla nebismieri 
maRlivi Senoba-nagebobis an kiduli-vanturi xidebisaTvis.  

datvirTvebis Seswavla saSualebas gvaZlevs aviciloT 

flateri  anu  mavne,  gamanadgurebeli rxevebi da sworad 
davaproeqtoT esa Tu is nageboba. 

flateris Seswavlas didi mniSvneloba aqvs safreni 
aparatebis daproeqtebis drosac.  

haeris zemoqmedebis Sedegad, TviTmfrinavis frTa 
deformacias ganicdis da Sedegad icvleba garsdenis 

reJimi. am movlenas divergencias uwodeben. divergenciis 
Sedegad icvleba frTis geometria, ramac SeiZleba 
gamoiwvios nakadis perioduli mowyveta da Sesabamisi 
sixSiris rxevebi. aseT SemTxvevaSi SesaZloa rezonansuli 

rxevebis warmoqmna da frTis damsxvreva garkveuli,  
kritikuli siCqaris frenis SemTxvevaSi. amitom, frTis 
daproeqtebisas aucilebelia divergenciis kritikuli 
siCqaris daangariSeba, raTa Tavidan aviciloT 

konstruqciis arasaimedoოba muSa siCqareebis diapazonSi. 
flateri SeiZleba warmoiqmnas konstruqciis Taviseburebi-
dan gamomdinare, gare zemoqmedebis gareSe, garkveuli, 
flateris kritikuli siCqaris gadametebisas an siCqareTa 
garkveuli diapazonis SemTxvevaSic. 

a)divergenciis Sesaswavlad, ganvixiloT frTis sqema-

turi, gamartivebuli modeli (nax. 7.5) 
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nax.7.5. frTis divergenciis sqematuri modeli 
 

ganvixiloT brtyeli firfita, romelic marcxena 
mxares drekadadaa Camagrebuli (frTis Tavisufali mxare), 
marjvena mxares ki aqvs saxsruli Camagreba (frTis 
Camagreba fuzelaJTan). firfita moTavsebulia v  siCqaris 
mqone haeris nakadSi. vipovoT divergenciis kritikuli 
siCqare. 

 
frTis   kuTxiT gadaxrisas  warmoiqmneba wnevis 

Zalebi, romlebic or mdgenelad SeiZleba davSaloT 
(Subluri winaRobis  da amwevi Zalebi). 







 l
v

CX x
2

2

 ;        





 l
v

CY y
2

2

,                                            (7.9) 

sadac xC   Subluri winaRobis koeficientia; yC -amwevi Zalis 

koeficienti;    haeris simkvrive; l -frTis qorda; 
b -manZili saxsruli SeerTebidan aerodinamikuri wnevebis 
tolqmedis modebis wertilamde. 
 

Ffirfitaze (frTaze) modebuli Zalebis momentebis jami 
saxsruli SeerTebis RerZis mimarT aris: 

bYbXlcM  2

0 ,                               (7.10) 

sadac 0c   drekadi Camagrebis zambaris sixistea. 

gaTvaliswinebulia, rom   mcire kuTxea,   sin . CavsvaT 
(7.10) formulaSi (7.9), maSin  







 





 lb
v

Clb
v

ClcM yx
22

2
2

2
2

0 .               (7.11)    

SemoviRoT aRniSvna: I  - firfitis inerciis momenti 
saxsruli SeerTebis RerZis mimarT. Tu gaviTvaliswinebT 
Sesabamis gantolebas firfitisaTvis 

MI 


 ,                                              (7.12) 
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miviRebT maTematikur models 

0)
2

(
2

0 








 lb
v

ClcI y .                             (7.13) 

winaRobis Zalis momentis Sesabamisi wevri 
gamotovebulia, radgan usasrulod mcirea. 

vinaidan   usasrulod mcire SeSfoTebaa, sistemis 
mdgradobisaTvis anu  sawyisi SeSfoTebis CaqrobisaTvis 
gvaqvs piroba 

0
2

2

0 


 b
v

Clc y


.                                     (7.14) 

aqedan, cxadia, rom divergenciis kritikuli siCqare  

bC

lc
v

y

kr






02

.                                          (7.15) 

am formulidan gamomdinare, SegviZlia davaskvnaT, rom 
rac ufro metia frTis sixiste, miT ufro metia 
divergenciis kritikuli siCqarec. rac metia divergenciis 
siCqare, miT  ukeTesia TviTmfrinavis frTisaTvis. 

 
b)axla ganvixiloT TviTmfrinavis frTis flateri. 

ganixileba gamartivebuli,  sqematuri modeli (nax. 7.6). 
 

 
 
nax. 7.6. TviTmfrinavis frTis flateris sqematuri 

modeli 
 

      ganvixiloT is SemTxveva, roca firfitis orive mxares 
gvaqvs drekadi Camagreba. mosalodnelia sxva tipis 
aramdgradobac, romelic dakavSirebulia organzomilebi-

ani sistemis arakonservatიulobasTan.  
ganvixiloT mcire SeSfoTebebi am sistemaSi:  

)(ty  - firfitis simZimis centris gadaadgileba; 
)(t  - firfitis mobrunebis kuTxe; 
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1c  da 2c - drekadi sayrdenebis sixisteebia; 

12

2lm 
-firfitis inerciis momentia, sibrtyis perpendiku-

larulad simZimis centrze gamavali RerZis mimarT; 
l - firfitis sigrZe  nakadis mimarT; 
b -manZilia amwevi Zalis modebis wertilidan mis 

marjvena bolomde. 







 l
v

CY y
2

2

.                                        (7.16) 

drekad reaqciis Zalebs aqvs  saxe: 

)
2

(11

l
ycR





;    )
2

(22

l
ycR





.                       (7.17) 

SeSfoTebuli moZraobis diferencialur gantolebebia:  


 ymYRR 21 ;                                       (7.18) 













 

12222

2

21

lml
bY

l
R

l
R .                          (7.19) 

Tu am gantolebebSi SevitanT (7.16) da (7.17) 
mniSvnelobebs, miviRebT 

01211 


cycy ;                                      (7.20)  

02221 


 cyc ,                                       (7.21)  
sadac 

 
 

l
v

m

C

m

lcc

m

cc
c

y













22
c   ;

2

21
12

21
11


.                      (7.22) 

   
 bl

v

lm

C

m

cc

lm

cc
c

y














 2

2
6

3
c   ;

6 2

2

21
22

21
21


.           (7.23)  

am sistemis maxasiaTebel gantolebas aqvs saxe: 

0
         22

2

21

12        11

2






cc

cc




                                       (7.24) 

anu 
  0211222112211

24  cccccc .                          (7.25) 
maxasiaTebeli gantolebis fesvebia  

 21122211

2

22112211
4,3,2,1

22
cccc

cccc








 



 .              (7.26)  

sistemis mdgradobis pirobebi Semdegia: 
2

2211
21122211

2
0 







 


cc
cccc .                              (7.27) 
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pirveli utolobis darRvevisas am sistemaSi gveqneba 

divergencia (nax. 7.7,а),  მეore utolobis darRvevisas 

gvaqvs flateri  (ნახ. 7.7,б). 
 

 
 

nax. 7.7. frTis mdgradobis dakargvis grafikebi: 

а) divergencia; б) flateri 
 
mdgradobis zRvariTi mniSvnelobebi (7.27) utolobebSi 

gvaZlevს Sesabamisi kritikuli siCqareebis mniSvnelobebs.  

Tu gaviTvaliswinebT (7.22) da (7.23) gantolebebs  miviRebT, 
rom 

divergenciis kritikuli siCqarea 
 

  bclbcC

lcc
v

y

div





21

212


.                                (7.28) 

 
flateris kritikuli siCqarea 
 

21

2

221

2

1

3

1
2

cc

cccc

C
v

y

flat









.                             (7.29) 
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7.4. qimiuri avtorxeviTi sistemebi  (პrigoJin-lefevris 
modeli) 
 

avtorxeviTi sistemebi gvxvdeba zogierTi qimiuri 

reaqciis Seswavlisas. cnobilia, b. belousovis mier 1950 

wels aRmoCenili, mogvianebiT ki a.Jabotinskis mier 
Seswavlili qimiuri reaqcia. belousov-Jabotinskis reaqcia 
aris malonis mJavas daJangvis procesi, ionebis 
katalizatoris arsebobisas. am reaqciis mimdinareobisas, 
xdeba koncentraciuli rxevebi, ris gamoc,  narevis feri 
icvleba: cisferi-wiTeli-cisferi . . . garda perioduli 
rxevebisa, qimiuri procesebis dinamika ufro rTulia da 
bolomde araa Seswavlili. arsebobs belousov-Jabotinskis 
reaqciis sxvadasxva maTematikuri modelebi, rogoricaa 
fildis, keresis, noiesis da sxva. magram verc  erTi   
bolomde ver aRwers qimiur dinamikas. 

ganvixiloT hipoteturi qimiuri reaqciis modeli, 
romelsac briuselatori hqvia da SemuSavebulia  
i. prigoJinis skolis mier. prigoJin-lefevris modeli ori 
Sualeduri produqtis mqone reaqciis maTematikuri 

modeliა, romelsac aqvs perioduli amonaxsnebi 
parametrebis gansazRvruli mniSvnelobebisaTvis. es 
modeli agebul iqna im maTematikuri meTodebis 
demonstraciisaTvis, romlebic SemuSavebul iqna  
briuselSi, nobelis premiis laureatis prigoJinis 
xelmZRvanelobiT. amitom, am models zogjer 
`briuselators~ uwodeben. 

progoJin-lefevris rეaqciis reaqtorul sqemas aqvs 
saxe: 

























constEconstDconstBconstA

EX

XYX

DYXB

XA

k

k

k

k

,,,

32

4

3

2

1

               (7.30) 

es sistemac Riaa,  e.i. emateba an akldeba A , B , D , E  
nivTierebebi ise, rom maTi raodenoba SenarCundeba erT 
doneze. 

prigoJin-lefevris maTematikur models advilad 
avagebT (7.30) reaqtoruli sqemidan gamomdinare: 
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 




















YXkBXk
dt

dY

XkBkYXkAk
dt

dX

2

32

42

2

31

                                  (7.31) 

CavweroT (7.31) gantolebebi uganzomilebo saxiT. 

amisaTvis SemoviRoT axali cvladebi formulebiT: 

YXtk 
4

3

4

3
4

k

k
y   ,

k

k
    x, ,                           (7.32) 

maSin (7.31) gadaiwereba saxiT: 

yxxbax 


2)1( ,                                    (7.33) 

,2 yxxby 


                                          (7.34) 
sadac 

      .
k

k
b    ,

4

2

3

4

3

2

1 BA
k

kk
a 


                             (7.35) 

amrigad,   miviReT meore rigis dinamikuri sistema ori 
a  da b  marTvis parametrebiT. 

wonasworobis pirobebs aqvT saxe: 

a

b
ax  00 y   , .                                          (7.36) 

wonasworobis wertilSi ar xdeba x  da y  koncentraci-
ebis cvlileba. 

vipovoT wonasworobis mdgomareobis aramdgradobis 
pirobebi   anu  pirobebi, roca sistemaSi  avtorxevebi 

warmoiqmnebა. 
amisaTvis, wonasworobis wertils mivceT mcire 

SeSfoTebebi da vnaxoT rodis Sordeba sistema 
wonasworobis wertils. ganvixiloT SeSfoTebuli 
mdgomareoba 

 
a

b
y    ,ax .                                      (7.37) 

SevitanoT es mniSvnelobebi (7.33),(7.34) gantolebebSi  

)()2()1()1( 22  


a

b
aababa ,               (7.38) 

)()2()( 22  


a

b
aaab .                        (7.39)  

am sistemis linearizacia gvaZlevs  

 


2)1( ab ,                                       (7.40) 
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.2  


ab                                          (7.41) 
am sistemis yofaqcevis gamosakvlevad SevadginoT 

maxasiaTebeli gantoleba, risTvisac unda movaxdinoT 
Casma 

    pe     ,pe .                                       (7.42) 
maSin  

baapbp  22)()1( .                                 (7.43) 
Tu gavxsniT frCxilebs, miviRebT kvadratul 

gantolebas 
.0)1( 222  abapp                                   (7.44) 

misi fesvebia: 

2
222

4

)1(

2

1
a

baba
p 





 .                            (7.45) 

am formulidan Cans, rom wertilSi 
12  abkr                                              (7.46) 

sistema kargavs mdgradobas da iwyeba avtorxevebi 
prigoJin-lefevris hipotetiur qimiur sistemaSi.  

 
amocanebi da savarjiSoebi 
 
1. rogori avtorxeviTi sistemebia TqvenTvis cnobili? 

aRwereT maTi muSaobis principebi. 
2.  van-der-polis avtogeneratoris maTematikuri modeli. 
3. SeadgineT TviTmfrinavis frTis flateris Sesabamisi 

maTematikuri modeli da ipoveT kritikuli siCqare. 
4. SeadgineT TviTmfrinavis frTis divergenciis Sesabamisi 

maTematikuri modeli da ipoveT kritikuli siCqare. 
5. prigoJin-lefevris maTematikuri modeli da avtorxevebis 

warmoqmnis piroba. 
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Tavi 8. parametruli rxeviTi sistemebi 
 

parametruli rxeviTi sistemebisaTvis damaxasiaTebelia 
rxevebis agzneba romelime ganmsazRvreli parametris 
droSi cvlilebis gamo. yvelaze ufro xSirad gvxvdeba, 
aseTi parametrebis perioduli cvlileba. sistemaSi 
parametruli rxevebi ar aRiZvreba, Tu is wonasworobis 
mdgomareobaSia. es ganasxvavebs parametrul rxevebs 
iZulebiTi rxevebisagan. 

 
 
 
 

8.1. fizikuri qanqara sakidi RerZis perioduli 
gadaadgilebisas (maties gantoleba) 

 
ganvixiloT fizikuri qanqara (sxeuli), romelsac 

SeuZlia brunva A horizontaluri brunvis RerZis mimarT. 
moZraoba xasiaTdeba brunvis   kuTxiT RerZis mimarT. 
davuSvaT, rom brunvis A RerZi moZraobs vertikalur 
sibrtyeSi garkveuli )(taa   kanoniT. qanqaras moZraobis 
gantolebis Sedgenisas RerZTan dakavSirebuli aTvlis 
sistemis mimarT unda gaviTvaliswinoT rogorc simZimis 
Zalis momenti  

sin mgsM s ,                                          (8.1) 

Aaseve  inerciis Zalis momentic  

sin


samMb .                                            (8.2) 

aqedan gamomdinare, fizikuri qanqaras moZraobis 
gantolebas eqneba saxe: 

 sin











sagmMMI bs                               (8.3) 

an sxvanairad 

0sin 











 sag
I

m
,                                       (8.4) 

Sadac )(ta  drois perioduli funqciaa; I -fizikuri qanqaras 
inerciis momenti; s -manZili qanqaras mocemuli wertilidan 
brunvis A RerZamde. 

Tu ganvixilavT SemTxvevas, roca tAa  cos , miviRebT  

0sin)cos( 


 stAg
I

m
.                             (8.5)    
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Tu SemoviRebT aRniSvnebs: 
I

mgs
2  da 

I

mAs
 ,  maSin (8.5) 

modeli gadadis maties modelSi 

.0sin)2cos( 2 


 t                                   (8.6) 
 

amrigad, miviReT parametruli rxeviTi sistema. 
 
 
 

8.2.  eleqtruli rxeviTi sistema perioduli 
parametrebiT (meisneris gantoleba) 

 
eleqtruli rxeviTi sistemisaTvis, romelic Sedgeba  

C   tevadobis kondensatorisa da L  induqciurobis 
magnituri koWasagan, gvaqvs Tavisufali rxeviTi sistemis 
modeli 

.0
1







Q
CL

Q                                                (8.5) 

Tu kondensatoris tevadoba drois perioduli funqciaa 
)(tCC  , maSin  miiReba periodulkoeficientebiani diferen-

cialuri gantoleba, romlis drosac parametruli 

rxevebi warmoიქმნება. aseTi rxevebi, rogorc wesi, mavnea 
rxeviTi sistemisaTvis da cdiloben sistema ise 

daaproeqton,   rom aicilon parametruli rxevebi. 
Tumca, zogi   Wiri margebeliao da l. mandelStamma da 

n. papaleksma daaproeqtes cvladi denis generatori, 
romlis muSaobis principi damyarebulia kondensatoris 
tevadobis cvlilebaze. tevadobis cvlileba xdeba imis 
xarjze, rom kondensatoris firfitebis nawili Seadgens 
mbrunav kbilana borbals. 

Tu tsignPP
CL




cos  
1

0 , t , 
2

0




P
 , 

2




P
 , maSin (8.5) 

gadaiwereba Semdegi saxiT: 

  0)(cos 


QsignQ  .                                 (8.6) 
 
parametruli rxeviTi sistemis modeli (8.6) meisneris 

gantolebas warmoadgens. 
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8.3. parametruli rxevebi frangiSvil-obgaZis 
ekonomikuri sistemis farglebSi  (maties gantoleba) 

 
ganvixiloT wonasworuli ekonomika. 
wonasworobis pirobebis mixedviT vadgenT wonasworo-

bis gantolebas 
 (t)=C(t)+I(t),                                                      (8.7) 

სadac   C(t)  moxmarebaa, I(t) _investiciebi. 

samuelson-xiqsis aqseleraciis principze dayrdnobiT, 
SeiZleba CavweroT investiciebis ganzogadebuli 
gantoleba 

     tXttI   ,                                           (8.8) 

sadac  t  aqseleraciis koeficientia.  tC  moxmareba 
warmoadgens warmoebis moculobis funqcias da  damokide-
bulia moxmarebis mTel wina istoriaze anu erovnuli 
Semosavlis moculobaze 

    
t

dttXFtC
0

.                                        (8.9) 

(8.8)-isა   da (8.9)-is (8.7)-Si SetaniT miviRebT: 

        
t

dttXFtXttX
0

 .                              (8.10) 

(8.10) gantolebis orive mxaris t-Ti diferencirebiT  
            tXFtXttXttX    .                   (8.11) 

anu vRebulobT dinamikis diferencialur gantolebas  
            01  tXFtXttXt   .                    (8.12) 

radgan   0t , SeiZleba (8.12) gantoleba gavyoT  t -ze.  
miviRebT dinamikis gantolebas  

 
 
 

 
 

   0
11




 txF
t

tX
t

t
tX



 


 .                    (8.13) 

Tu (8.13)-Si SevarCevT  t  da   txF   

 

      tXtttXF

tt





2cos2 


   ,                                 (8.14) 

miviRebT ekonomikuri dinamikis maties gantolebas 
      02cos2  tXttX  .                             (8.15) 

rogorc vxedavT, miviReT maties gantoleba, romlis-
Tvisac damaxasiaTebelia parametruli rxevebis arseboba. 
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amocanebi da savarjiSoebi 
 
1. riT gansxvavdeba parametruli rxevebi Tavisufali 
rxevebisagan? 
2.  gamoiyvaneT fizikuri saqanis parametruli rxevebis 
gantoleba. 
3. gamoiyvaneT maties maTematikuri modeli parametruli 
rxevebisaTvis. 
4. gamoiyvaneT eleqtruli rxeviTi sistemis maTematikuri 
modeli. 
5. gamoiyvaneT mesneris maTematikuri modeli parametruli 

rxevebisaTvis. 
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Tavi 9. arawrfivi iZulebiTi rxeviTi sistemebi 
 
 

iZulebiT rxeviT sistemebზე moqmedebs gare Zala, 
romelic gansazRvravs rxevis kanons. aq rxeviT procesebs 

gansazRvravს Sesabamisi maTematikuri modelის damatebiTi 
wevrebi, rac Sesabamisi diferencialuri gantolebebis 
araerTgvarovnebas iwvevs. 

wrfivi, iZulebiTi rxeviTi sistemebisgan gansxvavebiT, 
arawrfiv, iZulebiT rxeviT sistemebSi adgili aqvs 
arawrfivi rezonansis movlenas. am movlenis 
saxelwodebiT erTiandeba is movlenebi, romelTac adgili 

aqvს arawrfiv sistemebSi, gare perioduli zemoqmedebis 
dros da romlebic mJRavndeba rxevebis Tvisebrivi da 

raodenobrivi maxasiaTeblebis cvlilebiT, gare 
zemoqmedebis amplitudisa da sixSiris mixedviT. 

 
 

 
9.1. amocanis zogadi dasma 

 
inerciis koeficientze gayofis Semdeg arawrfivi 

iZulebiTi rxeviTi sistemis maTematikuri modeli, zogad 

SemTxvevaSi, Caiwereba aseTi saxiT: 

)()(),( tqgqqfq 


.                                     (9.1)  
 
Sadac )(t  gare maiZulebeli Zalaa;  )(qg -aRmdgeni Zala; 

),(


qqf -disipaciisa da amaCqarebeli Zalebis kombinacia; 

pirveli mimarTulia 


q  siCqaris sawinaaRmdego mimarTu-
lebiT, meore – siCqaris mimarTulebiT. 

zogad SemTxvevaSi, (9.1) gantolebis amoxsna SeuZle-

belia, Tumca, kerZo SemTxvevebSi, es SesaZlebelia. zogad 
SemTxvevaSi, gantoleba SeiZleba gamokvleul iqnes 
kompiuteris daxmarebiT. 
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9.2. frangiSvil-obgaZis arawrfivi, iZulebiTi, 
ekonomikuri rxeviTi sistemis maTematikuri modeli 

(diufingis gantoleba) 
 

ganvixiloT wonasworuli ekonomoka anu ekonomika, 
roca moTxovna miwodebis tolia. sxvanairad rom vTqvaT, 
iwarmoeba zustad imdeni X(t), ramdenic sWirdeba bazars 
Y(t). 

)()( tYtX  .                                                 (9.2) 

X(t) aris miwodeba (warmoebis moculoba), Y(t) - moTxovna. 

(9.2) wonasworobis pirobiT SeiZleba SevadginoT 
gantoleba: 

I(t),C(t)X(t)                                             (9.3) 

sadac   C(t)   moTxovnis funqciaa, I(t) – investiciis funqcia. 

samuelson-xiksis aqseleraciis principze dayrdnobiT, 
SeiZleba davweroT gantoleba:  

)t(X)t(I


   ,                                                                                        (9.4) 

sadac    aqseleraciis koeficientia. 

garda amisa, moxmareba aris  warmoebis moculobis funqcia, 
romelic damokidebulia warmoebis mTel wina istoriaze 
gavlil t droSi. sxvanairad,  

  C(t)=  
0

( ),  ,

t

F X d                                                                              (9.5) 

wonasworobis (9.3) gantolebaSi (9.4) da (9.5) CasmiT 
miviRebT: 

      dttXFtXtX

t

0




  .                                                                      (9.6) 

(9.6) gantolebis orive mxaris diferencirebiT,  miviRebT: 

      tXFtXtX 


                                                                             (9.7) 

anu miviRebT frangiSvil-obgaZis dinamikis diferenci-
alur gantolebas  

       0
11




tXFtXtX


.                                                                  (9.8)    

vTqvaT, 

;
1

e
                                                                                                  (9.9) 

maSin wonasworuli ekonomikis dinamikis gantolebas 

Semdegi saxე  eqneba: 

       01 


tXFtXetX ,                                                                    (9.10) 
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sadac:   conste  , xolo    tXF1   moxmarebis simkvrivea. 
Tu ganvixilavT SemTxvevas, rodesac  

        )cos(
3

1 tAtXtXtXF   ,                                                   (9.11) 

maSin (9.11)-dan miviRebT diufingis gantolebas  

         )cos(
3

tAtXtXtXetX 


 ,                                           (9.12)  

romelic aRwers arawrfiv, iZulebiT rxevebs frangiSvil-
obgaZis ekonomikur sistemaSi. 

 
 
 

9.3. xalxis masis emociuri qcevis dinamikis       
maTematikuri modelireba, perioduli gare 

                                 PR - gamRizianeblis moqmedebis SemTxvevaSi 
 

ganvixiloT xalxis masis emociuri მოqmedebis 
maTematikuri modeli. xalxis masisaTvis damaxasiaTebelia 
gadasvla erTi mdgomareobidan meoreSi, gare emociuri 
zemoqmedebis gavleniT, romlis rols SeiZleba 
asrulebdes saeklesio piri, politikosi, avantiuristi an 
teleJurnalisti. am zemoqmedebaTa erTobliobas PR-gamRi-
zianeblis zemoqmedebas uwodeben. ganvixiloT xalxis 

masaze emociuri zemoqmedebis sqematuri modeli (nax.9.1): 
 

 

 

 

 

 

 

 

 

 

 

nax. 9.1. xalxis masaze emociuri zemoqmedebis sqematuri 
modeli 

 
xalxis masis emociuri dinamikis maTematikuri modeli 

dgeba niutonis meore kanonis bazaze 

f
d

Pd
n 

2

2

2


,                      

121  PP .                                                                        (9.13) 

sadac n  brbos Semadgeneli xalxis raodenobaa; 

emociuri 
zemoqmedebis 

centri 

mSvidi xalxis 
masa 

agznebuli xalxis 
masa, brbo 
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   P2–imis albaToba, rom xalxis masa aRgznebul  
mdgomareobaSia; f –xalxis masaze emociuri zemoqmedebis 

Zalis sididea;  -xalxis emociuri agznebis sididis 

maxasiaTebeli parametri; P1–imis albaToba, rom xalxis 

masa mSvid mdgomareobaSia. 
 
xalxis masaze emociuri zemoqmedebis Zalis sidide 
pirdapirproporciulia maTi ormagi moculobisa da imis 

albaTobisa, rom masa mSvid mdgomareobaSiა. roca 
agznebadobis albaToba izrdeba, emociuri zemoqmedebis 
Zala mcirdeba. ase, rom  



 212 PPnf  .                                                                                                9.14) 

davuSvaT, rom 1 .                                              

(9.13) da (9.14) iZleva models: 

 


 222 12 PPP .                                                                                                        (9.15) 

ganvixiloT SemTxveva, roca sistemaze moqmedebs 

perioduli PR-gamRizianebeli. maSin (9.13) da (9.14) 

gamosaxulebis  nacvlad gveqneba: 




 sin
2

2

2

Anf
d

Pd
n ,      



 212 PPnf  ,    1 ,     121  PP .     (9.16) 

miviRebT maTematikur models 

)sin(2 212

2

2







AnPnP
d

Pd
n ,                                                                                                    

 (9.17) 

სadac     21 1 PP                                                                                                       (9.18) 

e.i. gvaqvs Sesabamisi maTematikuri modeli 

    


sin12 222 APPP .                              (9.19)  

 
amrigad, miviReT xalxis masis emociuri qcevis 

dinamikis  maTematikuri modeli, perioduli gare  

PR-gamRizianeblis moqmedebis SemTxvevaSi.Ees ki arawrfivi 
iZulebiTi rxeviTi sistemis aSkara magaliTia. 
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amocanebi da savarjiSoebi 
 
1. arawrfivi, iZulebiTi rxeviTi sistemis maTematikuri 
modelis zogadi saxe. 
2. gamoiyvaneT arawrfivi, iZulebiTi, ekonomikuri, rxeviTi 
sistemis maTematikuri modeli frangiSvil-obgaZis 
modelis bazaze  (diufingis gantoleba). 

3. Mathcad-is bazaze amoxseniT diufingis gantoleba da 
SeiswavleT amonaxsnebis yofaqceva fazur sibrtyeze. 
4. gamoiyvaneT xalxis masis emociuri qcevis dinamikis 

maTematikuri modeli da gamoikvlieT Mathcad-is bazaze.  
5. gamoiyvaneT xalxis masis emociuri qcevis dinamikis 

maTematikuri modeli gare, perioduli PR -gamRizianeblis 

moqmedebis SemTxvevaSi. 
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Tavi 10. veivletebi da signalebis maTematikuri 
modelireba 

 
Sesavali   

 
rxeviTi procesebis Seswavlisas, xSirad, saWiroa 

signalebis an rxevis kanonis modelireba. Aam amocanis 
gadasaWrelad, ZiriTadad, iyenebdnen furies gardaqmnas  
da harmoniuli balansis cnebebs, magram mogvianebiT, 
SemuSavebul iqna veivlet analizis meTodi, ramac 
gaamartiva da daazusta rxeviTi procesebisa da 
signalebis damuSavebis meTodebi. veivletebi (wavelets) - 

Tanamedrove gamoyenebiTi maTematikis erT-erTi, yvelaze 
warmatebuli miRwevaa. maTi saSualebiT SesaZlebeli gaxda 
rTuli funqciebisa da signalebis ufro detaluri da 
zusti warmodgena, vidre maTematikis klasikuri meTodebiT, 
rogoricaa teiloris mwkrivebi, furies mwkrivebi, furies 
gardaqmnebi da a.S. 

axali meTodi emyareba principulad axali tipis 
bazisisa da funqciaTa klasis ganxilvas, romlebic 
saSualebas iZleva rTul funqciebs gavukeToT 
dekompozicia da signalebis rekonstruqcia. SemuSavebulia 
Sesabamisi programuli da instrumentuli aparati Mathcad-

isa da     Matlab-is bazaze. 
veivletebi -  aris garkveuli zogadi dasaxeleba 

gansakuTrebuli tipis funqciebisa, romelTac aqvT mokle, 
talRaTa paketis saxe, nulovani integraluri 
mniSvnelobiT da garkveuli, zogjer rTuli formiT, 
romelsac axasiaTebs lokaluri Zvra da masStabireba. 

veivletebi igeba specialuri bazisuri funqciebis 
meSveobiT,  romlebic garkveul pirobebs akmayofilebs. 
veivletebis erTobliobas SeuZlia funqciisa da 
signalebis miaxloeba zustad an garkveuli sizustiT. 
veivletebi saSualebas iZleva gamosaxulebebi davamuSaoT, 
gavukeToT dekompozicia, restavracia da identifikacia; 
aseve gavfiltroT xmaurisagan, SevkumSoT failebi, 
romlebic Seicaven ricxviT monacemebsa da gamosaxulebebs.  

veivletebis cneba SemoRebul iqna grosmanisa da 
morles mier 80-iani wlebSi [1]. amJamad, veivletebi farTod 
gamoiyeneba saxeTa amocnobis amocanebSi; sxvadasxva tipis 
signalebis damuSavebisa da sinTezis amocanebSi; 
turbulenturi velebis Tvisebebis SeswavlisaTvis da a.S. 
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veivlet-gardaqmna mdgomareobs imaSi, rom signals 
daSlian solitonisebri funqciebisagan Semdgari, 
masStaburi da wanacvlebuli bazisis mimarT. bazisis 
TiToeuli funqcia axasiaTebs rogorc garkveul sivrciT 
(droiT) sixSires, aseve mis lokalizacias fizikur 
sivrceSi (droSi). 

signalebis analizis tradiciuli furies gardaqmni-
sgan gansxvavebiT, veivlet-gardaqmna gvaZlevs erTganzomi-
lebiani signalis organzomiebian sixSire-koordinatad  
warmodgenas. amis Sedegad, saSualeba gveZleva Seviswav-
loT signali, erTdroulad, fizikur da speqtrul 
sivrceSi. 

cnobilia mokle, maRalsixSiriani an lokalizebul 
maRalsixSiriani signalebis damuSavebis sirTule. aseTi 
monacemebis adekvaturi gaSifrvisaTvis saWiroa iseTi 
bazisi, romlis elementebi warmoadgens  maRal sixSireebs 
da aseve kargad lokalizebulia sivrceSi (droSi). 
veivletebi saSualebas gvaZlevs davamuSaoT aseTi 
signalebi moZravi sixSire-drois fanjriT. amis gamo, 
zogjer veivletebs maTematikur mikroskopsac uwodeben. 
signalebis warmodgenisas mniSvnelovania vipovoT iseTi 
warmodgena, romelic garkveuli azriT  optimaluri 
iqneba. sasurvelia signalis iseTi warmodgena, romelic 
SeinarCunebs signalis yvela Tvisebas. aseTi warmodgena 
SeiZleba x signalis dekompoziciiT, elementaruli xi  

signalebiT: 


i

ixx ,                                               (10.1) 

sadac xi elementaruli funqciebia. ufro metic, 
sasurvelia, rom am funqciebs hqondeT garkveuli fizikuri 
interpretacia. signalis dekompozicia unda Sesruldes 
swrafi algoriTmiT, winaaRmdeg SemTxvevaSi, mas mxolod 
Teoriuli Rirebuleba eqneboda. dekompoziciisas unda 
amoixsnas aproqsimaciis amocana  anu  dekompoziciis 
Sedegi,  rac SeiZleba axlos unda iyos sawyis signalTan. 
es unda ganxorcieldes, rac SeiZleba naklebi raodenobis 
elementaruli blokebis gamoyenebiT. sxvadasxva “optikuri 
daSvebiT”, analizis koncefcia saSualebas mogvcems 
SevasruloT es moTxovnebi bunebrivad, sawyisi uxeSi 
aproqsimaciis TandaTanobiTi dazustebiT, detalebis 
mimdevrobiTi damatebiT. aseTi amocanis klasikur 
gadawyvetas gvaZlevs furies gardaqmna  rogorc uwyveti, 
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aseve wyvetili droiT. SemuSavebulia furies swrafi 
gardaqmnis mravali algoriTmi. miuxedavad imisa, rom es 
sxvadasxva algoriTmiT amoixsneba, TiToeulisTvis 
damaxasiaTebelia erTi da igive maTematikuri aparatis 
gamoyeneba. 

Tu  mocemulia erTsixSiriani signali tie  , maSin 
furies gardaqmnaze damyarebuli meTodebi saSualebas 
mogvcems  sixSireze  vipovoT signalis piki.  Tu signali 
Seicavs or sinusoidas mainc, gansazRvruls sxvadasxva 
droiT intervalze, maSin warmoiSoba problema. miiReba 
ori piki drois lokalizaciis gareSe. aqedan gamom-
dinareobs signalis  sixSire-dro cvladebSi warmodgenis 
aucilebloba, romelic saSualebas mogvcemda migveRo 
lokaluri informacia signalis Sesaxeb  rogorc sixSi-
riT, aseve  drois areSi. cxadia, rom saWiroa ufro 
lokalizebuli bazisuri funqciebi, vidre sinusoidaa. 
amitom ganixilaven e.w. fanjrebs 

tt sin)( ,                                               (10.2) 
sadac )(t  fanjris funqciaa, romelic iZleva drois 
lokalizacias. aseT gardaqmnas fanjrul furies 
gardaqmnas uwodeben. miRebuli elementaruli blokebi 
yofen  sixSire-dro sibrtyes garkveul nawilebad. aseT 
situaciaSi, heizenbergis principidan gamomdinare, SeuZ-
lebelia mivaRwioT erTnairad karg, droiT da sixSiriT 
lokalizacias. sixSirisa da drois daSvebebi Semoifar-
gleba heizenbergis utolobiT: 

4

1
 ft .                                            (10.3) 

veivlet-analizi SedarebiT axali  cnebaa, amitom misi 
gadmocemisas gamoiyeneba furie-analizis paraleluri 
ganxilva. 
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10.1. veivlet-gardaqmnebis ZiriTadi cnebebi da 
maTematikuri aparati 

 
vTqvaT, )2;0(2 L  aris )2;0(  -SualedSi gansazRvruli, 

kvadratiT integrirebad  funqciaTa simravle (funqciona-
luri sivrce) anu 


2

0

2
)( dxxf < .                                                                                      (10.4) 

es alag-alag uwyveti funqciebis simravlis 
gansazRvrebaa. is SeiZleba periodul funqciamde SevavsoT 
namdvil ricxvTa R simravleSi  

f(x)=f(x-2 ),   .x                                                                               (10.5) 

nebismieri 2 - periodiani kvadratiT integrirebadi 
)2;0()( 2 Lxf   funqcia SeiZleba warmovadginoT furies 

mwkriviT 







n

inx

neCxf )( .                                         (10.6) 

sadac nC   mudmivi ricxvebia da  







2

0

)(
2

1
dxexfC inx

n                                     (10.7) 

amave dros  (10.6) mwkrivi Tanabrad krebadia  anu 

  


2

0

2

,

0)(lim dxeCxf
N

Mn

inx

n
NM

.                               (10.8) 

unda aRiniSnos, rom  
. . . .,-1,0,1, . .n   ,)(  inx

n exW                                  (10.9) 

funqciebi adgens orTonormirebul baziss 
)2;0(2 L sivrceSi. bazisuri funqciebi miiReba erTaderTi 

ixexW )( funqciis masStaburi cvlilebebiT ise, rom 
).()( nxWxWn                                            (10.10) 

am moqmedebas integralur gafarToebas uwodeben.  
 

P.S. ase, rom )2;0(2 L -s nebismieri kvadratiT integrirebadi 

funqcia SegviZlia warmovadginoT bazisuri ixexW )(  
funqciis )()( nxWxWn   integraluri gafarToebis 

superpoziciiT. 
 

radgan (10.9) bazisi orTonormirebulia, adgili aqvs 
parsevalis tolobas: 
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 










2

0

22
)(

2

1

n

nCdxxf .                                  (10.11) 

exla ganvixiloT )(xf  funqciis warmodgena veivlete-
bis meSveobiT. ganvixiloT kvadratiT integrirebadi 
funqciebis  )(2 RL  funqcionaluri  sivrce, sadac 






dxxf
2

)( .                                          (10.12) 

)(2 RL  da )2;0(2 L  funqcionaluri sivrceebi 
mniSvnelovnad gansxvavdeba erTmaneTisagan. kerZod, 

)(2 RL sivrcis nebismieri funqciis saSualo lokaluri 
mniSvneloba miiswrafvis nulisken. amitom, sinusoiduri 
talRa ar ekuTvnis )(2 RL -s da, maSasadame, )(xWn  ar SeiZleba   

iyos am funqcionaluri sivrcis bazisi. vipovoT martivi 
funqciebi )(2 RL  bazisis konstruirebisaTvis. bazisis 
warmomqmneli funqcia unda miiswrafodes nulisken orive 
mimarTulebiT. veivleti–niSnavs patara talRas. 

rogorc )2;0(2 L  sivrcis SemTxvevaSi, )(2 RL -Sic Seve-
cadoT avagoT bazisi erTi )(x  warmomqmneli funqciis 
meSveobiT (is SeiZleba iyos ramdenime sixSiriani an erTsi-
xSiriani veivleti). Tu veivleti swrafad miiswrafvis 
nulisken, am  funqciebiT rogor davfaroT mTeli ricxviTi 
RerZi? yvelaze martivad   es SeiZleba gavakeToT k sididiT 
wanacvlebis operaciis saSualebiT  anu gveqneba )( kx  . am 
operacias integralur Zvras uwodeben. ganvixiloT 
sinusoiduri sixSiris analogi  simartivisaTvis, is 
warmovadginoT oris xarisxiT. 

)2( kxj  ,                                            (10.13) 

sadac j ;k    mTeli ricxvebia. 
radgan 






 dxxfxf 2)()( ,                                      (10.14) 

amitom 

)(2)2( 2 xkx

j

j 


 .                                  (10.15) 

maSin orTonormirebul veivlet-baziss eqneba saxe: 

)2(2 2 kxj

j

jk   .                                    (10.16) 

sazogadod, veivlets ewodeba orTogonaluri, Tu 
Sesabamisi veivlet-bazisi jk  akmayofilebs pirobebs: 

kmjllmjk   ; .                                       (10.17) 
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maSin )()( 2 RLxf   adgili aqvs veivlet-warmodgenas: 

 









j k

jkjk xCxf ).()(                                     (10.18) 

am jeradi mwkrivis Tanabari krebadoba Caiwereba  

Semdegi  zRvariT: 

0
2

2

1

12,2,1,1
lim 



N

M

N

M

jkjk
NMNM

Cf  .                           (10.19) 

yvelaze martivი orTogonalurი veivleti xaaris 
veivletia :)(xH  























1 x 0 xif  ,0

1
2

1
 if  ,1

2

1
x0 if  ,1

)( xxH ;                                (10.20) 

 
 

10.2.  integraluri veivlet-gardaqmna 
 

axla ganvixiloT veivletebi zogad SemTxvevaSi, roca 
masStaburi cvlileba ar aris aucileblad oris xarisxi. 
aseve, ganvixiloT nebismieri wanacvleba. erTi warmom-
qmneli )(x -veivlet funqciis integraluri a  gafarToebiT 
da b  wanacvlebiT SesaZlebelia konstruireba gavukeToT 
nebismier funqcias )(2 RL  funqcionaluri sivrcidan. 

)(L R,ba,   ),()( 2
2

1

, R
a

bx
axba 





 .                     (10.21) 

am formulis safuZvelze SegviZlia avagoT integra-
luri veivlet-gardaqmna: 

   

















 
 dxxxfdx

a

bx
xfabafW a )()()(),( b , 

2

1

 ,            (10.22) 

sadac   funqcias veivletis dedafunqcias (warmomqmnels) 
uwodeben. 

(10.22) formulaSi )(b, xa  funqcia igive rols asrulebs,  

rasac  tie  funqcia furies gardaqmnaSi. 
Tu gavagrZelebT analogiis Zebnas furies 

gardaqmnasTan, maSin (10.23) formulaSi f(x) funqciis 
veivletebiT warmodgenis  jkC   koeficientebi  

 









j k

j

j

jk kxCxf )2(2)( 2  ,                           (10.23) 
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SegviZlia ganvsazRvroT  

jkjk fC ; .                                          (10.24) 

tolobebidan gamomdinare, integraluri veivlet-
gardaqmnebis safuZvelze SegviZlia  davweroT: 

  









jjjk

k
fWC

2
,

2

1
   .                                     (10.25) 

 
10.3.  veivletisa da veivlet-gardaqmnis Tvisebebi 

 
veivlet-gardaqmna saSualebas gvaZlevs signali 

ganvixiloT solitonisebrivi funqciebisagan Semdgari 
bazisis mimarT.  

ganvsazRvroT is ZiriTadi Tvisebebi, romlebic unda 
hqondeT solitonisebr (warmomqmnel) )(x  dedafunqciebs 
(veivletebs), raTa ganxilul iqnes, rogorc veivletebi. 

 
lokalizacia  
veivlet-gardaqmna furies gardaqmnisgan gansxvavebiT 

iyenebs iseT bazisur (warmomqmnel) dedafunqcias, romelic 
lokalizebulia sivrcis (drois) SemosazRvrul areSi. 
veivleti unda iyos lokalizebuli rogorc fizikur, aseve 
speqtrul  sivrceSi, rogorc wesi, 2 kx . 

 
nulovani saSualo mniSvneloba 
rac  niSnavs, rom  






 0)( dxx .                                           (10.26) 

gamoyenebiTi amocanebis ganxilvisas, zogjer, 
moiTxoveba ufro mkacri pirobac: 

 




 0)( dxxxm .                                        (10.27) 

aseT veivlets m  rigis veivlets uwodeben. aseTi 
piroba maSin ganixileba, roca saWiroa veivletis 
warmoebulebis ganxilva,  m  rigis CaTvliT. 

 
SemosazRvruloba  moicema pirobiT 






dxx
2

)( .                                          (10.28) 

kargi lokalizacia da SemosazRvruloba zogjer 
moicema pirobebiT 
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n
x

x



1

1
)(                                          (10.29) 

an Sesabamisi furie-gardaqmnisaTvis 

n
k 01

1
)(









,                                      (10.30) 

sadac 0  veivletis dominanturi sixSirea. 

 
Aaxla  ganvixiloT veivlet-gardaqmnis Tvisebebi: 

 
SemoviRoT aRniSvnebi: 
  ),( )( ),( bawfwbafW  .                                (10.31) 

 
veivlet-gardaqmnis operatoris wrfivobis Tviseba 

  ),(),()()()()( 212121 bawbawfwfwxfxfw   .          (10.32) 
 
invariantuloba wanacvlebis operaciis mimarT 

  ),()( 00 bbawbxfw  .                                  (10.33) 

 
invariantuloba masStabis cvlilebis mimarT  
































0000

,
1

a

b

a

a
w

aa

x
fw .                                 (10.34) 

 
energiis Senaxvis Tviseba 
veivlet-gardaqmnisTvis adgili aqvs parsevalis 

tolobis analogs: 

  


2

211

21

),(),(
)(f)(

a

dadbbawbaw
Cdxxxf  ,                           

saidanac gamomdinareobs, rom 

  


2

2
12 ),(

)(
a

dadbbaw
Cdxxf  .                              (10.35) 
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10.4. veivlet-funqciebis kerZo SemTxvevebi 
 
 

ganvixiloT veivlet-funqciebis konkretuli saxeebi: 
  
meqsikuri qudi (maaris veivleti) 
ase uwodeben funqcias, romelic miiReba gausis 

funqciis orjer gawarmoebiT 

22

2

)1()(

t

ett


 .                                       (10.36) 
meqsikuri qudis grafiki mocemulia  10.1 nax-ze. 

10 5 0 5 10
1

0

1

 t( )

t  
 

nax.10.1.  maaris veivleti-meqsikuri qudi 
 
Sesabamis veivlet-baziss eqneba saxe: 

)2(2 2 kxj

j

jk   .                                    (10.37) 

damasStabebisa da wanacvlebis grafikuli ilustracia 
maaris veivletisaTvis mocemulia  10.2 nax-ze. 

 

 t( )
2

t

e

t
2



2


d

d

2

exp
1

2
t
2










t
2

exp
1

2
t
2












, 

 

 

 a b t( )
1

a


t b

a











.
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10 5 0 5 10
1

0

1

 t( )

 1 10 t( )

 2 0 t( )

 3 10 t( )

t

 

nax.10.2. damasStabebisa  da wanacvlebis grafikuli 
ilustracia 

 
zogjer iyeneben gadabrunebul meqsikur quds, romelic 

moicema formuliT: 

22

2

)1()(1

t

ett


 .                                      (10.38) 

gadabrunebuli meqsikuri qudi mocemulia   10.3 ნახ-ზე. 

10 5 0 5 10

1

0

1

1 t( )

t  
nax.10.3. maaris veivleti-gadabrunebuli meqsikuri qudi 
 

Sesabamis veivlet-baziss eqneba saxe: 

)2(121 2 kxj

j

jk   .                                       (10.39) 

  
davaleba magistrebisaTvis: wina paragrafis masalaze 
dayrdnobiT daamtkiceT, rom meqsikuri qudi da gadabru-

nebuli meqsikuri qudi akmayofilebს veivletebis yvela  
aucilebel Tvisebas. 
 
xaaris veivleti 

signalebis dekompoziciisa da rekonstruqciisaTvis, 

xSirad, iyeneben xaaris veivletebs, romelTa warmomqmnel 
(deda) funqcias aqvs saxe (nax.10.4): 
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





















1))(x   0)((x if   0

)1
2

1
( if  1-

)
2

1
x(0 if   1

)( xxH ;                             (10.40) 

1 0.5 0 0.5 1 1.5 2

1

0

11.2

1.2

H x( )

21 x

 

nax.10.4. xaaris veivleti 
 

Sesabamis veivlet-baziss eqneba saxe:  

)2(2 2 kxjH

j

jk
H   .                                  (10.41) 

advili Sesamowmebelia, rom nebismieri ori H

mn   H

jk  

funqcia veivlet-bazisidan, romlebic miiReba xaaris deda-

funqciidan,  
m2

1
 ,

2

1
j

-integraluri gafarToebisa da 
m2

n
 ,

2 j

k
-

wanacvlebis Semdeg  orTonormaluria erTmaneTis mimarT 
anu adgili aqvs tolobas   

knjmmn
H

jk
H   ; .                                   (10.42) 

(daamtkiceT!) 
 

P.S. xaaris bazisis uaryofiTi mxarea  is, rom es veivleti 

arasimetriuliა da gluvi, Tumca zogierT amocanaSi 
signalebis damuSavebisas  es umniSvneloa.  amdenad, xaaris 
veivletebs   xSirad iyeneben praqtikaSi. 
 
 

ufro xSirad iyeneben xaaris veivletis msgavs, 
simetriul warmomqmnel veivlets  (dedafunqcias), romel-

sac frangul quds uwodeben. 
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frangul qudi 

am veivlets Caweren Semdegი  saxiT: 























1x  if    0

1
3

1
  if   1

3

1
x  if   1

xF ;                                   (10.43) 

2 1 0 1 2

1

0

1

F x( )

x  
nax.10.5. veivleti-franguli qudi 

 
Sesabamis veivlet-baziss eqneba saxe: 

)2(2 2 kxjF

j

jk
F   .                                  (10.44) 

  
ufro rTuli, organzomilebiani signalebisaTvis garda 

wanacvlebisa da damasStabebisa saWiroa gaviTvaliswinoT 
mobrunebac. 

veivlet-gardaqmnebi farTod gamoiyeneba signalebis 
filtraciisa da SekumSvisaTvis  [1-5]. 

maRali rigis veivletebisaTvis, warmomqmneli-deda 
veivletis asagebad, rogorc wesi, gamoiyeneba Sesabamisi 
filtraciis koeficientebis gamoTvlis iteraciuli, 
funqciuri gantolebebi, romelTaTvisac aucilebelia 

Semqmneli-mama veivletebis ageba. Aაse aigeba, magaliTad, 

dobeSis meoTxe rigis veivleti  romlsac აქ ar avagebT 
radgan winamdebare saxelmZRvanelo miznad  isaxavs 

ZiriTadi ideebis gacnobas, xolo teqnikuri detalebis 
gasacnobad  saWiroa Sesabamisi specialuri literaturis 
[1-6] Seswavla. 
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10.5. veivlet-analizi Mathcad-is bazaze 
 

vTqvaT, mocemulia signali )(ts , romlis energia 
SemosazRvrulia   anu 

 
R

dtts )(2 .                                           (10.45) 

am signalis pirdapiri veivlet-gardaqmna, furies 
gardaqmnis analogiurad, moicema Sesabamisi veivlet-
koeficientebis meSveobiT: 

 






 


R

dt
a

bt
tstbatsbaC  )(),,(),(),( .                     (10.46) 

ase, rom veivlet-koeficientebi moicema signalisa da 
mocemuli saxis veivlet-funqciis skalaruli namravliT. 

ganvixiloT veivlet-gardaqmnis magaliTebi: 
 
1) mocemul signals aqvs simetriuli marTkuTxa 

impulsebis saxe - meandra. Mmoicemა  analizuri formuliT: 
))04.0(sin()( tsignts  .                                    (10.47) 

grafikulad, meandras tipis signali mocemulia  
10.6 nax-ze. 

0 50 100 150 200 250
2

0

2

s t( )

t  
nax.10.6. meandras grafikuli saxe 

 
avagoT, am signalis pirdapiri veivlet-gardaqmna da 

speqtrograma, maaris warmomqmneli veivlet-funqciis 

meSveobiT Matcad 2001-is bazaze: 

 t( )
2

t

e

t
2



2


d

d

2

exp
1

2
t
2










t
2

exp
1

2
t
2












 

 a b t( )
1

a


t b

a











 
N 256   

C a b( )





t a b t( ) s t( )




d  

j 0 32  
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b 0 1
N

10
  

a
j

j 12( )
4

3 10
4



  

N
j b

C a
j

2 b
N

10











 

 

 

N
T

 

 

nax.10.7.   meandras tipis signalis speqtrograma 
 

2) mocemul signals aqvs sinusis kubis saxe  anu 
3)1.0sin()( tts  .                                        (10.48) 

grafikulad, am tipis signali mocemulia 10.8 nax-ze. 

0 50 100 150 200 250
2

0

2

s t( )

t  
nax.10.8. sinuskubis grafikuli saxe 

 
avagoT am signalis pirdapiri veivlet-gardaqmna da 

speqtrograma, maaris warmomqmneli veivlet-funqciis meSve-

obiT  Matcad 2001-is bazaze: 
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 t( )
2

t

e

t
2



2


d

d

2

exp
1

2
t
2










t
2

exp
1

2
t
2












 

 a b t( )
1

a


t b

a











                          
s t( ) sin 0.1 t 3

 
N 256   

C a b( )





t a b t( ) s t( )




d  

j 0 32  

b 0 1
N

10
  

a
j

j 12( )
4

3 10
4



  

N
j b

C a
j

2 b
N

10











 

 

 

N
T

 
nax.10.9. sinuskubis speqtrograma 

 

im SemTxvevაSi, roca gvaqvs perioduli signali, 
umjobesia gamoviyenoT furie-gardaqmnebi. Tumca, roca 
signali xasiaTdeba sivrciTi an droiTi lokalizaciiT, 
maSin veivlet-gardaqmna yvelaze ufro zustia. es 
upiratesobebi mkveTrad Cans bgeriTi  da gamosaxulebaTa 
signalebis SemTxvevebSi. 
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10.6. veivlet-gardaqmnebi da signalebis gafiltვრa 

 Mathcad-is bazaze 
 
 

signalebi SeiZleba warmovadginoT, rogorc misi uxeSi 
miaxloebisa da damazustebeli (ufro detaluri) 
warmodgenaTa jami. am procesis realizaciisaTvis 
orTogonaluri veivletebi gamoiyeneba, romelTa asagebad, 
xSirad, gamoiyeneba multimasStaburi (multiresolution) 

analizi. es analizi emyareba Semdeg ZiriTad faqtebs: 

 signalebis V sivrce SeiZleba daiyos iseT 

ierarqiul Vj qvesivrceebad, romlebiც erTmaneTს 
ar kveTs da romelTa gaerTianebac zRvarSi L2(R) 

sivrces   iZleva; 

 nebismieri jVts )(  funqciisaTvis, misi SekumSuli 

versia ekuTvnis Vj-1 qvesivrces; 

 arsebobs iseTi 0)( Vx   funqcia, romlisTvisac 

misi wanacvlebა )()(,0 kxxk   adgens 

orTonormirebul baziss V0 sivrceSi. 
radgan )(,0 tk  funqciebi adgens orTonormirebul baziss 

V0 sivrceSi  
)2(2)( 2/

, ktt jj

kj                                     (10.49) 

ფunqciebi adgenen ოrTonormirebul baziss L2(R) sivrceSi. 
am funqciebs Semqmnel-mama veivletebs uwodeben. isini 
mamasStabirebeli funqciebia, radgan   qmnian Tavisnair 

funqciebs sxvadasxva masStabSi. ე.ი. s(t) signali SeiZleba 

warmodgenil iqnეs, rogorc misi Vj subqvesivrceebSi 

Taნაmimdevruli miaxloebis zRvari 
)(lim)( tsts j

j 
 .                                          (10.50) 

rogorc wesi, signalis dekompoziciis wesidan 
gamomdinare, j-s didi mniSvnelobisaTvis miiReba uxeSi 
miaxloebebi, xolo mcire mniSvnelobisaTvis-ufro zusti 
miaxloebebi. 

signalis aproqsimacias Seesabameba iteraciuli 
formula: 

 
k

kjj tkjCts )(),()( , ,                                   (10.51) 

 
k

k ktht )2(2)(0,0  .                                 (10.52) 



91 

zogad SemTxvevaSi, signalis rekonstruqcia nj   

daSvebis doneze xorcieldeba  















n

nn

jj k

kkj

k

kjkj tdtats )()()( ,,,  ,                       (10.53) 

 sadac kjn
a , aproqsimaciis koeficientebia; kjd , -damazuste-

beli koeficientebi; )(, tkjn
 - Semqmneli-mama veivleti; 

 )(tk -warmomqmneli-deda veivleti. signalis mTliani aRd-

gena SesaZlebelia, Tu  

   









k

k kth
t

Zk )(2
2

h  , k  .                         (10.54) 

am gantolebas damazustebeli   (refinement) ewodeba.  
 
 

magaliTi. xaaris veivletisaTvis 
2

1
21  hh . 

              


 




1

0

2

0

,,0,0

1

)()()(
n

j k

kjkj

j

tdtCts  ,                                         (10.55) 

Sadac 0,0C  aris signalis dabalsixSiriani nawilis  koefi-

cienti; kjd , -signalis maRalsixSiriani nawilis koeficiente-

bis matrica; )(t -mama-veivleti; )(, tkj -deda-veivleti;  

vTqvaT, gvaqvs signali  2;1;0;1;2;3;0;1 y , romelic 
gansazRvrulia  1,02L sivrceSi. 

Tu gamoviyenebT xaaris veivlets da dekompoziciis 
(10.55) formulas, maSin miviRebT matricas: 

 













































































































3,2

2,2

1,2

0,2

1,1

0,1

0,0

0,0

2- 0     0    0    2-     0      1-   1

2   0     0    0      2-   0      1-   1

0   2-   0    0      2     0      1-   1

0   2     0    0      2     0      1-   1

0   0     2-  0      0      2-   1     1

0   0     2    0      0      2-   1     1

0   0     0    2-    0      2     1     1

0   0     0    2      0      2     1     1

2   

1   

0   

1   

2   

3

0   

1   

 

d

d

d

d

d

d

d

c

.                (10.56) 

 
 
 
 
 



92 

am tolobis marjvena nawilis did matricaSi  
 pirveli sveti aris masStabirebis )(t  funqcia; 

 meore sveti  - xaaris veivleti; 
 mesame da meoTxe svetebi signalis pirveli donis 

warmodgenis ricxviTi mniSvnelobebi; 

 mexuTe-merve svetebi Seesabamebა signalis meore 
donis warmodgenas. 

ase, rom tolobis marjvena nawilis ucnobi matricis 
gamosaTvlelad saWiroa (10.56) matriculi gantolebis 
amoxsna. roca Semomavali signalis ricxviTi 
mniSvnelobebis raodenoba sakmaod didia, veivlet-
koeficientebi   gamoiTvleba  filtraciis meTodebiT. 

ganvixiloT Semomavali signalis dekompoziciis  

(filtraciis) algoriTmi: 

 
n

nk aknhHa )2()( ,                                   (10.57) 

  
n

nk akngGa )2()( ,                                  (10.58) 

Sadac Ha signalis dabalsixSiriani  filtraciis opera-
toria; Ga-signalis maRalsixSiriani filtraciis ope-
ratori; h -veivlet-filtris dabalsixSiriani koefici-
entebis veqtori; g -veivlet-filtris maRallsixSiriani 
koeficientebis veqtori. 

cnobilia, rom xaaris veivlet-filtris SemTxvevaSi  

2

1
21  hh  ;  

2

1
21  gg .                            (10.59) 

am faqtebis gaTvaliswinebiT, movaxdinoT Semomavali 
y signalis dekompozicia 

 

2                                                   

2-                                                d

2                    0                                          c

1-                  1                                          

2

3
     

2

1
    

2

1
-    

2

1
                               

2

1
-    

2

1
    

2

3
-    

2

1
                              d

2   1   0   1   2   3-   0   1                       

)0(

(0)

(1)

)1(

)2(

(2)

)3(

c

d

c

cy 
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dekompoziciis pirvel doneze, signalis 
dabalsixSiriani mdgenelisaTvis (10.57) gamosaxulebis 
gaTvaliswinebiT miviRebT: 














































 2

3
;

2

1
;

2

1
;

2

1
)21(

2

1
)01(

2

1
)23(

2

1
)01(

2

1
)2()(

8

1

1

n

nanhHa

analogiurad, (10.58) gamosaxulebis safuZvelze SegviZlia 

vipovoT  signalis Sesabamisi maRalsixSiriani mdgenelic. 
Semdeg, dekompoziciis meore doneze, signalis 

dabalsixSiriani mdgenelisaTvis miviRebT: 

 2;0)
2

3

2

1
(

2

1
))

2

1
(

2

1
(

2

1
)2()(

4

1

2 


















n

nanhHa .  

Sesabamisad, dekompoziciis mesame doneze miviRebT, rom 

2)20(
2

1
)2()(

2

1

3 









n

nanhHa . 

amrigad, Semomavali signali  2;1;0;1;2;3;0;1 y  gardaiqmneba 

axal 







 2;2;1;1;

2

1
;

2

1
;

2

3
;

2

1
 veqtorad, romlis komponen-

tebis raodenoba emTxveva Semomavali signalis elementebis 
raodenobas, Tumca, energiis ZiriTadi nawili moqceulia 
komponentebis SedarebiT mcire raodenobis elementebSi. 
Tu SemTxveviTi SeSfoTebebis zRvrul mniSvnelobad 
aviRebT 0.9, miviRebT rezultatis axal veqtors: 









 2 ;2 ;1 ;1 ;0 ;0 ;

2

3
 ;0 . rac niSnavs, rom koeficientebis 

nawili atarebs umniSvnelo informacias da maTi 
mniSvnelobebi SegviZlia    nulovnad   CavTvaloT. 

amis Semdeg, Sesabamisi Semomavali signalis aRsadgenad 
unda visargebloT operatorebiT: 

 
k

nn aknhHa )2()( * ,                                   (10.60) 

 
k

nn akngGa )2()( * .                                   (10.61) 

P.S.  es algoriTmi amartivebs signalis filtraciis 
algoriTms.  

      ganvixiloT am signalis veivlet-gardaqmna da 

ukugardaqmna Mathcad-is bazaze (nax.10.10). 
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y

1

0

3

2

1

0

1

2



























      

W wave y( )             h iwave W( )  

i 0 7  

2 0 2 4 6 8
5

0

5

y i

hi

i

 

nax. 10.10.   signalis veivlet-filtracia, analiz-
sinTezi 

 
rogorc vxedavT, eqsperimentuli da veivlet-filtriT 

sinTezirebuli signalebi erTmaneTs emTxveva. 
 
 
 
amocanebi da savarjiSoebi 

 
1. aageT pirdapiri veivlet-gardaqmna da speqtrograma 
maaris veivletebisaTvis. 
2. aageT sinuskubis pirdapiri veivlet-gardaqmna da 
speqtrograma. 
3. aageT pirdapiri veivlet-gardaqmna da speqtrograma 
franguli qudisaTvis. 
4. aageT pirdapiri veivlet-gardaqmna da speqtrograma 
meandrasTvis. 
5. SeadgineT  56.0;06.0;02.0;6.0;6;4;23;0;8;7;4;6;2;1y  signalis 
filtraciis algoriTmi xaaris veivletis bazaze. 
moaxdineT signalis analizi da sinTezi. 
 
 
 
 



95 

literatura 
 
1.Daubechies I. Ten lectures on wavelets, CBMS-NSF conference series in 

applied mathematics. SIAM Ed. 1992 

2.Shumaker L., Webb G., editor.Recent Advances in Wavelet Analysis. New 

York.: Academic Press. 1993 

3.Teolis A. Computational Signal Processing with Waveletes. Birkhauser, 

1998 

4.Добеши И. Десять лекций по вейвлетам. Пер. с англ. Е.В. Мищенко. 

Под ред. А.П.Петухова. Москва, 2001. 
5.Новиков И.Я., Стечкин С.Б. Основные конструкции всплесков// 
Фундаментальная и прикладная математика, т.3, вып. 4, 1997. 

6.Дьяконов В.П. От теории к практике. Вейвлеты.   Москва, 2002. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



96 

s a r C e v i 
 

winasityvaoba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 
nawili I. wrfivi rxeviTi procesebis maTematikuri 

modelireba . . . . . . . . . . . . . . . . . . . . . . . . . . .4 
 

Tavi I. aradempfirebuli,  Tavisufali rxeviTi procesebis 
maTematikuri modelireba . . . . . . . . . . . . . . . . .  11 
1.1. aradempfirebuli, Tavisufali meqanikuri rxeviTi 
procesebis modelireba . . . . . . . . . . . . . . . . . . . .11 

     1.2. aradempfirebuli, Tavisufali eleqtruli rxeviTi 
procesebis modelireba . . . . . . . . . . . . . . . . . . . .13 

     1.3. aradempfirebuli, Tavisufali socialuri rxeviTi 
procesebis modelireba . . . . . . . . . . . . . . . . . . . .15 

1.4. aradempfirebuli, Tavisufali ekonomikuri 
 rxeviTi procesebis modelireba  (frangiSvil-obgaZis 

modeli) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .17 
amocanebi da savarjiSoebi . . . . . . . . . . . . . . . . . . . . . . 18 
literatura. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .19 
 

Tavi 2. dempfirebuli, Tavisufali (sakuTrivi) rxeviTi 
procesebis maTematikuri modelireba . . . . . . . . . ..20 

     2.1. dempfirebuli,  Tavisufali (sakuTrivi)  meqanikuri 
rxeviTi procesebis modelireba . . . . . . . . . . . . . . 20 

     2.2. dempfirebuli, sakuTrivi eleqtruli rxeviTi 
procesebis modelireba . . . . . . . . . . . . . . . . . . . . .24 

     2.3. dempfirebuli,  sakuTrivi socialuri rxeviTi 
procesebis modelireba . . . . . . . . . . . . . . . . . . . . .25 

     2.4. dempfirebuli, sakuTrivi ekonomikuri rxeviTi 
procesebis modelireba frangiSvil-obgaZis modelis 
bazaze . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . 27 

amocanebi da savarjiSoebi . . . . . . . . . . . . . . . . . . . . . .28 
literatura. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .29 
 
Tavi 3. iZulebiTi rxeviTi procesebis maTematikuri 

modelireba . . . . . . . . . . . . . . . . . . . . . . . . . . . . .30 
     3.1. iZulebiTi meqanikuri rxeviTi procesebis 

modelireba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .30 
     3.2. iZulebiTi eleqtruli rxeviTi procesebis 

modelireba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .34 



97 

     3.3. iZulebiTi socialuri rxeviTi procesebis 
modelireba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .35 

     3.4. iZulebiTi ekonomikuri rxeviTi procesebis 
modelireba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .36 

amocanebi da savarjiSoebi . . . . . . . . . . . . . . . . . . . . . . 37 
literatura. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .38 
 
Tavi 4. bmuli rxeviTi sistemebis maTematikuri 

modelireba . . . . . . . . . . . . . . . . . . . . . . . . . . . . .39 
     4.1. bmuli meqanikuri rxeviTi procesebis  
        maTematikuri modelireba . . . . . . . . . . . . . . . . . . 39  
      4.2. bmuli eleqtruli rxeviTi procesebis  
          maTematikuri modelireba . . . . . . . . . . . . . . . . .42 
     4.3 bmuli socialuri rxeviTi procesebis  
        modelireba . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 
     4.4. bmuli ekonomikuri rxeviTi procesebis 

modelireba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .44 
amocanebi da savarjiSoebi . . . . . . . . . . . . . . . . . . . . . .44 
literatura. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .45 
 
Tavi 5. rxeviTi sistemebis modelirebis variaciuli 

meTodebi . . . . . . . . . . . . . . . . . . . . . . . . . . . .  46 

     5.1. hamiltonis universaluri variaciuli principi, 
         zogadi Teorema da praqtikuli realizaciis 

algoriTmi, Tavisufali rxeviTi sistemis 
maTematikuri modelis ageba . . . . . . . . . . . . . . . 46 

     5.2. iZulebiTi rxeviTi sistemis maTematikuri 
modelireba variaciuli meTodiT . . . . . . . . . . . .48 

amocanebi da savarjiSoebi . . . . . . . . . . . . . . . . . . . . . ..49 
literatura. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . 49 
 

nawili II. arawrfivi rxeviTi procesebis maTematikuri 
modelireba . . . . . . . . . . . . . . . . . . . . . . . . . .50 

    
Tavi 6. zogadi meTodebi . . . . . . . . . . . . . . . . . . . . . . . .50 

  6.1. aradempfirebuli,  Tavisufali, arawrfivi 
rxeviTi procesebis maTematikuri modelireba . ..50 

  6.2. Tavisufali rxeviTi sistema alag-alag wrfivi  
aRmdgeni ZaliT . . . . . . . . . . . . . . . . . . . . . . . .51 

  6.3. dempfirebuli, Tavisufali rxeviTi procesebis 
maTematikuri modelireba . . . . . . . . . . . . . . . . .52 



98 

  6.4. dempfirebuli, Tavisufali rxeviTi sistema 
mSrali xaxuniT . . . . . . . . . . . . . . . . . . . . . . . .53 

amocanebi da savarjiSoebi . . . . . . . . . . . . . . . . . . . . . .54 
literatura. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .54 
 
Tavi 7. avtorxeviTi sistemebi . . . . . . . . . . . . . . . . . . . .55 
      7.1. zogadi sqemebi da struqturuli Taviseburebebi55 
      7.2. van-der-polis avtogeneratoris maTematikuri 

modeli . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. .56 
      7.3. avtorxeviTi hidroaerodrekadi sistemebi  

(flateri da divergencia) . . . . . . . . . . . . . . . . 58 
      7.4. qimiuri avtorxeviTi sistemebi  (prigoJin-lefevris 

modeli) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .63 
amocanebi da savarjiSoebi . . . . . . . . . . . . . . . . . . . . . .65 
literatura. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . ..65 
 
Tavi 8. parametruli rxeviTi sistemebi . . . . . . . . . . . . .66 
       8.1. fizikuri qanqara sakidi RerZis perioduli 

gadaadgilebisas (maties gantoleba) . . . . . . . . .66 
       8.2.  eleqtruli rxeviTi sistema perioduli 

parametrebiT (meisneris gantoleba) . . . . . . . . ..67 
       8.3. parametruli rxevebi frangiSvil-obgaZis 

ekonomikuri sistemis farglebSi  (maties 
gantoleba) . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 

amocanebi da savarjiSoebi . . . . . . . . . . . . . . . . . . . . . .69 
literatura. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . 69 
 
Tavi 9. arawrfivi iZulebiTi rxeviTi sistemebi . . . . . . .70 
       9.1. amocanis zogadi dasma . . . . . . . . . . . . . . . . . . 70 
       9.2. frangiSvil-obgaZis arawrfivi, iZulebiTi, 

ekonomikuri rxeviTi sistemis maTematikuri 
modeli   (diufingis gantoleba) . . . . . . . . . . . ...71 

       9.3. xalxis masis emociuri qcevis dinamikis 
maTematikuri modelireba, perioduli gare  

          PR - gamRizianeblis moqmedebis SemTxvevaSi . . . .72 
amocanebi da savarjiSoebi . . . . . . . . . . . . . . . . . . . . . .74 
literatura . . . . . . . . . . . . . . . . . . . .  . . .. . . . . . . . . .74 
 
Tavi 10. veivletebi da maTematikuri modelireba 
         Sesavali . . . . . . . . . . . . . . . . . . . . . . . . . . . .  75 
     10.1. veivlet-gardaqmnebis ZiriTadi cnebebi da 

maTematikuri aparati . . . . . . . . . . . . . . . . . . . . ..78 



99 

     10.2 integraluri veivlet-gardaqmna . . . . . . . . . . . . 80 
     10.3. veivletisa da veivlet-gardaqmnis Tvisebebi . . . 81 
     10.4. veivlet funqciebis kerZo SemTxvevebi . . . . . . . .83 

     10.5. veivlet-analizi Mathcad-is bazaze. . . . . . . . . . . 87 

     10.6. veivlet-gardaqmnebi da signalebis gafiltrva 

Mathcad-is bazaze . . . . . . . . . . . . . . . . . . . . . . . .90  
amocanebi da savarjiSoebi . . . . . . . . . . . . . . . . . . . . . .94 
literatura . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . .95 
 


