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1 Introduction

Computational Nanotechnology has become an indispensable tool not only in predicting but also
in engineering the properties of multi-functional nano-structured materials. The presence of nano-
heterogeneities in these materials affects or disturbs their elastic field at the local and the global
scale and thus greatly influences their mechanical properties. In this paper we shall study dynami-
cal behaviour of 2D dynamic coupled problem in multifunctional nano-heterogeneous piezoelectric
composites. More in detail, we shall present first modeling of two-dimensional anti-plane (SH) wave
propagation problem in piezoelectric anisotropic solids containing nano-holes or nano-inclusions.
Nano-heterogeneities are considered in two aspects as wave scatters provoking scattered and diffrac-
tion wave fields and also as stress concentrators creating local stress concentrations in the considered
solid.There are no numerical results for dynamic behavior of bounded piezoelectric domain with
heterogeneities under anti-plane load. Validation is done in [1] for infinite piezoelectric plane with
a hole, in [3] for isotropic bounded domain with holes and inclusions and in [2] for piezoelectric
plane with nano-hole or nano-inclusion.

In Section 2 we shall reduce the model under consideration to a system of integro-differntial
equations (IDE) and we shall discretize it by Cellular Nonlinear/Nanoscale Network (CNN) archi-
tecture. Simulations and validation will be provided. Section 3 deals with feedback stabilization of
the IDE CNN model together with simulations.

We shall state the model of piezoelectric solid with heterogeneities under time-harmonic anti-
plane load. Let G € R? is a bounded piezoelectric domain with a set of inhomogeneities I = UI}, € G
(holes, inclusions, nano—holes, nano—inclusions) subjected to time—harmonic load on the boundary
O0G. Note that heterogeneities are of macro size if their diameter is greater than 10~ %m, while
heterogeneities are of nano-size if their diameter is less than 10~ "m.

The aim is to find the field in every point of M = G\ I, I and to its dynamic behaviour. Using
the methods of continuum mechanics the problem can be formulated in terms of boundary value
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problem for a system of 2-nd order differential equations, see [1, Chapter 2],

N P = M Aud + e AuY
2 )
ot (1)

NA,N _ _NA_ N
615Au3 —e5Auy =0,

where x = (x1,22), A = 8z2 —|— 5.2 18 Laplace operator with respect to t, N = M for x € M and
T3

N =1 forx € I; uév is mechamcal displacement, u} is electric potential, p" is the mass density,
cly > 0 is the shear stiffness, efl # 0 is the piezoelectric constant and e} > 0 is the dielectric
permittivity.

We shall consider the case, when I is a nano-hole or nano-inclusion and boundary conditions

on S are S
Ooy, do do?
;-W:—al] on S, or Tg’+t§4:—6;3, TA{—i—tiV[:—alM, (2)
where Ui? is generalized stress [1], j = 3,4, [ is the tangential vector. Then we shall study boundary
value problem (BVP) (1) with boundary conditions (2).

2 Integro-differential CNN model

BVP (1),(2) is reduced in [1] to integro-differential equation (IDE) using the Fourier transform
and then applying the Gauss theorem [6]. In this paper we shall study the general form of IDE
obtained in [1]. Let us consider the following system of IDE:

815(;5) p? @ e / G(u (3)

where C is a constant depending on the pM, ¢4 > 0, e} # 0 and e > 0, D is diffusion coefficient,
u = (u3,u4), function G(z) is a function of the displacement vectors ug 4 and the traction 73 4.

It is known [5] that some autonomous CNN represent an excellent approximation to nonlinear
partial differential equations (PDEs). The intrinsic space distributed topology makes the CNN
able to produce real-time solutions of nonlinear PDEs. There are several ways to approximate the
Laplacian operator in discrete space by a CNN synaptic law with an appropriate A-template. In
our case the CNN model of IDE (3) is:

dus s
Z;;J = DA1 * uij — Cl /G(UU) dt, 1 S ) S n, j = 3,4, (4)
where A; is 1-dimensional discretized Laplacian template [5] A; : (1,—2,1), % is convolution

operator, n = M x M is the number of cells of the CNN architecture.
We develop the following algorithm for studying the dynamical behavior of CNN model (4) via
describing function method [4]:

1. First, we apply double Fourier transform F'(s, z) to IDE CNN model (4)

Z /f;C exp(—st) dt

k=—o00

from continuous time ¢ and discrete space k to continuous temporal frequency w, and con-
tinuous spatial frequency €2 such that z = exp(I2), s = Iw, I is the imaginary identity and
therefore we obtain:

sU(s,z) = D[z_lU(s,z) —2U(s,z) +2U(s, 2)] — C1s7'G(U(s, 2)).
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2. We express U(s, z) as a function of G(U (s, 2)):

Ch
sD(z7t—=2+42) — 2

U(s,z) = G(U)

and obtain the transfer function H (s, 2):

Ch
sD(z71—2+42) — 52’

H(s,z) =

According to the describing function technique [4], the transfer function can be expressed in
terms of temporal frequency w and spatial frequency 2:

Ch

H = .
a(w) IwD(2cosQ —2) + w?

3. We are looking for possible periodic solutions of our CNN model (4) in the form:
uii(t) = (i +wt), 1<i<n, j=34,

for some function £ : R — R and for some spatial frequency 0 < Q < 27 and temporal

frequency w = 2% , where T' > 0 is the minimal period.

4. According to the describing function technique [4] the following constraints hold:

YTT: ’ (5)

5. Thus (5) give us necessary set of equations for finding the unknowns U,,, 2 and w. As
we mentioned before we are looking for a periodic wave solution of (4), therefore U, will
determine approximate amplitude of the wave, and T = 2% will determine the wave speed.
Now according to the describing function technique, if for a given value of 2 we can find the
unknowns (U,,,w), then we can predict the existence of a periodic solution of our CNN IDE
(4) with an amplitude U,, and period of approximately 7" = %r .

Following the above algorithm the next theorem has been proved:

Theorem 1. CNN IDE (4) of the BVP (1), (2) with circular array of n = L x L cells has periodic
solutions u;;(t) with a finite set of spatial frequencies = % ,0<k<n—1 and a period T = %r .

Let us consider the square domain of piezoelectric solid G1G2G3G4 with a side a. For hetero-
geneities at nano-scale we have: the side of the square is @ = 10~7m; material parameters inside
I for hole are 0; material parameters on S = 91 for hole and for an inclusion are: 3, = 0.1c},
e*lg5 =0.1eM, et =0.1eM pS = pM.

Then simulating our CNN IDE model (4) we obtain the following periodic wave solutions (see
Figure 1).

The simulations of IDE CNN model are obtained by simulation system MATCNN applying
4th- order Runge-Kutta integration. In order to minimize the computational complexity and to
maximize the significance of the mean square error only outputs of 4 cells are taken into account.
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ul, u2, u3, u4

Figure 1. Simulation of IDE CNN model (4) with 4 cells

3 Stabilizing feedback control for IDE CNN model
Let us extend the IDE CNN model (4) by adding to each cell the local linear feedback:

duij
dt

= D(ui_lj — 2uij + ui+1j) -1 /G(u”) dt — k:uij, (6)
S

where k is the feedback controls coefficient which is assumed to be equal for all cells. The problem
is to prove that this simple and available for the implementation feedback can stabilize the IDE
CNN model (4). In the following we present a proof of this statement and give sufficient condition
on the feedback coefficient values which provide stability of the CNN nonlinear model (6). The
following theorem holds:

Theorem 2. Let the parameters of IDE CNN system and feedback coefficient k (6) have positive
values. Then its linearized model is asymptotically stable for all k > 0.

Figure 2. Simulation of stabilized IDE CNN model (6)
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Proof. Define the quadratic Lyapunov function candidate L(z) = % 2T %. Then its derivative along

the linearized control IDE CNN is degf) = 12T(JT (k) + J(k))z = =27 Q(k)z. Therefore, degz) <0
implies a positive definiteness of Q(k). It can be shown that Q(k) positive definiteness implies
k > 0. For verification of the above statement the eigenvalues of J(k) were calculated related on
the values of feedback coefficient k. Stability of the linear system requires that the eigenvalues )\3'-,

i =1,...,4 satisfy the inequality max Re )\;- < 0.
(2
Simulations of the stabilized IDE CNN are in Figure 2. O
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1 Introduction

The subject of g-calculus, also known as quantum calculus, rests on the concept of finite difference
re-scaling. The formal work on ¢-difference equations dates back to the first quarter of twentieth
century. The applications of g-calculus in several important disciplines like combinatorics, special
functions, quantum mechanics, etc. led to the recent development of the subject. g¢-calculus is
also regarded as a subfield of time scales calculus (unified setting for studying dynamic equations
on both discrete and continuous domains). In this short note, we present some recent results on
boundary value problems (BVP) of ¢-difference and fractional ¢g-difference equations and inclusions.

2 BVP for ¢-difference equations and inclusions

We begin with some preliminary concepts of g-calculus.

Definition 2.1. Let f be a function defined on a g-geometric set I, i.e., qt € I for all ¢t € I. For
0 < g < 1, we define the g-derivative as

f(t) = flqt)
(1—qg)t

For t > 0, we consider a set J; = {t¢" : n € NU{0}} U{0} and define the definite ¢g-integral of
a function f: J; — R by

D,f(t) = L HET\{0}, Dyf(0) = lim Dyf(1).

[e.e]

If(t) = / £(5) dgs = 3 (1 — )" £ (1™,
0

n=0
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provided that the series converges.
For a,b € J;, we have

b o
[ 161 dys = 1,50) = (@) = (1= 0) Y a"[oF ™) — afaa™)]
a n=0

Consider the boundary value problem for a second order g—difference equation with non-sepa-
rated boundary conditions

Dgx(t) = f(t,z(t)), tel, z(0)=nz(T), Dyx(0)=nDex(T), (2.1)

where f € C(I xR,R), I =[0,T]N{q" : n € N} U{0}, T is a fixed constant and n # 1 is a fixed
real number. By using a variety of fixed point theorems such as Banach’s contraction principle,
Leray—Schauder nonlinear alternative, Schauder fixed point theorem and Krasnoselskii’s fixed point
theorem, several results are proved for the problem (2.1) in [5], which are listed below.

Theorem 2.2. Let f: I xR — R be a continuous function satisfying the condition
|f(t,u) = f(t,0)] < Llu—v|, Viel, u,veR,

where L is a Lipschitz constant. Then the boundary value problem (2.1) has a unique solution,

provided
1 [n(1 4 nq)] 7 ) 9
L n +‘ ( T < 1.
<1+q I+qn—-12% In-1

Theorem 2.3. Assume that:

(H1) there exists a continuous nondecreasing function ¢ : [0,00) — (0,00) and a function p €
LY([0,T],Ry) such that

[f @t w) < p()¢((lull) for each (t,u) € I X R;

(H2) there exists a number M > 0 such that

fall / (7 1+ S vl ) > 1.

Then the BVP (2.1) has at least one solution.

Theorem 2.4. Assume that there exist constants

1 In(1+nq)| n )
0<cex«1 + + ’ ‘
/<1+q (I+qgmn—-12 In—1
and N > 0 such that |f(t,u)| < 7z [u| + N for allt € I, w € C(I). Then the BVP (2.1) has at
least one solution.

Theorem 2.5. Assume that there exists a constant My such that

1 n(1+nq)| n
|f(t,u)] ng/(1+q+ (ETICESE + ’77—1‘>T2’ Vtel, u€[-My, M)

Then the BVP (2.1) has at least one solution.
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Theorem 2.6. Assume that f : I xR = R is a continuous function and the following assumptions
hold:

(Hs) |f(t,u) — f(t,v)| < Llu—v|, Vt eI, u,v € R;
(Hy) |f(t,w)| < p(t), ¥ (t,u) € I xR, and p € C(I,RT).
If

(om0 )

then the boundary value problem (2.1) has at least one solution on I.

In [4], the authors discussed the existence and nonexistence of solutions for nonlinear second
order g-integro-difference equation: Dzu(t) = f(t,u(t)) + Ig(t,u(t)), f,g € C(I x R,R) supple-
mented with non-separated boundary conditions given in (2.1). Similar results were proved for
other classes of boundary value problems. The results for the second order g-difference equa-
tion D2x(t) = f(t,z(t)), t € I, supplemented with non-separated boundary conditions a;z(0) —
B1Dqx(0) = y1z(m), cox(l) — BeDga(1) = yex(n2) were proved in [13], with three-point integral

T
boundary conditions az(n) + BD,z(n) =0, [x(s)dps = 0 in [22], nonlocal and integral boundary
0

conditions

z(0) =z9+g(z), =z(1)= a/x(s) dgs,
I
and

T
£() = g(x), aDya(n) + 8 / 2(5) dps = 0
n

in [8] and [18], respectively. For results on inclusions, see [7] and [17].
Boundary value problems for nonlinear g-difference hybrid equations and inclusions were studied
n [11]. In [11] the authors have investigated the problem:

Dg(m) — g(t,2(1), tel, (0)=0, x(1)=0,
where f € C(I; x R,R\ {0}), g : C(I; x R,R) are such that f(t,x(t)),g(t,z(t)) are continuous
at t =0,1, I; = {¢" : n € N}yU{0,1}, ¢ € (0,1) is a fixed constant. An existence result was
established by using a fixed point theorem for the product of two operators under Lipschitz and
Carathéodory conditions.

Agarwal et al. [3] discussed the existence, uniqueness and existence of extremal solutions for
a nonlinear boundary value problem of ¢-difference equations with nonlocal g-integral boundary
condition given by

n
Dgu(t) = f(t u(t), u(6(t))), u(0) = /\/Q(S»U(S)) dgs + i, t € Iy,
0

where f € C(I; x RxR,R), g € C(I; xR, R), ¢p € C(Iy, 1), n >0, ,peR, I, ={¢": ne€
N} uU{0,1}, ¢ € (0,1) is a fixed constant.

The notions of g-derivative and ¢-integral were extended on finite intervals. For a fixed k €
NU{0}, let Jy := [tk, tx+1] C R be an interval and 0 < ¢ < 1 be a constant. We define gi-derivative
of a function f : Jy — R at a point ¢t € Jj, as follows:
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Definition 2.7. Let f : J, — R be a continuous function and let t € J,. Then we define the
qr-derivative of the function f as

() — flaet + (1 — qu)ty)
(1 —qr)(t —tr)

We say that f is gi-differentiable on Jj, provided D, f(t) exists for all ¢t € Jj.

Dlka<t) =

Definition 2.8. Let f: Ji — R be a continuous function. Then the gi-integral is defined by
t o
/f(s) dos = (1 —qi)(t —tr) > gitf(ait + (1 — g )t) (22)
¢ n=0
for t € Ji. Moreover, if a € (tx,t), then the definite gx-integral is defined by

/f ) dg.s=(1—qi) (t—tz) quf art+(1—ap)ty) — (1—qr) (a—tx) quf gra+(1—qp)ts).

n=0 n=0

For more details on these two new notions, the interested reader is referred to the book [15].
Agarwal et al. [2] obtained the positive extremal solutions by the method of successive iterations
for the nonlinear impulsive g-difference equations:

Dy u(t) = f(t,u(t), 0<q <1, teJ’
u(ty) = Ip(u(te)), k=1,2,....,m, u(0)=Xu(n)+d, neJ,, rei,
where D, are gg-derivatives (k = 0,1,2,...,m), f € C(J x R,RT), [, € C(R,R"), J = [0,T],
T>00=tg <t < <ty < <ty <tmer=T,J" =J\{tr,to,....tw}, Jr = (&, T],
0<A<1,d>0,0<7<mand Au(ty) =u(t]) —ulty), u(t)) and u(t;) denote the right and
the left limits of u(t) at t =t (k =1,2,--- ,m), respectively.

3 BVP for fractional g-difference equations and inclusions

Definition 3.1. Let v > 0 and h be a function defined on [0,7]. The fractional g-integral of
Riemann-Liouville type is given by (I, g h)(t) = h(t) and

t
(Ih) / $) " Vn(s)dys, v>0, tel0,T)
0

Definition 3.2. The fractional ¢-derivative of Riemann-Liouville type of order v > 0 is defined by
(DOh)(t) = h(t) and (Dyh)(t) = (DLIL"h)(t), v > 0, where [ is the smallest integer greater than
or equal to v.

In recent years, several existence and uniqueness results were obtained. In [1], by applying
Krasnoselskii’s fixed point theorem, Leray—Schauder nonlinear alternative and Banach’s contraction
principle, the authors studied the existence and uniqueness of solutions for the following g-anti-
periodic boundary value problem of sequential g-fractional integro-differential equations:

D2(DY + Na(t) = Af(t,2(t)) + BIfg(t, z(t)), 0<t<1, 0<q<1,
2(0) = —2(1). (17 Dga(®)| _ = —-Dy(1),
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where “Dg’ and ¢DJ denote the fractional g-derivative of the Caputo type, 0 < a,vy < 1, IF(-)
denotes Riemann—Liouville integral with 0 < p < 1, f, g are given continuous functions, A € R and
A, B are real constants.

In [12], the existence and uniqueness results were obtained for the following boundary value
problem of nonlinear fractional ¢-difference equations with nonlocal and sub-strip type boundary
conditions:

“Dyz(t) = f(t,z(t)), t€[0,1], 1<v<2, 0<g<l,
)=

1
z(0) =x0+g(z), =x(§ b/x(s) dgs, 0<E<n<1,
n

where “D¢ denotes the Caputo fractional g-derivative of order v, f : [0,1] x R — R and g :
C([0,1],R) — R are given continuous functions, and b is a real constant. In [6], the existence
of solutions for nonlinear fractional g-difference integral equations with two fractional orders and
nonlocal four-point boundary conditions were obtained, while the positive extremal solutions for
nonlinear fractional differential equations on a half-line were discussed in [23]. For further results,
see [9,10,14,16,19-21].

Finally, we emphasize that the Definition 2.1 does not remain valid for impulse points tg, k € Z
such that ¢; € (gt,t). On the other hand, this situation does not arise for impulsive equations on
g-time scales as the domains consist of isolated points covering the case of consecutive points of ¢
and gt with tg & (gt,t). Due to this reason, the subject of impulsive quantum difference equations
on dense domains could not be studied. In [15], the authors modified the classical quantum calculus
for obtaining the first and second order impulsive quantum difference equations on a dense domain
[0,7] C R through the introduction of a new ¢-shifting operator defined by ,®,(m) = gm+(1—q)a,
m,a € R. For details, see [15].
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Let I C R be an interval non-degenerate in the point, tg € R and

I, = I\ {to}.
Consider the linear system of generalized ordinary differential equations
de = dA(t) -x + df(t) for te Iy, (1)

where A = (aik)}' 3=y € BVioc(lte, R™"), f = (fr)i=1 € BVioc(lty, R").
Let H = diag(hi,...,hy) : I, — R™*™ be a diagonal matrix-function with continuous diagonal
elements hy, : Iy, —10,+oo] (k=1,...,n).
We consider the problem of finding a solution z € BV,.(I,, R") of the system (1), satisfying
the condition
lim (H '(t)z(t)) =0 and lim (H'(¢)z(t)) = 0. (2)

t—=to— t—to+

The analogous problem for systems of ordinary differential equations with singularities

‘% — P(t)z+q(t) for tel, (3)
where P € Lioe(Ity, R"*™), q € Lipe(Iy,, R™), are investigated in [5-7].

The singularity of system (3) is considered in the sense that the matrix P and vector g functions,
in general, are not integrable at the point #y. In general, the solution of the problem (3),(2) is
not continuous at the point tg and, therefore, it is not a solution in the classical sense. But its
restriction to every interval from Iy, is a solution of the system (3). In connection with this we give
the example from [7].

Let o > 0 and € €]0, a[. Then the problem

‘C% = AT e T o) = 0
has the unique solution z(¢) = [¢t|°~® sgnt¢. This function is not a solution of the equation on the
set I =R, but its restrictions to | — 0o, 0[ and |0, +o00[ are solutions of that one.

To a considerable extent, the interest to the theory of generalized ordinary differential equations
has also been stimulated by the fact that this theory enables one to investigate ordinary differential,
impulsive and difference equations from a unified point of view (see, [1-4,8,9].

We give sufficient conditions for the unique solvability of the problem (1), (2). The analogous
results for the Cauchy problem for systems of ordinary differential equations with singularities
belong to I. Kiguradze ([6,7]).

In the paper, the use will be made of the following notation and definitions.
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R =] — o0, +o0[, Ry = [0,400[, [a,b] and ]a,b] (a,b € R) are, respectively, closed and open
intervals.

R™™ is the space of all real nx m matrices X = (x;;); 1~ =1 with the norm || X[| = jmax E |z
ERRRE) 1=1
Onxm (or O) is the zero n X m matrix.
1
IfX (ng) 1€Rn><m then ’X’ ’%‘ 1] 1 [X] :E(‘X|:FX)
n,m

Rixm:{($1])z] 1 ZO(Z_]' <5 T j_l )}

R™ = R™*! is the space of all real column n-vectors & = ()7 ;.

If X € R™" then X!, det X and r(X) are, respectively, the matrix inverse to X, the deter-
minant of X and the spectral radius of X; I, is the identity n x n-matrix.

The inequalities between the matrices are understood componentwise.

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its com-

ponent is such.
b

If X : R — R™™ is a matrix-function, then \/(X) is the sum of total variations on [a, b]
a

of its components z;; (i = 1,...,n; j = 1,...,m); V(X)(t) = (v(zi;)(t)):2", for t € I, where

7,7=1
v(zij)(a) = 0, v(zi;)(t) = \/(zij), and a € R is some fixed point; [X ()4 = L(V(X)(t) + X (1)),

a

[(X(8)]” = 2(V(X)(t) — X(t)); X(t—) and X (t+) are, respectively, the left and the right limits of

the matrix-function X : [a,b] — R™ ™ at the point ¢ (X (a—) = X(a), X (b+) = X (D)).
BV([a, b],R™*™) is the set of all bounded variation matrix-functions X : [a,b] — R™™ (i.e.,
b
such that \/(X) < c0).

BVioe(J; D), where J C R is an interval and D C R™ ™ is the set of all X : J — D for which
the restriction to [a, b] belong to BV([a, b]; D) for every closed interval [a, b] from J;
BVioe(Ity; D) is the set of all X : I — D for which the restriction to [a, b] belong to BV([a, b]; D)

for every closed interval [a, b] from I;
s1, s2 and s. : BV, (J;R) — BVj,.(J; R) are the operators defined by

81( )(a) = sa(x)(a) =0, so(x) = w(a)'
s1(z)(t) = Z dyz(1), so(x)(t) = sa(x Z dox(T
s<T<t s<t<t
2
so(z)(t) = so(z)(s) + z(t) — z( Z (sj(x)(t) — s;(z)(s)) for s <t,
7j=1

where a € J is an arbitrarily fixed point.
If g : [a,b] — R is a nondecreasing function, z : [a,b] — R and a < s <t < b, then

[a@dsr) = [ srydsalo))+ 3 alrarglr) + 3 alr)dag(r),

1.t s<t<t s<t<t
b

where [ x(7)dso(g)(7) is the Lebesgue-Stieltjes integral over the open interval |s, ¢[ with respect
Jsit]

¢
to the measure o(so(g)). So [ z(7) dg(r) is the Kurzweil integral [8,9]; We put

t

/x(T) dg(r) = liI(I)l x(7)dg(T).
T

6—0+
SFO
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If X € BV (J; R™™), det([n—i-(—l)jde(t)) #0fortel(j=1,2),andY € BV, (J;R™™),
then

AX,Y)(a) = Onxm,

A(X,Y)(t) — AX,Y)(s) = + ) X (1) (In— X (7)) diY(7)
s<t<t
— Y X (1) (In + d2 X (1)) oY (7) for s <t.

A vector-function x : I;; — R is said to be a solution of the system (1) if x € BV([a, b],R")
for every closed interval [a, b] from I, and

/dA + f(t)— f(s) for a <s<t<b.

We assume that ‘
det(l, + (—1)/d;jA(t)) #0 for te I, (j =1,2).

The above inequalities guarantee the unique solvability of the Cauchy problem for the corresponding
nonsingular systems, i.e. for the case when A € BV,.(I,R"*") and f € BV,.(I,R").

Let Ay € BVioe(1t,, R"*™). Then a matrix-function Cy : I, x I;, — R™*" is said to be the
Cauchy matrix of the generalized differential system

dx = dAo(t) - z, (4)

if, for every interval and J C I and 7 € J, the restriction of the matrix-function Co(-,7) : Iy, —
R™™ to J is the fundamental matrix of the system (4), satisfying the condition Cy(7,7) = I,.
Therefore, Cj is the Cauchy matrix of (4) if and only if the restriction of Cy to the every interval
J x J is the Cauchy matrix of the system in the sense of definition given in [9].

We assume I;; =] — oo, to[NI, I}; =]to, +oo[NI and I (0) = [to — &, to[ NIy, I (8) =]to, to +
8] N Iyy, Ity (6) = Iy (8) U I (0) for every 6 > 0.
Theorem 1. Let there exist a matriz-function Ay € BViee(lty, R™*™) and constant matrices
By, B € RY*™ such that

det (I, + (—1)d;jAo(t)) #0 for t € I, (j=1,2),
r(B) <1, (5)

and the estimates

|Co(t,7)| < H(t) By H (1) for t € Ii)(8), (t—to)(T —to) >0, |7 —to| <|t—tol;

¢
’ / |Co(t, 7)| dV (A(Ao, A — Ag) (7)) - H(7)| < H(t)B fort € I, (8) and t € I, (5), respectively,

toF

hold for some § > 0, where Cy is the Cauchy matriz of the system (4). Let, moreover, respectively,

lim
t—=toF

/H ) Colt, 7) dA(Ao, F)()| = 0.

toF

Then the problem (1), (2) has a unique solution.
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Theorem 2. Let there exist a matriz B = (bi)jy—; € RI™™ such that the condition (5) and
[(—1)Ydjau(t)] _ <1 for (1) (t—to) >0 (j=1,2i=1,...,n),

hold, and the estimates

< b (t)hi(t)

Jor t € I, () and t € I,"(5), respectively (i =1,...,n);

' [ it m () v (Ao ) ()] < b0

toF

Jort € I_(8) and t € I,"(0), respectively (i # k; i,k =1,...,n)

hold for some by > 0 and § > 0. Let, moreover, respectively,

t

~ ci(t,7) VY — 0 (f—
tlg(r)ljF / ) dV (A(agi, fi))(1) =0 (i=1,...,n),

toF

where ap;(t) = —[ai;(t) sgn(t — to)]V sgn(t —to) (i =1,...,n), and ¢; is the Cauchy function of the
equation dr = x dag;(t) fori € {1,...,n}. Then the problem (1), (2) has a unique solution.

Remark. The Cauchy functions ¢;(¢,7) (i = 1,...,n), mentioned in the theorem, for ¢, 7 € I, and
t, T € Itt, have the form

exp (So(a()ii>(t) — S()(a()ii)(T)) H (1 — dlaoﬁ(s))_l H (1 + dga()ii(s)) fOI" t> T,

C'(t 7_) B T<s<t T<s<t
’ exp (80(@0@‘)(15) — S()(CLOZ'Z')(T)) H (1 — dlaOii(s)) H (1 + dgaoz‘i(s))_l for t < 7.
t<s<t t<s<tT
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Let I C R be an interval non-degenerate in the point, tg € R and

Ii, =1\ {to}.
Consider the linear system of impulsive equations with fixed and finite points of impulses actions

d
dit” = P(t)z +q(t) for aa. t € Iy \ {n}2,, (1)

a:(Tl—i—)—a;(Tl—):Glx(n)—i—gl (l:1,2,...), (2)

where P € Lipe(Liy, R™™), q € Lie(Ly,R"), Gy € R (1 =1,2,...), g € R* (I = 1,2,...),
nel, (1=1,2,...), 7 #Tj ifi;aéjandllim 71 = tp.
—00

Let H = diag(hi,...,hy) : Iy, — R™™ be a diagonal matrix-functions with continuous diagonal
elements hy, : I;, —10,+oo[ (k=1,...,n).

We consider the problem of finding a solution z : Iy, — R™ of the system (1), (2), satisfying the
condition

. -1
tlgg) (H™ ' (t)z(t)) = 0. (3)

The analogous problem for the systems (1) of ordinary differential equations with singularities
are investigated in [2—4].

The singularity of the system (1) is considered in the sense that the matrix P and vector ¢
functions, in general, are not integrable at the point ¢g. In general, the solution of the problem
(1), (3) is not continuous at the point to and, therefore, it is not a solution in the classical sense.
But its restriction to every interval from Iy, is a solution of the system (1). In connection with this
we give the example from [4].

Let « > 0 and € €]0, . Then the problem

dz azT
- c t 6*1047
dt t +elt
lim(t“z(t)) =0
t—0
has the unique solution z(t) = [t|*"*sgnt. This function is not a solution of the equation on the

set I = R, but its restrictions to | — 0o, 0] and ]0, 00| are solutions of that equation.
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We give sufficient conditions for the unique solvability of the problem (1), (2); (3). The analogous
results belong to I. Kiguradze [3,4] for the Cauchy problem for systems of ordinary differential
equations with singularities.

Some boundary value problems for linear impulsive systems with singularities are investigated
in [1] (see, also the references herein).

In the paper, the use will be made of the following notation and definitions.

N is the set of all natural numbers.

R =] — o0, 400[, Ry = [0, +00[, [a,b] and ]a,b] (a,b € R) are, respectively, closed and open
intervals.
R™ ™ is the space of all real n x m matrices X = (:EZ]):L321 with the norm

n
IX]| = max > |ayl.
Jj=1,....m =1

Opnxm (or O) is the zero n x m matrix.

If X = (wij); ;2 € R™™, then | X| = (|ai;]); ;2

RY™ = {(2ij)i ity + 2 20 (i=1,...,n; j=1,...,m)}.

R™ = R"*! is the space of all real column n-vectors z = (z;)"_;.

If X € R™", then X! det X and r(X) are, respectively, the matrix inverse to X, the deter-
minant of X and the spectral radius of X; I, is the identity n x n-matrix.

The inequalities between the matrices are understood componentwise.

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its com-
ponent is such.

If X : [a,b] — R™™ is a matrix-function, then X (¢t—) and X (t+) are, respectively, the left
and the right limits of the matrix-function X : [a,b] — R™ ™ at the point ¢t (X(a—) = X(a),
X(b+) = X(b)).

6([@,()],D), where D C R™ ™ is the set of all absolutely continuous matrix-functions X :
[a,b] — D.

5106(1150 \ {71};24, D) is the set of all matrix-functions X : I;; — D whose restrictions to an
arbitrary closed interval [a,b] from I}, \ {7}7°, belong to C(la,b], D).

L([a,bl; D) is the set of all integrable matrix-functions X : [a,b] — D.

Lioe(Ity; D) is the set of all matrix-functions X : Iy, — D whose restrictions to an arbitrary
closed interval [a, b] from I;, belong to L([a,b], D).

A vector-function x € @OC(ItO \ {m}72,,R") is said to be a solution of the system (1), (2) if

2'(t) = P(t)z(t) + q(t) for a.a. t € Iy, \ {1},

and there exist one-sided limits z(7;—) and z(7;+) (I = 1,2,...) such that the equalities (2) hold.
We assume that
det(l, + G;) #0 (I1=1,2,...).

The above inequalities guarantee the unique solvability of the Cauchy problem for the corresponding
nonsingular systems, i.e. for the case when P € Lj,.(I, R"*") and q € Ljo.(I,R").

Let Py € Lipe(It,, R"*™) and G, € R™*™ (I =1,2,...). Then a matrix-function Cy : Iy, X Iy, —
R™™ i said to be the Cauchy matrix of the homogeneous impulsive system

&~ R, (4)

SU(TH—) - SU(Tl_) = GOlaj(Tl) (l =12,... )’ (5)



International Workshop QUALITDE — 2016, December 24 — 26, 2016, Tbilisi, Georgia 21

if for every interval J C I, and 7 € J the restriction of the matrix-function Co( -, 7) : Ir, = R™*"™ to
J is the fundamental matrix of the system (4), (5) satisfying the condition Cy(7,7) = I,,. Therefore,
Cy is the Cauchy matrix of (4), (5) if and only if the restriction of Cy on J x J, for every interval
J C I, is the Cauchy matrix of the system in the sense of definition given in [5].

We assume [, (0) = [to — d,to + 6] N Iy, for every § > 0.

Theorem. Let there exist a matriz-function Py € Lioe(Iy,, R™™™) and constant matrices Gy € R™"*"
(1=1,2,...) and By, B € R*" such that

det(I +Go) 0 (1=1,2,...), r(B)<1,
and the estimates
|Co(t,T)] < H(t)BoH_l(T) for t € I)(0), (t—to)(T —to) >0, |T—to] <|t— 1ol

and

‘/\co £ 1) (P(r) = Po(r)H(r)| dr

+‘ Z ‘C() (t,7)Gor(In, + Gor)~ (Gl _GOl)“ < H(t)B for te It0(5)
ZEMOt

hold for some § > 0, where Cy is the Cauchy matriz of the system (4),(5). Let, moreover,

lim =0.

t—to

/H T)Co(t, T)q(T) dT + Z H™ 7'[ )Co(t, 7)Goi(In, —l—GOZ)
lE/\ft t

Then the problem (1), (2);(3) has the unique solution.
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We consider the following system of differential equations with impulsive perturbations [7,9]

% :a(t790)’ % :P(t790)x+f(tv(ﬁ)7 t#TiaA‘fB‘t:n :BZ((P)x+Il<90)7 (1)
wheret € R, x € R", ¢ € Y™, 3" is an m-dimensional torus; a(t, ¢), f(t,¢), P(t,¢) are continuous
(piecewise continuous with first-kind discontinuities at ¢ = 7;) with respect to ¢, continuous and 27-
periodic with respect to ¢,, v = 1, m, bounded for all t € R, ¢ € S™ vector and matrix functions,
respectively. Functions B;(p) and I;(p) are uniformly bounded with respect to i € Z matrices
and vectors, det(E + B;(p)) # 0 for any ¢ € 3. The sequence of the moments of impulsive
perturbations {7;} is such that 7; = —oo for i = —oo0 and 7; — +oo for 7, — +o0o. We assume
that there exists § > 0 such that for any ¢ € Z,

Tie1 — T > 0 > 0. (2)
Function a(t, ¢) satisfies the Lipschitz condition with respect to ¢ and

sup la(t, 1) — a(t, @2)]| < Ur — 2] )

holds uniformly with respect to t € R. Additionally assume that functions f(t,¢) and I;(¢) satisfy
the following condition
sup masx || £(t, 9)]| + sup max |[I:()| = M < oo.
tER PESmM i€Z PESm
The problems of the existence of bounded solutions and integral sets for the system of the type
(1) were considered in [1,2]. The problems of the persistence of integral sets under the perturbations
of the right-hand side were considered in [3,6]. In this paper, analogously to [4,5, 8], we introduce
the notion of Green—Samoilenko function of the problem on integral sets of differential equations
with impulses and provide sufficient conditions for the existence of integral sets.
Consider the non-autonomous system of differential equations defined on the surface of the

torus &
de

T —alt,) @)

and denote by (T, ¢) a solution of this system satisfying the initial condition ¢, (7, ¢) = ¢. From
the compactness of the phase space of system (4) and the assumptions regarding function a(t, ¢),
for any initial condition ¢, (7,¢) = ¢, T € R, ¢ € I the corresponding solution ¢ (7, ) exists
and can be prolonged to the entire real axis R.

Consider the following non-homogenous system of differential equations with impulsive pertur-

bations d
dit“’ = P(t, (1, 0))z + f(t, 01T, 0)), t# i, (5)

Am‘t:—rz- = Bi(gpﬁ'(ﬂ 90))‘%' + [z’(()@n (Ta 90))
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and the corresponding homogeneous system

dx

E = P(t,gOt(T, QD))I‘, t 7é Tis

AJ;’t:n = Bi(@ﬂ‘ (1, 0))z,

(6)

and denote by Q%(7,¢) the fundamental matrix of (6). Due to continuous dependance of (7, )
on parameters 7 € R and ¢ € "™, the fundamental matrix Q%(7, ¢) depends on these parameters
also continuously.

Lemma. For anyt,s, 7,0 € R and ¢ € I the following relation holds

QLT r(0,9)) = Q(0, ©).

Let C(t,) be continuous 2m-periodic with respect to each of the component ¢,, v = 1,m,
piecewise continuous with respect to t € R, with first-kind discontinuities at the points {7;} matrix
function. Denote

QL(t, p)C s(t <t
G(t,s,9) = S(t””) (s, 25(t: ), o=t (7)
—Q(t, ) [E— Cls,0s5(t,0))], s>t
and call G(t, s, ¢) Green—Samoilenko function of the system
dp dx
i a(t, @), e P(t,p)x, t+#m,

Aa:}t:n = Bi(¢)z,

if there exists K > 0 such that for all t,s € R, p € ™

oo too
[lctslds+ Y 16t +0.0)] < K. ®)

Next, we recall the basic properties of Green—Samoilenko function G(t, s, ). From its definition
it follows that Green—Samoilenko function is continuous for all t, s € R, t # s, ¢ € I, 2w-periodic
with respect to ¢,, v = 1, m, and

G(s+0,s,¢) —G(s—0,s,p) = E.

Taking the above lemma into account, we get

QL(t, 0)C (s, 0s(T,¢)), s<t,

Gt el = {—Qé(t, D) E=Cls,05(r0))], s>t

For s = 7, we obtain

QL(t, 0)C(1, ), T <t,

Gl = {—Q';(t, QE-Clre), 7>t

Matrix G(t, 7, (7, )) consists from solutions to the homogeneous system (6) for ¢ > 7 and
t < T, respectively.
Consider the relation

+oo
[ Gls ot ptolds+ Y Gt +0.0)en (b 0))
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From (2) and (8) we get

1=—00

H 7G<t,s,s@>f<s,sos<t, s+ S Gltr 40 (et 0)|

2K 2K
< ——sup max [|f(t, )|| + —— sup max [[Li(¢)].
Y teR PESm —e icZ P€ESm

Finally denote

+00 +o0
ut) = [ Gltso)fpnto)ds+ Y Gln+0.9)Lenlto).  (10)

Theorem 1. Let functions a(t, ), f(t,¢), P(t, ) from system (1) be continuous with respect to
t, continuous and 2mw-periodic with respect to v,, v = 1, m, bounded for allt € R, v € I vector
and matrix functions, respectively. Let function a(t, ) satisfy condition (3), functions B;(p) and
Ii(p) be uniformly bounded with respect to i matrices and vectors, det(E + B;(y)) # 0 for any
© € Q™. Let for the sequence of impulsive perturbations {7;} estimate (2) hold. Let also there exist
Green—Samoilenko function G(t,s, ). Then formula (10) defines an integral set of system (1) and

sup max || I;(¢)]|- (11)

2K 2K
sup max [lu(t, ¢)|| < — sup max [|[f(t,9)|| + ——— &
Y teR 9E€Sm 1—e i€Z PESm

teR $ESm 76
Now assume that the fundamental matrix Q%(7, ) of system (6) satisfies the estimate
124 (r @) < Ke1¢) (12)

foranyt > s € R, 7 € R, p € Y and some K > 1, v > 0. In this case there exists Green—
Samoilenko function of the following form

OL(t,p), s<t,

13
0, s >t. (13)

G(t,s,p) = {

The corresponding integral set of system (1) gets the representation

= ult,p) = / Gt 5,0) F(5,05(t,9) ds + 3 Gt 7+ 0,0) i pm(t, ), tER, o €S (14)

Ti<t

Theorem 2. Let system (1) satisfy the condition of Theorem 1. Let also the fundamental matriz
OL(7, ) of system (6) satisfy inequality (12). Then system (1) has an asymptotically stable integral
set (14) and this set satisfies the following estimate

sup max [[u(t. )| < Ko | sup max || /(t,¢)| +sup max L)),
teR PESm teR PESm i€Z PESm

where

K
Ko=—+ Ksup Z e~ Vt=m),
v teR 2
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On Power-Law Asymptotic Behavior of Solutions to Weakly
Superlinear Emden—Fowler Type Equations
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1 Introduction

Consider the equation
y™ = |y|*sgny (1.1)

with k > 1. Hereafter, we put ~v = % and m=n — 1.

Definition 1.1. A solution y(z) of equation (1.1) will be said to be n-positive if it is maximally
extended in both directions and eventually satisfies the inequalities

y(z) >0, y'(z)>0,...,y"(z) >0.

Note that if the above inequalities are satisfied by a solution of (1.1) at some point g, then
they are also satisfied at any point > x( in the domain of the solution. Moreover, such a solution,
if maximally extended, must be a so-called blow-up solution (having a vertical asymptote at the
right endpoint of its domain).

Immediate calculations show that equation (1.1) has n-positive solutions with exact power-law
behavior, namely,

m
y(z) = C(z* — )", where CF ! = H (j + l), (1.2)
=0 7
defined on (—oo, z*) with arbitrary z* € R. For n = 1 all n-positive solutions of (1.1) are defined
by (1.2). For n € {2,3,4} it is known that any n-positive solution of (1.1) and even of more general
equations is asymptotically equivalent, near the right endpoint of its domain, to the solution defined
by (1.2) with appropriate z* (see [5] for n = 2, and [1-3] for n € {3,4}).

The natural hypothesis generalizing this statement for all n > 4 appears to be wrong (see [6]
for sufficiently large n and [4] for n € {12,13,14}).

However, a weaker version of this statement for higher-order equations can be proved.

2 Main result

Theorem 2.1. For any integer n > 4 there exists K > 1 such that for any real k € (1, K),
any n-positive solution of equation (1.1) is asymptotically equivalent, near the right endpoint of its
domain, to a solution with exact power-law behavior.

To prove this result, an auxiliary dynamical system is investigated on the m-dimensional sphere.
To define it note that if a function y(x) is a solution of equation (1.1), the same is true for the
function

2(x) = Ay(A"z + B) (2.1)
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with any constants A > 0 and B. Any non-trivial solution y(x) of equation (1.1) generates in
R™\ {0} the curve given parametrically by

(y(2),y/ (2), " (), ...y "™ ().

We can define an equivalence relation on R™ \ {0} such that all solutions obtained from y(z) by
(2.1) with A > 0 generate equivalent curves, i.e. curves passing through equivalent points (maybe
for different ). We assume the points (yo,y1, %2, .-, Ym) and (2o, 21, 22, .., zm) in R™\ {0} to be
equivalent if and only if there exists a constant A > 0 such that

zj = )\”+j(k_1)yj, j€{0,1,...,m}.
The quotient space obtained is homeomorphic to the m-dimensional sphere
S™ = {yER”: yg—ky%—ky%—i-"-%—y;:l}
having exactly one representative of each equivalence class since the equation

22 | \2(nb2(k1) 2 Ly 2(nmk1) 2 g

has exactly one positive root A for any (yo,y1,%2,--.,ym) € R™\ {0}. Equivalent curves in R\ {0}
generate the same curves in the quotient space. The last ones are trajectories of an appropriate
dynamical system, which can be described, in different charts covering the quotient space, by
different formulae using different independent variables. A unique common independent variable
can be obtained from those ones by using a partition of unity.
Within the chart that covers the points corresponding to positive values of solutions and has
the coordinate functions
uj =yWy™ 179 je{1,...,m}, (2.2)

the dynamical system can be written as

du1

a =up — (1 +7)u%a

du,; ) .

ditjzujgrl—(l{-'y])uluj, ] E{Q,...,m—l}, (2'3)
dum,

% =1—(1+~ym)ujupn

with the independent variable
X

t= [ ey e

The dynamical system described has some equilibrium points corresponding to the solutions of
equation (1.1) with exact power-law behavior. One of them, which corresponds to the n-positive
solutions with exact power-law behavior, can be found in terms of its u; coordinates denoted by
(al, ce ,am):

J
a1 = (1L+yj)aa; =o' [[A+9D), je{l,....m—1},
=1

o=

A (2.4)
(1+ ’yl)) )

3

=1
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Instead of system (2.3) it is more convenient for our current purposes to use another one obtained
by the substitution 7 = a1t, u; = a;v;, j € {1,...,m}:

dv
== (L +)(v2 — 0],
c?lvj
?

— = (1+7j)(vjyq1 —v1vy), je{2,...,m—1}, (2.5)

4,

S = (1 ym)(1 = vy,

The above equilibrium point has in the new chart all coordinates equal to 1.

Lemma 2.1. There exist y1 > 0 and r > 0 such that for any real v € [0,71], the Jacobian matriz
of system (2.5) at the point (1,...,1) has m different eigenvalues with real parts less than —r.

Proof. First, consider the mentioned Jacobian m x m matrix for v = 0:

-2 1 0 0 0
-1 -1 1 0 0
-1 0 -1 0 0
-1 0 O -1 1
-1 0 O 0 -1

We prove by mathematical induction that its characteristic polynomial is equal to

(L4 X)mH —1

P ="y

For m =1 this is proved immediately:

B (NP1 1+ -
Pi(\)=-2-\=— 3 = =

If (2.6) is proved for some m, then P,,+1(\) can be calculated by expanding along the last row
as follows:

Prp1(A) = (=1) - (=1)" + (=1 = A) Pr(})

. 1+)\m+1_1 1+)\m+2_1
(1 - (14 (—)1)m>\ = (—1))m+m

Now (2.6) is proved for m + 1, too.
The roots of the polynomial P, ()\) are equal to

21y 271y
)\j:—l—i—cosﬂ—i—isinﬂ, je{l,...,m},
n n

with j = 0 excluded because of the denominator in (2.6). The real parts of the roots are less then
or equal to —2sin? = . Since all roots of the polynomial are different and therefore simple, they
depend continuously on the coefficients of the polynomial. Hence for sufficiently small v > 0 the
Jacobian matrix of system (2.5) at the point (1,...,1) has all eigenvalues with real part less than

—SiHQ%. O

Lemma 2.2. Ify =0, then any trajectory of system (2.5) passing through a point with positive v;
coordinates tends to the equilibrium point (1,...,1).
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Proof. Trajectories of (2.5) passing through a point with positive v; coordinates correspond to
n-positive solutions of equation (1.1). Trajectories of (2.5) with v = 0 correspond to solutions of
the linear equation y(™ =y, which are all known exactly. They are

lm/2]
y(x) = Coe” + Z Cje"7" sin(w;x + ¢;) + Ce™®

j=1
with r; = cos 2% <1, wj = sin ?, and arbitrary constants Cj, ¢j, 6’, though the last one must
equal 0 whenever n is odd. Such a solution is n-positive if and only if the constant Cj is greater
than 0. But in this case, all v; coordinates of the related trajectory, which are equal to y) /Y
whenever v = 0, tend to 1. O

Up to the moment, we actually considered, for each v > 0, its own dynamical system defined on
its own quotient space homeomorphic to the m-dimensional sphere. In what follows, we need one
sphere with a ~-parameterized dynamical system having an equilibrium point common for all v in
consideration. Thus, the points (yo,y1,...,ym) € R\ {0} obtained while treating solutions of (1.1)
with different v will generate the same point on the sphere S™ if their corresponding coordinates
have the same sign and the tuples

1
THym ) :

Y
lyl : | =
ai

if considered as sets of projective coordinates, define the same point in the projective space RP™.
In particular, for points corresponding to n-positive solutions this means that they have the same
v; coordinates in the related charts. Hereafter, the domain consisting of all points with positive
v; coordinates is denoted by S'. The only equilibrium point in S, which has all v; coordinates
equal to 1, is denoted by v*.

YO | (m)

a;

1
= ‘

am

Lemma 2.3. There exist vo2 > 0 and an open neighborhood U of the point v* such that for any
positive v < a2, any trajectory of the global dynamical system passing through the closure U tends
to v*. If such a trajectory does not coincide with v*, then it passes transversally, at some time,
through the boundary OU.

Proof. Now, once more, we choose other local coordinates to describe the dynamical system on
S™'. First, we use a translation continuous in 7y to put the equilibrium point to 0. Then a linear
complex transformation also continuous in - is used to make the linear part of the right-hand side
to be a diagonal matrix. If the new complex coordinates are w;, then our dynamical system can
be written as

dw]'

dr
with some functions ¢;(w,y) quadratic in w and continuous in 7. There exists a constant Q) > 0
such that |gj(w,v)[* < Q|w|? for all j € {1,...,m}, all w € C™, and all positive v < 1, where

m
|w|? = 3" |w;j|* and the constant 7; is taken from Lemma 2.1.

j=1
Now consider the quadratic function \w]2 and note that

= )‘j(w)wj + QJ(an)a JE {17 s >m}> (2'7)

d|wl|? -
|dT' =23 Re (A (0)|wy[* + g5 (w,7)@;) < 2[w]*( =7+ Qlwl)
j=1

with the constant r» > 0 from Lemma 2.1.
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dlog |w|?
Hence ——-

< —rif lw| < —%. Now, the equilibrium point v* has the neighborhood U
defined by the last inequality. For any trajectory passing through U we have log |w|?> — —oc as
t — oo, which means that all such trajectories tend to v*. Since the function log |w|? is defined

—_ 2
for all points of U \ {v*}, the above estimate of % proves the last statement of the current
lemma. O

To complete the proof of the Theorem 2.1, consider the set difference of the closure @ and
the neighborhood U from Lemma 2.3. This compact set will be denoted by B. Further, consider
the function f defined on B and equal, for each point b € B, to the time needed for the trajectory
of the dynamical system with v = 0 to reach QU starting from b. This time is well-defined due to
Lemma 2.2.

By the implicit function theorem, f is a C' function. Its derivative along the trajectories with
v = 0 is equal to —1. Since the dynamical system depends continuously on «, and B is compact,
there exists 3 > 0 such that for all v € [0, ~3), the derivative of f along all trajectories with such
is less than to —%. This means that any trajectory with such v passing through B must reach oU.
Hence, due to Lemma 2.3, any trajectory with v € [0, min{y,v3}) starting from any point b € S%
must tend to the equilibrium point v*, which corresponds to the n-positive solutions of equation
(1.1) with exact power-law behavior (1.2). Putting K = 1 4+ nmin{~2,73} we complete the proof
of Theorem 2.1. ]
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Consider the linear differential system
t=A(t)x, x€R", t>0, (1)

of dimension n > 2 with uniformly bounded (sup{||A(¢)|| : ¢t > 0} < 4+00) and piecewise continuous
on the semi axle ¢t > 0 coefficient matrix. We denote by X'(A) the set of all nonzero solutions to
the system (1), and by X (-, -) — its Cauchy matrix. Let M,, be the metric space of the systems
(1) with the metric of uniform convergence of their coefficients on the semi axle. The lower S[z]
and the upper 3[x] Bohl exponents of a solution x(-) € X(A) are defined, respectively, by the
formulas [3, pp. 171, 172}, [5]

1 t — — 1 t
R MO RN NECTY
= ot t =T [Jz(7)]| t=r=+oot —7  lz(7)]|
and the quantities
o -1 -1 0 _ T
WO(A)_t—rth}s—oot—Tln”XA (t,7)]|” and Q°(A) _t—}gr—ll-oot—TlnHXA(t’T)H (2)

are called, respectively, the lower and the upper general exponents (they are also known as singular
exponents) of the system (1) [3, p. 172].
The following obvious inequalities can’t be in general case replaced by equalities [1]:

wo(A) < inf Blz] and sup Blz] < Q°(A);
zeX (A) — zeX(A)

in particular, it is possible, that the exponents wy(A) and Q2°(A) can not be implemented on any
solution of the system (1).
R. E. Vinograd proved [5] the following equalities

wo(A) = lim inf inf z] and Q°A) = lim su su Blz], 3
ol4) H+0H62||<e:r:e?f(A+Q)ﬁ[] ) H+0\|Q||zsme;c(Ap+Q) 2 )

i.e., in other words, the lower (the upper) general exponent of the system (1) is the exact lower
(upper) bound of the lower (the upper) Bohl exponents of the solutions z( - ) € X'(A) under arbitrary
small perturbations of coefficient matrix of the system (1).
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From the geometric point of view the lower wy(A) and the upper Q(A) general exponents
of the system (1) are asymptotically accurate when t — 7 — +o00, respectively, lower bound of

the minor semi axis and upper bound of the major semi axis on a logarithmic scale of family of

ellipsoids E} , e {€¢ e R": || X (t,7)€|| = 1} (spectral matrix norm), which are generated by

linear mappings X4(¢,7), t > 7 > 0. From this point of view it seems natural to consider along
with the quantities (2) the quantities

Wo(A) = Tim In || X't 7)7" and Qo(A) = lim

t—T—=4ool — T t—r—qoo b — T

|| Xa(t, DI, (4)

which give asymptotically accurate when ¢t — 7 — 400, respectively, upper bound of the minor semi
axis and lower bound of the major semi axis on a logarithmic scale of family of ellipsoids F; -, and
find out whether the values (4) are connected by equalities similar to (3) with the Bohl exponents
of solutions to the pertubed systems.

The introduced exponents w’(A) and y(A) are called, respectively, the junior upper and the
senior lower Bohl exponents of the system (1) (according to this terminology the exponents wg(A)
and Q°(A) are called the junior lower and the senior upper Bohl exponents of the system (1)).
The quantities (2) and (4) complement each other and give an asymptotically accurate two-sided
estimates of variation of the norms || X (¢, 7)|| and || X;*(¢,7)|| when ¢ — 7 — +o0. The exponents
(4) were introduced in the review article by the authors [2], the motivation of their consideration
was described above. In the paper [2] the authors, being based only on the formulas (3) and the
mentioned above analogy of the quantities (2) and (4), gave without proof, due to the style of the
mentioned paper, the following, similar to (3), formulas, which connect the exponents (4) of the
system (1) and the Bohl exponents of perturbed systems

0 . . . - .

S = I B seltl g ) ot Wl = Loy e R 2 )
considering that the proof of these equalities is completely analogous to the proof of the equalities
(3) from paper [5], and even attributing it to the paper [5]. It appears that in general case the
equalities (5) don’t take place, as the following theorem shows.

Theorem 1. The inequalities

0 . . . - .
w’(A) > lim inf inf  Blz] and Q(A) < lim sup  sup  [lz] (6)
=10 ||QlI<e z€X (A+Q) e=101Ql<e zeX (A+Q)
are valid, and for every naturaln > 2 there exist such systems (1) for which each of these inequalities
18 strict.

Let us denote by w?(A) and Qf(A) the right sides of the inequalities (6) respectively, in other
words the exponent w?(A) is the exact lower bound of the upper Bohl exponents, and the exponent
Q5(A) is the exact upper bound of the lower Bohl exponents of the solutions z(-) € X' (A) under
arbitrary small perturbations of coefficient matrix of the system (1). The exact expressions for the
quantities w{(A) and (A) using the Cauchy matrix of the system (1) are given in the following
theorem.

Theorem 2. The equalities

k
— 1
0 _ : . —1/- - -1
RCERN o= SR LR AT

k
« . : 1 s
Qp(A) = pHm k_ngl+m Gi—m)T i_§m+1 In | XA (T, (2 — )T,

where k,m € N, are valid.
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The fact that the right sides of these equalities are correctly defined (i.e. that the outer limits
in the right sides of these equalities exist), is established in the proof of Theorem 2.

The mentioned above theorem by R. E. Vinograd [5] (see the relations (2) and (3)) and The-
orem 2 give the formulas for calculating, using the Cauchy matrix of the system (1), of the exact
extreme bounds of variation (mobility) of the upper and the lower Bohl exponents of the solu-
tions under small perturbations of its coefficient matrix. Consider how these exact bounds 2°(A),
w{(A) and Q4(A), wo(A), as well as the quantities Qo(A) and w’(A), can vary themselves under
small perturbations of the coefficient matrix of the system (1). Let us recall that a real-valued
function, defined on a metric space M,,, is called upwards stable (downwards stable), if it is upper
(respectively, lower) semicontinuous function on this space.

The exponent QY( ) is upwards stable, and the exponent wy( - ) is downwards stable [3, p. 180],
but they are both unstable in the opposite directions, if n > 2 [4]. The exponents Qf(A4) and w{(A)
possess the same properties, as the following theorems show, but neither Qy(A) nor w®(A) do.

Theorem 3. The exponent (- ) is upwards stable, and the exponent wl(-) is downwards stable.

Theorem 4. If n > 2, the exponent Qf(-) is downwards unstable, and the exponent wl(-) is
upwards unstable, i.e. for n > 2 there exist such systems A € M, for which the inequalities

lim inf QA+ Q)< Qi(A) and lim sup w2(A+ Q) > wl(A
40 |Qll<e ol Q) 0o(A) €_>+0||QHI<)5 ( Q) (A)

hold, respectively.

Theorem 5. Each of the exponents Qo(A) and w°(A) is neither upwards, nor downwards stable
under small perturbations of the coefficient matriz.
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For a given positive integer n, by E™ we denote the set of linear homogeneous nth-order differ-
ential equations

y(n) + al(t)y(nil) +-+ an—l(t)y + an(t)y = O? te R-‘r déf [07 +OO)7 (1)

with continuous coefficients a;(-): Ry — R, i = 1,n. We identify the equation (1) and the row
a=a(-)=(a1(),...,an(-)) of its coefficients and hence denote the equation (1) by a as well. By
S(a) we denote the solution set of the equation a, and by S,(a) we denote the set of its nonzero
solutions, i.e. Si(a) = S(a)\ {0}.

Let y(-) be a real-valued function defined on some set D C R. A point ¢ € D is called a
sign change point of a function y(-) if, in any neighborhood of that point, the function y( - ) takes
values of opposite signs. If y(-) is a continuous function, then a sign change point is its zero. If
the function y(-) is defined in some neighborhood of its zero ¢, then the zero ty is referred to as a
root of multiplicity k£ of the function y(-) if at the point ¢y its first £ — 1 derivatives are zero and
the kth derivative is nonzero.

Next, by » we denote a symbol that takes values in the set of three elements {0,—,+}. For
a function y(-): Ry — R and a number ¢t > 0, by v*(y(-);t) we denote the following quantities
for the function y(-) on the half-open interval [0,¢) depending on the value of s : the number of
zeros if s = 0, the number of sign changes if » = —, and the sum of root multiplicities if » = +.
If to = 0 is a zero of the function y(-), then, for the computation of its multiplicity, all desired
derivatives are considered to be right-sided. If the number of zeros or the number of sign changes or
roots of the function y(-) on the half-open interval [0,%) is infinite, then the corresponding values
are considered to be equal to +oo. It is easy to see that v*(y(-);t) is a finite integer number for
every symbol s € {0, —,+}, nonzero solution y(-) of the equation (1), and ¢ > 0. Sergeev [7]- [9]
introduced the following notion.

Definition. For any nonzero solution y(-) € Si(a) of the system a the quantities

def 77— T def . ™

= lim —v”*(y(-);t) and 0¥yl = lim —v*(y(-);t 2
1= tim = v (y(-)st) wl = Lm v (y(-)t) (2)
are called the upper and lower characteristic frequencies, respectively, of zeros if » = 0, signs if
» = —, and roots if » = +.

Generally, the value of the quantities 7 *[y] and /or 7 *[y] can be equal to +co. By R we denote
the extended numerical axis (R = R U {—o00, +00}) considered in the natural (ordinal) topology,
and by R, we denote its nonnegative semiaxis.

For any a € g”, the asymptotic characteristics (2) define the mappings

p7[-]: Si(a) = Ry and v”[-]: Si(a) = Ry, »> € {0,—,+}, (3)
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acting by the rules y — 0*[y| and y —— ©*[y|, respectively. Instead of the mappings (3),
it is more convenient to consider the functions ©*(-) and v*(-), » € {0,—,+}, respectively,
which are defined as follows. Since, between the vector space S(a) of solutions of an equation
a € & and the vector space R™, there is a natural isomorphism ¢ : S(a) — R™ acting by the rule
y(-) — (5(0),5(0),...,y"1(0))T, it follows that the mappings (3) define the functions

PN o o R 5 Ry and 07 () Yoo iR 5 Ry, xe{0,— 4}, (4)

where RY Lf g \ {0}. Conversely, since ¢ is a bijection, one can see that the functions (4) define
the mappings (3). The functions (4) have the following advantage in comparison with the mappings
(3): the domains of those functions coincide for all equations from the set en.

Since the functions (4) (and the mappings (3)) are constant on any one-dimensional linear
subspace with the excluded zero, it follows that, instead of the functions 0*(-) and v*(-), » €
{0,—,+}, one can consider their restrictions to the unit (n — 1)-dimensional sphere S"~! in R"
with center the origin. The function ©*(-) (respectively, the function 7 *(-)) with ¢ = 0, —, + is
referred [3], [4] to as the Sergeev upper (respectively, lower) frequency of zeros, signs, and roots
of the equation (1), respectively. The image ©*(Si(a)) (respectively, the image ©*(S(a))) of the
function *(-) (respectively, the function *(-)) is referred to as the upper (respectively, lower)
frequency spectra of zeros if 3 = 0, signs if > = —, and roots if » = +.

The descriptions of the Baire classes and the spectra of the Sergeev upper frequency of zeros,
signs, and roots of the equation (1) were provided in [2]. In this paper we present results on the
Baire classes and structure of the spectra of the Sergeev lower frequency of zeros, signs, and roots
of the equation (1).

To formulate our results let us briefly give some necessary notations and definitions. Let f(-)
be a real- or R-valued function defined on some set M. For each number r € R and for a function
f(+), the Lebesgue sets [f > r| and [f > r] are defined as the sets [f > r] = {t € M: f(t) > r}
and [f > r] = {t € M: f(t) > r}. The sets [f < r] and [f < r| have a similar meaning (the
complements of the corresponding Lebesgue sets in M), and [f = 7] is a level set of the function
f(+). As usual, here we assume that —oo < r < +oo for any r € R.

If M is a topological space, then its five first Borel classes of sets are known to be defined as
follows [5, p. 192], [1, p. 108]. The zero class consists of closed and open sets (their classes are
denoted by F and G, respectively). The first class consists of sets of the type G and the type F
(Gs-sets and Fy-sets) those are sets, which can be represented as countable intersections of open
sets and countable unions of closed sets, respectively. The second class consists of sets of the type
F,s and the type Gs, (Fys-sets and Gg,-sets) those are sets, which can be represented as countable
intersections of F,-sets and countable unions of Gg-sets, respectively. Analogically, one can define
sets of the type Gs,5 and the type F,s,, which form the third Borel class, and sets of the type
Fs555 and the type Gsqs, of the fourth Borel class.

Let M and N be some systems of subsets in M. We say [5, pp. 223, 224] that a function
f(-): M = Ror f(-): M — R belongs to the class (M, *), or f(-) is a function of the class
(M, *) if its Lebesgue set satisfies the condition [f > r| € M for any » € R. If [f > r] € N for any
r € R, then we say that the function f(-) belongs to the class (*, N), or f(-) is a function of the
class (*,N). If a function f(-) belongs to each of the classes (M, *) and (*, N), then we say that
it belongs to the class (M, N), or it is a function of the class (M, N). We say ( [5, pp. 248, 249];
for R-valued functions see [6, p. 383]) that the function f(-): M — Ror f(-): M — R belongs
to the first Baire class By if f(-) € (F,,Gs), to the second Baire class By if f(-) € (G54, Fs), and
to the third Baire class Bs if f(-) € (Fy50, Goos)-

A set A € R is called a Suslin set [5, p. 213], [6, p. 489] of the number line R if it is a continuous
image of irrational numbers [ with the subspace topology. The class of Suslin sets contains the
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class of Borel sets as a proper subclass, and at the same time it is a proper subclass of the class of
Lebesgue measurable sets. A set A € R is called a Suslin set of the extended real number line if it
can be represented as an union of a Suslin set of R and some subset (including the empty subset)
of two-element set {—o0, +00}.

Theorem. For any equation a € EM its lower Sergeev frequency of zeros and signs belong to the
class (Gso, * ), and the lower frequency of roots belongs to the class (Fy, *).

It is quite interesting to compare this statement with the descriptions of the Baire classes of
the Sergeev upper frequency of zeros, signs, and roots of the equation (1). Let us recall that for
any equation a € £ its upper Sergeev frequency of zeros and roots belong [3] to the class (*, Fyy),
and the lower frequency of signs belong to the class (*, Gs, ).

Since the image of any Baire function is [5, p. 255] a Suslin set, from the theorem it follows

Corollary. For any equation a € E" the lower frequency spectra 7°(S,(a)), 7~ (Si(a)), and
vt (S«(a)) of zeros, signs, and roots are Suslin sets of the nonnegative semi-axis R, .
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1

Denote by M,, the class of linear differential systems
t=A(t)x, x€R", t>0, (1)

where n > 2, with the piecewise continuous and uniformly bounded on the time half-line ¢ > 0
coefficients matrix A(-) : [0,400) — EndR". Denote by X4(-) the linear space of solutions of
system (1). Its subspaces we call further lineals to distinguish them from linear subspaces in R™.
The angle between lineals U(-) and V(-) of the space X4(-) we call the function ~(¢) of the
variable ¢ > 0, which is defined by the equation v(t) = Z(U(t),V (t)), where Z(U(t),V (t)) is the
angle between subspaces U(t) V(t) of the space R™.

It is known [2, p. 236], [3, p. 10], system (1) in M, is called an exponentially dichotomous system
or a system with exponentially dichotomy on the time half-line if there exist positive constants ¢y,
¢y and vq, vy and a decomposition of the linear space X4(-) of its solutions into the direct sum
Xa(-)=L,(-)®L%(+) of lineals, so that its solutions z(-) belonging to these lineals satisfy the
following two conditions:

1) if x(-) € L (), then [|z(t)|| < c1exp{—vi(t — )} ||z(s)| for arbitrary t > s > 0;
2) if x(-) € LY(-), then ||z(t)|| > coexp{va(t — s)} |z(s)| for arbitrary t > s > 0.

In this definition the choice of norm in R™ does not play any role, because in a finite linear space
any two norms are equivalent. The class of exponentially dichotomous n-dimensional systems is
denoted by &,.

Condition of exponential dichotomy of system (1) means, in particular, that in any time segment
the norm of any solution in L (-) uniformly decreases exponentially, and the norm of any solution
in ng( -) uniformly increases exponentially. If the system is exponentially dichotomous, its lineal
L’,(-), called a stable lineal, is uniquely determined (it consists of all solutions, decreasing to zero
at infinity), and any of lineals, complementary lineal L7, (-) to the space X'4(-) of solutions, may
be taken as a lineal Li"( -), called unstable lineal. Although in the above definition the case of
zero dimension of one of subspaces is not excluded, i.e. one of the equalities L,(-) = {0} or
LY (+) = {0} is possible, further we consider that each of the lineals L,(-) and L(-) is nonzero.

We say that the lineals of solutions U(-) and V() of system (1) are separated if the angle
between them is separated from zero: inf{v(¢) : ¢ > 0} > 0. It is well known [2, p. 237] that the
stable lineal L j(-) of an exponentially dichotomous system is separated from any of its unstable
lineal L(-), i.e. for any unstable lineal L7 () there is the inequality

inf {Z(L;(t), L ()): t =0} >0. (2)
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This property of finite-dimensional exponentially dichotomous systems is essential and must be
included [2] in the definition of exponential dichotomy, when we extend the concept of exponential
dichotomy of the finite-dimensional case to the case of Banach spaces, to preserve basic properties
of finite-dimensional exponentially dichotomous system.

Nevertheless, the following theorem shows that the property of separateness from zero of the
angle between stable and unstable lineals of exponentially dichotomous systems is not characteristic
for such systems. More precisely, the angle between stable and unstable subspaces of exponentially
dichotomous system is the same as can generally be the angle between separated subspaces of
solutions of an arbitrary system (1) that is not exponentially dichotomous.

Theorem 1. Let a system in M,, have separated lineals of solutions U(-) and V(-). Then there
exists a system A € &, such that for its stable L () and unstable L\(-) lineals for all t > 0 the
equalities hold

Li(t)=U(t) and L}(t)=V(t).

The following statement characterizes more fully the property of the angle between stable and
unstable lineals of exponentially dichotomous systems and complements the above statement |2,
p. 237] on the separateness of stable and unstable lineals of exponentially dichotomous systems.

Theorem 2. For any system A € &, there ezists a constant cy € (0,7/2) such that for any of its
unstable lineal L7(+) for all sufficiently large t > 0 the inequality £ {L(t), L (t)} > ca is true,
i.e. there is a constant c4 € (0,7/2) such that the inequality

lim inf Z{L,(t),L5 (1)} > ca (3)

T—400 t2T
holds for any unstable lineal L(-).

Obviously, inequality (3) enhances inequality (2). Inequality (3), if we denote by U4 the aggre-
gate of unstable lineals of system A € £n, can be written as

inf  lim inf Z{L(¢),L5 ()} > ca.

ng( . )GUA T—4o0t>T

2

In [1], it is introduced a generalization of the concept of exponentially dichotomous linear differential
systems defined in a finite space, that consists in the refusal from the requirement of the uniformness
of estimates for the norms of solutions under constants-multipliers in definition of an exponentially
dichotomous system. In [1], such systems are referred to as weak exponentially dichotomous. In
other words, system (1) in M,, is called a weak exponentially dichotomous system or a system
with a weak exponential dichotomy on the half-line, if there exist positive constants v1, vo and a
decomposition of the linear space X4( - ) of its solutions into the direct sum X4(-) = L, (- )& LY ()
of lineals so that its solutions z( - ) belonging to these lineals satisfy the following two conditions:

1) if () € Ly(-), then ||z(t)|| < ci(z) exp{—vi(t — s)} ||z(s)| for arbitrary t > s > 0;
2') ifx(-) € LK(+), then [|z(t)| > co(x) exp{va(t — s)} ||z(s)|| for arbitrary ¢t > s > 0,
where ¢1(z) and c2(z) are positive constants which, in general, depend on the choice of the solution

As can be seen, if we could choose, in the definition of a weak exponentially dichotomous system,
the constants ¢;(z) and ca(z) which are the same for all solutions z(-) € L(-) and z(-) € L} (")
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respectively, then we get the definition of an exponentially dichotomous system. The class of n-
dimensional weakly exponentially dichotomous systems is denoted by W¢&,. In [1], it is shown
that for any n > 2, there is a proper inclusion &, C WE&,. Just as for exponentially dichotomous
systems, lineals L () and L(-) are called stable and unstable lineals of a system A € W&, and,
just as in the case of exponentially dichotomous systems, for any system A € W&, its stable lineal
L’y (-) is uniquely determined (it consists of all solutions decreasing to zero at infinity), and as a
lineal L7 (-) may be taken any algebraic complement L (-) to the linear space X4(-) of solutions.

We can ask how significantly the properties of systems of the classes &, and W&, can differ.
In particular, is it true that the unstable and stable lineals of a weak exponentially dichotomous
system are separated? If the system A € W&, then, as is easy to show, it is either an exponentially
dichotomous or its stable or unstable lineal is zero. That is why weak exponentially dichotomous
system with unseparated angle between stable and unstable lineals of solutions should have the
dimension of not less than 3. It turns out that for weak exponentially dichotomous system of
dimension n > 3 incorrect is not only the property stated in Theorem 2 but also weaker property
(2) of separateness of the angle between stable and unstable lineals of solutions as shown by

Theorem 3. For any natural number n > 3 there exists the system A € W&, and such an unstable
lineal L () of solutions that the angle between it and the stable lineal L (-) is not separated from
zero, i.e. inf{Z(L;(t),L}(t)): t =0} =0.

Apparently, Theorem 3 can be enhanced: for any n > 3 there exist such systems in the W&, \ &,
that the angle between their stable and any unstable lineals is not separated from zero.
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Consider the differential system
i=X(tx), teR, x=(x1,...,2,)" €R", (1)

with continuous in all the variables and continuously differentiable right part over z. Let ¢(t; T, z)
denote the general solution in the form of Cauchy system (1), that is ¢(¢;7,x) — the solution of
(1) with the initial condition ¢(7;7,2) = . Let I, be maximum symmetrical with respect to zero
interval of existence of solution o(t;0,z). Let D(X) := {(t,¢(t;0,2)) € R* : ¢t € I, z € R"}.
From the theorem on continuous dependence of solutions on the initial value and the definition of
D(X) it follows that D(X) is the open domain in R x R™ which contains the hyperplane ¢t = 0.
Reflecting function of system (1) is called [3], [4, p. 11], [5, p. 62] the vector function F' : D(X) — R",
acting according to the rule (¢,z) — @(—t;t,z). In other words, for any solution z(t) of this

system, which exists on a symmetric interval (—¢,&), the identity F(¢,z(t)) < x(—t) is valid for
all t € (=¢,€). This property can be taken [4, p. 16] for the definition of a reflecting function.
From the definition of the reflecting function and the differentiability theorem on the initial value
it follows that the reflecting function F'(t,z) of system (1) has partial derivatives F; and F) in the
region D(X).

Fundamentally important result of the theory of reflecting function is the following criterion
[3], [4, pp. 11, 12], [5, pp. 63, 64]: the vector function F = F(t,x) : D(X) — R" is a reflecting
function of system (1) if and only if it satisfies the initial condition F'(0,z) = x and the system of
equations in the partial derivatives

Fy+ F,X(t,2) + X(~t,F) = 0. 2)

Equation (2) is called [4, p. 12], [5, p. 63] basic equation (the ratio) for the reflecting function.
Methods have been developed which in some cases make it possible to find the reflecting function
of system (1) without finding its solutions. Moreover, if we know only some of the properties of the
reflecting function of the system, it is possible to investigate the behavior of its solutions without
resorting to the construction of reflecting function [4-9].

Two systems are equivalent in the sense of the coincidence of reflecting functions [5, p. 75],
if their reflecting functions are equal in a domain containing the hyperplane ¢ = 0. Since the
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solutions of equivalent systems have a number of similar properties, the task of constructing classes
of equivalent systems, and the choice of simple (for example, integrated into the final form) systems-
representatives of these classes will be important and relevant.

In this article, the linear differential systems defined for all ¢t € R are discussed, and for them
the domain D(X) determination of reflecting function coincides with the extended phase space
R x R"™, then for such systems it is natural to study the conditions of coincidence of their reflecting
functions in all extended phase space. Therefore, further as the equivalence of linear systems in
the sense of the coincidence of their reflecting functions the coincidence of the reflecting functions
of these systems throughout the extended phase space is understood.

In this article, the quasi-periodic two-frequency linear differential systems are discussed such
that their homogeneous and nonhomogeneous parts are periodic with incommensurable periods,
and the conditions of existence of the periodic reflecting functions in such systems are clarified.

Theorem 1. For the linear nonhomogeneous differential system
t=A(t)x+ f(t), teR, ze€R" (3)

with continuous n X n-matriz A(t) and vector-function f(t), to have the same reflecting function
as the system

i=f(t), (4)
necessary and sufficient conditions are:
1) matriz-valued function A(t) is odd;
2) there is the identity
—t
A(l) / F(s)ds =0 for all t € R. (5)
t

At the same time, reflecting function F(t,z) of these systems, is the vector-function
—t
F(t,z) =x + /f(s) ds. (6)
t

Proof. Sufficiency. The general solution in the form of the Cauchy system (4) is given by ¢(¢; 7, ) =
t
z+ [ f(s)ds. As a consequence of this presentation by the definition of the reflecting function we

J
easily find that reflecting function F'(¢,x) of system (4) is given by equation (6).

We will show that under the conditions 1) and 2) function (6) is the reflecting function of system
(3). It’s enough to make sure that function (6) satisfies the fundamental ratio (2) for reflecting
function of system (3). Substituting in it function (6), after obvious equivalent transformations we
obtain the identity:

Az + A(—t)z + A(—1) / Fedto. (1)
t

Since under the conditions 1) and 2) of the theorem identity (7) is obviously true, then function
(6) is the reflecting function of system (3). The sufficiency is proved.

Necessity. Let systems (3) and (4) are equivalent in the sense of coincidence of the reflecting
functions. As it is shown above, system (4) has a reflecting function (6). Since function (6) is also
the reflecting function of system (3), then for system (3) and this function the main identity (2)
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is satisfied. Hence we obtain identity (7). This identity is satisfied for all £ and x. Assuming in it
x = 0 and replacing —t onto ¢, one obtains the condition 2). Thus, the identity must be satisfied

~
8

)

(A@t) + A(=t))x

0. (8)

Identity (8) means that the linear operator A(t) + A(—t) is null, that is A(t) = —A(—t) for all
teR.

Thus, the function A(t) — odd, and as proved above, satisfies the condition 2). The necessity,
and thus the theorem is proved. O

Corollary 1. If matriz A(t) is nonsingular for all t € R, then systems (3) and (4) have the same
reflecting function if and only if the matriz-valued function A(-) and the vector function f(-) are
odd. In this case, reflecting function of systems (3) and (4) will be the function F(t,x) = x.

If the set of those ¢ € R, in which matrix A(¢) is non-singular, not coincides with the R, then
condition 2) of the theorem does not necessarily mean oddness of the vector-function f(-) which
is confirmed by the following example.

Example 1. Consider the system
=AMtz + f(t), tER, xR

in which matrix of coefficients A(t) is odd and has zero determinant for all ¢ € R. Let

ax(t) az(ﬂ) <f1(t)>
A(t) = Cf() = .
0= (o) win) 70= (50
We will assume that a3(t) + a3(t) # 0 for any ¢t € R. According to Theorem 1, the given system

has the same reflecting function as the system & = f(¢) if and only if identity (5) is satisfied. From
this identity we obtain

al(t)/fl(s) ds = —ag(t)/fg(s) ds, ag(t)/fl(s) ds = —a4(t)/fg(s) ds. 9)

We will find all vector-functions f(t) = (f1(t), f2(t)) ", for which these identities are satisfied. Since
det A(t) = 0 for all ¢ € R and the first row of the matrix A(¢) is nonzero then its second row
is proportional to the first one, and then, for the validity of these identities it is necessary and
sufficient the first of them to be valid.

Since the vector (aj(t),az(t))T is nonzero, then the first identity in (9) is performed, if and only
if for some function h(t) satisfies the identities

/ Fu(s) ds = —as(D)h(t), / fo(s) ds = a1 (D)h(2). (10)

In order identities (10) to be carried out, it is necessary the function h(t) to be even (as left sides
in (10) and functions a4 (t), a2(t) are odd) and that the functions a1 (¢)h(t) and ay(t)h(t) have been
continuously differentiable (as left sides in (10) — continuously differentiable functions).

We will show that these conditions are sufficient for the existence of functions fi(t), fa(t),
which satisfy (10). Fix some even function h(t), for which the right sides in (10) — continuously
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differentiable functions. Denote —az(t)h(t) through g¢;(t). Then the first identity in (10) takes the

—t
form [ fi(s)ds = gi(t). Differentiating it on ¢, we obtain
¢

fi() + fi(=t) = —q1 (D). (11)

The function ¢;(t) is even, as a derivative of an odd function, and it is continuous. We will seek
solution of the functional equation (11) in the form of

q1(t)
2

fi(t) =— +r1(t), (12)
where r1(t) is an unknown continuous function. Replacing in (11) the function fi(¢) by the given
representation, we obtain the identity 71 (t) + r1(—t) = 0 in view of parity of ¢1(t), that is r1(¢)
— an odd function. Conversely, it is easy to see that the function of the form (12) with an odd
continuous function 7 (t) satisfies the first identity in (10). Indeed,

—t

—t —t
/fl(s)ds _ /(_912(3) +ri(s))ds = g1(8) + /rl(s)ds — i(t) = —as(D)h(1).

t t

Similarly, if we denote the function a;(¢)h(t) via ga2(t), a solution of the second functional equation
in (10) we find in the form of

7o) = =240 4 1y, (13)
where go(t) = a1(t)h(t), and ry(t) — arbitrary odd function. Thus, the solution of the problem
on the description of the set of vector-functions f(t) = (fi(t), f2(t))7, t € R, satisfy (9) and it is
reduced to the problem of the description of the set of even functions h(t), t € R, for which both
functions a;(¢)h(t) and ag(t)h(t) would be continuously differentiable.

As we see, the vector function f(t) = (fi(t), f2(t)) ", the components of which are built up, and
given by equalities (12), (13), generally speaking, is not odd, whatever the elements of a degenerate
odd matrix A(t) would be , the first row of which for all ¢+ € R is nonzero (a?(t) + a3(t) # 0 for all
t € R).

Remark 1. Considered example gives a partial solution for the following problem, formulated by
E. A. Barabanov: for a linear homogeneous differential system @ = A(t)z in terms of its coefficient
matrix A(t) to describe all those its nonhomogeneous perturbations f(¢), at which the reflecting
functions of systems y = A(t)y + f(t) and 2 = f(t) coincide.

Corollary 2. Let the matriz A(t) have period wy, and the vector function f(t) — period ws. For

system (3) to have an wa-periodic on t reflecting function (6) it is necessary and sufficient the
fulfillment of conditions 1) and 2) of Theorem 1 and the equality

/ f(s)ds =0. (14)
0

Remark 2. In the case 3 when numbers w; and ws are incommensurable, Corollary 2 gives sufficient
condition for the existence of we-periodic on ¢ reflecting function in a quasi-periodic system (3).
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Fully Linearized Difference Scheme for Generalized Rosenau Equation
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We consider the generalized Rosenau equation

ou  Ou o(u)™ u
Ou  Ou _ 1
ot Tar Ao trogg =0 @HEQ (1)

together with the initial and boundary conditions

Ou(a,t)  0*u(b,t)
ox2  Ox?

Here X\ and p are positive constants, m > 2 is a positive integer, and @ = (a,b) x (0,T).

In this article, two-level scheme is constructed to find the values of the unknown function on
the first level, besides the term d(u)™/0z is approximated by the offered in [1] way. For the upper
levels, as in [2], the known approximation are used for derivatives.

The domain @ is divided into rectangular grid by the points (z;,¢;) = (a + ih,j7), i =
0,1,2,...,n, 7 =0,1,...,J, where h = (b —a)/n and 7 = T/J denote the spatial and tempo-
ral mesh sizes, respectively. ‘ ‘

The value of mesh function U at the node (z;,t;) is denoted by U7, that is U} = U(x;, t;).

We define the difference quotients (forward, backward, and central, respectively) in x and ¢
directions as follows:

u(z,0) = ¢(x), =€ la,b], wula,t)=mu(bt)=

=0, te[0,7T]. (2

U’

| i - U . Ul-Ul N -
W= P20 @iy SRR o) = L@+ ),

: Uittt g : Ul — it : 1 : :
(U))e = " U); = — (U)s = 3 (U + (U))y).

We approximate the problem (1), (2) by the difference scheme

, 1 . .
7 - J—Q—l J_l . AL

i=1,2,....n—1, j=1,2,....,J -1,

AU} + u(U?)

Am
e 2(m+1)
U =(x:), Ul=Ul=U)ze=Uze=01i=0,1,....n, j=0,1,...,n, (5)

AUZ(]+M(U10)§z§xt 207 1= 1727,..,77/— ]" (4)

where

AUY o= (U1 U7 + U7 + ()OI + U 7)e, G =1,2,0,0 = 1,

AU = (U™ U+ UP)s + (U1 U} +UD))ss i=1,2,...,n = 1.

o
(L”

The obtained algebraic equations are linear with respect to the values of unknown function for
each new level.
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An a priori estimate of a solution of the difference scheme (3)—(5) is obtained with the help of
energy inequality method, from which follows a uniquely solvability of the scheme.

In the equality of the obtained discrete conservation law the initial energy depends explicitly
only on initial data.

Stability and second order convergence of difference scheme is proved without any restriction
on discretization parameters 7, h.
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Asymptotic Behavior of Some Special Classes of Solutions of
Essentially Nonlinear n-th Order Differential Equations
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The following differential equation

y"™ = agp(t) exp (R(| In [y~ V) H% @) (1)

is considered. In (1) ap € {—1,1}, p : [a,w[! =]0,+00] (—00 < a < w < +00), @; : Ay, —
10,4+00[ (i =0,...,n) are continuous functions, R :]0, +oo[ 10, +00[ is continuously differentiable
function, Y; € {0 :l:oo} Ay, is either the interval [y?, Y;[2, or the interval |Y;,4?]. We suppose also
that R is a regularly varying on infinity function of index p, 0 < p < 1, every ¢;(2) is a regularly
n—1
varying as z — Y; (2 € Ay;) of index o; and ) o; # 1.
i=0
We call the measurable function ¢ : Ay —]0, 400 a regularly varying as z — Y of index o if

for every A > 0 we have
lim p(\2) =\,

AR

where Y € {0, +00}, Ay is some one-sided neighbourhood of Y. If o = 0, such function is called a
slowly varying.

It follows from the results of monograph [5] that regularly varying functions have the following
properties.

M;: Function ¢(z) is regularly varying of index o as z — Y if and only if it admits the represen-
tation

p(z) = 270(z),
where 6(z) is a slowly varying function as z — Y.
My: If function L : Ayo —]0,+o0[ is slowly varying as z — Yj, the function ¢ : Ay — Ayo
is regularly varying as z — Y, then the function L(y) : Ay —]0, 00| is slowly varying as
z—=Y.

Ms: If function ¢ : Ay —]0, +oo[ satisfies the condition

/
lim 22 )

=0 € R,
=Y o(2)

then ¢ is regularly varying as z — Yof index o.

f w > 0, we take a > 0.
°TfY; = 400 (Vi = —0), we take 30 > 0 (3 < 0).
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We say that a slowly varying as z — Y (2 € Ay) function 6 : Ay —]0; 400 satisfies the
condition S if for any continuous differentiable function L : Ay, —]0;4o00[ such that

2L (2)
li =0
zini}z L(z) ’
ZEAY,L-

the following condition takes place
0(zL(z)) =0(z)(1+0(1)) as z =Y (z € Ay).

We call defined on [tg,w[C [a,w][ solution y of the equation (1) the P,(Yy,Y1,...,Yn_1,No)-
solution, where —oo < A\g < 400, if the following conditions take place

M) . 1y A i (i)(t) — YV (i=0 1), 1 (y(n_l)(t))Z .
Y : [ ij[—) Y;s tITILly — Iy (2— ey — ) tlTIul:)l y(n)(t)y(n—Q)(t) — \O-

In regular cases \0_; € R\ {0, %, %, ., 222 the Py (Y, Y1, ..., Y, 1, Ag)-solutions of the equa-

tion (1) have been established in [3]. Such nP:(Yo,Yl, ..., Y1, Ao)-solutions are regularly varying
functions as ¢t T w of indexes different from {0,1,...,n — 1}.

The cases A\ € {0, %, %, ceey Z—:%} are singular. Such solutions are regularly varying functions as
t T w of indexes {0,1,...,n — 1}, so such solutions or some of their derivatives are slowly varying
functions as t T w. Therefore for investigation of such solutions we must put additional conditions
on functions ¢y,. .., ¢n—1 and on the function p. The case A\g = 0 is of the most difficult ones. It is

presented in this work. The case was investigated before [1,4] only when R(z) = 1 and the function
©n—1(2)|2| 71 satisfies the condition S. For equations of type (1), that contain, for example,
functions like exp(|In |y||*) (0 < p < 1), the asymptotic representations of P, (Yp, Y1,...,Y,_1,0)-
solutions were not established before. Let us notice that function exp(R(|1n |z||)) does not satisfy
the condition S.

Now we need the following subsidiary notations.

n—1 1 n—3 n—3
70:1—203'7 021—701’ UZH((”_Z._%!)WH VZZ(i‘{‘Q_”)Uia
j=0 n— j=0 =0

0i(2) = pi(2)|2|7% (i=0,...,n—1),

1—o0,— _ —l T .
Q1) = )| =2 (O 0101 (o) 7 ) [T sl

t

t
_ _ [ Q1)
Iy(t) = /p(T) dr, ILi(t) = / ) dr,
A9, AL
a, if /p(T) dr = 400, a, if /’f((:_))’dr = +0o0,
A% = ‘ AL = -
w, if/p(T) dr < +o0, w, if /’7?((72) ‘ dr < +o0.

The following conclusions take place.

Theorem 1. Let in equation (1) 0,1 # 1, the function 0,1 satisfy the condition S and

1 B (I LGN () (1)

ey L) =0
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We suppose also that there exists the finite or infinite limat

. mu()p(t)

lim ———=. 2

tTw Iy (t) ( )
Then the following conditions are necessary and sufficient for the existence of P,(Yo, Y1,...,Yn-1,0)-

solutions of equation (1),

. ( )Io(t) . 0 1
0 1 I t 1—0n71 = Y _
tlTIB p( )Il(t) ) tlTISyn—ﬂ O( )| n—1,
1-opn_1 .
fmy ol = Yas, Tmyflm (Ol =¥,

aoyy_1(1 = on-1)Io(t) >0, (1= on_1)70yn—2L1(t) <O,
Yyl me(t)(n —i—2) >0 as t € [a,w].

Here1=20,...,n— 3.

For any such solution the following asymptotic representations take place ast T w
y"D(t)

exp(R(| In [y~ D (®)]])) HO iy (1))

= ag(1 = on-1)lo(t)[1 + o(1)], (3)

YD) B0 = o) YO0 )
T BT A () B R Y 17y R |
1=0,....,n—3.

[1+o(1)]; (4)

Theorem 2. Let in equation (1) 0,1 # 1, the function 0,1 satisfy the condition S and

N 0140
A R IORO L)

We suppose also that there exists the finite or infinite limit (2). Then the following conditions are
necessary and sufficient for the existence of P,(Yo,Y1,...,Y,_1,0)-solutions of equation (1),

=0.

lim Lo(t) —0, TimyO | lo(t)| T = Yoy
tho p(OR(|In|lo(®)]]) — v " "7
Q(t) onol 0 —im2
lim ————| 0 =Y, 9, limy/|m,(t)]""°=Y],
1w yn 2 RI(|1H|10(7§)H)‘ 2 tTwy | ( )|

aoyo_1(1—on_1)Io(t) >0, (1 —0n1)10Q)Y5_oyo_1 > 0,
y?y?+17rw(t)(n —i—2)>0 as t € [a,w].
Here+1=20,...,n— 3.

For any such solution the representation (3), the second representation in (4) and the following
asymptotic representation

y" Ve - [ )
V0 (| W)

take place as t 1 w.
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On a Four-Point Boundary Value Problem for
Second Order Linear Functional Differential Equations
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The multi-point and nonlocal boundary value problems for ordinary and functional differential
equations have been studied by many authors in recent years, see [1-20] and references therein.
Nonlocal boundary value problems arise in many applications and can be used for modeling [2,9,
11,18].

In the resonance and non-resonance cases, many authors (see, for instance, [2,3,5,6,10-12,14,
15,18,20]) consider, firstly, the boundary value problem for a linear ordinary differential equation.
They established the existence of a unique solution, investigate the properties of the Green function,
then apply the results to non-linear equations.

Motivated by the above work, in this paper, we consider a four-point boundary value problem
for linear second order functional differential equation at resonance. We obtain sharp sufficient
conditions for the existence and uniqueness of solutions. So, the results of many previous works on
multi-point boundary value problems can be extended in the case of this four-point problem.

Let us define some sets and functions:

Q={(bec): 0<b<e<1}, le{(b,c)eQ: c>3b—1, ¢>

b+1
QQE{(b,C)EQ: c<%}, Q3 ={(b,c) eQ:c<3b—1}

)

)

(it is clear that Q3 U Qs U Q3 = Q),

do(b,c)=+/(Bb—1—c)(1+c—b), d3(bc)=+/(1+b—3c)(1+c—Db),

b—da(b,c) b+ da(b,c 14+c—ds(b,c) 1+c+ds(b,c
w2(b,c)5[ ;( ), ;( )], W3(b,C)E|: 23< ), 23( )}’
2 b(1+c—10)
hg(b,c,t):ﬁ<((1+c)/2_t)2 1), t € wo,
- 2 (I1-c)(14+c—0)
hg(b,c,t) = (1—t)2( (t—b/2)2 1), t € ws.
Let -
— if (b Q1;
(1+c¢—10)? if (b,¢) € h;
M(b,c) = tefgi(ll},c)h2(b’c7t) if (b,c) € Qg;
min hg(b,c,t) if (b,c) € Q3.
tews(b,c)

Definition. A linear operator T from the space of all continuous real functions C|0, 1] into the
space of all integrable functions L[0, 1] is called positive if it maps every nonnegative continuous
function into an almost everywhere nonnegative integrable function.
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Theorem 1. Let 0 < b < ¢ < 1, p € L[0,1] be a non-negative function, h : [0,1] — [0,1] be a
measurable function.
Then the boundary value problem

{ﬂﬂzp@ﬂ@@b+f07 t €10,1],
z(0) = z(b), x(c) = z(1),
has a unique solution for every f € L[0,1] if

vraisupp(t) < M(b,c), p#0, p# M(b,c).
te(0,1]

Remark. The constant M (b, c) is the best one. If p(t) = P > M(b,c), then there exists a
measurable function A : [0,1] — [0, 1] such that problem (1) has no a unique solution.

Theorem 1 can be transferred to a more general case.

Theorem 2. Let 0 <b<c<1,T:C|0,1] — L0, 1] be a linear positive operator.
Then the boundary value problem

(Tx)(t) + f(8), t€[0,1],

2(), w(e) = (1),

—
8 &:
S =
_
[

has a unique solution for every f € L[0,1] if

vraisup(T'1)(t) < M, T1#0, T1# M.
te(0,1]

We can get some simple corollaries about the solvability of problem (2) for different b and ¢
satisfying the condition 0 < b < ¢ < 1. The cases b = 0 or ¢ = 1 correspond to the boundary value
conditions #(0) = 0 and #(1) = 0. These cases can be dealt by the similar way.

Corollary 1. Let T : C[0,1] — L0, 1] be a linear positive operator.
Then the boundary value problem

{i(t) = (Tz)(t) + f(t), tel0,1],

has a unique solution for every f € L|0, 1] if

vraisup(T'1)(¢) <32, T1#0, T1 # 32.
t€(0,1]
Corollary 2. Let b€ (0,1/2), T : C[0,1] — L0, 1] be a linear positive operator.
Then the boundary value problem

{f@>=<7wxw-+f@» te0,1],
2(0) = 2(b), (1 —b) = =(1),

has a unique solution for every f € L0, 1] if

vraisup(7'1)(t) < (1_819)2 .

——  T1#£0, T1#
t€[0,1] (1 - b)2
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Corollary 3. Let T : C[0,1] — L[0,1] be a linear positive operator.

Then the boundary value problem

{a’f(t) = (Tz)(1) + f(t), te 0,1,
z(0) =0, x(0)==z(1) (orz(l)=0, =z(0)==z(1)),

has a unique solution for every f € L|0, 1] if

vraisup(T1)(t) < 11+ 5v5, T1#0, T1# 11 +5V5.
t€(0,1]

Corollary 4. Let T : C[0,1] — L[0,1] be a linear positive operator.

Then the boundary value problem

i(t) = (Tz)(t) + f(t), te[0,1],
#(0) =0, (1) =0,

has a unique solution for every f € L|0, 1] if

vraisup(T1)(¢) <8, T1#0, T1#8.
te(0,1]

The constants in Theorem 2 and all corollaries are sharp.
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For a given n € N let us denote by M"™ the set of linear systems of the form
i=A{t)r, z€R", teR" =0,+00), (1)

where A is a piecewise continuous matrix function (which we identify with the respective system)
and by M™ the subset of M™ comprising systems with bounded coefficients.

The set M™ is endowed with the uniform and compact-open topologies defined respectively by
the metrics

pu (A, B) = tset]gi min {||A(t) — B(t)||,1}, pc(A,B) = tselé&g min {||A(t) — B(t)||,27"},

with || - || being a matrix norm (e.g., the spectral one). The resulting topological spaces will be
denoted by M7, and M. Similar notation will be used for their subspaces.

As early as 1928, O. Perron [9] (see also [4, 1.4]) discovered that for n > 2 the largest Lyapunov
exponent is not upper semi-continuous as a functional on the space ./T/l\’(} He also suggested sufficient
conditions for a system (1) to be a point of continuity of all the Lyapunov exponents in the uniform
topology, which is commonly used in the study of the effect of perturbations on one or the other
property of a system.

Further development of the theory of linear systems has led to introduction of a whole range
of asymptotic behaviour characteristics, many of which proved to be discontinuous with respect to
the uniform topology.

In a seminal work [7] V. M. Millionshchikov proposed using the Baire classification of functions to
describe the dependence of those characteristics on the system coefficients. Motivated by parametric
families of systems, V. M. Millionshchikov actively studied the compact-open topology on M™ and
systematically tried to get rid of the assumption that the coefficients of (1) are bounded.

Let us introduce a piece of useful notation. Let M be a metric space and F' be a set of functions
f: M — R. Define for each countable ordinal o the set [F], by transfinite induction as follows:

1) [Flo = F;
2) [Flq is the set of functions f : M — R representable in the form

where functions fi, k € N, belong to the sets [F]¢ with £ < a.

Definition 1 ([5, § 31.IX]). Let M be a metric space and « be a countable ordinal. The a-th
Baire class Fo(M) is defined by §o(M) = [C(M)]a, C(M) being the set of continuous functions

f M — R. The class o(M) = Fo(M)\ U Fe(M) is called the a-th ezact Baire class. For
{<a
convenience, let us denote by ggl (M) the set of functions which do not belong to any of the classes

Sa(M), a € [0,w;) (here and subsequently, w; is the first uncountable ordinal).
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V. M. Millionshchikov proved [8] that the Lyapunov exponents belong to the class §2(Mg) C
F2(M7;). Later M. I. Rakhimberdiev [10] proved that for n > 2 they do not belong to the class
31(./(/1\?]) D Sl(f/l\’é) Therefore, for n > 2 the Lyapunov exponents (and their restrictions to M\”)
belong to the second exact Baire classes on both spaces Mg and MY, ( A’é and M7 , respectively).

Investigations in this vein have been continued by V. M. Millionshchikov himself, his students
and followers. It was established by efforts of several authors [2,11] that the minorants of the
Lyapunov exponents belong to the class §3 (ﬂg), and A. N. Vetokhin proved [14] that they do not
belong to the class 32([2’&) Thus they belong to the third exact class on the space M\g (at the
same time, they are known to belong to the first exact class on the space /QT(})

The natural question arises: for which «, 3,7, € [0,w1] there exists an asymptotic invariant [1]
from §9(M7) N F3(M) such that its restriction to M™ belongs to S’g(.//\/\l?,) N 3%(./\//\[75)7

Let us make the notion of asymptotic invariant more precise for the purposes of this paper (see
the discussion of this notion in [6, § 2]).

Definition 2 ([3, Chapter IV, § 2]). Systems A, B € M" are said to be weakly Lyapunov equivalent
if they possess fundamental matrices X () and Y (-) such that

sup (IX@Y IO+ Y OX O] < oo

A functional taking equal values at any weakly Lyapunov equivalent systems is called a weak
Lyapunov invariant.

Proposition 1 ([13]). Classes §)(M2) and S?(/\//Yg) do not contain any weak Lyapunov invariants.

Let us note that the index of the exact Baire class of a function on a space is not less than that
of its restriction to a subspace and also that the index of the exact Baire class of a function on M7
is not less than that on My, (since the uniform topology is finer).

The following theorem states that a quadruple of the indices of the exact Baire classes with
respect to the compact-open and uniform topologies containing a weak Lyapunov invariant and its
restriction to M™ is subject to no restrictions except the natural ones mentioned above and those
implied by Proposition 1.

Theorem 1. Let ordinals o, B,7,0 € [0,w1] be given. Then a weak Lyapunov invariant satisfying
the conditions

1) ¢ € FUMP) NFI(ME);

2) | g € FAUME) N FY(MB),

exists if and only if

a <min{3,v}, max{f,7} <9, B#1, J# 1.

Definition 3 ([12]). Let M C M". We say that a functional ¢ : M — R has a compact support if
there exists 7' > 0 such that ¢(A) = ¢(B) whenever A, B € M coincide on the interval [0,T]. The
set of all functionals on M with compact support is denoted by €(M).

Remark 1. In the abstract [12] functionals with compact support are called boundedly dependent.

Suppose that a functional defined on a subspace of M is the repeated pointwise limit of a
sequence of continuous ones. As noted in [12], the desire to compute the values of those based only
on information on the system on finite time intervals naturally leads to the requirement that their
supports be compact.
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Definition 4. Let M C M. Define the a-th formula class €,(M) by (cf. [12])
Ca(M) = [So(M) NEM)]a, a € [0,wr).

Proposition 2 ([12]). Let M C M¢. Then €4(M) C Fo(M) C €apr1(M) for all o € [0,wr).
Moreover, for M = M, and o = 0 the first inclusion is strict.

Let a functional defined on a subspace of M, be the repeated limit of a sequence of continuous
ones. The next theorem states that the latter could be chosen to have compact support.

Theorem 2. Let M C M%. Then €o(M) = Fo(M) for all o € [1,w1).
The case a = 0 is totally different as the next theorem shows.

Theorem 3. Let M C M. Then €y(M) = Fo(M) if and only if there exists T > 0 such that
A = B whenever A, B € M coincide on the interval [0, T].

It appears that, generally speaking, one cannot decrease the number of limits in a formula
for a weak Lyapunov invariant by allowing the prelimit functionals with compact support to be
discontinuous.

Theorem 4. Let M D {A € M": igg |A(t)|| < 1} be endowed with the compact-open topology.

Then for all a € [1,w1) there exists a weak Lyapunov invariant ¢ € Fai1 (M) \ [€(M)]a.

For a = 1 the statement of the above theorem can be strengthened: no nontrivial weak Lya-
punov invariant is the limit of a sequence of functionals with compact support.

Theorem 5. If M € {M?, MG}, then [€(M)]1 does not contain weak Lyapunov invariants except
constants.
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The aim of the work is to find necessary and sufficient conditions of existence of sufficiently wide
special class of solutions of second order differential equations with regularly and rapidly varying
nonlinearities and to obtain asymptotic representations for such solutions and their derivatives of
the first order.

Second order differential equations with power and exponential nonlinearities play an important
role in development of the qualitative theory of differential equations. Such equations also have a lot
of applications in practice. It happens, for example, when we study the distribution of electrostatic
potential in a cylindrical volume of plasma of products of burning.

The corresponding equation may be reduced to the following one:

y" = aop(t)e™|y|*.

In the work of V. M. Evtuhov and N. G. Drik [3], some results on asymptotic behavior of solutions
of such equations have been obtained.

Exponential nonlinearities form a special class of rapidly varying nonlinearities. The consid-
eration of the last ones is necessary for some models. All this makes the topic of our research
actual.

Our investigations need establishment of the next class of functions.

We call the measurable function ¢ : Ay —]0,+oo[ a regularly varying as y — Y, z € Ay of
index o [1] if for every A > 0 we have

Here Y € {0,400}, Ay is some one-sided neighbourhood of Y. If 0 = 0, such function is called
slowly varying.

The function ¢ : [s,+00[—]0,+00] (s > 0) is called a rapidly varying function [1] of the 400
order on infinity if this function is measurable and

(\w) 0 at 0 < A <1,
lim %@y) ={1 i A=1,
y—00
+oo at A> 1.

It is called a rapidly varying function of the —oo order on infinity if
4+oo if 0 <A <1,
p(Ay)

. (A

ll)mmz 1 at )\:1,
Y—>00
0 if A>1.
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The function ¢(y) is called a rapidly varying function of zero order if go(%) is a rapidly varying
function of 400 order. An exponential function is a special case of the last ones.

The differential equation

y" = aop(t)e(y),

with a rapidly varying function ¢, was investigated in the work of V. M. Evtuhov and V. M. Khar-
kov [4]. But in the mentioned work the introduced class of solutions of the equation depends on the
function ¢. This is not convenient for practice.

The more general class of equations of such type is established in this work.

Let us consider the differential equation

y" = aop(t)eo(y)e1(y), (1)

where ag € {=1;1}, p : [a,w[—=]0,+00[ (-0 < a < w < 400), ¢; : Ay, —]0,+00] (i € {0,1}) -
are continuous functions, Y; € {0, oo}, Ay, — is one-sided neighborhood of ;.

Furthermore, we assume that function ¢; is a regularly varying function as y — Y7 (y € Ay;)
of the order o1, and function ¢ is twice continuously differentiable and satisfies the following limit
relations

1!
lim o(y) € {0, +00},  lim Wzl (2)
yyem?o yyeAi% volY

From conditions (2) it can be proved that g and its derivatives of the first order are rapidly
varying function as y — Yy (y € Ayy).

The main aim of our research is the development of methods of establishing asymptotic repre-
sentations of solutions of such differential equations in order to receive a new class of mentioned
equations.

We use a lot of methods of mathematical analysis, linear algebra, analytic geometry, theory of
homogeneous differential equations in our work. Some special methods of investigation of equations
of the mentioned type, being developed by the superiors, are also used.

We call solution y of the equation (1) defined on [to,w[C [a,w[, the P,(Yy, Y1, Ao)-solution,
where —oo < A\g < 400, if the following conditions take place

W®* _

0 . s D (P — V(5 — i
yUelbel= Ave lmyt (O =Y (=0.1), lm o 5

In this work we consider P, (Yp, Y1, Ag)-solutions of the equation (1) in case A\g = 0. Because
of the properties of these solutions (see, eg., [2]) all of them are slowly varying functions as ¢ T w.
Therefore the case A\g = 0 is one of the most difficult for research. The problem of investigation
P, (Yy, Y1,0)-solutions for equations with rapidly varying functions is difficult by the fact that com-
position of rapidly and regularly varying functions may be as rapidly, as regularly, as slowly varying
function as the argument tents to the singular point.

We have obtained the necessary and sufficient conditions for the existence of B, (Yp, Y1,0)-
solutions of equation (1) and find asymptotic representations of these solutions and their derivatives
of the first order.
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Now we need the following notations

m(t) = {j o E oI ) =Wl
t " .
I(t) = sign(y}) x / TFW(T)p(T)el(’ﬂ_w(lT”) dr,
B,
( w yo 1_101
b if / 7Tw(’7')p(7')91<‘7rw(17_)|> dr = 400,
BY = ’
. [ y? 1*10'1
w if / WW(T)p(T)91<‘ﬂ_w(T)’> dr < +o0,
\ b

Yo
_1
yo if /!<po(y)|"1‘1 dy = 400,
Yo

Yy
_ 1
Bo(y) = / lpo(s)|7iT ds,  A? =
AO

Yo
1
Yo if / 0o(y)| 7T dy < +oo,

\ 318
signpo(y) = f1 as y € Ay, Z1 = yllg/l D(y).
yEA)%

The inferior limits of the integrals are chosen in such forms that the corresponding integrals
tend either to 0 or to oo as t T w and y — Yy, y € Ay, correspondingly.
Note some necessary definitions.

Definition 1. Let Y € {0,400}, Ay — is some one-sided neighborhood of Y. The continuously
differentiable function L : Ay —]0,4o00[ is called normaliyed slowly varying function [5] as y — Y
(y S Ay) if

L/
lim yL W _ o
e ®)

Definition 2. We say that a slowly varying as y — Y (y € Ay) function 6§ : Ay —]0,4o00]
satisfies the condition S if for any normaliyed slowly varying function L : Ay, —]0,4o00[ the
following condition takes place

O(yL(y)) =0(y)(1 +o(1)) as y =Y (y € Ay).

Remark 1. The following statement is true

(o _ 906’?1(@/)

1+0(1)] as y = Yy (v € Ayy).

From this as y € Ay,, we have
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Remark 2. Because of conditions (2) on the function g, we have that z; € {0, +00} and

i 2 - 2()
vy (Pf(y))?

yGAYO

=1

The following conclusions take place for equation (1).

Theorem 1. Let o1 # 1. Then for the existence of P, (Yo, Y1,0)-solutions of the equation (1) such
that the following finite or infinite limit exists

i T80

o y'(t)
it’s mecessary the following conditions
fil(t) (o1 —1) >0, apm,(t)y) <0 as t € [a,w], (3)
0 !
" - . I'()ma(t)
lim =Y, lmlI(t)=2%;, lim =0 4
tho [1o(B)] 7 thw (t) =21, i o (®-1(I(1)) @1 (I(t)) 4

to be fulfilled.
w(OI'(t)

If the function 01 satisfies the condition S, the following finite or infinite limit exists ltle ﬂT ,
w

the function %tg,(t) 1s a normalized slowly varying function as t T w, the function (%) s a

regularly varying function of the order vo as y — Yo (y € Ayy), (o +1) < 0 as Yo = 0, and
(70 + 1) > 0 in another case, and
!/
NLECTCII
ttw I t)
or

7o(t) - I(t) - I'(t)(1 — o1) >0, when t € [a,w|,

then (3), (4) are sufficient conditions for the existence of such solutions for the equation (1). For
every P, (Yo, Y1,0)-solution the following asymptotic representations take place as t T w
y () (y() _ I'(t)

Py(1) = I0)[1+o(1)], e = T L+ o)
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1 Introduction

We are concerned with the study of the existence, uniqueness, regularity and boundary behaviour
of the solutions of the quasilinear elliptic problem

Vu b
Ey—————— - — + ' Qa
¥ <w/1 T |Vu2) i~ (1.1)
u=20 on 012,

where a > 0, b > 0 are given constants and (Q is a bounded domain in RY having a Lipschitz
boundary 0f2.

Problem (1.1) has been recently introduced in order to describe the geometry of the human
cornea. We refer to [13-17] for the derivation of the model, further discussions on the subject and an
additional bibliography. It should however be pointed out that in [13,14,16,17] a simplified version
of (1.1) has been investigated, where the curvature operator, div(Vu/y/1 + |Vul|?), is replaced by
its linearization around 0, div(Vu) = Aw, and, furthermore, €2 is supposed to be either an interval
in R, or a disk in R2. In [2,3] we have instead considered the complete model (1.1) and we have
proved the existence of a unique classical solution for any choice of the positive parameters a, b,
but still assuming that € is an interval in R, or a ball in RY. Some numerical experiments for
approximating the solution of the 1-dimensional problem have also been performed in [2,15]. Later
on, in [4], we tackled the quite challenging problem in arbitrary Lipschitz domains and we proved,
for all a,b > 0, the existence and the uniqueness of a generalized solution, which is regular in
the interior and attains the Dirichlet boundary data under an additional condition that relates the
values of the parameters with the geometry of the domain. The necessity of considering generalized
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solutions in this context is dictated by the possible occurrence of solutions which are singular at
the boundary, namely solutions that are regular in the interior, but do not attain the Dirichlet
condition at some points of the boundary, where in addition the normal derivative blows up. We
refer to the survey paper [5] for a thorough discussion of this matter. The following notions of
solution for problem (1.1), partially inspired by [6,7,9-12,19], are therefore introduced.

Definition 1.1. A function u € W11(Q) is a generalized solution of (1.1) if the following conditions
hold:

. div( vu )

V14 |Vul?

e u satisfies the equation in (1.1) a.e. in §;

LY (Q);

o for HV lae. 2 € 09,

— either u(z) =0,

— or u(x) > 0 and [ﬂw,y} (x) = -1,
— or u(z) < 0 and [1—??%2’4 (x) =1,

where HV~! denotes the (N — 1)-dimensional Hausdorff measure and [——2%—, v] € L>°(9N)

v/ 1+|Vul? ’

Vu__ with respect to the unit outer

V14| Vul?

is the weakly defined trace on 02 of the component of

normal v to Q (cf. [1]).

A generalized solution u of (1.1) is classical if u € C?(Q) N CY(Q) and u(x) = 0 on INN.
A generalized solution u of (1.1) is singular if it is not classical.

The concept of generalized solution expressed by Definition 1.1 looks rather natural in the frame
of (1.1) and can heuristically be interpreted as follows: the solution u is not required to satisfy the
homogeneous Dirichlet boundary condition at all points of 92, but at any point of 92 where the
zero boundary value is not attained the unit upper normal A/ (u) to the graph of u equals either the
unit outer normal (v,0), or the unit inner normal (—v,0), according to the sign of u; in this case,
roughly speaking, the graph of the solution might be smoothly continued by vertical segments up
to the zero level. This kind of boundary behaviour of solutions of the N-dimensional prescribed
mean curvature equation has already been observed and discussed in [6,7,10,12]. With reference
to Definition 1.1 we can state various existence, uniqueness and regularity results, which are the
contents of the next sections.

2 Radially symmetric solutions

Since the equation in (1.1) is invariant under orthogonal transformations, it is natural to look for
radially symmetric solution whenever the domain is either a ball, or a spherical shell. However the
solvability patterns in the two cases are quite different.

Classical solutions on balls

Let B = B(zg, R) be the open ball in RY of center x and radius R.
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Theorem 2.1. For every a > 0, b > 0, there exists a unique gengmlized solution u of (1.1),
with Q = B, which is radially symmetric and classical, with v € C?(B). Moreover, there exists a
function v € C*([0, R]), with u(z) = v(|x — x¢|) for all x € B, such that

e 0 <w(t)<b/a forallt €0,R];
e v'(t) <0 for allt €]0, R];

e v'(t) <0 forallt € [0, R].

Singular solutions on thick shells

Let S = S, r(z0) = {x € RN | r < |z — 29| < R} be the spherical shell centered at z¢ and having
radii r, R, with 0 < r < R.

Theorem 2.2. For any given N > 2, a > 0 and r > 0, there exist R* > 0 and b* > 0 such that,
for all R > R* and b > b*, there is a unique generalized solution u of (1.1), with Q = S, which is
radially symmetric, singular and satisfies

ue C*(SUIB), u(zx)=0 if |z — x| =R,
u(z) >0 if [ vu ](x):—l if |x —xo| =1

\/1+\Vu|27y

Classical solutions on thin shells

It is worth observing that the conclusions of Theorem 2.2 fail if R is not bounded away from r.

Theorem 2.3. For any given N > 2, a > 0, b > 0 and r > 0, there exists R, > 0 such that,
for all R €]r, R.[, there is a unique generalized solution u of (1.1), with Q = S, which is radially
symmetric and classical, with u € C?(S).

3 Small classical solutions on arbitrary domains

If Q is an arbitrary bounded regular domain in RY, the existence of a maximal connected two-
dimensional branch of classical solutions, which emanates from the line of trivial solutions, can be
established.

Theorem 3.1. Let Q be a bounded domain in RY, having a boundary 0Q of class C*% for some
a €10,1[. Then, there exists a set

8= ({a} x [0,boc(a)[) CRY x RF
a>0

such that, for any (a,b) € 8 N (RF x RY), problem (1.1) has a unique generalized solution u =
u(a,b) € C*>%(Q), which is classical, asymptotically stable, smoothly depends on the parameters
(a,b) in the topology of C**(Q), and satisfies, for every a > 0,

1' b a — 0
tim (o, )=

and, in case by (a) < 400,

limsup ||Vu(a,b)||cc = +00.
b—rboo (a)
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4 Generalized solutions on arbitrary domains

The proof of the existence of generalized solutions is conceptually delicate and technically elaborate.
It requires the study, in the space of bounded variation functions, of a suitable action functional,
involving an anisotropic area term, whose minimizers give raise, via a change of variables, to the
generalized solutions. The interior regularity of these bounded variation minimizers is obtained
by combining a delicate approximation scheme with a “local” existence result basically due to
Serrin [18] and the classical gradient estimates of Ladyzhenskaya and Ural’tseva [8].

Theorem 4.1. Let Q be a bounded domain in RN, with N > 2, having a Lipschitz boundary OSQ.
Then, for every a > 0, b > 0, there exists a unique generalized solution u of problem (1.1), which
also satisfies:

o uec C™Q);
e the set of points xo € 02, where u is continuous and satisfies u(xg) = 0, is non-empty;
e 0 <u(x) <b/a for all x € ;

e u minimizes in WH(Q) N L>(Q) the functional

1 1
/e‘bzx/l + |Vz|2dx — (Z/e—bz (z + B) dx + 7 / le™% — 1| a1t
Q Q o0
Remarks. The second conclusion of Theorem 4.1 can be further specified as follows: u is continuous

at xo and satisfies u(xg) = 0 at any point xp € 02 where an exterior sphere condition holds with
radius r > (N — 1) b/a (i.e., there exists a point y € RY such that the open ball B(y,) of center y

and radius r satisfies B(y,r)NQ = @ and z¢ € B(y,r)N0N). Clearly, an exterior sphere condition,
with arbitrary radius, holds at all points zg € 92 belonging to the boundary of the convex hull of
Q. The last conclusion of Theorem 4.1 also shows that all generalized solutions of (1.1) enjoy some
form of stability.

5 Classical versus singular solutions
Combining the previous results yields a rather complete picture of the structure of the solution set
of problem (1.1).

Theorem 5.1. Let Q be a bounded domain in RN, with N > 2, having a boundary 0 of class
C?*< for some o €]0,1[. Then, for every a > 0, either for all b > 0 problem (1.1) has a unique
generalized solution, which is classical, or there exists b* = b*(a) €0, 400 such that

o ifb€]0,b%], then problem (1.1) has a unique generalized solution w, which is classical;

e if b €]b*, 400, then problem (1.1) has a unique generalized solution w, which is singular.
In addition, the following conclusions hold:

e the map a — b*(a) is non-decreasing, with in% b*(a) > 0;
a>

e the map (a,b) — u(a,b) is continuous from Rf x RT to L>=(Q);

e for any a > 0, the map b — u(a,b) is increasing in the sense that if by < be, then u(a,by) <
u(a, by) in Q;

e for any b > 0, the map a — wu(a,b) is decreasing in the sense that if a; < aa, then u(ay,b) >
u(ag,b) in Q.
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Oscillation and Nonoscillation Results for
Half-Linear Equations with Deviated Argument

Pavel Drabek
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This is an enlarged abstract of the joint work with Alois Kufner and Komil Kuliev [?]. We
introduce oscillatory and nonoscillatory criteria for half-linear equations with deviated argument
and dedicate it to the 100 birthday anniversary of Professor A. Bitsadze. Our method relies on the
weighted Hardy inequality.

Let us consider the half-linear equation with deviated argument

(r@®)ld OF 2 (8)) + e(®)ulr ()P 2ulr(t)) = 0, t € (0,00), (1)

where p > 1, ¢ : [0,00) — (0,00) is continuous, ¢ € L'(0,00), r : [0,00) — (0,00) is continu-
ously differentiable, 7 : [0,00) — R is continuously differentiable and increasing function satisfying
lim 7(t) = oo.
t—00

Assume that (1) has at least one nonzero global solution defined on the entire interval (0, c0).
We say that a global solution of (1) is nonoscillatory (at oo) if there exists T > 0 such that
u(t) # 0 for all ¢t > T'. Otherwise, it is called oscillatory, i.e., there exists a sequence {t,}°°; such

that lim ¢, = oo and u(t,) = 0 for all n € N. We let p/ = 5.
n—00 p

Theorem 1 (nonoscillatory criterion). Let

lasup < O/t P17 () d3> <t/ooc(s) d3> e (pp;,l) )

lim sup ( T/(t)rlp’(s) ds> <7c(s) ds) w1 < (pp;,l) . (3)
0 t

Then every global solution of (1) is nonoscillatory.

and

Theorem 2 (oscillatory criterion). Let one of the following three cases occur:

(i) There exists T > 0 such that for all t > T we have T7(t) >t and
t 00 1 T(t) o) 1
/ p—1 , p—1
lim sup [(/rl_p (s) ds) </c(s) ds) + (/rl_p (s) ds> < / c(s) ds> ] > 1.
t—o00 0 f f T(t)

(ii) There exists T > 0 such that for all t > T we have 7(t) <t and
()

lim sup ( 0/ P (s) ds> <]Oc(s) ds> 1 > 1.
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(iii) For any T > 0 the function 7(t) —t changes sign in (T,00) and either

7(t) 0o 1
lim tinf (/Tl_p/(s) ds) </C(8) ds) T > 1
— 00
t>7’(t) 0 t

or

7(t)

lim inf [( Oj P (s) ds> (jc@ ds> & + < / P (s) ds> < 70(;(3) ds) ’”] > 1.

t<7(t)

Then every global solution of (1) is oscillatory.

A typical example of 7 = 7(t) is a linear function
T(t)=t—7, T>0 is fixed.

Then (1) is half-linear equation with the delay given by fixed parameter 7 > 0. For this, rather
special case, (2) implies (3), and only the case (ii) of Theorem 2 occurs. Hence we have the following
corollary concerning the equation

(r(t)]u’(t)]p_zu’(t))/ + c(t)|u(t — 7)|P2u(t — ) =0, t € (0,00). (4)

Corollary 3 (equation with delay). Let (2) hold. Then every global solution of (4) with the delay
7 > 0 is nonoscillatory. On the other hand, let

t—T1 o0 1
/ p—1
lim sup ( / 7P (s) ds) (/c(s) ds)p > 1.
t—o00
0 t

Then every global solution of (4) with the delay T > 0 is oscillatory.

Remark 4. Let us note that nonoscillatory criteria are rare in the literature even for the linear
equations with the delay. Oscillatory criteria for solutions of half-linear equations with the delay
are presented in recent papers [3]-[?], [8] and [?]. The methodology in these articles is based on
the so-called Riccati technique and the assumptions are different than those of ours. In particular,
if 7(¢) = t in (1), we have the “classical” half-linear equation considered e.g. in [1, Chapter
3]. Then oscillatory criterion in Corollary 3 (with 7 = 0) recovers [1, Theorem 3.1.2]. On the
other hand, nonoscillatory criterion in Corollary 3 (with 7 = 0) recovers [1, Theorem 3.1.3]. The
approach in [1, Chapter 1] is based also on the Riccati technique. In contrast with works on half-
linear equations with the delay mentioned above, we present both oscillatory and nonoscillatory
criteria and our method relies on the weighted Hardy inequality. Similar approach to that of ours
was used in [9] to prove oscillation and nonoscillation results for solutions of higher order half-
linear equations, but without the deviated argument. For the completeness, we refer also to the
papers [?], [?] and [12] which deal with the half-linear equations with the deviated argument in the
case r(t) = 1.
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1 Introduction

Consider the second-order Emden—Fowler type differential equation

y" —p(x,y, 9 )|y seny =0, k>0, k#1, (1)

where the function p(z,u,v) defined on R x R? is positive, continuous in z, Lipschitz continuous in
u, v.

Asymptotic classification of all solutions to equation (1) in the case p = p(x) was described by
I. T. Kiguradze and T. A. Chanturia in [13]. Asymptotic classification of non-extensible solutions to
similar third- and fourth-order differential equations was obtained by I. V. Astashova (see [1,3-5]).
Asymptotic classification of solutions to equation (1) for the bounded function p(x, u, v) is contained
in [8,9].

Sufficient conditions providing ;1_r>r(11 |y (z)| = +o00, a € R, were obtained in [13]. However, the

question of separating two cases

lim |y(x)| = 400 and lim |y(x)| < 400 (2)
r—a r—a
remained open. The answer on this question for p(x,u,v) = p(x)|v|*, X # 1 was considered in [11].
Asymptotic behavior of non-extensible solutions to equation (1) for unbounded function p(x, u, v)
is investigated in [6,7,10]. By using methods described in [1,2], conditions on function p(x,u,v)
and initial data providing the existence of a vertical asymptote to related solution (i.e. the first
case of (2)) are obtained. Other conditions on p(z,u,v) and initial data sufficient for the second
case of (2) are considered. Solutions satisfying the second condition of (2) are called black hole
solutions (see [12]).

2 Asymptotic classification of solutions to Emden—Fowler type
differential equations with bounded negative potential

Let us use the notation

ala =1 (pk—1)*\ 1=
gt - () (Bt

Definition 2.1. A solution y(z) to (1) is called positive Kneser solution on (xg; 4+00) if it satisfies
the conditions y(z) > 0, ¥/(z) < 0 at x > xo.
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Definition 2.2. A solution y(x) to (1) is called negative Kneser solution on (xq;+00) if it satisfies
the conditions y(z) < 0, y'(x) > 0 at & > xo.

Definition 2.3. A solution y(z) to (1) is called positive Kneser solution on (—oo;xq) if it satisfies
the conditions y(z) > 0, ¥/(z) > 0 at x < xo.

Definition 2.4. A solution y(z) to (1) is called negative Kneser solution on (—oo;xg) if it satisfies
the conditions y(z) < 0, ¥'(z) < 0 at = < xo.

Theorem 2.1. Suppose k > 1. Let the function p(z,u,v) be continuous in x, Lipschitz continuous
in w, v and satisfying inequalities

0<m<p(z,u,v) <M < +oo. (3)
Let there also exist the following limits of p(x,u,v):
1) Py asx — +oo, u— 0, v =0,
2) P_asx— —oc0, u— 0, v—0,
and for any c € R,
3) Pt asz — ¢, u— +00, v — +o0,

4) PT asx — ¢, u — —00, v — foo.

Then all non-extensible solutions to (1) are divided into the following nine types according to
their asymptotic behavior:

0. Defined on the whole axis trivial solution yo(z) = 0.

1-2. Defined on (b, +00) positive and negative Kneser solutions with power asymptotic behavior
near domain boundaries:

yi(z)=C(B)(z —b) *(1+0(1), z=b+0, yi(z)=C(Pp)z*(1+o(1)t), z— o0,
y2(x)=—C(P, ) (x—b)"“(1+o(1)t), —b+0, y2(x)=—C(Py)z"*(1+0(1)), x— +o0.

3-4. Defined on (—o0,a) positive and negative Kneser solutions with power asymptotic behavior
near domain boundaries:

y3(x) =C(P ) (a—2)""(1+0(1), —=a—0, ys(x)=C(P-)lz["*(1+o0(1)), z——o0,
ys(x)=—C(P, )(a—z)"*(1+0(1)), x—a—0, ys(z)=—-C(P-)lz|"*(14+0(1)), — —o0.

5-6. Defined on (a,b) positive and negative solutions with power asymptotic behavior near domain
boundaries:

ys(2)=C(P)(z—a)"*(14+0(1)), z—a+0, y5(x):C’(P;“)(b—x)_o‘(l—i-o(l)), x—b—0,
ye(x)=—C(P; )(x—a) *(1+0(1)), x—a+0, ys(x)=—C(P, )(b—z) *(14+0(1)), z—b—0.

7-8. Defined on (a,b) solutions with different signs and power asymptotic behavior near domain
boundaries:

C(P)(z—a)"*(1+0(1)), z—a+0, yr(z)=-C(F)(b—z)"*(1+o(1)), z—b-0,
—C(P;)(z—a)"*(1+0(1)), z—a+0, ys(z)=C(P)(b—z) *(1+0(1)), z—b-0.

yr(z)
ys(z)
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Definition 2.5 (see [5]). A solution y : (a,b) — R with —oc0o < a < b < +00 to any ordinary
differential equation is called a MU-solution if the following conditions hold:

(i) the equation has no solution equal to y on some subinterval of (a,b) and not equal to y at
some point of (a,b);

(ii) either there is no solution defined on another interval containing (a, b) and equal to y on (a, b)
or there exist at least two such solutions not equal to each other at points arbitrary close to
the boundary of (a,b).

Theorem 2.2. Suppose 0 < k < 1. Let the function p(x,u,v) be continuous in xz, Lipschitz con-
tinuous in u, v and satisfying inequalities (3). Let there also exist the following limits of p(x,u,v):

1) Pi4 as x — 400, u — +00, v — +00;
2) Py_ as x — 400, u — —00, U — —00;
3) P_y asx — —00, u — +00, v — —00;
4) P__ asx — —00, u — —00, U — +00,

and for any ¢ € R denote P, = p(c,0,0).
Then all MU-solutions to equation (1) are divided into the following eight types according to
their asymptotic behavior:

1-2. Defined on semi-azis (b, 4+00) positive and negative solutions tending to zero with their deriv-
atives as x — b+ 0 with power asymptotic behavior near domain boundaries:

y1(z)=C(Py)(z —b)"*(1+0(1)), x—=b+0, yi(z)=C(Pry)x"*(14+0(1)), x—+o0,
y2(z)=—C(Py)(x — b)"“(140(1)), x—=b+0, yo(z)=—C(Pr_)z"*(1+0(1)), z—+o0.

3-4. Defined on semi-axis (—o0,a) positive and negative solutions tending to zero with their deriv-
atives as x — a — 0 with power asymptotic behavior near domain boundaries:

y3(z) =C(Pa)(a —z)"*(1+0(1)), z—=a—0, y3(z)=C(P_y)lz|"*(1+0(1)), z——o0,
ya(z)=—C(Py)(a—x)"“(1+0(1)), z—a—0, ys(z)=—-C(P__)z["*(1+0(1)), z——oc.

5-6. Defined on the whole axis solutions with same signs and power asymptotic behavior near
domain boundaries:

ys(z) = C(Pry)z (1 +0(1)), = +oo, ys(z) = C(P-y)lz["(1+0(1)), = — —oc,
yo(x)=—C(Py_)x"*(1+0(1)), x—4o00, ye(x)=—C(P-_)|z|"%(14+0(1)), z— —o0.

7-8. Defined on the whole axis solutions with different signs and power asymptotic behavior near
domain boundaries:

yr(2) = O(Py)a="(1 + o(1)), > o0, yr(x) = ~C(P)|a|(1 + o(1)), & — —oo,
ys(x) = —C(Py_)xz"*(1+0(1)), = — 400, ys(z)=C(P_1)lz| " *(1+0(1)), z — —oc.
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3 Asymptotic behavior of solutions to Emden—Fowler type
differential equations with unbounded negative potential

Lemma 3.1. Suppose k > 1. Let p(x,u,v) be continuous in x, Lipschitz continuous in u,v, and
bounded below by a positive constant. Let y(x) be a nontrivial non-extensible solution to equation
(1) satisfying the condition y(xo)y'(zo) > 0 or y(xo)y' (o) < 0 at some point xy. Then there exists
x* € (zo, +00) or respectively x, € (—oo,xq), such that

lim |y (z)| = +oo or respectively  lim |y (z)] = +o0. (4)
z—z*—0 T—xx+0
Lemma 3.2. Suppose 0 < k < 1. Let p(z,u,v)/|v| be continuous in x, Lipschitz continuous in u, v,
for v # 0 and bounded below by a positive constant. Let y(x) be a nontrivial non-extensible solution
to equation (1) satisfying the condition y(xo)y'(zo) > 0 or y(xo)y'(xo) < 0 but not y(zo) = v/ (x0) =
0 at some point xy. Then there exists x* € (xg,+00) or respectively x, € (—oo,xzg) providing (4).

Using the substitutions = — —z, y(z) — —y(x) we obtain an equation of the same type as
(1). That is why we investigate asymptotic behavior of non-extensible positive solutions to equation
(1) near the right domain boundary only.

Theorem 3.1. Suppose there exist constants ug > 0, vg > 0 such that for v > ug, v > vg the
function p = p(x,u,v) has the representation p = h(u)g(v), where the functions h(u), g(v) are
continuous and bounded below by a positive constant, and for 0 < k < 1 function p additionally
satisfies the conditions of Lemma 3.2. Then for any non-extensible solution y(zx) to equation (1)
with initial data y(xo) > uo, y'(xo) > vo and the first property of (2) the line x = x* is a vertical
asymptote if and only if

+oo

/ g(”v) dv = +o0. (5)

vo

Theorem 3.2. Suppose for k > 1 or 0 < k < 1 the function p(x,u,v) satisfies the conditions of
Lemma 3.1 or respectively Lemma 3.2. Let there exist constants ug > 0, vg > 0 such that for u > ug,
v > vy the inequality p(z,u,v) < f(z,u)g(v) holds, where the function f(x,u) is continuous, the
function g(v) is continuous, bounded below by a positive constant and satisfies the condition

—+00

/ v +o00. (6)

9(v)
vo
Then for any non-extensible solution y(z) to equation (1) with initial data satisfying inequalities
y(xo) > o, y'(x0) > vo and with the first property of (2) the line x = x* is a vertical asymptote.

Theorem 3.3. Suppose for k > 1 or 0 < k < 1 the function p(x,u,v) satisfies the conditions
of Lemma 3.1 or respectively Lemma 3.2. Let there exist constants ug > 0, vg > 0 such that for
u > ug, v > vy the inequality p(z,u,v) < g(v) holds, where the function g(v) is continuous and
satisfies the condition (6). Then for any non-extensible solution y(z) to equation (1) with initial
data y(xg) > ug, y'(x0) > vo and the first property of (2) the line x = x* is a vertical asymptote.

Theorem 3.4. Suppose for k > 1 or 0 < k < 1 the function p(x,u,v) satisfies the conditions of
Lemma 3.1 or respectively Lemma 3.2. Let there exist constants ug > 0, vg > 0 such that for u > ug,
v > vg the inequality p(x,u,v) > g(v) holds, where the function g(v) is continuous, bounded below
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by a positive constant and doesn’t satisfy the condition (5). Then for any non-extensible solution
y(x) to equation (1) with initial data y(xg) > ug, y'(xo) > vo and the first property of (2) we have

—+o0
0< I (x) <+ * < ! / dv
1m X o0 r — X .
sz’ ! O Vo) J 9(v)
y'(z0)

Theorem 3.5. Suppose k > 0, k # 1. Let the function p(z,u,v) be continuous in x, Lipschitz
continuous in w, v. Let there exist constants ug > 0, vg > 0 such that for u > ug, v > vg the
inequality p(z,u,v) < Clv|~* holds. Then any non-extensible solution y(z) to equation (1) with
initial data y(xo) > uo, y' (o) > vo can be extended to (xg,+00) and

lim y(z)= lim y(x) = +oc.

T—r+00 T—+400
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We consider the differential equation

y" = aop(t)yL(y), (1)

where ag € {—1,1}, p: [a,w]—]0, +00[ is a continuous function, —co < a < w < 400, L : Ay, —
10, +00[ is a continuous function slowly varying as y — Yp, Y{ is equal to either 0 or +00, and Ay,
is a one-sided neighborhood of Yj.

In the case where L(y) = 1, Eq. (1) is a linear third-order differential equation. The asymptotic
behavior of its solutions as t — 400 (the case w = +00) is investigated in details (see, for example,
the monograph [2, Ch. I, § 6, pp. 175-194]).

In the paper [1], the conditions for the existence and asymptotic representations as t T w of
all possible types of P, (Yp, Ag)-solutions were established for the second-order differential equation
with the same kind of right-hand side.

Definition. We say that a solution y of Eq. (1) is a P,,(Yp, \o)-solution, where —oco < Ag < 400,
if it is defined on the interval [ty,w[ C [a,w[ and satisfies the conditions

y: [to,w[— Ay,, limy(t) = Yo,
ttw

. ither 0 i [y (t)]
limy® () = { & T (k=1,2), lim— A =
tlTw y ( ) or =+ oo ( ) tlTw y”’(t)y,(t)

Further, without loss of generality, we assume that

[0, Yo[, if Ay, — left neighborhood Yy,
1Y0,0], if Ay, — right neighborhood Yy,

Ayy (b) = {
where a number b € Ay is chosen such that the inequalities
|b| <1 when Y5=0, b>1 (b<—1) when Yy =400 (Yo = —00),

are fulfilled and introduce numbers by setting

1, if Ay, — left neighborhood Yy,

= sign b, =
. ° M {_L if Ay, — right neighborhood Yy,

respectively, defining the signs of the P, (Yp, Ag)-solution and its first derivative at some left neigh-
borhood w.
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Besides, we introduce the following auxiliary functions

i ds ’ ds
Dy(y) = ;o Da(y) = —,
1 sL(s) 3/2 sL3(s)

/ aho— 1?2 [, a2 —1F [ 1
L(t) = [ p(r)dr, D(t)= =" [ w2(np(r)dr,  I3(t) = —~4——— [ p3(7) dr,

where each of the limits of integration B; € {Yp;b} (i = 1,2) (A; € {w;a} (i =1,2,3)) is chosen so
that the corresponding integral tends either to zero or to +o0o at y — Yy (respectively, at t T w), as

well as the numbers
1 if B;=25
=47 DEEY 1 9),
-1, if B; =Y

Since the functions ®; (i = 1,2) are strictly monotone on the interval Ay, and the area of their
values are intervals

'7Z’LA 9 f > 07 1 )
— {][CZZ ) ][ ; ZO “0 where ¢; = ®;(b), Z; = ylig} ®i(y) (i=1,2),
ERZAR) 0 ’ 0

so there exist continuously differentiable and strictly monotone inverse functions for them <I>i_1 :
Az, = Ay, for which lim P 2) =Y (i =1,2).
Z— 4

By the properties of slowly varying functions (see [3]), there exists a continuously differentiable
function L; : Ay, — 0, +o00[ slowly varying as y — Yp such that

L(y) yLi(y)

lim =1 and lim =0. (2)
s Li(w) e Ily)

We also say that a function L slowly varying as y — Y| satisfies the S} if the function L(ugexp z)
is a regularly varying function when z — Zj of any index ~, where Zy = +o0o in the case when
Yy = £00, and Zy = —oo in the case when Yy = 0, so it can be represented in the form

L(po exp z) = [2]"Lo(2),
where Lg is continuous in the neighborhood of Zjy and slowly varying function as z — Z.

Theorem 1. Let the function L(@fl(z)) be reqularly varying as z — Z1 of index v and Xy €
R\ {0,1}. Then for the existence of P, (Yy, \o)-solutions of the equation (1) it is necessary and, if

(205 + 200 — D) [(2AF + 200 — 1)(y + 1) + Xo] # 0,

it 1s sufficient that following conditions

Oé())\()(Q)\o — 1)

lim T (t)p(t)
(o —1)3 7

=2
tTw Il (t) ’

2
S ) = 21, IO (1(0)

and inequalities
apAopopr >0, popipila(t) >0 as t € la,w|
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are satisfied. Moreover, each of these solutions admit the following asymptotic representations

01 (y(t)) = L)L+ o(1)] as ¢ T w,

Y _1\2
((;) o()\o/\o 1) 72 (Opt) L(®T (La(1))[1 + o(1)] as ¢ 1w,
y'(t) Ao

O Go—Dmn T T

Theorem 2. Let the function L(®;(2)) be regularly varying as z — Zo of index v and \g €
R\ {0;1 5;1}. Then for the existence of P.,(Yo, Xo)-solutions of the equation (1) it is necessary
and, if

(2)2 +2)9 — 1) [mg TN — 14 %(mg “x-1)] #£0,

it 1s sufficient that following conditions

1 1
. 1 1, 040[)\0(2)\0 — 1)]5 ’)\0‘3 .
lim 7, (£)p3 (£) L3 (D51 (I3(t))) = , lim I3(t) = Z
m}w()p() (2(3())) X — 1 (2>\0_1)% o 3(t) 2

and inequalities
agiopopr > 0, pop1psIs(t) >0 as t €la,w|

are satisfied. Moreover, each of these solutions admit the following asymptotic representations

By(y(1)) = Io()1 +o(1)] as t 1w,
yM(t) Bk +k—2
y(k_l) (t) ()\0 — 1)7Tw(t)
Theorem 3. Let the function L((I)Q_l(z)) be regqularly varying as z — Zs of index v. Then for

the existence of P, (Yo, 1)-solutions of the equation (1) it is necessary and, if function p : [a,w[—
10, +00[ — is continuously differentiable and there is the finite or equal +00

[1+0(1)] as tTw (k=1,2),

lim
tTw

where Ly @ Ay, —]0,400[ is continuously differentiable and slowly varying function asy — Yy with
properties (2), it is sufficient, that

1
3

o )glg(t)>> — 0, ()\OQIimfg(t) — 7

ttw 2X — 1 20y — 1)§ tfw

lim m,, (¢)p3 (£) L3 (q»;l((
and the following inequalities
appopr >0,  agopsls(t) >0 as t €la,w|

are satisfied. Moreover, each of these solutions admit the following asymptotic representations

= L 0 as tTw
Dy(y(t)) = 20— 1) ([ +0(1)] as tTw,
yW@) A 3
S0 aops (t)L <<1>2 1<(2)\031)§ I3(t)>> [14+0(1)] as tTw (k=1,2).
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Theorem 4. Let L satisfy the S1. Then for the existence of P, (Y, £00)-solutions of the equation
(1) it is necessary and sufficient that

pop Ty, (t) >0 when t €la,w[, o 11€1T13)1\7rw(t)| =Y, (3)
i (OO L (o3 (0) = 0, [ pr)m2(0)Lor () dr = o ()

al

where a1 € [a,w| such that pom2(t) € Ay, when t € [a1,w[. Moreover, each of solutions admits the
following asymptotic representations

Inly(0) = 2 ()] + 5 [ (Lo ) drlr + o1 as 1 )
y® @) 3k
SN0~ D)

Theorem 5. Let L satisfies the S1. Then for the existence of P,(Yp,0)-solutions of the equation

1) for which there is the finite or equal to oo, lim %ym(t) , it is necessary and sufficient that
0 Y’ (1)
ttw

[14+0(1)] as tTw (k=1,2). (6)

o ma(t) > 0 when t€lawl,  polim fraft)] = Yo, 1#3% o, (7)
lim p(O)r (L (rolmal0)) = 0. [ O (ol (7)) dr =+, (®)

ai
where a1 € [a,w[ such that po|m,(t)] € Ay, when t € [a1,w[. Moreover, each of solutions admits

the following asymptotic representations

In [y(6) = (8] ~ o [ p(r)AE (L (uolma(r)) dr L+ o(D)] as t1 (9)

ai

v _1tol) -0 pmm Lol [+ 0(U)] as ttw.  (10)

y(t)  m(t) T y(t)
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1 Introduction

In this paper, a problem is considered whose origin was the Lagrange problem. It is a problem on
finding the form of the firmest column of given volume. The Lagrange problem was the source for
different extremal eigenvalue problems. One of them is the eigenvalue problem for second-order
differential equations with an integral condition on the potential.
The Dirichlet problem for the equation y” + AQ(x)y = 0 with non-negative summable on [0, 1]
1

function Q(z) satisfying [Q"(z)dx = 1, as v € R, v # 0, was considered in [1]. The Dirichlet
0

problem for the equation y” — Q(x)y + Ay = 0 with a real integrable on (0, 1) by Lebesgue function
@ was considered in [8] for v > 1.

In this paper, the problems of that kind are considered under different integral conditions, in
particular, if the integral condition contains a weight function. The purpose of research is to give
methods of finding the sharp estimates for the first eigenvalue of Sturm-Liouville problems with
Dirichlet boundary conditions for those values of the integral condition parameters for which the
estimates are finite, and to prove attainability of those estimates.

Consider the Sturm—Liouville problem

' +0Q(x)y+ Iy =0, x€(0,1), (1)
y(0) = y(1) =0, (2)

where o0 = £1, and @ belongs to the set T, g, of all real-valued locally integrable functions on
(0,1) with non—negative values such that the following integral condition holds

1

/x 1—:1;5Q7( yde =1, a,B,7€R, v#0. (3)

0

A function y is a solution to problem (1), (2) if it is absolutely continuous on the segment [0, 1],
satisfies (2), its derivative ' is absolutely continuous on any segment [p,1 — p], where 0 < p < % )
and equality (1) holds almost everywhere in the interval (0,1).

A function y € H{(0,1) is called a weak solution to equation (1) if for any function ¢ € C§°(0, 1)
the following equality

/1 (' + o Q(x)yy) d:z:—)\/ywd:z:
0
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holds.

We give estimates for

Magy = inf A(Q), Mapg,= sup A(Q).
QETo 8,y QeTy 8,4

For any function Q € T, g, by Hg we denote the closure of the set C§°(0,1) in the norm

1 1 1
il = </y/2d:€+/Q )y dw)
0 0

For any function Q € T, g it is proved (see, for example, [5,6]) that

1
[ = 0Q(2)y?) d
0

)\1(@) = inf R[Q)y]’ where R[va]

ycHQ\{0} !

[ y?dx
0

Previous results are published in [2-7]. Results of this type can be useful to give methods of
finding the sharp estimates for eigenvalues in cases of non-differentiable functionals.

2 Main results
2.1 Estimates for 0 = —1
By Friedrichs’ inequality for any function Q € T,, g, we obtain

1 1 1 1

fy’2 dx + fQ(x)gﬂ dx fy’2 dx fy'2 dx
hi(nf . 0 : 0 > hirnf . 01 > 1inf 01 = 72,
y€HQ\{0} [ da yeHo\{0} [ da y€HG(0,1)\{0} [y?da
0 0 0

Consequently, for any o, 5,7 € R, v # 0, we have

m = inf inf > 7.
51 = o, ety 1O 2

2

If v > 0, then it is proved that mq g, = 7 (see, for example, [5,6]).

Put v < 0. For any positive function @ € T,, 3~ by the Holder inequality we have
1 1 =1
_a B 2y v
[a@ae= ( [a% -0 ) ()
0 0
Consider the subspace B, g, of functions in the space H{(0,1) such that

y—1

1
Hy||2Ba,ﬁﬁ—/y d$+(/$1 ¥ 1_$ 1— w|y|w 1d$> ¥ < 1o
0
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By inequality (4) we have Hy C By C H}(0,1). Put m = inf  Gl[y], where
yeBa,B,W\{O}

1 1 _
fy’2dzn—|—(f:r:1 (1 —x)T= "/|y|“f ld:U) =
_ 0 0
Glyl =

ny dx
0

Since

inf R|Q,y]> inf Glyl> inf Gly] = m,
yernl i H@vl > i Gl > il o O

it follows that

— it M) > inf Gyl > £ Gyl =
Mapy = o dpf M(@) > If Gll> il g Cll=m

The following two theorems prove that mq g, = m.

Consider the set
1
_a B2y
r— {y € By | /aw(l )T |y da = 1}.
0

Theorem 2.1. If v < 0, then there exists a non-negative function u € T' such that Glu] = m,
moreover, for v < —1 w is a weak solution to the equation

B a1
w4+ mu = 2T "/(1—30)1 Tu

Theorem 2.2. Suppose that v < 0 and the function u satisfies the conditions of Theorem 2.1.
Then there exists a sequence Qn(x) € Ty such that R[Qn,u] — Glu] = m as n — oo and
Ma,p,y = M-

Remark 2.1. In the case of v < 0, inequalities for mq g = m can be found, for example, in [5,6].
Theorem 2.3 (see [2,6,7]). For M, g the following estimates hold:
1. If vy <0 or 0 <y <1, then we have M, g = 00

2. If v > 1, then we have M, g < 00, moreover:

1) If v > 1, then there is a function Q. € Ty g~ and a positive on (0,1) function u € Hg,
such that R[Q.,u] = Glu] = m and My~ = m > w2. The function u satisfies the

equation
B y+1

U +mu—x17(1—x) Tyt

and the condition )
_a B 27
/xIW(l —x)ur-tde =
0

In the case of v > 1, a« = =0, m is the solution of the system of the equations

(H

/ du 1
\/mHQ—mUQ—%Hp—i-%up 2

0
H

uP 1
- - du——i,
2 2 _ 2 2
0 \/mH mu pHP+puP
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where H = max u(z), p = % s

z€[0,1]
a 8
2) Ify>1 and o, B >, then we have My g < R[y—lf,yl], where yi(x) =27 (1 —z)27.

3) If <y <aand ya(z) = z3 sinm(1 — ), then we have

—

2 —1 =2
(j;yg dx+7r2(37’y,ﬁ,1) K

Ma,ﬁ,v <

5
If a <y < f and y3(z) = (1 — x)* sinwx, then we have

4) If v > 1, then
(a) fora >, <0 and y2(x) = 227 sin (1 —x) we have My, < R[y%,yg];
2

s
b) for B>, a <0 and y3(z) = (1 — 2)27 sinmz we have M, 53 < R[5, y3].
By Y3

5) Ify=12a>0=Bory=1>8>02>a, then My, < 27°

6) Ify=1>a, >0, thenMag7 < 32,

7) Ify=1, a,8 <0, then Maﬁw . Ifvy=1, a= =0, then there exist functions
Q«(x) € Too1 and u € HE(0,1) suchthat

2
Moor = RiQuul = &+ 1+ 2 /a2 1 4.

2

Remark 2.2. In the case of v > 1, inequalities for M, g, = m can be found, for example, in [6,7].
In the case of v = 1, attainability of sharp estimates for M, g1 were proved in [10].

2.2 Estimates for 0 =1

Theorem 2.4. 1. For any o, B,y € R, v # 0, we have My g~ < 2.
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2. If v > 1, then Moo~ = 7 and there exist functions Q.(z) € Too~ and u € HE(0,1) such
that moo, = R[Qx,u] > 5.

3. If vy =1, then Moo = 7%, moo1 = A, where A € (0,7%) is the solution to the equation
2\ = tg(@). Here mo g is attained at Q(x) = 0(z — %)

5. If% < v < 1/2, then for any o, 8,7 € R, v # 0, we have mq g~ = —00, Moo, < 2.
6. IfO<y< %, then for any o, 8,7 € R, v # 0, we have my g, = —00, Mo, < 2.

7. If v <0, then for any o, 8,7 € R, v # 0, we have mq g, = —00, Mo < 72, and there exist
functions Q.(z) € Too and u € HE(0,1) such that My = R[Qx, ul.

Remark 2.3. The result My, < 72 for 0 < v < 1/2 was obtained in [9].
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1 Introduction and preliminaries

We consider a system of differential equations defined in the direct product of a torus 7,,,, m € N
and an Euclidean space R", n € N,

dﬁ_ dx

o =) o =Alp)z+ fe), (1.1)

where (01,...,90m)T € Tm, (z1,...,2,)T € R", a € C'(T,,) is an m-dimensional vector function,
A, f € C(Ty) are nxn square matrix and n-dimensional vector function respectively; C"(7,,) stands
for the space of continuously differentiable up to the order r 2w-periodic with respect to each of
the variables ¢;, j = 1,...,m functions defined on the surface of the torus 7,,. The problem of the
existence and construction of invariant toroidal manifold

z=u(p) €C(Tn), »€Tnm

of the system (1.1) for any inhomogeneity f(¢) € C(Tm) can be solved using a notion of Green—
Samoilenko function [7]. The existence of such a function is sufficient for the existence of non-trivial
invariant torus for system (1.1). In particular, Green-Samoilenko function exists if for any ¢ € Ty,

the system
dx

T A(pe(p))x (1.2)

is exponential dichotomous on the entire real axis R = (0o, +00). This means that there exist a
projection matrix C(p) = C?(¢) and constants K > 1, a > 0 that do not depend on ¢, T such
that the following inequalities

[96()C()0%p)|| < Ke @), t> 1,

1.3
190() (I — CNR)| < Ko, 73 ¢ (13)

are satisfied for any t,7 € R. Here Q. (¢) is (n x n)-dimensional fundamental matrix of the system
(1.2) such that Q7 () = I,; ¢i(p) is a solution of the initial value problem Ccll—f = a(y), polp) = ¢.

In recent papers [3,5,6] some particular classes of system (1.1) were distinguished for which the
corresponding homogenous equations possess Green—Samoilenko function. These are the systems
whose matrix A(p) becomes Hurwitz matrix for ¢-s from the non-wandering set of dynamical

system ‘Zl—t = a(p). We recall here the definition of non-wandering set.
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Definition 1.1. A point ¢ is called wandering if there exist its neighbourhood U (p) and a positive
number 7" > 0 such that
U(e) Npe(U(p)) =0 for t >T.

Let W be a set of all wandering points of dynamical system and Q = 7, \ W be a set of
non-wandering points. From the compactness of a torus it follows that the set 2 is nonempty and
compact.

Analogously to [5,6], in this paper we also consider the case when matrix A(y) is a constant
matrix in non-wandering set : A(¢)|pocn = A. However we do not require the real parts of all
eigenvalues of matrix A to be negative in order to guarantee the existence of invariant toroidal

manifold for system (1.1).

2 Main results

To state the main result of the paper we recall that system (1.2) possesses exponential dichotomy
property on semiaxes Ry and R_ if there exist projection matrices C(¢) = C2(¢p) and C_(p) =
C? () and constants K1, K3 > 1, a1, as > 0 that do not depend on ¢, 7 such that for any ¢ € T,
the following inequalities

196(2)C1(9)Q2p) || < Krem 17, ¢ > 7,
126()(I = C(9)Q2()|| < Kye™ D, r>t, Vi, 7 eRy, 2.1)
126(2)C—-(9) Q)| < Kae™ 27, ¢ > 7, '
126(2)(I = C-()2(p)|| < Kze @20, r>¢, Vi, 7 €R-
are satisfied.
Theorem 2.1. Let matriz A(p) from (1.1) be constant in non-wandering set §):
A(p)]peq = A,
and the corresponding linear system ‘é—f = Az be exponential dichotomous on R. Then for any ¢ €

T the corresponding homogenous system Cc% = A(pi(p))x is exponential dichotomous on semiazes
Ry and R_, e.g. there exist projection matrices Cy () and C_(p) such that the inequalities (2.1)
are satisfied and

Ci(pi(0)) = () C () (),  CL(p) = C(e).

For example, the conditions of Theorem 2.1 are satisfied in the case when the real parts of all
eigenvalues of constant matrix A are nonzero.

Denote by D(¢) = Ci(p) — (I — C_(p)) an (n x n)-dimensional matrix. Let DT (p) be its
Moore-Penrose pseudoinverse [2], and Py (p)(®) and Py (p«)(¢) be (n x n)-orthoprojector matrices

PXpy(#) = Pnpy(9) = Prpy (),
PR(p+(#) = Pno+)(#) = PRp-)(9)

that project R™ onto the kernel N (D) = ker D(¢) and co-kernel N(D*) = ker D*(y¢) of the matrix
D(e):
Py(p(¢) =1 —D(9)D¥(¢),  Pyp)(e) =I—DT(p)D(p).
» dx

Theorem 2.1 states that exponential dichotomy on R property of a ”limit system” % = Az im-

plies the exponential dichotomy on semiaxes R, R_ for the system ‘fi—f = A(pi(¢))x. Combination

of this result with [1,4] immediately leads to the following corollaries.
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Corollary 2.1. Let matriz A(p) from (1.1) be constant in non-wandering set §2:

A(SO) ‘WEQ = A?

and the corresponding linear system % = Az be exponential dichotomous on R. Then system (1.1)
has an invariant toroidal manifold if and only if the inhomogeneity f(p) € C(Tm) satisfies the
following constraint

+00
Pron(®) [ C- Q)0 (or() dr = 0.

Corollary 2.2. Let matriz A(p) from (1.1) be constant in non-wandering set §2:

A(SO) ‘QOEQ = A?

and the corresponding linear system le—f = Az be exponential dichotomous on R. If additionally

for any ¢ € Ty, matrices A and (A(p) — A) commute then system (1.1) has an invariant toroidal
manifold for any inhomogeneity f(¢) € C(Tm)-

3 Conclusions and discussion

New results that are presented in this paper allow to investigate qualitative behavior of solutions
of a class of nonlinear systems that have a simple structure of limit sets and recurrent trajectories.
Additionally they can be used to prove the persistence of a stable invariant toroidal manifold under
the perturbation of the right-hand side of (1.1) in the case when this perturbation is sufficiently
small only in non-wandering set €2, but not on the whole surface of the torus 7,,.
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The differential equation
y" = aop(t)po(y)e1(y) f(y,y) (1)

is considered, where ag € {—1,1}, p : [a,w[—]0,4+00[ (—00 < a < w < 400), @; : Ay, =0, +00]
are continuous functions, f : Ay, x Ay, —]0,+00] is a continuously differentiable function, Y; €
{0, +00} (i = 0,1), Ay, is a one-sided neighborhood of Y;. We suppose also that each of the functions
vi(2) (i =0,1) is a regularly varying function as z — Y; (2 € Ay;) of order ¢, oo+ 01 # 1, 01 #0
and the function f satisfies the condition

T 387]; (vo, v1)
m —7r-

'L)k—)Yk f(UO,Ul)
UkGAyk

=0 uniformly in v; € Ay,, j#k, k,j=0,1

A lot of works (see, e.g., [1,3]) were devoted to the establishing of asymptotic representation
of solutions of equations of the form (1), in which f = 1. In this research the right part of (1)
was either in explicit form or asymptotically represented as the product of features, each of which
depends only on ¢, or only on ¥, or only on 3. Let us notice that it played an important role in the
research. Therefore, the general case of equation (1) can contain nonlinearities of another types,
for example, el7nWHHnlY* 0« o < 1, 4, u € R.

Definition. The solution y of equation (1) is called P,(Yp,Y1,A\g) solution if it is defined on
[to,w[ C [a,w] and
/ 2
limy W (t) =Y; (i=0,1), TCAC) Ao
tw ttw y(t)y" ()

The P,(Yp, Y1, \g)-solutions of equation (1) are regularly varying functions as ¢t T w of index
/\3‘31 if \g € R\ {0,1}. The asymptotic properties and necessary and sufficient conditions of the
existence of such solutions are obtained (see, [2]).

The cases Ao € {0,1} and Ao = oo are special. P, (Yp, Y1, 1)-solutions of equation (1) are rapidly
varying functions as ¢t T w. The cases A\g = 0 and A\g = oo are most difficult for establishing because
in these cases such solutions or their derivatives are slowly varying functions as ¢t T w. Some results
about asymptotic properties end existence of P, (Yp, Y1, Ag)-solutions of equation (1) in special cases
are presented in this work. Now we need the next definition.

We say that a slowly varying as z — Y (2 € Ay) function 6 : Ay —]0;+oo| satisfies the
condition S if for any continuous differentiable function L : Ay, —]0; +oo] such that
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the following condition takes place
O(zL(2)) =0(2)(1+0(1)) as z =Y (z € Ay).

We need the following subsidiary notations.

t as w = +o00
() = T0i(2) = @i(2)|z] 7% (i =0,1),
T (t) {t_w 0 w < too, (2) = wi(2)|2[ 77 ( )
; a if /p(T)dT:+OO,
10) = ao [ p(rydr. A= 3
Aw w if /p(T)dT<+oo,
” w L
t bif / I(7)| 77 dr = +oo,
Jl(t) = / |I(T)‘ﬁd7-v B&; = blw
B w it /!I(T)|1—1"1 dr < +oo,
b1
1
t by if /u(f)wo dr = +o0,
Jo(t) :/V(T)!“O dr, Bl = ’,
1
B3 w if /!I(T)|ffod7'<+oo,
ba
t . 1 1
sign yi\ [T-o1
Ts(t) = / ’1(7)91(’77 (tﬁ) ir,
Bl “
/ Signyé 1—101
by if I(T)© dr =
7 ,,/' Mo (fgy)| 4=t
— 3
b= / sign y} =
if I(T)© d
w i /‘ (1) 1(\7rw(t)]> T < 400,
b3
t
Bo(t) = a0 [ p(r) () 00| (P)]uf) dr,
AQ,
bt [ pOlm (O 8(m.(0)ls) dt = +ox.
AO — b

w it /p(t)]ww(t)\‘fo@o(ﬂw(t)|y8)dt<—|—oo,
b

where b € [a,w] is chosen so that |m,(t)|signy] € Ay, as t € [b,w]|.
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Theorem 1. Let o1 # 1. Then for the ezistence of P, (Yo, Y1,1)-solutions of equation (1) the
following conditions are necessary

ygozo > 0, y?l(t)(l —o09—o01) >0 as t € [a,w], (2)
) l-og—0y ) l-og—o0y Ji(t)I'(t)
limyd|Ji ()] o1 =Yy, limgd]Ji(t)] 71 =Y, lim =il =1—0y. 3
e y0| 1( )‘ 0 thw y1| 1( )| 1 thw Jl(t)l(t) 1 ( )

If
o1#2 or (01 —1)(og+01—1) >0,

conditions (2), (3) are sufficient for the existence of such solutions of equation (1).
For P,(Yo, Y1, 1)-solutions of equation (1) the following asymptotic representations take place
ast T w

y(8)]y(t)| T . :Jl(t)yufalfgo\ﬁ[1+o(1)],
(f(y(t),y'(t)Oo(y(t))O1(y'(t))) 1= e
y(t) _ @)1 —o9—0o1) o
OOl

Theorem 2. Let o1 = 1. Then for the ezistence of P, (Yo, Y1,1)-solutions of equation (1) the
following conditions are necessary

Yoo >0, ooylI(t) <0 as t € [a,w], (4)

I/
50 = Yo, Tmafl () =i, tim 20T

oI~ ®

If 09I(t) < 0, conditions (4), (5) are sufficient for the existence of such solutions of equation
(1). For P,(Yy,Y1,1)-solutions of equation (1) the following asymptotic representations take place
asttTw

W O (), 5/ (1)Oo(y(1))O1(y (£))) 70 = [ao| 70 | Ja(t)| L[ + o(1)],
v B,
@ gk

Theorem 3. Let in equation (1) the function f be of the type f(y,y") = exp(R(|In|yy'||)), the
function R :]0, +oo[ —]0, 00| be continuously differentiable with monotone derivative and regularly
varying on infinity of the order pu, 0 < p < 1. Let, moreover, ¢1(y') satisfy the condition S and the
following conditions take place

o B0 (01 (1)
ttw T (t) In |7, (£)|J5(2)

=0.

Then for the existence of P, (Yo, Y1,0)-solutions of equation (1) the following conditions are neces-
sary and sufficient

. . s W . J5() . mu(t)I'(t)
limyd|J3(t)| 7001 =Yy, lim—3 =Y, lim—*~2-~2 =g —1,
ttw yo‘ 3( )’ 0 tw y?’J(t)’ ! ttw I(t) !

I(t) Yoyt (1 — a1)J5(t)

>0 as t €la,wl,

-~ >0 as t €]b,w].
y(1—o1) e

1—0’0—0’1
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For such solutions the following asymptotic representations take place ast T w

mi = T o (1)L 4 o(1)]
[exp(R(| I y(6)y' ()]} o (u(£)) |7 &
y(t) (1 —o09—o1)J3(t) o
v~ a-engn Ok

Theorem 4. Let in equation (1) the function f be of the type f(y,y") = exp(R(|In|yy'||)), the
function R :]0, +o0o[ —]0, 00| be continuously differentiable with monotone derivative and regularly
varying on infinity of the order p, 0 < p < 1. Then for the ezistence of P,(Yp,Y1,0)-solutions of
equation (1) the following conditions are necessary

:l: ) p—
YOZ{ o w=oo 0 > 0 as t € [a,u. (6)

0 if w< o0,

If pg satisfies the condition S and

o B (D12
it w0

=0,

then along with (6) the following conditions are necessary and sufficient for the existence of
P, (Y, Yy, 00)-solutions of equation (1):

y?(l — 00 — Jl)Io(t) >0 as te [b,w[,

_ T ()T (1)
1 0171 (£) | T=00=1 = Y, lim =220V .
i@ =N, T

For such solutions the following asymptotic representations take place ast T w

Yy (@®)ly' @)
p1(y' (1) exp(R(| In |y(£)[]))

— (1= 00 — o) Io(B)[1 + o(1)], N
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Consider the system of functional differential equations

2(t) = F(2)(t) (1)

where F' : Cpoe(R;R™) — L (R; R™) is a continuous operator satisfying the local Carathéodory
conditions, i.e., there exists a function ¢ : R x R, — R, nondecreasing in the second argument
such that ¢(-,7) € Lj.(R;R) for » € Ry and for any x € Cp(R;R") the inequality

IF(z)(®)]| < ¢(t ||2]]) forae teR

is fulfilled.

By a solution to the system (1) we understand a vector-valued function z € AC).(R;R")
satisfying the equality (1) almost everywhere in R. By a bounded solution to the system (1) it is
understood a solution z to the system (1) that satisfies

sup {[|z()] : t € R} < +oc.

To formulate our results, we need to introduce the following definition (the complete list of
notation and symbols is given at the end of this text). Let o € {—1,1} and put

F—mﬂ if 0=1,

I,(t) = for t € R.

[t,4o00] if o=—1

A linear continuous operator ¢ : Cioo(R;R) — Ljo.(R;R) is called a o-Volterra operator if for
arbitrary t € R and v € Cjoe(R;R) such that v(s) = 0 for s € I,(t), the equality £(v)(s) = 0 for a.e.
s € I,(t) is fulfilled.

Theorem 1. Let the inequality

D(0) Sgn(v(t)) [F(v)(t) = D(h(t))v(t) + go(v)(t)] < p(lo)(#) +n(t,|lv]]) for a.e. te R (2)
be fulfilled for any v € Co(R; R™), where 0 € R", 0; € {—1,1} (i =1,...,n), h € Li,.(R;R"™),
go(v)(t) def (goi(vi)(t))iny  for a.e. t R, v € Cie(R; R™)
D(o)go € Pn(R), p € Pu(R), (3)
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each go; is a o;-Volterra operator, and 1 € Ko (R x R_;R") satisfies

lim /||ns7‘]ds—0 (4)

r—+oo 1

for every interval [a,b]. Let, moreover, there exist functions 3,7 € ACi,c(R;R™) such that

B(t) >0, v(t) >0 forteR, |v| < +oo,
D(0)[B'(t) — D(h(t)B(t) + go(B)(t)] <O for ae. t R,
Do) [/ (1) — D((e)1(H) ~ D(p()(B)] >0 for ae. t€R.

Let, in addition, for everyi € {1,...,n},

¢
Gi(t,r)déf lim O’Z/ </ ) (s,r)ds < 400 for teR, reRy, (5)

T—>—0;00
t
H;(t) def lergwyl exp (/ ) >0 forteR, (6)
and
Gi (t, T’) 1 .
lim sup < — uniformly for t € R. (7)

r—too TH;(t ) H’YH

Then (1) has at least one bounded solution.
Theorem 2. Let the inequality

D(o) Sgn(v(t)) [F(v)(t) — D(h(t)v(t) — Lo(v)(t ) g0(v)(t)

< p(o))(t)

}(

be fulfilled for any v € Co(R;R™), where 0 € R", 0; € {—1,1
and

+77(t lvll)  for a.e. t€R
i=1,...,n), h € Lio(R;R™), (3)

D(0)lo € Pn(R), D(o)[lo— go] € P (R;h)

hold, and n € Kjo.(R x R1;RY) satisfies (4) for every interval [a,b]. Let, moreover, there exist a
function v € ACjo.(R;R™) such that

v({t) >0 for teR, [v] < +oo,
D(0) [ (t) = D(h())¥(t) = Lo()(t) = D(@)p(1)(t)] =0 for a.e. t €R.

Let, in addition, (6)—(7) be fulfilled for every i € {1,...,n}. Then (1) has at least one bounded
solution.

Consider the nonlinear differential system with argument deviation

2i(t) = hi(t)zi(t) + sz'j (t)j(7i;(t) — Z 9ij (1) (pij (1))

+ filt, z(t), (11 (), ..., z(vm(t))) (i=1,...,n), (8)
where h = (hz)?zl S LlOC(R; Rn)a P = (pij)?j 1 € Lloc(R'Rnxn) G = (gij)ijl S LZOC(R;RnXH)a
f=(f)r € Kipe(R x ROV RY) v : R — R (6,5 = 1,...,n; k = 1,...,m) are locally
essentially bounded functions, and x = (z;)/;. Then Theorems 1 and 2 imply in particular the
following corollaries.
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Corollary 1. Let the inequality

Sen(v(t)) f(t,v(t),v(11(t)),. .., v(vm(t))) < q(t) forae teR 9)

be fulfilled for any v € Co(R;R™), q € Lio(R;R"}). Let, moreover,

P(t)>©, G(t)>0 forae teR, (10)
gij(t) =0 forae teR (i#j;i,7=1,...,n), (11)
9ii(t) [pii(t) —t] <0 forae teR (i=1,...,n), (12)
and
t s
/ gii( )exp(— / hi(ﬁ)dﬁ) ds < — forae teR, (i=1,...,n),
pii (t) pii(s)
7ij (t)
'pv(s)dsgé forae teR (i,j=1,...,n), (13)
t
where
ik (t)
dif max{ szk ) exp ( / E(s) ds> ci=1,... ,n} for a.e. t €R, (14)
t
déf max {h;(t) ,...,n}  forae teR. (15)
Let, in addition,
t 0
sup { / [?L(S) +ep(s)] ds: te R} < o0, / p(s)ds < 400, (16)
0 —o0
400 s
/q(s)exp(—/hi(f)df) ds <400 (i=1,...,n). (17)
—00 0

Then (8) has at least one bounded solution.

Corollary 2. Let the inequality (9) be fulfilled for any v € Co(R;R™), ¢ € Lio(R;R%). Let,
moreover, (10) hold,

ik (t)
pik(t)exp< /hk(s)ds> > gir (1), gik(t)[nk(t)—uik(t)]zo for a.e. teR (i,k=1,...,n),

ik ()

and let (13) be fulfilled, where p is given by (14) and (15). Let, in addition, (16) and (17) hold.
Then (8) has at least one bounded solution.

Corollary 3. Let the inequality

D(o) Sgn(v(t))f(t, v(t),v(v1(t)),. .. ,v(l/m(t))) <q(t) forae teR (18)
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be fulfilled for any v € Co(R;R™), ¢ € Lioe(R;RY), where 0 € R™, 03 € {—1,1} (1 =1,...,n). Let,
moreover,

D(o)P(t) > O, D(o)G(t) >© forae teR, (19)
(11) and (12) hold, and

S

7\g¢¢(s)!exp<— / hi(f)df) ds<1 (i=1,...,n).

Hii(s)
Furthermore, let there exist A = (a;;)7';—; € R”™ such that r(A) <1 and

’Ti]'(S

+/Oo|pij(5)|exp ( / )hj(ﬁ) d¢ — /shi(i) dg) ds < ai (i,5=1,...,n). (20)
e , )

Let, in addition,
t
sup{/hi(s)ds:tE]R}<+oo (t=1,...,n) (21)
0

and (17) hold. Then (8) has at least one bounded solution.

Corollary 4. Let (18) be fulfilled for any v € Co(R;R™), q € Lioe(R;R"), where 0 € R", 0; €
{-1,1} (i=1,...,n). Let (19) hold and, moreover,

Tik (1)
oipik(t) exp < / hi(s) ds) > 0igik(t), 0iokgik(t) [Tik(t) - uik(t)] >0 (i,k=1,...,n)

pik(t)
for a.e. t € R. Furthermore, let there evist A = (a;;)7;—; € RY*™ such that r(A) < 1 and (20)
hold. Let, in addition, (21) and (17) hold. Then (8) has at least one bounded solution.

Notation

If = (x;)]~, € R", then

I 0 0
0 x93 -~ 0

Dx)y=1. . . .|, Sgn(z) =D(sgnz), where sgnz = (sgnax;)i;.
0 0 - mz,

© is a zero matrix, r(X) is a spectral radius of the matrix X.

Cloc(R; R™) is a space of continuous functions = : R — R™ with a topology of uniform convergence
on every compact interval.

Co(R;R™) is a Banach space of bounded continuous functions = : R — R" endowed with a norm

el = sup {la(0)]| : ¢ € R}.

AC1(R;R™) is a set of locally absolutely continuous functions z : R — R"™.
L, (R;R™) is a space of locally Lebesgue integrable vector-valued functions p : R — R™ with a
topology of convergence in mean on every compact interval.
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Lo (R;R™ ™) is a space of locally Lebesgue integrable matrix-valued functions P : R — R™*".
Pn(R) is a set of linear continuous operators £ : Cpoo(R;R™) — Ljo.(R; R™) that transforms

non-negative functions into the set of non-negative functions.
P (R; h), where h € Ljo(R;R™) and 0 = ()7, € R", 0; € {-1,1} (i =1,...,n), is a set of
linear continuous operators £ : Cioe(R; R™) — Ljpe(R;R™) such that

l(z)(t) >0 forae. teR,
whenever z € AC),.(R; R™) satisfies
z(t) >0 for teR, D(o)[2'(t)—D(h(t))z(t)] >0 forae. tecR.

K([a,b] x A; B), where A C R™ and B C R”, is a set of functions f : [a,b] x A — B satisfying
the Carathéodory conditions, i.e.,

(i) f(-,x) : [a,b] — B is a measurable function for every = € A,
(i) f(t,) : A — B is a continuous function for almost all ¢ € [a, b],

(iii) for every r > 0 there exists a function ¢, € L([a, b];R) such that

If(t, z)|| < g (t) forae. telabd], x€A lz]<r

Kijoe(R x A; B), where A C R™ and B C R", is a set of functions f : R x A — B such that
f € K(la,b] x A; B) for every compact interval [a, b].
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We consider two problems of optimal control for systems of differential equations with pulse
action
&= A(z,t) + B(x,t)u, = &S,
Azl,cq=9(@), (1)
x(0) = mo.

In the first problem for the system (1) the quality criteria is the following
() = / V(8)L(t, 2(t), u(t)) dt — inf, ()
0

where S — some hypersurface in the space RY, zo € R? — a fixed vector, t € [0,00), € RY,
L(t,x,u) — a limited function, u € U C R™, U — a closed, convex set in the space R™, 0 € U,
A(z,t) — d-dimensional vector function, B(z,t) — d x m~-dimensional matrix, g — d-dimensional
vector function.

In the second problem for the system (1) we consider the quality criteria

6
J(u) = / V(8 L(t, 2(8), u(t)) dt —> in, (3)
0

where t € [0,00), z € D, D — a limited area in the space R? DN S — is not empty, 9 € R? — a
fixed vector, § — a moment of leaving the solution x(t) the area D.

We consider the problem (1), (2) with the following conditions: functions A(x,t), B(x,t) are
continuous for a set of variables t € [0,00), x € R?, g(z) is continuous by # € R? and the condition
of Lipschitz is satisfied, there is a constant H > 0 such that for any z1,2o € R, t >0 and u € U
the conditions:

‘A(t,a:l) — A(th)‘ S H|a:1 — .%'2‘, HB(t,l'l) — B(tafg)H S H‘.’L’l — 1’2’ (4)

hold.
Functions L(t,z,u), Ly(t,x,u) and L,(t,z,u) are continuous for a set of variables, for any
t€0,00), z € R?% and u € U, the following conditions are satisfied:

1) L(t,x,u) >0 for any t € [0,00), z € R? and u € U;
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2) there are constants R > 0 and p > 2 such that for any t € [0,00), = € R% and u € U, the
inequality
L(t,z,u) > R(1 + |uf?)

is fulfilled;

3) there is M > 0 such that for any ¢ € [0,00), 2 € R? and u € U,

| Lot 2, w)| + [ Ly (t, 2, 0)] < M(1+ |uf™);

4) L(t,z,u) is convex by u for any fixed ¢ € [0,00), z € R%.

For the problem (1), (3) conditions are similar to the problem (1), (2) for x € D.
Acceptable for problems (1), (2) and (1), (3) are such controls u = u(t) that:

(a) u(t) € Ly([0,00)), u(t) € U, t € [0, 00);

(b) there is a constant C; > 0 which does not depend on u(t) and the following condition holds:
o
/|u(t)p dt < (.
0

The set of acceptable controls will be named acceptable for (1), (2) and (1), (3) and will be denoted
by F.

We assume that the hypersurface S is a compact set and is given by s(x) = 0, where s is a
continuous function.

Let 7F be moments in which the solution x(t,u) hit on the hypersurface S.

Theorem 1. Let the system (1) with the quality criteria (2), for functions A(x,t), B(xz,t), v(t)
and L(t,z,u) satisfy the condition (4) and 1)=3), the function v(t) € Li([0,00)), 0 < v(t) <1 for
any t > 0. Then the problem (1), (2) has a solution in the set of acceptable controls F'.

Theorem 2. Let the system (1) with the quality criteria (3), for functions A(x,t), B(z,t), v(t)
and L(t,z,u) satisfy the condition of Theorem 1 fort >0, x € D. Then the problem (1), (3) has a
solution in the set of acceptable controls F .

Proof for the problem (1), (2). Since J(u) > 0, then there exists a non-negative lower bound
m of values J(u). Let u, be the sequence of acceptable controls such that: J(u,) — m, n — oc.
Namely,

() = / V() L(t, 2 (£), un (1)) dE — m, 1 — o0,
0

where x,,(t) are solutions of the system (1) which correspond to controls u,,(t).

The condition (b) guarantees a weak compactness of the sequence wu,(t). Thus the sequence
un(t) converge weakly to u*(t) € Ly([0,00)). It is easy to show that w*(t) € U for almost all
t €[0,00).

We take an arbitrary 7' > 0 and fix. Since in the interval [0,77] all the conditions of the
Theorem 1 are fulfilled, then there exists x7.(t) — the solution of the system (1) at [0,7], which
correspond to control w*(t) and z,(t) = 2%(t), n — oo for any ¢ € [0,T].

We show that there is a subsequence of functions z,, (¢) which pointwise converges to the
function z*(¢) for any t € [0, 00).
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For T' =1 there exists the subsequence x,, (t) of the sequence z,,, (t), n > 1 such that x,, (t) =
x(t) for any t € [0, 1].

For T' = 2 there exists the subsequence z,, (t) of the sequence x,, (t), n > 1 such that x,,(t) =
x3(t) for any t € [0, 2], where z3(t) = z5(t), t € [0, 1].

Similarly, for any natural N there exists the subsequence z,, (t) of the sequence z,, _, (t) such
that @, (t) = a7 (t) for any t € [0, N], where z3,(t) = 2§ _,(t), t € [0, N —1].

Using the diagonal method of this sequences, we can distinguish the following subsequence
T, (1), n>1

:Bh(t), $22(t), $33(t), ey Ty, (t), e
This sequence pointwise converges to the function z*(¢) for any ¢ € [0, o).

Similarly to [3], it can be shown that the control w*(¢) is optimal for the problem (1), (2), that
J(u*) =m.

Proof for the problem (1), (3). The proof of Theorem 2 is similar to the proof of Theorem 1,
but it must be taken into account the moment of coming out the solution of the area.
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For investigation of exponential stability and instability of perturbed linear differential systems

y=Ay+Qt)y, yeR", t>0, (1a10)

with bounded piecewise-constant coefficients, characteristic exponents A\; (A+Q) < -+ < A\, (A+Q)
and exponentially decreasing sigma-perturbations @) satisfying the condition

— 1
M@l =, Tm_ - Q)] < —o <0,

the use is made of the so-called higher [3,4]

Vo(A)= sup M(A+Q), >0,
AQI<~0o
and lower [5-7]

A, (A) = )\[Ql}ngfig MA+Q), 0>0 (2)

sigma-exponents. And if for the first of them the calculation algorithm by the Cauchy matrix
Xa(t,7) of the initial system (14) is constructed [3,4] and fully described [1,2,8] as the function
of a parameter o > 0 (with the properties of boundedness, concavity and coincidence with the
constant o greater than some g > 0), then for the second, lower sigma-exponent A,(A), there is
nothing.

In works [6,7] devoted to the investigation of the lower sigma-exponent A, (A), relying only
on its definition (2), the author constructed lower sigma-exponents of linear differential systems
(14) of general Lipschitz on the interval (0, +00) type, more general compared to the higher sigma-
exponents. In particular, they are not only convex or only concave functions in the whole domain
(0, +00) of their definition. Indeed, for every nondecreasing function f : (0,+00) — R coinciding
with the constant on some interval [0, +00) (the lower sigma-exponent of any system (14) possesses
these obvious properties) and satisfying the Lipschitz condition on the interval (0, o9, the existence
of the linear differential system (14) with a lower sigma-exponent A,(A) = f(o), o > 0 is proved.

There arises the question whether there exist lower sigma-exponents A,(A) of linear non-
Lipschitz type systems, that is not satisfying in parameter ¢ > 0 Lipschits condition on the whole
interval (0,+o00) with a finite Lipschitz constant L > 0. The positive answer is contained in the
following

Theorem. Any nondecreasing function
f:1]0,400) = [co, 1] C (=00, +00),
coinciding with the constant c; on some interval [0, +00) and satisfying the Lipschitz condition
0 < f(&) — f(&) < Loo)(& — &), 0<o00<& <& <o,

on any interval [0y, 01] with the Lipschitz constant L(og) < const/og, o9 > 0, is a lower sigma-
exponent A, (A) = f(0), o > 0, of some linear differential system (1) with a piecewise-continuous
bounded on the time semi-azis [0, +00) matriz of coefficients A(t).
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Remark. Such satisfying conditions of the theorem (and not satisfying the Lipschitz on the whole
interval (0, +00) condition with one finite Lipschitz constant L > 0) are, for example, the functions

f(o) = {ao‘, o € [0,01],

of, o>o01, ac(0,1).
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The paper is devoted to the existence and uniqueness of a solution of the initial-boundary prob-
lem for one nonlinear multi-dimensional integro-differential equation of parabolic type. Construc-
tion and study of the additive averaged Rothe’s type scheme is also given. The studied equation is
based on well-known Maxwell’s system arising in mathematical simulation of electromagnetic field
penetration into a substance [10]:

aa—lj = —rot(vy, rot H), (1)
cy % = U (rot H)?, (2)

where H = (Hy, H2, H3) is a vector of magnetic field, 0 is temperature, ¢, and v, characterize
correspondingly heat capacity and electroconductivity of the medium.

The system (1), (2) is complex and its investigation and numerical resolution still yield for
special cases (see, for example, [6] and the references therein).

In [1], the Maxwell’s system (1), (2) were proposed to integro-differential form

t

a;}:r:—rot {a(/hotH!sz) rotH], (3)
0

where a = a(S) is dependent on coefficients ¢,, vy, and is defined for S € [0, c0).
Making certain physical assumptions in mathematical description of the above-mentioned pro-
cess in [12], a new integro-differential model is constructed which represents a generalization of the

system (3)
t
‘981;[ = a<//|rotH|2 dxdT>AH. (4)
Q0

Principal characteristic peculiarity of systems (3) and (4) is connected with the appearance in
the coefficient with derivative of higher order nonlinear term depended on the integral of time and
space variables. These circumstances requires different discussions than it is usually necessary for
the solution of local differential problems.

The literature on the questions of existence, uniqueness, and regularity of solutions to the
models of above types is very rich. In [1-5,11-13], the solvability of the initial-boundary value
problems for (3) type models in scalar cases is studied using a modified version of the Galerkin’s
method and compactness arguments that are used in [14,16] for investigation elliptic and parabolic
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equations. The uniqueness of solutions is investigated also in works [1-5,11-13]. The asymptotic
behavior of solutions is discussed in [4,6,9] and in a number of other works as well. Note also that
to numerical resolution of (3) and (4) type one-dimensional models were devoted many works as
well (see, e.g., [5-7,9] and the references therein).

Many authors study the Rothe’s scheme, semi-discrete scheme with space variable, finite element
and finite difference approximation for a integro-differential models (see, for example, [5-9,14,15]).

It is very important to study decomposition analogs for above-mentioned multi-dimensional
differential and integro-differential models as well. At present there are some effective algorithms
for solving the multi-dimensional problems (see, for example, [14,15] and the references therein).

This paper dedicated to the existence and uniqueness of solutions of initial-boundary value
problem. Investigations are given in usual Sobolev spaces. Main attention is also paid to investi-
gation of Rothe’s type additive averaged scheme. In this paper we shall focus our attention to (4)
type multi-dimensional integro-differential scalar equation.

Let Q is bounded domain in the n-dimensional Euclidean space R™ with sufficiently smooth
boundary 9. In the domain @ = Q x (0,7) of the variables (z,t) = (x1,22,...,2n,t) let us
consider the following first type initial-boundary value problem:

S ) oce o
U

,t) =0, (x,t) € 00 x [0,T], (6)
U(z,0) =0, z€Q, (7)

where T is a fixed positive constant, f is a given function of its arguments.

Since problem (5)—(7) similar to problems considered in [4], where investigation of (3) type
multi-dimensional scalar equations is given and at first is discussed unique solvability and asymp-
totic behavior of (5) type models as well, we can follow the same procedure used there. Using
modified version of the Galerkin’s method and compactness arguments [16], [14] the following
statement can be proved.

Theorem 1. If
FeWy(Q), fl(x,0)=0,

then there exists a unique solution U of problem (5)—(7) satisfying the properties:

U e L4(O,T; I/Io/}l(Q)) N LQ(O,T; W;(Q)), aag S LQ(Q)
0*U )
T—tata%GLg(Q) i=1,...,n.

The proof of the formulated theorem is divided into several steps. One of the basic step is to
obtain necessary a priori estimates.

Using the scheme of investigation as in, e.g., [4,6,9], it is not difficult to get the result of
exponentially asymptotic behavior of solution as t — oo for (5) equation with f(z,t) = 0 and
homogeneous boundary (6) and nonhomogeneous initial (7) conditions.

On [0,T] let us introduce a net with mesh points denoted by t; = jr, j = 0,1,...,J, with
T=1/J.

Coming back to problem (5)—(7), let us construct additive averaged Rothe’s type scheme:

J+1 92 j+1
u; ;
J+1
dx) S+

77iu ‘ <1+TZ/‘&BZ 5u? .

U?:u 207 i:l,,,.7n, jZO,]_,...,J_17
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with homogeneous boundary conditions, where uf (z),7=1,...,J,is a solution of problem (8) and
the following notations are introduced:

w () = Zmu{(w), Zm =1, 7>0, ngﬂ(x) = 1 (2) = fla,tj),
i=1 i=1 i=1

where v/ denotes approximation of exact solution U of problem (5)—(7) at t;. We use usual norm
|| - || of the space La(€2).

Theorem 2. If problem (5)—(7) has sufficiently smooth solution, then the solution of problem (8)
converges to the solution of problem (5)—(7) and the following estimate is true

|07 =] = O(Y2), j=1,...,J.

Using early investigated finite difference and finite element schemes for one-dimensional (5)
type models (see, for example, [5-7,9]) now we can reduce numerical resolution of the multi-
dimensional integro-differential model (5) to one-dimensional ones. It is very important to construct
and investigate studied in this note type models for more general type nonlinearities and for (5)
type multi-dimensional systems as well.
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We consider first-order cyclic functional differential systems of the type

2'(t) + p(t)pa(y(k(t) =0, y'(t) +a(t)es(z(U(t))) = 0, (A)
under the assumption that

a) « and 8 are positive constants;

b) p(t) and ¢(t) are positive continuous functions on [0, co);

(a)
(b) p
(c) k(t) and [(t) are positive continuous functions on [0, c0) tending to oo as t — oo;
(d) ¢

S(u) = |u|"sgn u = |u[""tu, v >0, u € R.

Let T > 0 be a fixed point on the real line. Define Ty by

To = min {7, jof h(t) inf 10}

By a solution of system (A) on [T, 00) we mean a vector function (z(t),y(t)) which is defined on
[To, 00) and satisfies (A) for all ¢t € [T, 00). Such a solution is called oscillatory (or nonoscillatory)
if both components of it are oscillatory (or nonoscillatory) in the usual sense. It is clear that (A)
admits no oscillatory solutions, so that all nontrivial solutions of (A), if exist, are nonoscillatory.

Let (x(t),y(t)) be a nonoscillatory solution of (A). Since (A) implies that z(t) and y(¢) are
eventually monotone, the two cases may occur: either (Case I) z(¢)y(t) > 0 or (Case II) z(t)y(t) < 0
for all large ¢. In either case the limits x(oc0) = tlg& z(t) and y(o0) = hm y(t) exist in the extended

real numbers.
Suppose that z(t)y(t) > 0 for all large ¢. Then, |z(t)| and |y(t)| are eventually decreasing, and
so there are the following three possibilities for the combination (z(00),y(c0)):
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(i) 0< |z(o0)] < o0, 0<|y(oo)| < oo;
I(ii) (a) 0 < |z(o0)| < o0, |y(oo)| =0, or

(b) fa(o0)[ =0, 0 < |y(co)| < o0;
I(iii) [z(c0)[ = 0, |y(co)| = 0.

Suppose that x(t)y(t) < 0 for all large ¢. In this case |z(¢)| and |y(t)| are eventually increasing,
and there are the following three possibilities for the combination (|z(c0)|, |y(c0)]):

(i) [2(00)] < o0, [y(00)] < oo
(i) (a) J2(00)] < oc, y(oc)| = oo, o

(b) [2(00)] = 00, ly(o0)| < oo
(i) [z(00)| = o0, [y(00)] = oo.

The existence of nonoscillatory solutions of the four types I(i), I(ii), II(i) and I(ii) can be com-
pletely characterized as shown in the following theorems.

Theorem 1. System (A) has a solution (z(t),y(t)) such that x(t)y(t) > 0 for all large t and

lim z(t) = const # 0, lim y(t) = const # 0,
t—00

t—o00

if and only if

[e.o] o

/p(t) dt < oo and /q(t) dt < co.

0 0

Theorem 2. System (A) has a solution (z(t),y(t)) such that x(t)y(t) > 0 for all large t and

lim z(t) = const # 0, tli}m y(t) =0,

t—o0

if and only if

/q(t) dt < oo and /p(t)p(k:(t))a dt < oo,
0 0
where

Theorem 3. System (A) has a solution (x(t),y(t)) such that x(t)y(t) <0 for all large t and

t—o00

lim z(t) = const # 0, lim y(t) = const # 0,
t—o0

if and only if

[e.e] (e}

/p(t) dt < oo and /q(t) dt < oo.

0 0
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Theorem 4. System (A) has a solution (z(t),y(t)) such that x(t)y(t) < 0 for all large t and
Jim [z (t)] = const # 0, lim [y(t)] = oo,

if and only if

/q(t) dt = 0o and /p(t)Q(k(t))a dt < o0,
0 0

where
Qv = [ as)ds.
0

Note that the theorems concerning the cases I(iib) and Il(iib) could be formulated automatically
from Theorems 2 and 4, respectively.

The solutions of types I(iii) and ll(iii) seem to be extremely difficult to analyze, and for the
present we have to content ourselves with seeking regularly varying solutions for system (A) in
which aff < 1, p(t) and ¢(t) are regularly varying and k(t) and [(t) are regularly varying of index 1.
By a regularly varying solution of system (A) we here mean a nonoscillatory solution (x(t), y(t)) of
(A) such that both |z(t)| and |y(t)| are regularly varying in the sense of Karamata. If |z| € RV(p)
and |y| € RV(o), we write (z,y) € RV(p,0), and call (z(t),y(t)) a regularly varying solution of
index (p, o).

In the following theorems it is assumed that p € RV(\) and ¢ € RV(u) and they have the
expressions

p(t) =t L(t), q(t)=t"M(t), L,M €SV,
and that k(t) and [(t) satisfy
lim —= =+, lim @:5,
t—oo t t—oo t
for some positive constants v and J, respectively.

First we look for regularly varying solutions of type I(iii). It is clear that (z,y) € RV(p,0) is of

type I(iii) (i.e., x(0c0) = y(o0) = 0) if (p, o) falls into one of the three cases:

(a) p<0,0<0,
(b) p=0,0<0,0r p<0,0=0,
(c) p=0o=0.
We are able to deal with the cases (a) and (b) exhaustively. Our result for the case (a) follows.
Theorem 5. Let af < 1. Suppose that A and p satisfy
At l+a(u+1)<0, BA+1)+p+1<0,
and define p and o by

A+ lta(p+l) BA+1) +p+1

1—af 7 1—ap

Then system (A) possesses a nonoscillatory solution (x(t),y(t)) of type I(iii) which satisfies
z(t)y(t) > 0 for all large t and belongs to the class RV (p,0). The asymptotic behavior of the
components x(t) and y(t) are governed by the precise decay laws:

[ PO 7 i

—p -0 —p —0

ast — oo.
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As for the case (b) it suffices to present the result for solutions belonging to RV (0, o) with o < 0,
from which, as is easily seen, the result for solutions in RV (p, 0) with p < 0 can be formulated almost
automatically.

Theorem 6. Let af < 1. Suppose that A and p satisfy
A=—-1l—a(p+1), p<-—1.

Suppose moreover that for any a > 0

/t‘lL(t)M(t)a dt = /p(t)(tq(t))a dt < oo.

Put o = p+ 1. Then system (A) possesses a nonoscillatory solution (z(t),y(t)) of type I(iii) which
satisfies x(t)y(t) > 0 for all large t and belongs to the class RV(0,0). The asymptotic behavior of
the components x(t) and y(t) are governed by the precise decay laws:

2 ()] ~ [(1 — aB)y 731L<s> (M(j))‘“ ds] =

)Olds}l_aﬁ7

po~ 20 1= agper [ne (M

S
—0
ast — oo.

In order to handle solutions of type II(iii) of (A) we note that if (z(¢),y(t)) is a solution of (A)
of that type, then (—z(t),y(t)) and (x(t), —y(t)) are solutions of the “dual” system

X'(t) = p(t)pa(Y(R(1) = 0, Y'(t) = q(t)ps(X(I(t))) =0, (B)

satisfying X (¢)Y (t) > 0 for all large ¢ and | X (c0)| = |Y (00)| = co. Then the desired results for the
cases (a) and (b) of Il(iii) could easily be obtained from Theorems 3.1 and 3.2 established for (B)
in the paper [1]. Their formulations may be omitted.

Some of the above-mentioned results for system (A) seem to be new even (A) is reduced to the
ordinary differential system

o’ +p(t)paly) =0, Y +aq(t)ps(z) = 0. (C)
For the pioneering systematic investigation of first-order ordinary differential systems including (C)
the reader is referred to the book of Mirzov [2].
It should be noticed that the results obtained for system (A) find applications to systems of the
form

'(g(t)) + p(t)paly(k(t)) = 0, ¥ (A(t) + q(t)ps(z(l(t))) = 0,
as well as to scalar equations of the form

(P(H)pal@'(9(t)) + alt)ps(z(l(t))) = 0.
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In the plane of independent variables x and ¢ in the domain Dy : 0 <z <, 0 < t < T consider
the mixed problem of finding the solution u(x,t) of semilinear wave equation of the form

Uty — Uz + g(u) = f(x,1), (2,t) € Dr, (1)
satisfying the initial
u(z,0) = p(x), w(z,0)=1v(z), 0<z<lI, (2)
and boundary conditions
uz(0,t) = Flu(0,t)], wug(l,t) = a(t)u(l,t), 0<t<T, (3)

where f, ¢, ¥, a, g and F' are given, and u is an unknown real functions.
Let the following conditions of smoothness

fecCcYDy), g, F e CHR),
@ € C*([0,1]), ¢¥eCY[0,1]), aeC([0,T))

be fulfilled. It is assumed that the second order conditions of agreement are fulfilled at the points
(0,0) and (Z,0).

Note that nonlinear boundary condition of the form given in (3) arises, for example, in descrip-
tion of the process of longitudinal oscillations of a spring in case of elastic fixing of one of its ends
when the tension does not comply with linear Hooke’s law and is nonlinear function of shift, and
also in description of processes in the distributed self-oscillatory systems.

Consider the conditions

(4)

/g(sl)dsl > —M182 — Mo, /F(Sl)dsl > —Ms Vs eR,
0 0
at) <0, o(t) >0, 0<t<T,

where M; := const >0, 1 <i < 3.
The following theorem is valid.

Theorem. Let the conditions (4), (5) be fulfilled. Then there exists a unique classical solution of
the problem (1)—(3).

Remark 1. In the case when at least one of the conditions (5), imposed on nonlinear functions
g and F, is violated, as the following particular case shows, the solution u of considering problem
can be explosive, i.e. there exists a number 7% > 0 such that the problem (1)-(3) has a unique
solution, besides

T_lgjl,{l_o ||UHC(ET) = 0. (6)

Thus, in particular, it follows that the problem under consideration does not have a solution in the
domain Dp for T > T*.
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Indeed, consider the case of the problem (1)—(3) when functions f, g, a equal zero, besides
¢ € C%([0,1)), ©(0) > 0, v € C1([0,1]) and F(s) = —6|s|*s, § := const > 0, X := const > 0, s € R,
and the corresponding conditions of agreement are fulfilled. Then in the case ¥ = —¢’ the solution
u of this problem in the domain Dp for T'= T is given by the formula

oz —t), (z,t) € Ay N{t <T*},
(. t) — w1 (t — x), (x,t) € AgN{t < T}, 7)
’ o2l —x —1t) — (1) + oz —t), (x,t) € Asn{t <T*},
pi(t—z)+ el —z—t)—plx+t—1), (x,t)e Asn{t<T*}.
Here (0) .
_ ¥ * .
pi(t) = 1o 6>\¢A(O)t]§7 0<t<T" = A 0) <, (8)
and

Al = AOOlC, AQ = AOOlA, Ag = ACOlB, A4 = AOlAB
are right-angled triangles, where
I 1
0 =0(0,0), A=A(0,1), B=DB(1), C=0C(0), O = 01(5, 5).
From (7), (8) it follows that the solution of problem (1)—-(3) is explosive, i.e. the equality (6)
holds. Therefore, in this case, at the problem statement we should require that T < T*.

Remark 2. In fact, the formula (7) allows continuation of the solution of considering problem from
the domain Dp- into the domain D;N{t < x+T*}, besides, this solution u(z, t) will rise indefinitely
at approaching of the point (z,¢) from the domain D;N{t < z+7T"*} to the characteristics t—x = T,
to which adjoins this domain with a part of its boundary.
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The W-method, in its present form, was proposed by N. V. Azbelev, but according to his
comment in [2] it goes back to G. Fubini and F. Tricomi. The method described originally a way
to regularize boundary value problems for deterministic differential equations (see e.g. [2,3]). Later
on the method has been developed, generalized and applied in the stability theory for determinsitic
[1,4,5] and stochastic [6-9] functional differential equations.

Below we describe general principles of the W-method in connection with stochastic functional
differential equations.

Let (92, F, (Ft)i>0,P) be a stochastic basis consisting of a probability space (€2, F,P) and an
increasing, right-continuous family (a filtration) (F;)i>0 of complete o-subalgebras of F. By E we
denote the expectation on this probability space.

The space k™ consists of all n-dimensional, Fy-measurable random variables, and k& = k! is a
commutative ring of all scalar Fy-measurable random variables.

By Z := (z1,...,2m)’ we denote an m-dimensional semimartingale (see e.g. [11]). A popular
example of such Z is the vector Brownian motion (the Wiener process).

We consider the homogeneous stochastic hereditary equation

dz(t) = (Vpz)(t)dZ(t),t > 0, (1)

equipped with two extra conditions
z(s) = ¢(s), s <0, (1a)
z(0) = xo. (1b)

Here V}, is a k-linear Volterra operator (see below), which is defined in certain linear spaces of
vector stochastic processes, ¢ is an Fp-measurable stochastic process, zg € k™.
By k-linearity of the operator V}, we mean the following property:

Vh(a1x1 + 042332) = a1 Vo1 + asVpxe

holding for all Fy-measurable, bounded and scalar random values «y, ag and all stochastic processes
x1, x2 belonging to the domain of the operator V.

The solution of the initial value problem (1), (1a),(1b) will be denoted by xz(t,zg,¢), t €
(—00,00). Below the solution is always assumed to exist and be unique for an appropriate choice
of ¢(s), xo.

The following kinds of stochastic Lyapunov stability are well-known:
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Definition 1. For a given real number p (0 < p < 0o) we call the zero solution of the homogeneous
equation (1)

- p-stable (w.r.t. the initial data, i.e. w.r.t. xop and the “prehistory” function ¢) if for any
e > 0 there is 0(g) > 0 such that El|xg[P + esssup E|p(s)|P < 0 implies E|z(t, zo, p)[P < € for
s<0

all £ > 0 and all (admissible) ¢, zo;

- asymptotically p-stable (w.r.t. the initial data) if it is p-stable and, in addition, any ¢, xg
such that E|zg[P + esssup E|p(s)[P < § satisfies lim E|x(t, zo, )P = 0;

- exponentially p-stable (w.r.t. the initial data) if there exist positive constants ¢, 5 such that
the inequality

E|x(t, zo, p)|P < E(E]w0|p + ess Sélp E](p(s)|p> exp{—0s}
s<

holds true for all ¢ > 0 and all ¢, xg.

To be able to link stochastic Lyapunov stability and the W-method, we need to represent (1),
(la) as a functional differential equation. Let z(t) be a stochastic process on the real semiaxis
(t € [0,+00)) and x4 (t) be a stochastic process on the entire real axis (¢ € (—o0, +00)) coinciding
with z(t) for t > 0 and equalling 0 for ¢ < 0, while ¢_(t) be a stochastic process on the axis
(t € (—o0,+0)) coinciding with ¢(t) for ¢ < 0 and equalling 0 for ¢ > 0. Then the stochastic
process x4 (t) + p_(t), defined for t € (—o0, +00) will be a solution of the problem (1), (1a), (1b) if
x(t) (t € [0, +00)) satisfies the initial value problem

de(t) = [(Va) (1) + F(5]dZ(t), 20, @)
z(0) = xo, (2a)

where
(Va)(t) = (Via)(1),  F(1) i= (Vap)(2) for ¢ 0.
Indeed, by linearity V(x4 + ¢—) = Vi(x4) + Va(p—) = Va + f, which gives (2). Note that f is
uniquely defined by the stochastic process ¢, “the prehistory function”. Let us also observe that
the initial value problem (2), (2a) is equivalent to the initial value problem (1), (1a), (1b) only for
f, which have representation f = V},¢', where ¢’ is an arbitrary extension of the function ¢ to the
real axis (—o0, 00).
In the sequel the following linear spaces of stochastic processes will be used:

- L™(Z) consists of all predictable n x m-matrix stochastic processes on [0,400), the rows of
which are locally integrable w.r.t. the semimartingale Z (see e.g. [11]);

- D™ consists of all n-dimensional stochastic processes on [0, +00), which can be represented as

x(t) = z(0) + /H(s) dZ(s),
0

where z(0) € k", H € L"(Z).

Let B be a linear subspace of the space L"(Z) equipped with some norm || - ||p. For a given
positive and continuous function v(t) (¢t € [0,00)) we define BY = {f : f € B, vf € B}. The
latter space becomes a linear normed space if we put || f|| 5+ := ||7flB-
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We will also need the following linear subspaces of “the space of initial values” k™ and “the
space of solutions” D™:

k) ={a: a €k”, Elaff <o}, M) = {a:: x € D", stl;gE\fy(t)a:(t)]p < oo}, MI} = M,,.

For 1 < p < oo the linear spaces k), M, become normed spaces if we define
J— E p l/p _ E t t P 1/p
el = (Elal?)"", zlluy = igg( (), z(8)[F) "

In the sequel, we will always assume that the operator V : D" — L™(Z) in the equation (2)
is a k-linear Volterra operator, f € L"™(Z) and zp € k™. Recall that V : D" — L"(Z) is said to
be Volterra if for any (random) stopping time 7, 7 € [0, 400) a.s. and for any stochastic processes
x,y € D™ the equality x(t) = y(t) (t € [0,7] a.s.) implies the equality (Vz)(t) = (Vy)(t) (t € [0, 7]
a.s.).

A solution of (2), (2a) is a stochastic process from the space D" satisfying the equation

z(t) = zo + (Fx)(t), t >0,

where
t

(Fa)(t) = [ [(Va)(s) + ()] Z(s)
0
is a k-linear Volterra operator in the space D™ and the integral is understood as a stochastic one
w.r.t. the semimartingale Z (see e.g. [11]).
Below z£(t, xo) stands for the solution of the initial value problem (2), (2a).

Definition 2. Let 1 < p < oo. We say that the equation (2) is input-to-state stable (ISS) w.r.t. the
pair (M,/, B”) if there exists ¢ > 0, for which 2 € k) and f € B" imply the relation z (-, zo) € M),
and the following estimate:

lzs (-, wo)llagy < e(llwolleg + [1f1157)-

This definition says that the solutions belong to M, whenever f € BY and z € ky, and that
they continuously depend on f and x( in the appropriate topologies. The choice of the spaces is
closely related to the kind of stability we are interested in.

The following result describes connections between Lyapunov stability of the zero solution of
the equation (1) and input-to-state stability of the equation (2) with the operator V' which is
constructed from the operator Vj, in (1).

Theorem 3. Let v(t) (t > 0) be a positive continuous function and 1 < p < oco. Assume that
the equation (2) is constructed from (1), (1a) and f(t) = (Vap—)(t) € BY whenever ¢ satisfies the
condition esssup Elp(s)|P < oo, and || f||pv < K esssup Elp(s)[P for some constant K > 0.

s<0 s<0

1) Ify(t) =1 (t > 0) and the equation (2) is ISS w.r.t. the pair (M,), BY), then the zero solution
of (1) is p-stable.
)

2) Ify(t) = exp{Bt} (t > 0) for some 3 > 0 and the equation (2) is ISS w.r.t. the pair (M, ,BY),
then the zero solution of (1) is exponentially p-stable.

3) Iftliin Y(t) = 400, ¥(t) > § > 0, t € [0,+00) (t > 0) for some §, and the equation (2) is
— 400
ISS w.r.t. the pair (M, , BY), then the zero solution of (1) is asymptotically p-stable.
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The main idea of the W-method is to convert the given property of Lyapunov stability — via
the property of ISS — into the property of invertibility of a certain regularized operator in a suitable
functional space. This operator can be constructed with the help of an auxiliary equation. The
latter is similar to the equation (2), but it is “simpler”, so that the required ISS property is already
established for this equation:

dz(t) = [(Qz)(t) +g(t)]dZ(t), t >0, (3)

where @ : D™ — L"(Z) is a k-linear Volterra operator, and g € L"(Z). For the equation (3) it
is always assumed the existence and uniqueness assumption, i. e. that for any z(0) € k" there
is the only (up to a P-equivalence) solution x(t) satisfying (3), so that we have the following
representation:

z(t) =U(t)xo + (Wyg)(t), t >0, (4a)

where U(t) is the fundamental matrix of the associated homogeneous equation, and W is the
corresponding Cauchy operator for the equation (3).
Now, let us rewrite the equation (2) in the following way:

dx(t) = [(Qx)(t) + (V = Q)2)(t) + f(t)]dZ(t), t >0,

or

2(t) = U(1)2(0) + (W(V — Q)a)(t) + (W)(1), ¢ = 0.
Denoting W(V — Q) = ©, we obtain the operator equation
(I =©)z)(t) = U(t)z(0) + (Wf)(1).

Theorem 4. Given a weight v (i. e. a positive continuous function defined for t > 0), let us
assume that the equation (2) and the reference equation (3) satisfy the following conditions:

1) the operators V, Q act continuously from M, to B7;
2) the reference equation (3) is ISS w.r.t. the pair (M, , B7).

If now the operator I —© : M, — M, has a bounded inverse in this space, then the equation
(2) is ISS w.r.t. the pair (M, ,B").

Proof. Under the above assumptions we have that U(-)xo € M, whenever zg € k, and also that
zy(t,x0) = (I - ©) " (U(-)z0)) (1) + (I =©)'W[)(#) (t=0)

for an arbitrary zo € k), f € B7. Taking the norms and using the assumptions put on the reference
equation, we, as in the previous theorem, obtain the inequality

2y (- 20)llary < E(llwolliy + 1 £ll57)
where xg € ky;, f € BY. Thus, the equation (2) is ISS w.r.t. the pair (M, BY). O

The choice of the space B and the weight v depend on the asymptotic property one is studying.
In the theorem below we use the universal constants ¢, (1 < p < oo) from the Burkholder—
Davis—Gandy inequalities to estimate stochastic integrals, see e.g. [11].
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Theorem 5. The zero solution of the equation

t t
dz(t) = (af(t)x(t) n bf(t)x(—))dt N0 x(—)dl’)’(t) (t >0),
70 T1
where &(t) = Ijo,)(t) + tlpoo)(t), t > 0 (La(t) is the indicator of A), B(t) is the standard scalar
Brownian motion, a, b, ¢, 19, 71, T are real numbers (19 > 1, 71 > 1), is asymptotically 2p-stable
(with respect to o, as ¢ is not needed in this case) if there exists a > 0 for which

la+ b+ af + ¢p|c|V0.5a + (|abl + b*) S + cplbe| /o <

where
d9 = max { log 79, (1 — 70_1)7"}.

The proof of the result can be found in [8].
The W-method is also proven to be efficient in the difficult case of stochastic differential equa-
tions with impulses, see [10].
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Consider parametric family of n-dimensional (n > 2) linear differential systems

%:A(t,u)a:, xeR" t>0, peB, (1)
whose solutions continuously depend on parameter u € B, and B is metric space. Denote class
of all such systems by S;. By S, we denote subclass of S;; of such systems that for any p € B
coefficient matrix A(-,p) is bounded over all ¢ > 0. We identify family (1) and it’s coefficient
matrix and therefore write A € S;; or A € S,,. For any A € S;; and p € B by A, we denote
differential system of family (1) with fixed parameter pu.

For any family A € S;; let A () < --- < A (p) be Lyapunov exponents of system A,,. Lyapunov
exponents \;(u), i = 1, n, are real numbers for all families A € S,,, therefore we consider \;(-) as
functions B — R. For families A € S}, generally speaking, Lyapunov exponents \;(11), i = 1,n can
take improper values, therefore we consider \;(-) as functions B — R, where R = R LI {—o0, +00}.

All statements given below are true in essentially more general case of Lyapunov exponents
of families of morphisms of Millionshtchikov bundles and generalized Millionshtchikov bundles.
Nevertheless we use the more familiar language of Lyapunov exponents of parametric families (1).

Lyapunov exponents of families A € §,, as functions B — R are completely described using
Baire characterization. V. M. Millionschikov [5] proved that every function A\gx(-) : B — Ris a
function of the second Baire class. M. I. Rakhimberdiev [7] proved that the number of Baire class
in the statement above cannot be reduced. A. N. Vetokhin [8], [9] in special spaces of differential
systems proved that Lyapunov exponents considered as functions of systems belong to the Baire
class (*,Gs). Recall that a real-valued function is referred to as a function of the class (*,Gjs) [1,
pp. 223, 224] if for each r € R the pre-image of the interval [r,4+00) under the mapping f is a
Gs-set, i.e. can be represented as a countable intersection of open sets. A complete description of
Lyapunov exponents of families A € S,, as functions B — R was announced if [2] and presented
in [3]. For any positive integer n and metric space B set (fi(-),..., fn(-)) of functions B — R
coincides with set of Lyapunov exponents (A1(-),...,A\,(-)) of some family A € S, if and only
if all these functions belong to the Baire class (*,Gs), have upper semi-continuous minorant and
satisfy inequalities f1(u) < --- < fu(p) for all u € B.

Consider the same problem of description of Lyapunov exponents of families A € S as functions
B — R. V. M. Millionschikov [6] proved that every function A\g(-): B — R is a function of the
second Baire class. A complete solution of this problem is given by the following theorem.

Theorem 1. For any positive integer n and metric space B set (fi(+),..., fn(+)) of functions
B — R coincides with set of Lyapunov exponents (A\1(+),..., A\n(+)) of some family A € S} if and
only if all these functions belong to the Baire class (*,Gs) and satisfy inequalities fi(p) < -+ <
fu(p) for all p € B.
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Here for functions B — R we use the same definition of the Baire class (*, Gs): function B — R
is referred to as a function of the class (*, Gys) if for each 7 € R the preimage of the segment [r, +00]
under the mapping f is a Gs-set.

Consider family A € S,,. For every Lyapunov exponent \;( - ) consider set M; of all points u € B
at which function A;(-) is upper (lower) semi-continuous. Set (Mi, Mo, ..., M,,) we call the set of
upper (lower) semi-continuity of Lyapunov exponents of family A. V. M. Millionschikov [6] proved
that if parameter space B is full metric space, then upper semi-continuity is Baire typical for all
Lyapunov exponents i.e. for any A € S,, and i = 1, n the set M; of upper semi-continuity contains
dense Gs-subset. A. N. Vetokhin showed that sets of lower semi-continuity can be empty.

Sets of upper semi-continuity and lower semi-continuity of families A € S,, are completely
described in [4]. In the case of Lyapunov exponents of families A € S the description of upper
and lower semi-continuity sets turned out to be the same. This description is given in the next
theorem.

Theorem 2. For any positive integer n and full metric space B set (M, ..., M) of subsets of space
B is the set of upper semi-continuity of Lyapumov exponents of some family A € S, if and only if
every M;, i = 1,n is dense Gs-set, and the set of lower semi-continuity of Lyapumov exponents of
some family A € Sk if and only if every M;, i = 1,n is F,5-set which contains all isolated points
of space B.
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Consider the linear system of impulsive equations

d
di; = Q(t)z + q(t) for t € Ry, (1)
w(tj+) —x(tj=) = Gyae(tj=) + g5 G=1,2,...), (2)
where Q € Lipe(R4;R™™ ™), g € Lige(R;R™), G € R™" (5 =1,2,...), 9, € R" (j = 1,2,...),
t; € Ry (j=1,2,...),0<t; <ty <---, lim t; = 4o00.
J—+oo
We use the following notation and definitions.
R =] — 00, 4o00[, Ry = [0, +00[, [a,b] and ]a,b] (a,b € R) are, respectively, closed and open
intervals. n
R™™ is the space of all real nxm matrices X = (;;); 2, with the norm || X|| = ;Mmax 21 |z
= =

Rixm = {(xZ])Z’JZI x> 006=1,...,n j=1,...,m)}.

R™ = R™ ! is the space of all real column n-vectors z = (z;)™;.

If X € R™", then X!, det X and r(X) are, respectively, the matrix inverse to X, the deter-
minant of X and the spectral radius of X; I, is the identity n x n-matrix.

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its com-
ponent is such.

C([a,b], D), where D C R™ ™ is the set of all absolutely continuous matrix-functions X :
la,b] = D.

Cioc(I \ T, D), where T' = {t1,t2,...}, is the set of all matrix-functions X : I — D whose
restrictions to an arbitrary closed interval [a, b] from I\ {7};", belong to C([a,b], D).

L([a,b]; D) is the set of all integrable matrix-functions X : [a,b] — D.

Lioe(I; D) is the set of all matrix-functions X : I — D whose restrictions to an arbitrary closed
interval [a, b] from I, belong to L([a,b], D).

By a solution of the impulsive system (1), (2) we understand a continuous from the left vector
function z : Ry — R”, & € Cjpe(Ry \ T;R"), satisfying the system (1) a.e on ]t;,t;41[, and the
equality (2) at the point ¢; for every j € {1,2,...}.

Let £ : Ry = Ry, €€ 5’100(R+; R, ), be a continuous from the left nondecreasing function such
that

t—lgl-noog(t) = too.
Definition 1. The solution zg of the system (1), (2) is said to be &-exponentially asymptotically
stable if there is 7 > 0 such that for every ¢ > 0 there exists 6 = (¢) > 0 such that for every
solution z of the system (1), (2) satisfying the condition

[[z(to) — wo(to)|| <0
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for some tp € R, the estimate

() — o(t)|| < eexp (n(&(t) — &(to))) for t > to
holds.

Definition 2. The system (1), (2) is said to be {-exponentially asymptotically stable if every its
solution is £-exponentially asymptotically stable.

Definition 3. The pair (Q,{G;};2,), where Q € Ljo(Ry;R™ ™) and G € R™" (j = 1,2,...),
is &-exponentially asymptotically stable if the corresponding to this pair homogeneous impulsive
system

d
d—j; =Q(t)x for t € Ry,

z(tj+) —z(t;—) = Gjz(t;—) (G=1,2,...)
is stable in the same sense.

Theorem. Let Q = (¢ir);'s=1 € Lioc(R+;R™™) and G = (gjir); =y € R™™ (j =1,2,...) be such
that the conditions

1+gji'i7é0 (izl,...,n; j:1,2,...),
r(H) < 1, (3)

sup{(g< (]q Yds+ > ln\l—i-gﬂz\)

T<t;<t
t>7 >t &) #E(T); t,T€R+\T}<—’y (it=1,....,n) (4)

and

/texp <’y(§(t) —&(7)) + /th'i(s) d8>!qik(7)\ IT 11+ gjiildr

T T<t;<t

t
£ Y e (w60 )+ [ asas ol T 1+ g5l < o
t* <t <t t t<t;<t
for te[t*,+oo[\T (i#k; i,k=1,...,n)
hold, where v > 0, t* and hy, € Ry (i # k; i,k=1,...,n), H= (hik)?,k::l matriz, where h;; = 0
(i =1,...,n). Then the pair (Q, {G]}jzof) is &-exponentially asymptotically stable.

Corollary. Let Q = (qik);x=1 € Lioc(R4;R™") and G; = (gjir)ip=1 € R™" (j = 1,2,...) be
such that the conditions (3), (4),

-1<gji <0 (i=1,...,n; j=1,2,...),
qi(t) <0 (i=1,...,n),
ik (V)] < —hikgii(t) (1 #k; i,k=1,...,n),
|gjik| < —hirgjii(1 + gjis) (0 #k; z,k‘ =1,...,n; 7=1,2,...)
hold a.e on the interval [t*,+o0], where v > 0, t* and hy, € Ry (i # k; i,k =1,...,n), hijj =0

(i=1,....n), and H = (hy)j}_,- Then the pair (Q,{Gj +o<>) is &-exponentially asymptotzcally
stable.
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The questions on the Lyapunov stability in this and other sense are investigated in [1, 3] (see,
also the references therein) for linear impulsive systems, and analogous questions in [2] (see, also
the references therein) for ordinary differential systems.
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Consider the semilinear hyperbolic equation of the type
Lyu:=0%u+ f(u) =F, (1)

where f : R — R is a given continuous nonlinear function, F' is a given and u is an unknown real
function,

0? " 92
O:=— — —, n>2.
o2 L= ox?’ T
i=1 ¢
Let D be a convex domain in the space R"*! of variables x1,. .., z,,t with piecewise — smooth
boundary S = 0D, consisting of smooth n-dimensional manifolds S1,.52, ..., Smys Smo+1s--->5m
whose S;, @ = 1,...,mp, are manifolds of spatial and temporal types, and Sy, +1,...,S5n, are

characteristic manifolds.
For the equation (1), we consider the boundary value problem: find in the domain D a solution

u=u(z1,...,x,,t) of that equation according to the boundary conditions:
ou
ulg = 0; =0, t=1,...,my, 2
s ovls; 0 2)
where v = (v1,...,VUn, Unt1) is the unit vector of the outer normal to 9D.
Assume
(ojk(D,aD) =queChD): uls=0; Ou =0, i=1,...,mpp, k>2.
S 81/ Si -

Let u € C*(D,0D) be a classical solution of the problem (1), (2). Multiplying both parts of

[¢]
the equation (1) by an arbitrary function ¢ € C?(D,dD) and integrating the obtained equality by
parts over the domain D, we obtain

/DuDg@dmdt+/f(u)g0da:dt:/Fgoda:dt. (3)
D D D

[¢]
Introduce the Hilbert space W%E (D) as the completion with respect to the norm

) "9
Il oy :/ [u2+ (%)ZZ (a;)er(Du)Z] dz dt
D

i=1

of the classical space C%(D,dD).
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Consider the following conditions imposed on the function f = f(u):

feC(R), |f(u)|< M+ M|ul® u€R, (4)

where +1
0§a:const<L. (5)

n—1

Let F' € Lo(D). We take the equality (3) as a basis for our definition of the generalized solution

u of the problem (1), (2): the function u € W%,D(D) is said to be a weak generalized solution of
the problem (1), (2) if for any function ¢ € W%E(D) the integral equality (3) is valid.

Theorem. Let f be a monotone function and satisfy the conditions (4), (5) and uf(u) > 0Vu € R.
Then for any F € Lo(D) the problem (1), (2) has a unique weak generalized solution in the space

W30(D).

As the examples show, if the conditions imposed on the nonlinear function f are violated, then
the problem (1), (2) may not have a solution.
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On the interval Ry = [0, +00[, we consider the differential system

u{™ = pi(t)[ua sgn(us),  uS™ = po()|ur 2 sgn(ur), (1)
where
ny+mng iseven, A\ >0, Ay > 1,

and p; : Ry — R (i = 1,2) are continuous functions such that
pi(t) >0, pa(t) <0 for ¢t € R,.

Ifni=1,no=n—1, A1 =1, Aa = A\, p1(¢t) = 1 and pa(t) = p(t), then system (1) is equivalent
to the Emden—Fowler type differential equation

u™ = p(t) ul* sgn(w).

Therefore this system may naturaly be called as Emden—Fowler type differential system.

A nontrivial solution (uj,u2) of system (1) defined on some infinite interval [tg, +0o[C Ry is
said to be proper.

A proper solution (ug,ug) of (1) is said to be oscillatory if its components u; and uy change
sign in any neighbourhood of 4oco0.

We have established the necessary and sufficient conditions for the oscillation of all proper
solutions of system (1) and also the conditions guaranteeing the existence of a multiparametric
family of proper oscillatory solutions of that system.

Such results were known earlier only in the cases where ny =ng =1 or p1(t) =1 and A\; =1
(see [1,2] and the references therein).

Theorem 1. If the conditions

+0o0

/ pi(t) dt = +o0, (2)

0
—+00

/tnz 1[/t yrat )(”2 1)>\1p1(8) ds} /\QpQ(t)dt:—oo, (3)
0

x

T—>+00
0 t

lim [ ¢! [/(s — )27 py(s)] ds] )\lpl(t) dt = 400 (4)

are fulfilled, then every proper solution of system (1) is oscillatory.
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If
t
[t = s)mtsn2mDhp, (s) ds
lim inf © >0, (5)
t—>-+o0 !
t2=DA [(¢ — s)ym—1p,(s)ds
0
then (3) takes the form
+00 t A2
/ et [ (t—s)""'pi(s)ds| pa(t)dt = —oo. (6)
0 0

Theorem 2. Let conditions (2) and (5) be fulfilled. Then for the oscillation of all proper solutions
of system (1), it is necessary and sufficient that equalities (4) and (6) be satisfied.

Corollary 1. Let there exist numbers tg >0, r; >0 (i =1,2), u1 <1 and uy such that
r1 < tMpi(t) <re, 11 < —t"po(t) < 1o for t > tp. (7)

Then for the oscillation of all proper solutions of system (1), it is necessary and sufficient that the
inequality

ny — p1 (8)

p2 < + ng

=T
be fulfilled.

Theorems 1 and 2 leave the question on the existence of proper solutions of system (1) open.
The answer to this question gives the following theorem.

Theorem 3. If ny is even and ny = ny, then system (1) has ni-parametric family of proper
solutions satisfying the condition

—+00

/ <p1 () luz ()| +p2(t)|u1(t)|1“2> dt < 4oo0.
0

From Corollary 1 and Theorem 3 it follows

Corollary 2. Let no = ny, n1 be even and there exist numbers tg > 0, ro >r1 >0, p1 <1 and ps
such that inequalities (7) and (8) are fulfilled. Then system (1) has ni-parametric family of proper
oscillatory solutions.
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Let my, ..., my, be positive integers. In the n-dimensional box = [0,w;] X - -+ X [0, w,,] for the
linear hyperbolic equation

W™ = 37 pa(x)u® + g(x) 1)

a<m

consider the boundary conditions

~

hik (u(mlud_l)(:ﬂlv ce s Li—1, O, Tj41,- - xn)) (XZ)

= (&) for %€ (k=1,...,mys i=1,...n). (2)

Here x = (Il,...,iﬂn), ﬁz = ($1,...,l’i,1,$i+1,. . .,l‘n), Ql = [O,wl]x- . 'X[O,wifl] X[O,wi+1] XX
[0,ws], m = (m1,...,myp), @ = (a1,...,0p), my..p = (Mm1,...,my,0,...,0) (my.., = (0,...,0) if
k=0), m; =m—m; and m; = (0,...,m;,...,0) are multi-indices,

w ) = O,
Ox{" -+ - Oxp™

Pa € C(Q) (@ < m), g € C(Q), . € C™(Q) (k = 1,...,my; i = 1,...,n), and hy, :
C™i=1([0, w;]) — C™it1n(Q) (k=1,...,my i=1,...,n) are bounded linear operators.

Two-dimensional initial-boundary value problems were studied in [1-3].

By a solution of problem (1), (2) we understand a classical solution, i.e., a function u € C™ ()
satisfying equation (1) and boundary conditions (2).

Along with problem (1), (2) consider its corresponding homogeneous problem

wm) — Z Pa(x)ul®, (10)

a<m
hik(u(ml“'ifl)($1, ey Li—1, O, L5417, - - ,In))(ﬁz)
=0 for x; € (k:L...,mi; izl,...,n). (20)

Remark 1. Even if hy, : C"™1([0,w;]) — R are bounded linear functionals, conditions (2) are not
equivalent to the conditions

hik(u(xl, RN T TN Y T ,xn)) =pi(Xi) (k=1,....,my; i=1,...,n),
since the latter require the additional consistency conditions
hi(pji) = hji(pi) (k=1,...,m; L=1,...,mj; i,j=1,...,n).
However, the homogeneous conditions (2¢) are equivalent to the homogeneous conditions

hik(u(ml,...,azi_l, O,SUH_l,...,l‘n)) =0 (k=1,....my; i=1,...,n).
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We make use of following notations and definitions.
suppa = {i| a; >0}, |la| = |a1| + - + |an]-
a=(a,...,an) < B=0P1,...,6n) <= a; < B (i=1,...,n) and o # B.
a=(a,...,an) < B=P1,...,6n) <= a< f,or a=p.
m;,..;, = (a1,...,0,), where a;, =m;; (j=1,...,k) and aj = 0if j & {i1,...,ix}.
a=m-—q, M. =M—My ...
Xiyoiy = (Tigs ooy Tiy)y Qigeiy = [0, win] X -+ X [0, wy,].

~

Xiy-ip = ('rj17"’7xjn—l)7 Qiyiy = [Oﬂw]d] X X [vain_z]? where j1 < jo < -+ < jp—i, and

Gtsevvsgnay =41, .03\ {ig, ..., i)

C™(Q) is the Banach space of functions u : Q@ — R, having continuous partial derivatives
u®, o < m, with the norm

ullem @) = Z 14 || o)

a<m

Definition 1. Problem (1), (2) is called well-posed, if it is uniquely solvable for arbitrary ¢, €
C™i(Q) (k=1,...,m;;i=1,...,n) and ¢ € C(), and its solution u admits the estimate

n  m;
lullemey < M( 32D el emo,) + lallew)), 3)
i=1 k=1
where M is a positive constant independent of ¢ and ¢ (k=1,...,m;; 1 =1,...,n).

In the domain €;,..;, consider the homogeneous boundary value problem depending on the
parameter Xj,...;, € i, ...;,

U(milmil) = Z pﬁil...il—&—a(x)v(a)? (1i1-~~i1)
a<mil'“il
hijk(v(mil'“ijfl)(afl, e Ty, @ T ,a;n)) (Xi;)
=0 for ﬁi]’ € Qi]. (k’ =1,... » N5 i=1,.. ,l) (211”)

Definition 2. Problem (1;,..;,), (2;,...4,) is called an associated problem of level 1.

Associated problems of level n — 1 can be written in the relatively simpler form

(M) — Z pmj+a(x)v(a), (1)

a<m;

hik(u(ml‘“i_l)(l‘l, ey Ti—1, O, L5417, - - ,l’n))(il) =0 for ﬁz € QZ (kj = 1, cee, My, ) 75 j) (2])
Associated problems of level n — 1 play a principal role in well-posedness of problem (1), (2).

Theorem 1. Problem (1),(2) has Fredholm property if and only if each associated homogeneous
problem (1;,...i,), (2i,..4,) has only the trivial solution for every X;, ..., € Qi,..i, .
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Theorem 2. Problem (1), (2) is well-posed if and only if problem (1o),(20) has only a trivial
solution, and each associated homogeneous problem (1;,..i,), (2i,..;,) has only the trivial solution
for every X ...i, € Qi .-

Theorem 2'. Problem (1), (2) is well-posed if and only if problem (1), (29) has only a trivial
solution, and each associated homogeneous problem (1;),(2;) of the level n — 1 is well-posed for
every zj € [0,w;] (7 =1,...,n).

In case where the coefficients p, are smooth functions, estimate (3) is not the most precise
estimate for a solution of problem (1), (2). Consider the equation

u™ = 37 paou® + ¢ x). (15)
a<m

Theorem 3. Let problem (1),(2) be well posed, po, € C™(Q) (a < m), f < m and g € CA(Q).
Then the solution u of the problem (1), (2) admits the estimate

n m;
[ullc@) < M(ZZ likllcw@:) + ||QHC(Q)>7 (4)
i=1 k=1
where M is a positive constant independent of ¢ and g (k=1,...,mi;i=1,...,n).

Now consider the following particular cases of conditions (2):
(I) Characteristic value problem:

u(mmiz1,k,0,...,0) (1 oy Tim1, 0,415« oy T ) (X5)

(I1) Initial-Boundary value problems with n — 1 initial conditions:

hlk (u( ®.,29,..., l‘n))(ﬁl) = @1k(§1)7

mi,...,mi—1,k,0,...,0) (21, i1, 0, Tig1s - - s ) (Ri) (6)

u

(my

:<p1k AAAAA 271)(§l) (k‘:l,,m“ 2:]_’77"/)

(IIl) Initial-Boundary value problems with n — [ initial conditions:

u(m1, m;—1,k,0,..., O)($1, , Ti—1,0, 441, 7xn)(xz)
— (’Dl(;nl ..... L*l)(X,L) (]{I =1,...,Mm;; 1 l—|— 17 ’n)

Corollary 1. Then problem (1), (5) is well-posed.
Corollary 2. Problem (1), (6) is well-posed if and only if the problem

mi1—1

Z(ml) = Z p(k,mg,...,mn)(x)z(k)a
k=0

hi(z)(xe,...,xn) =0

has only the trivial solution for every (xa,...,xy) € [0,ws] X « -+ X [0, wy].
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Corollary 3. Problem (1), (7) is well-posed if and only if the problem

U(m17---7ml) — Z pa+(ml+1’“.7mn)(x)w(o‘)’

a<(mi,...,my)

h1 (w( e Io, ... ,56[))(21) =0,...,h (w(ml’""ml*l’o)(xh ceesLp—1, ® )) (il) =0
is well-posed for every (zi41,...,xn) € [0,wiy1] X -+ X [0, wy].

Consider the particular case of equation (1)

w292 Zpa(xa)u(a) + q(x), (8)
ael
where
£= {(al,...,an) <(2...,2)] ap=0, or aj=2 (k;:1,...,n)},
and

Xo = (Tiy, .- %iy), {i1,...,1x} =suppa.

For equation (8) consider the Dirichlet and periodic boundary conditions:

u(07x27"-7xn)207 u(w17x27,,,7aj‘n):07
(9)
w(xy, .oy Xp-1,0) =0, wu(x1,...,Tpn_1,wn) =0,
and 4 '
u(7’707"'70) (07 To,. .. 73:-”) — u(l,o,...,o) (wl7 To, ... 71‘77,) (Z - 0, 1)
(10)
w00 (g1 a1, 0) = w@ 09 (2, L a1, wn) =0 (i = 0,1).
Corollary 4. Let
(_1)n+Hnga(XQ) <0 for a€€. (11)
Then problem (8), (9) is well-posed.
Corollary 5. Let
lle
(—1)n+%pa(xa) <0 for a€é. (12)

Then problem (8), (10) is well-posed.

Remark 2. In Corollary 5 strict inequality (12) cannot be replaced by the non-strict inequality
(11). Indeed, consider the equation

w2 = (—1)"! Z Ups; + (—1)"u~+q(x1, ..., 2n_1). (13)
i=1

Equation (13) satisfies conditions (11) but does not satisfy (12). For problem (13), (10), all associate
problems of level n — 1 have only trivial solutions. However, none of them is well-posed, because all
associate problems of level less than n — 1 have nontrivial solutions. Let us show ill-posedness of
problem (13), (10) directly, without applying Theorem 2 (ill-posedness of problem (13), (10) follows
immediately from Theorem 2).
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Indeed, assume that problem (13), (10) has a solution u. One can easily verify that u is a unique
solution of problem (13), (10), and thus is independent of z,,. Therefore, u satisfies the equation

n—1
Zu:pixi _u:q(a”l?""wn*l)‘ (14)
=1

~

From the theory of elliptic equations it is well-known, that if ¢ € C(€2,), then, generally speaking,

-~

u is not a classical solution, i.e., it does not belong C?(€2,,), and thus does not belong to C%+2(,,).
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In the rectangle © = [0, a] x [0,b] consider the nonlinear hyperbolic equation

u(mn) = f(a:, v, u(m’o), . ,u(m’”_l), u(o’”), e ,u(m_l’”),u(m_l’”_l), e u), (1)

oItk
Oxioyk’
[ Qx RvEmtmn 5 R s a continuous function, ¢; € C™([0,b]), ¥ € C™([0,4]), I; : C"™1([0,a] —
C"([0,b])) and hy : C"1[0,b] — C([0,a]) are bounded linear operators.

Initial-boundary value problems for linear hyperbolic equations and systems were studied in [1]
and [2]. Initial-periodic problems for nonlinear hyperbolic systems were studied in [3].

C™"™(Q) is the Banach space of functions u :  — R, having continuous partial derivatives ul9k)
(j=0,...,m; k=0,...,n), with the norm

|ullcmn (o) = Z Z 1499 (@)

=0 k=0

wlik)

ém”(Q) is the Banach space of functions u : Q — R, having continuous partial derivatives u ()
(j=0,...,m; k=0,...,n; j+k <m+n), with the norm

m—1 n

n—1
lall gy = S 1™ ey + 323 1P 0.
k=0 7=0 k=0

If z € C™"(Q) and 7 > 0, then
B (1) = {C € C™™Q) 1 ¢~ 2l gma <7}

Let v .= (vo,...,Un-1), W = (Wo,...,Wp—1) and z = (Zm—1n-1,...,200). For a function
f(x,y,v,w,z) that is is continuously differentiable with respect to v, w and z, set:
af x7y7v7w7z
fmk(ZL‘,y,V,W,Z): ( p) ) (k:(),...,n—]_),
Vg
of(z,y,v,w,z) .
fjn(xay7vawyz): (]:O,,m—l),
8wj
of(x,y,v,w,z .
fik(x,y,v,w,z) = f@y ) (j=0,....m—1; k=0,...,n—1),
8ij;

piklu)(z,y) = fk (9: y, u™O (. y), . ™D (2, ), w0 (2 y), T (2 ),

U(m_lm_l)(x?y)vvu('r:y)) (]:0,,777,, k:(),,n)
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Definition 1. Let f(x,y, v, w,z) be continuously differentiable with respect to the phase variables
v, w and z. We say that problem (1), (2) to is (ug, r)-well-posed, if:

(1) it has a solution wug(z,y);
(1) in the neighborhood B™™(ug; ) ug is the unique solution;
(1) for an arbitrary € > 0 there exists § > 0 such that for any ¢;inC"([0,b]), Ui € C([0,a]), and
f(x,y,v,w,z) satisfying the inequalities
los = @illenqory <6 G =1,-com), ok = Ylloqoay <6 (k=1,...,n),
|f(@,y, v, w,2) = f(a,y,v,w,2)| + || fo(@,y, v, w,2) = fo(2,y,v,w,2)]
+wa(az,y,v,w,z) — fw(x,y,v,w,z)H + Hfz(x,y,v,w,z) — ﬁ(x,y,v,w,z)H <0

In the neighborhood B™"(ug;r) the problem

u(mm) = f~(l', v, u(m’o), R u(m’”_l), u(o’”), e ,u(m_l’”),u(m_l’”_l), e u), (T)
() @) = 3i(y) G=1..om), @™ (@ )@) =d @) k=10 ()
has a unique solution u and
Following [4] introduce the definition.
Definition 2. Problem (1), (2) is called well-posed if it is (ug, r)-well-posed for every r > 0.
First consider the linear case, i.e., the equation
n—1 m—1 ' m—1n—1 .
ul™™ =" po(@, )u™ £ i (@, ) u £ 3TN pi(@, )l 4 g(zy). (3)
k=0 j=0 §=0 k=0
Theorem 1. The linear problem (3), (2) is well-posed if and only if:
(i) the problem
n—1
(™ =3 parley)¢D; Q@) =0 (k=1,...,n) (4)
i=0
has only the trivial solution for every x € [0,al;
(if)
m—1 A
§M =" pin(a, )% (@) =0 (j=1,...,m) (5)
=0
has only the trivial solution for every y € [0,b];
(iii) the homogeneous problem
n—1 m—1 ' m—1n—1 ‘
ul™ =" g (2, )™ 4> pin (a, y)ul 4 pjk(a, y)ul?), (30)
k=0 =0 =0 k=0

has only the trivial solution.
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Theorem 2. The f be a continuously differentiable function with respect to the phase variables v,
w and z, and let problem (1), (2) be (ug,r)-well-posed for some r > 0. Then problem (3p), (20) is
well-posed, where

pik(x,y) = pjrluol(z,y) (7=0,...,m; k=0,...,n).

Theorem 3. Let f be a continuously differentiable function with respect to the phase variables v,
w and z, and there exist functions Py, € C(§2) such that:

(Ao)

Pljk(xuy) < fjk(ﬂfayaV,WaZ) < P2jk($7y) fOT (xay,V7W,Z) €O x Rn+m+mn

(j=0,....m; k=0,....,n; j+k<m+n),

(A1) for every x € [0,a] and arbitrary measurable functions pmi = @ — R satisfying the inequalities

lek‘(xuy) S Pmk(fﬂ,y) S P2mk($7y) fOT (:’U’ y) € Q (k = 07 cee,— ]-)7 (6)
problem (3) has only the trivial solution;

(A2) for every y € [0,b] and arbitrary measurable functions pj, : @ — R satisfying the inequalities

Pljn(-'r, y) S p]n(x,y) S P2jn(x7 y) fO?" (I’,y) € Q (J = Oa s, — 1)7 (7)
problem (5) has only the trivial solution;

(A3) for arbitrary measurable functions pji, : 2 — R satisfying the inequalities
Piji(z,y) <pjr(x,y) < Poji(x,y) for (z,y)€Q (j=0,...,m, k=0,...,n; j+k<min), (8)
problem (30), (20) has only the trivial solution.
Then problem (1), (2) is well-posed.
Consider the “perturbed” equation
u(mn) = f(:c, v, u(m’o), e ,u(m’”_l), u(o’”), . ,u(m_l’"), u(m_l’”_l), e ,u)

+v(x,y, u(m_l’”_l), coyu). (1,)

Theorem 4. Let f satisfy all of the conditions of Theorem 3, and v(x,y,z) be an arbitrary con-
tinuous function such that

11m
Izl —+o0 ||z

uniformly on Q. Then problem (1), (2) has at least one solution.

Corollary 1. Let problem (3¢), (20) be well-posed, and v(x,y,z) be an arbitrary continuous function
satisfying condition (9) uniformly on Q2. Then the equation

n—1 m—1 ) m—1n—1 A
u™ =" pg(, )™ 43" pia (@, y)ul N+ 7N " g, y)ul)
k=0 j=0 j=0 k=0
+ y(z, y, umT TN )

has at least one solution satisfying conditions (2).
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The initial-boundary conditions

WT70(0,y) = @5(y) (G =1ooym), (@™, ) @) =" (@) (k=1,...,n)  (10)
are the particular case of (2).

Theorem 5. Let f be a continuously differentiable function with respect to the phase variables v
and w, and let there exist a constant M and functions Py, € C(Q) satisfying conditions (A1) of
Theorem 3, such that

lek(xvy) S fmk(x)y7vaw7z) S Pka(I',y)
for (z,y,v,w,z) € Q x R"™MHm (g —0 . n—1),
|f(z,y,0,w,2)| < M(1+||w] +[|z]]). (11)

Then problem (1), (10) is solvable. Moreover, if f is locally Lipschitz continuous with respect to z,
then problem is well-posed.

Remark 1. In Theorems 3-5 continuous differentiability of the function f(z,y, v, w,z) with respect
to v and w can be replaced by Lipschitz continuity, although that will make the formulation of the
theorems more cumbersome. However, without Lipshcitz continuity problem (1), (2) may not have
a classical solution at all.

Indeed, in the rectangle [0, 1] x [0, 2] consider the characteristic value problem

NNV

1

Ugy = Ug?, (12)
1

u(0,y) = B (y —1)% for y €[0,2], ug(x,0)=0 for z € [0,1]. (13)

It has a unique absolutely continuous solution

N |

Y
u(z,y) = +/sgn(t1)(x+\t1|)§dt,
0

3
2

which is not a classical solution because uy(z,y) = sgn(y — 1)(z + |y — 1])2 is discontinuous along

the line y = 1.

Remark 2. In Theorem 5 condition (A1) cannot be weakened. Indeed, in the rectangle [0, 27| %[0, 1]
consider the initial-periodic problem

Uy = 3p(u?)uy + cosz, (14)
u(0,y) =0 for y € [0,1], wuxp(z,0)=wuy(z,1) for z € |0,27], (15)

where p € C*°(R), p(z)z > 0 for z # 0 and

z if |z] < 2,
p(Z)Z{ 5

3sgnz if |z| > 3.

Although the righthand side of the equation is smooth, problem (14), (15) has a unique absolutely
continuous but not continuously differentiable solution solution u(x) = sin3 7.
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We consider one-dimensional analog of the following system which arises in the mathematical
modeling of process of an electromagnetic field penetration into a substance [11]

¢
aa—lj:—rot [a</|rotH2d7)rotH], (1)
0

where H = (Hi, Hy, H3) is a vector of the magnetic field and function a = a(S) is defined for
S € ]0,00).

Note that system (1) is obtained by the reduction of the well-known Maxwell’s equations to the
integro-differential form [2]. There are many works devoted to the investigation of the particular
cases of system (1) (see, for example, [1-10,12-14,16] and the references therein).

Let us consider the following magnetic field

H=(0,UV),
where
U=U(z,t), V=V(z1t).
Then from (1) we get the following system of nonlinear integro-differential equations:

ou 0 ou ov 0

S(a,t) = O/t [(ZZ)Q + (‘Zﬂ dr. (3)

In [13], some generalization of system of type (1) is proposed. In particular, assuming the
temperature of the considered body to be constant throughout the material, i.e., depending on
time but independent of the space coordinates, the process of penetration of the magnetic field
into the material is modeled by so-called averaged integro-differential model, (2), (3) type analog
of which have the following form:

GV]’

o= o |19 5 2)

where

oU 0*U oV 0*V
E_a()W’ E—a(s)w, (4)

t 1
S(t)zo/o/ [(%)2+ (%‘;)2} du dr. (5)

where
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The existence of solutions of the corresponding initial-boundary value problems for the models
of type (2),(3) and (4),(5) are studied in many works (see, for example, [1-5,12-14,16] and the
references therein).

Our aim is to study the existence and uniqueness of solutions and discrete analog for the initial-
boundary value problem with mixed boundary conditions for system (4), (5) in case a(S) = (14+5)?,
O<p< 1.

Thus, in the domain [0, 1] x [0, 00) let us consider the following initial-boundary value problem:

t 1
o= (001G (G Tawar) 5
L1 (6)
P 52
(o] )] 2
U(0,t) =V (0,t) =0, Z—U :g—v =0, t>0, (7)
T lz=1 T lg=1
U(z,0) =Up(z), V(z,0)=Vy(z), ze€]l0,1], (8)

where 0 < p < 1; Uy and Vj are given functions.
The following statement takes place.

Theorem 1. If0 < p <1, Uy, Vo € H?(0,1) and conditions of coincidence are fulfilled, then there
exists unique solution (U,V) of problem (6)—(8) such that: U,V € Lg(0,00; H*(0,1)), Uy, Vit €
Ls(0, 005 L2(0, 1)).

We use usual Ly(0,1) and Sobolev spaces H?(0,1).

The existence part of the Theorem 1 is proved using Galerkin’s modified method and compact-
ness arguments as in [15, 18] for nonlinear parabolic equations and as it is carried out for the case
of one component magnetic field in works [2—4].

As to uniqueness of a solution, we assume that there exist two different (Uy, Vi) and (Ua, V2)
solutions of problem (6)—(8) and introduce the differences Z = Uy — Uy and W = V5 — V3. To show
that Z = W = 0 the following identity, analogue of Hadamard formula, is mainly used:

(e ] 152" (G ) 22
(1] 18" (i) ) 22 -2

([ Y (G arar) 20 (2 2
0 0
1 t 1
<o ] G oG- T [ a2 G )

p
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x [833;1 + (aa(f - 88?” (% B %)

(v - [ S )
[ - ) e (-

Ox dr Oz dxr  Or

Now, let us consider the finite difference scheme for problem (6)—(8). On [0, 1] x [0, 7] let us in-
troduce a net with mesh points denoted by (x;,t;) = (ih, j7), where i =0,1,...,M; j=0,1,...,N
with h = 1/M, 7 = T/N. The initial line is denoted by j = 0. The discrete approximation at
(z;,t;) is designed by (u,v! 7) and the exact solution to problem (6)—(8) by (U7, V7). We will use

the following known notations [17]:

Introduce inner products and norms:

ngl r] j—thgl,

L= (P, ) =

For problem (6)—(8), let us consider the following finite difference scheme:

]+1 1 J+1 M—-1
1
o (HhZZ + (o )%)) = A
k=1 (=1
]+1 j j+1 M-1 . (9)
2 +
(1+Thzz ,ﬁ) ]) gc:cz f2z’
k=1 /=1
i=1,2,...,M—1; j=0,1,...,N —1,
uh =v)=ul,,=vl,, =0, j=0,1,...,N, (10)
w) =Ugi, ) =Vos, i=0,1,..., M. (11)

Multiplying equations in (9) scalarly by ui ' and vi , respectively, it is not difficult to get the
inequalities:

n n
[un 1+ lZ]Pr < ot P+ ) |li]Pr < € n=1,2,...,N. (12)
=1 =1
Here and below C' is a positive constant independent from 7 and h.
The a priori estimates (12) guarantee the stability of scheme (9)-(11). Note that the uniqueness
of a solution of scheme (9)—(11) can be proved too.
The main statement of this note can be stated as follows.
Theorem 2. If problem (6)—~(8) has a suﬁ‘iczently smooth solution (U(.%‘, t),V(z,t)), then the
solution v/ = (ujl,u%, . uM) v o= (v{,v%, o vy), J = 1,2,...,N of the difference scheme
(9)—(11) tends to the solutzon of the continuous pmblem (6)—(8) Uj = (Uf,Ug,...,Ug/[), Vi =
(Vlj, VQj, ce V]{;[), i=1,2,....,N as 7™ — 0, h = 0 and the following estimates are true:

I/ = U7 < Clr+h), v = V| < C(r + h).

We have carried out numerous numerical experiments for problem (6)—(8) with different kind
of right hand sides and initial-boundary conditions.
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Asymptotic Behaviour of Solutions of n-Order Differential Equations
with Regularly Varying Nonlinearities

K. S. Korepanova

Odessa National University, Odessa, Ukraine
E-mail: ye.korepanova@gmatil.com

Consider the differential equation
n—1 '
y™ = ap(t) [T i), (1)
j=0

where n > 2, o € {—1,1}, p : [a,4+00[—]0,+00] is a continuous function, a € R, the ¢; : AY; —
]0; +00[ are continuous functions regularly varying as y9) — Y; of order 0, j =0,n — 1, AYj is a
one-sided neighborhood of the point Yj, Y; € {0, oo}l

The equation (1) is a particular case of the equation, comprehensively studied by V. M. Evtukhov
and A. M. Klopot [3]

m n—1
y™ =" arpr(®) [ ors (),
k=1 j=0

where n > 2, ay, € {—1,1} (k = 1,m), the py, : [a,w[—]0, +00[ (k = 1,m) are continuous functions,
—00 < a < w < 400, the i, : AY; —]0;400[ (k = 1,m, j = 0,n — 1) are continuous functions
regularly varying as y(/) — Y; of order o, AYj is a one-sided neighborhood of the point Y}, Y; is
equal to either 0 or 4oo.

From mentioned results necessary and sufficient existence conditions of the so-called
Pioo(Yo, ..., Yn_1,o)-solutions of equation (1) can be obtained for all Ay (—oco < A9 < 400).
Moreover, asymptotic representations as ¢ — +o0o of such solutions and their derivatives of order
up to n — 1 can be established.

It follows from the definition of these solutions that

lim o) () — T : )
Jm y7(t) =Y; € {0,400} (j=0n—1),  lim YD (™ (@) A0-

However, the set of the monotonous solutions of equation (1), defined in some neighborhood of
+00, also can have the solutions such that for each of them there exists a number k € {1,...,n}
so that

Yy R (1) = c+0(1) (c#0) as t — +oo. (2)

When k = 1,2 or the functions ¢;(y®) (i = n —k+ 1,n — 2) tend to positive constants, as
y) — Y, a question on the existence of the solutions of type (2) of equation (1) can be solved
without any assumption on the limits. Otherwise, we can not get asymptotic formulas of these
solutions and their derivatives of order up to n — 1 directly from equation (1).

Some results concerning existence of solutions of type (2) were obtained in corollary 8.2 of the
monograph by I. T. Kiguradze and T. A. Chanturia [2, Ch. II, § 8, p. 207] for general type equations.
But these results provide for considerably strict restriction on the (n—k+1)-st derivative of solution.

1For Y; = o0 here and in the following all numbers in the neighborhood AY; are assumed to have constant sign.
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In order to receive new results with less strict restrictions on behaviour of this and following
derivatives of order < n — 1 in case, when k € {3,...,n} and not all p;(y)) (i=n—k+ 1,n — 2)
tend to positive constant as y® — Y;, let us introduce the following definition.

Definition. The solution y of the differential equation (1) is referred (for k € {3,...,n}) to as a
P* o (Ao)-solution, where —oo < Ag < +o0, if it is defined on the interval [to, +oo[ C [a, 400 and
satisfies the conditions

(n—1) 2
Ry N i ()
Am vy =e (A0 I e s e

(3)

It is obvious that by virtue of the first relative (3) for these solutions the following representations

hold
ctn—l—k+1

(n—=1l—k+1)!

y =) = [14+01)] (I=1,n—k) as t — 400 (4)

and ¢ € AY,, k.

It readily follows from the form of equation (1) that y(™(t) has constant sign in some neighbor-
hood of +00. Then y™ 9 (t) (I = 1,k — 1) are strictly monotone functions in neighborhood of 400
and by virtue of (2) can tend only to zero as t — +oo. Therefore it is necessary that

Yj-1=0 for j=n—Fk+2,n. (5)

Let us introduce the numbers p; (j = 0,n — 1)

1 it Y; = +oo,
or Y; =0, and AYj is a right neighborhood of the point 0,

S T
or Y; =0 and AYj is a left neighborhood of the point 0,
such that
pipj+1 >0 for j=0,n—k—1, pjpj <0 for j=n—k+1,n-—2. (6)

Besides, note that in some neighborhood of +oo
signy) () = p; (j =0,n—1), signy™(t) = (7)
In this case along with (6) the following inequality hold
apin—1 < 0. (8)

Moreover, it follows from (4) that
if pp—p >0, —_—
Yy = 00 ek for j=T,n—F. 9)
—oo if pp_p <0,

These conditions on p; (j = 0,n — 1) and « are necessary for existence of P¥__()g)-solutions
of equation (1).

The aim of the present paper is to obtain necessary and sufficient existence conditions of
Pk o(No)-solutions (k € {3,...,n}) of equation (1) for Ag € R\ {0,3,...,%3 1}, and estab-
lish asymptotic as t — +o0o formulas of their derivatives of order < n — 1. Moreover, the question
on the quantity of studied solutions will be solved.

It is significant that by virtue of the obtained results by V. M. Evtukhov [1] studied solutions

of equation (1) hold the following a priori asymptotic conditions.
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Lemma 1. Let k € {3,...,n} and \g € R\ {0, 3,..., %3 1}. Then for each P% (Ao)-solution of
equation (1) the followmg asymptotic as t — +oo relations hold

y(l—l)(t) N M)_—W y(n—l)(t) (l=n—-k+2,n-1), (10)

n—1

H Qg

1=l

where y : [to, +0o[ — R is an arbitrary P¥ (Ao)-solution of equation (1), ag; = (n—i)X\o—(n—i—1)
(i=1,n-1).

We say that a continuous function L : AYy —]0, 400 slowly varying as y — Y| satisfies
condition Sy if
Lpel oIl — ()1 +0(1)] as y = Yo (y € AYp),

where p = signy.
Condition Sy is necessarily satisfied for functions L that have a nonzero finite limit as y — Yj,
for functions of the form

L(y) = |In|yl|™, L(y) = |In|y||"*|In|In|y]||,

where 1,2 # 0, and for many other functions.
We need the following auxiliary notations:

n—1 n—2
y=1- Z oj, V= Z ogjln—j—1),
Jj=n—k+1 j=n—k+1
n—2 A fo
. . S (Ao — 1)n=9=1|%
ay=(—ho—(n—j—-1) G=Ta-T), c= [ [QeD
j=n—k+1 H ao;
i=j+1
¢
I(t) = pn_i(c /p 000" ) - op—k—1 (ftn—k—17) dT,
A
where
—+o00
ap if /p(T)TVQOO(NOTnk)"'@n—k—l(ﬂn—k—ﬂ') dr = Fo0,
A= @
+oo if /p(T)TVSOO(NoTn_k)""Pn—kz—l(ﬂn—k—lT) dr < +o0,
\ al

a1 > a such that ,uj_ltn_k_j+1 cAY; 1 (j=1,n—k)fort>a,

M(C):U’(n—j—kﬂ)! i

Theorem 1. Let v # 0, k € {3,...,n} and Ny € R\ {0, 1 27"'7k 2,1} Then for existence of
P o (Ao)-solutions of equation (1), it is necessary that ¢ € AY,_y, along with (5), (6), (8), (9)
inequalities

Ao < 1, a0j+1>0 (j:n—k‘—l—l,n—Q) (11)
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hold and the following condition be satisfied:

. tI'(Y) ¥
lim = .
t—+o00 I(t) A —1

(12)

Moreover, each solution of that kind admits along with (2) and (4) the asymptotic representations
(10) as t — 400 and

PRI

n—2 n—j—
Localyr D) TT Ly (1B =yinone))

n—

I1 aoi

i=j+1

= apn—17CI(t)[1 + o(1)].

Theorem 2. Let v # 0, k € {3,...,n}, Ao € R\ {0,3,...,53,1} and functions L; (j =
n—k+1,n—1) slowly varying as yU ) — Y; satisfy condition So. In addition, let c € AY,_; and
conditions (5), (6), (8), (9), (11) and (12) hold. Then, in case of existence of P% .. (Ao)-solutions
of equation (1),

+oo

/Tk_Q‘I(T)Ln (17T H Lj(uyr e A dT<+°O (13)

as j=n—k+1

205 1
where ap > ay such that pj_1t*-1 € AY;_1 (j=n—k+2,n—1), g1t € AY,,_; fort > as,
and each solution of that kind admits along with (4) the following asymptotic representations as
t — 400

. A — 1 k—2
YR () = e Lot R0 DT g (1)),
ao;
i=n—k-+2
. -1 n—lyn—Il—k+2
y(l—l)(t) _ H 1()\0 nil) t W,(t)[l + 0(1)} (l =n—-k+2,n— 1), (14)
IT ao:
i=l
. W' (t
S8 = oy tk—(z) [+ 0(1)],
where
t a0j+1 1
W(t) = / TkiZ"}/CI(T et (i 17—)\0 ) H Li(py7 v |7 dr.
o j=n—k+1

If the inequality o,—1 # 1 holds along with mentioned conditions, then equation (1) has at least
one 73+OO()\0) -solution that admits such representations. Moreover, for each ¢ € AY,_j in case
Xo €] — 00, 2221\ {0,3,.... E=21 (N € [£=2:1]) there exists an (n — k + 1)-parameter ((n — k)-
parameter, respectively) family of solutions with such representations if op—1 > 1, and (n — k)-
parameter ((n — k — 1)-parameter) if op—1 < 1.
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Many Inputs by Means of Differential-Algebraic Regulator
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Consider the control system
= Azxr+ Bu, t>0, (1)

with the initial condition z(0) = x,, where z € R", and v € R", A, B are constant matrices of
appropriate sizes, g € R".

Definition 1. System (1) is said to be controllable if for each initial condition g, there exists a
time t1, 0 < t; < o0, and piecewise continuous control u(t), 0 < ¢ < ¢1, such that the solution
x(t), t > 0, of system (1) satisfies the condition x(¢1) = 0.

It is known [3] that for the controllability of system (1) it is necessary and sufficient that
rank(B, AB, ..., A""'B) = n. (2)

According to the controllability (by Kalman [3]) the input is chosen from the class of piecewise
continuous functions. At the same time it is interesting the possibility to choose the control from
restricted class.

Let the control be constructed by the input

u(t) = Cy(t) (3)

of the differential-algebraic system

Doy(t) = Dy(t), y(0) = yo, (4)

where y,yo € R", C' — r X n-matrix, DoD — n X n-matrices.
We say that system (4) is the dynamical regulator for system (1).

Definition 2. System (1) is said to be controllable by dynamical regulator (3) if for each initial
condition xg, there exists a time ¢1, 0 < ¢t; < +00, and initial condition yo of the regulator (4) such
that xz(¢1) = 0.

Theorem. System (1) is controllable by dynamical regulator (4) if and only if
rank(B, AB,...,A""'B) =n

and
rank(CDEDy, CDIK Dy, ...,CDIK™" 1 Dy) = n,

where D3 — Drazin inverse of Dy, K = DD{.
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Second-Order Differential Equations

L. I. Kusik

Odessa National Marine University, Odessa, Ukraine
E-mail: ludakustik@mail.ru

Consider the differential equation
y” - f(tayvy/)7 (1)
where f : [a,w[ XAy, X Ay, — R is continuous function, —0co < a < w < 400, Ay; (i € {0,1}) is a
one-side neighborhood of Y; and Y; (i € {0,1}) is either 0 or 00. We assume that the numbers p;
(¢ =0,1) given by the formula

)1 if either Y; = 400, or Y¥; =0 and Ay, is right neighborhood of the point 0,
Hi —1 if either Y; = —o0, or ¥; =0 and Ay, is left neighborhood of the point 0,

satisfy the relations
wopt > 0 for Yop =400 and pouy < 0 for Yy = 0. (2)

Conditions (2) are necessary for the existence of solutions of Eq. (1) defined in a left neighborhood
of w and satisfying the conditions

yD(t) € Ay, for t € [to,w], 1tiTmy<i)(t) =Y (i=0,1).

In monograph [1] definitions of singular solutions of first and second kinds are introduced. Here
we study Eq. (1) on class singular P, (Yp, Y1, Ao)-solutions, that are defined as follows.

Definition 1. Let ¢, < w. A solution y of Eq. (1) on interval [to, %[ C [a,w][ is called singular
P, (Yo, Y1, Ag)-solution, where —oo < A\g < 400, if it satisfies the conditions

Q my () =Y, (i = yor _
y\(t) € Ay, for t € [to,t], zltlTrtr*ly t)=Y; (1=0,1), lim Oy (0~
Note that the singular P, (Yp, Y1, Ao)-solution of Eq. (1) is noncontinuable to the right solution.
Depending on the values of g the set of all such solutions of Eq.(1) is disconnected into 4 disjoint
subsets respective to the values of A\g: A\g € R\ {0,1}, \g = 0, Ao = 1, \p = *oo. Here we'll
formulate the properties of singular P, (Yo, Y1, Ag)-solutions that correspond to the value \g = +oo.
With this aim, we impose a restriction on the function f.

Definition 2. We say that a function f satisfies condition (RN)Z if there exists a number ag €
{—1,1}, a positive number A, and continuous functions ¢; : Ay, —1]0,+o00[ (i = 0,1) of orders o;
(i = 0,1) regular varying ' as 2 — Y; (i = 0,1) such that for arbitrary continuously differentiable
functions z; : [a,w[ Ay, (i =0, 1) satisfying the conditions

limz(t) =Y; (i=0,1),

1ty
t—ty)z(t t—ti)zy(t
b B2t )R
. 2(t) . z1(t)

'"Definition of regular varying function see in [2].
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one has representation

f(t,20(t), 21(2)) = o Awpo(20(t))p1(21(8))[1 + o(1)] as ¢ 1 t..

For each singular P, (Yo, Y1, Ag)-solution assuming that the function f satisfies condition (RN)%,
with condition (2) we have

appy >0 for Y7 = +o00 and agui <0 for Y7 =0. (3)

Definition 3. We say that a slowly varying as z — Y; (2 € Ay;) (i € {0,1}) function L : Ay, —
]0; +00[ satisfies the condition S if for any continuous differentiable function [ : Ay, —]0;+o00[,

such that y
lim 222 g,
z2=Y; lz)
zeAyi

the following condition takes place
L(zl(z)) = L(z)(14+0(1)) as z—=Y; (z € Ay;).

We introduce an auxiliary function I, by the formula

To(t) = / (s — 1) Lo(uo(ts — 7)) dr,
Aso

where the integration limit Ao € {aoo;ts} (a0 > a) is chosen so as the integrals I, tends either
to zero or to oo as t T t., Lo(z) = po(2)|z| 7.

Theorem 1. ! Let the function f satisfy condition (RN),,, the function o satisfy condition S.
Moreover, let the orders o; (i = 0,1) of the functions ¢; (i = 0,1) regularly varying as y© — Y;
(i = 0,1) satisfy the condition oo + o1 # 1. Then, for the existence of singular Py, (Yy, Y1, \o)-
solutions of the differential equation (1), it is necessary and sufficient that together with conditions
(2), (3) the conditions

I
oo=-1, o1 #2, Yy=0, Yi=m glgl|foo(t)!2“’1,
pop1 <0, app1(2 — 01)Iso(t) >0 as t €]ace, t]

hold. Moreover, each solution of this kind admits the asymptotic representations

/ 2 / 0
S = awn(2 - ) ATl +on], L =LA ws t1

and such solutions form a one-parameter family if appi(2 —o1) > 0.

Theorem 2. Let the function f satisfy condition (RN)y,, the functions o, p1 satisfy condition S,
oo+o1 # 1. Then each singular Py, (Yo, Y1, Ao)-solutions (in case of the existence) of the differential
equation (1) admits the asymptotic representations

1

() = pio(te — 1)(12 = 1| AL T (O L (s Al T (0)]75) ) 77 (1 + 0(1)),

(1) = 1 (12 = o1 AT (O] L1 (11 Al [T (0] 77) ) 77 (1 0(1)) as £ ..

'"Theorem 1, Theorem 2 are obtained as corollaries from theorems of [3].
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To illustrate Theorem 1, we give the result of Eq. (1) of special form

arAskoro(y)er1(y')
y// — k=1 , (4)

m-+n
> arAaoro(y)er (YY)
k=m+1

where o, € {—1,1} (k=1,...,m+n), Axp = const >0 (k=1,...,m+n) and pg; : Ay, — |0, +00]
(k=1,...,n4+m;i=0,1) are regular varying as z — Y; continuous functions of oy;-th orders.

Theorem 3. Let for any i € {1,...,m}, j € {m+1,...,m+ n} inequalities

Uio—Ujo—l-Jil—Ujl#l, oi0 — ko < 0 for k‘E{l,...,m}\{i},
ojo— 0k <0 for ke {m+1,....m+n}\{j}

hold and function £2 satisfy condition S. Then, for the existence of singular Py, (Yo, Y1, \o)-soluti-
P50
ons of the differential equation (4), it is necessary and sufficient that together with conditions (2),

(3) the conditions

popr <0, o (2 — 01 — 1) Ieij(t) > 0 as t €ace, ta[,

1
oo —ojo=—1, on—op#2, Yo=0, Yi=m %ién\fooij(t)\%”“*“ﬂ,

where
t

_1 Loi(po(ts — 7)) .
Iooi‘ t) = t*— 1 d 5 L - 00k7 k: v J
0= [ ()7 T i Lo = ()l i

Aso

hold. Moreover, each solution of this kind admits the asymptotic representations

y/(gjj;l/ég)(t)) = aja (2 — o4 + 041) ﬁ@(ﬂ[l +o(1)], Vi) = 1+ ol)) as ttw

Ay y(t) (t —t)
and such solutions form a one-parameter family if c;oip1 (2 — o1 + 041) > 0.
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Consider the periodic problem

u’ = pt)u+q(tu); u0) =u(w), v'(0)=1(w), (1)

where p € L([0,w]) and ¢: [0,w] x R — R is a Carathéodory function. Under a solution of problem
(1), as usually, we understand a function u: [0,w] — R which is absolutely continuous together
with its first derivative, satisfies given equation almost everywhere and verifies periodic conditions.

We are interested in the existence and uniqueness of a non-trivial non-negative solution of
problem (1) in the case when the function ¢ may contain both sub-linear and super-linear non-
linearities. In particular, it follows from Corollary 4 stated below that for an arbitrary p € L([0,w]),
the problem

u = p(thu+ Vu—u?; u(0) = u(w), o (0)=1u'(w)

has at least one non-trivial non-negative solution.

Definition 1. We say that the function p € L([0,w]) belongs to the set VT (w) (resp. V™ (w)) if for
any function u € AC(]0,w]) satisfying

u’(t) > p(t)u(t) for ae. t €[0,w], u(0)=u(w), u'(0)=1u'(w),

the inequality
u(t) >0 for t €[0,w] (resp. u(t) <0 for t € [0,w])

is fulfilled.

Definition 2. We say that the function p € L([0,w]) belongs to the set Vy(w) if the problem

has a nontrivial sign-constant solution.
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Introduce the hypothesis

q(t,z) < qo(t,z) forae. t€[0,w] and all = > xg,

o >0, qo: [0,w] X [zg, +00]— [0, +00] is a Carathéodory function,
qo(t, - ): [xo, +oo[— [0, 400 is non-decreasing for a.e. ¢ € [0,w],

w

1
lim /qo(s,:c) ds = 0.

Tr—+00 I
0

A general existence result reads as follows.

Theorem 1. Let hypothesis (Hy) be fulfilled and
q(t,0) <0 for a.e te€0,w].
Let, moreover, there exist functions o, B € ACY([0,w]) satisfying

a(t) >0, B(t) >0 fortel0,uw],
(t)a(t) + q(t,a(t)) for a.e. t€[0,w], (0) = a(w)

() +q(t, a(t)) (0)
)B(t) +q(t, B(t))  for a.e. t€[0,w], B(0) =p(w)

B(t)

Then problem (1) has at least one solution u such that

2D
<p

u(t) >0 for te[0,w], u#0,

and

., B(0)

min {a(ty), B(tu) } < u(ty) < max {a(ty), B(t.)} for some t, € [0,w].

Corollary 1. Let inequality (2) hold, hypothesis (H1) be fulfilled,

q(t,x) < —zg(t,x) for a.e. t €[0,w] and all x > K,

k>0, g:[0,w]x]k,+oo[— R is a locally Carathéodory function,

g(t, -): |k, +oo[ = R is non-decreasing for a.e. t € [0,w],

and

q(t,z) > zg1(t,x) — gat,x) for a.e. t €[0,w] and all x €]0,0],

0>0, g1,92: [0,w]x]0,0] = R are locally Carathéodory
g1(t, +): 10,9] = R is non-increasing for a.e. t € [0,w],
g2(t, - ): 10,0] — R is non-decreasing for a.e. t € [0,w],

z—0+ T

1 w
lim /|gg(5,3:)]d3=0.
0

functions,

J

(Hs)

Let, moreover, there exist a non-negative function £ € L([0,w]) and numbers r1 €]0,0], ra > Kk such

that

p+gi(-,m) €V (w), p+Ll—g(-,r) €tV (w).

Then problem (1) has at least one solution u satisfying condition (3).

Now we provide efficient conditions guaranteeing the existence of a non-trivial non-negative

solution of problem (1).
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Corollary 2. Let inequality (2) hold, hypotheses (Hy), (H2), and (Hs) be fulfilled, and

i < .€. i = .
ml_lglJrg(t,a:) <0 forae. te0,w], mgrfm/g(s,x) ds = 400 (5)
0

Let, moreover, at least one of the following conditions be satisfied:

(a) peV (w) and
91(t,6) >0  for a.e. t€[0,w]; (6)

(b) p € Vo(w), inequality (6) holds, and gi(-,0) # 0;

(c) p € VT (w), inequality (6) holds, and

lim /gl(s,x) ds = +o0; (7)
z—0+
0
(d)
lir(r)1+/gl(s,x) ds = +o0o  for every E C [0,w], measE > 0. (8)
z—
E

Then problem (1) has at least one solution u satisfying condition (3).

Further, we present some consequences of the general results for the following particular cases
of (1):

u” = p(t)u+ h(t)In(1+ |ul) = f(H) In(1 + Ju)u;  w(0) = u(w), v'(0) =u(w) (9)

and

" = p(t)u+ h(t)|u sgnu — f(O)lul" sgnu; w(0) = uw), u'(0) =u'(w), (10)
where h, f € L([0,w]) and A\, x>0, (1 = A)(uz—1) > 0.

Corollary 3. Let
f(t) >0 forae tel0,w], f£0, (11)

and
h(t) >0 for a.e. t€[0,w].

Then problem (9) has a positive solution if and only if p+h € V™ (w).
Concerning problem (10), we first recall a known result in the case, when 0 < p <1 < A.
Proposition 1. Let 0 < p <1 < X and
h(t) >0, f(t)>0 forae te[0,w], h#0, f#£0. (12)
If, moreover, p € V™ (w), then problem (10) has a positive solution.
Definition 3. We say that the function p € L([0,w]) belongs to the set D(w) if the problem
u" =pt)u; ula) =0, u(b)=0

has no non-trivial solution for any a,b € R satisfying 0 < b — a < w, where p is the w-periodic
extension of the function p to the whole real axis.
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For the case, when 0 < A < 1 < pu, we get the following statement.

Corollary 4. Let 0 < A < 1 < pu, relation (11) hold, and one of the following conditions be
satisfied:

(1) h(t) >0 for a.e. t € [0,w];
(2) h(t) >0 for a.e. t € [0,w], h #0, and p € D(w).
Then problem (10) has at least one non-trivial non-negative solution.

Finally, we discuss the question of the positivity of solutions of problem (10), where 0 < A <
1 < p. We start with the following proposition, which provides a sufficient condition guaranteeing
that any non-trivial sign-constant solution of problem (10) has no zero, i.e., it is either positive or
negative.

Proposition 2. Let p € Int D(w). Then there exists o > 0 such that for any A €]0,1[, p > 1, and
h, f € L([0,w]) satisfying conditions (12) and

p—1 1
W\ = wkp=1 p—=1
(Z) =X s Mel+ e IR 1F 1l < o (13)

any non-trivial non-negative solution of problem (10) is positive.

In some particular cases, the number p appearing in Proposition 2 can be estimated from below.
For example, the following statement holds.

Corollary 5. Let 0 < A < 1 < p, condition (12) hold, and

4
|l < —,
eIz < =

p—1 1
(Z) =X s lel+ i R £l < - el 14

Then problem (10) has at least one positive solution. Moreover, every non-trivial non-negative
solution of problem (10) is positive.

The assertion of the previous corollary remains true if p € VT (w) and the point-wise condition
(15) is satisfied instead of (14).

Corollary 6. Let 0 < A <1< pu, p € V*(w), condition (12) hold, and
w v =
(Z bz e¥ ”[Pl+HL) F(t) <h(t) for ae. te0,w]. (15)

Then problem (10) has at least one positive solution. Moreover, every non-trivial non-negative
solution of problem (10) is positive.

Remark 1. The inclusion p € V¥ (w) holds, for example, if

el < Il <2, p2o0.
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Consider the linear differential system
t=A(t)z, xeR", t>0, (1)

with a bounded piecewise continuous coefficient matrix A and the Cauchy matrix X4. Suppose
that ||A(t)|]] < a < +oo for all ¢ > 0. In [8], see also [9, p. 379] and [1, p. 236], I. G. Malkin has
used estimations of the form

| Xa(t,s)|| <Dexpla(t—s)+ps), t>s>0, D>0, o,€R, (2)
in order to investigate asymptotic stability of the trivial solution to a system
g=Alty+ flt,y), yeR", t>0,

with a nonlinear perturbation f(t,y) of a higher order. An ordered pair (a,3) € R? is called a
Malkin estimation for system (1) if there exists a number D = D(a, ) > 0 such that (2) holds.
We denote the set of all Malkin estimations for system (1) by E(A).

A pair (o, 8) € R? is said to be a minimal Malkin estimation [7] if (o + &, 8 + 1) € E(A) for
all € > 0,7 >0,and (a+ & B8+1n) € E(A) for all £ <0, 7 <0, €2+ n?# 0. Note that a
minimal Malkin estimation is not necessarily an element of E(A) by definition; an example is given
below. On the other hand, if (o, 8) € E(A) and numbers £ and 7 are nonnegative, then the pair
(a + &, B+ n) satisfies inequality (2) with the same D = D(«, 3) since t > s > 0, i.e. the inclusion
(a+&,B8+n) € E(A) is now valid.

We denote the set of all minimal Malkin estimations for system (1) by M (A).

It can be easily seen that the set of minimal Malkin estimations for system (1) coincides with
the set of Grudo characteristic vectors [2] for the function || X 4(t,s)|| with respect to the cone
C = {(t,s) € R?: t > s > 0}. Using this fact and the results of [2] we can give [7] another
description for the set M(A). Let K = {(«,8) € R?: a >0, 8 > 0} be the positive cone of R?
and < be the partial order in R? corresponding to K. Then M (A) coincides with the set of all
minimal with respect to < elements of cl E(A), where cl is the operator of closure.

The invariant uniform exponent ¢[z] of a nonzero solution z to system (1) is the number
sup N (z), where the set N(x) consists of all numbers

1 [l (i)

lim In
k——+o00 (tk — Sk) Hl’(8k>H

such that the sequence of pairs 7, = (t1,sr) € R?, tx > sp > 0, k € N, satisfy the condition
ir];f slzltk > 1 and t; — s — +00 as k — +o0.

The invariant general exponent Iy(A) for system (1) is the number

— 1
— 1' —_— 1 .
Ip(A) 891;188_15{100 - 1)s n|[Xa(fs,s)| (3)



156 International Workshop QUALITDE — 2016, December 24 — 26, 2016, Tbilisi, Georgia

These two exponents are invariant with respect to generalized Lyapunov transformations [3],
whereas the analogous Bohl uniform and general exponents are not invariant.

There exists an alternative characterization for Ip(A) given in [7]. Namely, Io(A) is the first
component of a unique pair («,0) € M(A). It should be stressed that the pair (Ip(A),0) is
always in M (A), but the inclusion (Ip(A4),0) € E(A) is not valid in general. Indeed, according
to [1, p. 109], [4, p. 68], and [5, p. 63] for any € > 0 we have

[ Xa(t, s)[| < Deexp ((Q0(A) +e)(t — s)) (4)
with some D, > 0, where

Q(A) = lim lim 77" In || XA(kT, kT — T)|| (5)

T—~+00 k—o0

is the general exponent of system (1). A similar estimation
[Xa(t, s)|| < Deexp(a(t - s)) (6)

with o < Qp(A) is not possible at all. Thus, (Q¢(A) + ¢,0) € E(A) for each ¢ > 0 and there
are no pairs (a,0) € E(A) with @ < Q(A). On the other hand, from (3) and (5) we can assert
that the inequality Q0(A) > Ip(A) is always valid and that Q¢(A) > Ip(A) in general. Thereby
(In(A),0) ¢ E(A) in general too.

It was proved in [7] that the invariant general exponent Ip(A) is the attainable upper bound
for invariant uniform exponents under exponentially small perturbations. Our aim is to obtain
some similar interpretation for all elements of M(A). To this end, we first obtain some alternative
formulas for Ip(A) and ¢[z].

Proposition 1. For any system (1) the equalities

_ - _ . 1 k+1 ok
lo(4) = tim | Hm oy, WlXals )l = lim | Hm o In [|Xa(8™", 69|
hold.
Proof. Let
R(0,s) = ——— In||Xa(fs,s)||, R(0)= lim R(9,0%), I= lim R().

(0 —1)s ko0 T 65140

Take any € > 0, § > 1 and put ¥ = 1 +ea=1(6 — 1)/(6 + 1). By definition of lower limit, for any
e > 0 and ¥ > 1 there exists a number 6. €]1,9] such that the inequality R(f:) < I+ ¢ holds.
Then by definition of upper limit, for the same £ > 0 there exists a number N. € N such that the
inequality
R(6.,6%) < Tim R(A.,0?) 4+ e <1+ 2
J—00

is valid for each j > N..

Take any s > 6N and find numbers p,q € N such that s € [02,602 [ and s € [0772, 091
Then we have

OF —s <P — P L = 02710, — 1) < (h. — 1)s,
s — 9T < 992 — It = T (. — 1) < (6. — 1)0s,
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and

(0 —1)sR(0,s) < In || X (05,007") || + In[|X (62, 5)] + Zln 1X (6, 62) |

<a(fs— 09 40P — ) + Z (031 — 09)R(6., 67)

< as(f+1)(0. — 1) + (09T — 6P) max R(6.,6?) < a5(9 +1)(9 — 1) + (0 — 1)s max R(6.,67).

q<j<p q<j<p

By the above assumptions we have

R(,5) < a(@+1)(9 —1)/(6 — 1) + max R(6.,6?) < maxR(QE,HE) +e<I+ 3¢,
q<j<p j>Ne

for all € > 0 and 6 > 1 and all sufficiently large s. Hence, the relation R(6) := Iim R(6,s) <1 is

5—00 -
valid for each # > 1. Now, we obtain

Iy := R(A) <I and Iim R() <I
o= RO <L and Ty RO) <1

On the other hand, lim R(#) > Lim R(6) =1, since R(6) > R(#). Thus,
0—1+0 0—1+0

lim R(A)>1> Iim R(H)

0—1+0 - 0140

and therefore the limit eli{nOE(G) =1 > Ip exists. Since the last inequality is possible only as an
—1+

equality, we have the required assertion. O

Remark. The above proof essentially follows from the well-known scheme of the similar proof for
general exponent, see [1, p. 110], [4, p. 67], or [5, p. 61].

Proposition 2. For any nonzero solution x to system (1) the following equalities

t[z] = sup lim ! In l=(6s)l = lim lim ! In l=(0s)]
p>05—+00 (0 —1)s — [z(s)]]  6=140s=+00 (0 —1)s  [jz(s)]|
- k+1
m Tm L e
6-1+0k—o0 (6 — 1)k ||z (6%)]]

are valid.

To prove Proposition 2, we use some theorems from [11] concerning the growth of x instead of
standard estimates for the Cauchy matrix used in the proof of Proposition 1, but the rest of the
proof is rather analogous to previous one.

Definition. The number
1 aes)l
= 1
ol = B s M el

is called the #-uniform exponent of a nonzero solution x to system (1).
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Together with original system (1), consider the perturbed system
j =AMty +Qt)y, yeR", t>0, (7)

with piecewise continuous bounded perturbation matrix Q). Let R, be the set of all piecewise
continuous bounded perturbations ) such that

Q)= Tim ' |QW)] < —o, o ER

Put
ig(A + Q) = sup uplyl,
y

where the supremum is taken over all non-trivial solutions of system (7).

Theorem. For any (o, 3) € M(A), there exists a number 6 > 1 such that

a=sup{ig(A+Q): Q€ Rz}.
The proof is based on Millionshchikov’s rotation method [10], [3], [5, p. 75].
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1 Introduction

Here we consider a class of functional differential systems that arises under attempts to reduce
functional differential systems with continuous and discrete times [3] to equations with only con-
tinuous time having in mind to apply some results from the theory of functional differential equa-
tions [2]. First we recall the description of a class of continuous-discrete functional differential
equations with linear Volterra operators and appropriate spaces where those are considered. Then
a continuous-discrete system is reduced to a continuous system that turns out to be a charged
functional differential system with a full memory. For this system, an estimate of solutions, which
can be useful for analysis of their properties, is obtained.

2 Preliminaries

To describe the continuous subsystem, let us introduce the linear operator L :
t
(Lx)(t) = x(t) — /K(t, s)x(s)ds + A(t)x(0), te[0,T]. (1)
0

Here the elements k;;(t, s) of the kernel K (¢, s) are measurable on the set {(¢,s): 0 <s <t < oo}
and such that

|kij(t,s)| < w(t), i,5=1,...,n,
where function x is summable on [0,7] for any finite T > 0, the elements (n x n)-matrix A
are summable on [0,7] for any finite 7 > 0. By AC™[0,T] we denote the space of absolutely

continuous functions z : [0,7] — R", L™[0,T] denotes the space of functions Lebesgue summable
onz:[0,7] - R",

T
[zllacn = [2(O) + [[&]|zn, 2]z Z/!Z(t)ldta
0

where |a] = max || for o = col(av, ..., a,) € R™ (we reserve || - || for the corresponding norm
i=1,....n

in R™). The operator £ : AC"[0,T] — L"[0,T] is bounded. The theory of equation Lz = f is
thorouhgly treated in [2,6]. The equation Lz = f covers differential equations with concentrated
and/or distributed delay and integrodifferential Volterra equations. The Cauchy problem

Lxr=Ff z0)=a
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is uniquely solvable for any f € L™[0,7] and « € R"™ and its solution has the representation
t
z(t) = X(t)a + /Cl(t, s)f(s)ds,
0

where X (-) is the fundamental matrix, C1(-, -) is the Cauchy matrix [5].
For description of the discrete subsystem, we introduce the operator A:

(Ay)(t:) =y(t:) = > _ Bijylty), i=12,... . O=tg<ty <---<t,=T.
J<i
Here B;; are constant (v xv)-matrices. Denote J = {to,1,...,t,}, F'D"() is the space of functions

I
y : J — R normed by |lyl|ppr) = > |y(ti)|. Recall some facts on equation Ay = g (see, for
i=0

instance, [1]). The Cauchy problem

Ay=g, y(0)=2
is uniquely solvable for any g € FD"(u) S € R” and its solution has the form
y(t) =Y (t)B+ > Cali, )gty), i=1,2,...,p, (2)
J<i
where Y(-) is the fundamental matrix, Cy( -, -) is the Cauchy matrix.
Consider the system

(La)(t) = Y Uj()y(t) + (1), t€0,T], 3)
Jiti<t

(Ay)(t:) = Z Aijx(tj)—i_g(ti)? i=12,...,p4, (4)
j:t]'<ti

that consists of subsystem (3) with continuous time and subsystem (4) with discrete time. Here
A;j are constant matrices of dimension v x n, U; are (n X v)-matrices with summable elements.
The subsystems are connected between each other with respect their states.

3 A charged functional differential system

To reduce system (3), (4) to an equation with respect to z(-), we solve (4) with respect to y(-) by
means of (2):

y(ts) =Y (t)ylto) + > Cali ) Y Aa(te)) + D Calis ialty), =120
j<i jt te<t; j<i
and then substitute the right-hand side of the latter into (3). After immediate calculations subsys-
tem (3) can be rewritten in the form of a charged (by the terms Vj(t)z(t;)) functional differential
equation
(Lx)(t) = Y Vi(D)a(ty) +r(t), te[0,T].
j:t]'<t
In the sequel, we consider this equation in the case t; = j and assume that 7' is as great as we
wish:
(La)(t) =) Vi(t)z(j) + (1), t€[0,00). ()
Jj<t
Our aim is to obtain an estimate of solutions to (5). We derive this estimate on the base of the
following Lemma that is a kind of the Gronwall-Bellman inequality.
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Lemma. Let p(j), q(j), v(4), 2(4), 1 =0,1,2,... be nonnegative sequences such that

j—1
2(7) < v(i) +p() Y ak)z(k), k=1,2,..., 2(0) <v(0). (6)
k=0
Then the estimate .
2(7) < v(i) + () > Mig(O)v(l), j=1,2,..., (7)
(=0
where
j—1
Mje = exp (ZP(Z)q(Z)),
i=t
holds.

Remark. Let us note that, as to compare with the traditional version of (6), where v(j) = ep(j),
¢ > 0 and the estimate has the form

J—1

2(5) < ep(G) [T (1 + p(0)a(0)) (8)

=0

(see, for instance, Corollary of Lemma 1.1 [4]), the estimate (7) can be much more sharp. Really,
put v(j) = 1+1/(1+75); p(j) = 1/(1+5); ¢(4) = 1/(1+4)?. By means of (7) we obtain z(100) < 1.1,
whereas (8) gives z(100) < 6.5.

Denote ] )

J J
dj—X(j)xo—i—/Cl(j,s)r(s)ds, Djk—/Cl(j,s)Vk(s)ds.

0 k

Theorem. Let the following inequalities take place:

where v(j), p(7), q(4), j = 1,2,... are nonnegative sequences. Then the estimate (7) holds for
2(j) = =()I-
Proof. First we use the representation of solutions to (1) as applied to (5):

t

(1) = X (8o + / Ci(t, $)r(s) ds + / Cr(t,5) 3 Vi(s)a(k) ds, ¢ € [0,7).
0

0 k<s
Thus, for sections z(j), we have the system
J J
z(j) = X(j)wo + /Cl(j, s)r(s)ds +/01(J} $) D Vi(s)x(k) ds. (9)
0 0 k<s

Next note that the expression
J

/ Cr(jy5) S Vls)a(h) ds

0 k<s
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can be written in the form

> Dja(k)

k<j

This follows from the immediate calculations. Denote
J
w(j) = X (j)ao + / Cu(j, s)r(s) ds
0

and rewrite (9) in the form

w(ty) = w(ty) + > Djpa(k). (10)

k<j

To complete the proof, it remains to apply Lemma to the inequality

()] < fwi)] + > 1 Djell la(k)

k<j
which follows from (10). O

This Theorem makes it possible to take into account asymptotic properties of the Cauchy
matrix, the coefficients V}(t) as weights of the charges x(j), and the free term (t) in (5) to answer
questions about asymptotic behaviour of solutions. Here we restrict ourselves by the following
example.

Example. Consider the linear charged differential equation

Z(t) + 2tz (t Zv] +r(t), tel0,00),

j<t

where |v;(t)] < o + 3z - For this equation, the solution x(t) with the initial condition x(0) = zg is
bounded on [0, c0) for any r(¢) such that the inequality |r(t)| < d(1+t) holds with a d > 0 almost

everywhere on [0, 00), and the estimate

11 11
. 11 ces € 3 2ces
z(j <(e*92+— )x +7<1+ .)d, =1,2,
lz(5)| < 0et |zo] 5 .y J
holds.
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This work is devoted to the study of the limiting behavior of the optimal control problem for
dynamic equations defined on a family of time scales T}, in the regime when the graininess function
fux converges to zero as A — 0. At the same time the segment of the time scale [to, t1]T, = [to,t1]NTx
approaches [to, t1] e.g. in the Hausdorff metric. The natural question that arises is how the optimal
control problem on the time scale is related to the corresponding control problem on the interval
[to, t1].

The time scales theory was introduced by S. Hilger [6] (1988) as a unified theory for both
discrete and continuous analysis. For reader’s convenience, we present several notions from this
theory which are used in this paper.

Time scale T is a non-empty closed subset of R, Ay := ANT for A C R, ¢ : T — T,
o(t) :=inf{s € T: s > t} is the forward jump operator, p: T — T, p(t) =sup{s € T: s < t} is the
backward jump operator (here inf @ :=supT and sup @ :=infT), p: T — [0,00), u(t) :==o(t) —t
is called the graininess function. A point ¢ € T is called left-dense (LD) (left-scattered (LS), right-
dense (RD) or right-scattered (RR)) if p(t) =t (p(t) < t, o(t) =t or o(t) > t), TF := T\ {M}if T
has a left-scattered maximum M, T* := T otherwise.

A function f: T — R? is called A-differentiable at ¢ € T* if the limit

£3(0) — tim 1) = )
s=t o(t)—s

exists in RY,
Let A C R, such that 0 is a limit point of A, be the set of indices. Consider the family of time
scales Ty, A € A such that supTy = oo. For any t9,t1 € Ty denote [tg,ti]T, = [to,t:1] N Ty and

HX = SUDteftg,ta]r, pu(t). Assume
pua(t) =0 as A — 0. (1)

For every Ty consider the optimal control problem on the time scale [to, t1],:
‘/'EA = f(t7‘/1:7u)7
x(ty) = x,

Ja(u) = / L(t, (), u(t)) At + U(z(ty)) — inf, u € Ulto).

[to,t1)T,
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Along with (2), consider the corresponding continuous optimal control problem on the interval
[to, tl] .

dx(t)

O _ e, u).
z(ty) = =z, )
() = /L(t,:r(t),u(t)) dt + U(a(t)) —s inf, u € Ulty),

where x € R%, u € U € R™, U — compact set, U(tg) := L=([to, t1]T, U), i.e. the set of bounded, A —
measurable functions [2, Chapter 5.7] defined on [to, t1]r and taking values in U for each t € [to, t1]T,
is called the set of admissible controls.

Assume that f, L and ¥ satisfy

() f:lto.ti]lr xREX U =R, L: [to, ty]r x R x U — R and ¥ : R — R,
(i) f is continuous and globally Lipschitz in  with the Lipschitz constant K;

(iii) L and ¥ are continuous and globally Lipschitz in « with the Lipschitz constant K.
The Bellman function in this case is

Vit = inf  J(t . 4
(0,5[)) u(-)lgl/{(to) (0,1’,@6) ()

Denote by V) (tg,z) and V (tg, z) the corresponding Bellman functions for these problems, given by
(4). Our main result is the following theorem.

Theorem 1. Let Ty be such that (1) holds. In addition, assume that

1) The functions f, f. and L are continuous on [tg,t1] x R x U;

2) f and L are globally Lipschitz in x, with Lipschitz constant K > 0.

Then
Va(to, -) = V(to, -) in Cie(R?), A — 0.

The proof of the main result will heavily rely on two lemmas.

Without loss of generality, we assume that {o = 0 and t; = 1. Consider an arbitrary time
scale Ty and an arbitrary admissible control uy(t) on it. Let x)(¢) be a corresponding admissible
trajectory. Denote by ) (t) the extension of uy(¢) to the entire interval [0, 1]:

_ ux(t), tel0,1]r,,
W) 1= i (5)
ux(r), telr,o(r)), reRS.
This control is admissible for the problem (3).

Lemma 1. Let z(t) be a solution of

W~ Flta i),
x(0) = xo.

Then

1
’ / L(t,xx(t),uA(t))At—/L(t,x(t),ﬂ)\(t))dt — 0, A—=0.
0

[0’1)']1’)\
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Let up\(-) be an arbitrary admissible control for the problem (2) and 27, ( - ) be the corresponding

trajectory. Similarly, let z(-) be an admissible trajectory of the problem (3) which corresponds to
the admissible control u( - ).

Lemma 2. For any admissible control u( -) for the problem (3) and for every time scale Ty, there
is an admissible control up,(-) for the problem (2) such that

| J(u) = Ja(ugy)] — 0, A— 0.
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On the half-line Ry = [0, +o0o[, we consider the two-dimensional system of nonlinear ordinary
differential equations

o' = g(t)l]= sgnv, O
v = —p(t)|u|* sgn u,

where o > 0 and p, g : Ry — R are locally Lebesgue integrable functions such that
g(t) >0 forae. t>0. (2)

By a solution of system (1) on the interval J C [0, +oco[ we understand a pair (u,v) of functions
u,v : J — R, which are absolutely continuous on every compact interval contained in J and satisfy
equalities (1) almost everywhere in J.

Definition 1. A solution (u,v) of system (1) is called non-trivial if |u(t)|+|v(t)| # 0 for t > 0. We
say that a non-trivial solution (u,v) of system (1) is non-oscillatory if at least one of its component
does not have a sequence of zeros tending to infinity.

Remark 2. It was proved by Mirzov in [11] that all non-extendable solutions of system (1) are
defined on the whole interval [0, 400[. Therefore, when we are speaking about a solution of system
(1), we assume that it is defined on [0, +00[. Moreover, in [11, Theorem 1.1], it is shown that a cer-
tain analogue of Sturm’s theorem holds for system (1) if the function g is nonnegative. Especially,
under assumption (2), if system (1) has a non-oscillatory solution, then any other its non-trivial
solution is also non-oscillatory. Consequently, it is possible to introduce the following definition.

Definition 3. We say that system (1) is non-oscillatory if all its non-trivial solutions are non-
oscillatory.

Oscillation and non-oscillation theory for ordinary differential equations and their systems is a
widely studied topic of the qualitative theory of differential equation. Below presented results are
closely related to those which are established in [1,2,4-10,12,13]. Some criteria stated in these
papers are generalized below.

Indeed, one can see that system (1) is a generalization of the equation

1
"+ = p(t)|ul* | sgnu = 0, (3)
o
where o €]0,1] and p : Ry — R is a locally integrable function. This equation is studied in the

existing literature and some oscillation and non-oscillation criteria for equation (3) can be found,
e.g., in [5,8].
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Moreover, many results (see, e.g., survey given in [2]) are known in the non-oscillation theory
for the so-called “half-linear” equation

(r(t) '[9 sgna)’ + p(#)|ul? sgnu = 0, (4)

where ¢ > 1, p,r : [0,400[ — R are continuous and r is positive. It is clear that (4) is a particular
case of system (1). Indeed, if the function u, with the properties u € C* and r|u/|[9 ! sgnu’ € Ct,
is a solution of equation (4), then the vector function (u,r|u/|9"!sgnu’) is a solution of system (1)
1
with g(¢) :=rT=a(t) for t > 0 and o := g — 1.
However, there are some restrictions on functions p and ¢ in the above-mentioned papers. It is

t 1
usually assumed that p(t) > 0 or [ p(s)ds > 0 for large t. Moreover, the coefficient g(t) := r1-4(¢)
0

of the half-linear equation (4) cannot have zero points in any neighbourhood of infinity. Below we
formulate criteria without these additional assumptions.

We consider two different cases, when the coefficient ¢ is non-integrable and integrable on the
half-line.

400

a) The case [ g(s)ds = +oo
0
At first, we assume that
“+oo
[ otds =+ (5)
0

and we put
t
f() = /g(t) ds for t>0.
0

In view of assumptions (2) and (5), there exists ¢, > 0 such that f(t) > 0 for t > t, and f(t,) = 0.
We can assume without loss of generality that ¢, = 0, since we are interested in the behaviour of
solutions in the neighbourhood of +o0, i.e., we have

f(t)>0 for t>0
and, moreover,

lim f(t) = +oo.

t—+00

Calt) = faozt) 0/ flg(jzs) < O/ p(€) d§> ds for ¢ > 0.

It is known (see [3, Corollary 2.5 (with v = 1 — «)]) that if a finite limit of the function ¢,(t) does
not exist and ltim Jri]rlf ca(t) > —o0, then system (1) is oscillatory. Consequetly, in what follows it is
—+00

We put

natural to assume that
lim c¢q(t) =: ¢ € R. (6)

t—+00

We put

Qi) = 170 ci - / pe)ds) for ¢30,
0
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where the number ¢, is given by (6). Moreover, we denote lower and upper limits of the function
Q(-;a) as follows

Q«(a) :=1liminf Q(t; ), Q" () :=limsup Q(¢; ).
t—+00 t——+o00
Theorem 4. Let (6) hold. Let, moreover, the inequalities

20+ 1 « I+a . 1 a \l+a
_a—l—l(l—i—a) <Q*(oa) and Q(a)<a—|—1(l+a>

be satisfied. Then system (1) is nonoscillatory.
We denote by B(§) the greatest root of the equation
|[aH fz+ € =0,

where £ < 0. Now we can formulate the next theorem which complements the previous one in
a certain sense.

Theorem 5. Let (6) hold. Let, moreover, the inequalities

20+ 1 « I+a
—o0 < Qule) = = (750)
00 < Qu(e) < a+1 \1+a

and

@

Q*(a) < [B(Q:«(a))]+1 — B(Q«(a))

be satisfied. Then system (1) is nonoscillatory.

“+o0o
b) The case [ g(s)ds < oo
0

Now we assume that the coefficient g is integrable on [0, +oo[, i.e.,

—+00

/ g(s)ds < +o0.

0

Let
“+o00

f(t) = /g(t) ds for t > 0.

t

In view of assumptions (2) and (5), we have

tig—noo f(t) =0
and N
f(t) >0 for t>0.
We put

S

Zalt) = (1) / ;jfj) ( [F@me dg) ds for £ >0,
0 0




170  International Workshop QUALITDE — 2016, December 24 — 26, 2016, Tbilisi, Georgia

According to [3, Corollary 2.11 (with ¥ = 1 — )], the system (1) is oscillatory if function ¢, (t)
does not have a finite limit and ltim Jrinf Ca(t) > —oo. Consequently, we assume that there exists
— 400

a finite limit of the function ¢,, i.e.,

e
tilgloo ca(t) =1¢, € R.

We denote

Qlt; ) = f(lt) <E”; - O/tfa“(s)p(s) ds) for t > 0.

Moreover, we denote lower and upper limits of the functions @( -; ) as follows

Q«(a) :=lim inf@(t; a), @*(a) := lim sup @(t; Q).

t—+o0 t—+o0

Now we formulate next nonoscilation criteria by using lower and upper limits of the function é(t; Q).
We denote by A(v) and B(v) the smallest and the greatest root of the equation

O[|SC|&T+1 +(a+1)z+v=0.

Theorem 6. Let the inequalities

s <o) ot @ ()

14+«
be fulfilled with v = 25;"11 (ﬁ) . Then system (1) is nonoscillatory.

The following theorem complements previous one in a certain sense. Before we formulate it, we
denote by B(n) the greatest root of the equation

a+1
alz] e —ar+n=0,
a+1
where 1 < (QL—H) .

Theorem 7. Let the inequalities

—00 < @*(a) < A(V)+V

Q"(a) < Qula) + B(Qu(0) + B(@u(0) + B@Q.(a)))

be satisfied. Then system (1) is nonoscillatory.
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Let —0co < a < b < 400, and let J C [a,b] be the measurable set such that
J # la,b], mesJ =b—a.

Consider the functional differential system with deviating arguments

du;(t .
(;E ) :fi(t,ul(t),...,un(t),ul(ﬁ(t)),...,un(Tn(t))) (i=1,...,n) (1)
with the weighted boundary conditions
: |ui(t)| :
lim su <400 (i=1,...,n). 2
t—>tip ©;(t) ( ) (2)
Here f; : J x R? — R (i = 1,...,n) are measurable in the first and continuous in the last 2n

arguments function,
t; € la,b]\J (i=1,...,n),

while ¢; : [a,b] = R (i =1,...,n) and 7, : J — [a,b] (i = 1,...,n) are, respectively, absolutely
continuous and continuous functions such that

wi(t) >0 for t#t; (i=1,...,n),
et —t;) >0, m(t)#t; for tedJ (i=1,...,n).

A vector function (u;); : [a,b] — R™ with absolutely continuous components u1, .. ., u, is said
to be a solution of system (1) if it satisfies that system almost everywhere on J. The solution
(u;)?_, of system (1) is said to be a solution of problem (1), (2) if it satisfies conditions (2).

Note that the boundary conditions

ui(ti)zo (i:1,...,n) (3)

are called Cauchy—Nicoletti conditions, and problem (1), (3) is said to be a Cauchy—Nicoletti prob-
lem (see, e.g., [1-3,5-8], where the Cauchy—Nicoletti problem is investigated both for differential
and functional differential systems). Thus it is natural to call the boundary conditions (2) and prob-
lem (1), (2) the Cauchy—Nicoletti weighted conditions and the Cauchy—Nicoletti weighted problem,
respectively.

We are interested in study of problem (1), (2) in the case where system (1) has non-integrable
singularities in the time variable, i.e., where

i=1

b n n
/<Z‘f,-(t,acl,...,xmyl,...,yn)D dt = 400 if Z(\x2]+|yz|)>0
S Nim

For singular systems of ordinary differential equations, the unimprovable conditions for the
solvability and unique solvability of the Cauchy—-Nicoletti weighted problem are established by
I. Kiguradze [2,4]. In this paper, analogous results are obtained for the singular problem (1), (2).

Below everywhere we use the following notation.
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o I =[a,b)\ {ts} (k=1,...,n).

0 if ¢ €[ty —0,t,+0],

£,6,\) =
* xu(04) {A it [ty — 6t + 3.

e Ljo.(Ix; R) is the set of Lebesgue integrable on each closed interval contained in I} functions
v: I — R
o X = (@ik){}—y is the n x n matrix with the components z;; (i,k =1,...,n).
e 7(X) is the spectral radius of the matrix X.
Moreover, below everywhere it is assumed that
fok € Lioc(Ig;R) - for every p>0 (k=1,...,n),

where

Fia(0) = max{

)

z @] + i) _p}.

B (b 11, pnOans o1 (O Pl )|

Along with (1) we consider the functional differential system

du;ft) =X (6,0 N fi(tua (1), - un(t), ua (1a(1)), - un(a(t))) (i=1,...,n), (4)

depended on parameters A € [0,1] and § €]0, 1].

Theorem 1 (A principle of a priori boundedness). Let there exist a positive constant p such that
for every 6§ €]0,1[ and X € [0,1] any solution (u;)!"_, of problem (4),(2) admits the estimates

ui(t)] < ppi(t)  for t€a,b] (i=1,...,n).
Then problem (1), (2) has at least one solution.

Theorem 2. Let on the set J x R?" the inequalities

fi(tvxlv e 737717917 e 7y71) Sgn[(t - tl)xz]

n
Yk .
< |t [ plk + p2ik— v +q} i=1,...,n
O] 2 o ontm@) T )
be fulfilled, where pyik, poir (i,k = 1,...,n) and q are nonnegative constants, at that the matriz
P = (prir + pgik)zkzl satisfies the inequality
r(P) < 1. (5)

Then problem (1), (2) has at least one solution.

Remark 1. Under the conditions of Theorem 2, each function f; may have the singularity of
arbitrary order at the point ¢;. Indeed, if ;(t) = |t —t;| (i = 1,...,n), then the conditions of the
above-mentioned theorem are satisfied, for example, by the functions

L+ |z1| 4+ -+ |zl + |ya] + - + |y
fi(tav’Ula'--ﬂfm?/lw'-,?/n):eXP< | | ‘ n’ | | | nl)(tl_t)ml

It—t'l

%] :
—l—Z(puk + glkﬁ>+q(z:1,...,n).
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Condition (5) in Theorem 2 is unimprovable and it cannot be replaced by the condition

r(P) < 1.

What is more, the following theorem is valid.

Theorem 3. Let on the set J x R?™ the inequalities

filt,x1, .o Tny Y1y - -, Yn) sg0(t — ;)

n

2|<P§(t)|{ <p1ik 2 + P2 |yk|t))>+q] (i=1,...

pet () (i

)

be fulfilled, where pii; > 0, poir >0 (i,k =1,...,n), ¢ >0, and the matriz P = (p1ix + D2ik) 1y

satisfies the inequality
r(P) > 1.

Then problem (1), (2) has no solution.

Along with (1), (2) let us consider the perturbed problem

d’UZ' (t)
dt

= fi(t,vl(t), ey U (D), v1 (11 (2)), - - ,vn(Tn(t))) +hi(t) i=1,...,n),

(t
lim sup [vi(2)]
t—t; i(t)

<400 (i=1,...,n),

and introduce
Definition. Problem (1), (2) is said to be well-posed if:
(i) it has a unique solution (u;)! ;;

(ii) there exists a positive constant p such that for arbitrary integrable functions hy
(k=1,...,n), satisfying the conditions

. ¢
vi(hg) = SuP{gok(t) ‘t/ |hi(s)| ds

problem (6), (7) is solvable and its every solution satisfies the inequalities

: teIk}<+oo (k=1,...,n),

o (t) — wi ()] gp[zyk(hk)}%(t) for ¢t € [a,b] (i=1,...,n).
k=1

Theorem 4. Let on the set J x R?™ the inequalities

fi(tvxlv e 7$n7y17 e 7y7l) Sgn[(t - tl)x’i]

- |

:J — R

Tk Yk .
< |@i(t)] (Pliki’-i-p%k ’|t))> (i=1,...,n)

pet oi(t) i (7 (

be fulfilled, where p1ik, pair (i,k =1,...,n) are nonnegative constants, and the matriz P = (p14 +

Paik)i k=1 Satisfies inequality (5). Then problem (1), (2) is well-posed.
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Theorems 3 and 4 yield the following result.

Corollary 1. Let on the set J x R?" the equalities

|| |y :
fi t7I15"-7xn7y17"‘7yn :90;t (plzk +p21k7> ’L:].,...,TZ
( )=l 2 (e oy 4w ) ¢ )

n

hold, where p1, pair (i,k = 1,...,n) are nonnegative constants. Then for problem (1), (2) to be
well-posed it is necessary and sufficient that the matriz P = (p1ik —i—pgik);fk:l to satisfy inequality

(5).
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An autonomous evolution system is called impulsive dynamical system (impulsive DS) if its
trajectories have jumps at moments of intersection with certain surface of the phase space. These
systems are an important subclass of systems with impulsive perturbations at fixed moments of time
whose qualitative theory was developed in [6]. In this paper, using the theory of global attractors
for multi-valued semiflows [3], we describe the dynamics of infinite-dimensional impulsive systems
without uniqueness of solution of the Cauchy problem. We consider global attractor as a minimal
uniformly attracting set for corresponding multi-valued semiflow [4]. Using the results of [1,2], we
construct abstract theory of multi-valued impulsive dynamical systems and apply obtained results
to weakly non-linear impulsive parabolic system.

Let (X, p) be a metric space, P(X) (B(X)) be a set of all non-empty (non-empty bounded)
subset of X.

Definition 1 ([3]). A multi-valued map G : Ry x X — P(X) is called multi-valued dynamical
system (MDS) if

Vee X G0,x) =z and Vt,s >0 G(t+s,2) C G(t,G(s,x)).

Definition 2 ([4]). A non-empty subset ©® C X is called a global attractor of MDS G if

1) © is a compact set;

2) O is uniformly attracting set, i.e., VB € f(X) dist(G(¢, B),©) — 0, t — oc;

3) O is minimal among all closed uniformly attracting sets.
Lemma 1. Assume that MDS G satisfies dissipativity condition:

dBy e B(X), VBe 3(X), 3T =T(B) >0, Vt>T G(t,B) C By. (1)
Then the following conditions are equivalent:
1) MDS G has a global attractor ©;
2) MDS G is asymptotically compact, i.e.,

Vit, /oo VB e B(X), V&, € G(tn, B) sequence {&,} is precompact in X.

Impulsive MDS G consists of a given non-empty closed impulsive set M C X, compact-valued
impulsive map I : M — P(X) and a given family K of continuous maps ¢ : [0, +00) — X satisfying
the following properties:

Kl) Ve e X, Jp € K: ¢(0) = z;

K2) Ve K,Vs>0p(-+s) e K.
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We denote
Ky, ={pe K| ¢(0)=uz}.

Impulsive MDS describes the following behaviour: a phase point moves along trajectories of K
and when it meets the impulsive set M, it jumps onto a new position from the set of impulsive
points I M.

For “well-posedness” of impulsive problem we assume the following conditions:

MNIM = o;
Vee M, Voe K, 31=1(p) >0, Yt (0,7) p(t) & M.
We denote

Ve K M ()=o) nM.
t>0

If M*(p) # @, then there exists a moment of time s := s(y) > 0 such as
Vte(0,s) ot) & M, o(s) € M. (3)

Hence, we can define the following function : K — (0, 4o00] :

(o) =1* if M*(p) # 2,
L +o0, if MT(p)=2.

Impulsive trajectory @, starting from the point x € X, is a right continuous function

- on(t —ty), if t € [tn,tnt1),
o) =4 ¢ L (5)
Tt if t=1tn41,

where {z;} },,>1 C IM are impulsive points, {s,}n>0 C (0,+00) are the corresponding moments of
n

time, {¢n}tn>0 C K, 9o(0) =z and Vn >0ty :=0, tpp1:= > sk, n > 0.
k=0

By K + we denote the set of all impulsive trajectories starting from x € X.
We assume that every impulsive trajectory is defined on [0, +00), i.e.,

Vze X every @€ K, is defined on [0, +00). (6)
Definition 3. A multi-valued map G : Ry x X — P(X)
Gt,x) = {3(1) | 7€ K.} (7)
is called impulsive MDS.

Lemma 2. Let conditions K1), K2), (2), (6) be satisfied. Then (7) defines the MDS G.

To state further results concerning invariance property of the global attractor we have to impose
additional constraints on the parameters of our impulsive problem:

K3) Y, — z, Vo, € K;,, 3¢ € K, such that on some subsequence

Vi >0 on(t) — @(t);

) the compact-valued map I : M — P(X) is upper-semicontinuous [3];
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S1) if forx € X \ M, z,, = z, ¢, € Ky, and ¢ € K, we have Vit > 0 ¢, (t) — ¢(t), then

s(p) = oo, if s(pn) = oo for infinitely many n > 1,
s(pn) — s(¢), otherwise.

Lemma 3. Assume that impulsive MDS G satisfies K1), K2), (2), (6), K3), 1), S1) and © is a
global attractor of G. Then the following property holds:

Vt>0, VE€O\M Gt,EN(O\M) # 2. (8)
If, additionally, G is single-valued, then
Vt>0 G(t,0\M)C O\ M. (9)

In order to prove the inverse embedding in (9), it is necessary to impose the following additional
assumptions on K, M, I:

K4) Va, =z, Vo, € K, 3p € K, such that on some subsequence

©n — ¢ uniformly on every [a,b] C [0,00), (10)

S2) if forVaxy, € M x, - v € M, ¢, € Ky, and ¢ € K; we have ¥t > 0 p,(t) = (t), then
either s(¢n) = oo for an infinite number n > 1,

or s(pn) — 0, n— 0.

Lemma 4. Assume that impulsive MDS G satisfies K1), K2), (2), (6), K3), 1), S1), K4), S2), and
© is a global attractor of G. Then

Vt>0 ©\ M CG(t,0\ M). (11)
IfVe e X, Vt,s >0 G(t+s,x) =G(t,G(s,x)), then in (11) equality takes place.

We apply obtained results for impulsive weakly non-linear parabolic problem. Let 2 C R™ be a
bounded domain. For unknown functions wu(t,z), v(t,z) on (0,+00) x € we consider the following
weakly non-linear problem:

O _ At efolu,),

¢ (12)

?;t) — a2A’U + bAu + 5f2(ua U)v

where ¢ > 0 is a small parameter, aj,as > 0, |b] < 2,/ajaz. Continuous non-linear functions
fi: R? — R, i = 1,2 satisfy the following condition:
3C >0 Vu,v € R |fi(u,v)] + | fa(u,v)| < C. (13)

It is known that under such conditions for every € > 0, zo € X there exists at least one solution

() = <zg3> € C([0,+00), X) of the problem (12) with ¢(0) = zg, where X = Ly(2) x Lo(Q2) is

a phase space.
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Thus the problem (12) generates the family of continuous maps:
K®={¢:[0,+00) = X | ¢is a solution of (12)},

which satisfies conditions K1), K2). For fixed a > 0, 5 > 0, v > 0, u > 0 we consider the following
impulsive perturbation:

M= {o= (1) € X1 aluwn) + 50 0n) = L fw )] <71, (1)
I:M — P(X) such that for 2= (2) Vi € M,
i=1 N\ "

C/ > C; ’ ’ ’
Iz C { <d/1) 1/114‘2 <d> Vi| ler] <7, acy + Bdy = 1+ﬂ}7 (15)
1 i=2 N

where {1;}22, are eigenfunctions of —A in H}(€).

Theorem. For sufficiently small € > 0 impulsive problem (12), (14), (15) generates an impulsive
MDS G. : Ry x X — P(X), which has a global attractor ©, and

dist(©,,0) — 0, ¢ — 0, (16)

where O s global attractor of impulsive system (12), (14), (15) with € = 0.
Moreover, if I : M — P(X) is upper semicontinuous map, then

VE>0 Ge(t,0.\ M) =0\ M. (17)
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Consider the linear Pfaff system

0
87‘” = Ai(t)z, ©€ R, t=(t1,ts,...,tm) € R™, i=T,m, (1)
i
with bounded coefficient matrices A;(t) continuously differentiable in R' = {t € R™ : t > 0} and
satisfying the condition of complete integrability [1, pp. 14-24], [2, pp. 16-26]. The characteristic
vector [1, p. 83], [3], Alz] = A and the lower characteristic vector [4] p[z] = p of a nontrivial solution
x: R — R"\ {0} of system (1) is defined by the conditions

e Iz = (A1)

L,(A) = lim =0, Ly(A—¢€¢;) >0, Ve>0, i=1,...,m, (2)
t—00 1]
1 t)| — t
Lp) = tim BEOI=) oy 04 ey <0, ves0, i=1,....m, (3)
t—00 Il
where e; = (0,...,0,1,0,...,0) € R is a unit coordinate vector. The characteristic set A, [3] and
——

i
the lower characteristic set P, [4] of a nontrivial solution « : R* — R"™\ {0} of system (1) is defined
as the unions of all characteristic vectors A, = U\[z] and all lower characteristic vectors P, = Up|x]

of that solution. The sets [3], [4] A(A) = U Ay and P(A) = |J P, referred respectively to as the
x#0 x#0
characteristic and the lower characteristic sets of system (1).

We generalize the statement on joint implementation of the characteristic and the lower cha-
racteristic sets of the linear Pfaff system (1) with two-dimensional time (m = 2) [6] on the system
(1) with m-dimensional time t.

Definition 1 ([9]). A set D C R™ is said to be bounded above (respectively, below) if there exists
an r € R™ such that d < r (respectively, d > r) for all d € D (d < r is equivalent to the inequalities
di§7ﬁ,i=:1ﬂn)

We introduce an analog of notions of least upper bound and greatest lower bound of a one-
dimensional set for a bounded set D C R™ [10, p. 11], [7, p. 32] without considering these bounds
as elements of an ordered set of subsets of the space R™. To this end, to each point r € R™, we
assign the sets

K(r)={peR":p=r}, K()={peR": p<r},

which are referred to as the upper and lower direct m-dimensional angles, respectively, with vertex
at the point r.
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Definition 2 ([9]). The least upper (respectively, greatest lower) bound of a set D C R™ bounded
above (respectively, below) is defined as the set sup D (respectively, inf D) of vertices of all upper
direct m-dimensional angles K (r) (respectively, lower direct m-dimensional angles K (r)), each of
which has the unique common point, the angle vertex, with the set D,

supD = {re R": DNK(r)={r}} (respectlvely, infD={reR™: DNK(r —{7"}}>

Definition 3 ([9]). A set D C R™ is said to be upper closed (respectively, lower closed) if it
contains the least upper bound (respectively, the greatest lower bound) of itself.

Let the set D C R™ be a connected upper and lower closed convex set. Note that the sets are
its least upper bound sup D and greatest lower bound inf D have the properties of characteristic
and lower characteristic sets, respectively.

Theorem. Let sets P C R™ and A C R™ be defined, respectively, convex function p, =
fp(p1,-. spm_1) : R™ ' — R and concave function Ay, = fa(A1,...,Am_1) : R ! — R con-
tinuous monotonically decreasing in their convex closed bounded domain, and satisfy

sup{pi: (pl,pg,...,pm)eP}Sinf{/\i: (Al,Ag,...,)\m)EA}, 1=1,m.

Then there exists a completely integrable Pfaff equation
ox
ot;

with bounded infinitely differentiable coefficient A;(t) with characteristic set A(A) = A and lower
characteristic set P(A) = P.

=A;(t)z, z€R, teRY, i=1m, (12)

Sketch of the proof. Without loss of generality, one can assume (to within a shift) that the set
P C R™ lies in the m-dimensional cube [dy,ds] X - -+ X [d1,d2] C R™, and the set A C R™ lies in
the cube [|da], |di|] % - -+ x [|d2], |d1|] C R, where di < dy < 0.

I. Preliminary construction

Let us assume that the sets P and A, determines the functions fp and fa, admit the following
parametric representation

P: p=H(a) and A: p=G(a), a=(a,q9,...,am-1), a; €[0,1].

By the assumptions of the theorem, for each point of the sets P and A C R™, there exists a
tangent hyperplane, and if several tangent hyperplanes exist at some point of that set, then we
take a hyperplane whose normal has coordinates of one sign. In addition, any of those tangent
hyperplanes u at the set P C R™ lies not below that set, and any of those tangent hyperplanes v
at the set A C R™ lies not above that set A. It means that for each s € P, there exists M, € pu
such that s < Mg, and for each s € A, there exists M, € v such that s > M. Let the tangent
hyperplane p of the set P at the point H(«) and the tangent hyperplane v of the set A at the point
G(a) be defined by the points ¢ (a) € R™ and () (a) € R™, i = 1, m, respectively,

(e, ¢) =qM (@) (1= Gmo1) - (1= G)A = C) +aP(a) - (1= Gno1) - (1= )+
+q" () - (1= Gne1)m—2 + "™ (@) - G, ¢ = (C1:C2r- -5 Gmo1), G €0, 1],
v(e, ) =rM(@) (1= Gno1) - (1= )1 =) +rP (@) - (1= Gnr) - (1= Q)G +
+ 7 D (a) - (1= Gnet)nz + 7™ (@)  Gnot, €= (C1,Cor- -5 Cmo1), G € (0,1
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In this case, we set ¢ (a) = H(a), 7(V(a) = G(a) and require that the projections of those
tangents u(a, ¢) and v(a, () to the coordinate axes lies inside the corresponding projections of the
sets P and A, respectively.

We construct the sequence {Téj)(h)}, h = (hi,ha,..., hm—1), where j for any fixed n € N ranges
over the values 1,2, and h; for fixed values of n, j, hy,...,h;—1 ranges over the values 1,...,2".
We set the first element 7'1(1)(1, ..., 1) of that sequence to unity, and other elements obtained by
multiplying by two the previous element of this sequence.

As a result, we obtain

. 230 (20-1)m =14 (jo1)(27) ™ (hy —1)(27) 2o (B3 — 1) (27) 4 (A2 —1)27 R —1
() =25

2 nil(Q(lfl))m—l

<M, n=25 = 9om(n),

n+1

We set 73 = t; +ta + -+ + tp,. We divide the subset R = {t = (t1,t2,...,tm) : t; > 0} of
the space R™ by the planes 7; = 2%, k € N, into the layers {t € R - 2F < 1 < 2K with
the closed “lower” face and the open “upper” face. By H(()l)(l, ..., 1) we denote the initial layer

{teR?: 0<1y < 7'1(1)(1, ..., 1)}. Next successively denote the layers by Hglj)(h), where j takes
the values 1, 2 for a fixed n € N, and h; takes the values 1,...,2" for a fixed n, j, h1,...,hi—1.

The lower part of the layer Y )(h) is defined as the layer
) () = {t e ) : tV(h) <7 < F,(j)(h)},

n

where

and the top part is defined as the layer
() = {ten@n): 7P (n) < 7 < 7P (0)V2}.

(1)

Following [4], [9], on the segment Ay’ = [0, 1] we construct perfect set
+o0 27
- Ua,
n=1k=1

similar to the Cantor perfect set [8, p. 50] with a nonzero Lebesgue measure and modified step
functions ©(«) [8, p. 200]. Wherein the length of the nst rank segments Agc) will be assumed
equal e, = exp(d; - 2“’”(”)), and the middle of these segments will be denoted oz?(lk). Next on the
segment A((]l) = [0,1] we define continuous nondecreasing Cantor step function O(«) : A(()l) —
[0,1] = {O(a) : a € Py} with intervals s = AW \ (Afffl_l) U Agﬂ) of constant values.

Note that by the definition of Py for all the n € N there exists a number k = k" (a) €
{1,...,2"}, for which the inequality |a,(1k) —al <&,/2, k = k™ (a), n € N. Therefore we have
@(a%k”(a))) — «a if n — oco. We introduce the notation ©(«a,h) = (@(ag“)),...,@(a%hm’l))),
n € N.
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II. Construction of the equation

For further constructions, we use the following functions infinitely differentiable on the interval
[T1, To):

601(7’, 7_177_2) = {exp{ N [T o T1]72 exXp ( B [T - 7—2]72)} if T <7< Ty,

1—1 if r=m, 1=1,2,

exp (24(72 — 7'1)74 —(r— 7'1)72(7' — 7'2)72) if i <7<y,
0 if r=m, i=1,2,

600(7771,7'2) = {

these are analogs of standard functions infinitely differentiable on the segment [0, 1]. Note that the
function ego(T, 71, 72) attains its maximum value unity in the middle of the segment [, 72]. On the

sets
+oco 2™

=gy U

n=1h;=1 hm—1=1

and
+oo 2™

-J U~ U men

n=1h;=1 hm—1=1

we introduce the vector functions
0 if ¢ eI (h),

D)= G =

U= 0@ meno (s (1), 1.v2) it pe TPy, T
Tn

REm =110 @ e (T (0. 1,v2) it teTPm), =0

We introduce the functions
E(t) = e(Q(1>(Tt)7t) + e(Q(2>(n),t) I e(Q(m)(Tt)vt) if te H(l),

B(t) = [ R0 4 o~ ROGOH 4y (RN f ¢ e IO,

Obviously, the function £(t) takes a value equal to m if t € i (h), and the function E(t) takes
a value equal to m~1 if t € ﬁg)(h). We construct the function z(t), t € R, by the following rule

m~ 4 [m —m” 1]601( L ),1,[) it +edP(,1,...,1),

o) = £(t) TTn iftel}<1>\ﬁ£})(1,1,...,1),
m+ [m~! —m]em(%(l,l,...,l),l,\/i) it te1?,1,...,1),
E(t) " if teI@\TIP(1,1,...,1).

This function is infinitely differentiable and is a solution of the Pfaff equation (12) with bounded
infinitely differentiable on R’} coefficients

0x(t)

oty
The infinite differentiability of A;(¢) follows from the similar property of the functions, through
which they are defined. Boundedness of coefficients A;(t) easy to show with the help of estimates

deo1 (7,71,72) deoo (7,71,72)
dr

Ai(t) = 27(2)

given in [5] for functions and , defined on any interval [11, 72| of length 7o —71 <

1/2.
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III. Computation of the characteristic sets

Using conditions (2) and (3), the definition of the characteristic and the lower characteristic vectors,
and the obvious estimates

InE(t) > Or), )Y, InE®) < i RO (1), 1)},
né&(t) ie{?fﬁ?{,m}{@ (7),t)}, InE(t) ie{f%f?,m}{( (7e),t)}

can be shown that the characteristic set of functions x(¢) is the set A = Ag, and the lower charac-
teristic set of functions z(t) is the set P = P.

Comment

The result for equation (1g) is easy to transfer on system (1).
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1 Formulation of the problem

Analytical results presented here are based on a common research with Jana Burkotova and they
are contained in the paper [1] where in addition numerical simulations are discussed. In particular,
here we study the existence and asymptotic behaviour of Kneser solutions to the nonlinear second
order ODE,

(p()'(t))" + q(t) f(u(t)) = 0, t € [0,00), (1)

satisfying
u(0) =up € (0,L), 0<u(t) <L for te[0,00), (2)
u(0) = ug € (Lo,0), Lo <wu(t) <0 for t € [0,00), (3)

where the interval [Lg, L] is specified in the following way:
Lo <0<L, f(Lo)=f(0)=f(L)=0.

Note that equation (1) is singular because we assume that p(0) = 0 (see (6)), and therefore there
is a time singularity at ¢t = 0.

A function u is called a solution to equation (1) on [0, 00) if u € C*[0, 00), pu’ € C*[0,00), and u
satisfies equation (1) for all ¢ € [0, 00). The solution u to equation (1) on [0, c0) is called a solution
to problem (1), (2) or problem (1), (3) if u additionally satisfies condition (2) or (3), respectively.
A solution u to equation (1) on [0,00) is called a Kneser solution if there exists tog > 0 such that

u(t)u'(t) < 0 for t € [tg,0). (4)

2 Existence of Kneser solutions to singular equation (1)

In this section, the existence of Kneser solutions to problems (1), (2) and (1), (3) is discussed under
the assumptions that f is continuous on [Lg, L], p is continuous on [0,00) and p = ¢q. For more
details see [1] and [5]. For the existence of other types of solutions and a deeper study of this
problems see also [2], [3], [4].

Theorem 1. Let us assume that
f € Liploc(ov L]) f(ﬂ?) > 0 fO’f’ HS (07 L)’ (5)

1 P P
p € C(0,00), p(0)=0, p'>0 on (0,00), lim )

=0, (6)
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o) [ pls)ds
];)2@) >¢, te(0,00), (7)

hold for some ¢ > % and Ay € (0, L), where F(x ff

Then, for each ug € (0, Ao] there ezists a umque Kneser solution u to problem (1), (2) with
p = q. This solution has the following properties:

lim u(t) =0, lim «'(t) =0, «/(0) =0, «/(t) <0, te (0,00).

t—o00 t—o00

A dual statement for an initial condition ug from a negative neighbourhood of zero is given in
the following theorem.

Theorem 2. Let us assume that (6) and (7) with a constant ¢ > } hold, and let
f € Lip;,.[L0,0), f(x) <0 for x € (Lo,0). (9)
Further, assume that there exists By € (Lg,0) such that the inequality

zf(x) 2
Flz) —2e—1" "

€ [Bo,0), (10)

1$ satisfied.

Then, for each uy € [By,0), there exists a unique Kneser solution w to problem (1), (3) with

p = q. This solution has the following properties:
: . !/ / !/
tli)rgou(t) =0, tlggou (t)=0, w(0)=0, uw(t)>0, te(0,00).

To our knowledge, the existence of Kneser solutions to singular problems (1), (2) and (1), (3)
with p(0) = 0 and p # ¢ remains an open problem. Let us note, that the condition u/(0) = 0
is necessary for the smoothness of the solution in the case where p = ¢ is an increasing function.
To see this, let us consider a solution u to (1), (2) or (1), (3). Since u € C[0,00), the assumption
p(0) = 0 yields p(0)u/(0) = 0. Since f is continuous on [Lg, L] and u(0) € (Lo, L), there exist M > 0
and d > 0 such that |f(u(t))] < M for t € (0,9). We now integrate (1) and use the monotonicity

of p to obtain
t
o) = | [ o1
U pis
p(t)
0

Consequently, u/(0) = 0 holds.

< M
p(t

t
/p )ds < Mt, te€(0,0).
0

1 Asymptotic properties of Kneser solutions

This section focuses on properties of Kneser solutions to problems (1), (2) and (1), (3) in the neigh-
bourhood of infinity. Asymptotic formulas for the solutions and for their first derivatives are pro-
vided. In the following analysis, we assume that the data functions p and ¢ are regularly varying
at infinity and

feCl[Lo, L], zf(x) >0 for = € (Ly,0)U (0, L). (11)
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A function g, which is positive and measurable on [, 00), 79 > 0, is called regularly varying of
inder o € R if for each A > 0
9 _ a

P g(t)
The set of all regularly varying functions of index « is denoted by RV («).
Our proofs are based on

Karamata Integration Theorem. Let L(t) € SV, ¢ > 0.

(i) If a > —1, then

t

1

/saL(s) ds ~ ——t“TIL(t) as t — oo.
a+1

C

(i) If a < —1, then

[ee]
1
/saL(s) ds ~ _T—Hta+1L(t) as t — oo.
t

(iii) If « = —1, then

t
L L
I(t) =/ ) 45 € SV and 1im 2D _ ¢
s t—oo [(t)
Note, that if
p € C[0,00), p>0 on (0,00), p(0)=0, (12)
q € C[0,00), ¢>0 on (0,00), (13)

then problems (1), (2) and (1), (3) have no Kneser solutions in case that

o0

/ p(z:) ~ . (14)

1

This follows from (12), (13), (11) and the following arguments: Let u be a solution to (1), (2).
Then, pu’ is decreasing for ¢ > 0. Assume that pu’ < 0 for ¢ > ¢; > 0. By integrating inequality
p(t)u'(t) < p(t1)u'(t1) = K < 0, we obtain

u(t) Su(tl)—i-K/pc(lj).

Therefore, as ¢ tends to infinity, tlim u(t) < —oo contradicting (2). This means that v’ > 0 on
—00

[to, 00). Hence, any solution of (1), (2) is increasing and there exists no Kneser solution to (1), (2).
Similar arguments can be given for problem (1), (3). According to the Karamata Integration The-
orem, condition (14) is satisfied when p € RV («) with a < 1. For o = 1, the integral may be
convergent (or may not) and hence Kneser solutions to the problem could exist. Therefore, in the
following asymptotic analysis, we restrict our attention to the case o > 1. We first formulate the
asymptotic properties of Kneser solutions to problem (1), (2), or (1), (3).
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Theorem 3. Assume that (11) holds and that p € RV (a) NC[0,00), ¢ € RV ()N C[0,00), o > 1,
B>0,8—a>—1. Let u be a Kneser solution to problem (1),(2) or (1), (3). Then,

lim w(t) =0, lim «/(t) = 0. (15)

t—00 t—o00

We finally focus our attention to the first derivatives of Kneser solutions.

Theorem 4. Assume that (11) holds and that p € RV (a) NC[0,0), a > 1, ¢ € RV (B)NC[0, 00),
68>0, 8—a>—1, and in addition

Jr > 1:liminf @)l >0, limsup |£(@)]

< 0. (16)
a=0 2" z—0 2|
Let u be a Kneser solution to problem (1),(2) or (1),(3). Then, for anye >0

B—a+2

lim ¢ =1 "“lu(t)] = 0. (17)
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On Existence of Solutions with Prescribed Number of
Zeros to Third Order Emden—Fowler Equations with
Singular Nonlinearity and Variable Coefficient
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E-mail: valdakhar@gmail.com

1 Introduction

The problem of the existence of solutions to Emden—Fowler type equations with prescribed number
of zeros on a given domain is investigated.
Consider the equation

"

y" = —p(t,y. v, y")|ylk, where k€ (0,1), 0<m < p(t,yo0,y1,92) < M < 00, (1.1)

function p(t, y1,y2, y3) is continuous and it is Lipschitz continuous in (y1,y2,y3). By |y|% we denote
lyFsgny.

The equations similar to (1.1) were considered in the previous papers. The existence of solutions
with a given number of zeros on the prescribed interval was proved. In [4] equations of the third-
and the fourth- order with constant coefficient and & € (0,1) U (1, 400) was investigated. In [6]
we provide our results regarding high-order Emden—Fowler type equation with constant coefficient
and regular nonlinearity (k > 1). This result was proved using a theorem obtained by I. Astashova
in [2]. The work [7] contains theorems regarding equation (1.1) with £ > 1. Now we generalize the
result obtained in [7] to the case of singular nonlinearity & € (0, 1).

2 Main result

Theorem 2.1. For any k € (0,1), —00 < a < b < 400, and integer j > 2, equation (1.1) has

a solution defined on the segment [a,b], vanishing at its endpoints, and having exactly j zeros on
[a, b].

The idea of the proof is as follows. In [1] it was proved that any solution y(t) is oscillatory if
the conditions y(a) = 0, ¥'(a) > 0, y”(a) > 0 hold. We cannot rely on the Continuous Dependence
On Parameters theorem, because its conditions do not fulfill. Nevertheless, solutions to (1.1) (in
some extent) are continuous, and we prove this fact. After that we prove that the location of the
N-th zero of solution y(t) depends continuously on its initial data. Then we can make upper and
lower estimates of that location. Finally, we prove that there exist initial data such that the N-th
zero of the related solution y(t) is exactly at the point b.

2.1 Continuous Dependence of Solutions on Initial Data

Lemma 2.1. Let y(t) be a solution to equation (1.1) defined on [to, I*] and satisfying y(to) = yo,
y'(to) = y1 # 0, ¥ (to) = ya. Then there exists I € (to, I*) such that for every e > 0 there exists
d > 0 such that for any (2o, 21, 22) belonging to the d-neighborhood of (yo,y1,y2) and any continuous
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in (t,xo,x1,22) and Lipschitz continuous in (xo,x1,22) function q(t,xo,x1,x2) satisfying for all
(t7 517 527 &3) the mequalzty
|p(t, €1, 62,83) — q(t, &1, €2, E3)] <6,

the solution z(t) to the Cauchy problem

Z”/ = _Q(tv Z, Zla Z”)|Z|]—€|—7
to) = 2o,
2(to) = 20 (2.1)
2'(to) = 21,
Z”(to) = 22

is extensible onto [to, I| and satisfies on this segment the inequalities

y(t) -z <e @) - <e () -2"() <e

By integrating equation (1.1) three times and taking into account the initial data, we can obtain
that the solution y(t) satisfies

y(t) =yo +yi(t —to) +y2 ——5— t_to /// &y, v, y")ylk d¢drdn.

to to to

From this we can obtain the following estimate:

|t — to|?
2

t ™ n
/ / / (€9 o") — (€20 2, ")yl | dé dr dn

to to to
t ™ n
4 / / / g6, 2 ) Il — [=lt | dédrdn. (2.2)

to to to

|2(t) —y()] < |yo — 20l + |21 — va| [t — tol + |22 — ya

Our goal is to prove that if the difference of the initial data is small, then the difference of the
solutions is small too. For example, take a look at the last term of (2.2)

t ™ n t ™ n
///\q@,z?zaz”nMy|i—|zri\dgdfde///umi—zmdsdmn

to to to to to tO
1
_M///yy\ ’1—7 ‘ddedn M///|y\k|1—\d§d7-dn
to to to to to to
M t ™ n Y
_ y
= [ 1!y—Z!d€den<kntﬂl\y—d///lykl g dr dn
to to to to to to
< max |y —z—max k=1 d¢ dr d
[to’l]\ | ma "Ny d§dr dn

to to to
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< maXIy*Z\ — }Iy(f)lk* ly(to)|"| dr dn

[to,1] [t 1

to to

—Iﬁlaxfy—zws(t—to P ly(DI* = ly(to)[*]. (23)
Here L3 depends only on k, q(t,yo, y1,y2) and y(t). From (2.2) we can obtain the following inequal-
ity:

ly — 2| < Lymax {|z0 — yol, |21 — y1], |22 — 12}
+ La(t — to)’ (r[ltﬂa;fly—ZHmaﬁfly —2|+ma>]<|y 'I+maX|p—QI)

[to,] [to,]

+ (Zalt = 10 lly(D)1F = ly(to) ) maxly — 2| (2.)

0,

Similarly, we can integrate equations twice or once and obtain estimates for |y’ —2'| and |y" — 2"

respectively. Adding all the estimates obtained together, we get the evaluation

max — 2| + max — 2|+ max Z” )
([to,l] ly | Wi \y | o] |y |
< axq |z , |2 , |2 , max ,

1 Kg[([ to)] 0— Yo 1~ 2~ Y2 pP—4q

where K7 > 0, K; and Ka[z] do not depend on ¢, and Kz[z] > 0 is a function tending to zero as
x — 0. It is possible to choose I such that 1 — Ks[(I — ty)] > 0.

The evaluation shows that if max{|zo — vol, |21 — y1], |22 — y2|, max |p — ¢|} is sufficiently small,
then

max |y — z| + max — 2| + max - <e.
[to’l]\y | [M!y ' [to’]!y \

This proves the theorem.

Theorem 2.2. Let y(t) be a solution to (1.1) with initial data y(to) = yo = 0, ¥'(to) = y1 > 0,
y"(to) = y2 = 0. Suppose y(t) is defined on a segment [to, I| and has a finite number of zeros on
it. Then for every € > 0 there exists 6 > 0 such that if z(t) is a solution to (1.1) with initial data
2(tg) = 20, 2'(to) = 21, 2" (to) = 22, and (2o, 21, 22) belongs to the d-neighborhood of (yo,y1,y2), then
z(t) is extensible onto [to, I| and satisfies on it the inequalities |y(t) — z(t)| < &, |y (t) — 2/(t)| < e,

y" () = 2" ()] <e.

Using Lemma 2.1, we put segments of fixed length on every zero of y(t). In such segments
continuous dependency on initial data is proven by Lemma 2.1. Between those segments either
y(t) > a > 0or y(t) < b < 0, and therefore the Continuous Dependence On Parameters theorem
holds (because the right-hand side of (1.1) is not Lipschitz continuous only near y = 0). Combining
all the segments, we prove Theorem 2.2.

2.2 Continuous Dependence of Zeros on Initial Data

Theorem 2.3 (see [7]). Let y(t) be a solution to (1.1) with initial data y(to) =0, y'(to) = y1 > 0,
y"(to) = yo > 0. We denote by T(y1,y2) the location of the first zero of y(t) after to. Then T (y1,y2)
18 a continuous function.

Theorem 2.4. Let y(t) be a solution to (1.1) with initial data y(to) =0, y'(to) =y1 > 0, y"(to) =
y2 > 0. We denote by t,(y1,y2) the location of the n-th zero of y(t) after to. Then t,(y1,y2) is a
continuous function, and |t,(y1,y2) — to| Tuns over all positive numbers.



192

International Workshop QUALITDE - 2016, December 24 — 26, 2016, Tbilisi, Georgia

Now we can prove the main theorem. If we want a solution y(t) to have exactly j zeros on the

segment [a, b], we can find suitable initial data for this. Let y(a) =0, ¥/(a) = ¢1 > 0, y/'(a) = c2 > 0.
Denote by t;(c1,c2) the location of the (j — 1)-th zero of y(t) after a. It follows from Theorem 2.4
that |tj(c1,c2) — a| is a continuous function, and this function runs over all positive numbers.
Therefore, |tj(c1,c2) — a| = b has a solution (cf,c}). If y(a) = 0, y'(a) = ¢ > 0, y'(a) = 5 > 0,
then y(t) has exactly j zeros on [a,b], and this proves the theorem.
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We study the problem

du(t)
dt

- f(tau(t))7 te [a7 b}v CI)(U') =d, (1>

where ® : C([a,b],R™) is a vector functional (possibly non-linear), f : [a,b] x R™ — R™ is a function
satisfying the Carathéeodory conditions in a certain bounded set, which will be specified below,
and d is a given vector.

Note that investigation of solutions of problem (1) in the paper [4] is based on reduction it to
a certain simpler parametrized “model-type” problem

du(t)
dt = f(tau(t))’ te [CL, b]v u(a) =z, u(b) = (2)
where z := col(z1,...,2n), n := col(ni,...,n,) are unknown parameters. Investigation of so-
lutions of problems (2) was connected with the properties of the special sequence of functions

{um(t, z,m)}2o_, well posed on the interval ¢ € [a,b]. We note that the sufficient condition for

the uniform convergence of sequence {un(t, z,m)}o_, consists in the assumption that the max-

imal in modulus eigenvalue of the matrix Q = 3(%“)[( is smaller than one, 7(Q) < 1, where
[f(t,ur) — f(t,u2)| < Klup — usz|, a.e. t € [a,b], ui,uzs € D, D is some closed bounded set.
To improve twice this sufficient convergence condition, in [1-3,6] a special interval halving and
parametrization technique were suggested.

Following to the idea used in numerical methods for approximate solution of initial value prob-

lems for ordinary differential equations, let us fix a natural N and choose N +1 grid points

tp =tp_1+hg, k=1,....N, tg=a, ty =0, (3)
where hy, k =1,..., N, are the corresponding step sizes. Thus, [a, b] is divided into N subintervals
[to, ta], [tr, t2], [t2, ta], - .o, [Ev—1, t N ]

The aim of this note is to show that by using an N subintervals divisions of type (3) and
an appropriate parametrization technique one can N times improve the sufficient convergence
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condition. It seems that in the case of boundary value problems interval division for approximations
in analytic form was first used in [5].

Let us fix certain closed bounded sets D¥ ¢ R”, k=0,1,2,..., N, and focus on the absolutely
continuous solutions u of problem (1) whose values at the nodes (3) lie in the corresponding sets
D¥ ie. u(ty) € D*, k=0,1,2,...,N.

Based on D* we introduce the sets

Di1p:=1—=0)20"D g0 k=D e ph=l &) e Dk geo1], k=1,2,...,N,

and its some componentwise p¥)-vector neighbourhoods D) := B(Dk,m,p(k)), k=1,2,...,N,
where B(Dy_11,p") := U B(&p®) and B(&, p®) := {v € R": v —¢| < p}. Recall that
§€DK—1k
Dy}, is the set of all possible straight line segments joining points of DF=1 with points of D*.
Let us “freeze” the values of u at the nodes (3) by formally putting
u(ty) = 20 = col(z%k), zék), 2Ry k=0,1,2,...

n

N

) )

and consider the restrictions of equation (1) to each of the subintervals of the division (3).
Instead of (1) we introduce N “model-type” problems

dx(®) B
= ft, 2™, et tr], z(tr1)=2%Y 2@ty) =2, k=1,2,...,N, (4)
where the vectors (0, z(1) .. 2(N) ¢ R" will be regarded as unknown parameters whose values

are to be determined. Note that the length of the intervals in problems (4), which will be studied
independently, are equal to step-size hy in opposition to b — a in the case of the original BVP (1).

To study the solutions of (4) we will use the special parametrized successive approximations
a:,(ji) (t, 2-=1) 2(F)) constructed in analytic form and well defined on the intervals t € [tj_1, 1],
k=1,2,..., N, respectively.

Assumption 1. There exist non-negative vectors p™, p3 ... o) such that
h
k k
pk) > 5 Oy pa (f) forall k=1,2,..., N,
where 1
) w(f) == [ ess sup f(t,z) — essinf f(t,x)] (5)
o bl 2 Lt 2) ety 1] x DM (t2)€lth 1.tk x DI¥
Assumption 2. There exist non-negative matrices K1, Ko, ..., Kx such that
|f(tur) = f(tuz)| < Kilur — ua|, ace. t € [ty—1, ), u1,uz € DI (6)
Assumption 3. The maximal in modulus eigenvalue of the matriz Q = % Ki, k=1,2,...,N,

is smaller than one, r(Qg) < 1.

Let us define for problems (4) the recurrence parametrized sequences of functions

t—tp— t—tp— t—tp—
00, 260,20 = 200 EE B g ey 2 [y Il P2l

t e [tk—l,tk]a k=1,2,...,N,

(7)

t
.%'7(7];’,)@, Z(k_l)az(k)) = z(k_l) + / f(ij(k) 1(87Z(k_1)7z(k))) ds

tre—1
ty
b=t / Fs,2%) (s, 20D Z(k)))d8+t—tk—1 [20) — 2D (8)
hk s Ym—1\2» 9 hk ?

th—1
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forallm=1,2,...,z6"D e R, 2(F) e R® and t € [tj_1,t], k=1,2,...,N.

Theorem 1. Let Assumptions 1-3 hold. Then, for any fixed vectors (z(o),z(l), .. .,Z(N)) e DO x
D' x - x DN and k=1,2,...,N:
1. The limit: lim ZL‘( )(t 2(k=1) (k) = g;)(t,z(kfl),z(k)), exists uniformly in t € [tp_1,1tx].

m—r0o0
2. The limit function satisfies the conditions

2 (k=1) L0y — =D g W) gy b)) L0y = (k)

tk—laz tk:

3. The function $g]§)(t,z(k_1),z(k)) is the unique absolutely continuous solution of the integral

equation
2 W(t) = kl)*/fswk) s)) ds tkl/fsm
+ t_hﬁ [z — =]t € [t ),
k

in the domain D],

In other words, xé’é)(t, z(k_l),z(k)) s the unique solution of the following Cauchy problem for

the modified system of integro-differential equations:

k
dz® _ OECIENCINES

dt hk ,Z(k))a t e [tk—latkL x(tk—l) — Z(k71)7

where A(k)(z(k_l), z(k)) : DF=1 % D¥ — R™ are the mapping given by formula

k
AB (=) L)y = L) _ (k1) _ / (5,2 (s

4. The following estimates hold for m > 0:

10 . B
< g ot tho1, hie) Q' (1n — @) o,y ot (), € [teos ],

where &y, .1 p (f)) is given in (5) and

R,
lar (t, te—1, hi)| < 50 t € [tg—1,tx].

(k)

Theorem 1 guarantees that under the assumed conditions, the functions xeso (t,z(k_l),z(k)) :
[th_1,te] = R™, k =1,2,..., N, are well defined for all (z2(*=1D 2(*)) ¢ Dk=1 x DF. Therefore, by
putting

mg})(t,z(o),z(l)), if ¢ € [to, t1],
@) 4 1) L2 i
oo (t, 2\, 219)), if t€ [ty,ta],
Uoo (£, 2, 2D 2Ny .= | ] 9)
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we obtain a function ue(-, 2,21 ... 2(N)) : [a,b] — R”, which is well defined for the values
2k ¢ D¢k =0,1,2,...,N. This function is obviously continuous since at the points t = t; we
have

ng}) (tlﬁ Z(k_l)a Z(k)) = xg;) (tka Z(k)7 Z(k+1))a k= L2,... 7N'
Theorem 2. Let the conditions of Theorem 1 hold. Then:
1. The function us(t, 2=V 2(0)) : [a,b] — R™ defined by (9) is an absolutely continuous so-

lution of problem (1) if and only if the vectors 20k =0,1,2,...,N, satisfy the system of
n(N + 1) numerical equations

tr
AE (B k) = (k) _ p(=1) _ / f(s,xgﬁ)(s,z(k_l),z(k))) ds=0, k=1,2,...,N,
te—1
A(NH)(Z(O),Z(D, .. .,z(N)) = @(uoo( 20 M .,z(N))) —d=0. (10)

2. For every solution U(-) of problem (1) with U(ty) € DF, k = 0,1,2,..., N, there exist
vectors z%), k=0,1,..., N, such that U(-) = uso(-, 20,20 ... 2(N)) where the function
Uoo (-, 2, 20 2N s given in (9).

Although Theorem 2 provides a theoretical answer to the question on the construction of a
solution of the BVP (1), its application faces difficulties due to the fact that the explicit form
of :L‘go)(s,z(j_l),z(j)) and the functions A®)(z(+=D (k) . pk=1 » pk  R* k = 1,2,...,N,
AWNFD (0 ) 2Ny DOx Dl x - x DN — R”, appearing in (10) is usually unknown. This
complication can be overcome by using xq(ﬁ)(s, 2(=1) 2(#)) of form (8) for a fixed m, which will lead
one to the so-called approximate determining equations:

t
AE) (E=D )y = k) _ ph=1) / F(s,200(s, 2670 20y ds =0, k=1,2,...,N,
te—1
AN O 0Ny = B (-, 20,20, 2 —d =0, (11)

Note that, unlike system (10), the m-th approximate determining system (11) contains only
terms involving the functions 2 (-, 201 20)) which are explicitly known.

It is natural to expect that approximations to the unknown solution of problem (1) can be
obtained by using the function

where Z(*) € D¥, k =0,1,2,..., N, are solutions of the numerical system (11).
The constructivity of a suggested technique is shown on the following example with four absolute
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continuous solutions:

48153 44t2 17t 7 tE[O 1}
dur(t) "™ 725" T25" T 1000 10 ik
dt u1u2+§t3—§t2—gt @ t [1 1:|

25 25 20 © 200 42

( 16, 7., 131 4 1
tug —up) — — P+ =2 — ——t 4=, ¢ [0,7},
dus(t) _ (i1 —uz) = 27+ 20 5 4
dt 6, 9, 1 3 11
tlug —ug)+ =2 ——t*+~t+ =, te |-, -,
5 5° 475 12
: 47
/“%(5) ~ 1000°
0
2 47
/u%(s)dszlooo
0

For N=2,t =0t = % , to = % , m = 5 these four solutions are defined by the approximate

values of parameters z(0), z(), 2(2) given in table.

1-solution 2-solution 3-solution 4-solution
51(0) 0.3999999998 0.4469892219 | —0.1615332331 | —0.2084976508
52(0) 0.25 | —0.3803603881 0.2769448823 | —0.3583253898
51(1) 0.2499999998 0.2446667248 | —0.3540518758 | —0.3583375962
32(1) 0.2500000001 | —0.3606725966 0.2579658912 | —0.3583910008
51(2) 0.2499999998 0.2046115983 | —0.4035821965 | —0.3584724797
52(2) 0.4000000003 | —0.1585615166 0.3508654384 | —0.2082301147
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The Plane Rotatability Indicators of a Differential System
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In a Euclidean space R™ with n > 1, consider the set M™ of linear systems
= A(t)r, z€R" tcR" =]0,00), (1)

with continuous operator-functions A : R™ — EndR", identified with the systems themselves.
Developing the ideas from the papers [1-7], we study the Lyapunov type indicators which are
responsible for the oscillation of solutions: in this case, for their rotatability in a specially chosen
planes in which it is the most significant.

Let S(A) be the set of all solutions of system (1), and let G¥(A) be the set of all its k-dimensional
subspaces. The asterisk as subscript of a linear space denotes the set with the zero removed.

Definition 1. For a given linearly independent solutions z,y € S.(A) of the system A € M" and
for a moment t € RT define the angle of rotation of function z in direction of function y and,
respectively, the trace variation of function z in the time from 0 to ¢ by the following formulas

t t
$ Y, E '/ €x(r)s y(T J?(T)) dr ) P(l‘,t) = / |em(7')| dTv (2)
0 0

where e, = a/|a| is a normalized vector a, and Rya is the result of rotation of the vector a by the
angle m/2 to the half-plane which contains the vector b (linearly independent of a).

Definition 2. For each plane (two-dimensional subspace) G € G2(A) of solutions of the system
A € M™ define the weak and, respectively, strong rotatability indicators of the plane G: the lower
one

Y°(G) = lim  inf E‘I/(Lx,Ly,t), ¢Y*(G)= inf lim - \IJ(L:U Ly, t) (3)

t—oo LEAUtR™ ¢ LeAutR™ {_yo t

and the upper one

70 _ T . 1 g
Yo(G) = lim  inf o W(Le, Ly,t), ¢NG)= inf Jim \P(Lx Ly,t), (4)

where x and y form a basis in G.

Remark 1. If one replaces in formulas (3) and (4) for each ¢t € R the angle of rotation W(Lz, Ly, t)
of the function Lz in direction of the function Ly in time from 0 to ¢ by the trace variation P(Lzx, t)
of the function Lz in the same time (see eq. (2)), then the resulting formulas will give corresponding
wandering indicators p°(x), p*(x), p°(z), p*(z) of the solution x € S,(A) of the system A € M"
(see [3] in somewhat different notation).

Definition 3. For each solution x € S.(A) of the system A € M"™ define weak and, respectively,
strong plain rotatability indicators of the solution x: the lower one

Pz, A= sup ¢°(G), Y°(z,A) = sup J°(G) (5)
z€GEG2(A) z€GEG?(A)
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and the upper one

~ ~ A~ ~

Yo(x,A) = sup  Y°(G), ¥°(z,A)=  sup  ¥°(G). (6)
zeGEG2(A) zeGEG2(A)

Definition 4. If the upper indicator in Definitions 2 and 3 coincides with the similar lower one,

then it is called ezact and its accent (check or hat) is removed, and in case of coincidence of weak
indicator with the similar strong one it is called absolute and its circle (empty or full) is omitted.

Definition 5. For each system A € M™, by the spectrum of an indicator defined on the set S,(A)
or G2(A) (or perhaps only on a part of these) we mean the set of all its values on that set.

Remark 2. The case n = 2 is special in that the plane G € G2(A) of solutions of the system
A € M? coincides with the whole space S(A), and hence, indicators (3) and (4) coincide with the
corresponding oriented rotatability indicators 6°(z) = 6°(z) and 6°(z) = 0°(x) of some solution
z € G, (actually, of any one; see [7] in other notation), and they are the absolute lower ¥(G)
and upper 1[1(G) rotatability indicators of the plane G = S(A), respectively, and have one-point
spectrum.

The apparent incorrectness of Definition 2, in the part of its possible dependence on the choice
of linearly independent solutions x,y in G and of a scalar product in R”, is eliminated by

Theorem 1. The rotatability indicators of a plane G € G2(A) of solutions of any system A € M™",
defined by formulas (3) and (4), are invariant under the choice of a basis x,y € G, and the choice
of a Euclidean structure in R™.

The proof of Theorem 1 is provided by

Lemma 1. For any plane G € G*(A) of any system A € M", there are a system B € M? and a
continuously differentiable family of orthogonal transformations

Ult):G(t) —» G0)=R? teRT, U(0) =1,
sending any linearly independent solutions x,y € G, into solutions u,v € S(B) such that
u=Uzx, v=Uy, Y(x,yt)="U(uv,t), tcR".

According to the notation given in Definition 3 for the plane rotatability indicator of a solution
of a system, it is not uniquely determined by that solution alone and may depend on the other
solutions of the system, which is justified by

Theorem 2. There exist an autonomous system A € M3 and a non-autonomous system B € M3,
having a common solution x € S,(A) N Sx(B) with exact, absolute, but different plane rotatability
indicators

¥(x, A) > p(z, B).

There exists a usual order in the set of plane indicators [3]: the lower indicators do not exceed
the upper ones and the weak indicators do not exceed the strong ones. In addition, the seminorm

le|=1

t
— 1
Al = Jim [ JA@]dr <o, AR = sup [A(r)el, (7)
0

in the space M™ gives the upper bound for all the wandering indicators and hence for all the
indicators introduced in Definitions 2 and 3, since the following assertion holds.
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Theorem 3. For any solution x € G, from any plane G € G*(A) of solutions of any system
A e M" the following estimates hold

0<¢°(G) <Y°(x,A) < (), P*(G) < P*(z,A) < p*(x
V(G < 9°(x, A) < p°(x), P°(G) < P°(, A) < p°() <
The inequalities in Theorem 3 between the plane rotatability indicators and the wandering

indicators are not equalities in general, already for solutions of two-dimensional systems (but non-
autonomous, according to Theorem 10 below) as shown by

(),
1Al

Theorem 4. There exists a system A € M? such that the plane rotatability indicators of all
solutions x € Sx(A) are exact, absolute, and the same but do not coincide with the wandering
indicators, which are also exact, absolute, and the same:

P(x, A) < p(x).

If in Definition 2 instead of the exact lower bounds over all automorphisms of the phase space
the upper bounds are taken, then so defined indicators are upper estimated neither by the seminorm
(7) nor by anything else, as shown by

Theorem 5. For any ¢ > 0 there exists a system A € M? satisfying the conditions

g, telo,1],
At < Allr =0,
A < {0, con Al
such that all the indicators of some plane G € G?(A) obtained from formulas (3) and (4) by
replacement of all the exact lower bounds by the upper ones equal co.

If in Definition 3 instead of the exact upper bounds over all planes of solution space (containing
the given solution) the lower bounds are taken, then so defined indicators are too less informative,
already for three-dimensional autonomous systems as shown by

Theorem 6. All the indicators of all solutions x € S,(A) of any autonomous A € M3 obtained
from formulas (5) and (6), with the exact upper bounds replaced by the lower ones, equal 0.

In the case of an autonomous system A € M™ all the spectra of various indicators from Defin-
itions 2—4 are closely related to the spectrum |Im Sp(A)| — the set of absolute values of imaginary
parts of the eigenvalues of the operator A € End R™. This relationship is described by the next
three theorems.

Theorem 7. For any autonomous system A € M™ the spectrum of the exact absolute rotatability
indicator of a plane includes the spectrum |Im Sp(A)|.

Theorem 8. There exists an autonomous system A € M™ with the spectrum of the exact absolute
rotatability indicator of a plane not included in the spectrum |Im Sp(A)|.

Theorem 9. For any autonomous system A € M™ the spectrum of the exact weak, as well as
strong, plane rotatability indicator of a solution coincides with the spectrum |Im Sp(A)]|.

As an example confirming the validity of Theorem 8, it suffices to take a four-dimensional
autonomous system with eigenvalues +i, £2i: its exact absolute rotatability indicators for at least
one of planes equal zero. The proof of Theorem 9 is provided by
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Theorem 10. For each solution © € S.(A) of any autonomous system A € M™ the weak and
strong plane rotatability indicators are exact and coincide with the similar wandering indicators

W@, A) = (@), vt A) = p* (o). (8)
To prove Theorem 10 it is enough, in its turn, to make sure that the next assertion is true.

Lemma 2. For each solution x € Si(A) of any autonomous system A € M™ there exists a linearly
independent with x solution y € S«(A) satisfying the condition

U(Lx, Ly,t) = P(Lx,t), L€ AutR™ tcR*.

In Lemma 2, in the case when the initial value x(0) of a solution x is an eigenvector for
A € EndR"” corresponding to a real eigenvalue, any nonzero solution is suitable as a solution y
related to the solution x, otherwise there is a suitable one, for example, the function y = Az.

Remark 3. Applying Theorem 10 and the results of the papers [3,4] to each of the indicators
(8), we can describe the distribution of its values over the space Si(A), namely, on the steps of
some flag of subspaces in S(A) it takes constant values ranging in some special order over all the
numbers of the spectrum | Im Sp(A)|.

Theorems 9 and 10 justify the introduction of the plain rotatability indicators of a solution in
Definition 3. But equalities (8) do not extend to non-autonomous systems A € M™: by Theorem 4
already for n = 2 and by Theorem 2 even when the function x is a solution of some autonomous
system.
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The differential equation

/,

y" = aop(t)y|Infyl|” (1)
is considered, where ap € {—1;1}, 0 € R, p: [a,w) — (0,+00) is a continuous function; a < w <
+00.

Asymptotic properties of solutions of equation (1) when o = 0 were investigated in detail in
the work by I. T. Kiguradze [6, § 6]. For second order equations of the form (1) the asymptotic
of solutions of this class was studied in the works by V. M. Evtukhov and Mousa Jaber Abu
Elshour [1,3].

In this work the equation of the third order equation (1) is investigated using the methodology
proposed by V. M. Evtukhov for differential equations of n-th order in [2] and further developed
in the works [4,5,9]. Some results for equation (1) we published in [7,8].

The solution y of equation (1), defined on the interval [t,, w) C [a,w) is called P,(\g) solution
if it satisfies the following conditions:

: 2
S {or + o0, B=012. I iy~

Necessary and sufficient conditions for the existence of P, (Ag) solutions of equation (1) are
stated. The asymptotic representation of such solutions and their derivatives up to second order
when ¢ — w were received.

Let us introduce the necessary notation.

t t
t if w=
Tu(t) = { LT L = / 2 (r)p(r)dr, Ip(t) = / ps (7)dr,
t—w if w< 4o0o,
A B
a if / |7Tw(’7')|2p(7') dr = +o0, a if /pé(T) dr = +o0,
A= ‘o B = @
wif /|7Tw(7')|2p(7') dr < 400, w if /pé(T)dT < 400,

q(t) = p(t)m (1) In s (t)

7 Q(t):/p(T)?Ti(T)‘lnﬂ'i(t)‘adT.

Let us formulate the main theorem on the existence of P, (\g) solutions of equation (1).
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Theorem 1. Let o # 1. Then for the existence of Py, (o) solutions of equation (1), where g €
R\ {0;1; %}, it is necessary, and if the function p : [a,w) — (0,400) is continuous and differentiable
and

—2+0)+/(2+0)2+38 —2-0)x/(24+0)2+38

—1++3

)\0 7& 4 9 A0 7& 2 )\0 # 4 Y
then it is also sufficient that
. p(t)m (1) [ Aol 220 — 1
040/\0(2)\0 — 1)()\0 — 1)7Tw(t) >0, lim >— — Q) (2)
t—w ‘(1*0)2}*)\0)2 NG Ao —1J3

Moreover, for each of such solutions there are asymptotic representation as t — w

_1)2 1
nfy()] = v((1 - ) =V r oy (14 o)),

Ao
y/(t) B (2)\0 — 1) y”(t) B Ao
s~ 0o Dmam Oy = e e T OM)

where v = sign(ag(Ao — 1)(1 — 0)La(t)).

Theorem 2. Let o # 3. Then for the existence of Py(1) solutions of equation (1) it is necessary,
and if p : [a,w) — (0,+00) is continuous and differentiable and such that there is a finite or equal
+oo

lim
t—w

then it is also sufficient that

lim 7, (£)p3 () [I5(£)| 7 = cc.

t—w

Moreover, for each of such solutions the are asymptotic representation ast — w

(o) = |27 po)| * 1+ o))
y(t) _ 113-0 3% y'(t) _ 13-o0 5=
= P ooy, L —p 25 1] 0 o)

where p = sign(33% I5(t)).

Theorem 3. For the existence of P, (+00) solution of equation (1), necessary and sufficient con-
ditions are:
lim ¢(t) =0, lim Q(t) = oco.

t—w t—w

Moreover, for each of such solutions there are asymptotic representation as t — w

aoQ(t)
2

(1+0(1)), Inly"(t)] =

In [y(t)] = w2 (t) +

aoQ(t)
2

(1+0(1)),

apQ(1)
2

In |y (t)] = In|my(£)] + (1+0(1)).

The asymptotic of solutions in Theorems 1-4 is written in implicit form. The conditions for the
existence of solutions of equation (1) of the specified type were obtained in which their asymptotic
performance, as well as derivatives of first and second order can be written in explicit form.
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Theorem 4. Let o(1 — o) # 0 and conditions (2) take place. Let, in addition Ao € R\ {0;1;1},
Xo # —1 + /3 and the functions

p(t)m3(t) ol ol [2A0 — 1 (Ao — 1)? =)
ha(t) = - () = |- o) ]
‘(1*0)%*)\0)2 IA(t)‘ﬁ Ao — 13 Ao
such that ha (1)
. ) _
) =

Then the differential equation (1) has Py(\o) solution, which allows asymptotic representation as
t—w

(Ag—1)2 s
y(t) = (£1 + (1))’ 1= A5 1a0|7

1

2X0 — 1) ,,’(1,0) M[ (t)‘ T—o

"(t) = _@r=1) +1+0(1))e Ao A ,
_ (Ao—1)2 T

S () = o200 — 1) (—10(1) 1=y Lo Lo 7

(Ao — 1)%m5, (1)

Here is a consequence of this theorem, if o = 0, i.e. for the linear differential equation

y" = aop(t)y, (3)
where ag € {—1;1}, 0 € R, p: [a,w) — (0,400) is a continuous function; a < w < +o0.

Corollary. Let for the differential equation (3),

. 3 N p(t)ﬂ'i(t) —Cp
}g{ldp(t)ﬂw(t) =co>0 and / ‘Ww(t) dt < +oo.

Then, if

and

3 2 2 3 2 2 36
32(@) +36(@) 2% 6) - 32<@) —2<@) pyRall (1+ CO) <0,
C Co Co Co )] Co 16&0
the differential equation (3) has a fundamental system of solutions y; (i = 1,2,3), admitting asym-
ptotic representation ast — w

(,\i,1)2
yi(t) = (1+ 0(1))6[6“0 Y IA(t)] ’

/ B 2\ — 1) o (AZ%F a0
yi(t)— WW(1+0(1)>6[ : ]7
J(8) = Ai(2X\ — 1) (14 0(1))6[% Ouc IA(,»]’

(Ai = 1)?m5,(2)
where \; (i = 1,2,3) — the roots of the algebraic equation
X - 2(34220) 4 (34 22) —1=0.
€o €o

The obtained asymptotics are consistent with the already known results for linear differential
equations.
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Let O ¢ R™ and Uy C R" be open sets. Let ;o > 6;; > 0, i = 1,s be given numbers
and n-dimensional function f(t,z,z1,...,2zs,u) satisfy the following conditions: for almost all
fixed t € I = [a,b] the function f(¢,-) : O x Uy — R" is continuously differentiable; for
each fixed (z,71,...,75,u) € O x Uy the functions f(t,z,x1,...,zs,u), fo(t, -) and fq,(t, -),
i = 1,8, fu(t, ) are measurable on I; for compact sets K C O, U C Uy there exist a function
mg,u(t) € Li(1,[0,00)) such that

‘f(tvxaxlv R :x&u)‘ + ‘fl’(tv )’ + Z ‘fIi(t7 )| + ‘fu<t7 )‘ < mK7U(t)
i=1

for all (z,21,...,2s,u) € K5 x U and for almost all ¢ € I. Furthermore, ® is the set of continuous
initial functions ¢ : I = [7,b] — O, T = a — max{b12,...,0s2}, and Q is the set of measurable
control functions u : I — U with clu(l) is a compact set and clu(l) C U.

To each element

w=(to,m1,...,7s, 0,u) € A =a,b) x [011,012] X -+ [0s1,0s2] X ® x Q
we assign the delay controlled functional differential equation
i(t) = f(t,z(t),z(t —71),..., 2t — 75),u(t)) (1)
with the continuous initial condition
z(t) = o(t), te7,to]. (2)
Condition (2) is said to be the continuous initial condition since always x(to) = ¢(to).

Definition. Let u = (to,71,...,7s, 0, u) € A. A function z(t) = x(t; u) € O, t € [T,t1], t1 € (Lo, ]
is called a solution of equation (1) with the initial condition (2) or a solution corresponding to
and defined on the interval [7,t;] if it satisfies condition (2) and is absolutely continuous on the
interval [tg,t1] and satisfies equation (1) almost everywhere on [to, ¢1].

Let us introduce the set of variation:

V= {5/1’ = ((%0767—17- . 7(57-875()07 5”) : ’&0‘ S Q, ’57-1‘ S a, L= 1757

k k
dp = Z)\iégoi, ou = Z)\iéui, il < a, i= 1,]{:},

i=1 =1
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where §p; € ® — g, du; € Q —ug, i = 1, k. Here ¢ € ®,uy € Q are fixed functions and a > 0 is a
fixed number.

Let po = (t()(), T10y - -« 5 Ts0, gD()(t),’u,o(t)) € A be a fixed element, where g, t19 € (CL, b), too < T10
and 79 € (0;1,0:2), i = 1, 5. Let zo(t) be the solution corresponding to uq.

There exist numbers ; > 0 and £; > 0 such that for arbitrary (,0u) € (0,e1) x V, we have
o +€dp € A, and the solution x(t; uo + edp) defined on the interval [T,¢19 + 01] C I corresponds
to it (see [2, Theorem 1.3]).

By the uniqueness, the solution x(¢; o) is a continuation of the solution xy(t) on the interval
[T,t10 + 01]. Therefore, we can assume that the solution z((t) is defined on the whole interval
[T, t10 + 61].

Now we introduce the increment of the solution xo(t) = x(t; uo) :

Ax(t;edp) = x(t; o + e6p) — xo(t), (t,e,0p) € [T,t10 + 01] x (0,e1) x V.
Theorem 1. Let the following conditions hold:
1) the function po(t) is absolutely continuous and ¢o(t), t € I, is bounded;
2) function f(w,u), w= (t,z,r1,...,25) € I x O'T is bounded on I x Ot x Uy
3) there exist the finite limits

lim  o(t) = ¢y lim f(w,uo(t)) = f~, w € (a,to] x OHS,

t—too— w—rwo

where wy = (too, vo(too), vo(too — T10), - - -, o(too — Ts0). Then there exist numbers €9 € (0,e1)
and 62 € (0,61) such that for arbitrary (t,e,0p) € [too,ti0 + d2] X (0,e2) X V', where V— =
{6p eV : 6ty <0}, we have

Ax(t;edp) = edx(t; op) + o(t;edp). (3)
Here

dx(t; 0p) = Y (toos t) [@g — f_]5t0 + B(t;0p), (4)

B(t;6p) =Y (toos t)dp(too) — [/Y &:t) fo; (€] 20(€ — Tio) df} 07
too

iy / Y (€ + Tios ) fu [€ + Tao]0(€) d + / Y (&) ful€)du(€) de,

i=1
too—Tio

where Y (§;t) is the n X n-matriz function satisfying the equation

Ye(&t) = =Y (&) fo[€] ZY§+%0, t) fusl€ + Tio), € € [toos 1]

=1

Y(E:t) = {H for & =t,

and the condition

O for £ >1t,

H is the identity matriz and © is the zero matriz;

fﬂﬁz[ﬂ = fIz (f,xo(f),l‘o(f - 7—10)7 s ’330(5 - 7—50)’u0(£))'
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The expression (4) is called the variation formula of solution. The addend

_Zi; {/ty(f;t)fom[ﬂio(f - TiO)d§:| 57;

too

in the formula (4) is the effects of perturbations of the delays 70, i = 1, s.
The expression

S
Y (too; ){ S (too) + [5 — F7J0to ) + Y / V(& + mio; 1) f2, € + Tiol 0 (€) dE
z‘:11‘/00*‘1'1'0
is the effect of the continuous initial condition and perturbation of the initial moment tpy and the
initial function ¢o(t).
The expression

[ vieonsue ae

too

is the effect of perturbation of the control function ug(t).
In [4] variation formulas of solution were proved for the equation

i(t) = f(t,z(t),z(t — 1), u(t))

with the condition (2) in the case when the initial moment and delay variations have the same
signs.

In the present paper, the equation with several delays is considered and variation formulas of
solution are obtained with respect to wide classes of variations (see V~ and V).

Variation formulas of solution for various classes of controlled delay functional differential equa-
tions, without perturbations of delays, are proved in [1,3].

Theorem 2. Let the conditions 1) and 2) of the Theorem 1 hold. Moreover, there exist the finite
limits
lim ¢o(t) =g, lim f(w,ue(t)) = fF, w € [too,b).

t—too+ w—wo

Then for any te (too, t10) there exist numbers eo € (0,e1) and 69 € (0,01) such that for arbitrary
(t,e,0u) € [t,t10+ 03] x (0,62) x VT, where VT = {6p € V : §tg > 0} the formula (3) holds, where

dx(t;0p) =Y (toost) [2g — fT]dto + B(t: op).
Theorem 3. Let the conditions 1) and 2) of the Theorem 1 and the condition 6) hold. Moreover,
bo — I =¢ — 1t =1

Then for any t € (too,t10) there exist numbers ey € (0,e1) and 62 € (0,81) such that for arbitrary
(t,e,0p) € [t,t10 + 02] x (0,€2) x V the formula (3) holds, where

dx(t;6p) = Y (oo t) fto + B(t; Opa).
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On Some Special Classes of Solutions of the Countable
Block-Diagonal Differential System

S. A. Shchogolev and V. V. Jashitova

1. I. Mechnikov Odessa National University, Odessa, Ukraine
E-mail: sergas1959@gmail . com

Let
G(eo) = {t,e: t € R, e €[0,e0], e0 € RT}.

Definition 1. We say that a function p(¢,¢), in general a complex-valued, belongs to the class
S(m;ep) (m e NU{0}) if

1) p:G(go) — C;
2) p(t,e) € C™(G(g0)) with respect to t;

dkp(t
3 T _ i) 0 <k <m)

m
def *
1Pl $(msz0) = Y sup |Pi(t,€)| < +o00.
k=0 G(c0)

Definition 2. We say that a function f(¢,¢,0) belongs to the class F'(m;eg;0) (m € N U{0}) if
this function can be represented as

fte,0) = D fult,e)exp(inb(t,e)),

and
1) fa(t,€) € S(m;eo) (n € Z);
def >
2) Hf”F(m;so,G) = Z an”s(m;go) < +00;

t
3) O(t,e) = /cp(T, g)dr, p € RT, p € S(m,ep), Gg%lf)go(t,s) = o > 0.
€0
0

The set of functions of the class F'(m;ep;0) forms a linear space, that turns into a complete
normed space by introducing norms || - || p(m;e.:9). The chain of next inclusions are true: F'(0;eo;60) D
F(1;e0;0) D -+ D F(m;eo;0).

Suppose we have two functions of the class F(m;eq;6),

o [e.e]

u(t,e,0) = > un(t,e)exp(inf(t,€)), wv(t,e,0)= >  wvn(te)exp(ind(t,e)).

n—=—oo n=—oo
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The product of these functions we define by the formula:

o0 [e.o]

(wo)(t,e,0) = > ( 3 un_s(t,a)vs(t,s)) exp(inf(t, e)).
n=—00 §=—00
Obviously, uv € F(m;ep;0).
We formulate some properties of the norm || - [|p(mic0). Let u,v € F(m;eo;0), k = const.
Then

1) HkuHF(m;so;B) = |k‘ ’ HUHF(m;Eo;G);
2) Hu + UHF(m;EO;O) < HUHF(m;Eo;G) + H’UHF(m;Eo;O);

ULRTES TS L)
3 Wollreon = 3 |25 5t oy
k=0 ”

4) HUUHF(m;ao;G) < 2m||u”F(m;€o;9) ’ ||U||F(m;50;0)'
Definition 3. We say that the infinite vector z(¢, ) = col(z1(t, ), x2(t,€), .. .) belongs to the class
Si(m;ep) if x5 € S(msep) (1 =1,2,...) and

def

Hx||51(m;£o) = sup ijHS(m;ao) < +-00.

j
Definition 4. We say that the infinite matrix A(t,e) = (a;x(t,€));k=1,2,.. belongs to the class
Sa(m;eo) if aji, € S(m;ep), and

oo
def
= sup E HaijS(m;so) < too.
J k=1

||A”52(m;60)

Definition 5. We say that the infinite vector z(¢,e,6) = col(x1(t,¢,0),z2(t,£,0),...) belongs to
the class Fi(m;eo;0) if z; € F(m;eo) (7 =1,2,...), and

def
12| 7y (mico,0) = SUP |75 P(mieo,0) < +00-
J
Definition 6. We say that the infinite matrix A(t,e,0) = (a;k(t,€,0);jx=1,2,.. belongs to the class
Fy(m;e0,0) if aj, € F(m;eo,0), and

00

def

Zsup Y Nl pmen.) < +00.
J k=1

1Al By (mseo.0)

Consider the countable system of differential equations:

Z—f = A(t,e)x + f(t,e,0) + uX(t,e,0,x), (1)
where t,e € G(g¢), © = col(x1,x9,...) € D Cl; (I; — the space of boundary numerical sequences),
f = CO](fl’ f2, .. ) S Fl(m; €0; 0), A= diag[Al, Az, .. .], Aj = Aj(t,aE) = (aj@ﬂ)oé”gng (] = 1, 2, .. .),
ajag € S(mieo) (1 =1,2,..5 a,B = 1,2), eigenvalues of matrix A;(t,e) have a kind +iw;(t, ),
wj € RT (j =1,2,...); infinite vector-function X = col(X1, Xs,...) € Fi(m;eo;8) with respect to
t, €, 6 and continuous with respect to x € D; parameter pu € (0, up) C R*.

The purpose of the article is to establish conditions under which the system (1) has a particular
solution z(t,&,0, ) € Fi(mi;e1;0) (0 <mi; <m; 0 <e; <ep).

We assume the next conditions.
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19 inf |aj12(t,e) =a0 >0 (j =1,2,...).
G(eo)

29, sup sup w;(t,e) = w < +o0.
J G(eo)
30, Vn € Z: |n| < (2w + 1)yt

Gi(nf) |kwj(t,e) —np(t,e)| >y >0 (k=1,2; j=1,2,...).
€0

49, The functions X j (j=1,2,...) have in D continuous particular derivations with respect to
x1,x2,...up toorder 2¢+1 (¢ € N), and if x1, 9, ... € F(m;eo;0), then all these derivations
belong to the class F(m;ep; ) also, and

< 400
F(m;eo;0)

82q+1Xj(1'1,1'2,...)
S“pH 927 02 ... Oz H
J L 0L, * 7" 0L,
(1+q+-+q =29+ 1; ky, ko, ..., ks € N).

Lemma 1. Let the countable system of the differential equations

% = (M) + 3 Bult,e 00 ), (2)

=1

where x = col(x1,z2,...), A(t,e) = diag(Ai(t,€), Aa(t, €),...), Aj € S(m;e0), Bi(t,e,0) € Fa(m;ep;6)
(I=1,...,9), p€(0,ug) C RT, satisfy the condition: Yn € Z, j # k:

inf ‘)\j(t,s) — \(t,e) — mcp(t,s)‘ >y >0,
G(eo0)

where p(t,e) — the function is involved in the definition of the class F(m;eq;0). Then there exists
w1 € (0, o) such that ¥y € (0, 1) there exists a non-degenerate transformation

q
v=(E+> @itz 0)y.
=1
where ©; € Fa(m;ep;0) (I=1,...,q), which leads the system (2) to the kind:

d : -
= (Mt + DUt ! +e D Viltie, 0! + T W (t,2,6,11) )y,
=1 =1

where U(t,e) — infinite diagonal matrices whose elements belong to the class S(m;eo), Vi, W €
Fy(m —1;e0;0) (I=1,...,9).

Lemma 2. Let the system (1) satisfy conditions 1°-4°. Then there exists ps € (0, o) such that
YV € (0, u2) there exists a transformation of kind

x=2£&(t,e,0,u)+V(te 0, 1)y, (3)
where (t,e,0,u) € Fi(m;eo;0), Y(t,e,0,u) € Fa(m;eo; 0), which leads the system (1) to the kind:
dy = (K(t, )+ Zq: K(t, s)ul)y +eh(t,e,0, 1) + p?ir(t,e,0, 1)
dt p

+eC(t,e,0, 1)y + pit Pt e, 0, p)y + pY (t,e,0,y, 1), (4)
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where A(t,e) = diag[A1(t,€), As(t,e),.. ], Aj(t,e) = diag(—iw;(t,e),iw;i(t,e)) (j = 1,2,...),
Ki(t,e) = diag(ky1(t, €), ki2(t,€),...) € Sa(m;eo), h,r € Fi(m — 1;e0;0), C, P € Fa(m — 15€0;0).
Vector-function Y belongs to the class Fi(m;ep;0) with respect to (t,e,0) and contains the terms
not lower than the second order with respect to the components of vector y.

Theorem 1. Let the system (4) satisfy the condition: there exists qo € N such that | Re kg, j(t,€)| >
Yo > 0, and for alll =1,...,90 — 1 (if qo > 1): Rek;;(t,e) =0 (j = 1,2,...). Then there exists
s € (0,p0), €1(pn) € (0,e0) such that for all p € (0,us3), € € (0,e1(p)) the system (4) has a
particular solution y(t,e,0,u) € Fi(m — 1;e1(p)).

Proof. We make in the system (4) the substitution:

_5+u2q~
y= MQO

)

where ¥ is a new unknown vector. We obtain:

2q+
qufIO

q
~ _ g0
(At o)+ D Kilt. o' )i+ h(t e, 6, 0) + T r(t.e.6.10)

4y _ inaied
— e+ p% e+ p

dt

~ 1 e+ p? o -
+eC(t,e,0, 1)y + T P(t,e,0, 1)y + =N Y(t,e,0,5,u). (5)

Consider the appropriate linear homogeneous and diagonal system:

dy®) < - 1) (0) ept Iz
= = (Ao + ;Kl@,a)u)y s LICEUADI.

In the paper [2] it has been found that the conditions of the theorem guarantee the existence of a
particular solution 70 (t,, 6, u) € Fi(m —1;20;6) of the system (6), and there exists M € (0, +00)
such that

¥ M epdo p2atao
Hy(O)HF1(m—1;£0;9) < < )

Yo 190 m HhHFl(m_1§50§0) + 672‘1 ”M‘Fl(?ﬂ—l;am@)
M

+u
< % (||h||F1(m—1;50;9) + ||T”F1(m—1;50;0))'

We seek the solution belonging to the class Fy(m — 1;¢1(u); 0) of the system (5) by the method
of succesive approximations, defining the initial approximations ﬂ(o) and the subsequents approxi-
mations defining as solutions, belonging to the class Fj(m — 1;£¢; 6) of the countable linear, homo-
geneous and diagonal systems:

dysth) ~ a I\ ~(s11) epu p2atao
dt = (A(t,E) + ;Kl(taf)ﬂ )y + e+ Iu2q h(t757 07“) + €+ M2q ’I”(t,é, ‘93 M)
Hs) 4+l Hs) 4 ET IS )
+eC(t, e, 0, )y + pu P(t,e, 0, u)y"*” + = Y(t,e, 0,9, pn), s=0,1,2,.... (7)

Let
Q= {7 Flm—120:0): 17—l rsm-r0) < -

By virtue of the condition 4%, there exists L(d) € (0, +o0) such that ¥,z € Q:

||}7(t757 97 ya M) - ?(t,&, 07 Ev M)le(m_l;m;g) < L(d)"ﬂ_ EHFl(m—l;ao;e)'
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Using the ordinary technique of the contraction mapping principle [1], it is easy to show that
there exists us € (0, p0), N1 € (0,400) such that Vu € (0,up), Ve € (0,e1(u)), where e1(u) =
Nyp20~1] the process (7) converges to the solution 3(t,e,6, ) € Fi(m — 1;61(u); 0) of the system
(5). O

Lemma 2 and Theorem 1 immediately yield the following theorem.

Theorem 2. Let the system (1) satisfy conditions 1°-4°, and the system (4), which is obtained
from the system (1) by the transformation (3), satisfy the conditions of Theorem 1. Then there
exists pga € (0,p0), €2(p) € (0,e0) such that Yy € (0,p4), € € (0,e2(u)) the system (1) has a
particular solution x(t,e,0, u) € Fi(m — 1;e2(n); 0).
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On Fractional Boundary Value Problems
with Positive and Increasing Solutions

Svatoslav Stanék
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E-mail: svatoslav.stanek@upol.cz

Let J =[0,1] and Ry = [0, 00).
We consider the fractional boundary value problem

Du(t) = q(t,u(t),w' () D u(t) + f(t u(t), v (t)), (1)
u(0) = k' (0), (1) =k(1), k>~ L o) )
where 1 < g < o <2, °D denotes the Caputo fractional derivative and
(Hy) f,q€ C(J x R%) and
0< flt,x,y), 0<q(t,z,y) <W < oo for (t,z,y) €.J x R3. (3)

The further conditions on f will be specified later.
We recall that the Riemann—Liouville fractional integral I"x of order v > 0 of a function

x:J — R is defined as [1,2]
t
(t—s)7~t
IMx(t / 2) x(s)ds
0

I'(v)

and the Caputo fractional derivative “DYx of order v > 0, v € N, of a function x : J — R is given as

t
dr n y— 1 n [E(k) (O)
ey - _
DYVx(t =3 / F ;U(s)
0

k!

ML

sk) ds,
k=0

provided that the right-hand sides exist. Here, I is the Euler gamma function and n = [y] + 1, [v]
means the integral part of the fractional number . A° is the identical operator and if n € N, then
Dra(t) =z (¢).

In particular,

C d2
D,Y.I( ) E

(t—s)'7

r'(2-~) (z(s) — x(0) — 2/(0)s) ds, v € (1,2).

o .

Definition. We say that u is a solution of equation (1) if u € C*(J), D% € C(J) and (1) holds
for t € J. A solution u of (1) satisfying the boundary condition (2) is called a solution of problem
(1), (2). We say that u is a positive and increasing solution of problem (1),(2) if u > 0 and v’ > 0
on J.
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The special case of problem (1), (2) is the problem

= q(t,u(t), o/ (t)) Dult) + f(t,u(t), o' (1)), (4)
( ) = (0), u(l) =ku'(1), k=1 (5)

Equation (4) is called the generalized Bagley—Torvik fractional differential equation (see [2-6]).
We are interested in the existence of positive and increasing solutions to problem (1), (2). To
this end for a € C(J) introduce an operator A, : C(J) — C(J) as

Agz(t) = a(t) I Pa(t).

Forn e N,let A = A, oAy 0---0A, be nth iteration of A, and B, be an operator acting on C(J)

defined by the formula

= Aja(t)
n=0
For v > 0, let E, be the classical Mittag-Leffler functions [1,2]
Ew(z):ii, z e R.
~ T'(ny+1)

In the following result, solutions of the auxiliary linear fractional differential equation
Du(t) = a(t)DPul(t) + r(t), (6)
satisfying (2), are given by the operator B,.

Lemma 1. Let a,r € C(J). Then the function
u(t) = I*Bar(t) + (t + k) <kIa’1Bar(t)‘t:1 — IaBar(t)}t:1>, teJ,

is the unique solution to problem (6),(2).

Let
SZ{xEC’l(J): z(t) >0, 2/(t) >0 for t€ J}

and, under condition (Hy), introduce the Nemytskii operators Q, F : S — C(J),
Qu(t) = g(t.x(t). (1), Falt) = f(t.2(t).2/(1)).
where ¢ and f are from (1). It is clear that S is a cone in C''(J). Note that, by the definition,
Rauy(t) = alt. o(t), /(1) I*Py(0).

Keeping in mind, Lemma 1 define an operator K acting on S by the formula
Ka(t) = I°Loua(t) + (¢ + k) (K17 Lgpa(®)],_, — I°Lawa(t)],_, ).

where

Lox(t) = Boy Fx(t)

and k > 1/(a — 1) is from (2).
The properties of K are summarized in the following lemma.
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Lemma 2. Let (Hy) hold. Then K : S — S, K is a completely continuous operator and if u is a
fized point of K, then u is a solution to problem (1), (2).

In view of Lemma 2, we need to prove that the operator X admits a fixed point. The existene of a
fixed point of K is proved in Theorem 1 by the Schauder fixed point theorem, while in Theorem 2 by
the Guo—Krasnoselskii fixed point theorem on cones. We work with the following growth condition
on the function f.

(Hz) For t € J and z,y € Ry, the estimate
[t z,y) < plz+y)
holds, where ¢ € C(RRy), ¢ is positive, nondecreasing and there exists M > 0 such that

MT(a+1)
(1+k)(ak+a—1)Eyp(W)’

p(M) <

where W is from (H;).

Theorem 1. Let (Hy) and (Hz) hold. Let f(t9,0,0) > 0 for some ty € J. Then there exists at
least one positive and increasing solution to problem (1), (2).

If f(¢,0,0) = 0 on J, we can’t apply Theorem 1 to problem (1),(2). In this case u = 0 is a
solution of this problem.

Example 1. Let p,u € (0,1), a,p € C(J) and p(tp) # 0 for some ¢y € J. Theorem 1 guarantees
that the equation

D% = |a(t) + cos(z — y)‘cDﬁu + |p(t)| + v + (')
has at least one positive and increasing solution satisfying condition (2).
Corollary 1. Let (Hi) and (Hz2) with (7) replaced by

2M

p(M) < (L4 k)(2k + 1) Ey (W)

hold. Let f(tp,0,0) > 0 for some ty € J. Then there exists at least one positive and increasing
solution to problem (4), (5).

Theorem 2. Let (Hy) and (Hsz) hold. Let

i zy)  Tlatl
z,yeRy, +y—0 T + Y 2(ka—1)

uniformly on J.

Then problem (1), (2) has at least one positive and increasing solution.

Example 2. Let a,p € C(J) and p > 21“(20;—&11)) . Theorem 2 guarenrees that there exists a positive
and increasing solution of the equation
‘D% = |a(t) + e *sin u"cD’BU +p()(u+u)e Y, (8)

satisfying condition (2). Note that u = 0 is also a solution to problem (8), (2).
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1 Introduction

The following initial-value problem is considered
utt.o) + [[oitautato), 0.6 )
Rd

= (Agu(t,z) + f(t,u(a(t), z), ) dt + o (t, u(a(t), ), z) dW (t,z), 0<t<T, x€ RY, (1)
u(t,z) = ¢(t,x), —r<t<0, zecRY >0, (2)

d
where A, = Y 02 is d-measurable operator of Laplace, 97, = % yie{l,...,d}, W(t)=W(t, )
i=1 i
is Lo(R%)-valued Q-Wiener process, {f,o}: [0,7] x R x R — R and b: [0,T] x R x R x R — R
are some given functions to be specified later, ¢: [—r,0] x R? x Q — R is an initial-datum function
and a: [0,T] — [—r,00) is a delay-function.

Differential equations with delay have appeared as mathematical models of real processes, evolu-
tion of which depends on previous states. Number of works are devoted to investigation qualitative
theory of stochastic differential equations with delay in finite-dimensional spaces. With regard to
such equations in infinite-dimensional spaces, let us remark the work [3], where theorem on exis-
tence and uniqueness of mild solution to neutral stochastic differential equation in Hilbert space
has been proved. But conditions of this theorem are formulated in an abstract form, therefore it is
difficult to check them directly for concrete equations in specific spaces, e.g., for stochastic partial
differential equations of reaction-diffusion type. For such equations abstract mappings are gener-
ated by real-valued functions as operator of Nemytskii. Thus our expectations to receive conditions
in terms of coefficients of these equations, i.e. in terms of real-valued functions, are natural. If
such conditions are found, it will be possible to check them easily while solving concrete applied
problems. Equation (1), considered in our work, is special case of equation from the work [3].
It has an applied importance: it models behavior of various dynamical systems in physics and
mathematical biology. Equations of such type are well known in literature and have a wide range
of applications. The presence of an integral term in (1) turns this equation into nonlocal neutral
stochastic equation of reaction-diffusion type.
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2 Preliminaries

Throughout the article Lo(R?) will denote real Hilbert space with an inner product (f,g);, (Rd) =
f f(z)g(x) dz and the corresponding norm | f{z,ge) = /f f2(z)dx. Let {e,(z),n € {1,2,...}}

be an orthonormal basis in La(R?) such that  sup HenHLm(Rd) < 1. Let (92, F,P) be a complete
ne{l,2,... }

probability space. We now define Q-Wiener Lo(R?)-valued process W (t) = W (t, -) as follows
515) = Z V An en(l')ﬁn(t% t>0, ze Rda (3)
n=1

where {f,(t),n € {1,2,...}} C R are independent standard one-dimensional Wiener processes
oo

ont >0, {\,n € {1,2,...}} is a sequence of positive numbers such that Y A, < oco. Let

n=1
{Fi(dW),t > 0} be normal filtration, generated by (3). It means that F;(dWW) is the least o-algebra
such that increments W (t) — W (s) are measurable with respect to this o-algebra for 0 < s <t. It
is clear that W (t) — W(s), s < t, are independent from Fg(dW).
In what fellows, we will need some facts on the Cauchy problem for heat-equation

Owu(t,z) = Ayu(t,x), t >0, x € R,

U(O,.ﬁ) = g(x)a LS R?. (4)
Let us denote
1 |z
dexp{f—}, t >0,
H(t,x) = q (4nt)2 4t — heat-kernel.
0, t <0,

Proposition 2.1 ([1, p. 47]). If g in (4) belongs to La(RY), then it’s solution will be represented
by the following formula

u(t, ) /,;mx— 9(€) de,

an besides u € C°°((0,00) x R%).

Proposition 2.2 ([1, pp. 242-244]). Operators S(t): La(RY) — Lo(RY), generating solution of the
Cauchy problem (4) by the rule

u(t, z) = (S(1) /me— o(€) de,

form an analytic contractive (Cy-)semi-group of operators, i.e. the following estimate is valid

2
1O D@2, gy < I9@)IE, g
and besides Laplacian A, is an infinitesimal generator of this semi-group.

Proposition 2.3 ([2, p. 274]). For partial derivatives of £ the following estimate is true

_d_,_s colz|? 1
}8[8;%(@@‘ <cpgt 27" 2exp{— ; }, crs >0, c0<1. (5)
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Proposition 2.4. If g in (4) belongs to L1(R%) N La(RY), then solution of this problem will satisfy
the following limit relations

lim w(t,z) =0, lim Qu(t,z)=0. (6)

<« The proof follows from standard theorems on possibility to limit transition in Lebesgue
integral and differentiability of integral by parameter via using estimate (5). >
From Propositions 2.1 and 2.4 we have the following result.

Proposition 2.5 (]2, p. 360]). If relations (6) are valid, then for some Cr > 0, depending only on
T, solution of (4) will satisfy

sup /(Axu(t,x))zdx: sup /HD%u(t,x)szxSCT/HDZg(x)H?ldx,
d

0<t<T 0<t<T
R4
2
8;“ - amlﬁd
where Vg = (0, -+ 0x,) |, D2 = : : is Hesse-operator, || - ||q is the corresponding
2
Opger - 02,

norm of matrix.

3 Formulation of the problem

The following assumptions are the main, assumed in the article.

3.1) a:[0,T] — [~r,00) is function from C*([0,T]) such that 0 < o’ < 1 (observe that there exist
a constant ¢ > 0 and a unique point 0 < ¢* < T such that 5 <c, a(t*) =0);

3.2) {f,0}: [0, T] x Rx R =R, b: [0,T] x R x R x RY = R are measurable with respect to all
of their variables functions, and b is continuous by its first argument;

3.3) initial-datum function ¢(t, -,w): [-7,0] x Q — Ly(R%) is Fo-measurable random variable,
independent from W, with almost surely continuous paths and such that

E¢%(t) < oo, —r <t <0,
p .
E_gg;ﬂ¢@ﬂuﬂmg<cw,p:>z

3.4) for {f,o}, there exist a constant L > 0 and a function y: [0,7] x R? — [0, 00) such that

sup /XQ(t,x) dx < 0o
osi<T ).

and the following conditions of linear-growth and Lipschitz are valid

(t < x(t,z)+Llu|, 0<t<T, ueR, zecR%

(t,v,2)| < Llu—v|, 0<t<T, {u,v} CR, ze€R?,
lo(t,u,z)| < L(1+ Ju]), 0<t<T, ucR, zcR?

(t )| < Llu—v|, 0<t<T, {u,v} CR, r € RY



222 International Workshop QUALITDE — 2016, December 24 — 26, 2016, Tbilisi, Georgia

3.5) |b(t,,0,8)| < b1(2,€),0 <t < T, zecR? ¢c R where function by: R x RY — [0, 00)
satisfies conditions

//bGCdCdx<oo /(/blxg‘dg>2d:1:<oo;

3.6) there exists a function I: R x RY — [0, 00) such that
b(t, 2,10,€) — b(t, 2,0, )| < I(, E)u—0l, 0<t<T, {2,6} CRY, {u,0} CR,
and [ satisfies the following conditions

/z2(x,g) d¢ dx < oo, //P(x,g) d¢ dz < oo;

Rd Rd R4

3.7) for each x € RY, there exist partial derivatives 9,b, Ozz,;0, {i,5} C {1,...,d}, and for
gradient-vector Vb and Hesse-matrix D2b the following condition of linear-growth by the
third argument is true

[Vab(t, 2, u, &) + [|D3b(t, 7w, €)[la < w(t, 2, (A + [ul), 0<t<T, {26} CRY, ueR,
and for D2b — Lipschitz condition
HD2 t,x,u, &) — D2b(t, x,v, ) Hd<wt:v§)]u—v] 0<t<T, {z,6} cRY {u,v} CR,

where function v: [0, T] x RY x R — [0, 00) is such that

2
2
s / < / lt,,€) dé) tr<oo. s / / 2(t,2,€) de di < oo,
Rd Rd Rd Rd

and besides for each point zg € R?, there exist its vicinity Bjs(x) and a nonnegative function
¢ such that

sup ¢(t, -, x0,0) € Li(RY) N Ly(RY), 6> 0,
0<t<T

W(tvxvf)_lﬁ(t;xmf)‘S<P(ta§7$075)|x_330|7 0<t<T, ‘.’II—IEO|<(5, gERd'

Definition 3.1. Continuous random process u(t, - ,w) : [—r, T] x Q — La(R%) is called mild solution
of (1),(2) if it

1) is Fi-measurable for almost all —r < ¢ < T

2) satisfies the following integral equation

u(t7 ) = S(t) (¢(07 ) + /b(oa 'a¢(_rv C)vC) dC) - /b(ta ,U(Oé(t),g),f) df

R4 R4

Ay <S(t — 3)/1)(3, ',u(a(s),g‘),() dC) ds

R4

o —
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S(t —s)o(s,ula(s), -), - )dW (s, ), 0<t<T,
u(t7 '):¢(tv ')’ —r<t<0, r>0.

Remark 3.1. It is assumed in the definition above that all integrals make sense.
Our first result is concerned with existence and uniqueness of solution to (1), (2).

Theorem 3.1 (existence and uniqueness). Suppose that assumptions 3.1-3.7 are satisfied. Then, if

//z%c,g) dé dz < %,

Rd RdA
the Cauchy problem (1), (2) has a unique for 0 < t < T mild solution.

Remark 3.2. If we replace an initial range [—r,0] from (2) with [s — r, s] for arbitrary s > 0, it
will be possible to guarantee existence and uniqueness of mild solution to (1), (2) for 0 < s <t.

Concerning continuation of mild solution to (1), (2) on the whole semi-axis ¢ > 0, the following
corollary is true.

Corollary 3.1. If in Theorem 3.1 conditions 3.4-3.7 are valid for t > 0, then the Cauchy problem
(1), (2) has a unique mild solution fort > 0.

The next result is concerned with continuous dependence of u from the corresponding initial-
datum function ¢.

Theorem 3.2 (continuous dependence). Under the conditions of Theorem 3.1, there exists C(T) >
0 such that for arbitrary admissible initial-datum functions ¢ and ¢1 the following estimates hold

_ p B p
Egg&\\ﬂ(t@ u(t, $1) |7, ey < CME sup N6(t) = o1, gay P> 2

where u(t, @) denotes solution u(t,z) of (1) that satisfies (2).
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Solution for a Functional Differential Equation
with the Discontinuous Initial Condition

Tamaz Tadumadze

Department of Mathematics, 1. Javakhishvili Tbilisi State University;
1. Vekua Institute of Applied Mathematics of 1. Javakhishvili Tbilisi State University,
Thilisi, Georgia
E-mail: tamaz.tadumadze@tsu.ge

Let 6,2 > 0;1 > 0, i = 1, s, be given numbers and O C R" be an open set. Let E; be the set of
functions f : I x O — R™ I = [a, b], satisfying the following conditions: for almost all fixed t € T
the function f(¢, -) : O'** — R™ is continuously differentiable; for each fixed (z,x1,...,zs) € O*F*
the functions f(t,z,1,...,xs), fo(t, -) and fy, (¢, -), i = 1, s, are measurable on I; for any f € E
and compact set K C O there exists a function my g (t) € L1(I,Ry), Ry = [0,00), such that

ft )|+ 1l )+ D | fas (s )] < myp ()
=1

for all (x,z1,...,2s) € K'** and for almost all ¢ € I.

Let ® be the set of continuous initial functions ¢ : I} = [7,b] — O, where T = a —
max{0i2,...,0s2}. To each element u = (to,71,...,7s, 20,0, f) € A = [a,b) X [011,012] X -+ X
[0s1,052] X O x ® x Ey we set in correspondence the delay functional differential equation

i(t) = f(t,x(t), st —71),...,2(t — 75)) (1)

with the discontinuous initial condition
z(t) = o(t), te€[T,to), x(to) = xo. (2)
The condition (2) is said to be the discontinuous initial condition since, in general, x(tg) # (o).

Definition. Let p = (to,71,...,7s,Z0, ¢, f) € A. A function z(t) = z(t;u) € O,t € [T,t1], t1 €
(to, b], is called a solution of equation (1) with the initial condition (2) or a solution corresponding
to the element p and defined on the interval [7,¢1] if it satisfies condition (2) and is absolutely
continuous on the interval [to, 1] and satisfies equation (1) almost everywhere on [to, t1].

Let us introduce the set of variation:

V= {5,u = (0to, 071, ...,07Ts,020,0p,0f) = |0to| < a |07 <, i =1, 5,
k k

6ol < a, 6o =D Nidps, 6 =D Nidfi, [Nl < a, izl,kz},
=1 =1

where dp; € ® — o, 6fi € Ef — fo, i = 1,k, ¢o € ®, fo € Ey are fixed functions; o > 0 is a fixed
number.
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Let
to = (too, T10, - - - » Ts0, Z0, 0, fo) € A (3)

be a fixed element, where tgo,t10 € (a,b), top < ti0 and 79 € (0;1,0:2), i = 1,5. Let zo(t) be
the solution corresponding to pg. There exist numbers d; > 0 and €1 > 0 such that for arbitrary
(e,6p) € (0,e1) x V, we have pg +edu € A, and the solution z(t; o + €dp) defined on the interval
[T,t10 + 01] C I corresponds to it (see [4, Theorem 1.2]). By the uniqueness, the solution x(¢; uo)
is a continuation of the solution z(t) to the interval [T,t10 + 01]. Therefore, we can assume that
the solution z¢(t) is defined on the whole interval [7,t19 + 01]. Now we introduce the increment of
the solution z(t) = z(t; po):

Ax(tiedp) = x(t; po +6p) — xo(t), (t,€,6p) € [7,t10 + 1] x (0,€1) x V.
Theorem 1. Let the following conditions hold:
Ti0 < + -+ < Tso (see (3)) and top + Ts0 < t1o;
the function po(t) is absolutely continuous and ¢o(t), t € 11, is bounded;

)
)

3) the function fo(w), w = (t,xz,71,...,75) € [ x O, is bounded;
)

4) there exists the finite limit
lim fo(w) = fo_, w € (a,too] X Ol+s,
w—rwWo
where wo = (too, Too, Po(too — T10); - - -, Yo(too — Ts0));

5) there exist the finite limits

lim [fo(wis) — fo(wai)] = foi, wii,we € (a,b) x O, i =15,
(wu,wzi)—>(w‘1’i,w8i)
where
w?i = (too + Tio, o (too + Tio), Zo(too + Tio — T10), - - - » To(too + Tio — Ti—10),
%00, o(too + Tio — Tit10)s - - - » Zo(too + Tio — Tso)>,
wS,» = (7500 + 70, 2o(too + Tio), zo(too + Tio — T10), - - - » Zo(too + Tio — Ti—10),
wo(too), zo(too + Tio — Ti+10)s - - -, o(too + Tio — Tso)>-

Then there exist numbers o € (0,e1) and 02 € (0,01),t00 + Tso < t10 — 92, such that for arbitrary
(t,e,0p) € [tio — 02, t10 + 2] X (0,2) X V=, where V=~ ={du € V : 6ty < 0}, we have

Ax(t;edp) = edx(t; o) + o(t; edu). (4)
Here
6z (t;0p) = —Y (oo t) fo 0to + B(t;0p), (5)

B(t;0p) =Y (too; t)dzo — [Z Y (too + Tio; t)fOz‘] dto

i=1
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too+r;0

- Z I:Y(tOO + Tio; t>f0i + / Y(f, t)f(]zi [5]()00(6 - TiO) dé‘

=1 too

t
/ Y (&t) fox, [€]Z0(€§ — Tio) di} o
too+Tio
too

iy | Y€+ i) fonlé + raldiele) de + /Y &:0)5 f[€] de,

=l —Ti0

where Y (§;t) is the n X n-matriz function satisfying the equation

Ye(&51) = =Y (&t) fou €] ZY €+ 703 t) fou, [€ + Tiol, € € [too, ]

=1

and the condition:
Y(&t) =H for E=t, Y(&1)=0 for &>t

H is the identity matriz and © is the zero matriz;

foL‘z[g] = fOxi (57‘730(5)7370(5 - 7—10)7 ce 71'0(5 - 7—80))’
6f[§] = 6]0(57370(5)7560(5 - 7—10)7 s 7x0(§ - Tso))'

The expression (5) is called the variation formula of solution. The addend
s t

-3 [Y(too + Tio; t) foi + /Y(f;t)fom [€]20(§ — Tio) dE | 0T;
i=1 £

in the formula (5) is the effects of perturbations of the delays 7,9, i = 1, s. For the ordinary differ-
ential equation the variation formula of solution has been proved in the monograph R. V. Gamkre-
lidze [1]. In [3] variation formulas of solution were proved for the equation @(t) = f(t, z(t), z(t — 7))
with the condition (2) in the case when the initial moment and delay variations have the same signs.
In the present paper, the equation with several delays is considered and variation formulas of solu-
tion are obtained with respect to wide classes of variations (see V~ and V). Variation formulas
of solution for various classes of delay functional differential equations, without perturbations of
delays, are proved in [2].

Theorem 2. Let the conditions 1)-3) and 5) of the Theorem 1 hold. Moreover, there exists the
finite limit
lim fo(w) = f, w € [to,b) x O, (6)

w—rwo

Then there exist numbers 2 € (0,e1) and d3 € (0,01) such that for arbitrary (t,e,dp) € [ti0 —
82,10 + 02] X (0,69) x V', where VT = {du € V : 6ty < 0}, the formula (4) holds. Here

Sz (t; 6p) = =Y (too; t) fo 0to + B(t; Op).
Theorem 3. Let the conditions 1)-4) of the Theorem 1 hold. Moreover, there exists the finite
limits:
lim [folwis) — fo(wa)] = foi, wis,wa; € (a,too + Ti0) x OS5, i =13,

(w1i,weq)—(w?, wl,)
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Then there exist numbers 2 € (0,e1) and dy € (0,01) such that for arbitrary (t,e,dp) € [ti0 —
82,10+ 02] x (0,22) x Vi, where Vi” = {dpu € V : 5ty < 0,071, <0, i =1, s} the formula (4) holds.
Here

S

dx(t; op) = — [Y(too; t)fy + Zy(too + Ti0; t)f&}&o — Z [Y (too + Tio; t) fo; | 673 + Ba(t; 6p),

i=1 i=1
where
Bi(t;0p) = Y (too; t)dxo
too+Ti0
+ Z |: / 5, )fO:Jcl [5]900(5 — Ti0 d£ + / Y 5 t)fOxl [5]1’0(5 - 7_zO) dg|oT;
t00+Tzo
too
iy | Y€+ i) o+ maldete d§+/Y§t5f£] de.
=lgo— —Ti0

Theorem 4. Let the conditions 1)-3) of the Theorem 1 and the condition (6) hold. Moreover,
there exists the finite limits:

lim [fo(wis) — folwa)] = fif, wisswai € [too + 70, b) x OS5, i =15,

(’wlz w21)_>(w11 wzz)

Then there exist numbers €3 € (0,e1) and 62 € (0,61) such that for arbitrary (t,e,dp) € [tio —
S2,t10 +02] X (0,e2) x V|7, where Vi" = {0 € V' : 6ty >0, 67, > 0, i = 1,8} the formula (4) holds.
Here

S

dx(t; op) = — [Y(too; t o+ Zy(too + Tio;t)fag}&o — Z [Y (too + Tio; t) fo; | 673 + Ba(t; 6p).

=1 =1
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1 Introduction
The equations

a _
y" + Syt pl)yly" = f(), (1.1)
2 4 % z+p(x)z]zF =0 (1.2)

with £ > 1, a € R\ {0} are considered. Functions p(z) and f(z) are assumed to be continuous as
x >z > 0, p(z) # 0. Exponential equivalence of solutions to equations (1.1), (1.2) is proved under
some assumptions on the function f(z). If a = 0, equation (1.2) is well-known Emden—Fowler
equation:
2" 4 p(2)z]2|Ft = 0.

A lot of results on the asymptotic behaviour of solutions to this equation and its generalizations
were obtained in [1,2,4-6]. Note that equation (1.2) with a # 0 can’t be reduced to Emden-Fowler
differential equation by any substitution of dependent or independent variables.

2 Exponential equivalence of solutions to nonlinear differential
equations

Consider the differential equations
a _ _
"+ Syt p)yly = e f (@), (2.1)
a _ _
2 4 32 + p(x)z]z|F7t = e g (). (2.2)
withn >2,k>1,a€ R\ {0}, a>0.

Lemma 2.1 ([3]). If function y(z) and its n-th derivative y™ (x) tend to zero as x — +oo, then
the same holds for y9)(z), 0 < j < n.

Lemma 2.2. Let y(z) be a solution to equation (2.1) such that y(x) tends to zero as x — +oo.
Then it holds

y(a) =3[ (@) = 5 y(a) — pla) )k

|F=1y. J is the operator that maps tending to zero as x — +oo function o(z) to

with [y(x)§ = |y

its antiderivative:
—+o00

MW@=—/¢®#
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Theorem 2.1. Let p(x), f(x), g(x) be continuous bounded functions defined as v > xzo > 0,
p(x) £ 0. Then for any solution y(zx) to equation (2.1) that tends to zero as x — +oo there exists
a unique solution z(x) to equation (2.2) such that

|z(x) —y(x)| = O(e™ ™), x — +o0.
Remark 2.1. Obviously, equations (2.1) and (2.2) in Theorem 2.1 can be swapped.

Back to equations (1.1), (1.2):

a _
y™ + okl +p(@)yly|* ! = f(),

a _
2" 4 P +p(x)z|z)F"t =0

with & > 1, a € R\ {0}.
Corollary 2.1.1. Suppose continuous function f(x) satisfies the following condition
f(z)=0(e*), a>0.

Let function p(x) be a continuous bounded function, p(z) # 0. Then for any solution y(z) to
equation (1.1) that tends to zero as x — 400 there exists a unique solution z(x) to equation (1.2)
such that

ly(z) — z(x)| = O(e™ "), x — +o0.
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