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Abstract

The work “Aircraft wing section optimization” states and solves the problems of
one of the considerably urgent themes of optimization of lower limit of subsonic
aircraft wing section and viscous fluid flow around. In order to study viscous fluid
flow around of the section different methods are used: finite difference method,
variational methods, combined methods, etc. which are complicated enough.
Therefore, the respective calculations are mostly done with the help of semi-empirical
formulas. The received results are quite rough for aerodynamics and need precision.
As to practical viewpoint at present there exist optimized sections LIAT'M, NACA, etc.
created by many known companies. The sections made by them are called
experimental as their design and research are purely experimental. All this needs both,
great material expenses and time. While the method developed by us is founded only
on computer calculations that gives the possibility of economy of time and material
expenses.

The work presents literature offering brief review of the researches carried out
in this sphere, there positive and negative sides, showing that most of theoretical
researches are done at section flow around with ideally incompressible fluid, while as
to the flow around with viscous fluid, there still are some unsolved problems. Besides,
a brief description of aerodynamic characteristics of aircraft wing and its sections are
given as research object.

Also classical mathematical models of fluid dynamics and the problems of
sections flow around with ideal fluid stationary flow are presented.

The dissertation presents a new approach to the solution of the problem of
viscous fluid flow around the section. The reduction of the problem of calculus of
variations to nonlinear programming problem by means of series expansion of
qualitative functions of determining parameters is presented. We simultaneously have
the function of several objectives: function of integral error, which is minimized and
function for searching lifting force coefficient which is to be maximized. Thus, we
have the problem of vector optimization. This problem is reduced to the problem of
finding of one multi variable function minimum with respective limitations. Bernoulli
equation in dimensionless form, mass conservation law and additional kinematical
conditions are accepted as limitation conditions. The received nonlinear programming
problem is solved with Fletcher method while its realization is done with program
MathCad.

In conditions of the given upper limit the problem of finding of optimum lower
limit with the purpose of lifting force Cy coefficient maximization at minimization of
integral error function is discussed in the work. The problem of flow around of the
received optimum section is studied. The results of calculations of experimental and
received sections are compared which allows to conclude that the error does not
exceed 10%. Therefore, the section obtained by us can be considered as optimum.

Furthermore, the effect of diagram shape of the head flow velocity profile on
flow around condition is studied. Flow around is done with the fluid having parallel,
as well as, linear velocity profile. As the calculations have shown, the results,
particularly the coefficient of lifting force and integral error function in all cases get
almost equal values, error being 0.5%-1%. Therefore, we can conclude that head flow
velocity diagram shape effects insignificantly on flow around conditions.



In the work with the object of approbation of our method we make theoretical
modeling of four experimental optimum sections. For each of them within the given
upper limit conditions the unknown lower limit is found. For experimental, as well as,
for the sections received by us the problem of section flow around with viscous fluid is
solved and the results are compared. According to the received results we can presume
that as the error between lifting force coefficients does not exceed the allowed limit
making 2-6% in average, while the obtained lower limit coefficients differ from the
coordinates of experimental sections lower limits, we have two optimum values of the
lower limit.

The research is made on the sustainability of problem solution, in experimental,
as well as, in the case of sections received by us. For this on the lower contour of the
section a small (allowable) disturbance is applied in the form of A =5% growth and the
picture of flow around is studied. The comparison of lifting force coefficients showed
that the error is very small and, as a result we can deduce that the solution is
sustainable. That means it is possible to make a wing technologicaly.

The problem solved by us is very urgent. There exist program packages
COSMOS and ANSYS of wing flow around problem study but they do not give the
possibility of optimum section determination but make the calculation of aerodynamic
characteristics of the existing sections. While the algorithm constructed by us gives the
possibility to find aerodynamic characteristics, as well as, optimum lower limit of the
section.
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4m39wo03g H90mmngdmwwosd 3bsos, M3 BOMOL 3OHMTBoEoL  Mm3GH0T0BIE00L
59m3sbs  58mbLbow0s 0G0, Bs3oa0bols 2sbol Jgdmbggzsdo. bmwam Gos
d99bgds  dsb@ Lombgl, of 333 MBgds Gogo  s8mMblbgero  39M0sE0WMEo
59m396900U05, MoLsE 9d03690s §0bsdgdsmg bodM™To.

1. 3 59m356ol slids 3MMEBoOl M3EH0T5EMHO BMAoL Lodm3zbgrs demsbd),
3993 Lombgdo

0300353065306 BOHMOL M3EH0ToEOHO BOHToL Ladmgzbgws 0MBY396 JoBbol
B6dgool  (BbJgombowl). Bggbl Bgdobgggzsdo gl sGolL  s8fgz0 dsgrol  C,

C
3M95803096¢0 96 OOl 99MM©O0bsdozMemo bsolbbo K :C—y, bosis C, —xMmols

3605300l fobspmdol 39x303096@09.

000MJ0 58 3953030969006 [oMdmoygbl g3mbdombaocnls, HmIgwos
©59M30JOM0s, OMAMOF 3OMTBowolL oLH3M03 (693900l gobsfogdsby, 1939
39MLIgbo Lombol LoBJosMgms 390l gobsfiorgdsby. s3sLmMsb, 39d9000 3GMTOOL
939005 LOBEZML. 9.0. 335936 53MF6S MEbMdO LEBLZOOm.

3bmdoWos, -0d

1
Cy = [ (P (0= Py, (X)) (1.3.1)
0

C, = ifP(L)dL— ifP(L)dL (1.3.2)

Lasdbgbo L3s@xggbo
B5dG, Py, (X) —§6939000  gobsfoawgdss  3Gmgowml  ¢gbmdo  dggwe  Lybog®ol

oUF3e03, Py, (X) —3965F0cgdss 30mzowol 3bmdowo Bgs Lybeg®ol golfzdog.



Lasogboss — 936000 3Gmzool dsdbodserm@mo Lobdob §gd@owdo 396@H035¢)MH0
33900l 3563603 8gds6g 3OHMBOEoL bofoos, Laexgs —  Gs6x3603 90qds69
bsfoero.
3H905, 23593L 99D 39003. gugbos:
1) d3bE0 Lombol 3OHMmzo DY d0330M0L 30MHMdYOO:
V(u,0) =0 (1.3.3)
L5553, L — 36MH00b 360300l 30b6¢3)m6Mos;

2) L — 3063 16M0b MH9y393¢™ds 30006s HgomEowgddo:
Ld33®| =0 = L"Oo@|x:o =0, (1.3.4)

=0 (1.3.5)

L:l30@ x=1 — L%ospa

535bm5b, dmzombmgm, GMmI 3MbEGHMOOL Mibmdo J39s BoBP3M0  Liges 0gmls
365¢00BMO0 36J309;
3) 306935¢0360 306Mdqd0:
3.1) 993bg9c0 6535000 3MMmzowo IGRL Mbs oygmb: 3560dmmeMo b
d»dogo L, (G)-L sBGom

YN YN
IGRY(a, ) = j[u(x 0,y,a)—(L—y?)]?dy + IVZ(X 0,y, B)dy — min. (1.3.6)
Yo Y0,
3.2) ©50930m0 6535000l MHBOHYB39wymBol 3o6HMdYd0

YN
ju(XO, y,a)dy >0 (1.3.7)

YO

3.3) {ibg300m5 3900l Fomdmgdol 3ommdgdo:

p(0,0,7) =1 (1.3.8)
4) dabiol 9bsbgzol 3obmbo
YN YN XN
J.u(XO, y,a)dy = J.u(XN, y, a)dy + J-(v(x,YO, B)+V(x, YN, B))dx. (1.3.9)
YO YO X0

5) 09MbMol  2obFMEgds dEbEHO LoMbYgdOLOMZOL, MMIEOL  MIbIBA>OE3
ROMOL 3OMB0woL Lsfgol s BsdmEmm 3399080 9bgeyosms bbgomds GHmeos
36MMBoOoL HBgs3060b golifizMog bobwmbbg obsdrxmwo gbgyoobs:

Ele, B,y) —E2(a, B,7) = E4(e, B,7) (1.3.10)

boQS3



El(@, f.7) = [[P(X0,y,7) +1.1(u*(X0,y,a) +V3(X0,y, B) by . (13.11)

E2(a, £,7) = [[pPOXN, Y, 7) +1.2u% (XN, y,@) +v* (XN, y, )y (1.3.12)

E3(c, f.7) = 0.11. XN—xonN u?(XN,y,a)+0?(XN,y, B)+u®(X0,y,a)+Vv? (X0, yﬁ)d (1.3.13)
=R NN Y0 4

Ed(a,p,y) =E3(a.B.7) +

XN - X0 IJ(u (X0,y,) +V*(X0,y, AU N, y,0) +V*(Xn,y. 5)) (5514
YN -YO 2

50 Bobsfgmaddo a, B,y ©s3b3oMg 35653939005, MMIgewms obss®log d9dyaddo
39b9ds 3bso.

GMO3 369093m, 33943V 9MHOR030, 39dEHMOMWO Mm3EH0F0BsE00L sTmM3Esbs
3bmdo LoBE3MOm.

50 50m3sbols  58mboblbgwo@,  3oLaMygdwgde  LoBdoGgoms  39dGHmGol
3033mb96¢3)gd0Ls s 693505 390l 3meobmdoser®o fos@dmwygboo:

k1 ki1

ux,y,@)=>.> ap, - x"-y" (1.3.15)
m=0 n=0
k1l ki1
VY B) =D B XY (1.3.16)
m=0 n=0
k1l k1
POGY, 7)) =D Vi - X" Y™ (1.3.17)

m=0 n-0
50 PoM3magbsdo  a,B,y MEbmdo  3m9x030963gd0L  oBMogdos.  qu
Pomdmagbs  Gglodengdgwos,  Moash  L,(G)  bgdsmodgermdo  LogMags s
30¢0bmdgdoL LodMegwrg 4y39wyeb 333600300 30wdgMEOL L, (G) Loghigdo.
Lo
G =[X0, XN]x[YO,YN] (1.3.18)
"3bmdo 93900 LsDBEZIMO 39d90Mm®» 0bgmo FMZ5¢[93Md0L LodMsgzwgdo,
OMIYMS3 9930 Loby:
y(x) = (x—1)(ax’ + bx) (1.3.19)
50 dgdobgggzsdo Y(0) =y(@) =0, g.0. LsBEZODBY dmmbmgboro ZoMH™dYdO
QOEWI0S. 535Lmb J3900 LoB3MOL 3mgzbs 60dbsgl a s b 3mgbs.



85806, Bggbo Lodgdbo C, o6 K gmbdzombswo go@s0d393d 300350 33eo@ob

R6J30o© (M990 Lodgdbos 339 M5 U,V,p B96J30900, 639 dMToz0
a.f.y.ab 309806006¢920)

85855589, 33543V 1339 8OOZo0 33wsEol C, 96 K gbd30900, Hm3gems
95gJL0do0B300L  F0MHMDYO0EID Mbs QoB3LEBVZOM™ «a, B, y,a,b d1Iogzmdol
9600836900900 d9HB0M3900L Jom3seobfjobgdoom.

59m3560L 5dmblboll Jobbom dmzsbobmm doBbol gmbdizool 0b@gaMowols
X500 dg3es. 3396d0L oM G0 9300Mmm 3BMBOE0 BgEs LEHL3zMOL 3356d9d0L
X, P90@0gdo, 95806 580930 dogmol  3m9803096G0L  Lodmabgmow  339969d

399mbobmegds:
C,(ab,y) = i[p[xs,(xS —1)[a~ X +b- xsly]— p(X,, ys,y)]—> max (1.3.20)
s=0

31939 9939(390M™M 25359M05bMmm 303300l 30MMBGOO s F9ab39EMO Bs3oOL
930960l 3069053039600 306900 9OHM, M350 (33eoOL Bb30sd0:
(e, ,a,b) = IGRY(e, ) + RZEDA(a, 3) + RKVEDA(«, 3, a, b) (1.3.21)

Lo

IGRI(a, f) = Y'Fu(X 0,y,a)-1)7dy + Y'FVZ(X 0,y, 8)dy — min; (1.3.22)

Y0,

RZEDA(a, 8, 7) = i(uz(xs, Yoot )+V3 (X, Ys, B)) = min; (1.3.23)

s=0

RKVEDA(a, 3,a,b) = Zq:uz[xs,(xs ~1)- [a- x> +b- Xsla]+

+Zq:V2[xs,(xs —1)-[a-xs2 +b-XJﬂ]—> min (1.3.24)

OHMamO3 3590030 33943L 3399436 39dBH™OM0 M3EH0T0Do300l s0M3bs [47-
49]. @bosos, dmd IGRL>0, RZEDA>0, RKVEDA =0, 5d0@m0d 59 gmbdzosms xsdol
906039990l 5dmEsbom 89230d¢0s 893335 Mmm gl Bsdo 30MMdY, 56+
I (e, §,.2,b) > min. (1.3.25)
59m396s  993035¢0gbEHM0s 53 Bsdo 9MsymBomo BbJ300L dobodwdol
3360l 59mEsbobs.
859658 B396 33543V 53Fg30 dogrol C, 3mgx030gbEOL BbI305BY S30OMB:



C, (a,b, y) — max (1.3.26)

50 dmEm MO0 300Mm30L  QoLYYM0569ds©, 30LsGYIIWMm odom, MHMI

C,(a,b,y)>0 @5 8obo 85gJuodBol FgBBHowo ©sgdmbggazs 196Js00L

C,’(a,b,y)
d0603xdob HgOEGHowb.
9595b505d9, gb MO0 30MHMdS FJA30d0 25359MM056M GO 30OHMBST0:
|(a, B.7,a,b)+C,(a,b,») —> min (1.3.27)

LS 93MRS B9BOM39d0:
dsbols dgbsbgol 396mbo (1.3.9)

0960l 256 megds (1.3.10)-(1.3.14)

5 30b93s¢ Mo 3ommdgodo (1.3.7)-(1.3.8)

5060g5©, 80300900 M30mIBOHOL6530L BOOOL  3OMTBool  M3EGH0ToBsEOOl
59m(3960L olids (1.3.27), (1.3.9), (1.3.10)-(1.3.14), (1.3.7)-(1.3.8) .

50 50m3sbol  STMbLbSL  39HoMmmgdod Mathcad 2001-0ob d5BsBg. sdmblbol
39009390 300930 J3905 LsbBE3MOL Mbmd a,b 3m9xz0309639dL s (1.3.15)-(1.3.17)
39dob a, B,7 3m9803096@JOL. Mg LsdMoEgdsL 35de93L A93m35¢Mmm BobBJsGgoms

390y s 6930 gobsfoagds 3OmBowol olzMogs.

2. 365300l M3EGH085¢MOo 35MLlgbso BMmMIoL sEYIboL 35M0SEO-
M0 53m3560L 5dmblbs

2.1 030088600bs30L BOMOL 3OMmBoEOl dBEHO Lombom sdligbol
53m3560L 50mblbs sMsfHR0Z30 3MMYMTIOOL FgNMPOM

2.1.1. 3000080065308 BOHMOL 3OGMBOWOL dgsbGHo Lomboom gsGlEgbol
5303560l 53MbLBs SMFOR0Z0 I3OMYM539d0L gommEom LoBJsGols
LfmObsbmgsbo g3ovymols dJmbg bs3som gaMligogbolisl



dm39dmwos  9du39MH0dgb@ol 99gas dorgdwo M30mIBOHOL6s30L  FOHMOL
36OHMB0E0, OHMAOoL 39900, dwsbGHo Lomboom FsMOLEIbOL 5dMEIBSL FbLBom M-
068030 ©3OMAM3900L Fg0MEOm. 306500056 BsFoMHMs 5gONOOMMSE MdTM-
96089 3b9300L B06080BS305, 39MAM, 0bFHJYMIMIMHO Mo gdol gmbdiools
@5 3MMmx8owol BgEs s §39s LEBOZMYPIBY F0336M0L 30MHMdJO0EIE A5TMIEObsGY
595390000 3069353037600  3060HMdJd0L  BY6J30900Ls, sToGHMA  SEYOo 53l
96535036003 9M0)30560 Mm3EH085Do300l 58Mm3565L, HMAEOL FgomFBIOMA3EOL oMM~
0905 95090 43543l AsLOL Fgbobgols 356mbo s B¥gMbMOl 0bE MO MMO
3963MEgds 3sb@o Lombggdolomgol. sdmEsbsl gblbom gwgEBRgols dgommmoom.
LOToMEHO30LM30L  FGOMPOL  MJoeE0DYosL  Zobgbo 3MmaMsds  Mathcadl3—ol
153995 9000. 3OMBOEOL BYs s J39s LEBP3IMGdo IMO(3gds Fo0 JMMOHEO-
B5®gd0l FoBMoEgdol bsboo [39]:

1.0 0.0 1.0 0.0
0.9502 0.0096 0.9502 -0.002077
0.9004 0.0166 0.9004 -0.00617
0.8506 0.02649 0.8506 -0.012867
0.8006 0.03653 0.8006 —-0.020425
0.7507 0.04638 0.7507 -0.028274
0.7006 0.05572 0.7006 —0.036096
0.6505 0.06433 0.6505 -0.043587
0.6007 0.07189 0.6007 -0.050331
0.5502 0.07815 0.5502 -0.056208

0.5 0.08271 0.5 -0.06065
0.4498 0.08522 0.4498 -0.063334

ZEDA - 0.3995 0.08569 KVEDA. 0.3995 -0.064272
0.3493 0.08426 0.3493 -0.06362
0.2990 0.08123 0.2990 -0.061689
0.2488 0.07658 0.2488 -0.058499
0.1986 0.07018 0.1986 —-0.053966
0.1485 0.06175 0.1485 -0.047881
0.0984 0.05069 0.0984 -0.03974
0.0734 0.0438 0.0734 -0.034626
0.0485 0.03557 0.0485 -0.0284
0.0237 0.02506 0.0237 —-0.020344
0.0113 0.01805 0.0113 -0.014559
0.0065 0.01422 0.0065 -0.011218
0.0041 0.0117 0.0041 -0.008906

0.0 0.0 0.0 0.0




30650056 X 30060653900 3OMmzomol MmM03g LsHBL3OOLMZOL 9MM0O0Y0395

5do3™ad 89330005 3fhgMMmm:

X .= zEDAY

YZ:= ZEDA<1>

YK:= KVEDP%1>

0 01 0.2 03 04 05 06 0.7 08 09

Bob. 2.1 9du39M0896¢0L G999 800gdMEO BOMOL 3MIMBOEO

59m3965L gblboom [X0,XN] 3mm0bmb@oww® ©s [YO0,YN] 396GH035m6™
LobE3Mgddo, 56w G=[X0,XN]X[Y0,YN] ©9350@w b6596530bg. B396L
d90mbggzsdo

X0:=—2 XN:=2z Y0:=-1 YN:=1

gq:=2¢

kl:=¢

al :=-1

bl:=1

all:=-0.1

b11:=0.!

BodsBOLM G605 LoLEHYIGd0 dM0o3gds boeolbMzsb BmMbJzosms
653630l Loboom 89dgabsoGs:

(X, y,m,n)=x"-y"; (2.1.1)
w(x,y,mn)=x"-y"; (2.1.2)
o(x,y,mn)=x"-y"; (2.1.3)

bom Bodgdbo B6J30900L  A9Tsl  LEdSBOLM  LoliEgdgdols dodstron 3sbgbom
39000930 Lsboom:

k k1
ulxy.a)= D7 D" amndxy.mn)
0

1
m=0n=

(2.1.4)



ki K1

vixy.B)= > > Bmnwlxy.mn)

m=0n=0 (2.1.5)

ki k1
p(xsyay) = Z z Ym,n'G(Xay’man)
m=0n=0

(2.1.6)
Loog, U(X, Y,a) s V(X Y,B) 65300l Lodhs@ol 39JEmOmol dygbgengdos, p-
6535000l (69355 3OMBoEol Bgs3oOby, bmwm a, B, ¥ — Lsdgdbo 3mgxz03096-
&9005.

gOomol 53(g30 dogrol 398303096GH0 odMOM3Wds §90©IR0 BMOIMEOMm:

M=

)= D" (p(Xer YY) = (X, YZ,1))
s=0 (2.1.7)
dsbGHo Lombol 3MMBoEOl BgsdoMHby 8033M0L 30HMBIO0EIE 25dmIEobotrg

50300 5943L 8909 LobOBEOZMM 306HMdYOL:

o

RZEDA(a,B) : Z u(X YZ a) +v(xs,st,[3>2)
_ (2.1.8)
RKVEDA,B) :i (x YK, a)
_ (2.1.9)
RKVEDA o, B) := RKVEDAa, B) + i V(Xs’YKs’B)2
2o (2.1.10)

Mmdol dobgzomsi dmEgdmeds BwbJdEogdds bs doomb bmwol Emero
360083690mds. 964 93946905 3Bl BMbJzogdo:
RZEDA(a, ) — min, (2.1.11)
RKVEDA(«, ) — min. (2.1.12)
O533gMOL 36063030056 3990306569 Bogm3zommm, (OIuYs!
0300986000530  29BgMdMEos s ToL  JoMLgobgds M3mddo desbEGHo Lombg
(09965090 35960l ddsby). vy Bsgmergzom, Mmd  d9dbgzgo®o  bs3oob
LoPRJo®mgms 39dBH™OMol 930 Lofigol x=X0 3390030 §oMHTMoqbL LHmE bsdu,
d9Lsd53oLo  LOELEBOZOM 30MMds L2(G)-ol Ig@Mmozom Joowgdl dgdgy Lobgl:

YN YN
IGR1o,B,7) :=J (u(x0,y,a) —1)2dy+J v(XO,y,B)Zdy
Y0 Y0 (2.1.13)



Mmdgeog 9939 MBS 0g4mb BmEmsb dosbermzggdmwo, 6
IGRY«, S,7) — min (2.1.14)

bogm %5999600-06@ 9300060 (300Mm3ogds 30, 990098050600 Bsofgmgds:

I(ct, B,v) :=1GR1 01, B,y) + RZEDA @, B) + RKVEDAw, B) (2.1.15)
935b@0bmm  ©sdbdscg RMBI309d0L BMOBsoDgds  BgMBMEOL  gobEmegdol-
m30U:

YN
El(c.p.) :=J [p(x0.y.7) + 1.alu(x0.y, 002 = v(x0.y. )| ay
Yo (2.1.16)

OHmIol Jobggzomsi 2odmomgwgds gbghgos Lsfiyol 339080

YN
2o, B,7) :=J [p(xt,y.1) + 1 u(xny.0)? + vixny,p)2) Loy
Y0 (2.1.17)

9696305 Lsdmemm 3390000

YN
XN - X0 u(XN,y,a)2 n v(XN,y,[s)2 + (u(XO,y,a)Z ¥ v(XO,y,B)z)

YN—YOJ 4
YO

EZ{a,B,y) :=0.1%

dy

YN

XN = X0 |r \/(U(XO,y,a)Z + v(XO,y,B)2)~(u(XN,y,a)2 + v(XN,y,B)Z) g

YN - YO J 2 y
Yo

Eda,B,y) :=EAa,B,y) + 0.1

(2.1.18)

bobbdyg sbstxmemo 9bgcyos

360530l ©95e0Bs300LIMZ0L 5930w gdgE0s Lofilyolo dmbsgdgdo dgMBgzs

m:=0..k1

n:=0..kl

om,n:=al + (bl -al)-md(1)
Bm,n:=all+ (b1l —all)-md(1)

Ym,n:=al + (b1 —al)-md(1)

-0.997 -0.613 0.17 -0.299 -0.01 -0.089 0.057 0.004

0.646 -0.652 0.421 -0.392 b 0.075 0.091 0.008 -0.008
o= =

—0.817 -0.705 0.977 -0.762 0.072 0.056 0.099 0.022

—0.982 0.063 0.204 -0.668 —0.047 0.068 —-0.025 0.035



—0.982 -0.448 0.176 0.675
-0.03 0.487 -0.084 0.489
0.198 0.47 0.145 -0.697
-0.15 0.034 0.503 -0.662

’\/:

3M5HMHR030 3MMYM539d0L  5TMEsbol  5TMbLBOLsmM30L  LoLEGdsl  do5Bbos
39D0©3900L dewm30, HMIgedoi dg@obowo mbs 0dbgl dgbrm©aqdo. B3z96L
d900bgg35do  99B0M3900  FoMTmoagbl  dsbol  Jgbobgol  396mbL, ¥g®BmEol
396GMgdsL s 5B Ydom 30693530376 306HMdYOL:
dsbol dgbsbgols 356mbo

YN YN XN

J u(XO,y,a)dy:J u(XN,y,a)dy+J (v(x Y0, B) + v(x YN, )) d>

YO YO X0 (2.1.19)
3353 gd0mo 306735303 cmo JoMmdgdo,

YN
J u(XO,y,a)dyzO
Y0 (2.1.20)

YN
J u(X0+ O.Ly,a)dy >(
YO

0.999< p(0,0,y) < 1.00.
$6935 3OmB0wol 3b30MHBY Mbs 0gmb 1-b EGHmeo (bem®IoMgds)
Cyly) = ¢ (30009390 3060HMdsS MMA 58(930 dos 0ymb IIOOMO
09060l 33bGHMegds, MHmIwol dobgz0mo3 BOOOL IOMBowol LbsHgol s
BodmEmm 3390080 gbgMaosms bbgomds Gmeos 3OHMBOwOL Bgsd3oMolb gobfiztog
bobmbbg obosxmwo 9bgdaoobs:
Elct.B.y) — Edo,B.y) = E4o.B.7) (2.1.21)

doBbol  BmbJzool dobodoBszos s Lsdgdbo o, B, v 3™9IB0E0g6EHId0L

3°0mm3Wws bmM3090©ds 899930 M3gMsGHMMOL bydMswgdom:

S:=Minimizél, o, B,y) (2.1.22)

Lo,

a ::SC

B ::S1

vy =S,

Z



3990030l FJEIROQE QIO MOO:
[ ( 0.01 -0.076 0.043 —0.134) |
-0.103 —0.018 0.152 —0.158
0.136 0.103 0.259 0.02

—0.027 0.041 0.092 0.039

-0.003 —0.039 0.016 0.002
0.019 0.032 0.002 —0.004
-0.001 0.037 0.02 0.012
0.001 0.003 —0.004 0.012
1.001 -0.224 0.044 0.338
-0.008 0.244 —0.021 0.244
0.05 0.235 0.036 —0.348
-0.052 0.017 0.071 -0.331) |

IGR1a,B,y) =0.004
(o, B,y) =0.011

cyly) =0.157

RZEDA(o, B) = 0.004
RKVEDA., B) = 0.003

BoBJorgms 3900l 93099MmgdL Lbgosbbgs 339080 543l d9dgao Loby:

u(xo,y,a)

5) boBdo0ol 39JBH™Mol u 8ygbgrols g3009Ms Lohyol 3390080

U(XN,y,a)

0) LoBJo®mol 39d@BHMMoL u 8ygbgerol g30mems Lsdmemem 3390030



yN 1 T |{|,f T
{
[
y or | —
— l
|
1
5
',
YO -1 | LY |
-1 -05 0 05 1
-1 v(xoayaﬁ) 1

3) LoBdotol 39JB™MolL v dygbgeol g3omes Lofiyol 3390080

1 T T 1
//
/
4
/
y o ! —
— {
/
/
s
rd
1 | N |
-1 -05 0 05 1
V(XN,y,B)

©) boBdo®olb 39dGH™Ool v dygbgarol g3omes Lsdmemm 339mdo

Bob. 2.2 LoBJoMgoms 390l 93096MH9d0 3OHMBoeol  LHimObsbmzsbo 93060l djmby
65350000 256l

0693500 9bsffoergdgdo 3MMBowol BgEs s J39d BoDBWZIOMDBY FoFMOMZGdS

3900093b506500:
i1:=0..q
PZEDA,, := p(xi Y2 1,y)

PQVEDA, =p( Xy, YI<1.7)
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399M0m3wgds BMMOHINWOom

AP :=PQVEDA- PZEDA
(2.1.23)

d9L5d53obo  M5x303Mwo LMo 30 Bsbgabados Bob. 3.7-%g
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IGR1aL,B,y) =0.004

I(ce,B,y) =0.011

cy(y) =0.157

RZEDA(a, B) = 0.004
RKVEDA«, B) = 0.003



Oz Bsbl doBbol gmbdiool d9gdsagbgro 3md3mbgbEgdo: RZEDA (o,
B), RKVEDA(a, B), IGR1(a, B, y) 6mwmsb dosbermggdmo 3603369wmdgdos, bmerm
0300 X539O0 06FH9M9MM0  30Mm30wgdol LoBMLEg 10%-05, SFodHmd B3gbL
oEbz00  5dmbobbl  qosBbosm  gobogzmmo  3Mgdomds  99dL3gM0TgbEH I
9mb53909805b6. brmerm Mog 899bgds 980930 doeols 3m9n0309bEL, dobo LodizoMy
396306HMdgdMos  0d0m, MHMI FOMOL  3OMBoOoL  FoOLEIbLL  gobgzobowsgzm
bmwmgzgsbo  ©slidol  3mombom, MH®AOlL EOHMLsE 93930 dows  Fobodogrmos.
50539 ©OMb  §bgzoms  aobsfoegds  J3gs  LsBEzs®BY, Tg@os, 300609 bgos
LOBOZIODY, B3 9Y(30eJOIO 30MMdsS 58(930 doeol HoMmBmMIMdOLS s B0MYOEO
930996900L BMMIGO0  53059MmBOWGOL IMMbM3zbadlL, 6w Lsfyol 33900d0 LobJsGob
39J&™OoL u dybgero Uu(x0) =1s FoMTmoaqbl LM bsbl, bmem v(x0) =0
(2.1.13)
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39350563090 dbMmE™mE 08 QobLL33905Bg M3 SOLYGIMBOL 58 ™G TFgdmbggzols
dmMob, ©s  0m35bEIb  3OMAMSTOL  M9o0Bs300L gy  FoMgdMEO
39092900L BMOA0MYOSLS o 9b5EODBUL.
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IGR1at,B.7) :=J I:u(XO,y,a)—(YOZ—yZ)] dy+J v(x0,y.p)  dy
YO YO0 (2.1.24)
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IGR1aL,B,y) =0.004
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cy(y) =0.156

RZEDA(a, B) = 0.005
RKVEDA«, B) = 0.003
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Bob. 2.7. bg3sms bbgomds 36MHMmBowol J3905 s Hgos LEBEOZOL Lobds®ol
35650MmEMH0 9309MH0oL IJmbg 6535000 29MBEYboLLL

53 9gdombggzsdos, o3y Gmame s fobs dgdmbggzsdo Bz9gbl Moibzom 53mbsblbl
399BB0sm BoD03MMO 309d5Mds gJu39MH0G6 G ImMbo(39990m9b.

2.2 ®30m38065308 BOOMOL 3OMBOEOL J3g©s LEBEIMOL M3EH0FoBsEos
dolo d39Ms3geo LoBJs®mol 653500 F5MLEIboLsL

22.1 030038065305 GOGMOL 3MMGBoEwol J3gos LsBEP3MOL Mm3EH0TobsEos dolo
339605990, LimObsbBMzsbo g3ommol dJmbg LoBdsMol 6535000 sMlicogbolsls

0300386005306 ROML  MJmEIdgh MEGH0TsMOl, 09 PM30mIBOHOLS30L
gOmol bs®olbo K 5093l dodlodsermé dbodzbgermdsls

C
y —
K=—1,C, =

Cy

O e

(Pkveda(x) — Pzeda(x))dx, C, = §p(L)dL_ fp(L)dL (2.2.1)

Lmarcxena Lmarjvena

OMamO3 H990m0060369mo  BMOIMgd0EID BBl badobbols doglodoBbszools
900935 dgLodergdgeos, Cy sdfjg30 dogrol gobBOom 96 Cx  oboswdogamdol
doeol 999;30609000. B3960 53mEsbol FoBsbl FoMdmoagbl Mm3EGH0dsymo gMmOL
900905 59(j930 dool 3m9530(3096GOL JoduodoBsEool JoMMdOm. 53539 OHML Mbo
3930035¢0oLobmm x58mMH0 06O MMHO (300 gdol d0bodoBozool 30MMdSS
[40-41]. 50 99do;bggzsdo Hobs s@MOOMIMNI6 F9sMgd0om 93946905 ©ToBEJdOM
3093 9Omo  doBbol BbJz05, MMIgwoxg 0mZ5¢olHobgdl  sdfgz0  doerols
dogdLbodoBogosls [45].



3ob30bowsgm  3MMBowl dm3gdmwo bgs LEBOIMOM @S 390900  J39
LOBOZIOL.  FM35bEObMm  BoDBEZMOL  2oMddbs oby, MHmI GOMOL  3OHMTBOEO
9 mo3bgL [0;1] Foegdo. 85906 bydogdgwo dJ3gs LBsBE3sMO Mbs RsofigMml
3b65E0BMMOEO OMAMOE 3OO0 35MODMY:

flveda (x,a,b) = (x—1)(ax’ +bx) (2.2.2)

B LBE3ZOOL  3MmMOHEObsBgdo  0bgzg Mmymes  fobs  Fgdmbggzsdo
dmo@Eqds 35GHMoEol Lsboo:

1.0 0.0
0.9502 0.0096
0.9004 0.0166
0.8506 0.02649
0.8006 0.03653
0.7507 0.04638
0.7006 0.05572
0.6505 0.06433
0.6007 0.07189
0.5502 0.07815

0.5 0.08271
0.4498 0.08522
0.3995 0.08569
0.3493 0.08426
0.2990 0.08123
0.2488 0.07658
0.1986 0.07018
0.1485 0.06175
0.0984 0.05069
0.0734 0.0438
0.0485 0.03557
0.0237 0.02506
0.0113 0.01805
0.0065 0.01422
0.0041 0.0117
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Bob. 2.8 8GOl 3OMBowol dmEgdwo HBgos LEBE3MO

™3035 mo  J39s  LYBE3IMO  Mbs  303m3mm  dobo a s b
3093030963900l L3S gdom. LoBsMJMs 3900l  3MMOObsBHGdOLs ©s [bg30l
bo3m3bgws  33ws3 30ygbgdm FMEOIMgdL (2.1.1) — (2.1.6). bowm dwsb@o
Lombol 9gdmbgzgzsd0, 3033001 306MBGO0B 253MmIE0bsGy LELBWIO™M 30OHMBdJOL

996995 dgdgao Lsby:

q
RZEDA(e.B):= ) (U0 Ysoo? + %6 Ys.5))
s=0

RKVEDA(, B, a,b) = i u[)(s(Xs - 1)-[a~()<s)2 . b.xs] ,OLT
s=0

RKVEDA(a, B ,a, b) := RKVEDA(w, B, a, b) + i v{xs(xs— )[a-(xs)2+b-xs],[ﬂ2
=0 (2.2.3)
306500056 93905 LoBzsMO  MEbmdos ©s 39990 a s b 3mgnoE0gbEHIO0L
1585 9d0.
596  6535000L  LoBJoMIOL 930G LHMObsBM3s60s, 980G s©YOWO
996905  (2.1.13)-b.  5dfg30 dognol  godmbosmgzwgwo  (2.1.7) 30 390009abs06o
Boofgtgds:

Cy(a.b.y):= i |:p|:xs»(xs_1)|:a'(xs)2+b'xs]a“/]—p(xs»Ys»Yﬂ
s=0 (2.2.4)

X599960 0639305 MM0 30MI0EgdoLsm30L (2.1.15) doowgdl 999y Lobgl:
(e, B,v,a,b) :=IGR1(a, B,7) + RZEDA(a., B) + RKVEDA(a., 3,2, b) (2.2.5)
0505L50539, 339J3L  98m@Eebs:  godmgmm  Mm3@odsew@o  fkveda(a,b) o0
306HMmdom, Mmad
Cy(a,b, ) — max (2.2.6)
| (e, B,y,a,b) > min (2.2.7)
bom  999m306030w0l  3060mdgol  sbsermyomEo  Bgdmmysbbormerols
9969dsm ULobg: (2.1.18) — (2.1.21)



Gbo©os, @I Gmzs Cy(a,b,y)  sefggls  8sdbodxadl,  Cy(a,b, ) *8osmfgsl

90603maL.  sFo@GHmd (226) s (22.7) 9du@H®90semdol  3oMMdGd0  F9a30de0s
39399005bm®» ghHo 30MHMdsd0:

| (e, B, 7,a,0) +Cy?(a,b,y) —> min (2.2.8)

LOOMEMME JoBbOL BMbJ305L gdbgds Loby:

(o, B,7,a,b) :=1(cx,,a,b)-0.9+ 0.Cy “(a,b,y) (2.2.9)
bowm  Lom3GHodobogom  gbdios—m3gMs@mmo  3Mmamsds MathCad-bg doowgdl
3900092 Lobgl:

S:=Minimizé, o, B,v,a,b)
36MaM5d0L  gom3wdoL J9IRO© 30JOEIMID

0.006 -0.11 0.043 —-0.134) |
-0.102 0.022 0.15 -0.158
0.14 0.117 0.25 0.022
-0.027 0.042 0.091 0.027
-0.003 -0.038 0.016 0.002
0.02 0.031 0.002 -0.004
-0.001 0.038 0.019 0.012
0.001 0.001 -0.004 0.012
1.001 -1.022 0.043 0.331
-0.008 -0.165 —0.021 0.243
0.05 0.019 0.036 -0.35
-0.052 0.016 0.07 -0.332

-0.004

0.325

Cy(a,b,y) =2.541
a=-0.004

b=0.325

IGR1(ct, B, y) =0.004
RKVEDA(a, B, a, b) =0.003
RZEDA(a, B) = 0.006

I(So. S1.S2.a.b) =0.287
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