o ..)E %03\)50‘330;:)01) 1).)1’)3;:1')601)
m&wl""l* bobgeadffogem ~poggeboyte

053000 X O3>

505336)&;9)1) 36'{;:](8):};1), 1)53.)(*)3)0.)50 o
32600302 bbgomdoobo Lfydgdo boyerpo
&06‘31)01) o. 3333.)1) E)WJ&LOOBOL

05.13.18 — do03dot)o 370 I gmoejbob mgmEommo bogmdimigbo,
©o3b30m0 IgnmE b, 3OmaGodoms 3d3mqJbide

(30%0&0—800038\)(3)0&01) 3386035360000 &OEQOQO@)OL
Loaaegogﬁm bocobbol aml)o‘}m&']bggogg
Woﬁ)amgggﬂgogmo Qol):]ﬁcﬂ)o(jool)

03(*3)0)6'/)3%36'/)0@0

wdorobo 2006



1)0@01)36@0800') bodermdo ngﬁgmabgmoo 03063 xo:;oho’ggoggol) BQBJQME)OL monoLoL
LOBJQHWO(B(") ':]60336/)1)0@3(8){30

1)03:1360:]&') h:]m‘]dm-)gmbos :.X“]BOQ ﬁ")&.):‘-) — (30%030—3000330@0&01) 33860363—

domo Qmj@méo, St"/)c')(Bal)mﬁo

033336 Bom)ﬁ.)gt) — (30%0&0—3000330(3)0301) 33860353-

domo Qmj(“)mﬁo, 360')(331)0')60

W 0')30535(9)360: W Mj.x]:] — 930%030—300)330@0301) 33850363—

domo Qmj@méo, 36(*)0331)(*)60, 05.13.18

3.)6;053 3350):]‘3.)‘330,3) — ggobo yo-domgdoo 3ob 3g3-
bogego0omo yobmomopye, 05.13.18

g\)ol):]ﬁlﬁ)ogool) 09(330 HJQ&J&Q 2006 VQOT) Loom%a 03063 xogoho—
(3301;701) Lokgggm&ol) mboggcﬂ)ol) LobeQE]VO(BM -36033(*/)1)0(3)3(3)01) Ph. M. 01.02 Ne 9 Loggobz]ﬁ(ﬁ)o-
3o l)oi')ﬂ‘)ml) thgmaoqb;]. dobodomo: 0)2')0;:201)0 0186, '3603361)0(8)3(3)01) j Ne 2, o. 333“3\)1) Lo'b;]g_"\amiﬁol)
603(*)336360000 300)330(3)0&01) 051)(3)0(5_*)‘3(3)0.

ngl)gﬁ(g)ogool) 60860)60 {BJLQJQJE)JQO\) 03063 xogo%o(agoggol) bongQma)ol) ooa)ocqol)ol) 1)07()3@3?0-
g™ -3603361)0(3)3(8)01) 2)02’)@0000)3&0{80 (or)i')oc"\vol)o 0186, -'3603;]61)0(3)3(8)01) j Ne 2).

\)3(3)0')63(836\)(3)0 Qoog)qboggo 2006 VQOL

1)0@01)36(3)08000 Lo?)iml)
1)%’03@3@0 3;1\)03050, ggoqbo_jo—aomaao(s)osol)
33(350363600)0 Qmj@mﬁo a- ogomotasoggo



0)3301) OW‘). 30-3133;Qo3\)@ 0801)07 &ed moG\)anQﬁmgz] 2)\)30')0)3Q0000 805:]0632501) '3“]—
Lod@ab@mbgbo Woﬁamgggg):]&:)ogg 600%‘)6‘?‘)7 ggt*/):]&oggmbol) mgmﬁool) Loaaog%maoggboogo Sd-
(3053601) 60(31)30000 ﬁ:]oggo%ogool) 1)\)&0001)0 3303 Sﬁmbgaaotﬂ)gﬁo 58360. dob'/)omoggo Wogoog\)a—
gQJE)mE)o aggg)maoﬁ:]mbl) 080‘30, &end OQQBO(HB‘UC‘\)O oamgogabol)om:;ol) 33:201)0&360 3:]mmgg:]3>ol) 603(*)—
83632‘)0 300000%(*)31) frelafes m3360(ﬂ)0-3g3 33%1)03632‘)01) o oﬁomaatﬂ)o&gm c')33t"/)o(3000)o frelafus 60(3%31),
608 1)00)*3001) 1’)@01) 01)3000 oamgoggi‘)cﬂ) 6081‘)3000 53 bbbob GJQQ”J@ Qﬁmrao. 3@60’)30630760 Jo-
073 -31860') ﬁmUQQJQJo gpogoao&ﬂén ‘33300})33301)\)00301), ﬁmgo (aaamggoh 33(*)0)})3 605%0)30@360
Qﬁmomo 306\)33(3)601) 3070:]@300).

0. 333-:]\)% 63@3(}05360% 330000@0 Lo‘aﬂoggboh OJQJ}) Qﬁ)“]&ogm&ﬂ) m:]mﬁool) 1)032)‘)6%")3“@{]‘
doobo oameogoh 5dmbobbblb SOUQBQMISQJ(D mﬁ&ogquaogg;]&oo(;o oamgoggboh 1)3(7)03601) oamgohl)g"]—
dob 303&3360)601) Lora':jogggbom. 36\):](1})03-3;:30 6o3m336363601) mgog;)l)oqbﬁolmm 360‘33635:;)(*)30600 ob
(Boj@)o, &ed 30(*/)33;:"\70 3007052301(]6360 g\)oaﬁggo 2)\)51):]601)\)0)301) OJQQJ3Q 1)0&3-)601)09(\) &ob'/)g) {az]g\);]gl).
ojgggog Eu)oamagx\)ogoﬁa, g\)oaﬁago 1)(33635:20 2)061)01)000301) 0. 33&-301) 606(3)00523363601) 60(3'630000 oden-
bbbob oggg)m@oor)aai')ol) 02)32').) Qo 6030)&3@330, 33360 oqbﬁom, oj@gomﬂﬁ 1)0300)1‘)1) Vot"/)amogge)ggl).

3")0/)2)‘)&) o0 BBmE)OQO, &ed o. 33&‘301) oaﬁoﬁjonggo 30')@3@01) 2)‘)6(8)"’@36:]2’01) 1)(3)0'/)'3:](3)‘360
06@330 odob Loﬂa-z]oggabol), &ed Lol)ocbgggém oamBQBJE)OL J(B'jjtl*)ﬂﬁ)o oam%hgohomgoh (2)‘)61)‘)-3‘3'
mﬁ:]ﬂ)om 6@331)0%;2360050 66@33@0 0633601) “3:]300})3330'30) %’0680(3)3?)000 ojggl) &oamgaggbggo
GEmE’JOQO joéorr:]@o 800033\)(8)05-360 L&mggol) 3036 Qoagnaoggbggo &masggjbnﬁo (33;20@01) 3
Ej(joomo maméool) aammg\)gbo. 3@60@8\)63(*)6\) oﬁl}gﬂ)omogg OGSQJBQ, F)mGo 05(8)3663601) o600l
l)ocbg\)&)ﬁo ‘)F)oa)ggggoo. o4 {3330)1)333.)‘30 \)GQQOQODF)O 3300me360 Eosggbog\) :]‘B:]j({_])':']“'/")‘) o g)oam—
0336360 1)1)30@0“330 60(3%30030 3:]00009(\)360.

1)0&3@330 maaol) oj@goggﬁmﬂ)o%a 33@333@361) 01)333 ob (Boj(**)o, &ed 3630305230 jO“'/)C’):’)JQO o
vz]@hm:]g_“\m 838503601) (atv/)maai')o 3033@36\) 0. 333301) 6061)0)\) or):]mbf/)ool) o0 63;1\)-380632)0% 33mmngL

603(‘)3363632}1) (Qéa&-)@(")?)ﬂ’l)\) QO 6061)0)\) 0)3(")600’[) GU)JQO 6060 \)80’)8\)63601) E)oamngagol)o Q\)
608})300)0 08(")1‘)1)601) 1)0&00)})36“30

1) (')E)O"Jisy) g\)«) 80%.)60. L(z;aﬁ‘:]g*\m 6061)01) 0. 33&"301) 2)05(3)01;3*\)33)33)01)00)301) BOBJ360Q‘
an&ﬁa@gggo, 1)B3om2)0060 o 3060‘)803Q_L}’3‘)M60050 Ljaagi’)ob ‘)E):]E)‘) Qo 6030@&3@330. -'3%’333(8)0
oamgogoh ?]31)060801)0 Qob&éa(‘*)ﬂ@o oamgogoh oamgobbgohomgcﬂ), 01)333 30633@0 Qo 330')({)3 60601)
Voﬁamgbvsggboh U()Somboogo QBQQMZSJEBOI)QO):;QL oSﬁoméf/)-:jQO {8393..)1)36:]2501) 30@360 0dmbobbboo
Lomogoggm 3@01)325’30. 3005@(*)3250000 5dmboblbbobo Qo 30633@0 o 330')63 60601) Woﬁam‘jbgg“]—
bob 1)1)3\)0')60060 ogogmajboh Gggmaog:):]bz]bol) '3:](301)32)0. domo 60601) ;QQ;Q&JE\) ggﬁmomo E)oix)ol)
8030500, a)oaml)ogong 3933360 oamG\)Eol) 0dmbobbbol Lo&gﬂsol}opgo aohﬂgggoor). \)636"33:30 O -
600033601) 1)0(3“3333;:3%3 1)(836':];:30 605)1)01) 0. 333"301) 606@)00;:2:]2)32)01) 60(3})30000 oambl)gol)omgol)
(331)060301)0 36m66033g20 3%636335123‘“(301) ‘83;]360 o amg\);]cq":]t"/)o oamgoggaml) 630@0%0@00.

o) 1)(33633:20 2)00'/71)01) o. 3:]'3"301) 606(“)00@:]6:]601)000301) \)636‘3@00 VMGOOEO 1)033(*})6033:20 (1)03‘35)0—
oBo) Bofbggﬁoggggol)&ﬁ;]@gggo Ljaagbo o 800)0)301) ol)mgoﬁ:]b':jcqo -3(*);:3060'733601) 330)mpg000 305:23—
E)UQOQ 03600)6-3@0 ‘33(801)32’)32')01) 3003@0 1)33:](3)60. o3 {33(301)32)32')01) LO(BUJ&]Q%J 9903(8)30(336'3@00
mgméaaabo 300%@0)33)00)0 53mbobbboly %'31)(3)0 oamgobl)gcﬂ)o&]g 3636oggm601) '3:]1)01‘):]3). ‘839301)36»3;200
Gmmaongcﬂ) 60(‘50 Qﬁmomo 603}{)01) dodorom UWH?)J@O 030')(30601) odmbobbbol LQE)QQUSOL;QQ 301‘)3@—
3000.

2)) QOHC’)&OGS&UQOO 1)(3363@0 2)‘)61)01) o. 3:]&-:]\)1) 605@00@32)00)0 1)01)(3)“]801) 0')3360@0')601) -
3680([})0':]?\')0')60 gx\)oﬁobg:)"]l) Jﬁmagoémgogo l)ol)oqbg\):gﬁm 3060@63601} '33300})3330“30 o aogggbgg'\noo
Gl)opgo Loboo &mgﬁeo@og@mbob -U(?)mg;)mborao {333‘)30@0 33@8030.

2)) 1)(3336’3@\)0 2)061)01) 0. 333-301) 606(3)07;:233)0000 1)01)(3):]301)000301) Q\)oﬁol‘)gq:ﬂ) Lol)oqbg'g:}ﬁm Sden-
80501) 3005@0032)0000 oamhl)gol)omgol), (8330')0)030%32)"3;:200 0(")36080':];:20 36m63L0. 0(3)3608001)



Y3796 2)0?{)1‘)3 01‘)1)6:]25\) Qﬁg&oggmbol) 66@33@0 m:]méool) 606@0’)@360030 1)01)(3)380 Qo 33@330')—
Q(Bcﬂ) 606(*})0)(3360 (3Of2-(3°M23 7 QOQ@&OGJGQQO\), &end :]1) 0@)360803@0 350)(331)0 36360@0\) 1)183—
&b ﬁoggoglml), 6‘)61)01) Lol)jol) o 3301)0)601) 3MJ%OGOJE®OL 63601)30360 g\)ol)ora&']bo 360'33633:30)—
63601)00)301).

g;Q) 1)(336"3;_‘30 2)061)01) 0. 33&'301) ‘(1)06(3)0);_:)32)0000 1)01)(9)3801)00)301) ‘)2)36':]5“200 0(8)36‘)(30"3?2_1)%30_
mdoobo Qo 300'/)0080-3Q—1>B30m60060 Ljaaai’)o Qo doom 1)0(8-3(]33@%3 {831‘]360;;)00 Stv/)me)éoaomo Jo-
33Q3j1)0 360)66030632)01) C—}——}— :]Boqb:], émamé@ ggog\)ao&vgéo, 01)33:] L@o@)o&ﬂﬁ)o oamgogabol)
608})300)0 600)3Q01)0m301). 30@363@0 60(37030030 60003Q:]2)01) HJQJ&JE’)O 1)})3\)@\)1)})30 80"&:]@”360
oamgogabobomgnh 1)63;2 [331)060301)0)60'300 maméog@ QQL&SEJE)OOQB.

bod6edob .)36(')60(300. Qohaﬁe)o@oob dnt*/)omong BJ(QJ&JE')O 30')})1)3633)-3;?0 oym HJBQJ& 1)033-
(35036(*) 1)330506361)0 o '30)5(83636(3036%3: o. 333-:]\)1) BQBJQM&)L 6030)33632')0030 3\)0):]3\)(3)0501)
051)(8)0@-3(3)01) 1)33060(5)01) 6-.)03050)(*):]2)'3Q0 1)13@0";8:]250 (2000 V., 2004 W., 2005 %’), 0. 3:]3-:]\)1) 1)0103—
sz)ol) 608(*)3353600’)0 3000:]30@0501) 051)@)0(3)':](8)01) 1)380606:]2)0 (2005 %’), l)ojoﬁm&‘];?ml) 800)3—
ao@)o&ml)ooo 111 Stv/)ongz)o (11713 mj@mabaﬁo, 2001 v., 002)0@01)0); aomaao@)o&ml)mo 631)3"32)5130—
J:jﬁo 3(*)6(33636(300 (O&QQQ3303M1) WM 3:]&-'3‘)1) l)oo'gbogq:]m QQQJJE)O — 2001, 03063 xogobo‘agomoh
LOBJQO’)E)OL 003)09201)01) 1)01)3923%’0(80@ "3603351)063(3)01) Lmb':]aol) BOIOINO, 21 0360Q0, 2001 V.,
0)2)0;_“\701)0).

;‘\1)1)36‘/(3))(3001) &'B‘:p')z).) o W. LQQQOI):]F)@)\)GOM bo'dermdo ‘3306031) 140

bod gk 23960b, ogo Iga 6o Igbogmob, bodo mozob, 13 3oGogEogobo o ©odof)jdobogob. do-
mom:]&":]ggoo 03(3)0)601) 3036"/) g\)ofbgﬁ(‘*)o(}ooqb:] 3”3‘3&(*)601) 33600)@‘30 &oamgagaﬁﬂgo QO@J%Q@)UGOL
1)007 6(‘)83&08 {8:]0(3\)31) 84 QOLOBJQJ&OL

gc\)ol)ﬁ“))(}cm’l) ‘Boboocbo. 331)030@‘30 3(*7(333"3@00 g*\)o(ﬂ):]ﬁotg)ﬂt‘/ml) aoamhomgo g)ogl)o’bogqu]—
0 mgaol) 062)3@03 Qo '(1)051\)30')833-3@00 g\)ol);]b/)(ﬂ)ogool) 30')3(;33 ‘doboocbo.

30633@ 0)03'80 E)QBBOQVJQOQ g\)ogoao‘gﬂﬁo (333001333301)00)301), 1)(336-3@0 6061)01) 606@)03;:332‘)33)0—
1)000301) Vmgoogo boddGoobo Bobg3ﬁoggggob363®-3ggo 1):]3301) agge)éo@mi')o Qo &6360Qm60.

30633@ 306\)660(3'30 8“"833"3@0‘) oamgogob Qol)ao. 606%0@3@0\) L(BJQUQO 6061)01) Vmgoh%’m—
Gedob &QB@MQJE)JESO Qogoao_jgﬁo "33303533301)0)301), o. 333-30% or):]mﬁool) 3070:]@3000 (53@0@3050

0%u
ﬁ“‘AU:f(x,y,t), (xvyvt) EQTa (1)
Loggo(j QT:QX]O,T[, Q:] —1,1[X] —171[,
A= —0p X
[2(1—0) 07 N o* 1 0 3—20 0
1—20 02?2  0y? 1—20 0z0y 1—20 Ox
" 1 0> 0? +2(1—(7) 0%, 3—20 0
—€ —€ — ,
1—20 0x0y ox?  1-20 0y? 1—20 0y
3—20 0 3—20 0 0*  0? , 1
€ — € - + —4e
1—20 Ox 1—20 Oy ox?  0y? 1—20 |
u(:z:,y,t)|aQ =0, 0Q:|z| =yl =1, (2)

@0 3030 bofyobo
u(z,y,0) = o(z,y), wlz,y,0)=¢i(z,y), (3)



306(’)?}32}00) . LOQOG

f= (flanafS)Ta Yo = (9001790027%003)T7 Y1 = (9011,9012,9013)T

bedormo i yzthe 303 G-gbdgegtess u = (1, Uz, uz) T — bodgdbo 3yftyeme-gmbisoos 1fyzate

QT—‘BO, 5(*)3“];21)0(3 ojgl) -:]%)83:](3)0 Ugy Uy, Ugy, Ugy, Uyy, Ut @ Ut Woﬁ)amgbgggbo QT—IH()? g =

2R_1h, h — 6061)01) Bobagoéhohi‘]o, R - 1)(8360')1) 60@0"31)0, g — 3-301>m501) &m:](308035(3)0, E -
0-'352)01) 3MQ"3Q0, gg = E/2 . (1 + 0').

(1>7(3) oamgogok 0demboblbbl 33(}3600 333@360 GohggﬁoQQohg)ﬁgcﬂ)-ﬂQo Ljaaoh 603«)3353600@:
Upg1 — 2Up + Up— Ug1 + VUg + Up—
k+1 k k—1 + A k+1 k k—1
72 2+v
= flz,y,tg), k=1,...,n—1, (4)

bogoig T = T/n (n > 1 o60b bopymEommeo b/m(}'bgo), ty = kr, v # —2. u(:v,y,t) bbigyo
0dmbobbbols 300%@0’)“]6000 350336:]me0;§ t= tk VJ%@OQ‘HO 30(3Boggga)m U (.T, y)—l)

23609 500, (1)7(3) 23e(30b0b dmbbbo E™Ob ym3gm dox by ooyzobide (I + # A) ™37
14
éo(s)mb'/)ol) [3366‘36360%3
3:](")6:] 3\)6\)660(}3{80 (QOa(S)&OGJ&"UQOO 0. 3:]‘3'3\)1) 606(8)("‘!{:):]2)00)0 1)01)(8):]301) (")3:]6\)(8)(")601) 5("):]6—
Go@oggmf’)o.
IBJa(Y)@OBOQOO (QJBQJ&O 1)036(3332)0
H = [Ly(2)]? — 3ombiemob bogesg, 33bododobo biomotmmo bodeogmon oo beo&dom:
((u,v)) = (1, v1) + (ug, v2) + (us, v3),
1/2
lall = (leaall?, + uzll?, + fusll?,)™>,

LO(QOG u = (’LLl,UQ,Ug) o U = (Ul,Ug,Ug) 33j(9)mb'/)—<3'36j8032)00 &m33m636(8)3600) LQ(Q)—;QOG;
(-, ) ©o H . HL2, Gbododobor, byomoermmo boderozmo o beredoo LQ[Q] 3omdgeE)ob boze37d0;

Cm(Q) — 1)086\)3{:33 ﬁfao "3%)333(3)0 (336:](303601)\), ﬁmaammog oj3m ﬂ%’gg:}(ﬂ)o Woﬁamabﬂmabo
m 602)03@3 30003@00) ﬁ-"do;

[Cm(ﬁ)]i’) — 1)086‘)3@:] Uu = (Ul, Ua, Ug) 33:]@(*)6—(3‘36:](303601)0, $m83m636®360m Om(ﬁ)—;gog.
A m33t¢)0(‘})m601) 6061)0%;23601) oﬁ:] 60603.)6(8)360 ‘833@3660060@:
2/0)\13 . _
D(A) = {u € [C° @) : ul,, = o}.
S0 OO ojgl) "8385933) maméaaoh.
oD c')f'; aol.Am.}ﬁoBmﬁohoa N0 ooDA 0bqomb o doGrmd 00 Mo
J J J6000 JOCOIR RO1JOROJ KR JOIR00 JOOR

(A, ) = o[ (10112, + 110, 2,) + (10a ], + 0yuall?, )+
+ (10us]1?, + |\ayu3||§2)}, Yu € D(A), (5)
Log\)o(s Qg = min (%, #2452)

‘a 3 Q 3 2) (9] 1- A (‘)336\)(8)(")60 QOQJ&OU)OQ 6061)\)%@36;"3@00,

luall7, + [lu2ll?, + [lusll7,)- (6)

Lo



08 0)0301) BJaQJ& 3\)6\)66\)({336‘80 80{;)“]25":]Q0 KHJQJ&)JEBO dOéOU)O(QOQ :]86@6(")6\) x. 6(")2)03\)1) 8036
P).)(?)oﬁ:]bv:]Q &3@33361) bodd0obo Eo’()"]i))t*/)oggg\)ol)&ﬁ:]@)-ggo Lj38360L0m301) (PoraBa ZL}K I[., ITo-
JIYIUCKPETHBIE CXEMBbI JJIsI OMepaTopHbIX auddepennuanbubix ypasuenuit. Mzd-eo “Tex-
nunenckud ynueepcumem”, Tourucu, 1995).

831)\)83 3\)6\)&60({}‘80 30QJ6SQOO \)360(")6'3{20 939301)32)360 QOL&GJCD‘:’]QO OamGOBOl) \)8(‘”)6\)’61)60—
1)00)301)-

o g™ & J do 2. 300j3.)0r) Ug, U1 € D(‘Z{) (Z o060l AL 6\)(3060)00:]60 mgomr‘aa-ﬂg\)ggbﬂm
m3360®m603g~g3), f(, ',tk) S H, k = 1, NS 1, v E} - 2,2[, dodob (4) bj3801)om301)
8060)32‘)“3@00 ‘BJSQJQP 93(301)32')32‘)0:

1Bl < eo (I %ol + | 2252 |4 | 2 0) )+

k
+7Y AL 0<s <1, fie D(ATY), (7)
=1
~ ~ ~ Au
HA%%HHSQ(wvwm+HA*”2 20|+ ap| Ao (Auo) )+
1
+e(l—s)- 1SZIIsz 5 Ss<1 (8)
booiy Aug = u1 — ug, fr = f(-, - tr),
2 1 ~ C9g 2V 1/2-5
— — :21 2s
©= e T =TS

0301)000301), &end 3030gqm0) 1)6"35:;)0 06(300680800 g\)ogoaognﬁo oamGogol) ‘BJLJ@J&, QUGOQJBJQOQ
30(3MRJ™; 07 60')2)006 0(33;_'332')0 Logjoﬁg (‘U&ijb {3380)133330‘30 01)333 ogj;)ﬁai')o(}). oatv/)oe)og\),
(833@;]2)0 Boi')oxoo 03600')?)"3@0 ’83(301)3632‘)01) HOQQJE)\) 30633@0 e 33(*)63 éo&nl) v\)ﬁf]m:]i')":]gg:]i')ol)
(831)060301)0 1)1‘)3\)00250050 oBonaabobom:;ol). 601)00301»(3 8:]0)001‘)3 30606?)0(8‘30 30QJ6UQ0\) {33(3\)1)3—
2):]60 3360’33301) mSJéQ@méUQO 3(*);2060)33601)\)0)301) ((bme)ol]ﬁ)mo 33(801)360 >d 3mm06m33601)om301)
QOS@&OGUE)'UQOO vogo 3060660(3'30).

33})-:]003 306066‘)(3{80 SOQJBUQOQ osﬁomﬁgf\no ‘33(3;)1)36360 30633@0 o 330063 60&01) Woﬁam—
JEBUQJBOL ‘331)\)60801)0 L})Bomboogo o&)mm&gbobom:}cﬂ).

OO OO oj31) {33351)32) m:]mﬁ:]aol).

oD 3 (3] 6 :] 3 ) 3. 30’)j3\)0’) 0831)6":]@:]2)"3@00 0’)3(")6330 2—01) 306(’)2}32}07 80“806 (4) ngaol)omgol)
80(‘/‘)0)32)”3@0\) KBJSQJ&() ‘83(301):](‘5"]2)0

HAuk < Fs)r> 1||Asu0|| +COH H +TZ | fills (9)
HAs Auk < HZZ{SJAMUOH +C()szfs @H _i_fcvo(s)Tlf%Z Hfz”y (10)
i=1
s Auk As+1/2 A's AUO - As As
HA <A uo | ‘|’C0HA TH +TZ |A*fill, fi € D(A®), (11)
=1



Loggo(jl{?zl,...,n—l,Auk:uk+1—uk,0§5§%,

- 1

co(8) = —m—, = 0.

0( ) (2 + l/)s fO
0’):]0')6380.

o 3 (3] 6-"/) 3 3 ) 4:- 3mj3oor) KBJ’[)&":]QJ&"JQOQ 0):](")6380 2—01) 305(“)2}32}07 80‘306 (4) 1):]:]801)\)0)301)
aoﬁmgbﬂgoo HJSQQJ&O {83(3\)1)36“]2)0

[ oo el o257+
PR [ ABE )+ 1B el (12)
=1
228 < gl + 2222 S, 13)
=1
2~

bowog k=1,...,n—2,0<s < 3, BT:[+2+
1%

331)083 Qo0 33})*3003 3060&50(836(80 30QJE)UQ0 \)Jéomﬁﬂ@o ‘3:](3\)1)33):]3)0, ﬁmgo s=0 o § =
1/2, QQH@&OGH&JQO 04 x,. F)ma)osol) 3036 (070. qbaamm QQLQBJQJEBUQO amgmaéo(Boo).

d?u(t ~
dti ) 4 Rult) = ), te[0,T], (14)

u(0) = o, u'(0) = g1, (15)

bogoogs A o&0b A-b 290306000750 0300097790 000160MO® 2obbobrm3Emm M3 9Go)mE 0],
ult) = bodo, bomer f(t) — gbedorso gyjithoe-gabigegbes Bodzbymedibor H-obs 9o wo ¢1
Ggme)og"\')o 33:](3)(*)532)00 H—Q\)E.

oo Fpdiogpo bogeper aobabobemeee D(AY?)B0 yeopob beeds [luly =
| AY 20|, o30m75m Jombiemob bose(3gb, Gedgmbog sm3bodbogm Wliom. vbommpom@on, o
D(A)-30 30b3bobeacogm 1630p0b bomdob |[ulls = [|Aul], dogommpe 3omdiepob bog@igh,
6(‘)83{2’1)0(3 OQ?:;EC){BGO'BO) W2—00) OQQ:;GO{BGC")O) C([O, T], H)—OO) 1)08603@3 [O, T] BBOQJQ‘BO ":]VS—
350 U(t) 39dteE-0bdiod0be 360336 mmdidon H-mob. C™([0,T]; H)-om (m > 1) om3bod-
booor bodeozeay [0, T FgoegeBo M Gopody Bomymon 3fysgthom mog@bgeedome gifme-
(3-36:](3032501)0 C([O, T], H)—Qog. oEong)o':]ﬁoQ 6060306@)36\) C([O, T], WZ) Qo C’m([O, T], WZ),
i=1,2.

(14), (15) 0der(30b0b 0dmboblbblb 3m{Fmmgdo

ul(t) € C2(0,T); H) N ([0, T); W?)

937b300Lb, Eedgmocy ©3doymaomrmdb (14) 2,56)mmgdob o (15) bofgob 3oEemdgdb. mgmErgdo
obgoo 0dmbobbbob o6bidmdobo o JBmom Emmol Fbobid, Gmae o € W2 p1 € W wo



f(t) S Ol<[0,T], H) (06 f(t) c C([O,T], WQ)) ggoa(ﬂ)(;o(j:]&-:]@oo b. &630601) GE(*)E'JOQ dcber-
a&ogoodo ((Kpeiin C. T, JTuneitubie quddepeniuaibubie ypasuenus B 6aHaXxoBOM 1IpOC-
rpancrie. Hayka, Mockea, 1967).

(14), (15) Oa(")GOB(;)})O):;O’l) &OG:;OBOQOgU) (4)—01) OBOQM&OU% 60})3360(‘\)@01)&636‘3@ 1):]:]8-)1), 1)\)—
QOG A HJBSQOQOO A—U)O:

-2 _ ~ _
U1 Up + Ug—1 +Auk+1+VUk+Uk 1
T2 24+v

= f(ty), (16)

O00 =1,...,n— T = n{n > o o o 60 0o k= KT, UV —2, Uy o
bogoog k= 1,...,n —1, T/n (n > 1 bopymeommeo Gobgos), ty = kT, Vv # —2, ug o
U1l 3(*)(3:]31*]@0 33:](3)0')?)32500 D(A)—Qog

(14)7 (15) oamBogol) U(t) Qb":]l)(’f)o 0dmboblbbol 3001‘)@0)36003 agoﬁaggagmbog\) t = tk WJC‘/)@OQ{BO
30(3})0@3600 (16) 1)01)(‘_3):]301) U 0dmboblbl. 300BQm360m0 5dmboblbbol Gpgmaoggz]bo o;gggoragmm Zle-
0o, Z = U(tk) — U 8060036-3@00 "833;3360 m:]mﬁl]az]z)o (333Q6°B C1-oo QQBO“HB'UQOQ QOQJE’)OO?O
83@3030).

0):](")633-)5 U)jgoor)uO ©o, U1 = Yo + TP, 900,901€W QQI/E]—Q 2[ doJob

(a) o u(f) € 02([0 7], H) N C([0, T); W2) o f(t) € C([0, T); H), 35306

Azk ~
e, (et [ 151) 0, e 70

(b) o) {aabﬁnmabﬂmoo (a) .3"36:](3)01) 300'/)0)6:]2)0 o f(t) Qo U//(t) (Bﬂgjgoabo .)53030)(30@:]635
SJQQJF’OL 3060050b A (0 <A S 1) 80333536@000, 3odob

Azk )

<||Zk+1|| + H ) + ||A1/2Zk+1||> <ot k=1,...,n—1

(C) o u(t) S 03([0,T],H) N C([O,T],WQ) Qo f(t) € Cl([O,T],H), dodob

max (HAUz Az

1<k<n—1

[

‘ + HAzkHH) — 0 Goge T—0;

(d) 0)"3 (HJLC‘/)'UQJE)"JQO\) (C) JﬂGjLS)Ofl) 300’/)(")2)32)0 Q\) f/(t) QO u”/(t) %UGjBOE)O 0(33080')(30@:]636
39m00760b 3oGmdob A (0 < A < 1) 3oB39bgd6m000, 3530b

(HA«l/Q Az, A2z,

=

|+ Asenll) < @rt, k=1, 0 -1

0™ 6 530 6. 304300 Uy = o, Po € W2 w1 = o+ 701 + 5 o, o = f(0) — Ay,
01, Ao, F(0) € W2 o v €] —2,2[. 35906
() gy ut) € CH(0.T): H) N C(0, T W2), J(0) € CH0, T]: H), () s J(E) gfis

Az ~
lewnall + | S22 + 1A 2200l < e0r™, k=1, -1y

(b) oy u(t) € CH0,T]: H) 1 C([0,T); W2), £(£) € C2([0,T): H), u™ () o (1) gyof-

Azk A2Zk

HA’l/Q

=

‘<cl7'+)‘, k=1,...,n—2.



33(’)63 0’)03{80 60601‘)0@32}\) LOS“](S)C"/)O":]QO, WC")GO\)EO BOBJS%OQQOL&%@‘UQO l)j:]a\) 1)({3:]6"3{20 6\)6—
1)01) 605@)(“)@363601)\)0)301) &OBQJROQO (")336\)(8)(")(‘/)00) ((‘(\)060803"360 ‘838(7)})3:]3\))

3063“]@ 3\)6\)2}60(3‘80 8(‘)833‘3@0\) 08("‘)(3060'1) QQ\)’I)SO. 1)(53:]6"3@0 2)061)01) 606@)("‘)@3600)\) LOL@JHOL
m\};](*/)o(**)mﬁo A E)OBCQJBOQOO (BJBQ\)JE)EOOG{JOQ

A=A+ A =
'2 1— 2 2 2 7]
(I—o) O N 0 L 1 0 0
1—20 022  0Oy? 120 0zdy
1 2 9(1-0) o?
— 0 0 n (I-0) 0 L 0 B
120 0x0y 0x?  1-20 0y?
0?0 1
—4e?
L ! 0 6x2+8y2 c 1-20 |
i 3—20 017
0 0 “1-20 0z
3—20 0
—0y 0 0 €1 5, | (17)
3— 20& 3—20 2 0
_81—208x 81—203y _

(17) 6OBQJBOL LOBUJBJQ%J (1) &OE@)(’)QJ&OLOU)30’[) O&JB‘DQO\) (8“]8@:]&0 1)\)%01) 1)083(8)60":]@0,
%)(V)BOOEO 60%3360@&0%36@‘3;‘?0 1):]380:
U — 22U + Up_ U + vur + Up_
k+1 Qk k—1 + A, k+1 k k-1
T 24v
= flz,y,tg), k=1,...,n—1, (18)

+ Aluk =

LQQQQG T = T/?’L (TL > 1 o60b EQ(S)DF)QQ-UEO 608})30), tk = k}T, v 7é —2. U(l’,y,t) qbv'jl)(‘?)o
0dmbobbboly BOQBQO')JESOOO 350‘8363@(@60@ t= tk VJ@@OQ‘BO 30(#)0@3603 U (.T, y)—l)
2
T

A>m3_
24+v 0 J

oah/mg)ogg, (1)7(3) oamGoEol) 5dmbbbo ggﬁmoh 4390 E)oxqb:] gg00330636o <I+
50(8)(')0'/)01) ‘3366'36360%3 g\)oéahg;)gl) 360)'(1)305;(')3050 Bohocbgq:;ﬁm Jomdom.

3:]0')0'/):] 300'/)\)2)60(3'30 903(8)30836-3;200 0)30')6:]30 agge)ﬁoggmi'ml) ‘331)01‘)32').

AO m336\)(3)m601) 3)061)‘)%9236{'01) \)F):] 6060306(3)360 BJE}QJ&GOO&;OQ:

D(Ap) = {u € [C°@Q)P : ul,, = o}.
o g & J do 7. o) UO(', ) e Ul(', ) 33j®mt¢)—(3~36j80360 3&30036005 go mJJﬁQ(‘*)mécﬂ)

2.0bbobr3E0b o@b, boamer f (4 -, 1) 39dEeE-abd000 3300G0H0m % odgdowos o ¥ € | —2, 2],
8\){306 (18) Ljaaol)omgol) 8060):]2)'3@00 ‘333@“]60 \)-3(5)0(")6"3@0 "33(1;01)32)360

Au
el < o [(co + o) ol + fer + 7220 | =22 | +
k o~
+7—Zak—i||Aal/2f<'>'ati)”? (19)
=1

H%H < (1+trag—1) [(C%—Tec)Hgé/QuoH + ¢co @H—i—




+ (o + ec) HAI/QAukHJrTZHf )] (20)

HAV(1)/2U]€+1H é Qpe—1 [(CO + Tec HA / UOH+

A A
e 72| A2 | S+

+7—Zak—i||f('v'>ti)”7 (21)

LQQQG k = 1, 2, Lo, — 1, Auk = Ug4+1 — Uk, C, Cp, C1 o ) 3"3@303360 02,0370 6&(3 Vogo
@390, a = exp(ecty).
zk(z,y) = u(z, y, ty) —up(x,y), k=1,...,n
0'):]0')633.)8. 3oJgoom Uy = Yo, U = 900+T(,01,g00,g01€W02,V€] 2,2[. 3530b

o) o) (1)~(3) 9demzobob odmbobbbo u(-,-,t) € C*([0,T); H) N C([0, T); W§) o f(-,-,t) €
C([0,T]; H), 35306

(el + [52)

) oy f(-,-,t) € CH([0,T]; H), 3530k
Azk‘

—>0, ﬁmGo T—>0;

max <H2k+1H-+ H ‘ +_Hff/22k+1H> — 0, Gogo T — 0;

1<k<n—1

'(1)> o0 f(, -,t) c Cl([O,T],H) Qo U(', ',t) < 03([0,T],H) N C([O,T],WOQ), dodob

A N
max (sz+1H-+ H—??EH +—Hfﬂ/2zk+1H) < aT.

1<k<n-—1

0'):]0')6'/):]3-)9. 30300 Uy = Po, (,00€W02,

2
7— ~ ~
u1=:¢04-7¢1*-2?(f(I7yJD‘—(A0¢o*-AJ¢0»a

¥1; AvO@Oa 111(1007 f(? 7t) € W()Qa f(: 7t) € CZ([O ]7 ) ] - 272[ dodob
o) o (1)(3) wderzobob wdebobbbo u(-, -, t) € C*([0,T7; ) C([0,T]; W), 35906

max || zx|| < e
1<k<n

3) o ul-, - t) € CH(0,T]; H) 0 C([0, T); W) N C([0, T); WE), o

max (HAZk H + HgéﬂzkHH) < 017'2.

1<k<n—1

10



331)033 m03"30 &)EbogQUngo 0(3)36\)(30-3@0, 0(3)360(30-3@—1)1‘)3\)0')60050 0 30600803Q—Lk3om60—
obo 1):]33360 BQ}J@UQO 6061)01) o. 33&"301) 606@)«)@36360%000301).

30633;:3 30602)6\)%'30 3m33o€ogqoo 0(8)36\)(303,:20 33000)@0 1)(3363@0 g)oﬁl)ob o. 333301) 606(8)03—
ngomo 1)01)@:]301)000301) g)ofbc\):]gogqo m3350(8)m0'/)000:

(AO + Al)U(I‘,y) = f('ruy)v (.Cl;,y) E] - 17 1[ X ] - 17 1[7 (22)
;Qoﬁol‘)g:):]l) Jﬁm&goﬁmgogo Lol)oqbgggﬁm 3o6mdbdom, l)ogg‘)(j AO o A1 &ogol)oqbg\)gﬁgbo (17) vob/)—

8(")@6360@\)6.
6(‘)60’)66 GB(‘)E)OQOO AO 06;01) 1)033@“0”3@0 Q\)\) (QOQ(\)JE)OO)OQ(\) E)OBI)OQDQQgé'UQO (‘7336;0(‘)(‘)607

Bmggm Al m-?);]ﬁoe)mﬁ)o 1)083(3)60-3@00.
(22) 2)‘)6(8)‘“@3601) GQGBQ\)QQ 301‘)0@0300 2)06(3)0');_'332)01):

(Ag+A)u=f, feH, (23)

Log\)o(s Z{) 060l AO mSJﬁo@)méoL 2)0(306000')360 mgom?aﬂg@gbggg m336o(3)méoagga, Bmg_"\)m A"l
o0l Al—ol) 3\)&3(3)30.
3\)60036"3@00 (Haag\)gao or):]mt*/):]ao.

306 535 10. opyiEopemmo 3Gmeibo
goun = —glun_l +f, n=12... (24)
3Egporges Bydobogmo Uy € D(Ag) bofyobo 53ftmGobomaob o doGmdmos dygobydo
I3 = A < A — ] 25)
borgogy U 9@0b brybio 53eboblbbo,

g=1+XM)",
2 3— 20

m
= , = —r!.
' ec(2e + 20222 + ) 1-20

83(")63 306\)2)60(8{80 606’[50[2":]@0\) 0@36060"3[2—1)%30(")60060 HJU)P)QO 1)(1;:]6"3[20 2)061)01) o. 335"3—

A

ob g)ogtﬁ)mgz]a)omo 1)01)(3)3801)00)301) (L@o@o&o). (3“]30')03‘)30%36':]@0 0@36080'3@0 360')(331)0 Voéam—

og\)g):]gl) %JOQJQOB 3Q01)0J360 0(8):]"/)0(30':]!1'20 35«)831)01) 25"6%‘“25‘)@:]601’ 00MMJTYO a)og(ﬂ)mggabob
{3:]1)06\)301)0 1)1)300)3)0050 o&)ggm&abol) jg:ﬂ)oh(‘b:}agbob 60350)0063601)00)301).
2 2

0@3608001) Y379 60xqb:] BQJE’J\) ao % +aq a—y2 - 0/2_[ (CLQ, aq Qo a9 QQ;QJEBOOOO BUQBOBJBOQ)
Qnggéaggooggéo mSJﬁo(‘f)mﬁoL '3:]1)\)6..)301)0 1)})300')2')0060 OBOQ(")ZSOI) “3366-35360 (Boj(if)méoqbo(jo—
obo Qo o@aﬁo(jo-:]pqo 83mmgg32)01) 3(*)32)06‘)(3000). QOB@)&OGJ&UQOO od 5(*)36050636-:]@0 33000')@01)
(36360@0060.

831)083 3.)5\)&6\)(3‘30 &OEBOQ‘UQO\) 3")60‘)(30"3@_1)})3‘)M60‘)60 Bi‘]ao 1)(336'3@0 g)oo'/)lml) o. 333-301)
606(3)0)5:;)3600)0 1)01)@3301)00)301) (g\\)ogoao&o). (4) g\)ol)&ﬁ:](*})ﬂr\)o oamgogol) oam%l)gol)om'gol) 3)‘)80')3363'
Er:]c*\mo 3060080"3(;20 3Jmmggo. boémmﬁgx\)ogotﬂ)m cB-UBjBOJE')oQ ogng':]gqoo Qaﬂogg\)ﬁcﬂ) 30')@060)332)01)
1)})300')2')32‘)0 (06(3)366'/)3601) 0630 ] — 1, 1[ X ] — 1, 1[ 330;{)0/)0@)0). ragammogoqb;]?)ggg ngaol) 3‘3?07@3600
3060\)80"3Q—1>1‘)30m60051>, tv/)oggg)og g\)émomo GngQOL dodot o 6030)3363&3@0\) 1)})3\)0')3)0\)50 33000')—
o, Bmmm 1)03680030 (3352‘)@:]601’ dodotron — 3060080-:]@0. ‘331)02)0301) 606(‘*):*)@360000 1)01)(3)3301)
4390 ggémom '363%:] 3131)6000 Wogo 3ot7)0660<8n80 \)Q%’Jﬁogo 5(*)32)0606363@0 8:]me01) 6..)30')33—
63600).

11



domgdob dodoEro ombodbmmo bijdgdob daedbmdgmmdolb womg bolb dobbom BopjoEgbmmos objme
bo3domobo bobmbiob doborm(7gzom botoermo bomgomobozom b7d100b 3o60d5¢)@ 500l bomobompm

bbb,

36033bgmedo 3,00Bboo, 5dobmob vdmbobbbo [Fobob{fom (3bmbomo o6 oE0b. bowobieEozom bodem-

ddo Bo(ﬁ)ot*/):]bgr\mo ol);]mo oamgogob 60(3%300)0 20MIMO. 309332)-3(;30 '33;1\)32)360 Lo\saoﬁohogg 3062000
ol)oh):;l) 630;:336 Bgéomh.

30(9)\)633)'3@00 608})30000 3jb3360836®0 [agamo)o?)ocbgi')‘:]g?o 0(3)360(303@0 8:]00('7@01) Jg}gj@ﬂﬁm—
bob UJLWQgQOLngOB. od dobboo QOMIJMIOMOO 0(‘*)36080\)00\) ﬁoGWI)go 606@)(*)@360'30 '333030@0 g
(3"3\)1)00501) &(‘):](30(3063(3)0) Qo g (6061)01) 1)01):]01) ‘3:](306@360 1)(33360')1) F)QQOVJLO)QB) 306033(’3)6360]&
BgQOQJ&ﬂ) 30133;Q30m. 39003@01) HJQJ&{]E)O 6308336361)7 &end 0@3608001) 60(37030 1)066(}60')6@0@
o%ﬁgggbo, ﬁmgo 3!:]01)0{)601) (30):](30(3036(3)0 -UQBQO'):};QJE)O 0.5-b ob 6061)01) 1)01):]01) BJ({;Q%QJ&Q 1)3“]—
&b ﬁoggo'nl)mog ‘33;‘(\)\)636000 QOO0 1)1)3\) {333001)3333601)00)301) 0@36080.)00\) 60(31530 b dob
(Bob'/)?)c\):]btaoo 30000031)36"3QO.

@080@360‘30 30)33060@00 Bg}gﬁggo 2)061)01) o. 3J&Uol> 2)05(**)mg~\)36omo 1)01)(*53301)00)301) o
E'yﬂcqo oﬁ)aﬁo(}og@-hhgomboogo o 3\)60060‘3Q—1ﬁ)30m60\)€o Lj3333)01) bO(BUdgachbg {33:]350;_'30 30—
6603\)0)\) &(")BSQle)O 360'725603063601) C + + :]Bocba.

LOQOLJ@(‘*)OBOC’) 60{86(")8“30 3OQJE)'3QO 30600)0@0 ‘BJ(QJ'LI)JE)O 608(")j333632)"3m0\) :]JBQJE) 3"36Q0—
308032)“80:

1. Abesadze T., Rogava D., On the stability and convergence of the variational difference
scheme of the numerical realisation of the Cauchnyirichlet boundary value Problem for
the dynamic ecluation of the spherical shell. Rep. Enlarged Sess. Semin. I. Vekua Appl.
Math. 16(2001), No. 1-3, 76-79.

2. Galdava R., Rogava D., On the stability and convergence of a symmetric Weighted
semidiscrete scheme for dynamic ecluations of a spherical shell. Rep. Enlarged Sess. Semin.
I. Vekua Appl. Math. 19 (2004), No. 1, 26-31.

3. Galdava R., Rogava D, Rogava J., On the stability and convergence of a weighted
threelayer semidiscrete scheme for I. Vekua’s equations of a spherical shell. Proc. I. Vekua
Inst. APPI Math. 54—55 (200472005), 23-54.

4. Rogava D., On the convergence of an iteration method for the system of I. Vekua’'s
equations with a split operator for a spherical shell. Bull. Georgian Acad. Sci. 173 (2006),
49-52.

5. 60')6\)3\) ., 1)(3:]6-:]@0 2)‘)61)01) 9050303360 2)\)6@)0');23605\)0)301) 36000 1)083(?)603@0 60533—
60&@01}363@3@0 Lj:]aol) 3@6609(\)0)601)0 o 36360@0)601) ‘331)01)36. Lojov/)msggmb 3\)00330({*)0&0)—
Lo III Sﬁoggmbo (11713 mj@mabaﬁo, 2001, ooamggol)o), 300701)3536\)000 003%01)32)0, 2001, 43 85.

12



Ivane Javakhishvili Thilisi State University

With the right of a manuscript

David Rogava

Semidiscrete, Difference and Variational-Difference
Schemes for 1. Vekua’s Equations

of a Spherical Shell

05.13.18 — Theoretical Foundations of Mathematical Modeling,
Numerical methods, Program Complexes

Author’s Abstract

of the Dissertation for Degree
of Candidate of Physics and Mathematics

Thilisi 2006



The dissertation has been carried out at Ivane Javakhishvili Thilisi State University

Scientific supervisors: Jemal Rogava, Doctor of Physics and Mathematics,
Professor

Temur Chilachava, Doctor of Physics and Mathema-
tics, Professor

Official opponents: Jondo Sharikadze, Doctor of Physics and Mathema-
tics, Professor, 05.13.18

Marine Menteshashvili, Candidate of Physics and
Mathematics, 05.13.18

The defence of the dissertation will take place at __ p.m. on
2006 at the open meeting of the Dissertation Board Ph. M.01.02 Ne 9 of Iv. Javakhlshvﬂl
Thilisi State University, address: I. Vekua Institute of Applied Mathematics, 2, University
Str., Thilisi 0186.

The dissertation is available in the library of the Iv. Javakhishvili Tbilisi State University
(2, University Str., Thilisi 0186).

The Author’s Abstract was disseminated on , 2006.

Scientific secretary,
Doctor of Physics and Mathematics G. Avalishvili



Actuality of the theme. Despite growing possibilities of modern computers the
question of numerical realization of three-dimensional problems of elasticity shell remains
problematic. The main obstacle is caused by the fact that the application of classical
methods to the above problem demands large operating memory and a large number of
arithmetic operations that complicates the solution of such problems in actual time. The
situation gets even more completed for the dynamic case when the fourth dimension is
introduced by the time parameter.

I. Vekua’s reduction method allows to approach the solution of the three-dimensional
elasticity problem by the sequence of solutions for series of two-dimensional problems.
From the viewpoint of practical applications of importance is the fact that the first
approximations for shallow shells are rather effective. Therefore, the construction and
study of algorithms of numerical solution of I. Vekua’s equations for the shallow spherical
shell is an actual problem.

It is well known that the structure of equations of I. Vekua’s hierarchical model enables
successful use of the methods of the theory of functions of a complex variable, developed by
the well-known Georgian Mathematical school for the effective solution of boundary value
problems (especially in the case of plane domains with smooth boundaries). The situation
is essentially different when the boundary of the integration domain is not smooth. In this
case analytic methods are less effective and different numerical methods are used.

The actuality of the theme to be studied can be testified by the fact that many
investigations of Georgian and foreign scholars have been devoted to the applications
of I. Vekua’s reduction method and shell theory in problems of studying and numerical
solution of a number of problems of elasticity and shell theory.

Purpose and subject matter of the research. Construction and study of semidis-
crete, difference and variational difference schemes for the solution of the discrete problem,
corresponding to the continuous problem. Obtaining a priori estimates for difference
analogous of first and second order derivatives in appropriate classes of solutions. Es-
timation of errors of difference analogues of approximate solution and first and second
order derivatives. Establishing their order with respect to the time step, according to
the smoothness of the solution of the initial continuous problem. Providing software
for numerical solution of I. Vekua’s equations of a spherical shell on the basis of the
constructed algorithms and realization of model problems.

Scientific novelty and main results.

a) For I. Vekua’s equations of a spherical shell the weighted symmetric (three-layer)
semidiscrete schemes are constructed and a whole range of apriori estimates is obtained for
them by means of the method of associated polynomials. On the basis of these estimates
the theorems are proved on the convergence of approximate solutions to exact soluti-
ons. The order of an error with respect to a time step is established depending on the
smoothness of the solution of the initial continuous problem.

b) The coerciveness of the operator of I. Vekua’s equations system for a spherical shell
in the case of Dirichlet homogeneous boundary conditions and the constant, appearing in
the inequality of coerciveness is obtained.

c¢) For the approximate solution of Dirichlet boundary value problem for I. Vekua’s
equations system of a spherical shell the iteration process is suggested. Both the system
of equations of plane elasticity and Helmholtz equation are separately explained at each
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step of iteration. It is proved that the proposed iteration process is convergent for arbitrary
admissible values of the sphere radius, shell thickness and Poisson ratio.

d) For I. Vekua’s equations system of a spherical shell the iterative-difference and
variational-difference schemes are constructed and on their basis the complex of programs
of formed in C'++ programming language for the numerical estimation of dynamic as well
as static problems. The results of the obtained numerical calculations for various model
problems are in full correspondence with theoretical conclusions.

Approbation of the research. The main results of the dissertation were reported
at the following scientific seminars and conferences: Enlarged Sessions of the Seminar
of I. Vekua Institute of Applied Mathematics (2000, 2004, 2005); Seminars of I. Vekua
Institute of Applied Mathematics (2005); IIT Meeting of Georgian Mathematicians (Oc-
tober 11-13, 2001, Thilisi); Republican Conference of Mathematicians (dedicated to the
birthday anniversary of Academician Ilya Vekua, 2001, Sokhumi Branch of Iv. Javakhishvili
Thilisi State University, April 21, 2001, Tbilisi).

Volume and structure of the dissertation. The dissertation contains 140 printed
pages. It consists of the introduction, three chapters, 13 paragraphs and the appendix.
The references contain those publications which have been used by the author in the
dissertation. The number of references is 84.

The contents of the dissertation. In the introduction the survey of literature around
the considered theme and the short contents of the dissertation are presented.

The first chapter deals with the stability and convergence of the weighted three-layer
semidiscrete scheme for equations of a spherical shell in the dynamic case.

In the first paragraph the formulation of the problem is given. The equilibrium equations
of a spherical shell have been considered in the dynamic case according to [. Vekua’s theory
(zero approximation)

u
w—i_Au:f(xayat)a (x,y,t) EQTa (1)
where Qr = Qx 0,7, Q=] —-1,1[x] —1,1],
A= —0p X
[2(1—0) O? N 0%, 1 0? 3—20 0
1—20 0x%  0y? 1—20 0z0y 1—20 Ox
y 1 02 02 +2(1—0) o, 3—20 0
—€ —€ — ;
1—20 0x0y ox?  1-20 0y? 1—-20 0y
3—20 0 3—20 0 0*  0? , 1
€ — € = + —4e
i 1-20 Oz 1—-20 Oy 0z?  0y? 1—-20
with the homogeneous Dirichlet boundary conditions
u(x,y,t)|m = 07 of) |ZL’| = |y| = 1a (2)
and the Cauchy initial conditions
U(I‘,y,O) :QOO(xay)a u:ﬁ(‘raya 0) :(,01<$,y) (3)

Where
f= (flanva)Ta Yo = (900179002,9003)T7 Y1 = (S011,<,012,9013)T
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are the known continuous vector functions, u = (uq, uQ,u;;)T is the unknown continuous
vector function in @, which has continuous derivatives u,, Uyy Ugy, Ugg, Uyy, U a0d Uy in
Qr, € = 2R7h, h is the shell semithickness, R is the sphere radius, o is Poisson’s ratio,
E is Young’s modulus, og = E/2- (14 o).

To solve problem (1)—(3) we use the semidiscrete scheme

Upy1 — 2Up + Up—1 Upy1 + VUg + Ugp—1
2 +4 -
T 24 v

= flz,y,tg), k=1,...,n—1, (4)
where 7 = T'/n (n > 1 is a natural number), t; = k7, v # —2. We declare uy(x,y) an

approximate value of the exact solution u(z,y,t) at the point t = t.
Thus, the solution of problems (1)—(3) at each step of time is reduced to the inversion

of the operator (I + T A).
24v

In the second paragraph the coerciveness of the operator of 1. Vekua’s equations is
proved.

The following spaces have been introduced:

L5 (2) is the space of square-integrable functions (Hilbert space) in the domain €2;

H = [Ly(Q)]? is the Hilbert space with the scalar product

(('LL, U)) = (Ul, Ul) + ('LLQ,'UQ) + <u37 U3)7
1/2
lull = (fudll?, + lluall?, + llusll?)) "

where u = (uq,ug, uz) and v = (vq, v2,v3) are vector functions with components from the
Hilbert space L(f2); while (-,) and || - ||, are respectively the scalar product and the
norm in Ls[(2];

C™(€) — is the set of continuous functions in € which have continuous derivatives up
to order m inclusive in Q;

[C™(Q)]® — is the set of vector functions u = (u1, ug, uz) with components from C™(Q).

The definition domain of the operator A has the form

D(A) = {u € [C° @) : ul,, = o}.
We have the following statement.

Theorem 1. The operator A is symmetric on the lineal D(A) and there holds the
inequality

((Au, u)) = ag [(Ilazullliz 10w ll7, ) + (10:uall7, + 10yu2l7, )+

+ (lousll?, + 10yus]2)], V€ D), (5)
where ap = min (3, #2452)

Corollary 1. The operator A is positive definite
7'('2040
2

The results, obtained in the paragraphs, following this chapter, are mainly based on the
investigations, carried out by I. Rogava for three-layer semidiscrete schemes (Rogava J. L.,

((Au, u)) =

(lall?, + lluall?, + llusll3)- (6)
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Semidiscrete schemes for operator differential equations. (Russian) Publ. House “Technical
University”, Tbilisi, 1995).

In the third paragraph a priori estimates are obtained for the solution of the discrete
problem.

The following theorem holds.

Theorem 2. Let ug, uy € D(A) (A is the extension of A to a self-adjoint operator),
fGoty) €EH, k=1,....n—1, v €| —2,2[, then for scheme (4) the following estimates
are valid:

- - - A -
1A uril) < eo (I Aol + | 4222+ 1| 2°(2u)) +

k
eSOl 0<s <1, fe DAY, )
i=1
A 7 1A
Il € (Il [ A5l )+
1
rel =) ISZIIJ‘}II <5<l .

where Aug = uy — uo, fr = f(-, 1),

2 1

Y gy = Y

V2—v 0 vV24+v

To obtain complete information on a dynamic problem, it is necessary to know how
the velocity (and which is better, the acceleration) changes. Therefore the next step is to
obtain a priori estimates for difference analogous of first and second order derivatives). For
which in the fourth paragraph the estimates have been obtained for Chebyishev operator
polynomials (some estimates for these polynomials have been proved in the previous
paragraph).

In the fifth paragraph a priori estimates are obtained for difference analogues, corres-
ponding to first and second order derivatives.

os) = 21728(2 + V)1/2—s.

€= 2—v

Theorem 3. Let the conditions of Theorem 2 be fulfilled. Then for scheme (4) the
following estimates are true:

Au ~ Au i
|5 = oom Al < 2+ A )
~ Au
‘AsTk HASJrl/Qu H + ¢ AS_H +C 1 QSZHfl” (10)
As Auk As+1/2 As AUO As As
| A 22 < (|45 2u | + co | A THM;nA fill, fie DAY, (1)
where k =1,....n—1, Aup = upyq —ug, 0 < s < 5,
B(s) = o fo=0
co(s) = ——, fo=0.
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Now, we will derive estimates which take place for the corresponding difference analogue
of a second order derivative.

Theorem 4. Let the conditions of Theorem 2 be fulfilled. Then for scheme (4) the
following estimates are true:

HA ukH < 2 ]_|:HA1/2+SU H (s HASAUOH]
)7 Z HESB;lfiH + 1B frenll, (12)
|25 < g+ | 222 Z 151, (13
where k=1,...,n 20<s§2,BT:[+2:_2y~

A priori estimates, obtained in the third and fifth paragraphs, when s = 0 and s = 1/2,
have been proved by J. Rogava (see the above mentioned monograph).

In the sixth paragraph theorems on the convergence of semidiscrete schemes (4) are
proved.

Hence it follows that instead of problem (1)—(3) we have considered the problem

Cll) | Bty = 1), te 0.7), m
u(0) = o, u'(0) =1, (15)

where A is the extension of A to a self-adjoint positive definite operator, u(t) is the
unknown and f(t) is the known vector function with values from the Hilbert space H; g
and ¢, are the known vectors from H.

The following spaces have been introduced. If we define the Hermite norm |jul|; =
|| A2y in D(AY2), then we obtain the Hilbert space which is denoted by W*. Analogously,
by defining the Hermite norm ||u||s = |[Au|| in D(A) we obtain the Hilbert space which
is denoted by W2, We denote by C([0,T]; H) the set of vector functions u(¢) continuous
on [0, 7] and taking their values from H. We denote by C™([0,T]; H) (m > 1) the set
of differentiable vector functions, continuous on [0,7] up to order m from C([0,T]; H).
C([0,T]; W) and C™([0,T); W?), i = 1,2, are defined analogously.

In the sequel, by a solution of problem (14),(15) we mean a function wu(t) €
C*([0,T); H)yNC([0,T]; W?) that satisfies equality (14) and the initial conditions (15). A
theorem on the existence and uniqueness of such a solution when ¢y, € W2, ¢, € W' and
f(t) € CY([0,T); H) (or f(t) € C([0,T];W?)) is proved in the well-known monograph of
S. Krein (S. Krein, Linear differential equations. (Russian) Nauka, Moscow, 1967).

For problem (14), (15) we consider the following semidiscrete scheme (A in (4) can be
replaced by A):

Upyr — 2Up + Up—1 5 Uy + VU + Up_q

~ + A B = f(t), (16)

where k =1,...,n—1,7=T/n (n > 1is a natural number), t;, = k7, v # —2, uy and
uy are the given vectors from D(A).
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We call a solution uy of system (16) an approximate value of an exact solution u(t) of
problem (14), (15) at the point ¢t = t;. Then for the error z;, = u(tx) — uy the following
theorems are true (in the sequel ¢; denotes a positive constant).

Theorem 5. Let ug = o, uy = 9o + 7901, P, 1 € W2 and v €] —2,2[. Then
(a) if u(t) € C2(0.T); H) N C(0, T, W2) and f(t) € C([0,T]; H), then

Azk ‘

max (||Zk+1|| + H ‘ + ||Z1/22k+1||> — 0, as T — 0;

1<k<n-—1

(b) if the conditions of the item (a) are fulfilled and the functions f(t) and u"(t) satisfy
the Hélder condition with index A (0 < XA < 1), then

(ol + ]| 22|+ 13220l <@, k=1m—1;

(c) if u(t) € C3([0,T); H) N C([0, T); W?) and f(t) € C*([0,T]; H), then

max <HA1/2 A2

1<k<n-—1

][5

‘—l— ||Azk+1|]> — 0 as T — 0;

(d) if the conditions of the item (c) are fulfilled and the functions f'(t) and v (t) satisfy
the Holder condition with index A (0 < A < 1), then

~ 0 A A?
(3222 2 ) 0 £=1m

Theorem 6. Let uy = ¢y, w9 € W2, uy = @ + 71 + é(p% w2 = f(0) — Agpo,
01, Apo, F(0) € W2 and v €] —2,2[. Then

(a) if u(t) € C3([0,T); HYNC ([0, T); W?), f(t) € CH[0,T); H), and the functions u"(t)
and f'(t) satisfy the Holder conditions with index X (0 < X\ < 1), then

Azk

lzwsill+ | =25 + 1A 2200 < ear™, k=1, 0 =1

(b) if u(t) € C([0,T]; HYNC([0,T]; W?), f(t) € C*([0,T]; H), and the functions u™ (t)
and f"(t) satisfy the Holder condition with index A (0 < X\ < 1), then
2
HAl/QAZk ‘ HA o ‘ <ar'™ k=1,...,n-2.

The second chapter deals with the symmetric, weighted semidiscrete scheme for equa-
tions of a spherical shell with a split operator (dynamic case).
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In the first paragraph the formulation of the problem is given. The operator of the

system of equations for a spherical shell is split in the following way

A = AQ + Al =
[2(1-0) O? N 0?2, 1 o2 0
1—20 0x%  0y? 120 0x0y
2 2 _ 2
N 1 0 0 +2(1 o) &, 0
120 0x0dy 0x?  1-20 0y?
0% 0? 1
0 0 —4¢?
i 022 "o 120
i 3 —20 07
0 0
“1-2 oz
3 —20 0
— 0 0 1
o0 “1-20 dy (17)
3—20 0 3—20 0
€ — € — 0
L 1 —-200x 1—20 0y i
To solve problem (17), we use the following semidiscrete scheme:
Uky1 — 2Up + Up— Uk+1 + VU + ug—
k+1 ka kel og Uk Rt Ukl g =
T 24+ v
= f(z,y,tx), k=1,...,n—1, (18)

where 7 =T /n (n > 1 is a natural number), t;, = k7, v # —2, by ux(z,y) we denote the
exact solution u(z,y,t) at the point t = ¢.
Thus the solution of problems (1)—(3) at every step of time is reduced to the inversion

of the operator (I + # Ao> by the homogeneous Dirichlet boundary condition.
v

In the second paragraph the theorem of stability is proved.
The definition domain of the operator Ay has the form

D(Ap) = {u € [C°@Q) : ul,, = o}.

Theorem 7. If the vector functions uy(-, ) and ui(+,-) belong to the domain of definition

of the operator 110 and the vector functions f(-,-,t;) are square summable and v €| —2,2],
then the following a priori estimates hold for scheme (18)
Au
s < ant [(eo + Tl + (1 + 7220)| S22 |+
k o~
+7—Zak—i||Aal/2f<'>'ati)”? (19)
i=1
Au ~ Au
H k H < (14 trag—1) [(c+ Tec)||A(1)/2u0H + co —OH—l—
1/2 Auy,
+ 7(voco + reo)| | AP =2 + 7 Zuf -l (20)

HZ(l/QUkHH < Q-1 [(Co + Tsc)HA(l)/ uol|+
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P2l S+

+ 7(voco + TeC HA + ¢

+TZak-i!|f(-,-,ti>lr, (21)

where k =1,... ., n—1, Aup = upr1 —ug, ¢, o, ¢1 and vy are the same as in the preceding
chapter.

In the third paragraph the theorems on convergence have been proved. Introduce the
spaces W3 and W¢, which are defined semilary to spaces W' and W2, where the operator

Ais changed by ZO.

Denote the error of approximate solution by z.

We introduce the notation

zk(z,y) = u(z,y, ty) —ug(x,y), k=1,...,n.

The following theorems hold true.

Theorem 8. Let ug = o, Uy = Qo + T¢1, @o, 1 € Wi, v €] —2,2[. Then

a) if problem (1)—~(3) has solutions u(-,-,t) € C*([0,T]; H)NC([0,T]; W¢) and f(-,-,t) €
C([0,T); H), then

A
max (Jlaenll+ | =5]|) =0 as 7 —0;

1<k<n—1
b) if f(-,-,t) € CY([0,T); H), then
Az ~
| Jpax | (HZkHH + H - ’ + HA(l)/ZZkHH) — 0, as 7 —0;
c) if f(-,,t) € CH([0,T); H) and u(-,-,t) € C*([0,T]; H) N C([0, T|; W), then
Azk

max (sz+1|| + ‘ ‘ + }|Eé/2zk+1||) <ar.

1<k<n-—1 T

Theorem 9. Let ug = o, po € WZ,
2
T ~ ~
Uy = o+ TP1 + D) (f(%}ya 0) — (Aogo + Al%));
©1, Z()@Oa Zl(pOa f(7 a0> € WOQf f(a 7t) € 02([OaT]7H) and v G] - 272[ Then
a) if problem (1)—(3) has solutions u(-,-,t) € C*([0,T]; H) N C ([0, T); W2), then

max ||z ]| < o7

1<k<n
b) if u(-,-,t) € CH[0,T); H) N C*([0, T); Wy) N C([0, T; W), then
Az
e (155 14 < e

In the third chapter the iterative, iterative-difference and variational-difference schemes
are considered for I. Vekua’s equations of a spherical shell.

The first paragraph deals with the iterative method for the system of 1. Vekua’s
equations for a spherical shell with a split operator:

(AO + Al)u($ay) = f($ay)7 (ZL’,y) 6] - ]-7 1[ X ] - ]-7 1[7 (22)
with the Dirichlet boundary conditions, where Ay and A; are defined by (17).
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As is known, Ay is a symmetric and positive definite operator. A; is a symmetric
operator.
Instead of equation (22) we consider the equation

(Ag+A)u=f, feH, (23)

where ,Zfo is the extension of the operator A, to the self-conjugate operator and ;fl is the
closure of the operator A;.
The following theorem is true.

Theorem 10. The iteration process
Agtin, = —Ayun 1+ f, n=1,2... (24)
s convergent for any initial vector uy € D(AVO) and the following estimate is valid:
Hﬁé/zu* - Z(l)ﬂunH < q”H/T(l)/Qu* - gé/Quo}}, (25)
where u, s an exact solution,
g=1+XM)",
2 3—20

T
A = , c=——\.
ec(2e + 1/2(2e2 + 72)) 1—20

The second paragraph deals with the iterative-difference method for the system of I.
Vekua’s equations of a spherical shell (statics). The proposed iterative process is the
generalization of Zeidel classical iterative process for uniting subsystems of difference
analogous, corresponds to each equation.

At each step of iteration the inversion of the difference analogue, corresponding to the

0? 0?
differential operator ag 92 + aq 8_312 — agl (ag, ay and ay are positive constant) is carried
out by the combination of factorization and iteration methods. The convergence of this
combined method has been proved.

In the third paragraph the variational difference scheme is considered for the system of
I. Vekua’s equations of a spherical shell (dynamics). For the solution of discrete problem
(4) the variational problem has been used. For coordinate functions the differences of
Legendre polynomials are taken (the domain of integration is |—1, 1[ x |—1, 1[ square). The
proposed scheme is said to be variational-difference, since with respect to the time variable
the difference method and with respect to space variables — the variational method is used.
We solve the corresponding system of equations at every time layer by the combined
method, used in the prevous paragraph.

The fourth paragraph is devoted to the analysis of results of numerical calculations
for different model problems by using semidiscrete, iterative-difference and variational
difference schemes. For the purpose of establishing sensitivity of the above schemes with
respect to the sound-off error, the estimation of such model problems has been carried
out for which one can obtain theoretical exact results. It might be said that the obtained
numerical values are practically exact which means that the degree of stability of the
considered schemes is high. The following series of model problems is such that the gradient
changes relatively sharply. Therefore to achieve sufficient accuracy the appropriate selecti-
on of parameters of realization schemes is necessary. The results of calculation also testify
the high degree of stability of the considered schemes.
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It is important to consider such model problem which has a certain practical value,
besides, the solution is not known beforehand. In the dissertation the numerical calculation
is carried out for such a problem. The results obtained depict the real picture well enough.

The numerical experiment has been carried out for studying the effectiveness of the
proposed iterative method. To this end the number of iterations has been established
depending on the changes of o (Poisson ratio) and e (ratio of shell thirkness to sphere
radius) parameters. The results of calculations show that the iteration number is conside-
rably increased when Poisson ratio approaches 0.5 or the ratio of shell thickness to sphere
radius is comparatively large. In other cases the number of iterations is within the norm.

In the appendix the complex of programs in the programming C' + + language is given
in the basis of iterative-difference and variational-difference schemes, constructed for the
system of 1. Vekua’s equations for a spherical shell.
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