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ö â ï Ž ã Ž è æ

çŽîàŽá Žîæï ùêëĲæèæ, îëé ìîŽóðæçŽöæ òŽîåëá àŽéëæõâêâĲŽ ïýãŽáŽïýãŽ

òëîéæï àŽîïñèæ ðæìæï ïýâñèâĲæ, æïâåæ ïŽéàŽêäëéæèâĲæŽêæ ïýâñèâĲæ, îëéâ-

èåŽ äëéâĲæ âîå-âîåæ àŽêäëéæèâĲæï éæýâáãæå àŽùæèâĲæå éùæîâŽ áŽêŽîøâê

ëîåŽê öâáŽîâĲæå, ïûëîâá âï åãæïâĲŽ ŽîïâĲæåŽá àŽêïŽäôãîŽãï Žé ðæìæï

áîâçŽáæ ïýâñèâĲæï áâòëîéæîâĲñè-áŽúŽĲñè éáàëéŽîâëĲŽï.

êŽöîëéæ âýâĲŽ ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲâĲæïŽåãæï (æý. [1]) êŽ-

ýâãîŽááæïçîâðñèæ, ïýãŽëĲæŽêæ áŽ ãŽîæŽùæñè-ïýãŽëĲæŽêæ ïóâéâĲæï ŽàâĲŽï

áŽ àŽéëçãèâãŽï. úæîæåŽáŽá àŽêýæèñèæŽ áæêŽéæçñîæ öâéåýãâãŽ. àŽêýæèñ-

èæŽ Žïâãâ ïðŽðæçñîæ öâéåýãâãŽ æé åãŽèïŽäîæïæå, îëé áîëæåæ ùãèŽáæï

éæéŽîå áæïçîâðæäŽùææï öâáâàŽá áæêŽéæçñîæ öâéåýãâãŽ áŽæõãŽêâĲŽ ïðŽðæ-

çñî öâéåýãâãŽäâ õëãâè áîëæå öîâäâ.

æ. ãâçñŽï àŽîïåŽ åâëîææï (æý. [2]{[5]) ŽîïâĲæåæ àŽêïýãŽãâĲŽ ïýãŽ ŽêŽèë-

àæñîæ åâëîæâĲæïŽàŽê ýŽïæŽåáâĲŽ öâéáâàæ åãæïâĲâĲæå:

1) ûëêŽïûëîëĲæï àŽêðëèâĲâĲæ öâåŽêýéâĲñèæŽ ïŽïŽäôãîë ìæîëĲâĲåŽê,

àŽêïýãŽãâĲæå çèŽïæçñîæïŽàŽê;

2) æ. ãâçñŽï îâáñùæîâĲæï éâåëáæ ûŽîéëŽáàâêï îâàñèŽîñè ìîëùâïï;

3) àŽáŽáàæèâĲæï çëìëêâêðâĲæï éæéŽîå ûëêŽïûëîëĲæï àŽêðëèâĲâĲæï

ïðîñóðñîŽ Žýèëï Žîæï áîâçŽáëĲæï Ĳîðõâèæ åâëîææï çèŽïæçñî àŽêðë-

èâĲâĲåŽê.

æ. ãâçñŽï îâáñùæîâĲæï éâåëáæ áŽ àŽîïåŽ åâëîæŽ ûŽîéŽðâĲæå æóêŽ àŽéë-

õâêâĲñèæ áîâçŽáëĲæïŽ áŽ àŽîïåŽ åâëîææï éåâèæ îæàæ ŽéëùŽêâĲæï àŽéëç-

ãèâãæïŽ áŽ îæùýãæåæ àŽåãèæïŽåãæï. Žé éæéŽîåñèâĲæå éêæöãêâèëãŽêæ ûãèæ-

èæ öâæðŽêâï ŽãðëîâĲéŽ: Ž. àëàæŽ [6], á. àëîáâäæŽêæ [7], [8], à. àëùñèæŽçæ,
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ã. àñèæŽâãæ áŽ ã. øæĲæîæŽçëãæ [9], å. ãŽöŽõéŽúâ [10], [11], è. éŽôêŽîŽúâ [12],

å. éâñêŽîàæŽ [13], [14], ã. íôâêðæ [15], Ž. ïëèâîæ, à. ßëðøæêïæ [16], ë. óëéñî-

þæöãæèæ [17], é. öèâêâãæ [18], å. ùýŽáŽæŽ [19], ì. øæçŽèŽ [20], æ. ýëéŽ [21].

æ. ãâçñŽï îâáñùæîâĲæï éâåëáæ âõîáêëĲŽ ïŽúâĲêæ òñêóùæâĲæï àŽöèŽï òñ-

îæâ{èâíŽêáîæï éûçîæãŽá â. û. àŽîïæï ïæïóæï çëëîáæêŽðæï éæýâáãæå. ëî-

åëàëêŽèëĲæï ìæîëĲæï öâáâàŽá àŽöèæï çëâòæùæâêðâĲæï éæéŽîå éææôâĲŽ

ûëêŽïûëîëĲæï ëîàŽêäëéæèâĲæŽê àŽêðëèâĲŽåŽ ïîñèæ ïæïðâéŽ (ïŽäëàŽáëá

ùãèŽáæ ïæïóæï) åýâèæ áŽ áŽéîâùæ àŽîïâĲæïŽåãæï. êŽöîëéåŽ éåâèæ ïâ-

îæŽ éæâúôãêŽ àŽîïâĲæïŽ áŽ òæîòæðâĲæï æ. ãâçñŽï ëìâîŽðëîæï öâïûŽãèŽï:

á. àëîáâäæŽêæ [22], [23], á. àëîáâäæŽêæ, é. ŽãŽèæöãæèæ, à. ŽãŽèæöãæèæ

[24], à. ŽãŽèæöãæèæ, é. ŽãŽèæöãæèæ [25], å. ãŽöŽõéŽúâ [26], æ. ýëéŽ [27],

à. þŽæŽêæ, á. êŽðîëöãæèæ, ï. ýŽîæĲâàŽöãæèæ, ã. ãâêáèŽêáæ [28]. ïŽïîñèæ

éæŽýèëâĲæïŽåãæï æ. ãâçñŽï àŽêðëèâĲâĲæï äëàŽáæ ŽéëêŽýïêâĲæ æäëðîëìñ-

èæ òæîòæðæïŽ áŽ ïòâîñèæ àŽîïâĲæï öâéåýãâãŽöæ ŽàâĲñèæ æõë æ. ýëéŽï [29],

[30], ã. íôâêðæï, Ž. ýãëèâïæï [31], ã. íôâêðæï [32], å. éâñêŽîàæŽï [33] öîëéâ-

Ĳöæ. à. þŽæŽêæï [34] öîëéŽöæ öâïûŽãèæèæŽ ïýãŽáŽïýãŽ ïŽïŽäôãîë ŽéëùŽêâĲæ

ûŽéŽýãæèâĲñèæ ìîæäéñèæ àŽîïâĲæï öâéåýãâãŽöæ.

çŽîàŽá Žîæï ùêëĲæèæ, îëé æ. ãâçñŽï æâîŽîóæñèæ éëáâèæï àŽêðëèâĲâĲæï

ïðîñóðñîŽ æúèâãŽ æéæï ïŽöñŽèâĲŽï, îëé ïŽïŽäôãîë ŽéëùŽêâĲæï âòâóðñîæ

ŽéëýïêæïŽåãæï (àŽêïŽçñåîâĲæå àèñã ïŽäôãîæŽêæ Ĳîðõâèæ ŽîââĲæï öâéåýãâ-

ãŽöæ) ûŽîéŽðâĲæå æóêâï àŽéëõâêâĲñèæ ùêëĲæèæ óŽîåñèæ éŽåâéŽðæçñîæ ïçë-

èæï éæâî áŽéñöŽãâĲñèæ çëéìèâóïñîæ ùãèŽáæï òñêóùæŽåŽ åâëîææï éâåë-

áâĲæ. éáàëéŽîâëĲŽ ŽîïâĲæåŽá æùãèâĲŽ, îëùŽ æêðâàîâĲæï Žîæï ïŽäôãŽîæ

ŽîŽàèñãæŽ. Žé öâéåýãâãŽöæ ŽêŽèæäñîæ éâåëáâĲæ êŽçèâĲŽá âòâóðñîæŽ áŽ

àŽéëæõâêâĲŽ ïýãŽáŽïýãŽ îæùýãæåæ éâåëáâĲæ.

æ. ãâçñŽï àŽîïåŽ åâëîææï àŽêðëèâĲâĲæïŽåãæï îæùýãæåæ Žéëýïêæï Žè-

àëîæåéâĲæï ŽàâĲæïŽ áŽ àŽéëçãèâãæï åãŽèïŽäîæïæå ŽîïâĲæåæ éêæöãêâèëĲŽ
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Žóãï æé òŽóðï, îëé Žé àŽêðëèâĲâĲæï ïðîñóðñîŽ Žýèëï Žîæï áîâçŽáëĲæï

Ĳîðõâèæ åâëîææï çèŽïæçñî àŽêðëèâĲâĲåŽê.

ûŽîéëáàâêæè êŽöîëéöæ, áæêŽéæçñîæ öâéåýãâãæïŽåãæï, ïòâîñèæ àŽîïæï

æ. ãâçñŽï àŽêðëèâĲâĲæï áæïçîâðæäŽùæŽ ýáâĲŽ áîëæåæ ùãèŽáæï éæéŽîå.

éæôâĲñèæ êŽýâãîŽááæïçîâðñèæ ïóâéŽ ûŽîéëáàâêæèæŽ, îëàëîù ëìâîŽðë-

îñèæ ïýãŽëĲæŽêæ ïóâéŽ öâïŽĲŽéæï òñêóùæëêŽèñî ïæãîùââĲöæ. Žé ïóâéæïŽåãæï

ŽïëùæîâĲñèæ ìëèæêëéâĲæï éâåëáæå (æý. [35]{[38]) éææôâĲŽ æïâåæ Žìîæëîñ-

èæ öâòŽïâĲâĲæ, ïŽæáŽêŽù àŽéëéáæêŽîâëĲï éáàîŽáëĲŽ áŽ éæŽýèëâĲæåæ Žéë-

êŽýïêæï çîâĲŽáëĲŽ äñïðæ ŽéëêŽýïêæïŽçâê ĲñêâĲîæã çèŽïâĲöæ.

áæïâîðŽùæŽ öâáàâĲŽ ïŽéæ åŽãæïŽàŽê.

ìæîãâè åŽãöæ àŽêæýæèâĲŽ áæêŽéæçñîæ öâéåýãâãæïŽåãæï, ïòâîñèæ àŽîïæï

àŽêðëèâĲâĲæïŽåãæï ûëêæŽêæ ïŽéöîæŽêæ êŽýâãîŽááæïçîâðñèæ ïóâéæï éáàîŽáë-

ĲŽ áŽ çîâĲŽáëĲŽ.

ìæîãâè ìŽîŽàîŽòöæ éëùâéñèæŽ ŽéëùŽêæï áŽïéŽ. àŽêýæèñèæŽ ïòâîñèæ

àŽîïæï ûëêŽïûëîëĲæï àŽêðëèâĲâĲæ áæêŽéæçñîæ öâéåýãâãæïåãæï, æ. ãâçñŽï

åâëîææï éæýâáãæå, êñèëãŽêæ éæŽýèëâĲŽ (æý. [1]):

∂2u

∂t2
+ Au = f(x, y, t), (x, y, t) ∈ QT , (1)

ïŽáŽù QT = Ω× ]0, T [ , Ω = ]− 1, 1[× ]− 1, 1[ ,

A = −σ0×

×




2(1−σ)

1−2σ

∂2

∂x2 +
∂2

∂y2−ε2 1

1−2σ

∂2

∂x∂y
−ε

3−2σ

1−2σ

∂

∂x
1

1−2σ

∂2

∂x∂y

∂2

∂x2 +
2(1−σ)

1−2σ

∂2

∂y2−ε2 −ε
3−2σ

1−2σ

∂

∂y

ε
3−2σ

1−2σ

∂

∂x
ε

3−2σ

1−2σ

∂

∂y

∂2

∂x2 +
∂2

∂y2−4ε2 1

1−2σ




,

áæîæýèâï âîåàãŽîëãŽêæ ïŽïŽäôãîë

u(x, y, t)
∣∣
∂Ω = 0, ∂Ω : |x| = |y| = 1, (2)
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áŽ çëöæï ïŽûõæïæ

u(x, y, 0) = ϕ0(x, y), u′t(x, y, 0) = ϕ1(x, y), (3)

ìæîëĲâĲæå. ïŽáŽù

f = (f1, f2, f3)
>, ϕ0 = (ϕ01, ϕ02, ϕ03)

>, ϕ1 = (ϕ11, ϕ12, ϕ13)
>

ùêëĲæèæ ñûõãâðæ ãâóðëî-òñêóùæâĲæŽ, u = (u1, u2, u3)
> { ïŽúâĲêæ ãâóðëî-

òñêóùæŽŽ ñûõãâðæ QT -öæ, îëéâèïŽù Žóãï ñûõãâðæ ux, uy, uxy, uxx, uyy, ut áŽ

utt ûŽîéëâĲñèâĲæ QT -öæ, ε = 2R−1h, h { àŽîïæï êŽýâãŽîïæïóâŽ, R { ïòâîëï

îŽáæñïæ, σ { ìñŽïëêæï çëâòæùæâêðæ, E { æñêàæï éëáñèæ, σ0 = E/2·(1+σ).

(1){(3) ŽéëùŽêæï ŽéëêŽýïêï ãâúâĲå öâéáâàæ êŽýâãîŽááæïçîâðñèæ ïóâéæï

àŽéëõâêâĲæå:

uk+1 − 2uk + uk−1

τ 2 + A
uk+1 + νuk + uk−1

2 + ν
=

= f(x, y, tk), k = 1, . . . , n− 1, (4)

ïŽáŽù τ = T/n (n > 1 Žîæï êŽðñîŽèñîæ îæùýãæ), tk = kτ , ν 6= −2.

u(x, y, t) äñïðæ ŽéëêŽýïêæï éæŽýèëâĲæå éêæöãêâèëĲŽá t = tk ûâîðæèöæ

ãŽùýŽáâĲå uk(x, y)-ï.

ŽéîæàŽá, (1){(3) ŽéëùŽêæï ŽéëýïêŽ áîëæï õëãâè Ĳæþäâ áŽæõãŽêâĲŽ
(
I +

τ 2

2 + ν
A

)
ëìâîŽðëîæï öâĲîñêâĲŽäâ.

éâëîâ ìŽîŽàîŽòöæ áŽéðçæùâĲñèæŽ æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéæï ëìâ-

îŽðëîæï çëâîùæðæñèëĲŽ.

öâéëðŽêæèæŽ öâéáâàæ ïæãîùââĲæ:

L2(Ω) { Ω Žîâöæ çãŽáîŽðæå þŽéâĲŽá òñêóùæŽåŽ ïæãîùâ (ßæèĲâîðæï ïæ-

ãîùâ);
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H = [L2(Ω)]3 { ßæèĲâîðæï ïæãîùâ, öâïŽĲŽéæïŽá ïçŽèŽîñèæ êŽéîŽãèæå

áŽ êëîéæå:

((u, v)) = (u1, v1) + (u2, v2) + (u3, v3),

‖u‖ =
(‖u1‖2

L2
+ ‖u2‖2

L2
+ ‖u3‖2

L2

)1/2
,

ïŽáŽù u = (u1, u2, u3) áŽ v = (v1, v2, v3) ãâóðëî-òñêóùæâĲæŽ çëéìëêâêðâ-

Ĳæå L2(Ω)-áŽê; (·, ·) áŽ ‖·‖
L2

, öâïŽĲŽéæïŽá, ïçŽèŽîñèæ êŽéîŽãèæ áŽ êëîéŽŽ

L2[Ω] ßæèĲâîðæï ïæãîùâöæ;

Cm(Ω) { ïæéîŽãèâ Ω-öæ ñûõãâðæ òñêóùæâĲæïŽ, îëéâèåŽù Žóãå ñûõãâðæ

ûŽîéëâĲñèâĲæ m îæàŽéáâ øŽåãèæå Ω-öæ;

[Cm(Ω)]3 { ïæéîŽãèâ u = (u1, u2, u3) ãâóðëî-òñêóùæâĲæïŽ, çëéìëêâêðâĲæå

Cm(Ω)-áŽê.

A ëìâîŽðëîæï àŽêïŽäôãîæï Žîâ àŽêæéŽîðâĲŽ öâéáâàêŽæîŽá:

D(A) =
{

u ∈ [C2(Ω)]3 : u
∣∣
∂Ω = 0

}
.

Žáàæèæ Žóãï öâéáâà åâëîâéŽï.

å â ë î â é Ž 1. A ëìâîŽðëîæ ïæéâðîæñèæŽ D(A) èæêâŽèäâ áŽ éŽî-

åâĲñèæŽ ñðëèëĲŽ

((Au, u)) ≥ α0

[(‖∂xu1‖2
L2

+ ‖∂yu1‖2
L2

)
+

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
+

+
(‖∂xu3‖2

L2
+ ‖∂yu3‖2

L2

)]
, ∀u ∈ D(A), (5)

ïŽáŽù α0 = min
(1

2 ,
π2

π2+4ε2

)
.

ö â á â à æ 1. A ëìâîŽðëîæ áŽáâĲæåŽá àŽêïŽäôãîñèæŽ

((Au, u)) ≥ π2α0

2

(‖u1‖2
L2

+ ‖u2‖2
L2

+ ‖u3‖2
L2

)
. (6)
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Žé åŽãæï öâéáâà ìŽîŽàîŽòâĲöæ éæôâĲñèæ öâáâàâĲæ úæîæåŽáŽá âõîáêë-

ĲŽ þ. îëàŽãŽï éæâî øŽðŽîâĲñè çãèâãâĲï ïŽéöîæŽêæ êŽýâãîŽááæïçîâðñèæ

ïóâéâĲæïŽåãæï (æý. [37]).

éâïŽéâ ìŽîŽàîŽòöæ éæôâĲñèæŽ Žìîæëîñèæ öâòŽïâĲâĲæ áæïçîâðñèæ Žéë-

ùŽêæï ŽéëêŽýïêæïŽåãæï.

Žáàæèæ Žóãï öâéáâà åâëîâéŽï.

å â ë î â é Ž 2. ãåóãŽå u0, u1 ∈ D(Ã) (Ã Žîæï A-ï àŽòŽîåëâĲŽ

åãæåöâñôèâĲñè ëìâîŽðëîŽéáâ), f(·, ·, tk) ∈ H, k = 1, . . . , n − 1, ν ∈
]− 2, 2[ , éŽöæê (4) ïóâéæïŽåãæï éŽîåâĲñèæŽ öâéáâàæ öâòŽïâĲâĲæ:

‖Ãsuk+1‖ ≤ c0

(
‖Ãsu0‖+

∥∥∥Ãs−1/2∆u0

τ

∥∥∥ + ν0
∥∥Ãs(∆u0)

∥∥
)
+

+ τ

k∑
i=1

∥∥Ãs−1/2fi

∥∥, 0 ≤ s ≤ 1, fi ∈ D(Ãs−1/2), (7)

‖Ãsuk+1‖ ≤ c0

(
‖Ãsu0‖+

∥∥∥Ãs−1/2∆u0

τ

∥∥∥ + ν0
∥∥Ãs(∆u0)

∥∥
)
+

+ c̃(1− s) · τ 2(1−s)
k∑

i=1

‖fi‖, 1

2
≤ s ≤ 1, (8)

ïŽáŽù ∆u0 = u1 − u0, fk = f(·, ·, tk),

c0 =
2√

2− ν
, ν0 =

1√
2 + ν

, c(s) = 21−2s
(2 + ν

2− ν

)1/2−s
.

æéæïŽåãæï, îëé éæãæôëå ïîñèæ æêòëîéŽùæŽ áæêŽéæçñîæ ŽéëùŽêæï öâ-

ïŽýâĲ, ŽñùæèâĲâèæŽ ãæùëáâå, åñ îëàëî æùãèâĲŽ ïæøóŽîâ (ñçâåâï öâéåýãâ-

ãŽöæ Žïâãâ ŽøóŽîâĲŽù). ŽéîæàŽá, öâéáâàæ êŽĲæþæŽ Žìîæëîñèæ öâòŽïâĲâĲæï éæ-

ôâĲŽ ìæîãâèæ áŽ éâëîâ îæàæï ûŽîéëâĲñèâĲæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèë-

àâĲæïŽåãæï. îæïåãæïŽù éâëåýâ ìŽîŽàîŽòöæ éæôâĲñèæŽ öâòŽïâĲâĲæ øâĲæöâ-

ãæï ëìâîŽðëîñèæ ìëèæêëéâĲæïŽåãæï (äëàæâîåæ öâòŽïâĲŽ Žé ìëèæêëéâĲæ-

ïŽåãæï áŽéðçæùâĲñèæ æõë ûæêŽ ìŽîŽàîŽòöæ).
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éâýñåâ ìŽîŽàîŽòöæ éæôâĲñèæŽ Žìîæëîñèæ öâòŽïâĲâĲæ ìæîãâèæ áŽ éâëîâ

îæàæï ûŽîéëâĲñèâĲæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèëàâĲæïŽåãæï

Žáàæèæ Žóãï öâéáâà åâëîâéŽï.

å â ë î â é Ž 3. ãåóãŽå öâïîñèâĲñèæŽ åâëîâéŽ 2-æï ìæîëĲâĲæ, éŽöæê

(4) ïóâéæïŽåãæï éŽîåâĲñèæŽ öâéáâàæ öâòŽïâĲâĲæ:

∥∥∥∆uk

τ

∥∥∥ ≤ c̃(s)τ 2s−1‖Ãsu0‖+ c0

∥∥∥∆u0

τ

∥∥∥ + τ

k∑
i=1

‖fi‖, (9)

∥∥∥Ãs ∆uk

τ

∥∥∥ ≤
∥∥Ãs+1/2u0

∥∥ + c0

∥∥∥Ãs ∆u0

τ

∥∥∥ + c̃0(s)τ
1−2s

k∑
i=1

‖fi‖, (10)

∥∥∥Ãs ∆uk

τ

∥∥∥ ≤
∥∥Ãs+1/2u0

∥∥+c0

∥∥∥Ãs ∆u0

τ

∥∥∥+τ

k∑
i=1

‖Ãsfi‖, fi∈D(Ãs). (11)

ïŽáŽù k = 1, . . . , n− 1, ∆uk = uk+1 − uk, 0 ≤ s ≤ 1
2 ,

c̃0(s) =
1

(2 + ν)s
, f0 = 0.

éâëîâ îæàæï ûŽîéëâĲñèæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèëàæïŽåãæï éŽîåâ-

ĲñèæŽ öâéáâàæ åâëîâéŽ.

å â ë î â é Ž 4. ãåóãŽå öâïîñèâĲñèæŽ åâëîâéŽ 2-æï ìæîëĲâĲæ, éŽöæê

(4) ïóâéæïŽåãæï éŽîåâĲñèæŽ öâéáâàæ öâòŽïâĲâĲæ:

∥∥∥∆2uk

τ 2

∥∥∥ ≤ τ 2s−1
[∥∥Ã1/2+su0

∥∥ + c̃(s)
∥∥∥Ãs∆u0

τ

∥∥∥
]
+

+ c̃(s)τ 2s
k∑

i=1

∥∥ÃsB−1
τ fi

∥∥ + ‖B−1
τ fk+1‖, (12)

∥∥∥∆2uk

τ 2

∥∥∥ ≤ ‖Ãu0‖+
∥∥∥Ã1/2∆u0

τ

∥∥∥ +
k+1∑
i=1

‖fi‖, (13)

ïŽáŽù k = 1, . . . , n− 2, 0 ≤ s ≤ 1
2 , Bτ = I +

τ 2

2 + ν
Ã.
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éâïŽéâ áŽ éâýñåâ ìŽîŽàîŽòâĲöæ éæôâĲñèæ Žìîæëîñèæ öâòŽïâĲâĲæ, îëùŽ

s = 0 áŽ s = 1/2, áŽéðçæùâĲñèæ æõë þ. îëàŽãŽï éæâî (æý. [37]).

éââóãïâ ìŽîŽàîŽòöæ áŽéðçæùâĲñèæŽ åâëîâéâĲæ (4) êŽýâãîŽááæïçîâðñèæ

ïóâéæï çîâĲŽáëĲæï öâïŽýâĲ.

(1){(3) ŽéëùŽêŽ öâùãèæèæŽ öâéáàæ ŽéëùŽêæå:

d2u(t)

dt2
+ Ãu(t) = f(t), t ∈ [0, T ], (14)

u(0) = ϕ0, u′(0) = ϕ1, (15)

ïŽáŽù Ã Žîæï A-ï àŽòŽîåëâĲŽ åãæåöâñôèâĲñè áŽáâĲæåŽá àŽêïŽäôãîñè

ëìâîŽðëîŽéáâ, u(t) { ñùêëĲæ, ýëèë f(t) { ùêëĲæèæ ãâóðëî-òñêóùæâĲæŽ

éêæöãêâèëĲâĲæå H-áŽê; ϕ0 áŽ ϕ1 ùêëĲæèæ ãâóðëîâĲæŽ H-áŽê.

öâéëôâĲñèæŽ öâéáâàæ ïæãîùââĲæ: àŽêãïŽäôãîëå D(Ã1/2)-öæ âîéæðæï êëî-

éŽ ‖u‖1 = ‖Ã1/2u‖. éæãæôâĲå ßæèĲâîðæï ïæãîùâï, îëéâèïŽù ŽôãêæöêŽãå

W 1-æå. ŽêŽèëàæñîŽá, åñ D(Ã)-öæ àŽêãïŽäôãîŽãå âîéæðæï êëîéŽï ‖u‖2 =

‖Ãu‖, éæãæôâĲå ßæèĲâîðæï ïæãîùâï, îëéâèïŽù ŽôãêæöêŽãå W 2-æå. Žô-

ãêæöêëå C([0, T ]; H)-æå ïæéîŽãèâ [0, T ] öñŽèâáöæ ñûõãâðæ u(t) ãâóðëî-

òñêóùæâĲæïŽ éêæöãêâèëĲâĲæå H-áŽê. Cm([0, T ]; H)-æå (m ≥ 1) Žôãêæö-

êëå ïæéîŽãèâ [0, T ] öñŽèâáöæ m îæàŽéáâ øŽåãèæå ñûõãâðŽá áæòâîâê-

ùæîâĲŽáæ ãâóðëî-òñêóùæâĲæïŽ C([0, T ]; H)-áŽê. ŽêŽèëàæñîŽá àŽêæéŽîðâĲŽ

C([0, T ]; W i) áŽ Cm([0, T ]; W i), i = 1, 2.

(14), (15) ŽéëùŽêæï ŽéëêŽýïêï ãñûëáâĲå

u(t) ∈ C2([0, T ]; H) ∩ C([0, T ]; W 2)

òñêóùæŽï, îëéâèæù ŽçéŽõëòæèâĲï (14) àŽêðëèâĲŽï áŽ (15) ïŽûõæï ìæîë-

ĲâĲï. åâëîâéŽ Žïâåæ ŽéëêŽýïêæï ŽîïâĲëĲæïŽ áŽ âîåŽáâîåëĲæï öâïŽýâĲ, îë-

ùŽ ϕ0 ∈ W 2, ϕ1 ∈ W 1 áŽ f(t) ∈ C1([0, T ]; H) (Žê f(t) ∈ C([0, T ]; W 2))

áŽéðçæùâĲñèæŽ, éŽàŽèæåŽá [39]-öæ (æý. [39], åâëîâéŽ 1.5, àã. 301).
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(14), (15) ŽéëùŽêæïåãæï àŽêãæýæèŽãå (4)-æï ŽêŽèëàæñî êŽýâãîŽááæïçîâ-

ðñè ïóâéŽï, ïŽáŽù A öâùãèæèæŽ Ã-åæ:

uk+1 − 2uk + uk−1

τ 2 + Ã
uk+1 + νuk + uk−1

2 + ν
= f(tk), (16)

ïŽáŽù k = 1, . . . , n − 1, τ = T/n (n > 1 êŽðñîŽèñîæ îæùýãæŽ), tk = kτ ,

ν 6= −2, u0 áŽ u1 éëùâéñèæ ãâóðëîâĲæŽ D(Ã)-áŽê.

(14), (15) ŽéëùŽêæï u(t) äñïðæ ŽéëêŽýïêæï éæŽýèëâĲæå éêæöãêâèëĲŽá t =

tk ûâîðæèöæ ãŽùýŽáâĲå (16) ïæïðâéæï uk ŽéëêŽýïêï. éæŽýèëâĲæåæ ŽéëêŽýï-

êæï ùáëéæèâĲŽ Žôãêæöêëå zk-åæ, zk = u(tk) − uk. éŽîåâĲñèæŽ öâéáâàæ

åâëîâéâĲæ (õãâèàŽê c1-æå ŽôêæöêñèæŽ áŽáâĲæåæ éñáéæãæ).

å â ë î â é Ž 5. ãåóãŽå u0 = ϕ0, u1 = ϕ0 + τϕ1, ϕ0, ϕ1 ∈ W 2 áŽ

ν ∈ ]− 2, 2[ . éŽöæê

(a) åñ u(t) ∈ C2([0, T ]; H) ∩ C([0, T ]; W 2) áŽ f(t) ∈ C([0, T ]; H), éŽöæê

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ + ‖Ã1/2zk+1‖
)
→ 0, îëùŽ τ → 0;

(b) åñ öâïîñèâĲñèæŽ (a) ìñêóðæï ìæîëĲâĲæ áŽ f(t) áŽ u′′(t) òñêóùæâĲæ

ŽçéŽõëòæèâĲâê ßâèáâîæï ìæîëĲŽï λ (0 < λ ≤ 1) éŽøãâêâĲèæå, éŽöæê
(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ + ‖Ã1/2zk+1‖
)
≤ c1τ

λ, k = 1, . . . , n− 1;

(c) åñ u(t) ∈ C3([0, T ]; H)∩C([0, T ]; W 2) áŽ f(t) ∈ C1([0, T ]; H), éŽöæê

max
1≤k≤n−1

(∥∥∥Ã1/2 ∆zk

τ

∥∥∥ +
∥∥∥∆2zk

τ 2

∥∥∥ + ‖Ãzk+1‖
)
→ 0 îëùŽ τ → 0;

(d) åñ öâïîñèâĲñèæŽ (c) ìñêóðæï ìæîëĲâĲæ áŽ f ′(t) áŽ u′′′(t) òñêóùæâĲæ

ŽçéŽõëòæèâĲâê ßâèáâîæï ìæîëĲŽï λ (0 < λ ≤ 1) éŽøãâêâĲèæå, éŽöæê

(∥∥∥Ã1/2 ∆zk

τ

∥∥∥ +
∥∥∥∆2zk

τ 2

∥∥∥ + ‖Ãzk+1‖
)
≤ c1τ

λ, k = 1, . . . , n− 1.

å â ë î â é Ž 6. ãåóãŽå u0 = ϕ0, ϕ0 ∈ W 2, u1 = ϕ0 + τϕ1 + τ2

2 ϕ2,

ϕ2 = f(0)− Ãϕ0, ϕ1, Ãϕ0, f(0) ∈ W 2 áŽ ν ∈ ]− 2, 2[ . éŽöæê
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(a) åñ u(t) ∈ C3([0, T ]; H) ∩ C([0, T ]; W 2), f(t) ∈ C1([0, T ]; H), u′′′(t)

áŽ f ′(t) òñêóùæâĲæ ŽçéŽõëòæèâĲâê ßâèáâîæï ìæîëĲâĲï λ (0 < λ ≤ 1) éŽøãâ-

êâĲèæå, éŽöæê

‖zk+1‖+
∥∥∥∆zk

τ

∥∥∥ + ‖Ã1/2zk+1‖ ≤ c1τ
1+λ, k = 1, . . . , n− 1;

(b) åñ u(t) ∈ C4([0, T ]; H) ∩ C([0, T ]; W 2), f(t) ∈ C2([0, T ]; H), uIV(t)

áŽ f ′′(t) òñêóùæâĲæ ŽçéŽõëòæèâĲâê ßâèáâîæï ìæîëĲâĲï λ (0 < λ ≤ 1) éŽø-

ãâêâĲèæå, éŽöæê

∥∥∥Ã1/2∆zk

τ

∥∥∥ +
∥∥∥∆2zk

τ 2

∥∥∥ ≤ c1τ
1+λ, k = 1, . . . , n− 2.

éâëîâ åŽãöæ àŽêæýæèâĲŽ ïæéâðîæñèæ, ûëêæŽêæ êŽýâãîŽááæïçîðñèæ ïóâéŽ

ïòâîñèæ àŽîïæï àŽêðëèâĲâĲæïŽåãæï àŽýèâøæèæ ëìâîŽðëîæå (áæêŽéæçñîæ

öâéåýãâãŽ).

ìæîãâè ìŽîŽàîŽòöæ éëùâéñèæŽ ŽéëùŽêæï áŽïéŽ. ïòâîñèæ àŽîïæï àŽêðë-

èâĲŽåŽ ïæïðâéæï ëìâîŽðëîæ A àŽýèâøæèæŽ öâéáâàêŽæîŽá:

A = A0 + A1 =

=−σ0




2(1−σ)

1−2σ

∂2

∂x2 +
∂2

∂y2−ε2 1

1−2σ

∂2

∂x∂y
0

1

1−2σ

∂2

∂x∂y

∂2

∂x2 +
2(1−σ)

1−2σ

∂2

∂y2−ε2 0

0 0
∂2

∂x2 +
∂2

∂y2−4ε2 1

1−2σ



−

−σ0




0 0 −ε
3− 2σ

1− 2σ

∂

∂x

0 0 −ε
3− 2σ

1− 2σ

∂

∂y

ε
3− 2σ

1− 2σ

∂

∂x
ε

3− 2σ

1− 2σ

∂

∂y
0




. (17)
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(17) àŽýèâøæï ïŽòñúãâèäâ (1) àŽêðëèâĲæïŽåãæï ŽàâĲñèæŽ öâéáâàæ ïŽýæï

ïæéâðîæñèæ, ûëêæŽêæ êŽýâãîŽááæïçîðñèæ ïóâéŽ:

uk+1 − 2uk + uk−1

τ 2 + A0
uk+1 + νuk + uk−1

2 + ν
+ A1uk =

= f(x, y, tk), k = 1, 2, . . . , n− 1, (18)

ïŽáŽù τ = T/n (n > 1 Žîæï êŽðñîŽèñîæ îæùýãæ), tk = kτ , ν 6= −2.

u(x, y, t) äñïðæ ŽéëêŽýïêæï éæŽýèëâĲæå éêæöãêâèëĲŽá t = tk ûâîðæèöæ

ãŽùýŽáâĲå uk(x, y)-ï.

ŽéîæàŽá, (1){(3) ŽéëùŽêæï ŽéëýïêŽ áîëæï õëãâè Ĳæþäâ áŽæõãŽêâĲŽ
(
I +

τ 2

2 + ν
A0

)
ëìâîŽðëîæï öâĲîñêâĲŽäâ áæîæýèâï âîåàãŽîëãŽêæ ïŽïŽäôãîë

ìæîëĲæå.

éâëîâ ìŽîŽàîŽòöæ áŽéðçæùâĲñèæŽ åâëîâéŽ éáàîŽáëĲæï öâïŽýâĲ.

A0 ëìâîŽðëîæï àŽêïŽäôãîæï Žîâ àŽêæéŽîðâĲŽ öâéáâàêŽæîŽá:

D(A0) =
{

u ∈ [C2(Ω)]3 : u
∣∣
∂Ω = 0

}
.

å â ë î â é Ž 7. åñ u0(·, ·) áŽ u1(·, ·) ãâóðëî-òñêóùæâĲæ âçñåãêæŽê Ã0 ëìâ-

îŽðëîæï àŽêïŽäôãîæï Žîâï, ýëèë f(·, ·, ti) ãâóðëî-òñêóùæâĲæ çãŽáîŽðæå

þŽéâĲŽáæŽ áŽ ν ∈ ]− 2, 2[ , éŽöæê (18) ïóâéæïŽåãæï éŽîåâĲñèæŽ öâéáâàæ Žì-

îæëîñèæ öâòŽïâĲâĲæ:

‖uk+1‖ ≤ ak−1

[
(c0 + τεc)‖u0‖+ (c1 + τ 2εc)

∥∥∥∆u0

τ

∥∥∥+

+ τ

k∑

i=1

ak−i

∥∥Ã
−1/2
0 f(·, ·, ti)

∥∥, (19)

∥∥∥∆uk

τ

∥∥∥ ≤ (1 + tkak−1)
[
(c + τεc)

∥∥Ã
1/2
0 u0

∥∥ + c0

∥∥∥∆u0

τ

∥∥∥+

+ τ(ν0c0 + τεc)
∥∥∥Ã

1/2
0

∆uk

τ

∥∥∥ + τ
k∑

i=1

‖f(·, ·, ti)‖
]
, (20)
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∥∥Ã
1/2
0 uk+1

∥∥ ≤ ak−1

[
(c0 + τεc)

∥∥Ã
1/2
0 u0

∥∥+

+ τ(ν0c0 + τεc)
∥∥∥Ã

1/2
0

∆u0

τ

∥∥∥ + c0

∥∥∥∆u0

τ

∥∥∥
]
+

+ τ
k∑

i=1

ak−i‖f(·, ·, ti)‖, (21)

ïŽáŽù k = 1, 2, . . . , n−1, ∆uk = uk+1−uk, c, c0, c1 áŽ ν0 éæáéæãâĲæ æàæãâŽ

îŽù ûæêŽ åŽãöæ, ak = exp(εctk).

éâïŽéâ ìŽîŽàîŽòöæ áŽéðçæùâĲñèæŽ åâëîâéâĲæ çîâĲŽáëĲæï öâïŽýâĲ.

öâéëãæôëå ŽôêæöãêŽ

zk(x, y) = u(x, y, tk)− uk(x, y), k = 1, 2, . . . , n.

Žáàæèæ Žóãï öâéáâà åâëîâéâĲï.

å â ë î â é Ž 8. ãåóãŽå u0 = ϕ0, u1 = ϕ0 + τϕ1, ϕ0, ϕ1 ∈ W 2
0 ,

ν ∈ ]− 2, 2[ . éŽöæê

Ž) åñ (1){(3) ŽéëùŽêæï ŽéëêŽýïêæ

u(·, ·, t) ∈ C2([0, T ]; H) ∩ C([0, T ]; W 2
0 ) áŽ f(·, ·, t) ∈ C([0, T ]; H),

éŽöæê

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥
)
→ 0, îëùŽ τ → 0;

Ĳ) åñ f(·, ·, t) ∈ C1([0, T ]; H), éŽöæê

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ +
∥∥Ã

1/2
0 zk+1

∥∥
)
→ 0, îëùŽ τ → 0;

à) åñ f(·, ·, t) ∈ C1([0, T ]; H) áŽ u(·, ·, t) ∈ C3([0, T ]; H) ∩
C([0, T ]; W 2

0 ), éŽöæê

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ +
∥∥Ã

1/2
0 zk+1

∥∥
)
≤ c1τ.
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å â ë î â é Ž 9. ãåóãŽå u0 = ϕ0, ϕ0 ∈ W 2
0 ,

u1 = ϕ0 + τϕ1 +
τ 2

2

(
f(x, y, 0)− (Ã0ϕ0 + Ã1ϕ0)

)
,

ϕ1, Ã0ϕ0, Ã1ϕ0, f(·, ·, 0) ∈ W 2
0 , f(·, ·, t) ∈ C2([0, T ]; H) áŽ ν ∈ ] − 2, 2[ .

éŽöæê

Ž) åñ (1){(3) ŽéëùŽêæï ŽéëêŽýïêæ u(·, ·, t) ∈ C4([0, T ]; H) ∩
C([0, T ]; W 2

0 ), éŽöæê

max
1≤k≤n

‖zk‖ ≤ c1τ
2;

Ĳ) åñ u(·, ·, t) ∈ C4([0, T ]; H) ∩ C2([0, T ]; W 1
0 ) ∩ C([0, T ]; W 2

0 ), éŽöæê

max
1≤k≤n−1

(∥∥∥∆zk

τ

∥∥∥ +
∥∥Ã

1/2
0 zk+1

∥∥
)
≤ c1τ

2.

éâïŽéâ åŽãöæ àŽêæýæèâĲŽ æðâîŽùæñèæ, æðâîŽùæñè-ïýãŽëĲæŽêæ áŽ ãŽîæŽ-

ùæñè-ïýãŽëĲæŽêæ ïóâéâĲæ ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲâĲæïŽåãæï.

ìæîãâè ìŽîŽàîŽòöæ éëõãŽêæèæŽ æðâîŽùæñèæ éâåëáæ ïòâîñèæ àŽîïæï

æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéæïŽåãæï àŽýèâøæèæ ëìâîŽðëîæå.

àŽêãæýæèëå ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéŽ:

(A0 + A1)u(x, y) = f(x, y), (x, y) ∈ ]− 1, 1[× ]− 1, 1[ , (22)

áæîæýèâï âîåàãŽîëãŽêæ ïŽïŽäôãîë ìæîëĲæå, ïŽáŽù A0 áŽ A1 àŽêæïŽä-

ôãîâĲŽ (17) ûŽîéëáàâêæáŽê.

îëàëîù ùêëĲæèæŽ A0 Žîæï ïæéâðîæñèæ áŽ áŽáâĲæåŽá àŽêïŽäôãîñèæ

ëìâîŽðëîæ, ýëèë A1 ëìâîŽðëîæ ïæéâðîæñèæŽ.

(22) àŽêðëèâĲæï êŽùãèŽá ãæýæèŽãå àŽêðëèâĲŽï:

(Ã0 + Ã1)u = f, f ∈ H, (23)

ïŽáŽù Ã0 Žîæï A ëìâîŽðëîæï àŽòŽîåëâĲŽ åãæåöâñôèâĲñè ëìâîŽðëîŽé-

áâ, ýëèë Ã1 Žîæï A1-æï øŽçâðãŽ.

éŽîåâĲñèæŽ öâéáâàæ åâëîâéŽ.
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å â ë î â é Ž 10. æðâîŽùæñèæ ìîëùâïæ

Ã0un = −Ã1un−1 + f, n = 1, 2 . . . (24)

çîâĲŽáæŽ êâĲæïéæâîæ u0 ∈ D(Ã0) ïŽûõæïæ ãâóðëîæïŽåãæï áŽ éŽîåâĲñèæŽ

öâòŽïâĲŽ

∥∥Ã
1/2
0 u∗ − Ã

1/2
0 un

∥∥ ≤ qn
∥∥Ã

1/2
0 u∗ − Ã

1/2
0 u0

∥∥, (25)

ïŽáŽù u∗ Žîæï äñïðæ ŽéëêŽýïêæ,

q = (1 + λ1)
−1,

λ1 =
π2

εc(2ε +
√

2(2ε2 + π2))
, c =

3− 2σ

1− 2σ
.

éâëîâ ìŽîŽàîŽòöæ àŽêýæèñèæŽ æðâîŽùæñè-ïýãŽëĲæŽêæ éâåëáæ ïòâîñèæ

àŽîïæï æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéæïŽåãæï (ïðŽðæçŽ). öâéëåŽãŽäâĲñèæ

æðâîŽùæñèæ ìîëùâïæ ûŽîéëŽáàâêï äâæáâèæï çèŽïæçñîæ æðâîŽùæñèæ ìîë-

ùâïæï àŽêäëàŽáâĲŽï åæåëâñèæ àŽêðëèâĲæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèë-

àâĲæï óãâïæïðâéâĲæï àŽâîåæŽêâĲæïŽåãæï.

æðâîŽùææï õëãâè Ĳæþäâ ýáâĲŽ a0
∂2

∂x2+a1
∂2

∂y2−a2I (a0, a1 áŽ a2 áŽáâĲæåæ

éñáéæãâĲæŽ) áæòâîâêùæŽèñîæ ëìâîŽðëîæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèëàæï

öâĲîñêâĲŽ òŽóðëîæäŽùææïŽ áŽ æðâîŽùæñèæ éâåëáâĲæï çëéĲæêŽùææå. áŽé-

ðçæùâĲñèæŽ Žé çëéĲæêæîâĲñèæ éâåëáæï çîâĲŽáëĲŽ.

éâïŽéâ ìŽîŽàîŽòöæ àŽêýæèñèæŽ ãŽîæŽùñæè-ïýãŽëĲæŽêæ ïóâéŽ ïòâîñèæ àŽî-

ïæï æ. ãâçñŽï àŽêðæëèâĲŽåŽ ïæïðâéæïŽåãæï (áæêŽéæçŽ). (4) áæïçîâðñèæ

ŽéëùŽêæï ŽéëýïêæïŽåãæï àŽéëõâêâĲñèæŽ ãŽîæŽùæñèæ éâåëáæ. ïŽçëëîáæ-

êŽðë òñêóùæâĲŽá ŽôâĲñèæŽ èâíŽêáîæï ìëèæêëéâĲæï ïýãŽëĲâĲæ (æêðâàîâ-

Ĳæï Žîâ Žîæï ] − 1, 1[× ] − 1, 1[ çãŽáîŽðæ). öâéëåŽãŽäâĲñè ïóâéŽï ãñûë-

áâĲå ãŽîæŽùæñè-ïýãŽëĲæŽêï, îŽáàŽê áîëåæ ùãŽáæï éæéŽîå àŽéëõâêâĲñèæŽ
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ïýãŽëĲæŽêæ éâåëáæ, ýëèë ïæãîùæåæ ùãèŽáâĲæï éæéŽîå { ãŽîæŽùæñèæ. öâ-

ïŽĲŽéæï àŽêðëèâĲŽåŽ ïæïðâéŽï õëãâè áîëæå öîâäâ ãýïêæå ûæêŽ ìŽîŽàîŽò-

öæ Žôûâîæèæ çëéĲæêæîâĲñèæ éâåëáæï àŽéëõâêâĲæå.

éâëåýâ ìŽîŽàîŽòæ áŽåéëĲæèæ Žóãï ïŽáæïâîðŽùæë êŽöîëéöæ àŽêýæèñ-

èæ êŽýâãîŽááæïçîâðñèæ, æðâîŽùæñè-ïýãŽëĲæŽêæ áŽ ãŽîæŽùæñè-ïýãŽëĲæ-

Žêæ ïóâéâĲæï àŽéëõâêâĲæå ïýãŽáŽïýãŽ éëáâèñîæ ŽéëùŽêâĲæï îæùýãæåæ àŽå-

ãèæï öâáâàâĲæï ŽêŽèæäï. áŽéîàãŽèâĲæï ùáëéæèâĲæï éæéŽîå Žôêæöêñèæ ïóâ-

éâĲæï éàîúêëĲâèëĲæï áŽáàâêæï éæäêæå øŽðŽîâĲñèæŽ æïâåæ éëáâèñîæ Žéë-

ùŽêâĲæï àŽåãèâĲæ, îëéâèåŽåãæïŽù åâëîæñèŽá äñïðæ öâáâàâĲæ éææôâĲŽ.

öâæúèâĲŽ æåóãŽï, îëé àŽêýæèñèæ ïóâéâĲæï éáàîŽáëĲæï ýŽîæïýæ éŽôŽèæŽ.

öâéáâàæ ïâîæŽ éëáâèñîæ ŽéëùŽêâĲæïŽ æïâåæŽ, îëé àîŽáæâêðæ öâáŽîâĲæå

éçãâåîŽá æùãèâĲŽ, îæï àŽéëù ïŽçéŽîæïæ ïæäñïðæï éæïŽôûâãŽá ïŽüæîëŽ

ïŽîâŽèæäŽùæë ïóâéâĲæï ìŽîŽéâðîâĲæï ïŽåŽêŽáëá öâîøâãŽ. àŽåãèæï öâáâ-

àâĲæ Žïâãâ éâðõãâèâĲâê àŽêýæèñèæ ïóâéâĲæï éáàîŽáëĲæï éŽôŽè ýŽîæïýäâ.

éêæöãêâèëãŽêæŽ æïâåæ éëáâèñîæ ŽéëùŽêæï àŽêýæèãŽ, îëéâèïŽù àŽîçãâñ-

èæ ìîŽóðæçñèæ éêæöãêâèëĲŽ àŽŽøêæŽ, ŽéŽïåŽê ŽéëêŽýïêæ ûæêŽïûŽî ùêëĲæèæ

Žî Žîæï. ïŽáæïâîðŽùæë êŽöîëéöæ øŽðŽîâĲñèæŽ Žïâåæ ŽéëùŽêæï îæùýãæåæ

àŽåãèŽ. éæôâĲñèæ öâáâàâĲæ ïŽçéŽîæïŽá çŽîàŽá ŽïŽýŽãï îâŽèñî ïñîŽåï.

øŽðŽîâĲñèæŽ îæùýãæåæ âóïìâîæéâêðæ öâéëåŽãŽäâĲñèæ æðâîŽùæñèæ éâåë-

áæï âòâóðñîëĲæï öâïûŽãèæïŽåãæï. Žé éæäêæå áŽåãèæèæŽ æðâîŽùæŽåŽ îæ-

ùýãæ àŽêðëèâĲŽöæ öâéŽãŽèæ σ (ìñŽïëêæï çëâòæùæêâðæ) áŽ ε (àŽîïæï ïæïóæï

öâòŽîáâĲŽ ïòâîëï îŽáæñïåŽê) ìŽîŽéâðîâĲæï ùãèæèâĲæï éæýâáãæå. àŽå-

ãèæï öâáâàâĲæ àãæøãâêâĲï, îëé æðâîŽùææï îæùýãæ ïŽàîúêëĲèŽá æäîáâĲŽ,

îëùŽ ìñŽïëêæï çëâòæùæâêðæ ñŽýèëãáâĲŽ 0.5-ï Žê àŽîïæï ïæïóæï öâòŽîáâĲŽ

ïòâîëï îŽáæñïåŽê öâáŽîâĲæå áæáæŽ. ïýãŽ öâéåýãâãâĲæïŽåãæï æðâîŽùæŽåŽ

îæùýãæ êëîéæï òŽîàèâĲöæŽ éëåŽãïâĲñèæ.
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å Ž ã æ I

áæêŽéæçñîæ öâéåýãâãæïŽåãæï ïòâîñèæ àŽîïæï

æ. ãâçñŽï àŽêðëèâĲâĲæïŽåãæï ûëêæŽêæ ïŽéöîæŽêæ

êŽýâãîŽááæïçîâðñèæ ïóâéæï éáàîŽáëĲŽ áŽ
çîâĲŽáëĲŽ

Žé åŽãöæ àŽêýæèñèæŽ ûëêæŽêæ, ïæéâðîæñèæ (ïŽéöîæŽêæ) êŽýâãîŽááæïçîâ-

ðñèæ ïóâéŽ ïòâîñèæ àŽîïæï àŽêðëèâĲâĲæïåãæï. áæïçîâðæäŽùæŽ ýáâĲŽ áîë-

æåæ ùãèŽáæï éæéŽîå. àŽêýæèñèæ ïóâéŽ öâàãæúèæŽ ûŽîéëãæáàæêëå îëàëîù

ëìâîŽðëîñè-ïýãŽëĲæŽêæ ïóâéŽ öâïŽĲŽéæï òñêóùæëêŽèñî ïæãîùââĲöæ.

áŽéðçæùâĲñèæŽ æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéæï ëìâîŽðëîæï çëâîùæ-

ðæñèëĲŽ. ŽïëùæîâĲñèæ ìëèæêëéæï éâåëáæå (æý. [35]{[38]) éæôâĲñèæŽ Žì-

îæëîñèæ öâòŽïâĲâĲæï éåâèæ ïìâóðîæ ïýãŽëĲæŽêæ ŽéëùŽêæï éëêŽýïêæïŽåãæï.

Žïâãâ éæôâĲñèæŽ Žìîæëîñèæ öâòŽïâĲâĲæ ŽéëêŽýïêæï ìæîãâèæ áŽ éâëîâ îæ-

àæï ûŽîéëâĲñèâĲæï ïýãŽëĲæŽêæ ŽêŽèëàâĲæïŽåãæï. áŽéðçæùâĲñèæŽ åâëîâ-

éâĲæ éæŽýèëâĲæåæ ŽéëêŽýïêæï äñïðæ ŽéëêŽýïêæïŽçâê çîâĲŽáëĲï öâïŽýâĲ. öâ-

òŽïâĲñèæŽ ùåëéæèâĲæï îæàæ áîëæåæ Ĳæþæï éæéŽîå ñûõãâðæ ŽéëùŽêæï Žéë-

êŽýïêæï ïæàèñãæïáŽ éæýâáãæå.

§ 1. ŽéëùŽêæï áŽïéŽ

àŽêãæýæèëå ïòâîñèæ àŽîïæï ûëêŽïûëîëĲæï àŽêðëèâĲâĲæ áæêŽéæçñîæ

öâéåýãâãæïåãæï, æ. ãâçñŽï åâëîææï éæýâáãæå, êñèëãŽêæ éæŽýèëâĲŽ (æý. [1]):

∂2u

∂t2
+ Au = f(x, y, t), (x, y, t) ∈ QT , (1.1)
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ïŽáŽù QT = Ω× ]0, T [ , Ω = ]− 1, 1[× ]− 1, 1[ ,

A = −σ0×

×




2(1−σ)

1−2σ

∂2

∂x2 +
∂2

∂y2−ε2 1

1−2σ

∂2

∂x∂y
−ε

3−2σ

1−2σ

∂

∂x
1

1−2σ

∂2

∂x∂y

∂2

∂x2 +
2(1−σ)

1−2σ

∂2

∂y2−ε2 −ε
3−2σ

1−2σ

∂

∂y

ε
3−2σ

1−2σ

∂

∂x
ε

3−2σ

1−2σ

∂

∂y

∂2

∂x2 +
∂2

∂y2−4ε2 1

1−2σ




,

áæîæýèâï âîåàãŽîëãŽêæ ïŽïŽäôãîë

u(x, y, t)
∣∣
∂Ω = 0 (1.2)

áŽ çëöæï ïŽûõæïæ ìæîëĲâĲæå:

u(x, y, 0) = ϕ0(x, y), u′t(x, y, 0) = ϕ1(x, y). (1.3)

ïŽáŽù

f = (f1, f2, f3)
>, ϕ0 = (ϕ01, ϕ02, ϕ03)

> áŽ ϕ1 = (ϕ11, ϕ12, ϕ13)
>

ùêëĲæèæ ñûõãâðæ ãâóðëî-òñêóùæâĲæŽ, u = (u1, u2, u3)
> { ïŽúâĲêæ ãâóðëî-

òñêóùæŽŽ, ñûõãâðæ QT -öæ, îëéâèïŽù Žóãï ñûõãâðæ ux, uy, uxy, uxx, uyy, ut áŽ

utt ûŽîéëâĲñèâĲæ QT -öæ; ε = 2R−1h, h { àŽîïæï êŽýâãŽîïæïóâŽ, R { ïòâîëï

îŽáæñïæ, σ { ìñŽïëêæï çëâòæùæâêðæ, E { æñêàæï éëáñèæ, σ0 = E/2(1+σ).

(1.1){(1.3) ŽéëùŽêæï ŽéëêŽýïêï ãâúâĲå öâéáâàæ êŽýâãîŽááæïçîâðñèæ ïóâ-

éæï àŽéëõâêâĲæå:

uk+1 − 2uk + uk−1

τ 2 + A
uk+1 + νuk + uk−1

2 + ν
=

= f(x, y, tk), k = 1, . . . , n− 1, (1.4)

ïŽáŽù τ = T/n (n > 1 Žîæï êŽðñîŽèñîæ îæùýãæ), tk = kτ , ν 6= −2.

u(x, y, t) äñïðæ ŽéëêŽýïêæï éæŽýèëâĲæå éêæöãêâèëĲŽá t = tk ûâîðæèöæ

ãŽùýŽáâĲå uk(x, y)-ï.
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(1.4)-áŽê àãŽóãï (õãâèàŽê óãâéëå I-åæ ŽôêæöêñèæŽ æàæãñîæ ëìâîŽðëîæ):

(
I +

τ 2

2 + ν
A

)
uk+1 −

(
2I − τ 2ν

2 + ν
A

)
uk +

(
I +

τ 2

2 + ν
A

)
uk−1 =

= τ 2f(x, y, tk), k = 1, . . . , n− 1. (1.5)

öâéáâà ìŽîŽàîŽòöæ êŽøãâêâĲæ æóêâĲŽ, îëé A ëìâîŽðëîæ D(A)-äâ ïæéâðîæ-

ñèæŽ áŽ áŽáâĲæåŽá àŽêïŽäôãîñèæ (A ëìâîŽðëîæï àŽêïŽäôãîæï Žîâ D(A)

àŽêéŽîðâĲñèæŽ öâéáâà ìŽîŽàîŽòöæ). ŽóâáŽê àŽéëéáæêŽîâëĲï, îëé îëùŽ 2+

ν > 0 ŽîïâĲëĲï (I +
τ 2

2 + ν
A)−1 ëìâîŽðëîæ áŽ æï öâéëïŽäôãîñèæŽ.

îëùŽ k = 1 àãŽóãï u0(x, y) = ϕ0(x, y). u1-ï ãìëñèëĲå ðâæèëîæï òëî-

éñèæï àŽéëõâêâĲæå (1.3) ïŽûõæïæ ìæîëĲâĲæïŽ áŽ (1.1) àŽêðëèâĲæï àŽåãŽ-

èæïûæêâĲæå:

u1 = ϕ0 + τϕ1 +
τ 2

2

(
f(x, y, 0)− Aϕ0

)
, ϕ0 ∈ D(A). (1.6)

öâãêæöêëå, îëé (1.6) òëîéñèŽ àãŽúèâãï u(t1) ãâóðëîæï éæŽýèëâĲæå éêæö-

ãêâèëĲŽï τ -ï éæéŽîå éâïŽéâ îæàæï ïæäñïðæå, ýëèë u1 = ϕ0+τϕ1 òëîéñèŽ

çæ ùýŽáæŽ éâëîâ îæàæï ïæäñïðæå. åãæå (1.4) ïýãŽëĲæŽêæ àŽêðëèâĲŽ Žýáâêï

(1.1) àŽêðëèâĲæï ŽìîëóïæéŽùæŽï Ĳæþæï éæéŽîå éâëîâ îæàæï ïæäñïðæå.

ŽéîæàŽá, (1.1){(1.3) ŽéëùŽêæï ŽéëýïêŽ áîëæï õëãâè Ĳæþäâ áŽæõãŽêâĲŽ

(
I +

τ 2

2 + ν
A

)
u(x, y) = f(x, y),

(x, y) ∈ Ω = ]− 1, 1[× ]− 1, 1[ ,

(1.7)

ïŽýæï àŽêðëèâĲæï ŽéëýïêŽäâ áæîæýèâï âîåàãŽîëãŽêæ ïŽïŽäôãîë ìæîëĲæå

u(x, y)
∣∣
∂Ω = 0. (1.8)
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§ 2. æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéæï ëìâîŽðëîæï

çëâîùæðæñèëĲŽ

öâéëãæôëå öâéáâàæ ïæãîùââĲæ:

L2(Ω) { Ω Žîâöæ çãŽáîŽðëå þŽéâĲŽá òñêóùæŽåŽ ïæãîùâ (ßæèĲâîðæï

ïæãîùâ);

H = [L2(Ω)]3 { ßæèĲâîðæï ïæãîùâ, öâïŽĲŽéæïŽá ïçŽèŽîñèæ êŽéîŽãèæå

áŽ êëîéæå:

((u, v)) = (u1, v1) + (u2, v2) + (u3, v3),

‖u‖ =
(‖u1‖2

L2
+ ‖u2‖2

L2
+ ‖u3‖2

L2

)1/2
,

ïŽáŽù u = (u1, u2, u3) áŽ v = (v1, v2, v3) ãâóðëî-òñêóùæâĲæŽ çëéìëêâêðâ-

Ĳæå L2(Ω)-áŽê, (·, ·) áŽ ‖·‖
L2

, öâïŽĲŽéæïŽá, ïçŽèŽîñèæ êŽéîŽãèæ áŽ êëîéŽŽ

L2[Ω] ßæèĲâîðæï ïæãîùâöæ;

Cm(Ω) { ïæéîŽãèâ Ω-öæ ñûõãâðæ òñêóùæâĲæïŽ, îëéâèåŽù Žóãå ñûõãâðæ

ûŽîéëâĲñèâĲæ m îæàŽéáâ øŽåãèæå Ω-öæ;

[Cm(Ω)]3 { ïæéîŽãèâ u = (u1, u2, u3) ãâóðëî-òñêóùæâĲæïŽ, çëéìëêâêðâĲæå

Cm(Ω)-áŽê.

A ëìâîŽðëîæï àŽêïŽäôãîæï Žîâ àŽêãéŽîðëå öâéáâàêŽæîŽá:

D(A) =
{

u ∈ [C2(Ω)]3 : u
∣∣
∂Ω = 0

}
.

Žáàæèæ Žóãï öâéáâà åâëîâéŽï.

å â ë î â é Ž 2.1. A ëìâîŽðëîæ ïæéâðîæñèæŽ D(A) èæêâŽèäâ áŽ

éŽîåâĲñèæŽ ñðëèëĲŽ

((Au, u)) ≥ α0

[(‖∂xu1‖2
L2

+ ‖∂yu1‖2
L2

)
+

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
+

+
(‖∂xu3‖2

L2
+ ‖∂yu3‖2

L2

)]
, ∀u ∈ D(A), (2.1)
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ïŽáŽù α0 = min
(1

2
,

π2

π2 + 4ε2

)
.

á Ž é ð ç æ ù â Ĳ Ž . ùýŽáæŽ àãŽóãï:

Au = −




a∂2
xxu1 + ∂2

yyu1 − ε2u1 + b∂2
xyu2 − εc∂xu3

b∂2
xyu1 + ∂2

xxu2 + a∂2
yyu2 − ε2u2 − εc∂yu3

εc∂xu1 + εc∂yu2 + ∂2
xxu3 + ∂2

yyu3 − 4ε2bu3


 ,

ïŽáŽù

a =
2(1− σ)

1− 2σ
, b =

1

1− 2σ
, c =

3− 2σ

1− 2σ
.

àŽéëãåãŽèëå ïçŽèŽîñèæ êŽéîŽãèæ ((Au, v)). ùýŽáæŽ, àãŽóãï:

((Au, v)) = −
[
a(∂2

xxu1, v1) + (∂2
yyu1, v1)− ε2(u1, v1)+

+ b(∂2
xyu2, v1)− εc(∂xu3, v1) + b(∂2

xyu1, v2)+

+ (∂2
xxu2, v2) + a(∂2

yyu2, v2)− ε2(u2, v2)−
− εc(∂yu3, v2) + εc(∂xu1, v3) + εc(∂yu2, v3)+

+ (∂2
xxu3, v3) + (∂2

yyu3, v3)− 4ε2b(u3, v3)
]
.

åñ u, v ∈ D(A), éŽöæê êŽûæèëĲæåæ æêðâàîâĲæï òëîéñèæï àŽéëõâêâĲæå éæ-

ãæôâĲå:

((Au, v)) = a(∂xu1, ∂xv1) + (∂yu1, ∂yv1) + ε2(u1, v1)+

+ b(∂yu2, ∂xv1) + εc(∂xu3, v1) + b(∂yu1, ∂xv2)+

+ (∂xu2, ∂xv2) + a(∂2
yu2, ∂yv2) + ε2(u2, v2)+

+ εc(∂yu3, v2)− εc(∂xu1, v3)− εc(∂yu2, v3)+

+ (∂xu3, ∂xv3) + (∂yu3, ∂yv3) + 4ε2b(u3, v3), (2.2)

((u,Av)) = a(∂xu1, ∂xv1) + (∂yu1, ∂yv1) + ε2(u1, v1)+

+ b(∂yu1, ∂xv2) + εc(∂xu1, v3) + b(∂yu2, ∂xv1)+
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+ (∂xu2, ∂xv2) + a(∂2
yu2, ∂yv2) + ε2(u2, v2)+

+ εc(u2, ∂yv3)− εc(u3, ∂xv1)− εc(u3, ∂yv2)+

+ (∂xu3, ∂xv3) + (∂yu3, ∂yv3) + 4ε2b(u3, v3). (2.3)

(2.2) áŽ (2.3)-áŽê (∂xui, vj) = −(ui, ∂xvj) áŽ (∂yui, vj) = −(ui, ∂yvj)

(i, j = 1, 2, 3) ðëèëĲâĲæï àŽåãŽèæïûæêâĲæå àŽéëéáæêŽîâëĲï:

((Au, v)) = ((u,Av)), ∀u, v ∈ D(A).

(2.2)-áŽê àŽéëéáæêŽîâëĲï:

((Au, u)) =
(
a‖∂xu1‖2

L2
+ ‖∂yu1‖2

L2

)
+

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
+

+
(‖∂xu3‖2

L2
+ ‖∂yu3‖2

L2

)
+ ε2(‖u1‖2

L2
+ ‖u2‖2

L2
+ 4b‖u3‖2

L2

)
+

+ 2b(∂xu1, ∂yu2)− 2εc(u3, ∂xu1 + ∂yu2). (2.4)

ùýŽáæŽ, îëé

‖∂xu1 + ∂yu2‖2
L2

= ‖∂xu1‖2
L2

+ ‖∂yu2‖2
L2

+ 2(∂xu1, ∂yu2) (2.5)

áŽ

−2εc(u3, ∂xu1 + ∂yu2) = −2ε(2b + 1)(u3, ∂xu1 + ∂yu2) =

= −4εb(u3, ∂xu1 + ∂yu2)− 2ε(u3, ∂xu1 + ∂yu2) =

= −4εb(u3, ∂xu1 + ∂yu2) + 2ε(∂xu3, u1) + 2ε(∂yu3, u2). (2.6)

åñ (2.4) ðëèëĲŽöæ øŽãïãŽéå a = b + 1 áŽ àŽãæåãŽèæïûæêâĲå (2.5) áŽ

(2.6) ðëèëĲâĲï, éæãæôâĲå:

((Au, u)) =
(‖∂xu1‖2

L2
+ ‖∂yu1‖2

L2

)
+

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
+

+ b
[
‖∂xu1 + ∂yu2‖2

L2
− 4ε(u3, ∂xu1 + ∂yu2) + 4ε2‖u3‖2

L2

]
+

+
(‖∂xu3‖2

L2
+ 2ε(∂xu3, u1) + ε2‖u1‖2

L2

)
+
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+
(‖∂yu3‖2

L2
+ 2ε(∂yu3, u2) + ε2‖u2‖2

L2

)
=

=
(‖∂xu1‖2

L2
+ ‖∂yu1‖2

L2

)
+

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
+

+ b
∥∥∂xu1 + ∂yu2 − 2εu3

∥∥2

L2

+

+ ‖∂yu3 + εu1‖2
L2

+ ‖∂yu3 + εu2‖2
L2

. (2.7)

ùýŽáæŽ, (2.7)-áŽê öãŽîùæï ñðëèëĲæï àŽéëõâêâĲæå àŽéëéáæêŽîâëĲï:

((Au, u)) ≥ (‖∂xu1‖2
L2

+ ‖∂yu1‖2
L2

)
+

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
+

+
(
‖∂xu3‖2

L2
+ ε2‖u1‖2

L2
− 2ε‖∂xu3‖L2

· ‖u1‖L2

)
+

+
(
‖∂yu3‖2

L2
+ ε2‖u2‖2

L2
− 2ε‖∂yu3‖L2

· ‖u2‖L2

)
. (2.8)

îëàëîù ùêëĲæèæŽ éŽîåâĲñèæŽ ñðëèëĲŽ (æý. [40], àã. 195):

‖∂xui‖2
L2

+ ‖∂yui‖2
L2
≥ π2

2
‖ui‖2

L2
, i = 1, 2, 3. (2.9)

(2.8)-áŽê (2.9)-æï àŽåãŽèæïûæêâĲæå éææôâĲŽ:

((Au, u)) ≥ 1

2

(‖∂xu1‖2
L2

+ ‖∂yu1‖2
L2

)
+

1

2

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
+

+

(
‖∂xu3‖2

L2
+

(
ε2 +

π2

4

)
‖u1‖2

L2
− 2ε‖∂xu3‖L2

· ‖u1‖L2

)
+

+

(
‖∂yu3‖2

L2
+

(
ε2 +

π2

4

)
‖u2‖2

L2
− 2ε‖∂yu3‖L2

· ‖u2‖L2

)
. (2.10)

ε-ñðëèëĲæï åŽêŽýéŽá àãŽóãï:

‖∂xu3‖2
L2

+
(
ε2 +

π2

4

)
‖u1‖2

L2
− 2ε‖∂xu3‖L2

· ‖u1‖L2
≥

≥ ‖∂xu3‖2
L2

+
(
ε2 +

π2

4

)
‖u1‖2

L2
−

−ε
[(

ε +
π2

4ε

)−1
‖∂xu3‖2

L2
+

(
ε +

π2

4ε

)
‖u1‖2

L2

]
=

=
(
1− ε

ε + π2

4ε

)
‖∂xu3‖2

L2
=

π2

π2 + 4ε2 ‖∂xu3‖2
L2

. (2.11)
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ŽêŽèëàæñîŽá:

‖∂yu3‖2
L2

+
(
ε2 +

π2

4

)
‖u2‖2

L2
− 2ε‖∂yu3‖L2

· ‖u2‖L2
≥

≥ π2

π2 + 4ε2 ‖∂yu3‖2
L2

. (2.12)

(2.10)-áŽê (2.11) áŽ (2.12)-æï àŽåãŽèæïûæêâĲæå éææôâĲŽ:

((Au, u)) ≥ 1

2

(‖∂xu1‖2
L2

+ ‖∂yu1‖2
L2

)
+

1

2

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
+

+
π2

π2 + 4ε2

(‖∂xu3‖2
L2

+ ‖∂yu3‖2
L2

) ≥

≥ α0

[(‖∂xu1‖2
L2

+ ‖∂yu1‖2
L2

)
+

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
+

+
(‖∂xu3‖2

L2
+ ‖∂yu3‖2

L2

)]
. ¤

ö â á â à æ 2.1. A ëìâîŽðëîæ áŽáâĲæåŽá àŽêïŽäôãîñèæŽ

((Au, u)) ≥ π2α0

2

(‖u1‖2
L2

+ ‖u2‖2
L2

+ ‖u3‖2
L2

)
. (2.13)

(2.13) ñðëèëĲŽ àŽéëéáæêŽîâëĲï (2.1)-áŽê (2.9)-æï àŽåãŽèæïûæêâĲæå.

ŽéîæàŽá, øãâê ãŽøãâêâå, îëé A ëìâîŽðëîæ Žîæï ïæéâðîæñèæ áŽ áŽáâ-

ĲæåŽá àŽêïŽäôãîñèæ D(A)-äâ. îëàëîù ùêëĲæèæŽ æàæ öâàãæúèæŽ àŽãŽòŽî-

åëëå åãæåöâñôèâĲñè áŽáâĲæåŽá àŽêïŽäôãîñè Ã ëìâîŽðëîŽéáâ. ŽéŽï-

åŽê, (2.13) ñðëèëĲŽ öâêŽîøñêâĲñèæ æóêâĲŽ D(Ã) ⊃ D(A)-äâ (æý. [41]).

§ 3. Žìîæëîñèæ öâòŽïâĲâĲæ ïýãŽëĲæŽêæ ŽéëùŽêæï

ŽéëêŽýïêæïŽåãæï

Žáàæèæ Žóãï öâéáâà åâëîâéŽï.

å â ë î â é Ž 3.1. ãåóãŽå u0, u1 ∈ D(Ã) (Ã Žîæï A-ï àŽòŽîåëâĲŽ

åãæåöâñôèâĲñè ëìâîŽðëîŽéáâ). f(·, ·, tk) ∈ H, k = 1, . . . , n − 1, ν ∈
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]− 2, 2[ , éŽöæê (1.4) ïóâéæïŽåãæï éŽîåâĲñèæŽ öâéáâàæ öâòŽïâĲâĲæ:

‖Ãsuk+1‖ ≤ c0

(
‖Ãsu0‖+

∥∥∥B1/2
τ Ãs−1/2∆u0

τ

∥∥∥+

+ τ

k∑
i=1

∥∥Ãs−1/2B−1/2
τ fi

∥∥
)

, 0 ≤ s ≤ 1, (3.1)

‖Ãsuk+1‖ ≤ c0

(
‖Ãsu0‖+

∥∥∥B1/2
τ Ãs−1/2∆u0

τ

∥∥∥
)
+

+ τ

k∑
i=1

‖Ãs−1/2fi‖, 0 ≤ s ≤ 1, fi ∈ D(Ãs−1/2), (3.2)

‖Ãsuk+1‖ ≤ c0

(
‖Ãsu0‖+

∥∥∥Ãs−1/2∆u0

τ

∥∥∥ + ν0‖Ãs(∆u0)‖
)

+

+ τ

k∑

i=1

‖Ãs−1/2fi‖, 0 ≤ s ≤ 1, fi ∈ D(Ãs−1/2), (3.3)

‖Ãsuk+1‖ ≤ c0

(
‖Ãsu0‖+

∥∥∥Ãs−1/2∆u0

τ

∥∥∥ + ν0‖Ãs(∆u0)‖
)

+

+ c̃(1− s) · τ 2(1−s)
k∑

i=1

‖fi‖, 1

2
≤ s ≤ 1, (3.4)

‖uk+1‖ ≤ c0‖u0‖+ c1

∥∥∥∆u0

τ

∥∥∥ + τ

k∑
i=1

‖Ã−1/2fi‖, 0 ≤ s ≤ 1, (3.5)

ïŽáŽù ∆u0 = u1 − u0, fk = f(·, ·, tk)

c0 =
2√

2− ν
, c1(τ) = 2

(2 + ν + ατ 2

(4− ν2)α

)1/2
, α =

π2α0

2
,

c̃(s) = 21−2s
(2 + ν

2− ν

)1/2−s

, ν0 =
1√

2 + ν
, Bτ = I +

τ 2

2 + ν
Ã.

Žé åâëîâéæï áŽéðçæùâĲæïŽåãæï øãâê áŽàãüæîáâĲŽ öâéáâàæ èâéŽ (æý. [37]).

è â é Ž 3.2. ãåóãŽå éëùâéñèæŽ îâçñîâêðñèæ áŽéëçæáâĲñèâĲŽ

un+1 = Lun − Sun−1 + fn, n = 1, 2, . . . ,
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ïŽáŽù L áŽ S X ûîòæã ïæãîùâöæ éëóéâáæ çëéñðŽðæñîæ ëìâîŽðëîâĲæŽ. u0,

u1 áŽ fn éëùâéñèæ ãâóðëîâĲæŽ Žé ïæãîùæáŽê, éŽöæê éŽîåâĲñèæŽ òëîéñèŽ

un+1 = Un(L, S)u1 − SUn−1(L, S)u0 +
n∑

i=1

Un−ifi, (3.6)

ïŽáŽù Un(L, S) ëìâîŽðëî-ìëèæêëéâĲæ ŽçéŽõëòæèâĲâê öâéáâà îâçñîâêðñè

áŽéëçæáâĲñèâĲŽï:

Un(L, S) = LUn−1(L, S)− SUn−2(L, S),

U0(L, S) = I, U−1(L, S) ≡ 0.
(3.7)

å â ë î â é Ž 3.1 - æ ï á Ž é ð ç æ ù â Ĳ Ž . (1.5) áŽéëçæáâĲñèâĲæáŽê

ãôâĲñèëĲå

uk+1 = Lτuk − uk−1 + τ 2B−1
τ fk, k = 1, . . . , n− 1, (3.8)

ïŽáŽù

Bτ = I +
τ 2

2 + ν
Ã, Lτ = (2 + ν)B−1

τ − νI.

(3.6) òëîéñèæï àŽéëõâêâĲæå (3.8) îâçñîâêðñèæ áŽéëçæáâĲñèâĲæïŽåãæï

ãôâĲñèëĲå:

uk+1 = Uk(Lτ , I)u1 − Uk−1(Lτ , I)u0 + τ 2
k∑

i=1

Uk−i(Lτ , I)B−1
τ fi. (3.9)

ŽóâáŽê éŽîðæãæ àŽîáŽóéêâĲæå ãôâĲñèëĲå (øŽûâîæï ïæéŽîðæãæïŽåãæï

(Uk(Lτ , I)-æï êŽùãèŽá áŽãûâîëå Uk):

uk+1 = τUk
∆u0

τ
+ (Uk − Uk−1)u0 + τ 2

k∑
i=1

Uk−iB
−1
τ fi. (3.10)

åñ (3.10) ðëèëĲæï ëîæãâ éýŽîâï éëãáâĲå Ãs (0 ≤ s ≤ 1) ëìâîŽðëîï áŽ

àŽáŽãŽèå êëîéâĲäâ, éæãæôâĲå:

‖Ãsuk+1‖ ≤ τ
∥∥∥ÃsUk

∆u0

τ

∥∥∥− ‖Uk − Uk−1‖ · ‖Ãsu0‖+
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+ τ 2
k∑

i=1

∥∥ÃsUk−iB
−1
τ fi

∥∥. (3.11)

Žé ñðëèëĲæï éŽîþãâêŽ éýŽîâöæ öâéŽãŽèæ ìæîãâèæ öâïŽçîâĲæïŽåãæï àãŽóãï:

τ
∥∥∥ÃsUk

∆u0

τ

∥∥∥ ≤ τ
∥∥Ã1/2B−1/2

τ Uk

∥∥ ·
∥∥∥B1/2

τ Ãs−1/2 ∆u0

τ

∥∥∥. (3.12)

ùýŽáæŽ öâéáâàæ ûŽîéëáàâêŽ:

2I − Lτ = τ 2ÃB−1
τ .

ßŽæêùæï ùêëĲæèæ åâëîâéæï (æý. [39], [42]) åŽêŽýéŽá éŽîåâĲñèæŽ ðëèëĲŽ

(2I − Lτ)
s = (τ 2ÃB−1

τ )s = τ 2sÃsB−s
τ , 0 ≤ s ≤ 1. (3.13)

Žé òëîéñèæï àŽéëõâêâĲæå éææôâĲŽ:

τ
∥∥Ã1/2B−1/2

τ Uk

∥∥ =
∥∥(2I − Lτ)

1/2Uk(Lτ , I)
∥∥.

àŽêãæýæèëå Uk(Lτ , I) ëìâîŽðëî-ìëèæêëéæï öâïŽĲŽéæïæ ïçŽèŽîñèæ ìë-

èæêëéæ Uk(x, 1). ùýŽáæŽ, îëé Uk(2x, 1) ìëèæêëéâĲæ ûŽîéëŽáàâêâê øâĲæöâãæï

éâëîâ àãŽîæï ìëèæêëéâĲï, îëéâèåŽåãæïŽù éŽîåâĲñèæŽ ûŽîéëáàâêŽ (æý.

[43]):

Uk(2x, 1) =
sin[(k + 1) arccos x]√

1− x2
, x ∈ ]− 1, 1[ .

ŽóâáŽê éææôâĲŽ

Uk(x, 1) =
2 sin

[
(k + 1) arccos x

2

]
√

4− x2
, x ∈ ]− 2, 2[ . (3.14)

æêáñóùææï àŽéëõâêâĲæå ŽáãæèŽá éðçæùáâĲŽ öâéáâàæ òëîéñèâĲæï ïŽéŽî-

åèæŽêëĲŽ:

U2n(x, 1) = 2
[
cos 2nθ + cos(2n− 2)θ + · · ·+ cos 2θ

]
+ 1, (3.15)

U2n+1(x, 1) = 2
[
cos(2n + 1)θ + cos(2n− 1)θ + · · ·+ cos θ

]
, (3.16)

ïŽáŽù θ = arccos x
2 .
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(3.14) ûŽîéëáàâêæáŽê éææôâĲŽ öâòŽïâĲŽ:

|Uk(x, 1)| ≤ 2√
4− x2

, |x| < 2. (3.17)

ùýŽáæŽ, (3.15) áŽ (3.16)-áŽê éææôâĲŽ öâòŽïâĲŽ:

|Uk(x, 1)| ≤ k + 1, |x| ≤ 2. (3.18)

îëàëîù ùêëĲæèæŽ, ëìâîŽðëî-ìëèæêëéæï êëîéŽ, îëùŽ Žîàñéâêðæ ûŽî-

éëŽáàâêï åãæåöâñôèâĲñè öâéëïŽäôãîñè ëìâîŽðëîï, ðëèæŽ öâïŽĲŽéæïæ

ïçŽèŽîñèæ ìëèæêëéæï C-êëîéæïŽ ïìâóðîäâ (æý. éŽà. [44]). Žé öâáâàæï úŽèæå

àãâóêâĲŽ:

τ
∥∥Ã1/2B−1/2

τ Uk

∥∥ =
∥∥(2I − Lτ)

1/2Uk(Lτ , I)
∥∥ =

= max
x∈Sp(Lτ )

∣∣(2− x)1/2Uk(x, 1)
∣∣. (3.19)

öâãŽòŽïëå Lτ ëìâîŽðëîæï ïìâóðîæ. ŽéæïŽåãæï ïŽçéŽîæïæŽ öâãŽòŽïëå B−1
τ

ëìâîŽðëîæï ïìâóðîæ. öâáâàæ 2.1-æï åŽêŽýéŽá àãŽóãï:

((Bτu, u)) ≥
(
1 +

τ 2α

2 + ν

)
‖u‖2, ∀u ∈ D(Ã).

ŽóâáŽê àŽéëéáæêŽîâëĲï:

0 ≤ ((B−1
τ u, u)) ≤

(
1 +

τ 2α

2 + ν

)−1
((u, u)), ∀u ∈ H.

âï áŽéëçæáâĲñèâĲŽ êæöêŽãï, îëé

Sp(B
−1
τ ) ⊂

[
0,

(
1 +

τ 2α

2 + ν

)−1]
.

ŽóâáŽê áŽ

Lτ = (2 + ν)B−1
τ − νI

ûŽîéëáàâêæáŽê àŽéëéáæêŽîâëĲï

Sp(Lτ) ⊂ [−ν, ντ ], (3.20)
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ïŽáŽù

ντ =
4 + 2ν − νατ 2

2 + ν + ατ 2 , ν ∈ ]− 2, 2[ .

(3.20) áŽéëçæáâĲñèâĲæï áŽ (3.17) öâòŽïâĲæï åŽêŽýéŽá àãŽóãï

max
x∈Sp(Lτ )

∣∣(2− x)1/2Uk(x, 1)
∣∣ ≤ max

x∈Sp(Lτ )

(√
2− x · 2√

4− x2

)
≤

≤ max
x∈[−ν,ντ ]

2√
2 + x

=
2√

2− ν
. (3.21)

(3.19) áŽ (3.21)-áŽê àŽéëéáæêŽîâëĲï

τ
∥∥Ã1/2B−1/2

τ Uk(Lτ , I)
∥∥ ≤ 2√

2− ν
. (3.22)

(3.12)áŽ (3.22)-áŽê àŽéëéáæêŽîâëĲï:

τ
∥∥∥ÃsUk(Lτ , I)

∆u0

τ

∥∥∥ ≤ c0

∥∥∥B1/2
τ Ãs−1/2∆u0

τ

∥∥∥. (3.23)

(3.23) ñðëèëĲæï àŽåãŽèæïûæêâĲæå éææôâĲŽ:

∥∥ÃsUk−iB
−1
τ ϕ

∥∥ ≤
∥∥Ã1/2B−1/2

τ Uk−i

∥∥ ·
∥∥Ãs−1/2B−1/2

τ ϕ
∥∥ ≤

≤ c0
∥∥Ãs−1/2B−1/2

τ ϕ
∥∥, ∀ϕ ∈ H. (3.24)

öâãŽòŽïëå (3.11) ñðëèëĲŽöæ öâéŽãŽèæ Uk − Uk−1 ëìâîŽðëî-ìëèæêëéæï

êëîéŽ. öâïŽĲŽéæïæ ïçŽèŽîñèæ ìëèæêëéæïŽåãæï éŽîåâĲñèæŽ öâòŽïâĲŽ:

∣∣Uk(x, 1)− Uk−1(x, 1)
∣∣ ≤ 2√

2 + x
, x ∈ ]− 2, 2[ . (3.25)

éŽîåèŽù àãŽóãï:

Uk(x, 1)− Uk−1(x, 1) =
2
[
sin((k + 1) arccos x

2)− sin(k arccos x
2)

]
√

4− x2
=

=
4 cos

[
(k + 1

2) arccos x
2

] · sin(1
2 arccos x

2)√
4− x2

=

= ±4 cos(k + 1
2)θ√

4− x2
·
√

1− cos θ

2
=
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= ±4 cos(k + 1
2)θ√

4− x2
·
√

2− x

2
= ±2 cos(k + 1

2)θ√
2 + x

.

ùýŽáæŽ, ŽóâáŽê çæ àŽéëéáæêŽîâëĲï (3.25) öâòŽïâĲŽ. åñ âýèŽ àŽãæåãŽèæïûæ-

êâĲå (3.25) öâòŽïâĲŽï, éŽöæê éæãæôâĲå:

∥∥Uk(Lτ , I)− Uk−1(Lτ , I)
∥∥ = max

x∈Sp(Lτ )

∣∣Uk(x, 1)− Uk−1(x, 1)
∣∣ ≤

≤ max
x∈Sp(Lτ )

2√
2 + x

≤ max
x∈[−ν,ντ ]

2√
2 + x

= c0. (3.26)

(3.11)-áŽê (3.23), (3.24) áŽ (3.26) öâòŽïâĲâĲæï àŽåãŽèæïûæêâĲæå àŽéëéáæ-

êŽîâëĲï (3.1) öâòŽïâĲŽ.

áŽãŽéðçæùëå (3.2) ñðëèëĲŽ.

ùýŽáæŽ, éŽîåâĲñèæŽ ñðëèëĲŽ

∥∥ÃsUkB
−1
τ ϕ

∥∥ ≤
∥∥Ã1/2B−1

τ Uk

∥∥ · ‖Ãs−1/2ϕ‖, ∀ϕ ∈ D(Ãs−1/2). (3.27)

(3.13) ðëèëĲæïŽ áŽ

B−1
τ = (2 + ν)−1(νI + Lτ) (3.28)

ûŽîéëáàâêæï àŽåãŽèæïûæêâĲæå àãŽóãï:

τÃ1/2B−1
τ Uk = τ(Ã1/2B̃−1/2

τ )B−1/2Uk = (τÃB−1)1/2B−1/2
τ Uk =

= (2 + ν)−1/2(2I − Lτ)
1/2(νI + Lτ)

1/2Uk(Lτ , I). (3.29)

îŽáàŽê Lτ Žîæï åãæåöâñôèâĲñèæ öâéëïŽäôãîñèæ ëìâîŽðëîæ, Žéæðëé

(3.29)-áŽê àŽéëéáæêŽîâëĲï öâéáâàæ öâòŽïâĲŽ:

τ
∥∥Ã1/2B−1

τ Uk(Lτ , I)
∥∥ =

= (2 + ν)−1/2 max
x∈Sp(Lτ )

∣∣(2− x)1/2(ν + x)1/2Uk(x, 1)
∣∣.
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ŽóâáŽê (3.17) öâòŽïâĲæïŽ áŽ (3.20) áŽéëçæáâĲñèâĲæï åŽêŽýéŽá àŽéëéáæ-

êŽîâëĲï:

τ
∥∥Ã1/2B−1

τ Uk(Lτ , I)
∥∥ ≤

≤ 1√
2 + ν

max
x∈[−ν,ντ ]

[
(2− x)1/2(ν + x)1/2 · 2√

4− x2

]
=

=
2√

2 + ν
max

x∈[−ν,ντ ]

(ν + x

2 + x

)1/2
=

2√
2 + ν

(ν + ντ

2 + ντ

)1/2
=

=
2√

2 + ν

2 + ν√
2 + ν + ατ 2

√
2 + ν + ατ 2

4(2 + ν) + (2− ν)ατ 2 ≤ 1. (3.30)

(3.27) áŽ (3.30)-áŽê àŽéëéáæêŽîâëĲï:

∥∥ÃsUkB
−1
τ ϕ

∥∥ ≤ 1

τ
‖Ãs−1/2ϕ‖, ∀ϕ ∈ D(Ãs−1/2). (3.31)

(3.11)-áŽê (3.23), (3.26) áŽ (3.31) öâòŽïâĲâĲæï àŽåãŽèæïûæêâĲæå éæãæôâĲå

(3.2)-ï.

áŽãŽéðçæùëå (3.3) öâòŽïâĲŽ.

ëìâîŽðëîæï ûæèŽá ýŽîæïýæï àŽêïŽäôãîæï áŽ ßŽæêùæï åâëîâéæï åŽêŽý-

éŽá (æý. [39], [42]) àãŽóãï:

‖B1/2
τ R−1

τ ‖ =
∥∥B1/2

τ (R−2
τ )1/2

∥∥ =
∥∥(Bτ(R

−2
τ ))1/2

∥∥. (3.32)

ïŽáŽù

Rτ = I + τν0Ã
1/2.

îŽáàŽê R2
τ ≥ Bτ ≥ 0, Žéæðëé éŽîåâĲñèæŽ ñðëèëĲŽ:

∥∥Bτ(R
2
τ)
−1

∥∥ = ‖BτR
−2
τ ‖ ≤ 1.

ŽóâáŽê áŽ (3.32)-áŽê àŽéëéáæêŽîâëĲï

∥∥B1/2
τ (R−1

τ )
∥∥ ≤ 1.
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Žé ñðëèëĲæï åŽêŽýéŽá àãŽóãï:

∥∥B1/2
τ Ãs−1/2ϕ

∥∥ ≤ ‖B1/2
τ R−1

τ ‖ ·
∥∥Rτ Ã

s−1/2ϕ
∥∥ ≤

≤
∥∥(I + τν0Ã

1/2)Ãs−1/2ϕ
∥∥ ≤

≤ ‖Ãs−1/2ϕ‖+ τν0‖Ãsϕ‖, ∀ϕ ∈ D(Ãs). (3.33)

åñ Žé ñðëèëĲŽï øŽãïãŽéå (3.2)-öæ , éæãæôâĲå (3.3) öâòŽïâĲŽï.

áŽãŽéðçæùëå (3.4) öâòŽïâĲŽ.

éŽîåâĲñèæŽ öâòŽïâĲŽ (áŽéðçæùâĲŽ æýæèâå éëéáâãêë ìŽîŽàîŽòöæ):

∥∥(2I − Lτ)Uk(Lτ , I)ϕ
∥∥ ≤ c̃(s)τ 2s‖Ãsϕ‖, 0 ≤ s ≤ 1

2
, ϕ ∈ D(Ãs)

Žé öâòŽïâĲæï åŽêŽýéŽá àãŽóãï:

∥∥τ 2ÃsB−1
τ Uk(Lτ , I)

∥∥ =
∥∥(τ 2ÃB−1

τ )Ã−(1−s)Uk(Lτ , I)
∥∥ =

=
∥∥(2I − Lτ)Uk(Lτ , I)Ã−(1−s)

∥∥ ≤ c̃(1− s)τ 2(1−s),
1

2
≤ s ≤ 1. (3.34)

ùýŽáæŽ (3.23) áŽ (3.33)-áŽê àŽéëéáæêŽîâëĲï:

τ
∥∥ÃsUk(Lτ , I)ϕ

∥∥ ≤
≤ c0

(‖Ãs−1/2ϕ‖+ τν0‖Ãsϕ‖), 0 ≤ s ≤ 1, ϕ ∈ D(Ãs). (3.35)

(3.11)-áŽê (3.26), (3.34) áŽ (3.35) ñðëèëĲâĲæï àŽåãŽèæïûæêâĲæå àŽéëéáæ-

êŽîâëĲï (3.4) öâòŽïâĲŽ.

áŽãŽéðçæùëå (3.5) öâòŽïâĲŽ.

(3.17) öâòŽïâĲæï àŽåãŽèæïûæêâĲæå àãŽóãï

τ‖Uk(Lτ , I)‖ = τ max
x∈Sp(Lτ )

|Uk(x, 1)| ≤ τ max
x∈[−ν,ντ ]

2√
4− x2

≤

≤ 2τ√
(2− ν)(2− ντ)

= 2
(2 + ν + ατ 2

(4− ν2)α

)1/2
. (3.36)
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(3.30) ñðëèëĲæï àŽåãŽèæïûæêâĲæå àãŽóãï:

τ‖UkB
−1
k ϕ‖ ≤ τ

∥∥Ã1/2B−1
τ Uk

∥∥ · ‖Ã−1/2ϕ‖ ≤
≤ ‖Ã−1/2ϕ‖, ∀ϕ ∈ H. (3.37)

(3.10)-áŽê (3.26), (3.32) áŽ (3.36) öâòŽïâĲâĲæï àŽåãŽèæïûæêâĲæå éæãæôâĲå

(3.5)-ï. ¤

ñðëèëĲâĲæ, îëéèâĲæù éææôâĲæŽê åâëîâéŽ 3.1-áŽê, îëùŽ s = 0, s = 1
2 áŽ

s = 1 áŽéðçæùâĲñèæŽ [37]-öæ ŽĲïðîŽóðñèæ ßæìâîĲëèñîæ àŽêðëèâĲæïŽåãæï

åãæåöâñôèâĲñèæ áŽáâĲæåŽá àŽêïŽäôãîñèæ ëìâîŽðëîæå.

ïýãŽëĲæŽêæ ŽéëùŽêæïŽåãæï Žìîæëîñèæ öâòŽïâĲâĲæï éæôâĲæï éâåëáæ, îë-

éâèïŽù ãæõâêâĲå Žé êŽöîëéöæ, àŽêýæèñèæŽ [37]-öæ. Žé éâåëáï øãâê ãñûëáâĲå

ŽïëùæîâĲñèæ ìëèæêëéâĲæï éâåëáï. âï ïŽýâèûëáâĲŽ øãâêæ Žäîæå ĲñêâĲîæ-

ãæŽ, îŽáàŽê ïŽäëàŽáëá éîŽãŽèöîæŽêæ ïóâéæï éáàîŽáëĲæï àŽéëçãèâãŽ áŽ

éæïåãæï Žìîæëîñèæ öâòŽïâĲâĲæï éæôâĲŽ áŽæõãŽêâĲŽ Žé ïóâéæï éæâî ûŽîéëóéêæ-

èæ àŽîçãâñèæ çèŽïæï ìëèæêëéâĲæï åãæïâĲâĲæï öâïûŽãèŽäâ. öâãêæöêëå, îëé

Ĳâãîæ éâùêæâîæ ïûŽãèëĲáŽ ëîåëàëêŽèñîæ ìëèæêëéâĲæï àŽéëõâêâĲŽï áæï-

çîâðñè áŽ ñûõãâð ŽéëùŽêâĲöæ (æý. ò. Žðçæêïëêæï éëêëàîŽòæŽ [45] åŽêáŽî-

åñèæ ãîùâèæ ĲæĲèæëàîŽòææå). Žé ïŽçæåýï âýâĲŽ öâéáâàæ öîëéâĲæ: [46]{[56].

ûŽîéëáàâêæèæ ïŽáæïâîðŽùæë êŽöîëéæï åâéŽðæçŽïåŽê Žîæï áŽçŽãöæîâĲñèæ

Žïâãâ öîëéâĲæ [57]{[59], îëéâèæù âýâĲŽ êŽýâãîŽááæïçîâðñè ŽìîëóïæéŽùæ-

âĲï.

§ 4. öâòŽïâĲâĲæ øâĲæöâãæï ëìâîŽðëîñèæ ìëèæêëéâĲæïŽåãæï

ûæêŽ ìŽîŽàîŽòöæ øãâê éæãæôâå Žìîæëîñèæ öâòŽïâĲâĲæ (1.4) êŽýâãîŽááæï-

çîâðñèæ ïóâéæå éæôâĲñèæ ŽéëêŽýïêæïŽåãæï. æéæïŽåãæï, îëé éæãæôëå ïîñèæ
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æêòëîéŽùæŽ áæêŽéæçñîæ ŽéëùŽêæï öâïŽýâĲ, ŽñùæèâĲâèæŽ ãæùëáâå, åñ îë-

àëî æùãèâĲŽ ïæøóŽîâ (ñçâåâï öâéåýãâãŽöæ Žïâãâ ŽøóŽîâĲŽù). ŽéîæàŽá, öâéáâ-

àæ êŽĲæþæŽ Žìîæëîñèæ öâòŽïâĲâĲæï éæôâĲŽ ìæîãâèæ áŽ éâëîâ îæàæï ûŽîéë-

âĲñèâĲæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèëàâĲæïŽåãæï. ŽéæïŽåãæï áŽàãüæîáâĲŽ

öâéáàëéæ öâòŽïâĲâĲæ Uk(Lτ , I) ëìâîŽðëîñèæ ìëèæêëéâĲæïŽåãæï (êŽûæèæ

öâòŽïâĲâĲæïŽ Uk(Lτ , I)-åãæï éæôâĲñèæ àãŽóãï ûæêŽ ìŽîŽàîŽòöæ). ùýŽáæŽ,

Uk(Lτ , I) ëìâîŽðëîñèæ ìëèæêëéâĲæ (3.7)-æï åŽêŽýéŽá ŽçéŽõëòæèâĲâê öâé-

áâà îâçñîâêðñè áŽéëçæáâĲñèâĲŽï:

Uk+1(Lτ , I) = LτUk(Lτ , I)− Uk−1(Lτ , I), k = 1, 2, . . . ,

U0(Lτ , I) = I, U1(Lτ , I) = Lτ .
(4.1)

øãâêæ Žäîæå ĲñêâĲîæãæ æóêâĲŽ, åñ Uk(Lτ , I) ëìâîŽðëîâĲï ãñûëáâĲå øâ-

Ĳæöâãæï ëìâîŽðëîñè ìëèæêëéâĲï, îŽáàŽê Uk(2x, 1) ïçŽèŽîñèæ ìëèæêë-

éâĲæ ûŽîéëŽáàâêâê øâĲæöâãæï çèŽïæçñî ìëèæêëéâĲï (éâëîâ àãŽîæï).

è â é Ž 4.1. ãåóãŽå ν ∈ ]− 2, 2[ , éŽöæê éŽîåâĲñèæŽ öâòŽïâĲâĲæ:

∥∥(2I − Lτ)Uk(Lτ , I)ϕ
∥∥ ≤ α1/2−sτ‖Ãsϕ‖, 1

2
≤ s ≤ 1, ϕ ∈ D(Ãs), (4.2)

∥∥(2I − Lτ)Uk(Lτ , I)ϕ
∥∥ ≤

≤ c̃(s)τ 2s‖Ãsϕ‖, 0 ≤ s ≤ 1

2
, ϕ ∈ D(Ãs), (4.3)

∥∥(2I − Lτ)Uk(Lτ , I)B−1
τ

∥∥ ≤ 1, (4.4)

τ 2s
∥∥∥
(
Uk(Lτ , I)− Uk−1(Lτ , I)

)
ÃsB−1

τ

∥∥∥ ≤ (2 + ν)s, 0 < s ≤ 1

2
, (4.5)

∥∥∥
(
Uk(Lτ , I)− Uk−1(Lτ , I)

)
B−1

τ

∥∥∥ ≤ 1, (4.6)

ïŽáŽù

c̃(s) = 21−2s
(2 + ν

2− ν

)1/2−s

.

á Ž é ð ç æ ù â Ĳ Ž . äâéëå éëõãŽêæèæ öâòŽïâĲâĲæï áŽéðçæùâĲŽ(æïâãâ

îëàëîù ûæêŽ ìŽîŽàîŽòöæ éæôâĲñèæ ŽêŽèëàæñîæ öâòŽïâĲâĲæï öâéåýãâãŽöæ)
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âõîáêëĲŽ ëìâîŽðëîñèæ ìëèæêëéæï öâïŽĲŽéæïæ ïçŽèŽîñèæ ìëèæêëéæï åãæ-

ïâĲâĲï áŽ æé òŽóðï, îëé ëìâîŽðëîñèæ òñêóùææï êëîéŽ, îëùŽ Žîàñéâê-

ðæ ûŽîéëŽáàâêï åãæåöâñôèâĲñè öâéëïŽäôãîñè ëìâîŽðëîï, ðëèæŽ öâ-

ïŽĲŽéæïæ ïçŽèŽîñèæ òñêóùææï C-êëîéæïŽ ïìâóðîäâ.

áŽãŽéðçæùëå (4.2) öâòŽïâĲŽ. (3.13) áŽ (3.28) òëîéñèâĲæï åŽêŽýéŽá àãŽóãï:

(2I − Lτ)Ukϕ =

= τ 2ÃB−1
τ Ukϕ =

(
τ 2Ã1−sB−(1−s)

τ

)(
B−s

τ UkÃ
sϕ

)
=

= τ 2s(τ 2ÃB−1
τ )1−sB−s

τ UkÃ
sϕ =

= τ 2s(2 + ν)−s(2I − Lτ)
1−s(νI + Lτ)

sUkÃ
sϕ, ∀ϕ ∈ D(Ãs). (4.7)

§ 3-öæ àŽêýæèñèæ ëìâîŽðëîñèæ òñêóùæâĲæïŽåãæï éæôâĲñèæ öâòŽïâĲæï ŽêŽ-

èëàæñîŽá àãŽóãï:

∥∥(2I − Lτ)
1−s(νI + Lτ)

sUk

∥∥ = max
x∈Sp(Lτ )

∣∣(2− x)1−s(ν + x)sUk(x, 1)
∣∣ ≤

≤ max
x∈[−ν,ντ ]

[
(2− x)1−s(ν + x)s 2√

4− x2

]
= 2 · max

x∈[−ν,ντ ]
ψs(x, ν), (4.8)

ïŽáŽù

ψs(x, ν) = (ν + x)s(2− x)1/2−s(2 + x)−1/2.

ãŽøãâêëå, îëé ψs(x, ν) òñêóùæŽ äîáŽáæŽ, îëùŽ 1
2 ≤ s ≤ 1 áŽ ν ∈ ]− 2, 2[ .

éŽîåèŽù, àãŽóãï:

ψ′s(x, ν) = s(ν + x)s−1(2− x)1/2−s(2 + x)−1/2−

−
(1

2
− s

)
(ν + x)s(2− x)−(1/2+s)(2 + x)−1/2−

− 1

2
(ν + x)s(2− x)1/2−s(2 + x)−3/2 =

= (ν + x)s−1(2− x)−(1/2+s)(2 + x)−3/2
[
s(2− x)(2 + x)−

−
(1

2
− s

)
(ν + x)(2 + x)− 1

2
(ν + x)(2− x)

]
. (4.9)
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àŽãŽéŽîðæãëå çãŽáîŽðñè òîøýæèöæ éëåŽãïâĲñèæ àŽéëïŽýñèâĲŽ:

s(2− x)(2 + x)−
(1

2
− s

)
(ν + x)(2 + x)− 1

2
(ν + x)(2− x) =

=
(
s− 1

2

)[
(2− x)(2 + x) + (ν + x)(2 + x)

]
+

+
1

2

[
(2− x)(2 + x)− (ν + x)(2− x)

]
=

=
(
s− 1

2

)
(2 + x)(2 + ν) +

1

2
(2− x)(2− ν) > 0. (4.10)

(4.9) áŽ (4.10)-áŽê àŽéëéáæêŽîâëĲï, îëé ψs(x, ν) äîáŽáæŽ.

ŽéîæàŽá,

max
x∈[−ν,ντ ]

ψs(x, ν) = ψs(ντ , ν) = (ν + ντ)
s(2− ντ)

1/2−s(2 + ντ)
−1/2 =

=
(2 + ν)2s

(2 + ν + ατ 2)s
·
( (2 + ν)ατ 2

(2 + ν + ατ 2)

)1/2−s

×

×
(4(2 + ν) + (2− ν)ατ 2

2 + ν + ατ 2

)−1/2
=

= (ατ 2)1/2−s · (2 + ν)2+1/2
√

4(2 + ν) + (2− ν)ατ 2
≤

≤ 1

2
(ατ 2)1/2−s(2 + ν)s. (4.11)

(4.8) áŽ (4.11)-áŽê àŽéëéáæêŽîâëĲï (4.2) öâòŽïâĲŽ.

áŽãŽéðçæùëå (4.3) öâòŽïâĲŽ. ŽéæïŽåãæï ïŽçéŽîæïæŽ öâãŽòŽïëå ψs(x, ν)

[−ν, 2] ⊃ [−ν, ντ ] öñŽèâáöæ, îëùŽ 0 < s < 1
2 . ãæìëãëå ψs(x, ν) òñêóùææï

çîæðæçñèæ ûâîðæèâĲæ éëùâéñè öñŽèâáöæ. (4.9)-áŽê (4.10)-öæ øŽðŽîâĲñèæ

àŽîáŽóéêæï àŽåãŽèæïûæêâĲæå éæãæôâĲå:

(2s− 1)(2 + x)(2 + ν) + (2− x)(2− ν) = 0.

ŽóâáŽê àãŽóãï (ŽéëêŽýïêæ Žôãêæöêëå x0-æå):

x0 =
2[(2− ν)− (1− 2s)(2 + ν)]

(2− ν) + (1− 2s)(2 + ν)
< 2.
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ùýŽáæŽ, éŽîåâĲñèæŽ öâòŽïâĲŽ:

max
x∈[−ν,2]

ψs(x, ν) = ψs(x0, ν), 0 < s <
1

2
. (4.12)

öâãŽòŽïëå ψs(x0, ν). ùýŽáæŽ àãŽóãï:

ψs(x0, ν) =
(2s(4− ν)

λ

)s(4(1− 2s)(2 + ν)

λ

)1/2−s(4(2− ν)

λ

)−1/2
<

< (4− ν2)s(4(2 + ν))1/2−s(4(2− ν))−1/2 =

=
(2 + ν)s

22s

(2 + ν

2− ν

)1/2−s

,

ïŽáŽù

λ = (2− ν) + (1− 2s)(2 + ν). (4.13)

(4.7), (4.8), (4.12) áŽ (4.13)-áŽê àŽéëéáæêŽîâëĲï (4.3) öâòŽïâĲŽ.

áŽãŽéðçæùëå (4.4) öâòŽïâĲŽ. (4.8)-æï ŽêŽèëàæñîŽá àãŽóãï:

∥∥(2I − Lτ)Uk(Lτ , I)B−1
τ

∥∥ =
1

2 + ν

∥∥(2I − Lτ)(νI + Lτ)Uk(Lτ , I)
∥∥ =

=
1

2 + ν
max

x∈Sp(Lτ )

∣∣(2− x)(ν + x)Uk(x, 1)
∣∣ ≤

≤ 1

2 + ν
max

x∈[−ν,ντ ]

[
(2− x)(ν + x)

2√
4− x2

]
≤

≤ 2

2 + ν
max

x∈[−ν,ντ ]

ν + x√
2 + x

=
2

2 + ν
· ν + ντ√

2 + ντ

=

=
2

2 + ν
· (2 + ν)2

2 + ν + ατ 2 ·
√

2 + ν + ατ 2

4(2 + ν) + (2− ν)ατ 2 ≤ 1. (4.14)

áŽãŽéðçæùëå (4.5) öâòŽïâĲŽ. (4.7)-æï ŽêŽèëàæñîŽá àãŽóãï:

τ 2s(Uk − Uk−1)Ã
sB−1

τ = (τ 2sÃsB−s)B−(1−s)(Uk − Uk−1) =

= (τ 2ÃB−1)sB−(1−s)
τ (Uk − Uk−1) =

= (2 + ν)−(1−s)(2I − Lτ)
s(νI + Lτ)

1−s(Uk − Uk−1).
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ŽóâáŽê (3.25) öâòŽïâĲæï àŽåãŽèæïûæêâĲæå àãŽóãï:

τ 2s
∥∥(Uk − Uk−1)Ã

sB−1
τ

∥∥ =

= (2 + ν)−(1−s)
∥∥(2I − Lτ)

s(νI + Lτ)
1−s(Uk − Uk−1)

∥∥ =

= (2 + ν)−(1−s) max
x∈Sp(Lτ )

∣∣∣(2− x)s(ν + x)1−s
(
Uk(x, 1)− Uk−1(x, 1)

)∣∣∣ ≤

≤ (2 + ν)−(1−s) max
x∈[−ν,ντ ]

[
(2− x)s(ν + x)1−s 2√

2 + x

]
=

= 2(2 + ν)−(1−s) max
x∈[−ν,ντ ]

ϕ̃s(x, ν), (4.15)

ïŽáŽù

ϕ̃s(x, ν) = (ν + x)1−s(2− x)s(2 + x)−1/2, 0 ≤ s ≤ 1

2
.

ϕ̃s(x, ν) ìŽîŽéâðîæŽê òñêóùæŽï ãŽòŽïâĲå ïðŽêáŽîðñèæ ýâîýæå. ãæìëãëå

éæïæ ûŽîéëâĲñèæ. ùýŽáæŽ àãŽóãï:

ϕ̃′s(x, ν) = (ν + x)−s(2− x)s−1(2 + x)−3/2×

×
[
(1− s)(2− s)(2 + s)− s(ν + x)(2 + x)− 1

2
(ν + x)(2− x)

]
.

çãŽáîŽðñè òîøýæèâĲï öæàêæå éëåŽãïâĲñèæ àŽéëïŽýñèâĲŽ Žôãêæöêëå

ϕs(x, ν)-åæ,

ϕs(x, ν) = (1− s)(2− x)(2 + x)− s(ν + x)(2 + x)− 1

2
(ν + x)(2− x).

îŽáàŽê 0 < s ≤ 1
2 áŽ ν ∈ ]− 2, 2[ öñŽèâáï, Žéæðëé àãŽóãï:

ϕs(2, ν) = −4s(2 + ν) < 0, ϕs(−ν, ν) = (1− s)(4− ν2) > 0.

ŽéîæàŽá, ] − ν, 2[ öñŽèâáöæ ϕ̃s(x, ν)-ï Žóãï âîåŽáâîåæ çîæðæçñèæ ûâî-

ðæèæ. àŽãñðëèëå ϕs(x, ν) çãŽáîŽðñèæ òñêóùæŽ êñèï áŽ ãæìëãëå éæïæ

òâïãâĲæ. éŽîðæãæ àŽîáŽóéêæå éæãæôâĲå (t = 2s):

x2 +
[
(1− t)(2− ν) + 4t

]
x− 2

[
(1 + t)(2− ν) + 2(1− 2t)

]
= 0.
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ŽóâáŽê àãŽóãï:

x = −1

2

[(
(1− t)(2− ν) + 4t

)±
√

(1− t)2(2 + ν)2 + 16(2− ν)
]
.

]− ν, 2[ öñŽèâáöæ éëåŽãïâĲñèæ òâïãæ æóêâĲŽ

x1 = −1

2

[
− (

(1− t)(2− ν) + 4t
)

+
√

(1− t)2(2 + ν)2 + 16(2− ν)
]
.

ŽáãæèŽá ãôâĲñèëĲå:

2 + x1 =
1

2

[
(1− t)(2 + ν) +

√
(1− t)2(2 + ν)2 + 16(2− ν)

]
, (4.16)

ν + x1 =

=
1

2

[
(1− t)(2 + ν)− 2(2− ν) +

√
(1− t)2(2 + ν)2 + 16(2− ν)

]
, (4.17)

2− x1 =

=
1

2

[
(1 + t)(2 + ν) + 2(2− ν)−

√
(1− t)2(2 + ν)2 + 16(2− ν)

]
. (4.18)

(4.16) áŽ (4.17)-áŽê àãŽóãï:

ν + x1

2 + x1
=

=
(1− t)(2 + ν)− 2(2− ν) +

√
(1− t)2(2 + ν)2 + 16(2− ν)

(1− t)(2 + ν) +
√

(1− t)2(2 + ν)2 + 16(2− ν)
=

= 1− 2(2− ν)

(1 + t)(2 + ν) +
√

(1− t)2(2 + ν)2 + 16(2− ν)
=

= 1 +
2(2− ν)

[
(1− t)(2 + ν)−

√
(1− t)2(2 + ν)2 + 16(2− ν)

]

16(2− ν)
=

=
1

8

[
4(2−√2− ν) +

(
(a + b)−

√
a2 + b2

)]
, (4.19)

ïŽáŽù

a = (1− t)(2 + ν), b = 4
√

2− ν .
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öâãŽòŽïëå çãŽáîŽðñè òîøýæèâĲöæ éëåŽãïâĲñèæ àŽéëïŽýñèâĲŽ. éŽîðæãæ

àŽîáŽóéêæå ãôâĲñèëĲå:

4(2−√2− ν) +
(
a + b−

√
a2 + b2

)
=

=
4(2 + ν)

2 +
√

2− ν
+

8(1− t)(2 + ν)
√

2− ν

a + b +
√

a2 + b2
=

= 2(2 + ν)
[ 2

2 +
√

2− ν
+

4(1− t)
√

2− ν

a + b +
√

a2 + b2

]
. (4.20)

çãŽáîŽðñè òîøýæèâĲöæ éëåŽãïâĲñèæ éâëîâ öâïŽçîâĲæ, îëùŽ t ∈ [0, 1] çèâ-

ĲŽáæŽ, Žéæðëé àãŽóãï:

4(1− t)
√

2− ν

a + b +
√

a2 + b2
≤

≤ 4
√

2− ν

(2 + ν) + 4
√

2− ν +
√

(2 + ν)2 + 16(2− ν)
=

=
4
√

2− ν

(2 + ν) + 4
√

2− ν + (6− ν)
=

√
2− ν

2 +
√

2 + ν
. (4.21)

(4.19), (4.20) áŽ (4.21)-áŽê àŽéëéáæêŽîâëĲï:

ν + x1

2 + x1
≤ 1

4
(2 + ν). (4.22)

ŽóâáŽê

ν + x1 ≤ 1

4
(2 + ν)(2 + x1) ≤ 1

4
(2 + ν) · 4 = 2 + ν. (4.23)

ùýŽáæŽ àãŽóãï:

2− x1 =

=
1

2

[
(1 + t)(2 + ν) + 2(2− ν)−

√
(1− t)2(2 + ν)2 + 16(2− ν)

]
≤

≤ 1

2

[
2(2 + ν) + 2(2− ν)− 4

√
2− ν

]
=

= 2
(
2−√2− ν

)
=

2(2 + ν)

2 +
√

2− ν
≤ 2 + ν. (4.24)
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(4.22){(4.24) öâòŽïâĲâĲæï àŽåãŽèæïûæêâĲæå ãôâĲñèëĲå:

max
x∈[−ν,2]

ϕ̃s(x, ν) = ϕ̃s(x1, ν) = (ν + x1)
1−s(2− x1)

s(2 + x1)
1/2 =

= (ν + x1)
1/2−s(2− x1)

s
(ν + x1

2 + x1

)1/2
≤

≤ (2 + ν)1/2−s(2 + ν)s · 1

2
(2 + ν)1/2 =

1

2
(2 + ν). (4.25)

(4.15) áŽ (4.25)-áŽê àŽéëéáæêŽîâëĲï:

τ 2s
∥∥(Uk − Uk−1)Ã

sB−1
τ

∥∥ ≤ (2 + ν)s, 0 < s ≤ 1

2
.

áŽãŽéðçæùëå (4.6) öâòŽïâĲŽ. ùýŽáæŽ éŽîåâĲñèæŽ ûŽîéëáàâêŽ:

(Uk − Uk−1)B
−1
τ = (2 + ν)−1(νI + L)(Uk − Uk−1).

ŽóâáŽê (3.25) öâòŽïâĲæï àŽåãŽèæïûæêâĲæå (4.14)-æï ŽêŽèëàæñîŽá éææôâĲŽ:

∥∥(Uk − Uk−1)B
−1
τ

∥∥ = (2 + ν)−1
∥∥(νI + L)(Uk − Uk−1)

∥∥ ≤

≤ (2 + ν)−1 max
x∈[−ν,ντ ]

∣∣∣(ν + x) · 2√
2 + x

∣∣∣ =
2

2 + ν
· ν + ντ√

2 + ντ

≤ 1. ¤

§ 5. Žìîæëîñèæ öâòŽïâĲâĲæ ìæîãâèæ áŽ éâëîâ îæàæï

ûŽîéëâĲñèâĲæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèëàâĲæïŽåãæï

Žáàæèæ Žóãï öâéáâà åâëîâéŽï.

å â ë î â é Ž 5.1. ãåóãŽå öâïîñèâĲñèæŽ åâëîâéŽ 3.1-æï ìæîëĲâĲæ, éŽöæê

(1.4) ïóâéæïŽåãæï éŽîåâĲñèæŽ öâéáâàæ öâòŽïâĲâĲæ:

∥∥∥∆uk

τ

∥∥∥ ≤ c̃(s)τ 2s−1‖Ãsu0‖+ c0

∥∥∥∆u0

τ

∥∥∥ + τ

k∑
i=1

‖fi‖, (5.1)

∥∥∥Ãs ∆uk

τ

∥∥∥ ≤
∥∥Ãs+1/2u0

∥∥ + c0

∥∥∥Ãs ∆u0

τ

∥∥∥ + c̃0(s)τ
1−2s

k∑
i=1

‖fi‖, (5.2)
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∥∥∥Ãs ∆uk

τ

∥∥∥ ≤
∥∥Ãs+1/2u0

∥∥ + c0

∥∥∥Ãs ∆u0

τ

∥∥∥+

+ τ

k∑
i=1

‖Ãsfi‖, fi ∈ D(Ãs), (5.3)

∥∥∥Ãs ∆uk

τ

∥∥∥ ≤
∥∥Ãs+1/2u0

∥∥ + c0

∥∥∥Ãs ∆u0

τ

∥∥∥+

+ τ

k∑
i=1

∥∥∥Ãs−1/2 ∆fi−1

τ

∥∥∥, fi ∈ D(Ãs−1/2), (5.4)

ïŽáŽù k = 1, . . . , n− 1, ∆uk = uk+1 − uk, 0 ≤ s ≤ 1
2 ,

c̃0(s) =
1

(2 + ν)s
, c̃(s) = 21−2s

(2 + ν

2− ν

)1/2−s

, f0 = 0.

á Ž é ð ç æ ù â Ĳ Ž . åâëîâéŽ 5.1-öæ éëõãŽêæèæ Žìîæëîñèæ öâòŽïâĲâĲæ

âòñúêâĲŽ (3.9) òëîéñèŽï (§ 3-öæ éæôâĲñèæ Žìîæëîñèæ öâòŽïâĲâĲæ Žïâãâ

âòñúêâĲëáŽ (3.9) òëîéñèŽï).

(3.9) òëîéñèŽ øŽãûâîëå öâéáâàæ ïŽýæå:

uk+1 = (Uk − Uk−1)u0 + Uk(u1 − u0) + τ 2
k∑

i=1

Uk−iB
−1
τ fi. (5.5)

ùýŽáæŽ, Žé òëîéñèæï åŽêŽýéŽá uk-åãæï àãŽóãï:

uk = (Uk−1 − Uk−2)u0 + Uk−1(u1 − u0) + τ 2
k∑

i=1

Uk−i−1B
−1
τ fi. (5.6)

åñ (5.5) ðëèëĲŽï àŽéëãŽçèâĲå (5.6)-ï áŽ øŽãåãèæå, îëé U−1 = 0, éæãæ-

ôâĲå:

∆uk =
(
Uk + Uk−2 − 2Uk−1

)
u0 + (Uk − Uk−1)(u1 − u0)+

+ τ 2
k∑

i=1

(Uk−i − Uk−i−1)B
−1
τ fi. (5.7)
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(3.7) îâçñîâêðñèæ áŽéëçæáâĲñèâĲæáŽê àŽéëéáæêŽîâëĲï:

Uk(Lτ , I) + Uk−2(Lτ , I)− 2Uk−1(Lτ , I) = LτUk−1 − 2Uk−1 =

= (Lτ − 2I)Uk−1. (5.8)

åñ (5.7)-öæ àŽãæåãŽèæïûæêâĲå (5.8)-ï áŽ ðëèëĲæï ëîæãâ éýŽîâï àŽãõëòå

τ -äâ, éæãæôâĲå:

∆uk

τ
= τ−1(Lτ − 2I)Uk−1(Lτ , I)u0 + (Uk − Uk−1)

∆u0

τ
+

+ τ

k∑
i=1

(Uk−i − Uk−i−1)B
−1
τ fi. (5.9)

ùýŽáæŽ, ŽóâáŽê àŽéëéáæêŽîâëĲï:

∥∥∥∆uk

τ

∥∥∥ ≤ τ−1
∥∥(2I − Lτ)Uk−1u0

∥∥ + ‖Uk − Uk−1‖ ·
∥∥∥∆u0

τ

∥∥∥+

+ τ

k∑
i=1

∥∥(Uk−i − Uk−i−1)B
−1
τ fi

∥∥.

ŽóâáŽê (4.3), (4.6) áŽ (3.26) öâòŽïâĲâĲæï àŽåãŽèæïûæêâĲæå àŽéëéáæêŽîâëĲï

(5.1) ñðëèëĲŽ.

áŽãŽéðçæùëå (5.2) ñðëèëĲŽ. åñ (5.9) ñðëèëĲæï ëîæãâ éýŽîâï éëãáâĲå

Ãs (0 ≤ s ≤ 1
2) ëìâîŽðëîï áŽ àŽáŽãŽèå êëîéâĲäâ, éæãæôâĲå:

∥∥∥Ãs∆uk

τ

∥∥∥ ≤ τ−1
∥∥(2I − Lτ)Uk−1(Lτ , I)(Ãsu0)

∥∥+

+ ‖Uk − Uk−1‖ ·
∥∥∥Ãs∆u0

τ

∥∥∥+

+ τ

k∑
i=1

∥∥(Uk−i − Uk−i−1)Ã
sB−1

τ

∥∥ · ‖fi‖. (5.10)

ŽóâáŽê (3.26), (4.2) áŽ (4.5) öâòŽïâĲâĲæï àŽåãŽèæïûæêâĲæå àŽéëéáæêŽîâëĲï

(5.2) ñðëèëĲŽ.
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áŽãŽéðçæùëå (5.3). åñ (5.9) -öæ ŽþŽéãæï êæöêæï óãâö éáàëé àŽéëïŽýñèâ-

ĲŽï öâãùãèæå ‖(Uk−i−Uk−i−1)B
−1
τ ‖ · ‖Ãsfi‖ àŽéëïŽýñèâĲæå, ùýŽáæŽ éæôâ-

Ĳñèæ ñðëèëĲŽ éŽîåâĲñèæ æóêâĲŽ. Žé ñðëèëĲæáŽê çæ (3.26), (4.2) áŽ (4.6)

öâòŽïâĲâĲæï àŽåãŽèæïûæêâĲæå àŽéëéáæêŽîâëĲï (5.3) ñðëèëĲŽ.

áŽãŽéðçæùëå (5.4) ñðëèëĲŽ. åñ (5.5) ðëèëĲŽï àŽéëãŽçèâĲå (5.6)-ï áŽ

àŽãæåãŽèæïûæêâĲå (5.8)-ï, éæãæôâĲå:

∆uk = (Lτ − 2I)Uk−1u0 + (Uk −Uk−1)∆u0 + τ 2
k∑

i=1

Uk−1B
−1
τ ∆fi−1, (5.11)

ïŽáŽù f0 = 0.

(5.11) ðëèëĲæï ëîæãâ éýŽîâ àŽãõëå τ -äâ, éëãáëå Ãs (0 ≤ s ≤ 1
2)

ëìâîŽðëîæ áŽ àŽáŽãæáâå êëîéâĲäâ, éæãæôâĲå:

∥∥∥Ãs∆uk

τ

∥∥∥ ≤ τ−1
∥∥(2I − Lτ)Uk−1(Lτ , I)Ãsu0

∥∥+

+ ‖Uk − Uk−1‖ ·
∥∥∥Ãs∆u0

τ

∥∥∥+

+ τ 2
k∑

i=1

∥∥Uk−iÃ
1/2B−1

τ

∥∥ ·
∥∥∥Ãs−1/2∆fi−1

τ

∥∥∥.

ŽóâáŽê (3.26), (3.30) áŽ (4.2) öâòŽïâĲâĲæï àŽåãŽèæïûæêâĲæå àŽéëéáæêŽîâëĲï

(5.4) ñðëèëĲŽ. ¤
âýèŽ éëãæõãŽêëå öâòŽïâĲâĲæ, îëéâèïŽù Žáàæèæ Žóãï éâëîâ îæàæï ûŽîéë-

âĲñèæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèëàæïŽåãæï.

å â ë î â é Ž 5.2. ãåóãŽå öâïîñèâĲñèæŽ åâëîâéŽ 3.1-æï ìæîëĲâĲæ, éŽöæê

(1.4) ïóâéæïŽåãæï éŽîåâĲñèæŽ öâéáâàæ öâòŽïâĲâĲæ:

∥∥∥∆2uk

τ 2

∥∥∥ ≤ τ 2s−1
[∥∥Ã1/2+su0

∥∥ + c̃(s)
∥∥∥Ãs∆u0

τ

∥∥∥
]
+

+ τ
k+1∑
i=2

∥∥∥∆fi−1

τ

∥∥∥ + ‖f1‖, (5.12)
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∥∥∥∆2uk

τ 2

∥∥∥ ≤ τ 2s−1
[∥∥Ã1/2+su0

∥∥ + c̃(s)
∥∥∥Ãs∆u0

τ

∥∥∥
]
+

+ c̃(s)τ 2s
k∑

i=1

∥∥ÃsB−1
τ fi

∥∥ + ‖B−1
τ fk+1‖, (5.13)

∥∥∥∆2uk

τ 2

∥∥∥ ≤ ‖Ãu0‖+
∥∥∥Ã1/2∆u0

τ

∥∥∥ +
k+1∑
i=1

‖fi‖, (5.14)

ïŽáŽù k = 1, . . . , n− 2, 0 ≤ s ≤ 1
2 .

á Ž é ð ç æ ù â Ĳ Ž . (5.7)-áŽê (5.8)-æï àŽåãŽèæïûæêâĲæå éææôâĲŽ:

∆uk = (Lτ − 2I)Uk−1(Lτ , I)u0 + (Uk − Uk−1)∆u0+

+ τ 2
k∑

i=1

(Uk−i − Uk−i−1)B
−1
τ fi. (5.15)

åñ (5.15)-öæ k-ï öâãùãèæå k + 1-æå, éæãæôâĲå:

∆uk+1 = (Lτ − 2I)Uku0 + (Uk+1 − Uk)∆u0+

+ τ 2
k+1∑

i=1

(Uk−i+1 − Uk−i)B
−1
τ fi. (5.16)

(5.15) áŽ (5.16) òëîéñèâĲæáŽê (5.8)-æï àŽåãŽèæïûæêâĲæå éææôâĲŽ öâéáâàæ

òëîéñèâĲæ:

∆2uk = (Lτ − 2I)
[
(Uk − Uk−1)u0 + Uk∆u0

]
+

+ τ 2
k+1∑

i=1

(Uk−i+1 − Uk−i)B
−1
τ (fi − fi−1), (5.17)

∆2uk = (Lτ − 2I)
[
(Uk − Uk−1)u0 + Uk∆u0 + τ 2

k∑
i=1

Uk−iB
−1
τ fi

]
+

+ τ 2B−1
τ fk+1, (5.18)

ïŽáŽù k = 1, . . . , n − 2, f0 = 0, U−1 = 0, ∆uk = uk+1 − uk, ∆2uk =

∆(∆uk).
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ùýŽáæŽ, éŽîåâĲñèæŽ ûŽîéëáàâêŽ

(Lτ − 2I)(Uk − Uk−1)u0 = −τ 2ÃB−1
τ (Uk − Uk−1)u0 =

= −τ 1+2s
[
τ 1−2s(Uk − Uk−1)Ã

1/2−sB−1
τ

]
(Ã1/2+su0).

ŽóâáŽê (4.5)-æï åŽêŽýéŽá éææôâĲŽ öâéáâàæ öâòŽïâĲŽ:

∥∥(Lτ − 2I)(Uk − Uk−1)u0
∥∥ ≤

≤ τ 1+2s
∥∥Ã1/2+su0

∥∥, u0 ∈ D(Ã1/2+s), 0 ≤ s ≤ 1

2
. (5.19)

åñ (5.17) ðëèëĲæï ëîæãâ éýŽîâï àŽãõëòå τ 2-äâ áŽ àŽáŽãŽèå êëîéâĲäâ,

éæãæôâĲå:

∥∥∥∆2uk

τ 2

∥∥∥ ≤
∥∥(Lτ − 2I)(Uk − Uk−1)u0

∥∥ + τ−1
∥∥∥(Lτ − 2I)Uk

∆u0

τ

∥∥∥+

+ τ
k+1∑
i=1

∥∥(Uk−i+1 − Uk−i)B
−1
τ

∥∥ ·
∥∥∥∆fi−1

τ

∥∥∥.

ŽóâáŽê (5.19), (4.3) áŽ (4.6) öâòŽïâĲâĲæï àŽåãŽèæïûæêâĲæå àŽéëéáæêŽîâëĲï

(5.12) öâòŽïâĲŽ.

ŽêŽèëàæñîŽá éææôâĲŽ (5.13) öâòŽïâĲŽ (5.18)-áŽê (5.19) áŽ (4.3) öâòŽïâ-

ĲâĲæï àŽåãŽèæïûæêâĲæå.

(5.14) öâòŽïâĲŽ àŽéëéáæêŽîâëĲï (5.18)-áŽê (5.19), (4.2), (4.4) áŽ

‖B−1
τ ‖ ≤ 1 ñðëèëĲâĲæï àŽåãŽèæïûæêâĲæå. ¤

§ 6. åâëîâéâĲæ êŽýâãîŽááæïçîâðñèæ ïóâéæï

çîâĲŽáëĲæï öâïŽýâĲ

îëàëîù § 2-öæ ãŽøãâêâå A ëìâîŽðëîæ D(A) àŽêïŽäôãîæï Žîæå, H =

[L2(Ω)]3 ßæèĲâîðæï ïæãîùâöæ Žîæï ïæéâðîæñèæ áŽ áŽáâĲæåŽá àŽêïŽäôãîñ-

èæ. Ã Žîæï A-ï àŽòŽîåëâĲŽ åãæåöâñôèâĲñè, áŽáâĲæåŽá àŽêïŽäôãîñè
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ëìâîŽðëîŽéáâ. ŽóâáŽê àŽéëéáæêŽîâ (1.1){(1.3) ŽéëùŽêŽ öâàãæúèæŽ öâãùãŽ-

èëå öâéáâàæ ŽéëùŽêæå:

d2u(t)

dt2
+ Ãu(t) = f(t), t ∈ [0, T ], (6.1)

u(0) = ϕ0, u′(0) = ϕ1, (6.2)

ïŽáŽù u(t) { ñùêëĲæ, ýëèë f(t) { ùêëĲæèæ ãâóðëî-òñêóùæâĲæŽ éêæöãêâèë-

ĲâĲæå H-áŽê; ϕ0 áŽ ϕ1 ùêëĲæèæ ãâóðëîâĲæŽ H-áŽê.

öâéëãæôëå öâéáâàæ ïæãîùââĲæ. àŽêãïŽäôãîëå D(Ã1/2)-öæ âîéæðæï êëîéŽ

‖u‖1 = ‖Ã1/2u‖. éæãæôâĲå ßæèĲâîðæï ïæãîùâï, îëéâèïŽù ŽôãêæöêŽãå W 1-

æå. ŽêŽèëàæñîŽá, åñ D(Ã)-öæ àŽêãïŽäôãîŽãå âîéæðæï êëîéŽï ‖u‖2 =

‖Ãu‖, éæãæôâĲå ßæèĲâîðæï ïæãîùâï, îëéâèïŽù ŽôãêæöêŽãå W 2-æå. Žô-

ãêæöêëå C([0, T ]; H)-æå ïæéîŽãèâ [0, T ] öñŽèâáöæ ñûõãâðæ u(t) ãâóðëî-

òñêóùæâĲæïŽ éêæöãêâèëĲâĲæå H-áŽê. Cm([0, T ]; H)-æå (m ≥ 1) Žôãêæö-

êëå ïæéîŽãèâ [0, T ] öñŽèâáöæ m îæàŽéáâ øŽåãèæå ñûõãâðŽá áæòâîâê-

ùæîâĲŽáæ ãâóðëî-òñêóùæâĲæïŽ C([0, T ]; H)-áŽê. ŽêŽèëàæñîŽá àŽêæéŽîðâĲŽ

C([0, T ]; W i) áŽ Cm([0, T ]; W i), i = 1, 2. Žó øãâê ñûõãâðëĲŽ áŽ áæòâîâêùæ-

îâĲŽáëĲŽ àãâïéæï H-æï éâðîæçæå.

öâéáàëéöæ õãâèàŽê (6.1), (6.2) ŽéëùŽêæï ŽéëêŽýïêï ãñûëáâĲå u(t) ∈
C2([0, T ]; H)∩C([0, T ]; W 2) òñêóùæŽï , îëéâèæù ŽçéŽõëòæèâĲï (6.1) àŽêðë-

èâĲŽï áŽ (6.2) ïŽûõæï ìæîëĲâĲï. åâëîâéŽ Žïâåæ ŽéëêŽýïêæï ŽîïâĲëĲæïŽ áŽ

âîåŽáâîåëĲæï öâïŽýâĲ, îëùŽ ϕ0 ∈ W 2, ϕ1 ∈ W 1 áŽ f(t) ∈ C1([0, T ]; H)

(Žê f(t) ∈ C([0, T ]; W 2)) áŽéðçæùâĲñèæŽ, éŽàŽèæåŽá [39]-öæ (æý. [39], åâ-

ëîâéŽ 1.5, àã. 301).

(6.1), (6.2) ŽéëùŽêæïåãæï øãâê àŽêãæýæèŽãå öâéáâà êŽýâãîŽááæïçîâðñè

ïóâéŽï ((1.4)-öæ A öâùãèæèæŽ Ã-æå):

uk+1 − 2uk + uk−1

τ 2 + Ã
uk+1 + νuk + uk−1

2 + ν
= f(tk), (6.3)
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ïŽáŽù k = 1, . . . , n − 1, τ = T/n (n > 1 êŽðñîŽèñîæ îæùýãæŽ), tk = kτ ,

ν 6= −2, u0 áŽ u1 éëùâéñèæ ãâóðëîâĲæŽ D(Ã)-áŽê.

(6.1), (6.2) ŽéëùŽêæï u(t) äñïðæ ŽéëêŽýïêæï éæŽýèëâĲæå éêæöãêâèëĲŽá t =

tk ûâîðæèöæ ãŽùýŽáâĲå (6.3) ïæïðâéæï uk ŽéëêŽýïêï.

øãâêæ éæäŽêæŽ (6.3) êŽýâãîŽááæïçîâðñèæ ïóâéæå éæôâĲñèæ éæŽýèëâĲæåæ

ŽéëêŽýïêæïŽåãæï áŽãŽáàæêëå çîâĲŽáëĲæï îæàæ τ -ï éæéŽîå ñûõãâðæ Žéë-

ùŽêæï ŽéëêŽýïêæï ïæàèñãæï éæýâáãæå.

(6.1) àŽêðëèâĲŽ t = tk ûâîðæèöæ øŽãûâîëå öâéáâàæ ïŽýæå:

∆2u(tk−1)

τ 2 + Ã
u(tk+1) + νu(tk) + u(tk−1)

2 + ν
=

= f(tk) +
(∆2u(tk−1)

τ 2 − u′′(tk)
)

+ (2 + ν)−1Ã
(
∆2u(tk−1)). (6.4)

ùýŽáæŽ, (6.1) àŽêðëèâĲæáŽê àãŽóãï:

Ã
(
∆2u(tk−1)

)
= ∆2f(tk−1)−∆2u′′(tk−1). (6.5)

åñ (6.4) ðëèëĲŽï àŽéëãŽçèâĲå (6.3) ðëèëĲŽï áŽ àŽãæåãŽèæïûæêâĲå

(6.5)-ï, éŽöæê zk = u(tk) − uk ùáëéæèâĲæïŽåãæï éæãæôâĲå öâéáâà àŽêðë-

èâĲŽï

zk+1 − 2zk + zk+1

τ 2 + Ã
zk+1 + νzk + zk−1

2 + ν
= rτ(tk), (6.6)

ïŽáŽù k = 1, . . . , n− 1,

rτ(tk) = r0,τ(tk) + (2 + ν)−1(r2,τ(tk)− r1,τ(tk)
)
,

r0,τ(t) =
∆2u(t− τ)

τ 2 − u′′(t),

r1,τ(t) = ∆2u′′(t− τ), r2,τ(t) = ∆2f(t− τ),

∆2u(t− τ) = ∆
(
∆u(t− τ)

)
, t, t− τ, t + τ ∈ [0, T ].

Žáàæèæ Žóãï öâéáâà åâëîâéŽï.
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å â ë î â é Ž 6.1. ãåóãŽå (6.1), (6.2) ŽéëùŽêæï ŽéëêŽýïâêæ u(t) ∈
C2([0, T ]; H) ∩ C([0, T ]; W 2), f(t) ∈ C([0, T ]; H), u0, u1 ∈ W 2 áŽ

ν ∈ ]− 2, 2[ . éŽöæê zk = u(tk)− uk ùáëéæèâĲâĲæïåãæï éŽîåâĲñèæŽ öâéáâàæ

öâòŽïâĲâĲæ:

‖zk+1‖ ≤ c0‖z0‖+ c1(τ)
∥∥∥∆z0

τ

∥∥∥ + τ

k∑
i=1

∥∥Ã−1/2rτ(ti)
∥∥, (6.7)

‖Ã1/2zk+1‖ ≤ c0

(
‖Ã1/2z0‖+

∥∥∥∆z0

τ

∥∥∥ + ν0
∥∥Ã1/2(∆z0)

∥∥
)
+

+ τ

k∑
i=1

‖rτ(ti)‖, (6.8)

‖Ãzk+1‖ ≤ c0

(
‖Ãz0‖+

∥∥∥Ã1/2∆z0

τ

∥∥∥ + ν0
∥∥Ã(∆z0)

∥∥
)
+

+ c2

k∑
i=1

‖rτ(ti)‖, (6.9)

∥∥∥∆zk

τ

∥∥∥ ≤ c2τ
−1‖z0‖+ c0

∥∥∥∆z0

τ

∥∥∥ + τ
k∑

i=1

‖rτ(ti)‖, (6.10)

∥∥∥∆zk

τ

∥∥∥ ≤
∥∥Ã1/2z0

∥∥ + c0

∥∥∥∆z0

τ

∥∥∥ + τ

k∑
i=1

‖rτ(ti)‖, (6.11)

∥∥∥Ã1/2∆zk

τ

∥∥∥ ≤ ‖Ãz0‖+ c0

∥∥∥Ã1/2∆z0

τ

∥∥∥ + ν0

k∑

i=1

‖rτ(ti)‖, (6.12)

∥∥∥Ã1/2∆zk

τ

∥∥∥ ≤ ‖Ãz0‖+ c0

∥∥∥Ã1/2∆z0

τ

∥∥∥+

+
(
‖rτ(t1)‖+

k∑
i=2

∥∥rτ(ti)− rτ(ti−1)
∥∥
)
, (6.13)

∥∥∥∆2zk

τ 2

∥∥∥ ≤ ‖Ãz0‖+
∥∥∥Ã1/2∆z0

τ

∥∥∥ +
k+1∑

i=1

‖rτ(ti)‖, (6.14)

∥∥∥∆2zk

τ 2

∥∥∥ ≤ ‖Ãz0‖+
∥∥∥Ã1/2 ∆z0

τ

∥∥∥+
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+
k+1∑
i=2

∥∥rτ(ti)− rτ(ti−1)
∥∥ + ‖rτ(t1)‖, (6.15)

ïŽáŽù k = 1, . . . , n− 1 ((6.14) áŽ (6.15)-öæ k = 1, . . . , n− 2), c0, c1 áŽ ν0

éñáéæãâĲæ æàæãâŽ îŽù ûæêŽ ìŽîŽàîŽòâĲöæ,

c2 = 2
(2 + ν

2− ν

)1/2
.

åñ öâãŽáŽîâĲå âîåéŽêâåï (1.4) áŽ (6.3) êŽýâãîŽááæïçîâðñè ïóâéâĲï öâà-

ãæúèæŽ áŽãŽïçãêŽå, îëé § 3-öæ áŽ § 5-öæ éæôâĲñèæ Žìîæëîñèæ öâòŽïâĲâĲæ

ŽãðëéŽðñîŽá éŽîåâĲñèæ æóêâĲŽ (6.3) ïóâéæïåãæï. ùýŽáæŽ Žïâãâ, îëé æàæãâ

ðæìæï öâòŽïâĲâĲæ éŽîåâĲñèæ æóêâĲŽ (6.6) ïæïðâéæïåãæï (ïŽçéŽîæïæŽ § 3-öæ

áŽ § 5-öæ uk öâãùãŽèëå zk-åæ, ýëèë fi çæ { rτ(ti)-åæ). âýèŽ, åñ (3.5),

(3.3), (3.4), (5.1){(5.3), (5.14) áŽ (5.12)-æï öâïŽĲŽéæï öâòŽïâĲâĲöæ øŽãïãŽéå

s = 1/2-ï éæãæôâĲå, öâïŽĲŽéæïŽá, (6.7){(6.9), (6.11){(6.15) öâòŽïâĲâĲï. åñ

(5.12)-æï öâïŽĲŽéæï öâòŽïâĲŽöæ øŽãïãŽéå s = 0 éæãæôâĲå (6.10)-ï.

6.1 åâëîâéæï ïŽòñúãâèäâ éðçæùáâĲŽ åâëîâéâĲæ (6.3) êŽýâãîŽááæïçîâ-

ðñèæ ïóâéæï ïŽöñŽèâĲæå éæôâĲñèæ éæŽýèëâĲæåæ ŽéëêŽýïêæï çîâĲŽáëĲæï öâ-

ïŽýâĲ.

Žáàæèæ Žóãï öâéáâà åâëîâéŽï (óãâãæå õãâèàŽê c1-æå ŽôêæöêñèæŽ áŽáâ-

Ĳæåæ éñáéæãæ).

å â ë î â é Ž 6.2. ãåóãŽå u0 = ϕ0, u1 = ϕ0 + τϕ1, ϕ0, ϕ1 ∈ W 2 áŽ

ν ∈ ]− 2, 2[ . éŽöæê

(a) åñ u(t) ∈ C2([0, T ]; H) ∩ C([0, T ]; W 2) áŽ f(t) ∈ C([0, T ]; H), éŽöæê

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ + ‖Ã1/2zk+1‖
)
→ 0, îëùŽ τ → 0;

(b) åñ öâïîñèâĲñèæŽ (a) ìñêóðæï ìæîëĲâĲæ áŽ f(t) áŽ u′′(t) òñêóùæâĲæ

ŽçéŽõëòæèâĲâê ßâèáâîæï ìæîëĲŽï λ (0 < λ ≤ 1) éŽøãâêâĲèæå, éŽöæê
(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ + ‖Ã1/2zk+1‖
)
≤ c1τ

λ, k = 1, . . . , n− 1;
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(c) åñ u(t) ∈ C3([0, T ]; H)∩C([0, T ]; W 2) áŽ f(t) ∈ C1([0, T ]; H), éŽöæê

max
1≤k≤n−1

(∥∥∥Ã1/2 ∆zk

τ

∥∥∥ +
∥∥∥∆2zk

τ 2

∥∥∥ + ‖Ãzk+1‖
)
→ 0 îëùŽ τ → 0;

(d) åñ öâïîñèâĲñèæŽ (c) ìñêóðæï ìæîëĲâĲæ áŽ f ′(t) áŽ u′′′(t) òñêóùæâĲæ

ŽçéŽõëòæèâĲâê ßâèáâîæï ìæîëĲŽï λ (0 < λ ≤ 1) éŽøãâêâĲèæå, éŽöæê

(∥∥∥Ã1/2 ∆zk

τ

∥∥∥ +
∥∥∥∆2zk

τ 2

∥∥∥ + ‖Ãzk+1‖
)
≤ c1τ

λ, k = 1, . . . , n− 1.

á Ž é ð ç æ ù â Ĳ Ž . æéæï áŽ éæýâáãæå, åñ îëàëîæ ïæàèñãæïŽŽ u(t) áŽ

f(t) òñêóùæâĲæ éŽîåâĲñèæŽ öâéáâàæ òëîéñèâĲæ:

∆2u(tk−1)

τ 2 − u′′(tk) =
1

τ 2

tk+1∫

tk

t∫

tk

(
u′′(s)− u′′(tk)

)
ds dt+

+
1

τ 2

tk∫

tk−1

t∫

tk−1

(
u′′(s)− u′′(tk)

)
ds dt, (6.16)

∆2u(tk−1)

τ 2 − u′′(tk) =
1

τ 2

tk+1∫

tk

t∫

tk

s∫

tk

(
u′′(ξ)− u′′′(tk)

)
dξ ds dt+

+
1

τ 2

tk∫

tk−1

t∫

tk−1

s∫

tk−1

(
u′′′(tk)− u′′(ξ)

)
dξ ds dt, (6.17)

∆2f(tk−1) =

tk+1∫

tk

(
f ′(t)− f ′(tk)

)
dt +

tk∫

tk−1

(
f ′(tk)− f ′(t)

)
dt, (6.18)

∆u(0)

τ
=

= u′(0) +
1

τ

τ∫

0

(
u′(t)− u′(0)

)
dt = u′(0) +

1

τ

τ∫

0

t∫

0

u′′(s) ds dt, (6.19)
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∆u(0)

τ
= u′(0) +

τ

2
u′′(0) +

1

τ

τ∫

0

t∫

0

(
u′′(s)− u′′(0)

)
ds dt. (6.20)

(6.16)-áŽê àŽéëéáæêŽîâëĲï:

max
1≤k≤n−1

∥∥∥∆2u(tk−1)

τ 2 − u′′(tk)
∥∥∥ → 0, îëùŽ τ → 0, (6.21)

åñ u(t) ∈ C2([0, T ]; H);

∥∥∥∆2u(tk−1)

τ 2 − u′′(tk)
∥∥∥ ≤ c1τ

λ, k = 1, . . . , n− 1, (6.22)

åñ u(t) ∈ C2([0, T ]; H) áŽ u′′(t) ŽçéŽõëòæèâĲï ßâèáâîæï ìæîëĲŽï λ

(0 < λ ≤ 1) éŽøãâêâĲèæå.

(6.17)-áŽê àŽéëéáæêŽîâëĲï:

1

τ
max

1≤k≤n−1

∥∥∥∆2u(tk−1)

τ 2 − u′′(tk)
∥∥∥ → 0, îëùŽ τ → 0, (6.23)

åñ u(t) ∈ C3([0, T ]; H);

∥∥∥∆2u(tk−1)

τ 2 − u′′(tk)
∥∥∥ ≤ c1τ

1+λ, k = 1, . . . , n− 1, (6.24)

åñ u(t) ∈ C3([0, T ]; H) áŽ u′′′(t) ŽçéŽõëòæèâĲï ßâèáâîæï ìæîëĲŽï λ

(0 < λ ≤ 1) éŽøãâêâĲèæå.

(6.18)-áŽê àŽéëéáæêŽîâëĲï:

1

τ
max

1≤k≤n−1

∥∥∆2f(tk−1)
∥∥ → 0, îëùŽ τ → 0, (6.25)

åñ f(t) ∈ C1([0, T ]; H);

‖∆2u(tk−1)‖ ≤ c1τ
1+λ, k = 1, . . . , n− 1, (6.26)

åñ f(t) ∈ C1([0, T ]; H) áŽ f ′(t) ŽçéŽõëòæèâĲï ßâèáâîæï ìæîëĲŽï λ

(0 < λ ≤ 1) éŽøãâêâĲèæå.
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(6.19)-áŽê àŽéëéáæêŽîâëĲï:

∥∥∥∆z0

τ

∥∥∥ ≤ c1τ, (6.27)

åñ u(t) ∈ C2([0, T ]; H);
∥∥∥Ã1/2 ∆z0

τ

∥∥∥ → 0, îëùŽ τ → 0, (6.28)

åñ u(t) ∈ C1([0, T ]; W 1);
∥∥∥Ã1/2 ∆z0

τ

∥∥∥ ≤ c1τ
λ, (6.29)

åñ u(t) ∈ C1([0, T ]; W 1) áŽ Ã1/2u′(t) ŽçéŽõëòæèâĲï ßâèáâîæï ìæîëĲŽï λ

(0 < λ ≤ 1) éŽøãâêâĲèæå.

(6.28) áŽ (6.29) áŽéëçæáâĲñèâĲâĲåŽê áŽçŽãöæîâĲæå öâãêæöêëå, îëé åñ

öâïîñèâĲñèæŽ (c) ìñêóðæï ìæîëĲâĲæ, éŽöæê (6.1) àŽêðëèâĲæáŽê àŽéëéáæ-

êŽîâëĲï, îëé Ãu(t) ∈ C1([0, T ]; H). ŽóâáŽê çæ æéæï àŽåãŽèæïûæêâĲæå, îëé

Ã Žîæï åãæåöâñôèâĲñèæ áŽáâĲæåŽá àŽêïŽäôãîñèæ ëìâîŽðëîæ àŽéëéáæ-

êŽîâëĲï, îëé u′(t) ∈ C([0, T ]; W 2) áŽ (Ãu(t))′ = Ãu′(t).

ùýŽáæŽ, éŽîåâĲñèæŽ öâéáâàæ öâòŽïâĲâĲæ:

‖Ã(∆z0)‖ =
∥∥Ã

(
u(τ)− u(0)

)− τÃϕ1
∥∥ → 0, îëùŽ τ → 0, (6.30)

åñ u(t) ∈ C([0, T ]; W 2);

‖Ã(∆z0)‖ ≤ c1τ
λ, (6.31)

åñ u(t) ∈ C([0, T ]; W 2) áŽ Ãu(t) ŽçéŽõëòæèâĲï ßâèáâîæï ìæîëĲŽï λ

(0 < λ ≤ 1) éŽøãâêâĲèæå;

max
1≤k≤n−1

|∆2f(tk−1)‖ → 0 îëùŽ τ → 0, (6.32)

åñ f(t) ∈ C([0, T ]; H);

‖∆2f(tk−1)‖ ≤ c1τ
λ, k = 1, . . . , n− 1, (6.33)
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åñ f(t) òñóêùæŽ [0, T ]-öæ ŽçéŽõëòæèâĲï ßâèáâîæï ìæîëĲŽï λ (0 < λ ≤ 1)

éŽøãâêâĲèæå.

äâéëå éëõãŽêæèæ öâòŽïâĲâĲæï àŽåãŽèæïûæêâĲæå (6.7){(6.15) ñðëèëĲâĲæ-

áŽê àŽéëéáæêŽîâëĲï öâòŽïâĲâĲæ zk = u(tk)− uk ùáëéæèâĲæïåãæï.

(a) ìñêóðæï áŽïçãêŽ àŽéëéáæêŽîâëĲï (6.7), (6.8) áŽ (6.11) ñðëèëĲâĲæáŽê

(6.21), (6.27), (6.30) áŽ (6.32) öâòŽïâĲâĲæï àŽåãŽèæïæûæêâĲæå.

(b) ìñêóðæï áŽïçãêŽ àŽéëéáæêŽîâëĲï (6.7), (6.8) áŽ (6.11) ñðëèëĲâĲæáŽê

(6.22), (6.27), (6.31) áŽ (6.33) öâòŽïâĲâĲæï àŽåãŽèæïæûæêâĲæå.

(c) ìñêóðæï áŽïçãêŽ àŽéëéáæêŽîâëĲï (6.9), (6.12) áŽ (6.14) ñðëèëĲâĲæ-

áŽê (6.23), (6.25), (6.28) áŽ (6.30) öâòŽïâĲâĲæï àŽåãŽèæïæûæêâĲæå.

(d) ìñêóðæï áŽïçãêŽ àŽéëéáæêŽîâëĲï (6.9), (6.12) áŽ (6.14) ñðëèëĲâĲæ-

áŽê (6.24), (6.26), (6.29) áŽ (6.31) öâòŽïâĲâĲæï àŽåãŽèæïæûæêâĲæå. ¤
ŽéëêŽýïêåŽ ñòîë àèñã çèŽïöæ éŽîåâĲñèæŽ öâéáâàæ åâëîâéŽ.

å â ë î â é Ž 6.3. ãåóãŽå u0 = ϕ0, ϕ0 ∈ W 2, u1 = ϕ0 + τϕ1 + τ2

2 ϕ2,

ϕ2 = f(0)− Ãϕ0, ϕ1, Ãϕ0, f(0) ∈ W 2 áŽ ν ∈ ]− 2, 2[ . éŽöæê

(a) åñ u(t) ∈ C3([0, T ]; H) ∩ C([0, T ]; W 2), f(t) ∈ C1([0, T ]; H), u′′′(t)

áŽ f ′(t) òñêóùæâĲæ ŽçéŽõëòæèâĲâê ßâèáâîæï ìæîëĲâĲï λ (0 < λ ≤ 1) éŽøãâ-

êâĲèæå, éŽöæê

‖zk+1‖+
∥∥∥∆zk

τ

∥∥∥ + ‖Ã1/2zk+1‖ ≤ c1τ
1+λ, k = 1, . . . , n− 1;

(b) åñ u(t) ∈ C4([0, T ]; H) ∩ C([0, T ]; W 2), f(t) ∈ C2([0, T ]; H), uIV (t)

áŽ f ′′(t) òñêóùæâĲæ ŽçéŽõëòæèâĲâê ßâèáâîæï ìæîëĲâĲï λ (0 < λ ≤ 1) éŽø-

ãâêâĲèæå, éŽöæê

∥∥∥Ã1/2∆zk

τ

∥∥∥ +
∥∥∥∆2zk

τ 2

∥∥∥ ≤ c1τ
1+λ, k = 1, . . . , n− 2.

á Ž é ð ç æ ù â Ĳ Ž . (6.20)-áŽê àŽéëéáæêŽîâëĲï:
∥∥∥∆z0

τ

∥∥∥ ≤ c1τ
2, (6.34)
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åñ u(t) ∈ C3([0, T ]; H);

∥∥∥Ã1/2∆z0

τ

∥∥∥ ≤ c1τ
1+λ, (6.35)

åñ u(t) ∈ C2([0, T ]; W 1) áŽ Ã1/2u′′(t) ŽçéŽõëòæèâĲï ßâèáâîæï ìæîëĲŽï λ

(0 < λ ≤ 1) éŽøãâêâĲèæå.

(6.19)-áŽê àŽéëéáæêŽîâëĲï, îëé

∥∥Ã1/2(∆z0)
∥∥ ≤

≤
τ∫

0

∥∥Ã1/2(u′(t)− u′(0)
)∥∥ dt +

τ 2

2
‖Ã1/2ϕ2‖ ≤ c1τ

1+λ, (6.36)

åñ u(t) ∈ C1([0, T ]; W 1) áŽ Ã1/2u′(t) ŽçéŽõëòæèâĲï ßâèáâîæï ìæîëĲŽï λ

(0 < λ ≤ 1) éŽøãâêâĲèæå.

ãåóãŽå öâïîñèâĲñèæŽ åâëîâéæï (a) ìñêóðæï ìæîëĲâĲæ, éŽöæê (6.1) àŽê-

ðëèâĲæáŽê àŽéëéáæêŽîâëĲï, îëé Ãu(t) ∈ C1([0, T ]; H) áŽ (Ãu(t))′ ŽçéŽõë-

òæèâĲï ßâèáâîæï ìæîëĲŽï. îŽáàŽê Ã åãæåöâñôèâĲñèæ áŽ áŽáâĲæåŽá àŽê-

ïŽäôãîñèæ ëìâîŽðëîæŽ, Žéæðëé Ãu(t) ∈ C1([0, T ]; H) ìæîëĲæáŽê àŽéëé-

áæêŽîâëĲï, îëé u′(t) ∈ C([0, T ]; W 2) áŽ (Ãu(t))′ = Ãu′(t). ŽéîæàŽá, åñ

öâïîñèâĲñèæŽ (a) ìñêóðæï ìæîëĲâĲæ, éŽöæê éŽîåâĲñèæŽ (6.36) ñðëèëĲŽ.

åñ öâïîñèâĲñèæŽ (b) ìñêóðæï ìæîëĲâĲæ, éŽöæê ŽêŽèëàæñîŽá éææôâĲŽ, îëé

Ãu(t) ∈ C2([0, T ]; H) áŽ (Ãu(t))′′ ŽçéŽõëòæèâĲï ßâèáâîæï ìæîëĲŽï. Žé òŽó-

ðæáŽê çæ àŽéëéáæêŽîâëĲï (6.35) ñðëèëĲŽ.

åñ u(tk+1) = u(tk +τ) áŽ u(tk−1) = u(tk−τ) òñêóùæâĲï àŽãöèæå ðâæèë-

îæï òëîéñèæï àŽéëõâêâĲæå, ŽéŽïåŽê êŽöåæå ûâãîï ŽãæôâĲå æêðâàîŽèñîæ

òëîéæå, éæãæôâĲå:

r0,τ(tk) =
∆2u(tk−1)

τ 2 − u′′(tk) =
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=
1

τ 2

(
1

4!

tk+1∫

tk

(tk+1 − t)3u(IV)(t) dt +
1

4!

tk∫

tk−1

(t− tk−1)
3u(IV)(t) dt

)

ùýŽáæŽ, ŽóâáŽê àŽéëéáæêŽîâëĲï:

r0,τ(tk)− r0,τ(tk−1) =
1

τ 2

(
1

4!

tk+1∫

tk

(tk+1 − t)3(u(IV)(t)− u(IV)(tk)
)
dt+

+
1

4!

tk∫

tk−1

(tk − t)3(u(IV)(tk)− u(IV)(t)
)
dt+

+
1

4!

tk∫

tk−1

(t− tk−1)
3(u(IV)(t)− u(IV)(tk−1)

)
dt+

+
1

4!

tk−1∫

tk−2

(t− tk−2)
3(u(IV)(tk−1)− u(IV)(t)

)
dt

)
. (6.37)

åñ (6.37) ðëèëĲŽöæ àŽáŽãŽèå êëîéâĲäâ áŽ àŽãæåãŽèæïûæêâĲå, îëé u(IV)(t)

ŽçéŽõëòæèâĲï ßâèáâîæï ìæîëĲŽï λ (0 < λ ≤ 1) éŽøãâêâĲèæå, éæãæôâĲå:

∥∥r0,τ(tk)− r0,τ(tk−1)
∥∥ ≤ c1τ

2+λ, k = 2, . . . , n− 1. (6.38)

ùýŽáæŽ, éŽîåâĲñèæŽ òëîéñèŽ

∆2f(tk−1) =

tk+1∫

tk

t∫

tk

f ′′(s) ds dt +

tk∫

tk−1

tk∫

t

f ′′(s) ds dt.

ŽóâáŽê, (6.38)-æï ŽêŽèëàæñîŽá éæãæôâĲå

∥∥∆2f(tk)−∆2f(tk−1)
∥∥ ≤ c1τ

2+λ, k = 1, . . . , n− 1. (6.39)

øãâê ñçãâ éæôâĲñèæ àãŽóãï õãâèŽ æï öâòŽïâĲŽ, îëéâèåŽ àŽåãŽèæïûæêâĲŽ

(6.7), (6.8), (6.11), (6.13) áŽ (6.15) ñðëèëĲâĲöæ éëàãùâéï (a) áŽ (b) ìñê-

óðâĲöæ éëùâéñè öâòŽïâĲâĲï.
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(a) ìñêóðæï öâòŽïâĲŽ àŽéëéáæêŽîâëĲï (6.7), (6.8) áŽ (6.11) ñðëèëĲâĲæáŽê

(6.24), (6.26), (6.34) áŽ (6.36) öâòŽïâĲâĲæï àŽåãŽèæïûæêâĲæå.

(b) ìñêóðæï öâòŽïâĲŽ àŽéëéáæêŽîâëĲï (6.13) áŽ (6.15) ñðëèëĲâĲæáŽê

(6.35), (6.38) áŽ (6.39) öâòŽïâĲâĲæï àŽåãŽèæïûæêâĲæå. ¤
öâãêæöêëå, îëé ŽĲïðîŽóðñèæ ßæìâîĲëèñîæ àŽêðëèâĲæïŽåãæï çëöæï Žéë-

ùŽêæï éæŽýèëâĲæåæ Žéëýïêæï ïóâéâĲæï ŽàâĲæïŽ áŽ àŽéëçãèâãæï åãŽèïŽäîæ-

ïæå éêæöãêâèëãŽêæ öâáâàâĲæŽ éæôâĲñèæ öâéáâàæ ŽãðëîâĲæï éæâî: ë. èŽáæ-

íâêïçŽæŽ [60], ì. ïëĲëèâãïçæ, è. øâĲëðŽîâãŽ [61], Baker G. A. [62], Baker

G. A., Dougalis V. A., Serbin S. M. [63], Baker G. A., Bramble J. H. [64],

Bales L. A. [65], Kačur J. [66], Pultar M. [67]. Žé ŽãðëîâĲæï öîëéâĲéŽ Žîïâ-

Ĳæåæ àŽãèâêŽ æóëêæŽ ïŽáæïâîðŽùæë êŽöîëéöæ ûŽîéëáàâêæè àŽéëçãèâãâĲäâ.
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å Ž ã æ II

ïæéâðîæñèæ, ûëêæŽêæ êŽýâãîŽááæïçîðñèæ ïóâéŽ

ïòâîñèæ àŽîïæï àŽêðëèâĲâĲæïŽåãæï àŽýèâøæèæ

ëìâîŽðëîæå (áæêŽéæçñîæ öâéåýãâãŽ)

Žé åŽãöæ àŽêýæèñèæŽ ïæéâðîæñèæ, ûëêæŽêæ êŽýâãîŽááæïçîâðñèæ ïóâéŽ

ïòâîñèæ àŽîïæï àŽêðëèâĲâĲæïŽåãæï àŽýèâøæèæ ëìâîŽðëîæå (áæêŽéæçñîæ

öâéåýãâãŽ).

æ. ãâçñŽï ïæïðâéæï ëìâîŽðëîæ ûŽîéëáàâêæèæŽ ëîæ öâïŽçîâĲæï þŽéæï

ïŽýæå, îëéâèåŽàŽê ìæîãâèæ (éåŽãŽîæ ëìâîŽðëîæ) öâáàâĲŽ áîâçŽáëĲæï

Ĳîðõâèæ åâëîææï ëìâîŽðëîæïŽ áŽ èŽìèŽïæŽêæïŽàŽê, öâöòëåâĲñèæ (−γ0εI)

ëìâîŽðëîæå (I æàæãñîæ ëìâîŽðëîæŽ, γ0 áŽáâĲæåæ éñáéæãæŽ, ε éùæîâ

ìŽîŽéâðîæŽ, àŽîïæï ïæïóæï öâòŽîáâĲŽ ïòâîëï îŽáæñïåŽê), ýëèë éâëîâ

öâïŽçîâĲæ öâáàâĲŽ ìæîãâèæ îæàæï ûŽîéëâĲñèâĲæïŽàŽê ïæãîùæåæ ùãèŽáâ-

Ĳæï éæéŽîå, εγ1 éŽéîŽãèæå (γ1 Žïâãâ áŽáâĲæåæ éñáéæãæŽ).

àŽêýæèñèæ ïŽéöîæŽêæ êŽýâãîŽááæïçîâðñèæ ïóâéæï éåŽãŽîæ Žäîæ éáàë-

éŽîâëĲï æéŽöæ, îëé éåŽãŽîëìâîŽðëîæŽêæ öâïŽçîâĲæ öâùãèæèæŽ ïŽöñŽèë

Žîæåéâðæçñèæå k − 1 áŽ k + 1 áîëæåæ öîââĲæï éæéŽîå, ýëèë éâëîâ

öâïŽçîâĲæï éêæöãêâèëĲŽ ŽôâĲñèæŽ öñŽ k-ñî öîâäâ. éæôâĲñèæŽ Žìîæëîñ-

èæ öâòŽïâĲâĲæ öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽéëùŽêæï ŽéëêŽýïêæïŽåãæï áŽ ìæîãâèæ

îæàæï ûŽîéëâĲñèæï ïýãŽëĲæŽêæ ŽêŽèëàæïåãæï. Žé Žìîæëîñè öâòŽïâĲâĲäâ

áŽõîáêëĲæå áŽéðçæùâĲñèæŽ åâëîâéâĲæ çîâĲŽáëĲæï öâïŽýâĲ.
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§ 1. ŽéëùŽêæï áŽïéŽ

ïòâîñèæ àŽîïæï àŽêðëèâĲŽåŽ ïæïðâéæï ëìâîŽðëîæ A æïâåæ ïŽýæïŽŽ, îëé

æï åŽãæïåŽãŽá àãçŽîêŽýëĲï öâéáâà àŽýèâøŽï:

A = A0 + A1 =

=−σ0




2(1−σ)

1−2σ

∂2

∂x2 +
∂2

∂y2−ε2 1

1−2σ

∂2

∂x∂y
0

1

1−2σ

∂2

∂x∂y

∂2

∂x2 +
2(1−σ)

1−2σ

∂2

∂y2−ε2 0

0 0
∂2

∂x2 +
∂2

∂y2−4ε2 1

1−2σ



−

−σ0




0 0 −ε
3− 2σ

1− 2σ

∂

∂x

0 0 −ε
3− 2σ

1− 2σ

∂

∂y

ε
3− 2σ

1− 2σ

∂

∂x
ε

3− 2σ

1− 2σ

∂

∂y
0




, (1.1)

ïŽáŽù (− 1
σ0

A0) Žîïæ éâëîâ îæàæï éŽðîæùŽ-ëìâîŽðëîæ, îëéèæï äâáŽ éŽîù-

ýâêŽ çñåýâöæ äæï áîâçŽáëĲæï Ĳîðõâèæ åâëîææï àŽêðëèâĲŽåŽ ïæïðâéæï

ëìâîŽðëîæ, öâöòëåâĲñèæ (−ε2I) ëìâîŽðëîæå, ýëèë óãâáŽ éŽîþãâêŽ çñ-

åýâöæ ßâèéßëèùæï ëìâîŽðëîæ, A1 Žîæï ïæéâðîæñèæ ìæîãâèæ îæàæï éŽð-

îæùŽ-ëìâîŽðëîæ.

(1.1) àŽýèâøæï ïŽòñúãâèäâ (I.1.1) àŽêðëèâĲæïŽåãæï öâàãæúèæŽ ŽãŽàëå

öâéáâàæ ïŽýæï ïæéâðîæñèæ, ûëêæŽêæ êŽýâãîŽááæïçîðñèæ ïóâéŽ (æý. [68]):

uk+1 − 2uk + uk−1

τ 2 + A0
uk+1 + νuk + uk−1

2 + ν
+ A1uk =

= f(x, y, tk), k = 1, 2, . . . , n− 1, (1.2)
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ïŽáŽù τ = T/n (n > 1 Žîæï êŽðñîŽèñîæ îæùýãæ), tk = kτ , ν 6= −2.

u(x, y, t) äñïðæ ŽéëêŽýïêæï éæŽýèëâĲæå éêæöãêâèëĲŽá t = tk ûâîðæèöæ

ãŽùýŽáâĲå uk(x, y)-ï.

(1.2)-áŽê àãŽóãï:

(
I +

τ 2

2 + ν
A0

)
uk −

(
2I − τ 2ν

2 + ν
A0

)
uk +

(
I +

τ 2

2 + ν
A0

)
uk−1 =

= −τ 2A1uk + τ 2f(x, y, tk), k = 1, 2, . . . , n− 1. (1.3)

ùêëĲæèæŽ, îëé A0 ëìâîŽðëîæ ïæéâðîæñèæŽ áŽ áŽáâĲæåŽá àŽêïŽäôã-

îñèæ (æý. [69]). ŽóâáŽê àŽéëéáæêŽîâëĲï, îëé îëùŽ 2 + ν > 0 ŽîïâĲëĲï

(I + τ2

2+ν A0)
−1 ëìâîŽðëîæ áŽ æï öâéëïŽäôãîñèæŽ.

(1.3) ïóâéæå åãèæï áŽûõâĲæïŽåãæï àãüæîáâĲŽ u0 áŽ u1 ïŽïðŽîðë ãâóðë-

îâĲæ, îëéèâĲæù æàæãâŽ, îŽù (I.1.4) ïóâéæï öâéåýãâãŽöæ.

ŽéîæàŽá, (I.1.1){(I.1.3) ŽéëùŽêæï ŽéëýïêŽ áîëæï õëãâè Ĳæþäâ áŽæõãŽêâĲŽ

(
I +

τ 2

2 + ν
A0

)
u(x, y) = f(x, y), (1.4)

ïŽýæï àŽêðëèâĲæï ŽéëýïêŽäâ áæîæýèâï âîåàãŽîëãŽêæ ïŽïŽäôãîë ìæîë-

ĲâĲæå:

u(x, y)
∣∣
∂Ω = 0, ∂Ω : |x| = |y| = 1. (1.5)

§ 2. åâëîâéŽ éáàîŽáëĲæï öâïŽýâĲ

àŽêãéŽîðëå A0 ëìâîŽðëîæï àŽêïŽäôãîæ Žîâ:

D(A0) =
{

u ∈ [C2(Ω)]3 : u
∣∣
∂Ω = 0

}
.

Žôãêæöêëå Ã0-æå A0 ïæéâðîæñèæ áŽáâĲæåŽá àŽêïŽäôãîñèæ ëìâîŽðë-

îæï àŽòŽîåëâĲŽ åãæåöâñôèâĲñè ëìâîŽðëîŽéáâ. îëàëîù ùêëĲæèæŽ, Ã0

Žîæï áŽáâĲæåŽá àŽêïŽäôãîñèæ, Žéæðëé ŽîïâĲëĲï çãŽáîŽðñèæ òâïãæ Ã
1/2
0 .
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Žáàæèæ Žóãï öâéáâà åâëîâéŽï.

å â ë î â é Ž 2.1. åñ u0(·, ·) áŽ u1(·, ·) ãâóðëî-òñêóùæâĲæ âçñåãêæ-

Žê Ã0 ëìâîŽðëîæï àŽêïŽäôãîæï Žîâï, ýëèë f(·, ·, ti) ãâóðëî-òñêóùæâĲæ

çãŽáîŽðæå þŽéâĲŽáæŽ áŽ ν ∈ ]− 2, 2[ , éŽöæê (1.2) ïóâéæïŽåãæï éŽîåâĲñèæŽ

öâéáâàæ Žìîæëîñèæ öâòŽïâĲâĲæ:

‖uk+1‖ ≤ ak−1

[
(c0 + τεc)‖u0‖+ (c1 + τ 2εc)

∥∥∥∆u0

τ

∥∥∥+

+ τ
k∑

i=1

ak−i

∥∥Ã
−1/2
0 f(·, ·, ti)

∥∥, (2.1)

∥∥∥∆uk

τ

∥∥∥ ≤ (1 + tkak−1)
[
(c + τεc)

∥∥Ã
1/2
0 u0

∥∥ + c0

∥∥∥∆u0

τ

∥∥∥+

+ τ(ν0c0 + τεc)
∥∥∥Ã

1/2
0

∆uk

τ

∥∥∥ + τ

k∑

i=1

‖f(·, ·, ti)‖
]
, (2.2)

∥∥Ã
1/2
0 uk+1

∥∥ ≤ ak−1

[
(c0 + τεc)

∥∥Ã
1/2
0 u0

∥∥+

+ τ(ν0c0 + τεc)
∥∥∥Ã

1/2
0

∆u0

τ

∥∥∥ + c0

∥∥∥∆u0

τ

∥∥∥
]
+

+ τ
k∑

i=1

ak−i‖f(·, ·, ti)‖, (2.3)

ïŽáŽù k = 1, 2, . . . , n− 1, ∆uk = uk+1−uk, c, c0, c1 áŽ ν0 éæáéæãâĲæ æàæãâŽ

îŽù ûæêŽ åŽãöæ, ak = exp(εctk).

á Ž é ð ç æ ù â Ĳ Ž . éŽîåâĲñèæŽ öâéáâàæ ñðëèëĲŽ:

‖A1u‖2 ≤ ε2c2((A0u, u)), ∀u ∈ D(A0). (2.4)

éŽîåèŽù àãŽóãï:

‖A1u‖2 = ε2c2
(
‖∂xu3‖2

L2
+ ‖∂yu3‖2

L2
+

∥∥∂xu1 + ∂yu2
∥∥2

L2

)
, (2.5)

((A0u, u)) =
(‖∂xu1‖2

L2
+ ‖∂yu1‖2

L2

)
+

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
+

+
(‖∂xu3‖2

L2
+ ‖∂yu3‖2

L2

)
+ b

∥∥∂xu1 + ∂yu2
∥∥2

L2

+
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+ ε2
(
‖u1‖2

L2
+ ‖u2‖2

L2
+ 4b‖u3‖2

L2

)
. (2.6)

ïŽáŽù b = 1
1−2σ .

ùýŽáæŽ, (2.5) áŽ (2.6) ðëèëĲâĲæáŽê àŽéëéáæêŽîâëĲï (2.4) ñðëèëĲŽ.

(2.4)-áŽê àŽéëéáæêŽîâëĲï:

‖Ã1u‖ ≤ εc‖Ã1/2
0 u‖, ∀u ∈ D(Ã

1/2
0 ) ⊂ D(Ã1) ⊂ H. (2.7)

åñ öâïîñèâĲñèæŽ åâëîâéŽ 2.1-æï ìæîëĲâĲæ, éŽöæê éŽîåâĲñèæŽ öâéáâàæ ñðë-

èëĲâĲæ (æý. Žìîæëîñèæ öâòŽïâĲâĲæ (I.3.5), (I.5.1) áŽ (I.3.3)):

‖uk+1‖ ≤ c0‖u0‖+ c1

∥∥∥∆u0

τ

∥∥∥ + τ

k∑

i=1

∥∥Ã
−1/2
0 f(·, ·, ti)

∥∥+

+ τ

k∑
i=1

∥∥Ã
−1/2
0 A1ui

∥∥, (2.8)

∥∥∥∆uk

τ

∥∥∥ ≤
∥∥Ã

1/2
0 u0

∥∥ + c0

∥∥∥∆u0

τ

∥∥∥ + τ
k∑

i=1

‖f(·, ·, ti)‖+

+ τ

k∑
i=1

‖A1ui‖, (2.9)

∥∥Ã
1/2
0 uk+1

∥∥ ≤ c0

(∥∥Ã
1/2
0 u0

∥∥ +
∥∥∥∆u0

τ

∥∥∥ + ν0τ
∥∥∥Ã

1/2
0

∆u0

τ

∥∥∥
)
+

+ τ

k∑
i=1

‖f(·, ·, ti)‖+ τ

k∑
i=1

‖A1ui‖. (2.10)

(2.8)-áŽê (2.7) ñðëèëĲæïŽ áŽ (Ã1Ã
−1/2
0 )∗ ⊃ Ã

−1/2
0 Ã∗

1 ⊃ Ã
−1/2
0 Ã1 áŽéëçæ-

áâĲñèâĲæï àŽåãŽèæïûæêâĲæå àŽéëéáæêŽîâëĲï:

‖uk+1‖ ≤ c0‖u0‖+ c1

∥∥∥∆u0

τ

∥∥∥ + τ

k∑
i=1

∥∥Ã
−1/2
0 f(·, ·, ti)

∥∥+

+ (εc)τ
k∑

i=1

‖ui‖. (2.11)
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öâéëãæôëå öâéáâàæ ŽôêæöãêâĲæ:

εi = ‖ui‖, i = 1, 2, . . . , k + 1,

δi = τ
∥∥Ã

−1/2
0 f(·, ·, ti)

∥∥, i = 1, 2, . . . , k,

δ0 = c0‖u0‖+ c1

∥∥∥∆u0

τ

∥∥∥, cτ = (εc)τ.

éŽöæê (2.11) ñðëèëĲŽ éææôâĲï ïŽýâï:

εk+1 ≤ cτ

k∑
i=1

εi +
k∑

i=0

δi.

ŽóâáŽê æêáñóùææå éææôâĲŽ (àîëêñëèæï èâéæï áæïçîâðñèæ ŽêŽèëàæ):

εk+1 ≤ cτ(1 + cτ)
k−1ε1 + (1 + cτ)

k−1δ0 +
k∑

i=1

(1 + cτ)
k−iδi. (2.12)

åñ àŽãæåãŽèæïûæêâĲå, îëé

(1 + cτ)
k = (1 + εcτ)k ≤ eεctk,

éŽöæê (2.12)-áŽê àŽéëéáæêŽîâëĲï (2.1) öâòŽïâĲŽ.

(2.3) öâòŽïâĲâĲŽ éðçæùáâĲŽ ŽêŽèëàæñîŽá. éŽîåèŽù, (2.10)-áŽê (2.7)-æï

àŽåãŽèæïûæêâĲæå àãŽóãï:

∥∥Ã
1/2
0 uk+1

∥∥ ≤ c0

(∥∥Ã
1/2
0 u0

∥∥ +
∥∥∥∆u0

τ

∥∥∥ + ν0τ
∥∥∥Ã

1/2
0

∆u0

τ

∥∥∥
)
+

+ τ

k∑
i=1

‖f(·, ·, ti)‖+ εcτ

k∑
i=1

∥∥Ã
1/2
0 ui

∥∥.

åñ Žé ñðëèëĲæïŽåãæï öâéëãæôâĲå ûæêŽ öâéåýãâãæï ŽêŽèëàæñî ŽôêæöãêâĲï,

éŽöæê (2.12)-æï åŽêŽýéŽá éæãæôâĲå (2.3) öâòŽïâĲŽï.

áŽãŽéðçæùëå (2.2) ñðëèëĲŽ. ùýŽáæŽ, (2.9)-áŽê (2.7)-æï àŽåãŽèæïûæêâ-

Ĳæå éææôâĲŽ:

∥∥∥∆uk

τ

∥∥∥ ≤
∥∥Ã

1/2
0 u0

∥∥ + c0

∥∥∥∆u0

τ

∥∥∥ + τ
k∑

i=1

‖f(·, ·, ti)‖+
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+ εcτ

k∑
i=1

∥∥Ã
1/2
0 ui

∥∥.

ŽóâáŽê, (2.3)-æï àŽåãŽèæïûæêâĲæå, àŽéëéáæêŽîâëĲï (2.2). ¤

§ 3. åâëîâéâĲæ çîâĲŽáëĲæï öâïŽýâĲ

öâéëãæôëå öâéáâàæ ïæãîùââĲæ.

àŽêãïŽäôãîëå D(Ã0)-öæ âîéæðæï êëîéŽ ‖u‖2 = ‖Ã0u‖, éæãæôâĲå ßæèĲâî-

ðæï ïæãîùâï, îëéâèïŽù ŽôãêæöêŽãå W 2
0 -æå.

ŽêŽèëàæñîŽá àŽêãïŽäôãîëå D(Ã
1/2
0 )-öæ êëîéŽ ‖u‖1 = ‖Ã1/2

0 u‖, éæãæôâ-

Ĳå ßæèĲâîðæï ïæãîùâï, îëéâèïŽù ŽôãêæöêŽãå W 1
0 -æå.

Žôãêæöêëå C([0, T ]; H)-æå ïæéîŽãèâ [0, T ] öñŽèâáöæ ñûõãâðæ f(·, ·, t)
ãâóðëî-òñêóùæâĲæï éêæöãêâèëĲâĲæ H-áŽê;

Cm([0, T ]; H) (m ≥ 1)-æå Žôãêæöêëå ïæéîŽãèâ [0, T ] öñèâáöæ m-îæàŽéáâ

øŽåãèæå ñûõãâðŽá áæòâîâêùæîâĲŽáæ ãâóðëî-òñêóùæâĲæïŽ C([0, T ]; H)-áŽê.

ŽêŽèëàæñîŽá àŽêæéŽîðâĲŽ C([0, T ]); W `
0) áŽ Cm([0, T ]); W `

0), ` = 1, 2.

öâéëãæôëå ŽôêæöãêŽ

zk(x, y) = u(x, y, tk)− uk(x, y), k = 1, 2, . . . , n.

Žáàæèæ Žóãï öâéáâà åâëîâéâĲï.

å â ë î â é Ž 3.1. ãåóãŽå u0 = ϕ0, u1 = ϕ0 + τϕ1, ϕ0, ϕ1 ∈ W 2
0 ,

ν ∈ ]− 2, 2[ . éŽöæê

Ž) åñ (I.1.1){(I.1.3) ŽéëùŽêæï ŽéëêŽýïêæ

u(·, ·, t) ∈ C2([0, T ]; H) ∩ C([0, T ]; W 2
0 ) áŽ f(·, ·, t) ∈ C([0, T ]; H),

éŽöæê

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥
)
→ 0, îëùŽ τ → 0;
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Ĳ) åñ f(·, ·, t) ∈ C1([0, T ]; H), éŽöæê

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ +
∥∥Ã

1/2
0 zk+1

∥∥
)
→ 0, îëùŽ τ → 0;

à) åñ f(·, ·, t) ∈ C1([0, T ]; H) áŽ u(·, ·, t) ∈ C3([0, T ]; H)∩C([0, T ]; W 2
0 ),

éŽöæê

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ +
∥∥Ã

1/2
0 zk+1

∥∥
)
≤ c5τ, c5 = const > 0.

å â ë î â é Ž 3.2. ãåóãŽå u0 = ϕ0, ϕ0 ∈ W 2
0 ,

u1 = ϕ0 + τϕ1 +
τ 2

2

(
f(x, y, 0)− (Ã0ϕ0 + Ã1ϕ0)

)
,

ϕ1, Ã0ϕ0, Ã1ϕ0, f(·, ·, 0) ∈ W 2
0 , f(·, ·, t) ∈ C2([0, T ]; H) áŽ ν ∈ ] − 2, 2[ .

éŽöæê

Ž) åñ (I.1.1){(I.1.3) ŽéëùŽêæï ŽéëêŽýïêæ u(·, ·, t) ∈ C4([0, T ]; H) ∩
C([0, T ]; W 2

0 ), éŽöæê

max
1≤k≤n

‖zk‖ ≤ c6τ
2, c6 = const > 0;

Ĳ) åñ u(·, ·, t) ∈ C4([0, T ]; H) ∩ C2([0, T ]; W 1
0 ) ∩ C([0, T ]; W 2

0 ), éŽöæê

max
1≤k≤n−1

(∥∥∥∆zk

τ

∥∥∥ +
∥∥Ã

1/2
0 zk+1

∥∥
)
≤ c7τ

2, c7 = const > 0.

Žé ìŽîŽàîŽòöæ éëõãŽêæèæ åâëîâéâĲæ öâáâàæŽ åâëîâéŽ 2.1-æï.
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å Ž ã æ III

æðâîŽùæñè-ïýãŽëĲæŽêæ áŽ ãŽîæŽùæñè-ïýãŽëĲæŽêæ

ïóâéâĲæ ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲâĲæïŽåãæï

âï åŽãæ âúôãêâĲŽ ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲâĲæïŽåãæï æðâîŽùæ-

ñè-ïýãŽëĲæŽêæ áŽ ãŽîæŽùæñè-ïýãŽëĲæŽêæ ïóâéâĲæï ŽàâĲŽï áŽ àŽéëçãèâãŽï.

áæîæýèâï âîåàãŽîëãŽêæ ïŽïŽäôãîë ìæîëĲâĲæï öâéåýãâãŽöæ æ. ãâçñŽï ïæ-

ïðâéæï ŽéëýïêæïŽåãæï àŽéëõâêâĲñèæŽ æðâîŽùæñèæ éâåëáæ, æðâîŽùææï õë-

ãâè Ĳæþäâ æýïêâĲŽ áîâçŽáëĲæï Ĳîðõâèæ åâëîææï àŽêðëèâĲŽåŽ ïæïðâéŽ áŽ

ßâèéßëèùæï àŽêðëèâĲŽ ùŽè-ùŽèçâ. áŽéðçæùâĲñèæŽ, îëé âï æðâîŽùæñèæ

ìîëùâïæ çîâĲŽáæŽ ïòâîëï îŽáæñïæï, àŽîïæï ïæïóæï áŽ ìñŽïëêæï çëâòæ-

ùæâêðæï êâĲæïéæâîæ áŽïŽöãâĲæ éêæöãêâèëĲâĲæïŽåãæï. àŽêýæèñèæŽ Žïâãâ Žô-

êæöêñèæ ïæïðâéæïŽåãæï ïŽïîñè-ïýãŽëĲæŽêæ éâåëáæ æðâîŽùæñè éâåëáåŽê

çëéĲæêŽùæŽöæ. öâéëåŽãŽäâĲñèæ æðâîŽùæñèæ éâåëáæ ïŽöñŽèâĲŽï àãŽúèâãï

ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ àŽê-

ðëèâĲŽåŽ ïæïðâéæï ŽéëýïêŽ áŽãæõãŽêëå èŽìèŽïæŽêæï öâïŽĲŽéæï ïýãŽëĲæŽê

àŽêðëèâĲŽåŽ ïæïðâéæï ŽéëýïêŽäâ, îŽù âçëêëéæñîëĲæï åãŽèïŽäîæïæå éêæ-

öãêâèëãŽêæŽ.

Žé åŽãöæ àŽêýæèñèæŽ Žàîâåãâ æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéæïŽåãæï (áæ-

êŽéæçñîæ öâéåýãâãŽ) ãŽîæŽùæñè-ïýãŽëĲæŽêæ ïóâéŽ. àŽêýæèñè ïóâéŽï øãâê ãñ-

ûëáâĲå ãŽîæŽùæñè-ïýãŽëĲæŽêï, îŽáàŽê áîëæåæ ùãèŽáæï éæéŽîå àŽéëõâêâ-

ĲñèæŽ ïýãŽëĲæŽêæ éâåëáæ, ýëèë ïæãîùæåæ ùãèŽáâĲæï éæéŽîå ãŽîæŽùæñèæ
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éâåëáæ. éæôâĲñèæ ŽèàâĲîñè àŽêðëèâĲŽåŽ ïæïðâéæï ŽéëýïêæïŽåãæï àŽéëõâ-

êâĲñèæŽ æðâîŽùæñè ìîëùâïæ, îëéâèæù ûŽîéëŽáàâêï äâæáâèæï çèŽïæçñîæ

æðâîŽùæñèæ ìîëùâïæï àŽîçãâñè éëáæòæçŽùæŽï.

§ 1. æðâîŽùæñèæ éâåëáæ ïòâîñèæ àŽîïæï æ. ãâçñŽï

àŽêðëèâĲŽåŽ ïæïðâéæïŽåãæï àŽýèâøæèæ ëìâîŽðëîæå

àŽêãæýæèëå ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéŽ (æý. [1])

(A0 + A1)u(x, y) = f(x, y), (x, y) ∈ ]− 1, 1[× ]− 1, 1[ , (1.1)

áæîæýèâï ïŽïŽäôãîë ìæîëĲæå

u
∣∣
∂Ω = 0, ∂Ω : |x| = |y| = 1, (1.2)

ïŽáŽù

A0 + A1 =

= −σ0




2(1−σ)

1−2σ
· ∂2

∂x2 +
∂2

∂y2−ε2 1

1−2σ
· ∂2

∂x∂y
0

1

1−2σ
· ∂2

∂x∂y

∂2

∂x2 +
2(1−σ)

1−2σ
· ∂2

∂y2−ε2 0

0 0
∂

∂x2 +
∂

∂y2−4ε2 1

1−2σ



−

−σ0




0 0 −ε
3− 2σ

1− 2σ
· ∂

∂x

0 0 −ε
3− 2σ

1− 2σ
· ∂

∂y

ε
3− 2σ

1− 2σ
· ∂

∂x
ε

3− 2σ

1− 2σ
· ∂

∂y
0




,

ïŽáŽù f =(f1, f2, f3)
> { ùêëĲæèæ ñûõãâðæ ãâóðëî-òñêóùæŽŽ, u=(u1, u2, u3)

>

{ ïŽúâĲêæ ëîþâî ñûõãâðŽá áæòâîâêùæîâĲŽáæ ãâóðëî-òñêóùæŽŽ, ε = 2R−1h,

h { àŽîïæï êŽýâãŽîïæïóâŽ, R { ïòâîëï îŽáæñïæ, σ { ìñŽïëêæï çëâòæùæâêðæ,

σ0 = E/2(1 + σ), E { æñêàæï éëáñèæ.
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A0 ëìâîŽðëîæï àŽêïŽäôãîæï Žîâ àŽêãéŽîðëå öâéáâàêŽæîŽá:

D(A0) =
{

u ∈ [
C2(Ω)

]3
: u

∣∣
∂Ω = 0

}
.

îëàëîù ùêëĲæèæŽ A0 Žîæï ïæéâðîæñèæ áŽ áŽáâĲæåŽá àŽêïŽäôãîñèæ ëìâ-

îŽðëîæ (æý. [69]). A1 ëìâîŽðëîæ Žîæï ïæéâðîæñèæ.

(1.1) àŽêðëèâĲæï êŽùãèŽá ãæýæèŽãå

(Ã0 + Ã1)u = f, (1.3)

àŽêðëèâĲŽï, ïŽáŽù Ã0 Žîæï A0 ëìâîŽðëîæï àŽòŽîåëâĲŽ åãæåöâñôèâĲñè

ëìâîŽðëîŽéáâ, ýëèë Ã1 Žîæï A1-æï øŽçâðãŽ.

éŽîåâĲñèæŽ öâéáâàæ åâëîâéŽ.

å â ë î â é Ž 1.1. æðâîŽùæñèæ ìîëùâïæ

Ã0un = −Ã1un−1 + f, n = 1, 2 . . . , (1.4)

çîâĲŽáæŽ êâĲæïéæâîæ u0 ∈ D(Ã0) ïŽûõæïæ ãâóðëîæïŽåãæï áŽ éŽîåâĲñèæŽ

öâòŽïâĲŽ
∥∥Ã

1/2
0 u∗ − Ã

1/2
0 un

∥∥ ≤ qn
∥∥Ã

1/2
0 u∗ − Ã

1/2
0 u0

∥∥, (1.5)

ïŽáŽù u∗ Žîæï äñïðæ ŽéëêŽýïêæ, q = (1 + λ1)
−1,

λ1 =
π2

εc(2ε +
√

2(2ε2 + π2))
, c =

3− 2σ

1− 2σ
.

åâëîâéæï áŽéðçæùâĲæïŽåãæï áŽàãüæîáâĲŽ öâéáâàæ èâéŽ.

è â é Ž 1.1. éŽîåâĲñèæŽ ñðëèëĲŽ

((A0u, u))± (1 + λ1)((A1u, u)) ≥ 0, ∀u ∈ D(A0). (1.6)

á Ž é ð ç æ ù â Ĳ Ž . êŽûæèëĲæåæ æêðâàîâĲæï òëîéñèæï àŽéëõâêâĲæå

éæãæôâĲå

((A0u, u))± (1 + λ1)((A1u, u)) =
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=
(
a‖∂xu1‖2

L2
+ ‖∂yu1‖2

L2

)
+

(‖∂xu2‖2
L2

+ a‖∂yu2‖2
L2

)
+

+
(‖∂xu3‖2

L2
+ ‖∂yu3‖2

L2

)
+ ε2(‖u1‖2

L2
+ ‖u2‖2

L2
+ 4b‖u3‖2

L2

)
+

+2b(∂xu1, ∂yu2)± (1 + λ1) · 2εc(u3, ∂xu1 + ∂yu2), (1.7)

ïŽáŽù a =
2(1− σ)

1− 2σ
, b =

1

1− 2σ
. îŽáàŽê c = 2b + 1, Žéæðëé àãŽóãï

(1 + λ1) · 2εc(u3, ∂xu1 + ∂yu2) =

= 4εb(u3, ∂xu1 + ∂yu2) + 2ε(1 + λ1c)(u3, ∂xu1 + ∂yu2) =

= 4εb(u3, ∂xu1 + ∂yu2)− 2ε(1 + λ1c)(∂xu3, u1)−
−2ε(1 + λ1c)(∂yu3, u2). (1.8)

åñ (1.7) ðëèëĲŽöæ øŽãïéŽãå a = b + 1 áŽ àŽãæåãŽèæïæûêâĲå,

∥∥∂xu1 + ∂yu2
∥∥2

L2
= ‖∂xu1‖2

L2
+ ‖∂yu2‖2

L2
+ 2(∂xu1, ∂yu2)

áŽ (1.8) ðëèëĲâĲï, éæãæôâĲå

((A0u, u))± (1 + λ1)((A1u, u)) =

= b
[∥∥∂xu1 + ∂yu2

∥∥2
L2
± 4ε(u3, ∂xu1 + ∂yu2) + 4ε2‖u3‖2

L2

]
+

+
[
‖∂xu3‖2

L2
+ ε2‖u1‖2

L2
± 2ε(1 + λ1c)(∂xu3, u1)

]
+

+
[
‖∂yu3‖2

L2
+ ε2‖u2‖2

L2
± 2ε(1 + λ1c)(∂yu3, u2)

]
+

+
(‖∂xu1‖2

L2
+ ‖∂yu1‖2

L2

)
+

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
. (1.9)

îëàëîù ùêëĲæèæŽ éŽîåâĲñèæŽ

‖∂xui‖2
L2

+ ‖∂yui‖2
L2
≥ π2

2
‖ui‖2

L2
, i = 1, 2, 3,

ñðëèëĲŽ (æý. [40], àã. 195):
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Žé ñðëèëĲæïŽ áŽ öãŽîùæï ñðëèëĲæï åŽêŽýéŽá (1.9)-áŽê àŽéëéáæêŽîâ-

ëĲï:

((A0u, u))± (1 + λ1)((A1u, u)) ≥ b
∥∥∂xu1 + ∂yu2 ± 2εu3

∥∥2
L2

+

+

[
‖∂xu3‖2

L2
+

(π2

2
+ ε2

)
‖u1‖2

L2
− 2ε(1 + λ1c)‖∂xu3‖L2

‖u1‖L2

]
+

+

[
‖∂yu3‖2

L2
+

(π2

2
+ ε2

)
‖u2‖2

L2
− 2ε(1 + λ1c)‖∂yu3‖L2

‖u2‖L2

]
(1.10)

ùýŽáæŽ, (1.10) ñðëèëĲæï éŽîþãâêŽ éýŽîâöæ çãŽáîŽðñè òîøýæèâĲöæ éë-

åŽãïâĲñèæ àŽéëïŽýñèâĲâĲæ ŽîŽñŽîõëòæåæŽ, åñ öâïîñèâĲñèæŽ ñðëèëĲŽ:

ε2(1 + λ1c)−
(π2

2
+ ε2

)
≤ 0.

âï ñðëèëĲŽ éŽîåâĲñèæŽ, îëùŽ

λ1 =
π2

εc(2ε +
√

2(2ε2 + π2))
,

Žéæðëé (1.10)-áŽê àŽéëéáæêŽîâëĲï:

((A0u, u))± (1 + λ1)((A1u, u)) ≥ b
∥∥∂xu1 + ∂yu2 ± 2εu3

∥∥2
L2

.

ïŽæáŽêŽù, ùýŽáæŽ, àŽéëéáæêŽîâëĲï (1.6) ñðëèëĲŽ. ¤
å â ë î â é Ž 1.1 - æ ï á Ž é ð ç æ ù â Ĳ Ž . ùýŽáæŽ, (1.4)-áŽê

àŽéëéáæêŽîâëĲï öâéáâàæ áŽéëçæáâĲñèâĲŽ:

vn = Svn−1 + Ã
−1/2
0 f, (1.11)

ïŽáŽù vn = Ã
1/2
0 un, s = −Ã

−1/2
0 Ã1Ã

−1/2
0 .

äâéëå áŽéðçæùâĲñèæ èâéæáŽê àŽéëéáæêŽîâëĲï:

∣∣((Ã1u, u))
∣∣ ≤ 1

1 + λ1
((Ã0u, u)), ∀u ∈ D(Ã0).

Žê îŽù æàæãâŽ

− 1

1 + λ1
Ã0 ≤ Ã1 ≤ 1

1 + λ1
Ã0.
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ŽóâáŽê àŽéëéáæêŽîâëĲï

− 1

1 + λ1
I ≤ S ≤ 1

1 + λ1
I.

ŽóâáŽê çæ àŽéëéáæêŽîâëĲï, îëé

‖S‖ ≤ 1

1 + λ1
< 1.

ùýŽáæŽ, ŽóâáŽê àŽéëéáæêŽîâëĲï, îëé vn = Ã
1/2
0 un òñêáŽéâêðŽèñîæŽ.

îŽáàŽê Ã0 áŽáâĲæåŽá àŽêïŽäôãîñèæŽ, ŽóâáŽê, åŽãæ éýîæã, àŽéëéáæêŽîâ-

ëĲï, îëé un éæéáâãîëĲŽ òñêáŽéâêðŽèñîæŽ.

ãåóãŽå, un → u∗. ãŽøãâêëå, îëé u∗ Žîæï (1.3) àŽêðëèâĲæï ŽéëêŽýïâêæ.

éŽîåâĲñèæŽ ñðëèëĲŽ (æý. (II.2.7)):

‖Ã1u‖ ≤ c0‖Ã1/2
0 u‖, ∀u ∈ D(Ã0), c0 = const .

Žé ñðëèëĲæáŽê àŽéëéáæêŽîâëĲï, îëé Ã1un éæéáâãîëĲŽ òñêáŽéâêðŽèñîæŽ.

Žé òŽóðæï àŽåãŽèæïæûêâĲæå (1.4)-áŽê àŽéëéáæêŽîâëĲï, îëé Ã0un éæéáâãîë-

ĲŽù òñêáŽéâêðŽèñîæŽ. åñ ŽýèŽ (1.4)-öæ àŽáŽãŽèå äôãŽîäâ n-æï éæéŽîå

áŽ àŽãæåãŽèæïæûêâĲå, îëé Ã0 áŽ Ã1 øŽçâðæèæ ëìâîŽðëîâĲæŽ, éæãæôâĲå

Ã0u∗ = −Ã1u∗ + f.

öâòŽïâĲŽ (1.5) éææôâĲŽ ïðŽêáŽîðñèæ àäæå. ¤

§ 2. æðâîŽùæñè-ïýãŽëĲæŽêæ ïóâéŽ ïòâîñèæ àŽîïæï æ. ãâçñŽï

àŽêðëèâĲâĲæïŽåãæï (ïðŽðæçŽ)

áæîæýèâï ïŽïŽäôãîë ìæîëĲâĲæï öâéåýãâãŽöæ ïòâîñèæ àŽîïæï àŽðëèâ-

ĲŽåŽ ïæïðâéæï ŽéëêýïêæïŽåãæï ãæõâêâĲå öâéáâà æðâîŽùæñè ìîëùâïï:

2(1− σ)

1− 2σ

∂2(n)
u 1

∂x2 +
∂2(n)

u 1

∂y2 − ε2(n)
u 1 +

1

1− 2σ

∂2(n−1)
u 2

∂x∂y
=
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= ε
3− 2σ

1− 2σ

∂
(n−1)
u 3

∂x
+

2(1 + σ)

E
f1(x, y),

∂2(n)
u u2

∂x2 +
2(1− σ)

1− 2σ

∂2(n)
u 2

∂y2 − ε2(n)
u 2 +

1

1− 2σ

∂2(n−1)
u 1

∂x∂y
=

= ε
3− 2σ

1− 2σ

∂
(n−1)
u 3

∂y
+

2(1 + σ)

E
f2(x, y), (2.1)

∂2(n)
u 3

∂x2 +
∂2(n)

u 3

∂y2 − 4ε2 1

1− 2σ

(n)
u 3 =

= −ε
3− 2σ

1− 2σ

[∂
(n)
u 1

∂x
+

∂
(n)
u 2

∂y

]
+

2(1 + σ)

E
f3(x, y).

(2.1) æðâîŽùæñèæ ìîëùâïæ ûŽîéëŽáàâêï äâæáâèæï çèŽïæçñîæ æðâîŽùæ-

ñèæ ìîëùâïæï áæòâîêùæŽèñî ŽêŽèëàï. öâàãæúèæŽ ãŽøãâêëå, îëé éæïæ çîâ-

ĲŽáëĲŽ àŽéëéáæêŽîâëĲï (1.1), (1.2) ŽéëùŽêæï öâïŽĲŽéæïæ ëìâîŽðëîæï áŽáâ-

ĲæåŽá àŽêïŽäôãîñèëĲæáŽê, îëéâèæù áŽéðçæùâĲñèæ àãŽóãï I åŽãöæ (æý. öâ-

áâàæ I.2.1).

(2.1) ïæïðâéæï ŽéëýïêæïŽåãæï ãæõâêâĲå ïýãŽëĲæŽê éâåëáï (æý. [70]{[75]).

(2.1) ïæïðâéæï ïýãŽëĲæŽê ŽêŽèëàï Žóãï öâéáâàæ ïŽýâ:

2(1− σ)

1− 2σ

(n)
u u1

i+1,j − 2
(n)
u 1

i,j +
(n)
u 1

i−1,j

h2
1

+

(n)
u 1

i,j+1 − 2
(n)
u u1

i,j +
(n)
u 1

i,j−1

h2
2

−

−ε2(n)
u 1

i,j +
1

1− 2σ

1

2h2
×

×
( (n−1)

u 2
i+1,j+1 −

(n−1)
u 2

i−1,j+1

2h1
−

(n−1)
u i+1,j−1 −

(n−1)
u i−1,j−1

2h1

)
=

= ε
3− σ

1− 2σ

(n−1)
u 3

i+1,j −
(n−1)
u 3

i−1,j

2h1
+

2(1 + σ)

E
f1(xi, yi),

(n)
u 2

i+1,j − 2
(n)
u 2

i,j +
(n)
u 2

i−1,j

h2
1

+
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+
2(1− σ)

1− 2σ

(n)
u 2

i,j+1 − 2
(n)
u 2

i,j +
(n)
u 2

i,j−1

h2
2

− ε2(n)
u 2

i,j+ (2.2)

+
1

1− 2σ

1

2h2

( (n)
u 1

i+1,j+1 −
(n)
u 1

i−1,j+1

2h1
−

(n)
u 1

i+1,j−1 −
(n)
u 1

i−1,j−1

2h1

)
=

= ε
3− 2σ

1− 2σ

(n−1)
u 3

i,j+1 −
(n−1)
u 3

i,j−1

2h2
+

2(1 + σ)

E
f2(xi, yi),

(n)
u 3

i+1,j − 2
(n)
u 3

i,j +
(n)
u 3

i−1,j

h2
1

+

(n)
u 3

i,j+1 − 2
(n)
u 3

i,j +
(n)
u 3

i,j−1

h2
2

−

−4ε2 1

2h2

(n)
u 3

i,j =

= −ε
3− 2σ

1− 2σ

( (n)
u 1

i+1,j −
(n)
u 1

i−1,j

2h1
−

(n)
u 2

i,j+1 −
(n)
u 2

i,j−1

2h2

)
=

=
2(1 + σ)

E
f3(xi, yi).

îëàëîù (2.2) æðâîŽùæñèæ ìîëùâïæáŽê øŽêï, (1.1), (1.2) ŽéëùŽêæï öâ-

ïŽĲŽéæïæ ïýãŽëĲæŽê àŽêðëèâĲŽåŽ ïæïðâéæï ŽéëýïêŽ æðâîŽùææï õëãâè Ĳæþäâ

éææõãŽêâĲŽ öâéáâàæ ŽéëùŽêæï

a0
∂2u

∂x2 + a1
∂2u

∂y2 − a2u = f(x, y), (x, y) ∈ Ω, (2.3)

u
∣∣
∂Ω = 0, ∂Ω : |x| = |y| = 1, (2.4)

ïŽáŽù a0, a1 áŽ a2 áŽáâĲæåæ éñáéæãâĲæŽ, öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽéëùŽêæï

ŽéëýïêŽäâ.

(2.3), (2.4) ŽéëùŽêæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽéëùŽêŽ

a0
ui+1,j − 2ui,j + ui−1,j

h2
1

+ a1
ui,j−1 − 2ui,j + ui,j+1

h2
2

−

−a2ui,j = f(xi, yj),
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ïŽáŽù i = 1, . . . , N1 − 1, j = 1, . . . , N2 − 1, xi = ih1, yj = jh2, h1 = 2/N1

áŽ h2 = 2/N2 (N1 áŽ N2 âîåäâ éâðæ êŽðñîŽèñîæ îæùýãâĲæŽ), æýïêâĲŽ

òŽóðëîæäŽùææï éâåëáæï (æý. [76]) æðâîŽùæñè éâåëáåŽê çëéĲæêŽùæŽöæ.

Žôãûâîëå âï Žèàëîæåéæ: òŽóðëîæäŽùææï éâåëáï øãâê ãæõâêâĲå ox Žê

oy ôâîúæ ìŽîŽèâèñî öîââĲäâ. ãåóãŽå, ãæõâêâĲå òŽóðëîæäŽùææï éâåëáï

ox ôâîúæï ìŽîŽèâèñî öîâââĲäâ æðâîŽùæñè ìîëùâïåŽê çëéĲæêŽùæŽöæ. Žãæ-

ôëå ìæîãâèæ öîâ. Žé öîæï äâáŽ öîâöæ éëåŽãïâĲñè çãŽêúâĲöæ uij Žãæôëå

êñèæï ðëèæ, óãâáŽ öîâäâ çæ uij-ï éêæöãêâèëĲŽ ùêëĲæèæŽ. úæîæåŽá öîâäâ

uij-ï ãìëñèëĲå òŽóðëîæäŽùææï éâåëáæå. öâéáâà àŽáŽãáæãŽîå éëéáâãêë

öîâäâ. éæï äâáŽ öîâäâ uij-ï éêæöãêâèëĲŽï çãèŽã ãæôâĲå êñèæï ðëèï, óãâ-

áŽ öîâäâ çæ { uij-ï êŽùãèŽá ãïãŽéå Žáîâ éæôâĲñè éêæöãêâèëĲŽï áŽ Ž. ö.

öâéáâà æðâîŽùæŽï ŽêŽèëàæñîŽá ãŽðŽîâĲå, ëôëêá æé àŽêïýãŽãâĲæå, îëé

ŽýèŽ äâáŽ öîâäâ uij-ï éêæöãêâèëĲŽï ãæôâĲå ŽîŽ êñèæï ðëèï, ŽîŽéâá ûæêŽ

æðâîŽùææï áîëï éæôâĲñè éêæöãêâèëĲŽï áŽ Ž. ö. ìîëùâïï ãŽàîúâèâĲå éŽêŽé-

áâ, ãæáîâ ëî éëéáâãêë æðâîŽùæŽï öëîæï ïýãŽëĲæï éëáñèæï éŽóïæéŽèñîæ

éêæöãêâèëĲŽ Žî àŽýáâĲŽ êŽçèâĲæ ûæêŽïûŽî ŽôâĲñè áŽáâĲæå ε îæùýãäâ.

àŽéëãæçãèæëå (2.2) æðâîŽùæñèæ ìîëùâïæï çîâĲŽáëĲŽ. äñïð ŽéëêŽýïêïŽ

áŽ n-ñî æðâîŽùæŽï öëîæï ïýãŽëĲŽ Žôãêæöêëå
(n)
z ij-æå:

(n)
z ij = uij −

(n)
u ij.

ùýŽáæŽ,
(n)
z ij ŽçéŽõëòæèâĲï öâéáâà ïæïðâéŽï:

−(n)
z i+1,j + a

(n)
z ij −

(n)
z i−1,j = α0

((n−1)
z i,j+1 +

(n)
z i,j−1

)
, (2.5)

ïŽáŽù

α0 =
a1

a0

(h1

h2

)2
, a = 2 + 2α0 +

a2

a1
h2

1.

ùýŽáæŽ, (2.5)-áŽê àŽéëéáæêŽîâëĲï öâéáâàæ ñðëèëĲŽ:

a|(n)
z ij| ≤ |(n)

z i+1,j|+ |(n)
z i−1,j|+ α0|

(n−1)
z i,j+1|+ α0|

(n)
z i,j−1|.
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ŽóâáŽê çæ åŽãæï éýîæã àŽéëéáæêŽîâëĲï:

a|(n)
z ij| ≤ (1 + α0)µn + α0µn−1, (2.6)

ïŽáŽù

µn = max
s,k

|(n)
z s,k|, s = 1, 2, . . . , N1, k = 1, 2, . . . , N2.

îŽáàŽê |(n)
z ij| êñèæï ðëèæ ýáâĲŽ Žîæï ïŽäôãŽîäâ, Žéæðëé æï éŽóïæéñéï éæ-

Žôûâãï ĲŽáæï öæàŽ ûâîðæèöæ. Žé òŽóðæï àŽåãŽèæïûæêâĲæå (2.6)-áŽê àŽéë-

éáæêŽîâëĲï:

aµn ≤ (2 + α0)µn + α0µn−1,

Žê îŽù æàæãâŽ

µn ≤ α0

α0 + a2

a0
h2

1
µn−1, n = 1, 2, . . . .

ŽóâáŽê àŽéëéáæêŽîâëĲï ñðëèëĲŽ:

µn ≤ qnµ0, q =
α0

α0 + a2

a0
h2

1
< 1,

îŽù ñäîñêãâèõëòï (2.2) æðâîŽùæñèæ ìîëùâïæï çîâĲŽáëĲŽï.

§ 3. ãŽîæŽùæñè-ïýãŽëĲæŽêæ ïóâéŽ ïòâîñèæ àŽîïæï

àŽêðëèâĲâĲæïŽåãæï (áæêŽéæçñîæ öâéåýãâãŽ)

âï ìŽîŽàîŽòæ âúôãêâĲŽ (I.1.5) àŽêðëèâĲŽåŽ ïæïðâéæï ŽéëýïêŽï ]− 1, 1[×
]− 1, 1[ Žîâöæ, áæîæýèâï âîåàãŽîëãŽêæ ïŽïŽäôãîë ìæîëĲâĲæå. îŽáàŽê A

ïæéâðîæñèæ áŽ áŽáâĲæåŽá àŽêïŽäôãîñèæ ëìâîŽðëîæŽ (æý. åŽãæ I, § 2),

Žéæðëé Žôêæöêñèæ ïæïðâéæï ŽéëýïêæïŽåãæï öâàãæúèæŽ àŽéëãæõâêëå ãŽîæ-

Žùæñèæ éâåëáæ (æý. [40], [41], [77]). éæôâĲñèæ ŽèàâĲîñè àŽêðëèâĲŽåŽ ïæ-

ïðâéæï çëéìŽóðñîŽá øŽûâîæïŽåãæï øãâêåãæï éëïŽýâîýâĲâèæŽ (I.1.5) àŽêðë-

èâĲŽöæ ñùêëĲåŽê éáàëéæ óãâáŽ æêáâóïæ, îëéâèæù ŽôêæöêŽãï áîëæå öîâï,
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ŽãæðŽêëå äâãæå, â. æ. (I.1.5) àŽêðëèâĲŽï éæãùâå öâéáâàæ òëîéŽ:

(
I +

τ 2

2 + ν
A

)
um+1 −

(
2I − τ 2

2 + ν
A

)
um +

(
I +

τ 2

2 + ν
A

)
um−1 =

= τ 2f(x, y, tm), (3.1)

ïŽáŽù m = 1, 2, . . . , n− 1, τ = T
n (n > 1), ν ∈ ]− 2, 2[ .

àŽãöŽèëå (3.1) ïæïðâéŽ, éæãæôâĲå:

[(
1 + τ 2ε2 σ0

2 + ν

)
um+1

1 −

−τ 2 σ0

2 + ν

(
a

∂2um+1
1

∂x2 +
∂2um+1

1

∂y2 + b
∂2um+1

2

∂x∂y
− εc

∂um+1
3

∂x

)]
−

−
[(

2− τ 2ε2 σ0ν

2 + ν

)
um

1 +

+τ 2 σ0ν

2 + ν

(
a

∂2um
1

∂x2 +
∂2um

1

∂y2 + b
∂2um

2

∂x∂y
− εc

∂um
3

∂x

)]
+

+

[(
1 + τ 2ε2 σ0

2 + ν

)
um+1

1 −

−τ 2 σ0

2 + ν

(
a

∂2um−1
1

∂x2 +
∂2um−1

1

∂y2 + b
∂2um−1

2

∂x∂y
− εc

∂um−1
3

∂x

)]
=

= τ 2f1(x, y, tm),
[(

1 + τ 2ε2 σ0

2 + ν

)
um+2

2 −

−τ 2 σ0

2 + ν

(∂2um+1
2

∂x2 + a
∂2um+1

2

∂y2 + b
∂2um+1

1

∂x∂y
− εc

∂um+1
3

∂y

)]
−

−
[(

2− τ 2ε2 σ0ν

2 + ν

)
um

2 +

+τ 2 σ0ν

2 + ν

(∂2um
2

∂x2 + a
∂2um

2

∂y2 + b
∂2um

1

∂x∂y
− εc

∂um
3

∂y

)]
+ (3.2)

+

[(
1 + τ 2ε2 σ0

2 + ν

)
um+1

2 −
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−τ 2 σ0

2 + ν

(∂2um−1
2

∂x2 + a
∂2um−1

2

∂y2 + b
∂2um−1

1

∂x∂y
− εc

∂um−1
3

∂y

)]
=

= τ 2f2(x, y, tm),
[(

1 + 4τ 2ε2 σ0b

2 + ν

)
um+1

3 −

−τ 2 σ0

2 + ν

(∂2um+1
3

∂x2 +
∂2um+1

3

∂y2 − εc
(∂um+1

1

∂x
+

∂um+1
2

∂y

))]
−

−
[(

2− 4τ 2ε2 σ0bν

2 + ν

)
um

3 +

+τ 2 σ0ν

2 + ν

(∂2um
3

∂x2 +
∂2um

3

∂y2 − εc
(∂um

1

∂x
+

∂um
2

∂y

))]
+

+

[(
1 + 4τ 2ε2 σ0b

2 + ν

)
um−1

3 −

−τ 2 σ0

2 + ν

(∂2um−1
3

∂x2 +
∂2um−1

3

∂y2 − εc
(∂um−1

1

∂x
+

∂um−1
2

∂y

))]
=

= τ 2f3(x, y, tm).

(3.1) ïæïðâéæï Žê îŽù æàæãâŽ (3.2) ïæïðâéæï (âîåàãŽîëãŽêæ ïŽïŽäôãîë

ìæîëĲâĲæå) ŽéëêŽýïâêï ãâúâĲå öâéáâàæ éûçîæãæï ïŽýæå:

um(x, y) =
∞∑
i=1

∞∑
j=1

um
ijϕi(x)ϕj(y), (3.3)

ïŽáŽù um
ij = (um

1,i,j, u
m
2,i,j, u

m
3,i,j)

> Žîæï ïŽúâĲêæ ãâóðëîæ; ϕi(x) áŽ ϕj(y) ïŽçë-

ëîáæêŽðë òñêóùæâĲŽá ŽôâĲñèæŽ èâíŽêáîæï ìëèæêëéâĲæï ïýãŽëĲâĲæ:

ϕi(x) = Ai

(
Pi+1(x)− Pi−1(x)

)

áŽ

ϕj(y) = Aj

(
Pj+1(y)− Pj−1(y)

)
,

ïŽáŽù

Ai =
1√

2(2i + 1)
.
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îŽáàŽê Pn(1) = 1 áŽ Pn(−1) = (−1)n, Žéæðëé ùýŽáæŽ, ϕi(x) · ϕj(y)

òñêóùæâĲæ ]− 1, 1[× ]− 1, 1[ Žîâöæ ŽçéŽõëòæèâĲâê âîåàãŽîëãŽê ïŽïŽäôãîë

ìæîëĲâĲï.

îëàëîù ùêëĲæèæŽ um(x, y) ãâóðëîæï (3.3) àŽöèæï um
ij òñîæâï çëâòæùæ-

âêðâĲæ àŽêæïŽäôãîâĲŽ öâéáâàæ ïæïðâéæáŽê:

1∫

−1

1∫

−1

[(
I +

τ 2

2 + ν
A

)
um+1 −

(
2I − τ 2ν

2 + ν
A

)
um+

+
(
I +

τ 2

2 + ν
A

)
um−1 − τ 2f(x, y, tm)

]
ϕk(x)ϕs(y) dx dy = 0, (3.4)

k, s = 1, 2, . . . .

A ëìâîŽðëîöæ öâéŽãŽèæ åæåëâñèæ ëìâîŽðëîæïŽåãæï Žéëãûñîëå öâ-

ïŽĲŽéæïæ ãŽîæŽùæñè-ïýãŽëĲæŽêæ ïóâéâĲæ (âï ïóâéâĲæ ŽàâĲñèæŽ å. ãŽöŽõéŽúæï

öîëéâĲöæ, æý. [78])

àŽêãæýæèëå ŽéëùŽêŽ:

Lu = 0, u
∣∣
∂Ω = 0, (x, y) ∈ Ω =]− 1, 1[× ]− 1, 1[ ,

ïŽáŽù L Žîæï A ëìâîŽðëîöæ öâéŽãŽèæ âîå-âîåæ áæòâîâêùæŽèñîæ ëìâ-

îŽðëîæ Žê æàæãñîæ ëìâîŽðëîæ.

ãâúâĲëå éæŽýèëâĲæåæ ŽéëêŽýïêæ öâéáâàæ ïŽýæå

u =
N∑

i,j=1

uijϕi(x)ϕj(y).

öâãŽîøæëå uij çëâòæùæâêðâĲæ æïâ, îëé öâïîñèáâï ðëèëĲâĲæ:
∫∫

Ω

Luϕk(x)ϕs(y) dx dy = 0, k = 1, 2, . . . , N. (3.5)

i áŽ j-ï ãñûëáëå éëúîŽãæ æêáâóïâĲæ, ýëèë k áŽ s-ï { ñúîŽãæ.

àãŽóãï öâéáâàæ öâéåýãâãâĲæ:
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Ž) L =
∂2

∂x∂y
.

(3.5) ïæïðâéŽ éææôâĲï ïŽýâï:

1∫

−1

1∫

−1

∂2u

∂x∂y
ϕk(x)ϕs(y) dx dy = 0.

êŽûæèëĲæåæ æêðâàîâĲæï òëîéñèæï àŽéëõâêâĲæå éæãæôâĲå:

1∫

−1

1∫

−1

∂u

∂y
ϕ′k(x)ϕs(y) dx dy = 0.

ŽóâáŽê àãŽóãï:

N∑

i=1

N∑

j=1

uij

1∫

−1

1∫

−1

ϕ′k(x)ϕ′j(y)ϕi(x)ϕs(y) dx dy = 0.

îëàëîù ùêëĲæèæŽ èâíŽêáîæï ìëèæêëéâĲæïŽåãæï àãŽóãï:

1∫

−1

Pn(x)Pm(x) dx = δ̂mn =





2

2n + 1
, îëùŽ n = m,

0, îëùŽ n 6= m;
(3.6)

áŽ

P ′
n+1(x)− P ′

n−1(x) = (2n + 1)Pn(x). (3.7)

ùýŽáæŽ, (3.7)-áŽê àŽéëéáæêŽîâëĲï

ϕ′i(x) = EiPi(x), Ei =

√
2i + 1

2
. (3.8)

(3.8) åãæïâĲæï åŽêŽýéŽá àãŽóãï:

N∑
i=1

N∑
j=1

AiAsEkEjuij

1∫

−1

1∫

−1

Pk(x)Pj(y)
(
Pi+1(x)− Pi−1(x)

)×

×(
Ps+1(y)− Ps−1(y)

)
dx dy = 0,
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N∑
i=1

N∑
j=1

AiAsEkEjuij

1∫

−1

Pk(x)
(
Pi+1(x)− Pi−1(x)

)
dx×

×
1∫

−1

Pj(y)
(
Ps+1(y)− Ps−1(y)

)
dy = 0.

(3.6) åãæïâĲæï àŽéëõâêâĲæå éæãæôâĲå:

N∑
i=1

N∑
j=1

AiAsEkEjuij(δ̂k,i+1 − δ̂k,i−1)(δ̂j,s+1 − δ̂j,s−1) = 0.

êñèæïŽàŽê àŽêïýãŽãâĲñèæŽ æï ûâãîâĲæ, îëéâèåŽåãæïŽù:

i = k − 1, i = k + 1 áŽ j = s− 1, j = s + 1.

Žéæðëé àãŽóãï:

N∑
i=1

AsAk−1EkEjuk−1,j δ̂k,k(δ̂j,s+1 − δ̂j,s−1)−

−
N∑

j=1

AsAk+1EkEjuk+1,j δ̂k,k(δ̂j,s+1 − δ̂j,s−1) = 0.

ŽóâáŽê

AsAk−1Ekδ̂k,k

(− Es−1δ̂s−1,s−1uk−1,s−1 + Es+1δ̂s+1,s+1uk−1,s+1
)−

−AsAk+1Ekδ̂k,k

(− Es−1δ̂s−1,s−1uk+1,s−1 + Es+1δ̂s+1,s+1uk−1,s+1
)

= 0.

ŽéîæàŽá, âï ïæïðâéŽ àãŽúèâãï öâéáâà ëåý çãŽêúï:

(k − 1, s− 1), (k − 1, s + 1), (k + 1, s− 1), (k + 1, s + 1).

åñ E áŽ δ̂-æï éêæöãêâèëĲâĲï àŽãæåãŽèæïûæêâĲå, ïŽĲëèëëá éæãæôâĲå:

4AkAs

(
Ak−1As−1uk−1,s−1 + Ak+1As+1uk+1,s+1−

−Ak−1As+1uk−1,s+1 − Ak+1As−1uk+1,s−1
)

= 0, k, s, = 1, . . . , N.
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Ĳ) L =
∂2

∂x2 .

(3.5) ïæïðâéŽ éææôâĲï ïŽýâï:

1∫

−1

1∫

−1

∂2u

∂x2 ϕk(x)ϕs(y) dx dy = 0.

ŽêŽèëàæñîæ éïþâèëĲæå éæãæôâĲå:

N∑
i=1

N∑
j=1

AsAjEiEkuij δ̂i,k×

×(
δ̂s+1,j+1 − δ̂s+1,j−1 − δ̂s−1,j+1 + δ̂s−1,j−1

)
= 0.

êñèæïŽàŽê àŽêïýãŽãâĲñèæŽ æï ûâãîâĲæ, îëéâèåŽåãæïŽù:

i = k áŽ j = s− 2, j = s, j = s + 2.

âï ïæïðâéŽ àãŽúèâãï ïŽé çãŽêúï:

(k, s− 2), (k, s), (k, s + 2).

öâéëãæôëå ŽôêæöãêâĲæ:

Bs =
1

(2s + 1)
√

(2s− 1)(2s + 3)
, Cs =

2

(2s− 1)(2s + 3)
.

Žé ŽôêæöãêâĲæï öâáâàŽá ñçŽêŽïçêâèæ ïæïðâéŽ Žïâ øŽæûâîâĲŽ:

Bs−1uk,s−2 − Csuk,s + Bs+1uk,s+2 = 0, k, s = 1, 2, . . . , N.

à) L =
∂2

∂y2 .

ŽêŽèëàæñîæ àäæå éæãæôâĲå:

Bk−1uk−2,s − Ckuk,s + Bk+1uk+2,s = 0, k, s = 1, 2, . . . , N.

á) L =
∂

∂x
.
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(3.5) ïæïðâéŽ éææôâĲï ïŽýâï:

1∫

−1

1∫

−1

∂u

∂x
ϕk(x)ϕs(y) dx dy = 0.

ŽóâáŽê

N∑
i=1

N∑
j=1

uij

1∫

−1

1∫

−1

ϕ′i(x)ϕj(y)ϕk(x)ϕs(y) dx dy = 0.

(3.6){(3.8) åãæïâĲâĲæï åŽêŽýéŽá âï ïæïðâéŽ Žïâ øŽæûâîâĲŽ:

N∑

i=1

N∑

j=1

AjAkAsEiuij(δ̂i,k+1 − δ̂i,k−1)×

×(
δ̂j+1,s+1 − δ̂j+1,s−1 − δ̂j−1,s+1 + δ̂j−1,s−1

)
= 0.

êñèæïŽàŽê àŽêïýãŽãâĲñèæŽ æï ûâãîâĲæ, îëéâèåŽåãæïŽù:

i = k − 1, j = k + 1 áŽ j = s− 2, j = s, j = s + 2.

âï ïæïðâéŽ àãŽúèâãï âóãï çãŽêúï:

(k − 1, s− 2), (k − 1, s), (k − 1, s + 2),

(k + 1, s− 2), (k + 1, s), (k + 1, s + 2).

ïæïðâéæï ïŽĲëèëë ïŽýâŽ:

2Ak−1Ak

(
Bs−1uk−1,s−2 − Csuk−1,s + Bs+1uk−1,s+2

)
+

+2Ak+1Ak

(−Bs−1uk+1,s−2 + Csuk+1,s −Bs+1uk+1,s+2
)

= 0,

k, s, = 1, 2, . . . , N.

â) L =
∂

∂y
.
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ûæêŽ ïæïðâéæï ŽêŽèëàæñîŽá (3.5) ïæïðâéŽ ôâĲñèëĲï ïŽýâï:

N∑
i=1

N∑
j=1

AiAkAsEiuij(δ̂j,s+1 − δ̂j,s−1)×

×(
δ̂i+1,k+1 − δ̂i+1,k−1 − δ̂i−1,k+1 + δ̂i−1,k−1

)
= 0.

êñèæïŽàŽê àŽêïýãŽãâĲñèæŽ æï ûâãîâĲæ, îëéâèåŽåãæïŽù:

i = k − 2, i = k, i = k + 2 áŽ j = s− 1, j = s + 1.

âï ïæïðâéŽù àãŽúèâãï âóãï çãŽêúï:

(k − 2, s + 1), (k, s + 1), (k + 2, s + 1),

(k − 2, s− 2), (k, s− 1), (k + 2, s− 1).

öâïŽĲŽéæïæ ïæïðâéŽ çæ Žïâ øŽæûâîâĲŽ:

2As−1As

(
Bk−1uk−2,s−1 − Ckuk,s−1 + Bk+1uk+2,s−1

)
+

+2As+1As

(−Bk−1uk−2,s+1 − Ckuk,s+1 −Bk+1uk+2,s+1
)

= 0,

k, s = 1, 2, . . . , N.

ã) L = I (L Žîæï æàæãñîæ ëìâîŽðëîæ).

(3.5) ïæïðâéŽ éææôâĲï ïŽýâï:

N∑
i=1

N∑
j=1

AiAkAjAsuij

(
δ̂i+1,k+1 − δ̂i+1,k−1 − δ̂i−1,k−1 + δ̂i−1,k−1

)×

×(
δ̂j+1,s+1 − δ̂j+1,s−1 − δ̂j−1,s+1 + δ̂j−1,s−1

)
= 0.

êñèæïŽàŽê àŽêïýãŽãâĲñèæ ûâãîâĲæ éæôâĲŽ i áŽ j æêáâóïâĲæï öâéáâàæ éêæöãêâ-

èëĲâĲæïŽåãæï: i = k − 2, i = k, i = k + 2 áŽ j = s − 2, j = s, j = s + 2.

æàæãñîæ ëìâîŽðëîæ àãŽúèâãï ùýîŽ çãŽêúï:

(k − 2, s− 2), (k − 2, s), (k − 2, s + 2),
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(k, s− 2), (k, s), (k, s + 2),

(k + 2, s− 2), (k + 2, s), (k + 2, s + 2).

ïæïðâéŽï Žóãï öâéáâàæ ïŽýâ:

Bk−1
(
Bs−1uk−2,s−2 − Csuk−2,s + Bs+1uk−2,s+2

)−
−Ck

(
Bs−1uk,s−2 − Csuk,s + Bs+1uk,s+2

)
+

+Bk+1
(
Bs−1uk+2,s−2−Csuk+2,s+Bs+1uk+2,s+2

)
=0, k, s,=1, 2, . . . , N.

ŽéîæàŽá, âèâéâêðŽîñèæ áæòâîâêùæŽèñîæ ëìâîŽðëîâĲæïŽåãæï éææôâĲŽ

öâéáâàæ öŽĲèëêâĲæ:

∂2u

∂x2 ∼ Bs−1uk,s−2 − Csuk,s + Bs+1uk,s+2,

∂2u

∂y2 ∼ Bk−1uk−2,s − Ckuk,s + Bk+1uk+2,s,

∂2u

∂x∂y
∼ 4AkAs

(
Ak−1As−1uk−1,s−1 + Ak+1As+1uk+1,s+1−

− Ak−1As+1uk−1,s+1 − Ak+1As−1uk+1,s−1
)
,

∂u

∂x
∼ 2Ak−1Ak

(
Bs−1uk−1,s−2 − Csuk−1,s + Bs+1uk−1,s+2

)
+

+ 2Ak+1Ak

(−Bs−1uk+1,s−2 + Csuk+1,s −Bs+1uk+1,s+2
)
,

∂u

∂y
∼ 2As−1As

(
Bk−1uk−2,s−1 − Ckuk,s−1 + Bk+1uk+2,s−1

)
+

+ 2As+1As

(−Bk−1uk−2,s+1 + Ckuk,s+1 −Bk+1uk+2,s+1
)
,

u(x, y) ∼ Bk−1
(
Bs−1uk−2,s−2 − Csuk−2,s + Bs+1uk−2,s+2

)−
− Ck

(
Bs−1uk,s−2 − Csuk,s + Bs+1uk,s+2

)
+

+ Bk+1
(
Bs−1uk+2,s−2 − Csuk+2,s + Bs+1uk+2,s+2

)
,

k, s, = 1, 2, . . . , N.
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ïŽáŽù

As =
1√

2(2s + 1)
, Bs =

1

(2s + 1)
√

(2s− 1)(2s + 3)
,

Cs =
1

(2s− 1)(2s + 3)
.

ŽýèŽ ñçãâ öâàãæúèæŽ A ëìâîŽðëîöæ öâéŽãŽèæ âèâéâêðŽîñèæ ëìâîŽðë-

îâĲæ öâãùãŽèëå éŽåæ öâïŽĲŽéæïæ öŽĲèëêâĲæå. (3.4) ïæïðâéæï ìæîãâèæ àŽê-

ðëèâĲæï öâïŽĲŽéæï ïæïðâéŽï âóêâĲŽ öâéáâàæ ïŽýâ:

{(
1 + τ 2ε2 σ0

2 + ν

)[
Bk−1

(
Bs−1u

m+1
1,k−2,s−2 − Csu

m+1
1,k−2,s + Bs+1u

m+1
1,k−2,s+2

)−

−Ck

(
Bs−1u

m+1
1,k,s−2 − Csu

m+1
1,k,s + Bs+1u

m+1
1,k,s+2

)
+

+Bk+1
(
Bs−1u

m+1
1,k+2,s−2 − Csu

m+1
1,k+2,s + Bs+1u

m+1
1,k+2,s+2

)]−

−τ 2 σ0

2 + ν

[
a
(
Bs−1u

m
1,k,s−2 − Csu

m+1
1,k,s + Bs+1u

m+1
1,k,s+r

)
+

+
(
Bk−1u

m+1
1,k−2,s − Cku

m+1
k,s + Bk+1u

m+1
1,k+2,s

)
+

+4bAkAs

(
Ak−1As−1u

m+1
2,k−1,s−1 + Ak+1As+1u

m+1
2,k+1,s+1−

−Ak−1As+1u
m+1
2,k−1,s+1 − Ak+1As−1u

m+1
2,k+1,s−1

)−

−εc
(
2Ak−1Ak

(
Bs−1u

m+1
3,k−1,s−2 − Csu

m+1
3,k−1,s + Bs+1u

m+1
3,k−1,s+2

)
+

+2Ak+1Ak

(−Bs−1u
m+1
3,k+1,s−2 + Csu

m+1
3,k+1,s −Bs+1u

m+1
3,k+1,s+2

))]}
−

−
{(

2− τ 2ε2 σ0

2 + ν

)[
Bk−1

(
Bs−1u

m+1
1,k−2,s−2 − · · ·

)− · · ·
]
+

+τ 2 σ0ν

2 + ν

[
a
(
Bs−1u

m
1,k − · · ·

)
+

(
Bk−1u

m
1,k−2,s − · · ·

)
+

+4bAkAs

(
Ak−1As−1u

m
2,k−1,s−1 + · · · )−

−εc
(
2Ak−1Ak

(
Bs−1u

m
3,k−1,s−2 − · · ·

)
+ · · · )

]}
+
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+

{(
1 + τ 2ε2 σ0

2 + ν

)[
Bk−1

(
Bs−1u

m−1
1,k−2,s−2 − · · ·

)− · · ·
]
−

−τ 2 σ0

2 + ν

[
a
(
Bs−1u

m−1
1,k,s−2 − · · ·

)
+ · · ·

]}
= τ 2bm

1,k,s,

ïŽáŽù

As =
1√

2(2s + 1)
, Bs =

1

(2s + 1)
√

(2s− 1)(2s + 3)
,

Cs =
1

(2s− 1)(2s + 3)
, bm

1,k,s =

1∫

−1

1∫

−1

f1(x, y, tm)ϕk(x)ϕs(y) dx dy.

ŽêŽèëàæñîŽá éææôâĲŽ (3.4) ïæïðâéæï éâ-2 áŽ éâ-3 àŽêðëèâĲæï öâïŽĲŽéæïæ

ïæïðâéâĲæ.

îŽáàŽê (I.1.1){(I.1.3) ŽéëùŽêæï éæŽýèëâĲæåæ ŽéëêŽýïêæïŽåãæï áîëæåæ

ùãèŽáæï éæéŽîå øãâê àŽéëãæõâêâå ïýãŽëĲæŽêæ éâåëáæ, ýëèë ïæãîùæåæ ùãèŽ-

áâĲæï éæéŽîå { ãŽîæŽùæñèæ, Žéæðëé äâéëå éæôâĲñè àŽêðëèâĲŽåŽ ïæïðâéŽï

øãâê ãñûëáâĲå ãŽîæŽùæñè-ïýãŽëĲæŽê ïóâéŽï.

ùýŽáæŽ, (m + 1)-áîëæå öîæï öâïŽĲŽéæïæ àŽêðëèâĲŽåŽ ïæïðâéŽ ûŽîéë-

Žáàâêï (1.7), (1.8) (æý. åŽãæ I) ŽéëùŽêæï öâïŽĲŽéæï ãŽîæŽùæñè ŽêŽèëàï.

Žé ïæïðâéæï ŽéëýïêæïŽåãæï ãæõâêâĲå (2.1) æðâîŽùæñèæ ìîëùâïæï ŽêŽèëàæ-

ñî ìîëùâïï, îëéâèæù ûŽîéëŽáàâêï äâæáâèæï æðâîŽùæñè ìîëùâïï. îë-

àëîù ùêëĲæèæŽ, ïæéâðîæñèæ, áŽáâĲæåŽá àŽêïŽäôãîñèæ éŽðîæùæï öâéåý-

ãâãŽöæ äâæáâèæï æðâîŽùæñèæ ìîëùâïæ çîâĲŽáæŽ (æý. [79]). øãâêï öâéåýãâ-

ãŽöæ m + 1 áîëæåæ öîæï öâïŽĲŽéæïæ ãŽîæŽùæñè-ïýãŽëĲæŽêæ àŽêðëèâĲŽåŽ

ïæïðâéæï éŽðîæùæ ïæéâðîæñèæ áŽ áŽáâĲæåŽá àŽêïŽäôãîñèæŽ. âï öâáâàæ

ñöñŽèëá àŽéëéáæêŽîâëĲï ñûõãâðæ ŽéëùŽêæï öâïŽĲŽéæïæ ëìâîŽðëîæï áŽáâ-

ĲæåŽá àŽêïŽäôãîñèëĲæáŽê, îëéâèæù áŽéðçæùâĲñèæ æõë I åŽãæï § 2-öæ.

ïŽáæïâîðŽùæë êŽöîëéöæ éæôâĲñèæ öâáâàâĲæ àŽéëóãâõêâĲñèæŽ öîëéâĲöæ

[80]{[84].
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§ 4. îæùýãæåæ àŽåãèâĲæï ŽêŽèæäæ

âï ìŽîŽàîŽòæ âåéëĲŽ ïŽáæïâîðŽùæë êŽöîëéöæ àŽêýæèñèæ êŽýâãîŽááæï-

çîâðñèæ, æðâîŽùæñè-ïýãŽëĲæŽêæ áŽ ãŽîæŽùæñè-ïýãŽëĲæŽêæ ïóâéâĲæï àŽéë-

õâêâĲæå ïýãŽáŽïýãŽ éëáâèñîæ ŽéëùŽêâĲæï îæùýãæåæ àŽåãèæï öâáâàâĲæï ŽêŽ-

èæäï. áŽéîàãŽèâĲæï ùáëéæèâĲæï éæéŽîå Žôêæöêñèæ ïóâéâĲæï éàîúêëĲâèë-

Ĳæï áŽáàâêæï éæäêæå øŽðŽîâĲñèæŽ æïâåæ éëáâèñîæ ŽéëùŽêâĲæï àŽåãèâ-

Ĳæ, îëéâèåŽåãæïŽù åâëîæñèŽá äñïðæ öâáâàâĲæ éææôâĲŽ. öâæúèâĲŽ æåóãŽï,

îëé àŽêýæèñèæ ïóâéâĲæï éáàîŽáëĲæï ýŽîæïýæ éŽôŽèæŽ. öâéáâàæ ïâîæŽ éë-

áâèñîæ ŽéëùŽêâĲæïŽ æïâåæŽ, îëé àîŽáæâêðæ öâáŽîâĲæå éçãâåîŽá æùãèâĲŽ,

îæï àŽéëù ïŽçéŽîæïæ ïæäñïðæï éæïŽôûâãŽá ïŽüæîëŽ ïŽîâŽèæäŽùæë ïóâéâ-

Ĳæï ìŽîŽéâðîâĲæï ïŽåŽêŽáëá öâîøâãŽ. àŽåãèæï öâáâàâĲæ Žïâãâ éâðõãâèâĲâê

àŽêýæèñèæ ïóâéâĲæï éáàîŽáëĲæï éŽôŽè ýŽîæïýäâ.

éêæöãêâèëãŽêæŽ æïâåæ éëáâèñîæ ŽéëùŽêæï àŽêýæèãŽ, îëéâèïŽù àŽîçãâñ-

èæ ìîŽóðæçñèæ éêæöãêâèëĲŽ àŽŽøêæŽ, ŽéŽïåŽê ŽéëêŽýïêæ ûæêŽïûŽî ùêëĲæèæ

Žî Žîæï. ïŽáæïâîðŽùæë êŽöîëéöæ øŽðŽîâĲñèæŽ Žïâåæ ŽéëùŽêæï îæùýãæåæ

àŽåãèŽ. éæôâĲñèæ öâáâàâĲæ ïŽçéŽîæïŽá çŽîàŽá ŽïŽýŽãï îâŽèñî ïñîŽåï.

øŽðŽîâĲñèæŽ îæùýãæåæ âóïìâîæéâêðæ öâéëåŽãŽäâĲñèæ æðâîŽùæñèæ éâåë-

áæï âòâóðñîëĲæï öâïûŽãèæïŽåãæï. Žé éæäêæå áŽåãèæèæŽ æðâîŽùæŽåŽ îæ-

ùýãæ àŽêðëèâĲŽöæ öâéŽãŽèæ σ (ìñŽïëêæï çëâòæùæêâðæ) áŽ ε (àŽîïæï ïæïóæï

öâòŽîáâĲŽ ïòâîëï îŽáæñïåŽê) ìŽîŽéâðîâĲæï ùãèæèâĲæï éæýâáãæå. àŽå-

ãèæï öâáâàâĲæ àãæøãâêâĲï, îëé æðâîŽùææï îæùýãæ ïŽàîúêëĲèŽá æäîáâĲŽ,

îëùŽ ìñŽïëêæï çëâòæùæâêðæ ñŽýèëãáâĲŽ 0.5-ï Žê àŽîïæï ïæïóæï öâòŽîáâĲŽ

ïòâîëï îŽáæñïåŽê öâáŽîâĲæå áæáæŽ. ïýãŽ öâéåýãâãâĲæïŽåãæï æðâîŽùæŽåŽ

îæùýãæ êëîéæï òŽîàèâĲöæŽ éëåŽãïâĲñèæ.
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  testi 1.  

 

  iteraciul-sxvaobiani meTodi (statika) 

 

     u1 (x,y) = (1 -x*x)*(1-y*y) 
     u2 (x,y) = (1 -x*x)*(1-y*y) 
     u3 (x,y) = (1 -x*x)*(1-y*y) 
     
     n = 100 (badis kvanZebis raodenoba x-sa da y-is mimarT);   
     σ (sig) = 0.25; ε (eps) = 0.1, iung = 1,  eps1 = 0.0000000001 (sizuste). 
 

          (x,y)  
    u 

(-0.5, -0.5) (0.5, 0.5) ( 0 ,  0 ) (-0.5, 0.5) ( 0.5, -0.5)

u˜1 0.562500 0.562500 1.000000 0.562500 0.562500 
u 1 0.562500 0.562500 1.000000 0.562500 0.562500 
u˜2 0.562500 0.562500 1.000000 0.562500 0.562500 
u 2 0.562500 0.562500 1.000000 0.562500 0.562500 
u˜3 0.562500 0.562500 1.000000 0.562500 0.562500 
u 3 0.562500 0.562500 1.000000 0.562500 0.562500 

 
 
      max ∆ (u~

i) = 0.000000, (i=1,2,3);     max δ (u~
i) = 0.000000, (i=1,2,3); 
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   testi 2.  

 

   variaciul-sxvaobiani meTodi (statika) 

 
      u1 (x,y) = (1 -x*x)*(1-y*y) 
      u2 (x,y) = (1 -x*x)*(1-y*y) 
      u3 (x,y) = (1 -x*x)*(1-y*y) 
 
       n = 1 (sakoordinato funqciebis raodenoba),  ni=36 (simpsonis  
   saintegralo kvanZebis raodenoba), σ (sig) = 0.25, ε (eps)=0.1,  
      iung=1,  eps1=0.0000000001(sizuste). 
 
 

          (x,y)  
    u 

(-0.5, -0.5) (0.5, 0.5) ( 0 ,  0 ) (-0.5, 0.5) ( 0.5, -0.5)

u˜1 0.562500 0.562500 1.000000 0.562500 0.562500 
u 1 0.562500 0.562500 1.000000 0.562500 0.562500 
u˜2 0.562500 0.562500 1.000000 0.562500 0.562500 
u 2 0.562500 0.562500 1.000000 0.562500 0.562500 
u˜3 0.562500 0.562550 1.000000 0.562500 0.562500 
u 3 0.562500 0.562500 1.000000 0.562500 0.562500 

 
        max ∆ (u~

i) = 0.000000, (i=1,2,3);     max δ (u~
i) = 0.000000, (i=1,2,3); 
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  testi 3.  

 

  variaciul-sxvaobiani meTodi (statika) 

 
    u1 (x,y) = (1 -x*x)*(1-y*y) 
    u2 (x,y) = (1 -x*x)*(1-y*y) 
    u3 (x,y) = sin(pi*x)*sin(pi*y) 
 
    n = 24 (sakoordinato funqciebis raodenoba),  ni = 36 (simpsonis  
  saintegralo kvanZebis raodenoba), σ (sig) = 0.25,  ε (eps) = 0.1,  
    iung = 1, eps1 = 0.0000000001(sizuste). 
 

          (x,y)  
    u 

(-0.5, -0.5) (0.5, 0.5) ( 0 ,  0 ) (-0.5, 0.5) ( 0.5, -0.5) 

u˜1 0.562500 0.562487 1.000048 0.562577 0.562590 
u 1 0.562500 0.562500 1.000000 0.562500 0.562500 
u˜2 0.562500 0.562487 1.000048 0.562590 0.562577 
u 2 0.562500 0.562500 1.000000 0.562500 0.562500 
u˜3 1.000006 1.000032 0.000000 -1.000019 -1.000019 
u 3 1.000000 1.000000 0.000000 -1.000000 -1.000000 

 
     iteraciis raodenoba = 150; 
     max ∆ (u~

i) = 0.00009, (i=1,2,3);      
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    testi 4.  

 

    iteraciul-sxvaobiani meTodi (dinamika) 

 
        u1 (x,y,t) =(1-x*x)*(1-y*y) (1+t*t) 
        u2 (x,y,t) = (1-x*x)*(1-y*y) (1+t*t) 
        u3 (x,y,t) = (1-x*x)*(1-y*y) (1+t*t) 
      
        n = 88 (badis kvanZebis raodenoba x-sa da y-is mimarT);   
        td = 1(droiTi Sualedis marjvena bolo);  l = 1000 (kvanZebis  
    raodenoba t droiTi cvladis mimarT); σ (sig) = 0.25; ε (eps) = 0.1; 
        iung = 1; eps1 = 0.0000000001 (sizuste). 
 
        t = 0.5 
 

          (x,y)  
    u 

(-0.5, -0.5) (0.5, 0.5) ( 0 ,  0 ) (-0.5, 0.5) ( 0.5, -0.5)

u˜1 0.703125 0.703125 1.250000 0.703125 0.703125 
u 1 0.703125 0.703125 1.250000 0.703125 0.703125 
u˜2 0.703125 0.703125 1.250000 0.703125 0.703125 
u 2 0.703125 0.703125 1.250000 0.703125 0.703125 
u˜3 0.703125 0.703125 1.250000 0.703125 0.703125 
u 3 0.703125 0.703125 1.250000 0.703125 0.703125 

 
        max ∆ (u~

i) = 0.000000, (i=1,2,3);     max δ (u~
i) = 0.000000, (i=1,2,3); 

 
 
      t = 0.75 
 

          (x,y)  
    u 

(-0.5, -0.5) ( 0.5,  0.5)  ( 0 , 0 ) (-0.5,  0.5) ( 0.5, -0.5)

u˜1 0.878906 0.878906 1.562499 0.878906 0.878906 
u 1 0.878906 0.878906 1.562500 0.878906 0.878906 
u˜2 0.878906 0.878906 1.562499 0.878906 0.878906 
u 2 0.878906 0.878906 1.562500 0.878906 0.878906 
u˜3 0.878906 0.878906 1.562500 0.878906 0.878906 
u 3 0.878906 0.878906 1.562500 0.878906 0.878906 

 
      max ∆ (u~

i) = 0.000001, (i=1,2,3);     max δ (u~
i) = 0.0000006, (i=1,2,3); 

        
 
 

 93



    testi 5.  

 

    iteraciul-sxvaobiani meTodi (dinamika)  

 
       u1 (x,y,t) = sin(m1*pi*t)*sin(m2*pi*x)*sin(m2*pi*y) 
       u2 (x,y,t) = sin(m1*pi*t)*sin(m2*pi*x)*sin(m2*pi*y) 
       u3 (x,y,t) = sin(m1*pi*t)*sin(m2*pi*x)*sin(m2*pi*y) 
       
       m1 = m2 = 1 
        n = 88 (badis kvanZebis raodenoba x-sa da y-is mimarT);   
       td = 1(droiTi Sualedis marjvena bolo);  l = 1000 (kvanZebis  
   raodenoba t droiTi cvladis mimarT);  σ (sig) = 0.25; ε (eps) = 0.1; 
       iung = 1; eps1 = 0.0000000001 (sizuste). 
 
        t = 0.5 
 

          (x,y)  
    u 

(-0.5, -0.5) (0.5, 0.5) ( 0 ,  0 ) (-0.5, 0.5) ( 0.5, -0.5)

u˜1 1.000254 1.000252 -0.000598 -1.000254 -1.000252 
u 1 1.000000 1.000000  0.000000 -1.000000 -1.000000 
u˜2 1.000254 1.000252 -0.000598 -1.000252 -1.000254 
u 2 1.000000 1.000000  0.000000 -1.000000 -1..00000 
u˜3 1.000178 1.000178  0.000000 -1.000178 -1.000178 
u 3 1.000000 1.000000  0.000000 -1.000000 -1.000000 

 
         max ∆ (u~

i) = 0.000598, (i=1,2,3);   
 
       t = 0.75 
 

          (x,y)  
    u 

(-0.5, -0.5) ( 0.5,  0.5)  ( 0 , 0 ) (-0.5,  0.5) ( 0.5, -0.5)

u˜1 0.707602 0.707362 -0.001176  -0.707604 -0.707363 
u 1 0.707107 0.707107  0.000000 -0.707107 -0.707107 
u˜2 0.707602 0.707362 -0.001176  -0.707363 -0.707604 
u 2 0.707107 0.707107  0.000000 -0.707107 -0.707107 
u˜3 0.707544 0.707544  0.000000 -0.707544 -0.707544 
u 3 0.707107 0.707107  0.000000 -0.707107 -0.707107 

 
        max ∆ (u~

i) = 0.001176, (i=1,2,3);   
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    testi 6.  

 

    iteraciul-sxvaobiani meTodi (statika) 

 
        f1 (x,y) = 0 
        f2 (x,y) = 0 
        f3 (x,y) = 1  
      
        n = 100 (badis kvanZebis raodenoba x-sa da y-is mimarT);    
       σ (sig) = 0.25;  ε (eps) = 0.1, iung = 1,  eps1 = 0.0000000001 (sizuste). 
 

          (x,y)  
    u~

(-0.5, -0.5) (0.5, 0.5) ( 0 ,  0 ) (-0.5, 0.5) ( 0.5, -0.5)

u˜1 0.009762 -0.009762 0.000000 -0.009762 0.009762 
u˜2 0.009762 -0.009762 0.000000 0.009762 -0.009762 
u˜3 -0.447736 -0.447736 -0.728369 -0.447736 -0.447736 

 
       maqsimaluri CaRunva miiRweva garsis Sua wertilSi. 
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    testi 7.  

 

    iteraciul-sxvaobiani meTodi (statika) 

 
        u1 (x,y) = (1 -x*x)*(1-y*y) 
        u2 (x,y) = (1 -x*x)*(1-y*y) 
        u3 (x,y) = (1 -x*x)*(1-y*y) 
      
         n=100 (badis kvanZebis raodenoba x-sa da y-is mimarT);    
       σ (sig)=0.4;  eps=0.1, iung=1,  eps1=0.0000000001 (sizuste). 
 
                  (x,y)  

    u 
(-0.5, -0.5) (0.5, 0.5) ( 0 ,  0 ) (-0.5, 0.5) ( 0.5, -0.5)

u˜1 0.544050 0.583029 1.003026 0.526799 0.601199 
u 1 0.562500 0.562500 1.000000 0.562500 0.562500 
u˜2 0.619412 0.507667 1.003026 0.472525 0.655473 
u 2 0.562500 0.562500 1.000000 0.562500 0.562500 
u˜3 0.611597 0.523715 1.004257 0.560283 0.560283 
u 3 0.562500 0.562500 1.000000 0.562500 0.562500 

 
 
 
 
 
 
 
 
 
 
 
    iteraciis raodenoba = 16122 ; 

        max ∆ (u~
i) = 0.092973, (i=1,2,3);     max δ (u~

i) = 0.190413, (i=1,2,3); 
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    testi 8.  

 

    iteraciul-sxvaobiani meTodi gaxleCili operatoriT (dinamika) 

 
        u1 (x,y,t) =(1-x*x)*(1-y*y) (1+t*t) 
        u2 (x,y,t) = (1-x*x)*(1-y*y) (1+t*t) 
        u3 (x,y,t) = (1-x*x)*(1-y*y) (1+t*t) 
        
        n = 24 (badis kvanZebis raodenoba x-sa da y-is mimarT);   
         td = 1 (droiTi Sualedis marjvena bolo);  l = 24 (kvanZebis  
    raodenoba t droiTi cvladis mimarT);  σ (sig) = 0.25; ε (eps)  = 0.001; 
        iung = 1; eps1 = 0.0000000001 (sizuste). 
 
       t = 0.25 
 

          (x,y)  
    u 

(-0.5, -0.5) (0.5, 0.5) ( 0 ,  0 ) (-0.5, 0.5) ( 0.5, -0.5)

u˜1 0.597585 0.597585 1.062357 0.597513 0.597513 
u 1 0.597656 0.597656 1.062500 0.597656 0.597656 
u˜2 0.597585 0.597585 1.062357 0.597513 0.597513 
u 2 0.597656 0.597656 1.062500 0.597656 0.597656 
u˜3 0.597602 0.597602 1.062428 0.597602 0.597602 
u 3 0.597656 0.597656 1.062500 0.597656 0.597656 

 
       max ∆ (u~

i) = 0.000143, (i=1,2,3);     max δ (u~
i) = 0.000239, (i=1,2,3); 

 
      t = 0.5 
 

          (x,y)  
    u 

(-0.5, -0.5) ( 0.5,  0.5)  ( 0 , 0 ) (-0.5,  0.5) ( 0.5, -0.5)

u˜1 0.702830 0.702830 1.249388 0.702525 0.702525 
u 1 0.703125 0.703125 1.250000 0.703125 0.703125 
u˜2 0.702830 0.702830 1.249388 0.702525 0.702525 
u 2 0.703125 0.703125 1.250000 0.703125 0.703125 
u˜3 0.702891 0.702891 1.249687 0.702891 0.702891 
u 3 0.703125 0.703125 1.250000 0.703125 0.703125 

 
      max ∆ (u~

i) = 0.000612, (i=1,2,3);     max δ (u~
i) = 0.000854, (i=1,2,3); 

     

   iteraciis maqsimaluri raodenoba drois erTi t momentisaTvis = 14 
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// Sxvaobiani methodi, Ertoblivi, Statika 
// Factorizaciis methodi, Iteracia 
 
#include <stdio.h> 
#include <iostream.h> 
#include <math.h> 
#include <conio.h> 
 
double f1(double,double); 
double f2(double,double); 
double f3(double,double); 
const int m=102; 
double baz (int, double, double[][m] ,  double[][m] ,  double[][m] ,  double[][m], 
double[][m] ,  double, double, double, double, double, double, double, double); 
 
void main(void){ 
   FILE *pf2; 
   pf2=fopen("ppsxe2.txt","w+"); 
 
   int i, j, k, n ;  double sig, eps, iung, eps1, h, max, max2, max3 ; 
   double u01[m][m],u11[m][m], u02[m][m], u12[m][m], u03[m][m], u13[m][m], 
  f01[m][m], f02[m][m], f03[m][m]; 
   double a11,a12,a13,a4,a15,a16,a17,a18, a21,a22,a23,a25,a26,a27,a28, 
  a31,a32,a33,a35,a36,a37,a38; 
    clrscr(); 
   cout<<"n="; cin>>n;   cout<<"sig="; cin>>sig;   cout<<"eps="; cin>>eps; 
   cout<<"iung="; cin>>iung; cout<<"eps1="; cin>>eps1; 
    
   h=(double)2/n; 
 
   a11= 2*(1-sig)/(1-2*sig); a12=1; a13=-eps*eps; a4=2*(1+sig)/iung; 
  a15=-1/(1-2*sig); a16=0; a17=eps*(3-2*sig)/(1-2*sig); a18=0; 
 
   a21=1; a22=2*(1-sig)/(1-2*sig); a23=-eps*eps; 
   a25=-1/(1-2*sig); a26=0; a27=0;  a28=eps*(3-2*sig)/(1-2*sig); 
 
   a31=1; a32=1; a33=-4*eps*eps/(1-2*sig); 
   a35=0; a36=a37=-eps*(3-2*sig)/(1-2*sig); a38=0; 
 
  for (i=0; i<=n; i++) for (j=0; j<=n; j++)  {u01[i][j]=0; u11[i][j]=0; 
   u02[i][j]=0; u12[i][j]=0; u03[i][j]=0; u13[i][j]=0;  }; 
 
   for (i=1; i<=n-1; i++) for (j=1; j<=n-1; j++) {f01[i][j]=f1(-1+i*h, -1+j*h); 
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 f02[i][j] = f2(-1+i*h, -1+j*h); f03[i][j] = f3(-1+i*h, -1+j*h);}; 
  
 // Gare iteraciis dasackisi 
   k=0; 
   do { k=k++; 
   max = baz (n,h, u01, u11, u12, u13, f01, a11, a12, a13, a4, a15, a16, a17, a18); 
   max2 = baz (n,h, u02, u12, u11, u13, f02, a21, a22, a23, a4, a25, a26, a27, a28); 
   max3 = baz (n,h, u03, u13, u12, u11, f03, a31, a32, a33, a4, a35, a36, a37, a38); 
  if (max2 > max) max = max2; 
  if (max3 > max) max = max3; 
  } while (max >=eps1); 
       // Gare iteraciis dasasruli 
 
  fprintf(pf2,"  (%g, %g) (%g, %g)  (%g, %g) (%g, %g) (%g, %g)  \n\n ", 
-1+n/4*h, -1+n/4*h, -1+3*n/4*h, -1+3*n/4*h, -1+n/4*h, -1+3*n/4*h, -1+3*n/4*h,     
-1+n/4*h,   -1+n/2*h, -1+n/2*h); 
 
 fprintf(pf2,"  %lf %lf %lf%lf %lf ",   u11[n/4][n/4] ,u11[3*n/4][3*n/4],   
u11[n/4][3*n/4], u11[3*n/4][n/4], u11[n/2][n/2]); 
 fprintf (pf2,"  \n\n"); 
 
    fprintf(pf2,"  %lf %lf%lf%lf% lf ", u12[n/4][n/4], u12[3*n/4][3*n/4],  
u12[n/4][3*n/4],  u12[3*n/4][n/4], u12[n/2][n/2]); 
     fprintf (pf2,"  \n\n"); 
 
   fprintf(pf2,"  %lf %lf %lf %lf %lf ",  13[n/4][n/4], u13[3*n/4][3*n/4], 
u13[n/4][3*n/4],  u13[3*n/4][n/4], u13[n/2][n/2]); 
    fprintf (pf2,"  \n\n\n"); 
 
   fprintf (pf2,"Iteraciis nomeri= %d \n",k); 
  fprintf (pf2," max= %lf \n",max); 
} 
 
  // Funkciebi 
 
 double baz (int n1, double h1, double v01[][m], double v11[][m], double v12[][m], 
 double v13[][m], double ff[][m], double s1, double s2, double s3, double s4,  
 double s5, double s6, double s7, double s8 ) 
 
   // Factorizaciis methodi da shiga iteracia 
 { 
  int i, j ;  double maxf, a,  b, c, d[m], e[m], q[m]; 
  for (i=1; i<=n1-1; i++) for (j=1; j<=n1-1; j++)   v01[i][j] = v11[i][j]; 
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  a=c=s1;  b=-(2*(s1+s2) - h1*h1*s3); 
  e[1]=0; for (j=1; j<=n1-2; j++)  e[j+1]=-c/(a*e[j]+b); 
  for (i=1; i<=n1-1; i++) 
      {for (j=1; j<=n1-1; j++) d[j]=h1*h1*s4*ff[i][j] -s2*(v11[i-1][j]+v11[i+1][j]) 
   +(s5/4)*(v12[i+1][j+1]+ v12[i-1][j-1] - v12[i-1][j+1] - v12[i+1][j-1]) 
   + (h1/2)*(s6*(v12[i+1][j] - v12[i-1][j]) + s7*(v13[i][j+1] - v13[i][j-1]) 
   + s8*(v13[i+1][j] - v13[i-1][j])); 
   q[1]=0;  for (j=1; j<=n1-2; j++) q[j+1]=(d[j]-a*q[j])/(a*e[j]+b); 
 
   v11[i][n1-1]=(d[n1-1]-a*q[n1-1])/(a*e[n1-1]+b); 
   for (j=n1-2; j>=1; j--) v11[i][j]=e[j+1]*v11[i][j+1]+q[j+1];}; 
 
   // Factorizaciis methodis dasasruli 
   maxf = 0; 
 
  for (i=1; i<=n1-1; i++) for (j=1; j<=n1-1; j++) 
  if ((fabs(v11[i][j]-v01[i][j]))>maxf) maxf = (fabs(v11[i][j]-v01[i][j])); 
  return maxf; 
 } 
 
 double f1(double y, double x) 
 {  
 double  pi=3.14159265358979; 
 return (0.4*( -2*(1-x*x)-6*(1-y*y) + 8*y*x -0.01*(1-x*x)*(1-y*y) + x*(1-y*y))); 
//1. 
 /*return (0.4*(-2*(1-x*x)-6*(1-y*y) + 8*y*x - 0.01*(1-x*x)*(1-y*y) 
               - 0.5*pi*cos(pi*x)*sin(pi*y)));  */    // 2. 
 //  return (-2.4*(1-y*y)-0.8*(1-x*x) + 3.2*y*x - 0.01*(1-x*x)*(1-y*y));    // 3. 
// return (0);   // 9. 
 } 
 
 double f2(double y, double x) 
 {  
 double  pi=3.14159265358979; 
  return (0.4*(-6*(1-x*x) -2*(1-y*y) + 8*y*x -0.01*(1-x*x)*(1-y*y) +y*(1-x*x)));       
//1. 
 /* return (0.4*(-6*(1-x*x)-2*(1-y*y) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
- 0.5*pi*cos(pi*y)*sin(pi*x)));  */  // 2. 
 // return (-0.8*(1-y*y)-2.4*(1-x*x) + 3.2*y*x - 0.01*(1-x*x)*(1-y*y));  // 3 
  // return (0);  // 9.  
 } 
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 double f3(double y, double x) 
  {  
 double  pi=3.14159265358979; 
  return (0.4*( -2*(1-x*x)-2*(1-y*y)- 0.08*(1-x*x)*(1-y*y)-x*(1-y*y)-y*(1-x*x))); 
//1. 
 //return  (0.4*(( -2*pi*pi - 0.08)*sin(pi*y)*sin(pi*x) - x*(1-y*y)-y*(1-x*x)));//2. 
 // return (0);    // 3. 9.  } 
 
 
 
  // Variaciuli methodi, Ertoblivi, Dinamika 
  //Factorizaciis methodi, Iteracia 
    #include <stdio.h> 
    #include <iostream.h> 
   #include <math.h> 
    #include <conio.h> 
 
   double f1 (double, double, double); 
   double f2 (double, double, double); 
   double f3 (double, double, double); 
  double fi01 (double, double); 
  double fi02 (double, double); 
  double fi03 (double,double); 
  double fi11 (double, double); 
  double fi12 (double, double); 
   double fi13 (double, double); 
 
   double fib1(double); 
   double fib2(double); 
   
 const int m=60; 
 
   double simps_2(double (*)(double, double, double),double [][m],double, int, 
int,int,int); 
   double simps_21(double [][m], double [][m], int ,int , int ); 
 
   double baz (int , double [][m], double [][m], double [][m], 
    double [][m], double [][m], double [][m],double [], double [],double [], 
    double , double , double , double , double , double , double , double , 
     double ,double  ); 
    
    int m1, m2; 
    double sig, sig0 ,sig1, sig2, sig3, iung, eps; 
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 void main (void) 
{ 
   FILE *pf; 
   pf=fopen("ppvar1.txt","w+"); 
 
  int k,s, i, j,  n ,l, it, it1,  ni,nm, kd; 
  double   eps1, tau, max, max2, max3, td ; 
  double uu1[m][m], uu2[m][m], uu3[m][m], u1[m][m], u2[m][m], u3[m][m], 
      u01[m][m], u02[m][m], u03[m][m],u11[m][m],u12[m][m],  u13[m][m], 
      w01[m][m], w02[m][m], w03[m][m], w11[m][m], w12[m][m], w13[m][m]; 
   double a11,a12,a13,a4,a15,a16,a17,a18, a21,a22,a23,a25,a26,a27,a28, 
     a31,a32,a33,a35,a36,a37,a38, aa1, aa0; 
      
     double sig, sig0, eps, iung, hi; 
     double f01[m][m], f02[m][m], f03[m][m],f01i[m][m], f02i[m][m], f03i[m][m], 
     f01i1[m][m], f02i1[m][m], f03i1[m][m],fib[m][m],ab[m],bb[m],cb[m],a[m],b[m]; 
      double s11,s12,s13,s14,s5,s16,s17,s18, s21,s22,s23,s24,s26,s27,s28, 
  s31,s32,s33,s34,s36,s37,s38; 
 
     clrscr(); 
     cout<<"n="; cin>>n; cout<<"ni="; cin>>ni; 
     cout<<"td="; cin>>td; cout<<"l="; cin>>l; 
     cout<<"sig="; cin>>sig;   cout<<"eps="; cin>>eps; 
     cout<<"iung="; cin>>iung; cout<<"eps1="; cin>>eps1; 
    // cout<<"m1="; cin>>m1;   cout<<"m2="; cin>>m2; 
     
   hi=(double)2/(2*ni);     tau=(double)td/l;     nm = (n>=ni)? n : ni ; 
   
    sig0 = iung/(2*(1 + sig));    sig1 = 2*(1 - sig)/(1 - 2*sig); 
    sig2 = 1/(1 - 2*sig);    sig3 = (3 -2* sig)/(1 - 2*sig); 
 
  a11=-tau*tau*sig0*(1-sig)/(1-2*sig); a12=-tau*tau*sig0/2;  
a13=1+tau*tau*sig0*eps*eps/2; 
    a4=1; a15=tau*tau*sig0/(2*(1-2*sig)); a16=0; a17=-tau*tau*sig0*eps*(3-
2*sig)/(2*(1-2*sig));    a18=0; 
 
  a21=-tau*tau*sig0/2; a22=-tau*tau*sig0*(1-sig)/(1-2*sig); 
a23=1+tau*tau*sig0*eps*eps/2; 
  a25=tau*tau*sig0/(2*(1-2*sig)); a26=0; a27=0; a28=-tau*tau*sig0*eps*(3-
2*sig)/(2*(1-2*sig)); 
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  a31=-tau*tau*sig0/2; a32=-tau*tau*sig0/2; 
a33=1+2*tau*tau*sig0*eps*eps/(1-2*sig); 
 a35=0; a36=a37=tau*tau*sig0*eps*(3-2*sig)/(2*(1-2*sig)); a38=0; 
    aa1=1; aa0=0; 
    s11=-tau*tau*sig0*(1-sig)/(1-2*sig); s12=-tau*tau*sig0/2; 
s14=1+tau*tau*sig0*eps*eps/2; 
    s5=1; s13=2*tau*tau*sig0/(1-2*sig); s16=0; s17=-tau*tau*sig0*eps*(3-
2*sig)/(2*(1-2*sig)); 
    s18=0; 
 
  s21=-tau*tau*sig0/2; s22=-tau*tau*sig0*(1-sig)/(1-2*sig); 
s24=1+tau*tau*sig0*eps*eps/2; 
  s23=2*tau*tau*sig0/(1-2*sig); s26=0; s27=0; s28=-tau*tau*sig0*eps*(3-
2*sig)/(2*(1-2*sig)); 
 
  s31=-tau*tau*sig0/2; s32=-tau*tau*sig0/2; s34=1+2*tau*tau*sig0*eps*eps/(1-
2*sig); 
  s33=0; s36=s37=tau*tau*sig0*eps*(3-2*sig)/(2*(1-2*sig)); s38=0; 
 
     for (k=0; k<=2*nm+2+2; k++) for (s=0; s<=2*nm+2+2; s++)  { u01[k][s]=0; 
    u11[k][s]=0; u02[k][s]=0; u12[k][s]=0; u03[k][s]=0; u13[k][s]=0; u1[k][s]=0; 
    u2[k][s]=0;  u3[k][s]=0; w01[k][s]=0; w02[k][s]=0; w03[k][s]=0; w11[k][s]=0; 
         w12[k][s]=0; w13[k][s]=0; uu1[k][s]=0; uu2[k][s]=0; uu3[k][s]=0;}; 
 
     ab[1]=ab[2]=bb[1]=bb[2]=cb[1]=cb[2]= 0; 
     for (s=3; s<=n+2+2; s++){ 
     ab[s]=(double)1/sqrt(2*(2*s-3)); bb[s]=(double)1/((2*s-3)*sqrt((2*s-5)*(2*s-1))); 
     cb[s]=(double)2/((2*s-5)*(2*s-1)); } 
 
    for(j=0; j<=2*ni; j++){fib[1][j]=fib1(-1+j*hi); fib[2][j]=fib2(-1+j*hi);} 
     for(i=3; i<=n; i++){ for (j=0; j<=2*ni; j++) 
       fib[i][j]=((double)sqrt(4*i*i-1)/(i+1))*(-1+j*hi)*fib[i-1][j] 
  -((double)(i-2)/(i+1))*sqrt((double)(2*i+1)/(2*i-3))*fib[i-2][j]; } 
 
    // u()-s mocema   t0 da t1 droshi 
  
  for (i=0; i<=2*ni; i++) for (j=0; j<=2*ni; j++){ u01[i][j] = fi01(-1+i*hi, -1+j*hi); 
     u02[i][j] = fi02(-1+i*hi, -1+j*hi); u03[i][j] = fi03(-1+i*hi, -1+j*hi);}; 
  for (i=0; i<=2*ni; i++) for(j=0; j<=2*ni; j++) { 
      u11[i][j]= u01[i][j]+ tau*fi11(-1+i*hi,-1+j*hi) 
   + (tau*tau/2)*f1(-1+i*hi, -1+j*hi, 0) - ((a11/(hi*hi))* (u01[i-1][j]-2*u01[i][j] 
+u01[i+1][j]) 
     +  (a12/(hi*hi))*(u01[i][j+1]-2*u01[i][j] +u01[i][j-1])+ (a13-1)* u01[i][j] 
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      -(a15/(4*hi*hi))*(u02[i+1][j+1]+ u02[i-1][j-1] - u02[i-1][j+1] - u02[i+1][j-1]) 
   - (1/(2*hi))* a17*(u03[i+1][j] - u03[i-1][j])); 
 
 u12[i][j]= u02[i][j] + tau*fi12(-1+i*hi, -1+j*hi) 
 + (tau*tau/2)*f2(-1+i*hi, -1+j*hi, 0) - ((a21/(hi*hi))* (u02[i-1][j]-2*u02[i][j]   
+u02[i+1][j]) 
       + (a22/(hi*hi))*(u02[i][j+1]-2*u02[i][j]+u02[i][j-1])  + (a23-1) * u02[i][j] 
       -(a25/(4*hi*hi))*(u01[i+1][j+1]+ u01[i-1][j-1] - u01[i-1][j+1] - u01[i+1][j-1]) 
     - (1/(2*hi))* a28*(u03[i][j+1] - u03[i][j-1])); 
 
 u13[i][j]= u03[i][j] + tau*fi13(-1+i*hi, -1+j*hi) 
    + (tau*tau/2)*f3(-1+i*hi,-1+j*hi, 0)-((a31/(hi*hi))* (u03[i-1][j]-2*u03[i][j] 
+u03[i+1][j]) 
        + (a32/(hi*hi))*(u03[i][j+1]-2*u03[i][j]+u03[i][j-1]) + (a33-1) * u03[i][j] 
        - (1/(2*hi))* a37*((u02[i+1][j] - u02[i-1][j]) + (u01[i][j+1] - u01[i][j-1])));}; 
 
   // t- droshi datvla (Dinamikis Dasackisi) 
  
      for (kd=1; kd<=l-1; kd++) { 
      for (k=1; k<=n; k++)for (s=1; s<=n; s++) { 
     f01i[k][s]= simps_2(f1,fib,tau,kd, k,s,ni); 
     f02i[k][s]= simps_2(f2,fib,tau,kd, k,s,ni); 
     f03i[k][s]= simps_2(f3,fib,tau,kd, k,s,ni); 
 
     f01i1[k][s]= simps_21(u11,fib, k,s,ni); 
     f02i1[k][s]= simps_21(u12,fib, k,s,ni); 
     f03i1[k][s]= simps_21(u13,fib, k,s,ni); 
        } 
  
   // gare iteraciis dasackisi 
     it=0; do { it++; 
  max =  baz (n,  w01,  w11,  w12,  w13, f01i1, f01i, ab, bb, cb, 
      s11, s12, s13, s14, s5, s16, s17, s18, aa1, aa0) ; 
  max2 = baz (n,  w02,  w12,  w11,  w13, f02i1, f02i, ab, bb, cb, 
      s21, s22, s23, s24, s5,  s26, s27, s28 , aa1, aa0) ; 
  max3 = baz (n,  w03,  w13,  w12,  w11, f03i1, f03i, ab, bb, cb, 
      s31, s32, s33, s34, s5,  s36, s37, s38 , aa1, aa0) ; 
      if (max2 > max) max = max2; 
      if (max3 > max) max = max3; 
      } while (max >=eps1); 
    
    for(i=0; i<=2*ni; i++) for (j=0; j<=2*ni; j++){ uu1[i][j]=0; uu2[i][j]=0;  
uu3[i][j]=0; 
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    for (k=3; k<=n+2+2; k++) for (s=3; s<=n+2+2; s++) 
    {uu1[i][j]= uu1[i][j]+w11[k][s]*fib[k-2][i]*fib[s-2][j]; 
    uu2[i][j]= uu2[i][j]+w12[k][s]*fib[k-2][i]*fib[s-2][j]; 
    uu3[i][j]= uu3[i][j]+w13[k][s]*fib[k-2][i]*fib[s-2][j]; } } 
 
  for (i=0; i<=2*ni; i++) for (j=0; j<=2*ni; j++)  { u1[i][j] = 2* uu1[i][j] 
  - u01[i][j]; u2[i][j] = 2* uu2[i][j] - u02[i][j] ; u3[i][j] = 2* uu3[i][j]- 
u03[i][j];}; 
 
     it1=0; do { it1++; 
     max =  baz (n,  w01,  w11,  w12,  w13, f01i1, f01i, ab, bb, cb, 
      s11, s12, s13, s14, s5, s16, s17, s18, aa0, aa1) ; 
  max2 = baz (n,  w02,  w12,  w11,  w13, f02i1, f02i, ab, bb, cb, 
      s21, s22, s23, s24, s5,  s26, s27, s28 , aa0, aa1) ; 
  max3 = baz (n,  w03,  w13,  w12,  w11, f03i1, f03i, ab, bb, cb, 
      s31, s32, s33, s34, s5,  s36, s37, s38 , aa0, aa1) ; 
 
  if (max2 > max) max = max2; 
  if (max3 > max) max = max3; 
  } while (max >=eps1); 
 
    for(i=0; i<=2*ni; i++) for (j=0; j<=2*ni; j++) { uu1[i][j]=0; uu2[i][j]=0;  
uu3[i][j]=0; 
     
  for (k=3; k<=n+2+2; k++) for (s=3; s<=n+2+2; s++) 
    {uu1[i][j]= uu1[i][j]+w11[k][s]*fib[k-2][i]*fib[s-2][j]; 
    uu2[i][j]= uu2[i][j]+w12[k][s]*fib[k-2][i]*fib[s-2][j]; 
    uu3[i][j]= uu3[i][j]+w13[k][s]*fib[k-2][i]*fib[s-2][j]; } 
 } 
 
  for (i=0; i<=2*ni; i++) for(j=0; j<=2*ni; j++) { u1[i][j] = u1[i][j]+ 
tau*tau*uu1[i][j]; 
  u2[i][j] =u2[i][j] + tau*tau* uu2[i][j] ; u3[i][j] =u3[i][j] + tau*tau*uu3[i][j];}; 
 
  if (it1 > it) it = it1; 
     // gare iteraciis dasasruli 
       
     if (kd+1==l/2 ||kd+1==(3*l/4))  { 
     fprintf (pf,"(t=%d) \n\n ",kd+1); 
    fprintf(pf,"  (%g, %g) (%g, %g)  (%g, %g) (%g, %g) (%g, %g)  \n\n ", 
        -1+2*ni/4*hi, -1+2*ni/4*hi, -1+3*2*ni/4*hi, -1+3*2*ni/4*hi,-1+2*ni/4*hi, -
1+3*2*ni/4*hi,  -1+3*2*ni/4*hi,-1+2*ni/4*hi, -1+2*ni/2*hi, -1+2*ni/2*hi); 
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         fprintf(pf,"  %lf %lf %lf%lf %lf ", u1[2*ni/4][2*ni/4], u1[3*2*ni/4][3*2*ni/4], 
u1[2*ni/4][3*2*ni/4],    u1[3*2*ni/4][2*ni/4], u1[2*ni/2][2*ni/2]); 
         fprintf (pf,"  \n\n"); 
 
       fprintf(pf,"  %lf %lf%lf%lf% lf ",u2[2*ni/4][2*ni/4], u2[3*2*ni/4][3*2*ni/4], 
u2[2*ni/4][3*2*ni/4],      u2[3*2*ni/4][2*ni/4], u2[2*ni/2][2*ni/2]); 
         fprintf (pf,"  \n\n"); 
         
       fprintf(pf,"  %lf %lf %lf %lf %lf ",u3[2*ni/4][2*ni/4], u3[3*2*ni/4][3*2*ni/4], 
u3[2*ni/4][3*2*ni/4],    u3[3*2*ni/4][2*ni/4], u3[2*ni/2][2*ni/2]); 
         fprintf (pf,"  \n\n\n");  } 
       
      for (i=0; i<=2*ni; i++)for (j=1; j<=2*ni; j++){u01[i][j]=u11[i][j]; 
u02[i][j]=u12[i][j]; 
       u03[i][j]=u13[i][j]; u11[i][j]= u1[i][j]; u12[i][j]= u2[i][j]; u13[i][j]= u3[i][j];}; 
    };  //Dinamikis dasasruli 
 
        fprintf (pf,"iteraciis erti maximaluri nomeri= %d \n ",it); 
   } 
  
// Funkciebi 
 
     double baz (int n1, double v01[][m], double v11[][m], double v12[][m], 
    double v13[][m], double ff1[][m], double ff[][m],double ab0[], double 
bb0[],double cb0[], 
    double s1, double s2, double s3, double s4, double ss5, double s6, double s7, 
double s8,    double ss1, double ss0 ) 
  { 
    int k,s,i, j ; 
    double maxf, a[m], b[m], c[m], fr[m], e[m], d[m]; 
  for (k=0; k<=n1+4; k++) for (s=0; s<=n1+4; s++)      v01[k][s] = v11[k][s]; 
   //  for (k=3; k<=n1+2; k++) for (s=3; s<=n1+2; s++) 
   // {a[s-1]=bb[s-1]*(s1 -s4*cb[k];) b[s]=s4*cb[k]*cb[s]-s2*cb[k]-s1*cb[s];} 
  // e[1]=0; for (j=1; j<=n1-2; j++)  e[j+1]=-c/(a*e[j]+b); 
   for (k=3; k<=n1+2; k++) 
   {for (s=3; s<=n1+2; s++){a[s-1]=bb0[s-1]*(s1 - s4*cb0[k]); 
           b[s]=s4*cb0[k]*cb0[s]-s2*cb0[k]-s1*cb0[s]; 
 
     fr[s-2]=ss5*(ss1*ff1[k-2][s-2]+ss0*ff[k-2][s-2])- s2*(bb0[k-1]*v11[k-2][s] + 
bb0[k+1]*v11[k+2][s]) 
     - s4*( bb0[k-1]*(bb0[s-1]*v11[k-2][s-2]- cb0[s]*v11[k-2][s] + bb0[s+1]*v11[k-
2][s+2]) 

 115



     + bb0[k+1]*(bb0[s-1]*v11[k+2][s-2]- cb0[s]*v11[k+2][s] + 
bb0[s+1]*v11[k+2][s+2]) ) 
     + s3*4*ab0[k]*ab0[s]*(ab0[k-1]*ab0[s-1]*v12[k-1][s-1]+ 
ab0[k+1]*ab0[s+1]*v12[k+1][s+1] 
     - ab0[k-1]*ab0[s+1]*v12[k-1][s+1]- ab0[k+1]*ab0[s-1]*v12[k+1][s-1]) 
     + s6*( 2*ab0[s-1]*ab0[s]*( bb0[k-1]*v12[k-2][s-1]- cb0[k]*v12[k][s-1] 
     + bb0[k+1]*v12[k+2][s-1] ) 
     + 2*ab0[s]*ab0[s+1]*( -bb0[k-1]*v12[k-2][s+1]+ cb0[k]*v12[k][s+1] 
     - bb0[k+1]*v12[k+2][s+1]) ) 
     + s7*( 2*ab0[k-1]*ab0[k]*( bb0[s-1]*v13[k-1][s-2]- cb0[s]*v13[k-1][s] 
     + bb0[s+1]*v13[k-1][s+2] ) 
     + 2*ab0[k+1]*ab0[k]*( -bb0[s-1]*v13[k+1][s-2]+ cb0[s]*v13[k+1][s] 
     - bb0[s+1]*v13[k+1][s+2]) ) 
     + s8*( 2*ab0[s-1]*ab0[s]*( bb0[k-1]*v13[k-2][s-1]- cb0[k]*v13[k][s-1] 
     + bb0[k+1]*v13[k+2][s-1] ) 
     + 2*ab0[s]*ab0[s+1]*( - bb0[k-1]*v13[k-2][s+1]+ cb0[k]*v13[k][s+1] 
      - bb0[k+1]*v13[k+2][s+1]) ) ;} 
      a[n1+2]=bb0[n1+2]*(s1 - s4*cb0[k]); 
      a[n1+3]=bb0[n1+3]*(s1 - s4*cb0[k]); 
      e[1]=e[2]=0; 
      for (s=3; s<=n1+2; s++){  c[s]=b[s] + a[s-1]*e[s-2]; e[s]=- a[s+1]/c[s]; 
           d[s]=(fr[s-2]-a[s-1]*d[s-2])/c[s]; } 
 
       v11[k][n1+2]=d[n1+2]; v11[k][n1+1]=d[n1+1]; 
   for (s=n1; s>=3; s--) v11[k][s]=e[s]*v11[k][s+2]+d[s];}; 
   //Factorizaciis methodis dasasruli 
    maxf = 0; 
   for (k=1; k<=n1+4; k++) for (s=1; s<=n1+4; s++) 
   if ((fabs(v11[k][s]-v01[k][s]))>maxf) maxf = (fabs(v11[k][s]-v01[k][s])); 
   return maxf; 
   } 
     double simps_2(double(*f)(double, double, double),double fib[][m], 
                   double tau1, int kd1,int p,int q, int ns) 
     
//  Simpsonis Methodi, Kubaturuli 
 {  
   double hs,si; int i,j; 
     hs= (double)2/(2*ns); 
     si=0; 
     for (i=0; i<ns; i++) for (j=0; j<ns; j++) 
        si=si + ( ( (f)(-1+2*i*hs,-1+2*j*hs, 0+kd1*tau1)*fib[p][2*i]*fib[q][2*j] 
         + (f)(-1+(2*i+2)*hs,-1+2*j*hs, 0+kd1*tau1)*fib[p][2*i+2]*fib[q][2*j] 
        + (f)(-1+(2*i+2)*hs,-1+(2*j+2)*hs, 0+kd1*tau1)*fib[p][2*i+2]*fib[q][2*j+2] 
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        + (f)(-1+2*i*hs,-1+(2*j+2)*hs, 0+kd1*tau1)*fib[p][2*i]*fib[q][2*j+2]) 
        +4*((f)(-1+(2*i+1)*hs,-1+2*j*hs, 0+kd1*tau1)*fib[p][2*i+1]*fib[q][2*j] 
        + (f)(-1+(2*i+2)*hs,-1+(2*j+1)*hs, 0+kd1*tau1)*fib[p][2*i+2]*fib[q][2*j+1] 
        + (f)(-1+(2*i+1)*hs,-1+(2*j+2)*hs, 0+kd1*tau1)*fib[p][2*i+1]*fib[q][2*j+2] 
        + (f)(-1+2*i*hs,-1+(2*j+1)*hs, 0+kd1*tau1)*fib[p][2*i]*fib[q][2*j+1] ) 
      +16*(f)(-1+(2*i+1)*hs,-1+(2*j+1)*hs, 0+kd1*tau1)*fib[p][2*i+1]*fib[q][2*j+1]          
) ; 
       si=(hs*hs/9)*si; 
    return (si); 
     } 
      double simps_21(double r11[][m], double fib[][m], int p,int q, int ns) 
     
//  Simpsonis Methodi, Kubaturuli 
{ 
    double hs1, si1; int i,j; 
     hs1= (double)2/(2*ns); 
     si1=0; 
     for (i=0; i<ns; i++) for (j=0; j<ns; j++) 
        si1=si1 + ( ( r11[2*i][2*j]*fib[p][2*i]*fib[q][2*j] 
         + r11[2*i+2][2*j]*fib[p][2*i+2]*fib[q][2*j] 
        + r11[2*i+2][2*j+2]*fib[p][2*i+2]*fib[q][2*j+2] 
        + r11[2*i][2*j+2]*fib[p][2*i]*fib[q][2*j+2]) 
        +4*(r11[2*i+1][2*j]*fib[p][2*i+1]*fib[q][2*j] 
        + r11[2*i+2][2*j+1]*fib[p][2*i+2]*fib[q][2*j+1] 
        + r11[2*i+1][2*j+2]*fib[p][2*i+1]*fib[q][2*j+2] 
        + r11[2*i][2*j+1]*fib[p][2*i]*fib[q][2*j+1] ) 
      +16*r11[2*i+1][2*j+1]*fib[p][2*i+1]*fib[q][2*j+1] ) ; 
       si1=(hs1*hs1/9)*si1; 
 
    return (si1); 
     } 
      double fib1(double x) 
     { 
      double r; 
   r = (sqrt(6)/4)*(x*x-1); 
  return (r); 
     } 
     double fib2(double x) 
     { 
      double w; 
   w = (sqrt(10)/4)*x*(x*x-1); 
  return (w); 
     } 
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    double f1(double x, double y, double t) 
  { 
     double  pi=3.14159265358979; 
   /* double uu1; 
     uu1= sin(m1*pi*t)*sin(m2*pi*x)*sin(m2*pi*y); 
     return (-m1*m1*pi*pi*uu1 - sig0*(-sig1*m2*m2*pi*pi*uu1 - m2*m2*pi*pi*uu1 
     -eps*eps*uu1 + sig2*m2*m2*pi*pi*sin(m1*pi*t)*cos(m2*pi*x)*cos(m2*pi*y) 
     + eps*sig3*m2*pi*sin(m1*pi*t)*cos(m2*pi*x)*sin(m2*pi*y))); */ // 9. 
 
     /* return  (0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) + x*(1-
y*y)));  */ 
    // return  (-(1+t)*0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
    //        + x*(1-y*y)));         // 3. 
     // return  (-(1+t)*0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
      //  -0.5*pi*cos(pi*x)*sin(pi*y)));     // 6. 
 // return  (-(1+t*t)*0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
     //   -0.5*pi*cos(pi*x)*sin(pi*y)) + 2*(1-x*x)*(1-y*y));     // 7. 
     return  (-(1+t*t)*0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
         + x*(1-y*y)) + 2*(1-x*x)*(1-y*y));        // 5. 
   } 
       
   double f2(double x, double y, double t) 
  { 
      double  pi=3.14159265358979; 
    /* double uu1; 
     uu1= sin(m1*pi*t)*sin(m2*pi*x)*sin(m2*pi*y); 
     return (-m1*m1*pi*pi*uu1 - sig0*(-m2*m2*pi*pi*uu1 - sig1*m2*m2*pi*pi*uu1 
     -eps*eps*uu1 + sig2*m2*m2*pi*pi*sin(m1*pi*t)*cos(m2*pi*x)*cos(m2*pi*y) 
     + eps*sig3*m2*pi*sin(m1*pi*t)*sin(m2*pi*x)*cos(m2*pi*y))); */ // 9. 
 /* return   (0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) + y*(1-
x*x))); */ 
     // return   (-(1+t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
      //      + y*(1-x*x)));      // 3. 
        // return   (-(1+t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
      //    -0.5*pi*cos(pi*y)*sin(pi*x)));       // 6. 
      //  return   (-(1+t*t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
      //    -0.5*pi*cos(pi*y)*sin(pi*x)) + 2*(1-x*x)*(1-y*y));       // 7. 
     return   (-(1+t*t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-
y*y)  + y*(1-x*x)) + 2*(1-x*x)*(1-y*y));       // 5. 
  } 
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   double f3(double x, double y, double t) 
   { 
      double  pi=3.14159265358979; 
    /*  double uu1; 
     uu1= sin(m1*pi*t)*sin(m2*pi*x)*sin(m2*pi*y); 
      return (-m1*m1*pi*pi*uu1 - sig0*(-2*m2*m2*pi*pi*uu1 
     -4*eps*eps*sig2*uu1 
     - eps*sig3*m2*pi*(sin(m1*pi*t)*cos(m2*pi*x)*sin(m2*pi*y) 
     + sin(m1*pi*t)*sin(m2*pi*x)*cos(m2*pi*y)))); */ // 9. 
           /* return  (0.4*(-2*(1-y*y)-2*(1-x*x)- 0.08*(1-x*x)*(1-y*y)- x*(1-y*y)-y*(1-
x*x))); */ 
     // return   (-(1+t)*0.4*( -2*(1-y*y)-2*(1-x*x)  -0.08*(1-x*x)*(1-y*y) 
     //      - y*(1-x*x)-x*(1-y*y)));     // 3. 
      // return  (-(1+t)*0.4*(( -2*pi*pi - 0.08)*sin(pi*y)*sin(pi*x) 
     //            - x*(1-y*y)-y*(1-x*x)));      // 6. 
     //   return  (-(1+t*t)*0.4*(( -2*pi*pi - 0.08)*sin(pi*y)*sin(pi*x) 
      //           - x*(1-y*y)-y*(1-x*x)) + 2*sin(pi*y)*sin(pi*x));      // 7. 
   return   (-(1+t*t)*0.4*( -2*(1-y*y)-2*(1-x*x)  -0.08*(1-x*x)*(1-y*y) 
           - y*(1-x*x)-x*(1-y*y)) + 2*(1-x*x)*(1-y*y));     // 5. 
     } 
 
  double fi01(double x, double y) 
   { 
      return ((1-x*x)*(1-y*y));   // 3. 5. 6. 7. 8. 
    //  return (0);    //9. 
    } 
 
  double fi02(double x, double y) 
  { 
     return ((1-x*x)*(1-y*y));   // 3. 5. 6. 7. 8. 
    //  return (0);    //9. 
   } 
 
 double fi03(double x, double y) 
  { 
   double  pi=3.14159265358979; 
    //return (sin(pi*y)*sin(pi*x));   // 6. 7. 
   return ((1-x*x)*(1-y*y));    // 3. 5. 8. 
  // return (0);   // 9. 
    } 
 
  
 

 119



 double fi11(double  x, double y) 
   { 
     double  pi=3.14159265358979; 
    // return ((1-x*x)*(1-y*y));   // 3. 6. 8. 
    return (0);   // 5. 7. 
    //  return (m1*pi*sin(m2*pi*x)*sin(m2*pi*y));   //9 . 
     } 
  double fi12 (double x, double y) 
  { 
   double  pi=3.14159265358979; 
    // return ((1-x*x)*(1-y*y));   // 3. 6. 8. 
    return (0);        // 5. 7. 
    //  return (m1*pi*sin(m2*pi*x)*sin(m2*pi*y));   //9 . 
    } 
 double fi13 (double x, double y) 
    { 
   double  pi=3.14159265358979; 
     // return ((1-x*x)*(1-y*y));    // 3. 8. 
    // return (sin(pi*y)*sin(pi*x));   // 6. 
      return (0);       // 5. 7. 
    // return (m1*pi*sin(m2*pi*x)*sin(m2*pi*y));   //9 . 
    } 
 
 
  
    // Variaciuli methodi, Ertoblivi, Statika 
   // Factorizaciis methodi, Iteracia 
     
   #include <stdio.h> 
   #include <iostream.h> 
   #include <math.h> 
   #include <conio.h> 
   
  double f1(double,double); 
   double f2(double,double); 
   double f3(double,double); 
   double fib1(double); 
   double fib2(double); 
   
 const int m=80; 
  
 double simps_2(double (*)(double, double),double [][m],int,int,int); 
  double baz (int, double[][m] ,  double[][m] ,  double[][m] , 
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   double[][m], double[][m] ,double [], double [],double [], 
    double, double, double, double, double, double, double, double); 
 
    void main(void){ 
     clrscr (); 
 
     FILE *pf2; 
     pf2=fopen("ppvrstd1.txt","w+"); 
 
    int i, j,it, k,s, n,ni,l; 
   double sig,sig0, eps, iung, eps1, h,hi,tau,td, max, max2, max3,nm; 
      double u1[m][m], u2[m][m], u3[m][m], 
      u01[m][m],u11[m][m], u02[m][m], u12[m][m], u03[m][m], u13[m][m], 
  f01[m][m], f02[m][m], f03[m][m],f01i[m][m], f02i[m][m], f03i[m][m], 
      fib[m][m],ab[m],bb[m],cb[m],a[m],b[m],f5i[m][m],f4i[m][m]; 
   double s11,s12,s13,s14,s5,s16,s17,s18, s21,s22,s23,s24,s26,s27,s28, 
  s31,s32,s33,s34,s36,s37,s38; 
 
     clrscr(); 
      cout<<"n="; cin>>n; cout<<"ni="; cin>>ni; 
     //cout<<"td="; cin>>td; cout<<"l="; cin>>l; 
       cout<<"sig="; cin>>sig;   cout<<"eps="; cin>>eps; 
     cout<<"iung="; cin>>iung; cout<<"eps1="; cin>>eps1; 
     hi=(double)2/(2*ni); 
     nm = (n>=ni)? n : ni ; 
 
    s11= 2*(1-sig)/(1-2*sig); s12=1; s14=-eps*eps; s5=2*(1+sig)/iung; 
    s13=-1/(1-2*sig); s16=0; s17=eps*(3-2*sig)/(1-2*sig); s18=0; 
 
    s21=1; s22=2*(1-sig)/(1-2*sig); s24=-eps*eps; 
    s23=-1/(1-2*sig); s26=0; s27=0;  s28=eps*(3-2*sig)/(1-2*sig); 
 
     s31=1; s32=1; s34=-4*eps*eps/(1-2*sig); 
      s33=0; s36=s37=-eps*(3-2*sig)/(1-2*sig); s38=0; 
    
    for (k=0; k<=2*nm+2+2; k++) for (s=0; s<=2*nm+2+2; s++)  { u01[k][s]=0; 
    u11[k][s]=0; u02[k][s]=0; u12[k][s]=0; u03[k][s]=0; u13[k][s]=0; u1[k][s]=0; 
    u2[k][s]=0;  u3[k][s]=0; }; 
 
     ab[1]=ab[2]=bb[1]=bb[2]=cb[1]=cb[2]= 0; 
     for (s=3; s<=n+2+2; s++){ 
     ab[s]=(double)1/sqrt(2*(2*s-3)); bb[s]=(double)1/((2*s-3)*sqrt((2*s-5)*(2*s-1))); 
     cb[s]=(double)2/((2*s-5)*(2*s-1)); } 
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     for(j=0; j<=2*ni; j++){fib[1][j]=fib1(-1+j*hi); fib[2][j]=fib2(-1+j*hi);} 
     for(i=3; i<=n; i++){ for (j=0; j<=2*ni; j++) 
       fib[i][j]=((double)sqrt(4*i*i-1)/(i+1))*(-1+j*hi)*fib[i-1][j] 
  -((double)(i-2)/(i+1))*sqrt((double)(2*i+1)/(2*i-3))*fib[i-2][j]; } 
 
     for (k=1; k<=n; k++)for (s=1; s<=n; s++) { 
     f01i[k][s]= simps_2(f1,fib,k,s,ni); 
     f02i[k][s]= simps_2(f2,fib,k,s,ni); 
     f03i[k][s]= simps_2(f3,fib,k,s,ni); 
      } 
 
   // Gare iteraciis dasackisi 
  it=0; 
  do { it=it++; 
  max = baz (n, u01, u11, u12, u13, f01i, ab, bb, cb, s11, s12, s13, s14, s5, s16, 
s17, s18); 
  max2 = baz (n, u02, u12, u11, u13, f02i, ab, bb, cb, s21, s22, s23, s24, s5,  s26, 
s27, s28); 
  max3 = baz (n, u03, u13, u12, u11, f03i, ab, bb, cb, s31, s32, s33, s34, s5,  s36, 
s37, s38); 
  if (max2 > max) max = max2; 
  if (max3 > max) max = max3; 
  } while (max >=eps1); 
 
    for(i=0; i<=2*ni; i++) for (j=0; j<=2*ni; j++){ u1[i][j]=0; u2[i][j]=0;  u3[i][j]=0; 
    for (k=3; k<=n+2+2; k++) for (s=3; s<=n+2+2; s++) 
    {u1[i][j]= u1[i][j]+u11[k][s]*fib[k-2][i]*fib[s-2][j]; 
    u2[i][j]= u2[i][j]+u12[k][s]*fib[k-2][i]*fib[s-2][j]; 
    u3[i][j]= u3[i][j]+u13[k][s]*fib[k-2][i]*fib[s-2][j]; } } 
 
   fprintf (pf2,"  (    u1,    u2,    u3     )   \n\n"); 
    
  fprintf(pf2,"   (%d,%d)(%g,%g) (%g,%g) (%g,%g)  (%g,%g) (%g,%g)   (%d,%d)  
\n\n ", -1,-1, 
       -1+(double)ni/2*hi, -1+(double)ni/2*hi, -1+(double)ni/2*hi, -
1+3*(double)ni/2*hi,-1+(double)3*ni/2*hi,-1+(double)ni/2*hi, 
            -1+(double)3*ni/2*hi, -1+(double)3*ni/2*hi ,-1+(double)ni/1*hi,-
1+(double)ni/1*hi,1, 1); 
  
   fprintf(pf2,"  %lf  %lf  %lf  %lf  %lf  %lf  %lf ",u1[0][0], u1[ni/2][ni/2], 
    u1[ni/2][3*ni/2],u1[3*ni/2][ni/2], u1[3*ni/2][3*ni/2],u1[ni][ni],u1[2*ni][2*ni]); 
    fprintf (pf2,"  \n\n"); 
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    fprintf(pf2,"  %lf  %lf  %lf  %lf  %lf  %lf  %lf ",u2[0][0], u2[ni/2][ni/2], 
    u2[ni/2][3*ni/2],u2[3*ni/2][ni/2], u2[3*ni/2][3*ni/2],u2[ni][ni],u2[2*ni][2*ni]); 
    fprintf (pf2,"  \n\n"); 
    
 fprintf(pf2,"  %lf  %lf  %lf  %lf  %lf  %lf  %lf ",u3[0][0], u3[ni/2][ni/2], 
    u3[ni/2][3*ni/2],  u3[3*ni/2][ni/2], u3[3*ni/2][3*ni/2],u3[ni][ni], 
         u3[2*ni][2*ni]); 
     fprintf (pf2," \n\n\n",max); 
 
   fprintf (pf2,"Iteraciis nomeri= %d \n",it); 
   fprintf (pf2," max= %lf \n",max); 
    } 
 
  //Funkciebi 
 
  double baz (int n1, double v01[][m], double v11[][m], double v12[][m], 
    double v13[][m], double ff[][m],double ab0[], double bb0[],double cb0[], 
    double s1, double s2, double s3, double s4, double ss5, double s6, double s7, 
double s8 ) 
  { 
       //Factorizaciis methodi da shida iteracia 
 
   int k,s,i, j ; 
   double maxf, a[m], b[m], c[m], fr[m], e[m], d[m]; 
      
   for (k=0; k<=n1+4; k++) for (s=0; s<=n1+4; s++) 
         v01[k][s] = v11[k][s]; 
 
   for (k=3; k<=n1+2; k++) 
   {for (s=3; s<=n1+2; s++){a[s-1]=bb0[s-1]*(s1 - s4*cb0[k]); 
           b[s]=s4*cb0[k]*cb0[s]-s2*cb0[k]-s1*cb0[s]; 
 
     fr[s-2]=ss5*ff[k-2][s-2]- s2*(bb0[k-1]*v11[k-2][s] + bb0[k+1]*v11[k+2][s]) 
     - s4*( bb0[k-1]*(bb0[s-1]*v11[k-2][s-2]- cb0[s]*v11[k-2][s] + bb0[s+1]*v11[k-
2][s+2]) 
     + bb0[k+1]*(bb0[s-1]*v11[k+2][s-2]- cb0[s]*v11[k+2][s] + 
bb0[s+1]*v11[k+2][s+2]) ) 
     + s3*4*ab0[k]*ab0[s]*(ab0[k-1]*ab0[s-1]*v12[k-1][s-1]+ 
ab0[k+1]*ab0[s+1]*v12[k+1][s+1] 
     - ab0[k-1]*ab0[s+1]*v12[k-1][s+1]- ab0[k+1]*ab0[s-1]*v12[k+1][s-1]) 
     + s6*( 2*ab0[s-1]*ab0[s]*( bb0[k-1]*v12[k-2][s-1]- cb0[k]*v12[k][s-1] 
     + bb0[k+1]*v12[k+2][s-1] ) 
     + 2*ab0[s]*ab0[s+1]*( -bb0[k-1]*v12[k-2][s+1]+ cb0[k]*v12[k][s+1] 
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     - bb0[k+1]*v12[k+2][s+1]) ) 
     + s7*( 2*ab0[k-1]*ab0[k]*( bb0[s-1]*v13[k-1][s-2]- cb0[s]*v13[k-1][s] 
     + bb0[s+1]*v13[k-1][s+2] ) 
     + 2*ab0[k+1]*ab0[k]*( -bb0[s-1]*v13[k+1][s-2]+ cb0[s]*v13[k+1][s] 
     - bb0[s+1]*v13[k+1][s+2]) ) 
     + s8*( 2*ab0[s-1]*ab0[s]*( bb0[k-1]*v13[k-2][s-1]- cb0[k]*v13[k][s-1] 
     + bb0[k+1]*v13[k+2][s-1] ) 
     + 2*ab0[s]*ab0[s+1]*( - bb0[k-1]*v13[k-2][s+1]+ cb0[k]*v13[k][s+1] 
      - bb0[k+1]*v13[k+2][s+1]) ) ;} 
      a[n1+2]=bb0[n1+2]*(s1 - s4*cb0[k]); 
      a[n1+3]=bb0[n1+3]*(s1 - s4*cb0[k]); 
      e[1]=e[2]=0; 
 
      for (s=3; s<=n1+2; s++){  c[s]=b[s] + a[s-1]*e[s-2]; e[s]=- a[s+1]/c[s]; 
           d[s]=(fr[s-2]-a[s-1]*d[s-2])/c[s]; } 
 
       v11[k][n1+2]=d[n1+2]; v11[k][n1+1]=d[n1+1]; 
   for (s=n1; s>=3; s--) v11[k][s]=e[s]*v11[k][s+2]+d[s];}; 
   // Factorizaciis metodis dasasruli 
   
           maxf = 0; 
   for (k=1; k<=n1+4; k++) for (s=1; s<=n1+4; s++) 
   if ((fabs(v11[k][s]-v01[k][s]))>maxf) maxf = (fabs(v11[k][s]-v01[k][s])); 
   return maxf; 
   } 
 
   double f1(double x, double y) 
  { 
   double  pi=3.14159265358979; 
    return (0.4*( -2*(1-x*x)-6*(1-y*y) + 8*y*x -0.01*(1-x*x)*(1-y*y) + x*(1-
y*y)));//1, 
 /* return (0.4*(-2*(1-x*x)-6*(1-y*y) + 8*y*x - 0.01*(1-x*x)*(1-y*y)- 
0.5*pi*cos(pi*x)*sin(pi*y)));   */   // 2. 
    /*   return (0.4*(-2*(1-x*x)-6*(1-y*y) + 8*y*x - 0.01*(1-x*x)*(1-y*y) - 
0.5*5*pi*cos(5*pi*x)*sin(5*pi*y)));*/  // 5. 
    //  return (-2.4*(1-y*y)-0.8*(1-x*x) + 3.2*y*x - 0.01*(1-x*x)*(1-y*y));  // 3. 
   //  return (0.4*( -2*(1-x*x)-6*(1-y*y)  - 0.01*(1-x*x)*(1-y*y) ));//4 
  } 
 
   double f2(double x, double y) 
  { 
    double  pi=3.14159265358979; 
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    return (0.4*(-6*(1-x*x) -2*(1-y*y) + 8*y*x -0.01*(1-x*x)*(1-y*y) +y*(1-
x*x)));//1. 
  /*  return (0.4*(-6*(1-x*x)-2*(1-y*y) + 8*y*x -0.01*(1-x*x)*(1-y*y) - 
0.5*pi*cos(pi*y)*sin(pi*x)));  */  // 2. 
    /*  return (0.4*(-6*(1-x*x)-2*(1-y*y) + 8*y*x -0.01*(1-x*x)*(1-y*y)  - 
0.5*5*pi*cos(5*pi*y)*sin(5*pi*x)));  */  // 5. 
     // return (-0.8*(1-y*y)-2.4*(1-x*x) + 3.2*y*x - 0.01*(1-x*x)*(1-y*y));  // 3. 
   //  return (0.4* 8*y*x);   //4. 
    } 
 
   double f3(double x, double y) 
  { 
   double  pi=3.14159265358979; 
  return (0.4*( -2*(1-x*x)-2*(1-y*y)- 0.08*(1-x*x)*(1-y*y)-x*(1-y*y)-y*(1-
x*x)));//1. 
// return  (0.4*(( -2*pi*pi - 0.08)*sin(pi*y)*sin(pi*x) - x*(1-y*y)-y*(1-x*x)));  //2. 
  /*   return  (0.4*(( -2*25*pi*pi - 0.08)*sin(5*pi*y)*sin(5*pi*x) - x*(1-y*y)-y*(1-
x*x))); */ // 5. 
   //  return (-0.4* x*(1-y*y));    // 4. 
  } 
 
    double fib1(double x) 
     { 
      double r; 
   r = (sqrt(6)/4)*(x*x-1); 
  return (r); 
     } 
 
     double fib2(double x) 
     { 
      double w; 
   w = (sqrt(10)/4)*x*(x*x-1); 
  return (w); 
     } 
 
    double simps_2(double(*f)(double, double),double fib[][m],int p,int q, int ns) 
{ 
    //  Simpsonis Methodi, Kubaturuli 
 
    double hs,si; int i,j; 
     hs= (double)2/(2*ns); 
      si=0; 
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       for (i=0; i<ns; i++) for (j=0; j<ns; j++) 
        si=si + ( ( (f)(-1+2*i*hs,-1+2*j*hs)*fib[p][2*i]*fib[q][2*j] 
         + (f)(-1+(2*i+2)*hs,-1+2*j*hs)*fib[p][2*i+2]*fib[q][2*j] 
        + (f)(-1+(2*i+2)*hs,-1+(2*j+2)*hs)*fib[p][2*i+2]*fib[q][2*j+2] 
        + (f)(-1+2*i*hs,-1+(2*j+2)*hs)*fib[p][2*i]*fib[q][2*j+2]) 
        +4*((f)(-1+(2*i+1)*hs,-1+2*j*hs)*fib[p][2*i+1]*fib[q][2*j] 
        + (f)(-1+(2*i+2)*hs,-1+(2*j+1)*hs)*fib[p][2*i+2]*fib[q][2*j+1] 
        + (f)(-1+(2*i+1)*hs,-1+(2*j+2)*hs)*fib[p][2*i+1]*fib[q][2*j+2] 
        + (f)(-1+2*i*hs,-1+(2*j+1)*hs)*fib[p][2*i]*fib[q][2*j+1] ) 
      +16*(f)(-1+(2*i+1)*hs,-1+(2*j+1)*hs)*fib[p][2*i+1]*fib[q][2*j+1] ) ; 
       si=(hs*hs/9)*si; 
      return (si); 
     } 
 
 
 
 
 
// Sxvaobiani metodi, Ertoblivi, Dinamika 
//Factorizaciis methodi, Iteracia 
   
   #include <stdio.h> 
   #include <iostream.h> 
   #include <math.h> 
    #include <conio.h> 
 
  double f1 (double, double, double); 
  double f2 (double, double, double); 
  double f3 (double, double, double); 
  double fi01 (double, double); 
  double fi02 (double, double); 
  double fi03 (double,double); 
  double fi11 (double, double); 
  double fi12 (double, double); 
  double fi13 (double, double); 
 
  const int m=90; 
  
 double baz (int, int, double, double, double[][m], double[][m], double[][m],  
double[][m],  double[][m], double (*)(double ,double ,double ) ,  double , 
      double , double , double , double , double , double, double ,double, double); 
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     int m1, m2; 
    double sig, sig0 ,sig1, sig2, sig3, iung, eps; 
 
 void main (void) 
{ 
   FILE *pf; 
   pf=fopen("pdsxklk7.txt","w+"); 
 
   int k, i, j, p, p1, n ,l;  double   eps1, h, tau, max, max2, max3,  td ; 
  double  u1[m][m], u2[m][m], u3[m][m],u01[m][m], u02[m][m], 
u03[m][m],u11[m][m],u12[m][m], 
   u13[m][m], w01[m][m], w02[m][m], w03[m][m], w11[m][m], w12[m][m], 
w13[m][m]; 
  double a11,a12,a13,a4,a15,a16,a17,a18, a21,a22,a23,a25,a26,a27,a28, 
    a31,a32,a33,a35,a36,a37,a38, aa1, aa0; 
  clrscr(); 
  cout<<"n="; cin>>n; cout<<"td="; cin>>td; cout<<"l="; cin>>l;  cout<<"sig=";  
cin>>sig; 
   cout<<"eps="; cin>>eps; cout<<"iung="; cin>>iung; cout<<"eps1="; cin>>eps1; 
   cout<<"m1="; cin>>m1; 
   cout<<"m2="; cin>>m2; 
 
    tau=(double)td/l;  h=(double)2/n; 
     sig0 = iung/(2*(1 + sig));    sig1 = 2*(1 - sig)/(1 - 2*sig); 
    sig2 = 1/(1 - 2*sig);    sig3 = (3 -2* sig)/(1 - 2*sig); 
 
   a11=-tau*tau*sig0*(1-sig)/(1-2*sig); a12=-tau*tau*sig0/2; 
a13=1+tau*tau*sig0*eps*eps/2; 
    a4=1; a15=tau*tau*sig0/(2*(1-2*sig)); a16=0; a17=-tau*tau*sig0*eps*(3-
2*sig)/(2*(1-2*sig)); 
    a18=0; 
 
  a21=-tau*tau*sig0/2; a22=-tau*tau*sig0*(1-sig)/(1-2*sig); 
a23=1+tau*tau*sig0*eps*eps/2; 
  a25=tau*tau*sig0/(2*(1-2*sig)); a26=0; a27=0; a28=-tau*tau*sig0*eps*(3-
2*sig)/(2*(1-2*sig)); 
 
   a31=-tau*tau*sig0/2; a32=-tau*tau*sig0/2; a33=1+2*tau*tau*sig0*eps*eps/(1-
2*sig); 
   a35=0; a36=a37=tau*tau*sig0*eps*(3-2*sig)/(2*(1-2*sig)); a38=0; 
    aa1=1; aa0=0; 
  for (i=0; i<=n; i++) for (j=0; j<=n; j++)  { u1[i][j]=0;  u2[i][j]=0;  u3[i][j]=0;}; 
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  for (i=0; i<=n; i++) for(j=0; j<=n; j++){w01[i][j]=0; w02[i][j]=0; w03[i][j]=0;  
w11[i][j]=0; 
    w12[i][j]=0; w13[i][j]=0;}; 
 
    // u()-s datvla   t0 da t1 droshi 
  for (i=1; i<=n-1; i++) for (j=1; j<=n-1; j++){ u01[i][j] = fi01(-1+i*h, -1+j*h); 
     u02[i][j] = fi02(-1+i*h, -1+j*h); u03[i][j] = fi03(-1+i*h, -1+j*h);}; 
 
  for (i=1; i<=n-1; i++) for(j=1; j<=n-1; j++){u11[i][j]= u01[i][j]+ tau*fi11(-
1+i*h,-1+j*h) 
   + (tau*tau/2)*f1(0, -1+i*h, -1+j*h) - ((a11/(h*h))*(u01[i][j+1]-2*u01[i][j] 
+u01[i][j-1])  +  (a12/(h*h))*(u01[i-1][j]-2*u01[i][j] +u01[i+1][j])  + (a13-1) * 
u01[i][j] -(a15/(4*h*h))*(u02[i+1][j+1]+ u02[i-1][j-1] - u02[i-1][j+1] - u02[i+1][j-1]) 
   - (1/(2*h))* a17*(u03[i][j+1] - u03[i][j-1])); 
  
   u12[i][j]= u02[i][j] + tau*fi12(-1+i*h, -1+j*h) 
     + (tau*tau/2)*f2(0,-1+i*h, -1+j*h) - ((a21/(h*h))*(u02[i][j+1]-
2*u02[i][j]+u02[i][j-1]) 
       + (a22/(h*h))*(u02[i-1][j]-2*u02[i][j] +u02[i+1][j])  + (a23-1) * u02[i][j] 
       -(a25/(4*h*h))*(u01[i+1][j+1]+ u01[i-1][j-1] - u01[i-1][j+1] - u01[i+1][j-1]) 
     - (1/(2*h))* a28*(u03[i+1][j] - u03[i-1][j])); 
 
    u13[i][j]= u03[i][j] + tau*fi13(-1+i*h, -1+j*h) 
      + (tau*tau/2)*f3(0, -1+i*h,-1+j*h)-((a31/(h*h))*(u03[i][j+1]-
2*u03[i][j]+u03[i][j-1]) 
        + (a32/(h*h))*(u03[i-1][j]-2*u03[i][j] +u03[i+1][j])   + (a33-1) * u03[i][j] 
        - (1/(2*h))* a37*((u01[i][j+1] - u01[i][j-1]) + (u02[i+1][j] - u02[i-1][j])));}; 
 
   / / t- droshi datvla (Dinamikis Dasackisi) 
   for (k=1; k<=l-1; k++) { 
  // Gare iteraciis dasackisi 
  p=0; do { p++; 
  max =  baz (n, k, tau, h, w01,  w11,  w12,  w13,  u11, f1, a11, a12, a13, a4, 
a15, a16,     a17, a18, aa1, aa0) ; 
  max2 = baz (n, k, tau, h, w02,  w12,  w11,  w13,  u12, f2, a21, a22, a23, a4, 
a25, a26,   a27, a28, aa1, aa0) ; 
  max3 = baz (n, k, tau, h, w03,  w13,  w12,  w11,  u13, f3, a31, a32, a33, a4, 
a35, a36,    a37, a38, aa1, aa0) ; 
 
  if (max2 > max) max = max2;  if (max3 > max) max = max3; 
  } while (max >=eps1); 
 
  for (i=1; i<=n-1; i++) for (j=1; j<=n-1; j++)  { u1[i][j] = 2* w11[i][j] 

 128



  - u01[i][j]; u2[i][j] = 2* w12[i][j] - u02[i][j] ; u3[i][j] = 2* w13[i][j]- 
u03[i][j];}; 
 
  p1=0; do { p1++; 
  max =  baz (n, k, tau, h, w01,  w11,  w12,  w13, u11, f1,  a11, a12, a13, a4, 
a15, a16,    a17, a18, aa0, aa1) ; 
  max2 = baz (n, k, tau, h, w02,  w12,  w11,  w13, u12, f2,  a21, a22, a23, a4, 
a25, a26,    a27, a28, aa0, aa1) ; 
  max3 = baz (n, k, tau, h, w03,  w13,  w12,  w11, u13, f3,  a31, a32, a33, a4, 
a35, a36,    a37, a38, aa0, aa1) ; 
 
  if (max2 > max) max = max2;  if (max3 > max) max = max3; 
  } while (max >=eps1); 
 
  for (i=1; i<=n-1; i++) for(j=1; j<=n-1; j++) { u1[i][j] = u1[i][j]+ 
tau*tau*w11[i][j]; 
  u2[i][j] =u2[i][j] + tau*tau* w12[i][j] ; u3[i][j] =u3[i][j] + tau*tau*w13[i][j];}; 
  if (p1 > p) p = p1; 
    // Gare iteraciis dassruli  
   
       if (k+1==l/2 ||k+1==(3*l/4))  { 
     fprintf (pf,"(t=%d) \n\n ",k+1); 
      
 fprintf(pf,"  (%g, %g) (%g, %g)  (%g, %g) (%g, %g) (%g, %g)  \n\n ", 
     -1+n/4*h, -1+n/4*h, -1+3*n/4*h, -1+3*n/4*h,-1+n/4*h, -1+3*n/4*h,-1+3*n/4*h,-
1+n/4*h,  -1+n/2*h, -1+n/2*h); 
      
 fprintf(pf,"  %lf %lf %lf%lf %lf ", u1[n/4][n/4], u1[3*n/4][3*n/4], u1[n/4][3*n/4], 
      u1[3*n/4][n/4], u1[n/2][n/2]); 
      fprintf (pf,"  \n\n"); 
 
      fprintf(pf,"  %lf %lf%lf%lf% lf ", u2[n/4][n/4], u2[3*n/4][3*n/4], u2[n/4][3*n/4], 
                u2[3*n/4][n/4], u2[n/2][n/2]); 
      fprintf (pf,"  \n\n"); 
         
      fprintf(pf,"  %lf %lf %lf %lf %lf ", u3[n/4][n/4], u3[3*n/4][3*n/4], 
u3[n/4][3*n/4],     u3[3*n/4][n/4], u3[n/2][n/2]); 
      fprintf (pf,"  \n\n\n");  } 
 
      for (i=1; i<=n-1; i++)for (j=1; j<=n-1; j++){u01[i][j]=u11[i][j]; 
u02[i][j]=u12[i][j]; 
       u03[i][j]=u13[i][j]; u11[i][j]= u1[i][j]; u12[i][j]= u2[i][j]; u13[i][j]= u3[i][j];}; 
      };  
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 // Dinamikis dasasruli 
      fprintf (pf,"iteraciis erti maximaluri nomeri= %d \n ",p); 
      } 
 
               // Funkciebi 
      double baz(int n1,int k1, double tau1, double h1, double v01[][m], double 
v11[][m], 
       double v12[][m], double v13[][m], double uu[][m], double (*ff)(double , 
       double , double ), double s1, double s2, double s3, double s4, double s5, 
       double s6, double s7, double s8, double ss1, double ss0 ) 
    { 
       // Factorizaciis methodi da shiga iteracia 
   int i, j ; 
   double maxf, a,  b, c, d[m], e[m], q[m]; 
 
   for (i=1; i<=n1-1; i++) for (j=1; j<=n1-1; j++) 
         v01[i][j] = v11[i][j]; 
   a=c=s1;  b=-(2*(s1+s2) - h1*h1*s3); 
   e[1]=0; for (j=1; j<=n1-2; j++)  e[j+1]=-c/(a*e[j]+b); 
 
   for (i=1; i<=n1-1; i++) 
   {for (j=1; j<=n1-1; j++) d[j]=ss1*h1*h1*s4*uu[i][j]+ 
ss0*h1*h1*s4*(ff)(0+k1*tau1, 
      -1+i*h1 , -1+j*h1)-s2*(v11[i-1][j]+v11[i+1][j])+(s5/4)*(v12[i+1][j+1]+ v12[i-
1][j-1]  - v12[i-1][j+1] - v12[i+1][j-1]) + (h1/2)*(s6*(v12[i+1][j] - v12[i-1][j]) 
       + s7*(v13[i][j+1] - v13[i][j-1])  + s8*(v13[i+1][j] - v13[i-1][j])); 
 
    q[1]=0;  for (j=1; j<=n1-2; j++) q[j+1]=(d[j]-a*q[j])/(a*e[j]+b); 
 
   v11[i][n1-1]=(d[n1-1]-a*q[n1-1])/(a*e[n1-1]+b); 
   for (j=n1-2; j>=1; j--) v11[i][j]=e[j+1]*v11[i][j+1]+q[j+1];}; 
         // Factorizaciis methodis dasasruli 
       
    maxf = 0; 
  for (i=1; i<=n1-1; i++) for (j=1; j<=n1-1; j++) 
   if ((fabs(v11[i][j]-v01[i][j]))>maxf) maxf = (fabs(v11[i][j]-v01[i][j])); 
    return maxf; 
  } 
 
   double f1(double t, double y, double x) 
  { 
     double  pi=3.14159265358979; 
    double uu1; 
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     uu1= sin(m1*pi*t)*sin(m2*pi*x)*sin(m2*pi*y); 
     return (-m1*m1*pi*pi*uu1 - sig0*(-sig1*m2*m2*pi*pi*uu1 - m2*m2*pi*pi*uu1 
     -eps*eps*uu1 + sig2*m2*m2*pi*pi*sin(m1*pi*t)*cos(m2*pi*x)*cos(m2*pi*y) 
     + eps*sig3*m2*pi*sin(m1*pi*t)*cos(m2*pi*x)*sin(m2*pi*y)));  // 9. 
     // return  (-(1+t)*0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x ));   // 8. eps=0 
 /* return  (0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) + x*(1-
y*y))); */ 
    // return  (-(1+t)*0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
    //        + x*(1-y*y)));         // 3. 
 
     // return  (-(1+t)*0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
      //  -0.5*pi*cos(pi*x)*sin(pi*y)));     // 6. 
 
   /* return  (-(1+t*t)*0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-
y*y) */ 
     //   -0.5*pi*cos(pi*x)*sin(pi*y)) + 2*(1-x*x)*(1-y*y));     // 7. 
 
    /* return  (-(1+t*t)*0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-
y*y) */ 
       //   + x*(1-y*y)) + 2*(1-x*x)*(1-y*y));        // 5. 
 } 
 
      double f2(double t, double y, double x) 
  { 
      double  pi=3.14159265358979; 
     double uu1; 
     uu1= sin(m1*pi*t)*sin(m2*pi*x)*sin(m2*pi*y); 
     return (-m1*m1*pi*pi*uu1 - sig0*(-m2*m2*pi*pi*uu1 - sig1*m2*m2*pi*pi*uu1 
     -eps*eps*uu1 + sig2*m2*m2*pi*pi*sin(m1*pi*t)*cos(m2*pi*x)*cos(m2*pi*y) 
     + eps*sig3*m2*pi*sin(m1*pi*t)*sin(m2*pi*x)*cos(m2*pi*y)));  // 9. 
     // return   (-(1+t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x ));   // 8.   eps=0 
   /* return   (0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) + y*(1-
x*x))); */ 
     // return   (-(1+t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
    //      + y*(1-x*x)));      // 3. 
 
     // return   (-(1+t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
    //    -0.5*pi*cos(pi*y)*sin(pi*x)));       // 6. 
      //  return   (-(1+t*t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) 
    //    -0.5*pi*cos(pi*y)*sin(pi*x)) + 2*(1-x*x)*(1-y*y));       // 7. 
    /* return   (-(1+t*t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-
y*y)         + y*(1-x*x)) + 2*(1-x*x)*(1-y*y));       */ 5. 
       } 
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   double f3(double t, double y, double x) 
  { 
      double  pi=3.14159265358979; 
      double uu1; 
     uu1= sin(m1*pi*t)*sin(m2*pi*x)*sin(m2*pi*y); 
      return (-m1*m1*pi*pi*uu1 - sig0*(-2*m2*m2*pi*pi*uu1 
     -4*eps*eps*sig2*uu1 
     - eps*sig3*m2*pi*(sin(m1*pi*t)*cos(m2*pi*x)*sin(m2*pi*y) 
     + sin(m1*pi*t)*sin(m2*pi*x)*cos(m2*pi*y))));  // 9. 
          /* return  (0.4*(-2*(1-y*y)-2*(1-x*x)- 0.08*(1-x*x)*(1-y*y)- x*(1-y*y)-y*(1-
x*x))); */ 
     // return   (-(1+t)*0.4*( -2*(1-y*y)-2*(1-x*x)  -0.08*(1-x*x)*(1-y*y) 
   //      - y*(1-x*x)-x*(1-y*y)));     // 3. 
     // return  (-(1+t)*0.4*(( -2*pi*pi - 0.08)*sin(pi*y)*sin(pi*x) 
   //            - x*(1-y*y)-y*(1-x*x)));      // 6. 
     //   return  (-(1+t*t)*0.4*(( -2*pi*pi - 0.08)*sin(pi*y)*sin(pi*x) 
   //           - x*(1-y*y)-y*(1-x*x)) + 2*sin(pi*y)*sin(pi*x));      // 7. 
     // return   (-(1+t*t)*0.4*( -2*(1-y*y)-2*(1-x*x)  -0.08*(1-x*x)*(1-y*y) 
   //       - y*(1-x*x)-x*(1-y*y)) + 2*(1-x*x)*(1-y*y));     // 5. 
          } 
  
  double fi01(double y,double x) 
  { 
      //return ((1-x*x)*(1-y*y));   // 3. 5. 6. 7. 8. 
      return (0);    //9. 
    } 
  double fi02(double y,double x) 
  { 
     //return ((1-x*x)*(1-y*y));   // 3. 5. 6. 7. 8. 
      return (0);    //9. 
   } 
 
 double fi03(double y, double x) 
  { 
   double  pi=3.14159265358979; 
    //return (sin(pi*y)*sin(pi*x));   // 6. 7. 
  // return ((1-x*x)*(1-y*y));    // 3. 5. 8. 
   return (0);   // 9. 
    } 
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    double fi11(double  y,double x) 
  { 
     double  pi=3.14159265358979; 
    // return ((1-x*x)*(1-y*y));   // 3. 6. 8. 
   // return (0);   // 5. 7. 
      return (m1*pi*sin(m2*pi*x)*sin(m2*pi*y));   //9 . 
     } 
 
  double fi12 (double y,double x) 
  { 
   double  pi=3.14159265358979; 
    // return ((1-x*x)*(1-y*y));   // 3. 6. 8. 
  //  return (0);        // 5. 7. 
      return (m1*pi*sin(m2*pi*x)*sin(m2*pi*y));   //9 . 
    } 
 
 double fi13 (double y,double x) 
    { 
   double  pi=3.14159265358979; 
     // return ((1-x*x)*(1-y*y));    // 3. 8. 
    // return (sin(pi*y)*sin(pi*x));   // 6. 
    //  return (0);       // 5. 7. 
     return (m1*pi*sin(m2*pi*x)*sin(m2*pi*y));   //9 . 
    } 
  
 
     
  
 
  // Sxvaobiani methodi, Dinamika, Gaxlechili 
 //Factorizaciis methodi, Iteracia 
   
  #include <stdio.h> 
  #include <iostream.h> 
  #include <math.h> 
  #include <conio.h> 
 
  double f1 (double, double, double); 
  double f2 (double, double, double); 
  double f3 (double, double, double); 
  double fi01 (double, double); 
  double fi02 (double, double); 
  double fi03 (double,double); 
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  double fi11 (double, double); 
   double fi12 (double, double); 
  double fi13 (double, double); 
 
 const int m=26; 
 
double baz (int, int, double, double[][m] , double[][m] , double[][m] , double[][m] , 
    double[][m][m] ,  double , double , double , double , double ); 
 
   void main(void) 
{ 
     FILE *pf; 
     pf=fopen("pdsxkk6.txt","w+"); 
 
   int k, i, j, p, p0, p1, p2, n ,l; 
   double sig, eps, iung, eps1, h, tau, max, max2, max3, sig0, td ; 
  double  u11[m][m][m], u12[m][m][m],  u13[m][m][m], f01[m][m][m],  
f02[m][m][m],    f03[m][m][m], w01[m][m], w02[m][m], w03[m][m], 
  w11[m][m], w12[m][m], w13[m][m]; 
   double a11,a12,a13,a4,a15,a16,a17,a18, a21,a22,a23,a25,a26,a27,a28, 
 a31,a32,a33,a35,a36,a37,a38; 
      clrscr(); 
   cout<<"n="; cin>>n; cout<<"td="; cin>>td; cout<<"l="; cin>>l;  cout<<"sig="; 
cin>>sig; 
   cout<<"eps="; cin>>eps;   cout<<"iung="; cin>>iung; cout<<"eps1="; 
cin>>eps1; 
 
  tau=(double)td/l;  h=(double)2/n;  sig0 = iung/(2*(1 + sig)); 
 
  a11=-tau*tau*sig0*(1-sig)/(1-2*sig); a12=-tau*tau*sig0/2;  
a13=1+tau*tau*sig0*eps*eps/2; 
    a4=1; a15=tau*tau*sig0/(2*(1-2*sig)); a16=0; 
    a17=-tau*tau*sig0*eps*(3-2*sig)/(2*(1-2*sig)); a18=0; 
 
 a21=-tau*tau*sig0/2; a22=-tau*tau*sig0*(1-sig)/(1-2*sig); 
a23=1+tau*tau*sig0*eps*eps/2; 
 a25=tau*tau*sig0/(2*(1-2*sig)); a26=0; a27=0; 
    a28=-tau*tau*sig0*eps*(3-2*sig)/(2*(1-2*sig)); 
 
  a31=-tau*tau*sig0/2; a32=-tau*tau*sig0/2; a33=1+2*tau*tau*sig0*eps*eps/(1-
2*sig); 
  a35=0; a36=a37=tau*tau*sig0*eps*(3-2*sig)/(2*(1-2*sig)); a38=0; 
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   for (k=0; k<=l; k++) for (i=0; i<=n; i++) for (j=0; j<=n; j++)  { 
u11[k][i][j]=0;      u12[k][i][j]=0;  u13[k][i][j]=0;}; 
  for (i=0; i<=n; i++) for (j=0; j<=n; j++){ w01[i][j]=0; w02[i][j]=0; 
w03[i][j]=0;      w11[i][j]=0;  w12[i][j]=0; w13[i][j]=0;}; 
 
  for (k=0; k<=l; k++) for (i=1; i<=n-1; i++) for (j=1; j<=n-1; j++) {f01[k][i][j] 
    =f1 ( 0+k*tau, -1+i*h, -1+j*h);  f02[k][i][j] = f2 ( 0+k*tau, -1+i*h, -1+j*h ); 
    f03[k][i][j] = f3(0+k*tau, -1+i*h, -1+j*h);}; 
 
 
    //u()-s datvla   t0 da t1 droshi 
  for (i=1; i<=n-1; i++) for (j=1; j<=n-1; j++){ u11[0][i][j] = fi01(-1+i*h, -
1+j*h); 
  u12[0][i][j] = fi02(-1+i*h, -1+j*h); u13[0][i][j] = fi03(-1+i*h, -1+j*h);}; 
 
  for (i=1; i<=n-1; i++) for (j=1; j<=n-1; j++){ u11[1][i][j]= u11[0][i][j] + 
    tau*fi11(-1+i*h, -1+j*h)   + (tau*tau/2)*f01[0][i][j] - ((a11/(h*h))*(u11[0][i][j+1] 
    -2*u11[0][i][j] +u11[0][i][j-1]) +  (a12/(h*h))*(u11[0][i-1][j]-2*u11[0][i][j] 
    +u11[0][i+1][j]) + (a13-1) * u11[0][i][j] -(a15/(4*h*h))*(u12[0][i+1][j+1]+ 
     u12[0][i-1][j-1] - u12[0][i-1][j+1] - u12[0][i+1][j-1]) 
   - (1/(2*h))* a17*(u13[0][i][j+1] - u13[0][i][j-1])); 
 
    u12[1][i][j]= u12[0][i][j] + tau*fi12(-1+i*h, -1+j*h) 
     + (tau*tau/2)*f02[0][i][j] - ((a21/(h*h))*(u12[0][i][j+1]-2*u12[0][i][j] 
       +u12[0][i][j-1]) +  (a22/(h*h))*(u12[0][i-1][j]-2*u12[0][i][j] +u12[0][i+1][j]) 
   + (a23-1) * u12[0][i][j] -(a25/(4*h*h))*(u11[0][i+1][j+1]+ u11[0][i-1][j-1] 
     - u11[0][i-1][j+1] - u11[0][i+1][j-1]) 
      - (1/(2*h))* a28*(u13[0][i+1][j] - u13[0][i-1][j])); 
 
     u13[1][i][j]= u13[0][i][j] + tau*fi13(-1+i*h, -1+j*h) 
      + (tau*tau/2)*f03[0][i][j] - ((a31/(h*h))*(u13[0][i][j+1]-2*u13[0][i][j] 
        +u13[0][i][j-1]) + (a32/(h*h))*(u13[0][i-1][j]-2*u13[0][i][j] +u13[0][i+1][j]) 
   + (a33-1) * u13[0][i][j]  - (1/(2*h))* a37*((u11[0][i][j+1] - u11[0][i][j-1]) 
     + (u12[0][i+1][j] - u12[0][i-1][j])));}; 
 
   // t- droshi datvla (Dinamikis dasackisi) 
   for (k=1; k<=l-1; k++) { 
   //Gare iteraciis dasackisi 
    for (i=1; i<=n-1; i++) for (j=1; j<=n-1; j++) {f01[k][i][j]= f01[k][i][j] 
       -(sig0*eps*(3-2*sig)/((1-2*sig)*2*h))*(u13[k][i][j+1] - u13[k][i][j-1]); 
   f02[k][i][j] = f02[k][i][j]-(sig0*eps*(3-2*sig)/((1-
2*sig)*2*h))*(u13[k][i+1][j]  - u13[k][i-1][j]); 
    f03[k][i][j] = f03[k][i][j]+(sig0*eps*(3-2*sig)/((1-2*sig)*2*h)) 
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    *((u11[k][i][j+1] - u11[k][i][j-1]) + (u12[k][i+1][j] - u12[k][i-1][j]));}; 
 
  p=0; do { p++; 
  max =  baz (n, k, h, w01,  w11,  w12,  w13,  u11,  a11, a12, a13, a4, a15) ; 
  max2 =  baz (n, k, h, w02,  w12,  w11,  w13,  u12,  a21, a22, a23, a4, a25) ; 
  if (max2 > max) max = max2; 
  } while (max >=eps1); 
 
    p0=0; do { p0++; 
  max3 =  baz (n, k, h, w03,  w13,  w12,  w11,  u13,  a31, a32, a33, a4, a35) ; 
  } while (max3 >=eps1); 
 
  for (i=1; i<=n-1; i++) for (j=1; j<=n-1; j++)  { u11[k+1][i][j] = 2* w11[i][j] 
  - u11[k-1][i][j] ;  u12[k+1][i][j] = 2* w12[i][j] - u12[k-1][i][j] ; 
  u13[k+1][i][j] = 2* w13[i][j]  - u13[k-1][i][j] ;}; 
 
  p1=0; do { p1++; 
  max =  baz (n, k, h, w01,  w11,  w12,  w13,  f01,  a11, a12, a13, a4, a15) ; 
  max2 =  baz (n, k, h, w02,  w12,  w11,  w13, f02,  a21, a22, a23, a4, a25) ; 
  if (max2 > max) max = max2; 
  } while (max >=eps1); 
 
    p2=0; do { p2++; 
  max3 =  baz (n, k, h, w03,  w13,  w12,  w11, f03,  a31, a32, a33, a4, a35) ; 
  } while (max3 >=eps1); 
 
  for (i=1; i<=n-1; i++) for (j=1; j<=n-1; j++)  { u11[k+1][i][j] = u11[k+1][i][j] 
    + tau*tau* w11[i][j]; 
  u12[k+1][i][j] =u12[k+1][i][j] + tau*tau* w12[i][j] ; u13[k+1][i][j] 
=u13[k+1][i][j] 
     + tau*tau*w13[i][j];}; 
 
  if (p0 > p) p = p0;  if (p2 > p1) p1 = p2;  if (p1 > p) p = p1; 
    if (max3 > max) max = max3; 
     };    // Gare iteraciis dasasruli 
   // Dinamikis dasasruli 
 
      fprintf (pf,"(t=%g) \n\n ",0.25); 
     fprintf(pf,"  (%g, %g) (%g, %g)  (%g, %g) (%g, %g) (%g, %g)  \n\n ", 
     -1+n/4*h, -1+n/4*h, -1+3*n/4*h, -1+3*n/4*h,-1+n/4*h, -1+3*n/4*h,-1+3*n/4*h, 
     -1+n/4*h,  -1+n/2*h, -1+n/2*h); 
     fprintf(pf,"  %lf %lf %lf%lf %lf ", u11[l/4][n/4][n/4], u11[l/4][3*n/4][3*n/4], 
      u11[l/4][n/4][3*n/4],  u11[l/4][3*n/4][n/4], u11[l/4][n/2][n/2]); 
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         fprintf (pf,"  \n\n"); 
 
     fprintf(pf,"  %lf %lf%lf%lf% lf ", u12[l/4][n/4][n/4], u12[l/4][3*n/4][3*n/4], 
      u12[l/4][n/4][3*n/4], u12[l/4][3*n/4][n/4], u12[l/4][n/2][n/2]); 
         fprintf (pf,"  \n\n"); 
 
     fprintf(pf,"  %lf %lf %lf %lf %lf ", u13[l/4][n/4][n/4], u13[l/4][3*n/4][3*n/4], 
      u13[l/4][n/4][3*n/4], u13[l/4][3*n/4][n/4], u13[n/2][n/2]); 
         fprintf (pf,"  \n\n\n"); 
        
      fprintf (pf,"(t=%g) \n\n ",0.5); 
      fprintf(pf,"  (%g, %g) (%g, %g)  (%g, %g) (%g, %g) (%g, %g)  \n\n ", 
      -1+n/4*h, -1+n/4*h, -1+3*n/4*h, -1+3*n/4*h,-1+n/4*h, -1+3*n/4*h,-1+3*n/4*h, 
      -1+n/4*h,          -1+n/2*h, -1+n/2*h); 
     fprintf(pf,"  %lf %lf %lf%lf %lf ", u11[l/2][n/4][n/4], u11[l/2][3*n/4][3*n/4], 
      u11[l/2][n/4][3*n/4],u11[l/2][3*n/4][n/4], u11[l/2][n/2][n/2]); 
         fprintf (pf,"  \n\n"); 
 
    fprintf(pf,"  %lf %lf%lf%lf% lf ", u12[l/2][n/4][n/4], u12[l/2][3*n/4][3*n/4], 
     u12[l/2][n/4][3*n/4], u12[l/2][3*n/4][n/4], u12[l/2][n/2][n/2]); 
         fprintf (pf,"  \n\n"); 
 
    fprintf(pf,"  %lf %lf %lf %lf %lf ", u13[l/2][n/4][n/4], u13[l/2][3*n/4][3*n/4], 
     u13[l/2][n/4][3*n/4], u13[l/2][3*n/4][n/4], u13[l/2][n/2][n/2]); 
         fprintf (pf,"  \n\n\n"); 
         fprintf (pf,"iteraciis erti maximaluri nomeri= %d \n ",p); 
         fprintf (pf,"h= %g \n ",h); 
         fprintf (pf,"tau= %g \n ",tau); 
         fprintf (pf,"max= %g \n ",max); 
      } 
  
 
 
    //Funkciebi 
    
   double baz (int n1,int k1, double h1, double v01[][m], double v11[][m], 
     double v12[][m], double v13[][m], double ff[][m][m], double s1, double s2, 
     double s3, double s4, double s5 ) 
     //Factorizaciis methodi da shida iteracia 
  { 
         int i, j ;  double maxf, a,  b, c, d[m], e[m], q[m]; 
 
      for (i=1; i<=n1-1; i++) for (j=1; j<=n1-1; j++)     v01[i][j] = v11[i][j]; 
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   a=c=s1;  b=-(2*(s1+s2) - h1*h1*s3); 
   e[1]=0; for (j=1; j<=n1-2; j++) e[j+1]=-c/(a*e[j]+b); 
   for (i=1; i<=n1-1; i++)   {for (j=1; j<=n1-1; j++) d[j]=h1*h1*s4*ff[k1][i][j] -
s2*(v11[i-1][j]+v11[i+1][j]) 
   +(s5/4)*(v12[i+1][j+1]+ v12[i-1][j-1] - v12[i-1][j+1] - v12[i+1][j-1]); 
   q[1]=0;  for (j=1; j<=n1-2; j++) q[j+1]=(d[j]-a*q[j])/(a*e[j]+b); 
   v11[i][n1-1]=(d[n1-1]-a*q[n1-1])/(a*e[n1-1]+b); 
   for (j=n1-2; j>=1; j--) v11[i][j]=e[j+1]*v11[i][j+1]+q[j+1];}; 
  //Factorizaciis metodis dasasruli 
   
           maxf = 0; 
  for (i=1; i<=n1-1; i++) for (j=1; j<=n1-1; j++) 
   if ((fabs(v11[i][j]-v01[i][j]))>maxf) maxf = (fabs(v11[i][j]-v01[i][j])); 
      return maxf; 
  } 
   
       double f1(double t, double y, double x) 
  { 
   double  pi=3.14159265358979; 
      return  (-(1+t*t)*0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.000001*(1-
x*x)*(1-y*y) +0.01* x*(1-y*y)) +2*(1-x*x)*(1-y*y)); // 3. 
     /* return  (-(1+t)*0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) -
0.5*pi*cos(pi*x)*sin(pi*y))); */ // 6. 
 /*  return  (-(1+t)*0.4*( -6*(1-y*y)-2*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-
y*y))); */ 
 // -0.01*(1-x*x)*(1-y*y) -0.5*pi*cos(pi*x)*sin(pi*y)) 
  // + 2*(1-x*x)*(1-y*y)); 
   // -0.01*(1-x*x)*(1-y*y))  + 2*(1-x*x)*(1-y*y)); 
     // + 2*(1-x*x)*(1-y*y)); 
   /*  return  (-(1+t*t)*0.4*(-6*(1-y*y)-2*(1-x*x)  + 8*y*x -0.01*(1-x*x)*(1-
y*y) */ 
   // + x*(1-y*y)) + 2*(1-x*x)*(1-y*y));  // 5. 
  } 
  
   double f2(double t, double y, double x) 
  { 
    double  pi=3.14159265358979; 
       /* return   (-0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) + y*(1-
x*x))); */ 
     return   (-(1+t*t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.000001*(1-x*x)*(1-y*y) 
+0.01* y*(1-x*x)) +2*(1-x*x)*(1-y*y)); // 3. 
    /* return   (-(1+t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y) - 
0.5*pi*cos(pi*y)*sin(pi*x))); */ // 6. 
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       // return (-(1+t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-y*y))); 
     /* return  (-(1+t*t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-
y*y)   -0.5*pi*cos(pi*y)*sin(pi*x)) + 2*(1-x*x)*(1-y*y)); */  // 7. 
    /* return   (-(1+t*t)*0.4*( -2*(1-y*y)-6*(1-x*x) + 8*y*x -0.01*(1-x*x)*(1-
y*y)      + y*(1-x*x)) + 2*(1-x*x)*(1-y*y)); */  // 5. 
 } 
   
      double f3(double t, double y, double x) 
  { 
   double  pi=3.14159265358979; 
     //  return  (-0.4*( -2*(1-y*y)-2*(1-x*x)  - 0.08*(1-x*x)*(1-y*y) 
      //       - x*(1-y*y)-y*(1-x*x))); 
   return   (-(1+t*t)*0.4*( -2*(1-y*y)-2*(1-x*x) -0.000008*(1-x*x)*(1-y*y)- 
0.01*y*(1-x*x)-0.01*x*(1-y*y))+2*(1-x*x)*(1-y*y));     // 3. 
   /* return  (-(1+t)*0.4*(( -2*pi*pi - 0.08)*sin(pi*y)*sin(pi*x) - x*(1-y*y)-y*(1-
x*x)));  */    // 6. 
    //  return   (-(1+t)*0.4*( - y*(1-x*x)-x*(1-y*y))); 
  //return  (-(1+t*t)*0.4*(( -2*pi*pi - 0.08)*sin(pi*y)*sin(pi*x) 
 //- x*(1-y*y)-y*(1-x*x)) + 2*sin(pi*y)*sin(pi*x));    // 7. 
  
       // return   (-(1+t*t)*0.4*( -2*(1-y*y)-2*(1-x*x)  -0.08*(1-x*x)*(1-y*y) 
   //   - y*(1-x*x)-x*(1-y*y)) + 2*(1-x*x)*(1-y*y));   // 5. 
  
  } 
  double fi01(double y,double x) 
  { 
  return ((1-y*y)*(1-x*x));   // 3. 5. 7. 
 // return (0); 
  } 
  double fi02(double y,double x) 
  { 
  return ((1-y*y)*(1-x*x));  // 3. 5. 7. 
 // return (0); 
  } 
 double fi03(double y, double x) 
  { 
  double  pi=3.14159265358979; 
 // return (sin(pi*y)*sin(pi*x));  // 6. 7. 
  return ((1-y*y)*(1-x*x));  // 3. 5. 
 // return (0); 
  } 
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   double fi11(double  y,double x) 
   { 
  //   return ((1-y*y)*(1-x*x));  //  6. 
  return (0);    // 3. 5. 7. 
  } 
  
      double fi12 (double y,double x) 
  { 
 // return ((1-y*y)*(1-x*x));    // . 6. 
  return (0);   // 3. 5. 7. 
  } 
  
     double fi13 (double y,double x) 
      { 
   double  pi=3.14159265358979; 
    //  return (sin(pi*y)*sin(pi*x));  // 6. 
  return (0);  // 3. 5.  7. 
    } 
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